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ABSTRACT

Rephrasing the convolution operation from Euclidean to non-Euclidean domains,
such as graphs and surfaces, is of great interest in the context of geometric deep
learning. By elaborating on closing a theoretical gap between an existing frame-
work for the parametric construction of non-Euclidean convolutions and a sound
theoretical definition for intrinsic surface convolutions, motivated by differential
geometry, we show that existing definitions for surface convolutions only differ in
their prior assumptions about local surface information. In the course of our ef-
forts we found a canonical prior that allows for a theoretical definition of the class
of Intrinsic Mesh CNNs, which captures the CNNs that operate on surfaces. This
class combines the practical advantages of the framework for the parametric con-
struction of non-Euclidean convolutions with a substantiated theory, that allows
for further theoretical analysis and interesting research questions. Eventually, we
conduct an experimental investigation of the canonical prior, the results of which
confirm our theory about its canonical nature.

1 INTRODUCTION

It is widely known that convolutional neural networks achieve astonishing performances in problem
domains such as computer vision (He et al., 2016; |Redmon et al.l [2016). However, the traditional
definition of the convolution operation is limited to Euclidean domains. The growing interest in
geometric deep learning has shown that non-Euclidean data is ubiquitous in daily life (Wu et al.,
2020; |Cao et al., | 2020). Besides the recent efforts to extensively investigate graph neural networks,
the problem of learning intrinsic surface properties with surface convolutions has attracted a con-
siderable amount of interest (Masci et al.l 2015 [Boscaini et al.| [2016a; [Monti et al, 2017). The
surface’s non-Euclidean nature, however, requires the traditional definition of convolutions to be
revised such that it pays attention to intrinsic surface properties. A lot of work on learning intrinsic
surface properties focuses on the shape correspondence problem (Masci et al., 2015} Boscaini et al.}
2016a; |[Monti et al., |2017; [Poulenard & Ovsjanikov, [2018]), which portrays an underlying task to a
variety of higher-level problems from computer graphics such as space-time registration and further
semantic shape analysis [Van Kaick et al| (2011). From the perspective of the Machine Learning
community, it is also worth mentioning that it is thinkable to use intrinsic surface convolutions for
representation learning and generative models analogously to traditional convolutions on Euclidean
data | Kingma & Welling| (2013)); /Goodfellow et al.|(2020); Ho et al.| (2020).

The first work for intrinsic surface convolutions is the one from|Masci et al.|(2015)), who have intro-
duced geodesic convolutions on Riemannian manifolds by employing the so called patch operator.
However, the algorithmic construction of the patch operator involved the computation of so called
local geodesic polar coordinate systems, which are limited in their extension on the surface. This
is why [Boscaini et al.|(2016a) proposed anisotropic convolutions on surfaces which overcome the
limiting radius of the mentioned coordinate systems by rephrasing the patch operator into consid-
ering spectral properties of the information on the surface. Monti et al.|(2017) proposes a general
framework that defines mixture model networks which operate in non-Euclidean domains such as
graphs and surfaces. For example, geodesic- and anisotropic convolutions are obtained as particular
instances of that framework. An exceptionally profound overview of the subject of learning in non-
Euclidean domains is given in |Bronstein et al.|(2021), where a detailed insight into the derivation
of intrinsic manifold convolutions is given by formulating it as a particular instance of a geometric
deep learning blueprint.
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This paper elaborates on three aspects. First, we close the theoretical gap between the algorithmic
framework of Monti et al.|(2017) and the theory grounded definition of Bronstein et al.|(2021) for in-
trinsic surface convolutions and by that see that previous definitions on intrinsic surface convolutions
implicitly made use of what we call priors. Second, we see that those priors give rise to a notion of
learnable features for intrinsic surface convolutions. We use these as a means to characterize priors
in order to analyse their comprehensiveness. Third, we see that the prior which is required for the
connection of the framework from Monti et al.|(2017) with the theory of Bronstein et al.|(2021) is a
very general one. We then make use of our findings and, to be consistent with the nomenclature of
Bronstein et al.| (2021), give a theoretical grounded definition of the class of Intrinsic Mesh CNNs
(IMCNNSs). Eventually, we see that the results of an experimental evaluation of different IMCNNs
supports the theory of this paper.

2 BACKGROUND

2.1 GEODESIC CONVOLUTION

The adaption of Euclidean convolutions to convolutions in compact Riemannian manifolds has first
been made by [Masci et al.|(2015). For this, they compute local geodesic polar coordinate systems
(GPC-systems) on the surface, which consist of radial geodesics (rays) and angular level sets (con-
centric circles). These coordinates are required for the so called patch operator, which represents a
function that extracts signal values for a point Xzfrom the surface:

DEYsI(; )= v ; (xx)s(x)dx’
X

Here, the v . (X;X") portray interpolation weights and s( ) the signal on the surface. Masci et al.
(2015) choose v . (X; XO) to be proportional to a two-dimensional Gaussian, which is defined over
the geodesic polar coordinates of the pre-computed GPC-systems. Eventually, the geodesic convo-

lution in the point U on the surface is defined as:
XX

(s ) = t(; + DS )

The “  ”-term is added because during the construction of the GPC-systems we need to select a
reference direction. That direction can be chosen arbitrarily. This problem is referred to as the
angular coordinate ambiguity. Masci et al.[(2015) compute the geodesic convolution for multiple
“ 7 and select the result which yields the largest response. This process is referred to as angular
max-pooling.

2.2  ANISOTROPIC CONVOLUTION

In addition to the angular coordinate ambiguity problem, GPC-systems suffer from being limited
by the so called injectivity radius. This is why |Boscaini et al.| (2016a) propose a different way of
extracting features from the surface. Therefore, they consider the anisotropic heat equation:

@@S( ' X) = s( ;X)

where S describes the heat at X at time and the anisotropic Laplacian, which considers a
conductivity and a rotation w.r.t. the maximum curvature of the surface at X. Its exact definition
is given in the appendix. This rotation to a so called fixed gauge shall resolve the angular coordinate
ambiguity. The anisotropic diffusion equation can be solved by “applying” the anisotropic heat
kernel onto an initial solution s(0; X) for the anisotropic heat equation. Thereby, the anisotropic heat
kernel is defined as: >

h  (xy)= e " oa() n@)

n

where f 0, are the Eigenfunctions of for the Eigenvalues f 0n. [Boscaini et al.
(2016a) use the anisotropic heat kernels to define the patch operator in the spectral domain:

o (%y)s(y) dy

D ()sI(; )= T h (xy)dy
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Eventually/ Boscaini et al. (2016a) use this patch operator to de narfsotropic convolution
A

(s D(x)=k(; D (xs](; )dd

2.3 MIXTURE OBJECTNETWORKS

Monti et al. (2017) generalizes the attempts of Masci et al. (2015) and Boscaini et al. (2016a) by
proposing a general framework for de ning non-Euclidean convolutions in domains such as graphs
and manifolds. This framework introduces a parametric construction of the patch operator via so
calledpseudo coordinates(x;y) andkernelsw; (u(x;y)). In particular, their general patch opera-

tor has the form: X
[D(x)s]() = wi (U y)sy); j =153
y2N (x)

wherex portrays a point in the respective domain addx) a neighborhood ok. In case of
the domain being a continuous manifold, the sum should be interpreted as an integral. The nal
convolution then uses the parametric patch operator:

X

(s H(x)= tIDX)sI()

=1

Thereby, the framework does not only allow for the parametric construction of the geodesic- (Masci
et al., 2015), or anisotropic convolutional neural networks (Boscaini et al., 2016a), but also for the
construction of traditional CNNs (LeCun et al., 1998) in the Euclidean domain, graph convolutional
neural networks (Kipf & Welling, 2016) or diffusion convolutional neural networks (Atwood &
Towsley, 2016).

2.4 CONVOLUTIONS ON AMANIFOLD

A less algorithmic and a more theory grounded perspective on intrinsic surface convolutions is given
by Bronstein et al. (2021). They motivate intrinsic surface convolutions with the help of differential
geometry. Traditionally, convolutions between a siggyahd a templatéin a pointu are de ned in
a Euclidean domain: Z

(s t)(u)= s(V)t(u v)dv

Rn

The convolution shifts the templaténto pointu and accesses the weightstatlative to the point
u by computingu  v. Therebyu v yields a vector that points fromto u. This vector exhibits
a notion of relative direction betwean andv. In general compact Riemannian manifolds’,
however, subtraction is unde ned. Instead, if we want to compute the convolution ingp@irit! ",
we make use ofangent vectory 2 T,M" from the tangent spacg, M " at u, which locally
exhibit a notion of direction. Due to the tangent vectpiseing coordinate free in general, we need
to choose a basis for the tangent space in order to be able to calculate. vithis basis is given
by a frame calledyauge! ,, that can be considered a map which de nes a basis for each tangent
spacely, M ". Yet, multiple gauges are possible for one tangent space. Differenause different
coordinates, which in turn cause different results in the convolution. This represents the theoretical
link to the aforementioned angular coordinate ambiguity problem. Sophisticated solutions to this
problem lead to the topic afjauge-equivariant convolutionsn compact Riemannian manifolds
(Bronstein et al., 2021; Cohen et al., 2019; De Haan et al., 2020). However, a detailed review of
those would exceed the boundaries of this work.

While the tangent vectorg yield a helpful means to describe a local notion of direction, they
do not represent the elements of the surface on which the sigisatle ned. Theexponential
mapexp, : TuM"™ I M?" portrays a local diffeomorphism, limited by the previously discussed
injectivity radius, that maps tangent vectors onto elements of the manifold.

Eventually, Bronstein et al. (2021) connects the gaugewhich allows us to use coordinates to
reference certain tangent vectors, the exponential map, which associates the directions locally with
points on the manifold, and the signal of interest, which is de ned on the manifold, to one function
in order to de ne the intrinsic convolution in manifolds:
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Figure 1: Exemplary illustration g6 exp, ! ,]on the Stanford BunnyLeft] In order to describe
relative positions around 2 M2 we consider the tangent vectorsin tangent pland, M 2. We
choose a basis in form of a coordinate frame via the gdugevithin the tangent plan@, M ?

to access the tangent vectors. There is no unique gauge. That is, other gauges, teat. give

rise to frames with a different orientation withii, M 2, are valid choices.[Right] We locally

map the tangent vectots, (v) = y 2 T, M2 at coordinates 2 [0; 1] into the surface with the
exponential map exp The signal, e.g. local surface descriptors such as SHOT Tombari et al. (2010)
or Optimal Spectral Descriptors Litman & Bronstein (2013), is de ned on the surface. Thus, given
exp, (! u(v)) = w 2 M2, we can now extract the surface signal by calculasi(vg).

De nition 1 (Intrinsic Manifold Convolution (Bronstein et al., 2021)yhe intrinsic manifold con-
volution of a signak: M" | R de ned on then-dimensional compact Riemannian manifid’
with a templatd : R" | Rinpointu 2 M" is de ned as:

Z
(s t)(u)= t(v)[s exp !ul(v)adv
[0;1]"

In the case of computing convolutions or2-@imensional, compact Riemannian manifid® we
refer to it as thentrinsic surface convolutiofiSC). In that case, the unit-culf@ 1J? is homeomor-
phic to the af ne tangent plane attached to the pein2 M 2. This allows us to visually think of
extracting local features of the manifold into the tangent plGnkl > and conducting the convolu-
tion within said tangent plane. See Figure 1 for a visualization.

3 INTRODUCING DIRAC TO INTRINSIC SURFACE CONVOLUTIONS

In the previous section we have discussed algorithmic (Masci et al., 2015; Boscaini et al., 2016a;
Monti et al., 2017) and mathematical (Bronstein et al., 2021) approaches to intrinsic surface convo-
lutions. In this section we bridge the theoretical gap between the framework of Monti et al. (2017)
and the theoretical de nition for intrinsic surface convolutions from Bronstein et al. (2021) by rst
reformulating the non-Euclidean convolution equation of Monti et al. (2017) into the de nition of
Bronstein et al. (2021) and subsequently introducing a previously unused kernel to the framework.
Due to the reformulation we witness two major insights. First, the introduction of the patch operator
by Masci et al. (2015) implicitly gives rise to a notion lefrnable featuresind they dependent on

a selectegrior. Second, the mathematically motivated intrinsic surface convolution by Bronstein
et al. (2021) only differs in its kernel to the geodesic- (Masci et al., 2015) and anisotropic convolu-
tion (Boscaini et al., 2016a). We begin this section by unifying the previous de nitions for intrinsic
surface convolutions.
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