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Abstract

Many real-world modeling problems are hindered by limited data availability. In such cases,
transfer learning leverages related source domains to improve predictions in a target domain
of interest. We extend the classical gradient tree boosting paradigm to a regression transfer
algorithm by modeling the weak learner as a sum of two regression trees. The trees are fitted
on source data and target data, respectively, and jointly optimized for the target data. We
derive optimal coefficients for the model update under the least-squares, the least-absolute-
deviation, and the Huber loss functions. We benchmark our approach against the widely
used XGBoost algorithm in several transfer scenarios, achieving superior performance in
seven out of eight cases.

1 Introduction

Transfer learning aims to improve a learner in a target domain by transferring information from similar but
different source domains (Weiss et all 2016). Typically, the target domain data is limited, so that external
information from source datasets can be used to improve the performance of the learner.

Deep learning has become the dominant approach to tackle complex machine learning tasks, with impressive
results in areas such as large language modeling, computer vision, and image generation. However, for
tabular datasets, gradient boosting methods are often competitive in terms of performance (McElfresh et al.|
2023} |Grinsztajn et al., [2022)). Moreover, they generally require shorter training times and offer greater
interpretability than neural networks, making them a viable option for tasks involving tabular datasets.

Unlike neural networks, which enable transfer learning by fine-tuning learned representations, gradient boost-
ing does not naturally support such adaptation. Consequently, gradient boosting techniques for transfer
learning have traditionally been instance-based, operating on the union of the source and target datasets
while achieving adaptation by reweighting the importance of source and target data samples. These ap-
proaches include TrAdaBoost (Dai et al.| 2007)), a modification of AdaBoost (Freund and Schapire} [1997)
that was introduced for transfer learning in classification tasks. TrAdaBoost was adapted in [Pardoe and
Stone| (2010) to handle regression settings, leading to algorithms such as TrAdaBoost.R2 and two-stage
TrAdaBoost.R2. More recent gradient boosting algorithms, such as XGBoost (Chen and Guestrin, 2016]),
have also been adapted to transfer learning scenarios (Fang et al., [2019; [Liu et al., |2020]).

Our contribution is a model-based approach for regression transfer using gradient tree boosting. The base
learner is modeled as a sum of two regression trees, one fitted on the target dataset and one fitted on
the source dataset. We optimize this base learner toward the target dataset with the idea that structural
information from the source tree can be used to support transfer learning.

We start by reviewing the classical gradient tree boosting paradigm (for regression tasks) as outlined in (Fried-
man) [2001) (Section . We then extend the theory to include a sum of two regression trees as the base
learner, deriving optimal coefficients for the model update at each iteration for the least-squares, least-
absolute-deviation, and Huber losses (Section [3). In Section [4| we perform a simulation study for our
algorithm under these three loss functions. In Section |5 we benchmark our algorithm in eight transfer
scenarios on real data. Finally, in Section [6] we discuss the key findings and outline future work.
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2 Preliminaries

Gradient boosting performs numerical optimization in function space by sequentially fitting weak learners
to minimize a differentiable loss function (Friedman [2001; Mason et al.,[1999). For a loss function L, we try
to find the function F'(x) that minimizes the joint expectation given by

By x [L(y, F(x))] = Ex [Ey [L(y, F(x)) | x]] = Ey [L(y, F(x)) | x].

Following the numerical optimization paradigm, the optimal solution is taken to be

M
F*(x) = Z fm (%),
m=0
where fj is an initial guess, f,, is an improvement step, or boost, computed according to the optimization

method, and M denotes the number of boosts.

For steepest-descent, fp,(X) = —pmgm(x) where —g,,(x) is the negative gradient evaluated at F,,_1(x) =

S fulx):

o) = - [Pl F0)

OF (x) } F(x)=Fm_1(x)
N CIZON St I
- Ey[ OF (x) |:|F(x)—Fm1(x)

and p,, is an optimal step size, found via

pm = argmin Ey [L(y, Fin-1(x) = pgm (%))

For finite data samples {x;,;}1', we may consider updates using the data-based negative gradient given by
IL(y;, F(Xi))]

OF(%i) | peo=rn_i(0
However, the data-based gradient does not generalize to new, unseen data. A solution to this is to fit
a parameterized function h(x;a,,), often referred to as base learner, to the data-based negative gradient

using a least-squares approximation. The function F,(x) can then be updated every iteration using this
“generalized” version of the data-based negative gradient as

“an(x) = |

Fm(x) = Fm—l(x) + pmh(x; am)'

A J-terminal node regression tree partitions the input space into finitely many disjoint regions {Rj}l‘] and
assigns a constant b; to each region (typically the mean of the responses in that region). When the base
learner is a J-terminal node regression tree, it can be expressed as

J
h(x;am) = h(x; {bjm, Rjm}7]) = Z bim1(x € Rjp).
j=1
The update is then given by

J

Fin(%) = Frue1(X) + pm > bjm1(X € Rjm). (1)
j=1

In this case, the fit can be improved by considering individual optimal coefficients {v;,,}{ instead of an
optimal global step size p,,, rewriting equation [1] as

J
F(x) = Fp-1(x) + Z'ijl(x € Rjm), (2)

j=1
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where ¥jm = pmbjm. These optimal coefficients are given by

N J
{vjm} =argmin » L | i, Fon1 (xi) + Y %51(%i € Rjm)

{wuH =1 j=1

Since we have disjoint regions, for each «;,,, this reduces to

Yim = argmin Y L (Y, Fo1 (%) +7) -
v Xi ERjm

The region-wise optimal coefficients are easily derived in closed form for the least-squares loss and for
the least-absolute-deviation loss; for the Huber loss, they can be approximated using standard iterative
methods (Friedman, [2001)).

To avoid overfitting, the fitted tree is often regularized with a shrinkage parameter, or learning rate v.
Putting all of this together, we get the algorithm for gradient tree boosting, outlined in Algorithm

Algorithm 1 TreeBoost

1: Fy(x) = ¢p = argmin, Zfil L(yi,c)
2: form=1,...,M do

~ OL(yi F'(x:)) ;
M, (o s
Y OF (x;) F(x)=Fpm_1(x)
4: {R;m}{ = J-node regression tree ({x;, 7;}{')
5: Vjm = arg min, Exieij Ly, Frne1 (%) +7), d=1,...,J
6: Frn(x)=Fn_1(x)+v Z'jjzl Yiml(x € Rjn)
7. end for

3 Sum of trees as base learner

We consider our base learner to be the sum of S > 2 regression trees, where each tree is either constructed
from a source dataset, or the target dataset. However, to simplify the exposition in the following section,
we have chosen to study the case of S = 2 (i.e. a single-source dataset). The generalized version for S > 2
is covered in Appendix [C] The reasoning for the case of S > 2 mirrors the arguments in this section.

To enable transfer learning, we consider the sum of two regression trees as the base learner
J K

(5 {bjms Rjm H s bk Bem 31 ) =Y bjm1(x € Rjm) + > bm1(x € Rigm),
j=1 k=1

where {bjm, Rjm}{ are constructed from the target dataset and {bm, Rpm}5 from the source dataset.
Analogous to equation and equation [2] the update at iteration m can be improved using individual
optimal coefficients. In other words, we consider updates according to

J K
Fn(%) = Fn1(%) + > %im1(X € Rjm) + > Akm1(X € Rim),

j=1 k=1

where vjm = pmbjm and i, = pml;km. For each iteration m, the individual optimal coefficients are given
by

N J K
{vim}{ {Am}} = argmin ZL<yi,Fm—1(Xi) +D W10 € Rjm) + Y Akl(xi € ékm))- (3)
k=1

¥ A Y =1 j=1
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We further consider an additional tunable weight parameter «,,, determining the contribution from each
tree. This yields the following update for F,,:

J K

Fin(%) = Frn1(x) + (1= ) Y jm (X € Rjm) + 0tm > Aem L(X € Riem), (4)
j=1 k=1

where ., € [0,1] may depend on the iteration m. This allows both for static and decaying «,,, implying
that we can control the learning rates for the two terms of the base learner.

Combining all of this, we get our transfer learning algorithm, outlined in Algorithm [2]

Algorithm 2 TransferTreeBoost
1: Target data {x;,y;},, source data {%X;,7;}

2: Fy(x) = ¢p = arg min, Zf\;l L(y;, )
3: form=1,...,M do

N
i=1

S OL(yi, F'(x:)) -
P v s
OFG<) ] p(x)=Fn1 (%)
P OL(9i,F(%:)) - \
s o= [ougrea] RETRI
Y O T Pe)=Fua(0)
6: {Rjm}{ = J-node regression tree ({x;, 7;}{')
7: {Rim } ¥ = K-node regression tree ({)21, gjl}{v)
8:
N J K
{yjm}, (Bem}} = argmin ZL<yi7Fm—1(Xi) + > (% € Rym) + > _Al(xi € ka)>
Y = j=1 k=1
9:
J K
Fp(x)=Fpn_1(x)+ V((l — Q) Z’yjm 1(x € Rjm) + am Z%m 1(x € ka))
j=1 k=1
10: end for

In (Mason et al.,|1999) it was proven that, under mild assumptions, an equivalent formulation of Algorithm
will converge. In particular, the assumptions are that the loss function L is convex and has Lipschitz
continuous derivative, that the learning rate v is sufficiently small, and lastly that the base learner h(:, a,,)
maximizes —(VL(F,,—1),h(-,a,,)). The following result indicates that our algorithm possesses the same
convergence property as it is a relaxation of the optimization formulation in Algorithm

Theorem 1. TransferTreeBoost (Algorithm@ admits a convergence rate bound that is superior or equal to
that of standard TreeBoost (Algorithm .

A proof of Theorem [I] is given in Appendix [A] Moreover, we show in Appendix [B] that the sum of two
regression trees of J and K regions can equivalently be described as a new regression over J - K intersected
regions. This shows that the sum of two trees is not merely a heuristic construct, but can be described as
a regression tree itself. However, this formulation does not allow for individual weighting of each tree, as
formulated in equation [4

3.1 Deriving optimal coefficients

We will consider three approaches: least-squares (LS) regression, least-absolute-deviation (LAD) regres-
sion, and M-regression with the Huber loss. We will refer to these methods as LSTransferTreeBoost,
LADTransferTreeBoost, and MTransferTreeBoost, respectively. The region-wise optimal coefficients
in equation [3| cannot be derived in closed form in any of these cases. However, we will provide recipes
for how they can be estimated.
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3.1.1 LS regression

Let B denote our objective, such that arg min B corresponds to RHS of equation |3] i.e.

N J K
B = E:L<yi7 Fr_1(x) + Z'le(xi € Rjm) + Z%l(xi € ka))

i=1 j=1 k=1

which, by symmetry, can be written as the following two double sums

J
B:Z Z L<yu m— 1Xz +’Y]+Z’)’k1 XZEka)>

J=1%;ERjm
K J
DI <yi,Fm_1<xi>+zm<xieww).
k=1x;cRim Jj=1

By differentiating B w.r.t. v; and 4, for each j and k, respectively, we get

9B _ oL 3
a’)/j x; ERjm (9’7] a’)/k %x;€Rpm 8716

9

If L is the least-squares loss, we need the following conditions to hold for optimal values of {{jm }{, {§km }}:

OB Ko R
—= > |4~ Fua(xi) =% — Y Al(xi € Rkm) | =0,

0
i X;€ERjm k=1

and

OB R
= > (yz — Fnoa(x) = — vl € ij)) =0.

% €Rpm J=1

Let |Rjm| and |]%km| denote the amount of datapoints contained in regions R;, and ka, respectively,

and let N RymNBom = N Rrom(Rjm denote the amount of datapoints in the intersection of Rj,, and ]?km.
Furthermore put
|Rim| 0 0 ‘R1m| 0 0
0 |Rom| - 0 N 0 |Rom| -~ 0
R = . . . . 5 R = . . . . bl
0 0 <+ |Ryml 0 0 oo R

_ZXiEle Yi — Fm_l(x)_
x;€Ram i T mel(X)

Nleﬂle NleﬂRQm e NlemRKm .
RamNRim NRzmﬂRQm e NR2mﬂRKm ZxERJ Yi — mel(x)

N = ) ) ) . ,and r = i€RIm r
: : - : inelem Yi — Fo1(x)

N x; €ERom Yi — Fm—l(x)

NRJmﬂle NRJ'anR?m RymNRim

L e, Yi — Fm—1(x) ]

Now, combine N, R, and R into a block matrix

M = [;‘T g] . (5)
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The optimal coefficients can thus be found by solving the system of equations given by
Y
M| |=r. 6
L’} ©)

The following proposition shows that M is singular. Consequently, we will rely on least-squares approxi-
mations to obtain estimates. The singularity of M arises because the union of regions in both the target
and source trees covers the same ambient space, which creates a linear dependence in the block matrix. An
alternative solution, which may yield unique solutions, is to introduce a small ridge regularization.

Proposition 1. Let M be defined as in equation[5 Then M is singular.

A proof is given in Appendix [A]

3.1.2 LAD regression

Let the loss L in equation [3] be the least-absolute-deviation loss. Then the optimal coefficients at iteration m
are given by

’A)/k]-(xi € ]%km) .

M=

{{ij}'ljv {'A}/km}f} = arg min

N J
Do Fnea(xi) = Y 7il(xi € Ryjm) —
v} Y =1 j=1

k=1
Now, introduce auxiliary slack variables defined by
J K
ti = Yi — Frn—1(x3) — Z%‘l(xi € Rjm) — Z%l(xi € ka)‘, i=1,...,N. (7)
j=1 k=1

Then we can formulate the search for the optimal coefficients as a linear programming (LP) problem as
follows
min Z t; (8)

J K
st. t; > yi_mel(xi)_Z’le(XiEij)_Zﬁ/kl(xi Eka) , 1=1,...,N.
j=1 k=1

This is an optimization problem with N + J 4+ K unknown variables and 2N linear constraints. Let I be
the identity matrix of size N, cy be the identity vector of length N, t7 = [tltg . .tN] be the transpose of
the vector to the N slack variables, and (t7y9)T = [tT'yl'yg YN .ﬁK] be the transpose of the vector
consisting of all decision variables (of length N 4+ J + K). Furthermore, put

1(X1 S le) 1(X1 S R!]m) 1(X1 S le) 1(X1 S -Z%Km)
I 1(X2 c le) 1(X2 c R!]m) 1(X2 c le) 1(X2 S R[{m)
1(XN S le) e 1(XN S RJ'm) 1(XN c éhn) e 1(XN S ]A{Knb)
and
Y1 — Frno1(x1)
Yo — Frno1(x2)
b= .

yn — F—1(xw)

We can write equation [§in matrix form as

min cTt

s.t. [_g _FF] (t79) < [_bb} . (9)

Thus, we conclude that the optimal coefficients are given solving the linear optimization in equation [0
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3.1.3 M-regression with Huber loss

M-regression techniques aim to maintain high efficiency for normally distributed errors while remaining
robust to outliers (Kowalskiel |2025)). One common approach is to use the Huber loss function, defined by

Ly - F)? if [y — F| <6,

L(y, F) = . :
{5(|y—F|—§) if [y — F| >0

The threshold § serves as a cutoff between inliers and outliers, and is often selected based on a quantile of
the residual distribution. In gradient boosting frameworks, it can be re-estimated at each iteration from the
current residuals. For the Huber loss function, the optimal coefficients are given by

{{vim {3} =
J

K 2
<yi — F_1(x5) — Z'Yj 1(x; € Rjm) — Z% 1(x; € ékm))
k=1

j=1

arg min [
{3 A3 X2 |y — Fon1 (%3) | <6m

J K
2 P 5m
+ > Om <|yi — Fra (%) = > 1(%i € Rjm) = Y Ak 1(xi € Rien)| — 2)] :
k=1

Xi:|yi—Fm—1(Xi)|>0m j=1

DN =

Now, introduce N slack variables defined as in equation []] Then the search for the optimal coeffi-
cients {{Vjm}{, {Fkm } = } can be formulated as a quadratic programming (QP) problem according to

min > %t? + 3 St

titlyi—Fm—1(%:)|<m tilyi—Fm—1(Xi)|>0m

s.t. ti 2

J K
Yi = Frno1(xi) = > %1(%i € Rjm) = Y _Akl(xi € Ryy)|, i=1,...,N.
k=1

j=1

Similarly to LAD regression, we obtain an optimization problem with N + J 4+ K unknowns and 2N linear
constraints. The constraints for Huber become the same as for LAD, but the objective is split into a quadratic
part and a linear part.

Let Qn be the identity matrix of size N, but put the diagonal element to zero if the corresponding ¢th slack
variable does not contribute to the quadratic part. Similarly, let cy be the identity vector of length IV, but
put the ith element to zero if the corresponding slack variable is not in the linear part of the objective. Then
we get the QP problem formulated in matrix form as

1
min §tTQNt +cht
Iy T R b
s.t. [_IN _1_‘] (ty9) < [—b} . (10)

Remark 1. Note that the matriz Qn is positive semi-definite, which together with linear constraints guar-
antees convexity of the problem.

3.2 Implementation

Our implementation is available at github.com (placeholder). The base learner was implemented us-
ing DecisionTreeRegressor() (on both the source and target data) in scikit-learn (Pedregosa et al.l
2011). Implementing the coefficient updates for each method is straightforward given their matrix repre-
sentations. For LSTransferTreeBoost (system of equations defined in equation @7 we use Numpy’s built-in
least-squares solver. For LADTransferTreeBoost (LP problem defined in equation E[), and for MTransfer-
TreeBoost (QP problem defined in equation , we use the default solver configurations in Scipy (Virtanen
et al.l [2020)) and CVXPY (Diamond and Boyd| 2016), respectively.



Under review as submission to TMLR

4 Simulation study

Assessing our three regression approaches with respect to dataset size, error distribution, and degree of
domain shift is most conveniently achieved using simulated datasets, where these properties can be explicitly
controlled.

4.1 Dataset

We use the Friedman #1 dataset, introduced in (Friedman, [1991). The dataset is generated using 10
predictor variables x1,...,z19 drawn from a uniform distribution over the interval [0, 1], with a response
generated from the first 5 predictor variables according to

y = 10sin(rzyz2) + 20(z3 — 0.5)2 + 1024 + 5a5 + €, (11)

where € is generated according to some error distribution.

For transfer learning purposes, we also construct an altered version of the Friedman #1 dataset, generated
according to the prescription in (Pardoe and Stone) 2010). In particular, two types of transformations are
introduced to the features, namely feature scaling and feature shift, obtaining transformed features given by

T, =bx; +c¢, i=1,...,5.

Furthermore, the response variable y is modified with additional scaling and an altered response is obtained
according to

§ = a110sin(721%2) + a220(@3 — 0.5)2 + a310&4 + asbis + &, (12)

where € is the error distribution for the altered version of the response. The fixed parameters a;,b; were
drawn from a normal distribution A (1,0.1d), whereas ¢; were drawn from A (0, 0.05d), where the positive
integer d can be thought of as a “disturbance level”, controlling the strength of the domain difference between
the source and target datasets.

The target and source datasets {x;,y;}¥,, {X;, g}z}f\él can be generated from equations [11| and respec-
tively. This way, we can assess performance across train sizes, error distributions, and the closeness of the
joint distributions (this “closeness” being determined by the disturbance level d).

4.2 Experimental setup

We considered three types of distributions of the errors € and é: the normal distribution (well-behaved tails),
the slash distribution (very heavy tails), and the ¢(2)-distribution (moderately heavy tails). The errors were
adjusted to give a 3/1 signal-to-noise ratio (SNR). We added errors to the target training dataset and the
source dataset, but not to the validation or test sets.

The source dataset size was set to a fixed amount of 1000 datapoints, whereas the target dataset consisted
of 100, 300, or 500 datapoints. An additional validation set of 1000 datapoints was generated to be used for
early stopping. Finally, each hyperparameter configuration was evaluated on an unbiased test set consisting
of another 1000 datapoints. This procedure was repeated for disturbance levels d = 3,6, 9, across 5 distinct
random seeds. The model fitting process was interrupted after 5 consecutive boosting rounds (epochs) of a
non-improving validation set RMSE.

We consider the following hyperparameters:
e Shrinkage parameter v: We let this be fixed as v = 0.1.

o Maximum source/target tree depth: We consider maximum depths of source/target trees between
1 and 3. All combinations of these are considered (e.g., source tree depth = 1, target tree depth =
3 is a possible combination).
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km

o Weight parameter «,,: We let this be defined by the exponential decay scheduler «,, = mge™ "™,
with hyperparameters mgy € {0.1,0.5,0.9}, and k € {0,0.01,0.05}. Note that setting k = 0 results
in static a,,-values equal to mg, whereas k > 0 gives a decaying schedule.

e Threshold §,, (only for MTransferTreeBoost): Although this parameter might be optimized through
experimentation, we set it to be the 90% quantile of the current residual distribution.

4.3 Results

We present the RMSE values for the five best hyperparameter configurations for each
triplet (target instances, error distribution, d) and for each regression technique.  These configura-
tions were selected by averaging performance across the five seeds and retaining those with the lowest test
RMSE. These results are shown in Figure [T}
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Figure 1: Test RMSE values on the Friedman #1 dataset using the best five hyperparameter settings for
each triplet (target instances, error distribution, d), for LSTransferTreeBoost (LS), LADTransferTreeBoost
(LAD), and MTransferTreeBoost (M). The top, middle, and bottom rows correspond to 100, 300, and 500
target instances, respectively.

Performance-wise, MTransferTreeBoost is the clear winner: it achieves superior results compared to LSTrans-
ferTreeBoost and LADTransferTreeBoost for both slash and ¢(2) errors, and performs on par with LSTrans-
ferTreeBoost under normally distributed errors.
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5 Benchmarking

5.1 Datasets

Monte Carlo simulation studies are convenient for assessing model performance under controlled conditions.
However, transfer learning algorithms must be investigated in real-world transfer scenarios. Therefore, we
evaluate our approaches on datasets with meaningful source-target splits and on two real-world transfer
applications in forestry.

5.1.1 UCI datasets

We select six regression datasets from the UCI machine learning repositoryﬂ Because these datasets are from
only one domain, the source and target data have to be constructed artificially using splitting techniques.
This is a common strategy for creating source and target domains when evaluating transfer methods (Dai
et al.l |2007; |Pardoe and Stone}, 2010; Segev et al.l |2016)).

Following [Pardoe and Stone| (2010), we create source—target splits based on a continuous feature with a
moderate degree of correlation (approximately 0.4) with the response variable. For each dataset, we identify
the continuous feature whose absolute correlation with the response is closest to 0.4. Instances are then
ordered according to this feature and divided into four equally sized subsets. The first or the last subset is
randomly chosen to constitute the target data, and the remaining three quarters are used as source data.
Finally, the splitting feature is removed from both source and target datasets. The resulting datasets are
summarized in Table 1

Table 1: UCI datasets after source-target splitting.

Dataset Target N | Source N | Features
InfraRed 254 764 32
Concrete strength 257 773 7
Auto MPG 98 294 6
Real estate valuation 103 311 5
Airfoil self-noise 378 1125 4
Forest fires 130 387 7

5.1.2 (Individual) stem volume estimation

Estimating the stem volume of individual trees is essential for supporting accurate and detailed forest man-
agement. Advances in sensing technologies, such as digital imagery and terrestrial laser scanning, make
it possible to extract geometric information from the entire stem of individual trees. However, obtaining
complete stem measurements typically requires terrestrial data collection, often involving operators walking
through the forest and capturing detailed recordings, which is a time-consuming process. Thus, estimating
the total stem volume using only the lower part of the stem is an interesting task.

The Swedish stem bank (Bjorklund and Moberg, [1999; Moberg, |2001]) contains measurements of individual
trees. The data were collected from 198 pine trees and 114 spruce trees sampled across Sweden. The trees
were cut into logs and scanned using imaging technology, providing detailed information about the stems.
For example, stem diameters are available at 10 cm intervals, enabling accurate estimation of stem volume.

We use data from the Swedish stem bank to estimate total stem volume based on measurements from
the lower part of the stem. A total of 23 predictor variables, corresponding to stem diameters measured
between 0.3m and 2.5m, were used to predict the entire stem volume. Pine trees were used as the source
dataset, while spruce trees served as the target dataset.

Thttps://archive-beta.ics.uci.edu/

10
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5.1.3 (Average) stem diameter estimation

National airborne laser scanning (ALS) and national field inventory (NFI) data are commonly used to model
forest variables at the national level. A common approach is to summarize ALS point-cloud data into
statistical metrics and relate these metrics to field-measured variables, which are typically aggregated as
means or totals over NFT plots.

We consider a Swedish source dataset and a Latvian target dataset. A total of 30 ALS-derived metrics were
used as predictor variables, with mean stem diameter as the response variable. The Swedish dataset con-
tains 8412 observations, while the Latvian dataset contains 1900 observations. Previous ALS-based forest
inventory studies have suggested that around 500 field plots can be sufficient to build reliable models (Mal-
tamo et al., 2009).

To evaluate our transfer learning approach, we randomly selected 300 target instances from the Latvian
dataset and 2000 source instances from the Swedish dataset prior to model training. This setup allows us
to test the effectiveness of transfer learning under limited target data conditions.

5.2 Baseline model

A natural baseline for transfer learning is to ignore the source data and train only on the target data.
For tabular regression problems, gradient tree boosting methods, such as XGBoost (Chen and Guestrin)
2016)), consistently achieve state-of-the-art performance across a wide range of datasets, as demonstrated
in (McElfresh et al., 2023 |Grinsztajn et al., 2022).

We additionally evaluated instance-based transfer boosting approaches, including TrAdaBoost.R2 and two-
stage TrAdaBoost.R2. Across all considered datasets, these methods were consistently outperformed by
standard XGBoost, often by a substantial margin. This observation aligns with results in (Segev et al.,
2016)), indicating that instance-based transfer methods rarely outperform strong gradient boosting baselines
for tasks on tabular data. Given their inferior performance and lack of consistent empirical support in the
literature, we do not include these methods in the reported results.

Alternative deep learning—based transfer approaches have shown promising results on tabular data, partic-
ularly in classification settings (Levin et all [2022]). However, these methods differ fundamentally in their
modeling assumptions, optimization objectives, and computational requirements, and fall outside the scope
of boosting-based transfer learning considered in this work.

For these reasons, we use XGBoost trained solely on target data as the only benchmark in this study.
As a strong and well-established model for tabular regression, it provides a clear and meaningful point of
comparison for evaluating boosting-based transfer methods.

5.3 Experiments

We found that LSTransferTreeBoost performed on par with or better than MTransferTreeBoost in our
experiments on real data. Consequently, we only present the results of LSTransferTreeBoost in this section.

For TransferTreeBoost, we use the same hyperparameter search settings as in Section [£:2] For XGBoost, we
let the shrinkage parameter be constant (v = 0.1) and vary the maximum tree depth between 1 and 6. For
all datasets, we employ a random 60/20/20 train/validation/test split on the target data, and we use early
stopping after 5 consecutive non-improving iterations on the validation set. This process was repeated for 30
distinct random seeds. The results for the best hyperparameter configurations are reported in Table

LSTransferTreeBoost achieved lower RMSE than XGBoost on seven out of the eight datasets and matched its
performance on the remaining dataset (InfraRed). Excluding InfraRed, the relative improvement in average
RMSE ranged from 1.16% to 12.37%, with a mean improvement of 4.77%.

The optimal hyperparameters for our method are presented in Appendix We did not observe any sys-
tematic relationship between the optimal hyperparameters and dataset properties, such as dataset size or
number of predictors. Based on our experiments, it remains unclear whether any such relationship exists.
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Table 2: Average RMSE values along with standard deviations.

Dataset / Method TransferTreeBoost XGBoost
RMSE std RMSE std

InfraRed 0.232 0.031 0.232 0.035
Concrete strength 3.877 0.638 4.184  0.707
Auto MPG 2.608 0.570 2.738  0.538
Real estate valuation 4.776 0.941 5.027 0.937
Airfoil self-noise 4.109 0.302 4.157  0.316
Forest fires 90.617 77.659 | 91.556 77.028
Stem volume 0.105 0.023 0.120 0.026
Stem diameter 7.576 1.590 7.713 1.553

6 Discussion and future work

Our transfer learning algorithm, TransferTreeBoost, differs from most known boosting regression frameworks.
Compared to instance-based approaches, it does not re-weight the importance of source data samples in every
iteration. Instead, it jointly optimizes the individual coefficients of a sum of a source tree and target tree
on the target dataset. Consequently, source information is transferred implicitly by updating this combined
base learner at each iteration.

By updating only the target data, our algorithm retains the convergence properties of gradient boosting and
can be shown to minimize the training error at least as effectively as standard TreeBoost.

Instance-based methods (because the importance of source samples is reweighted at each iteration) can handle
multiple source datasets by simply combining them into a single large dataset. Our current implementation
supports only one source dataset, which (unless the source datasets are very similar) limits its capabilities
in multi-source settings. However, we show in Appendix [C] that optimal coefficients for our algorithm can
also be derived in the multi-source setting. Further analysis of our algorithm in cases with multiple available
source domains is an interesting direction for future work.

It also remains an open question whether systematic relationships between dataset characteristics and op-
timal hyperparameters exist beyond the settings considered here. A more comprehensive study of these
relationships could potentially unravel such dependencies and support the development of functional default
values.

The time complexity of our algorithm is not discussed in this work. We note that, under the least-absolute-
deviation and Huber losses, the computational time to compute optimal coefficients depends explicitly on
the number of target instances, since slack variables are introduced into the optimization. Although transfer
learning often involves a small target dataset, making this larger computational time less problematic, the
time complexity of our algorithm can be investigated in greater detail.

Our results suggest that gradient boosting provides a powerful and underexplored framework for transfer
learning. In particular, model-based boosting transfer methods, such as TransferTreeBoost, retain theoretical
guarantees while enabling direct knowledge transfer within the optimization process. We hope this work
inspires future research along this avenue.
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A Proof of results from Section

Proof of Theorem[], Throughout this proof we simplify notation by h := h(-,a,,). Furthermore, denote
by Hr and Hg the spaces of regression trees fitted on target and source data respectively. In standard
TreeBoost (Algorithm [1)) the step h is selected among the J-terminal node regression trees, i.e. h € Hy.
Albeit, in TransferTreeBoost, we select the base learner as a sum of trees one from Hr and one from Hg.
This joint space is defined as

Hrts = {h: h =wihy + wahgs, hy € Hr, hs € Hg, w1, w2 € R}.

Since the K-terminal tree «

>0 1(x € Rim),

i=1
exists in Hg, we conclude that Hp C Hpyg. Hence, the problem can be viewed as a relaxation of the original
TreeBoost optimization. Following the functional gradient descent interpretation of boosting (Mason et al.,
1999), the convergence rate is governed by the alignment between the negative gradient and the best available
direction in the hypothesis space. Since Hr C Hrigs, TransferTreeBoost is guaranteed to find a direction

with alignment greater than or equal to that of standard TreeBoost, thereby ensuring a superior bound on
the geometric convergence rate. This completes the proof of the theorem. O

Proof of Proposition[]. Note that the sum of each row in R and N as well as R and NT are equal, since
each ]A%im are disjoint and UiRim is the entire ambient space, and the sum of the ith row in N is equal to the
number of points in the region R;,,, which trivially equals |R;,,|. Hence, consider the vector u = [1;, —1x]T,
where the two components are vectors of length J and K respectively. Then

Mu = [R1; — N1g,NT1; — R1x|T = 0.

Since u # 0 this implies that M is singular. This completes the proof of the proposition. O

B Alternative view of a sum of two regression trees

We show that the sum of two regression trees can be expressed as a single equivalent regression tree. Con-
sequently, the optimal coefficients could be derived using the same methods applied to single base learners,
implying that the result is effectively just another regression tree.

Lemma 1. Let Ty and Ty be two regression trees over the same feature space X defined by regions and
scalars {bj, R;}{ and {bg, R}, respectively. We define the sum of T1 and T2 as

K
(T1+Ta)(x) = bl(x € Rj)+ Y bpl(x € Ry). (13)
j=1 k=1

Then the corresponding sum is a regression tree.

Proof of Lemmal[ll Let x be an arbitrary datapoint. Applying the sum of the two trees to this datapoint
gives us a prediction of the form equation Since {R;}7_, and {Ry};—, form two partitions of the same

feature space, it follows that x must lie in the intersection of two of these sets (x € ]:ij = R; N Ry, for
some j, k). Thus, we can write

(T1+To)(x) = Y birl(x € Rjy), (14)
J.k

where lNij =b;+ Ek Since the regions Rjk are disjoint and Ejk is a scalar, it follows that the sum of the two
trees is a new regression tree. O

Figure [2| provides an illustration of the resulting equivalent single tree given from the sum of two regression
trees.
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bi+b1 b1 +bo bo+b1 bo+b2
fl’,_) R1NRy | RaNRy
Ry R
]}‘ RyNRy |RaNRy
Target regions Source regions Resulting regions

Figure 2: Visualization of Lemma [l The partitions (below) illustrates how the regions overlap and make
for a finer grid.

C Multiple source domains

In a multi-source domain setting with .S source domains, the optimal coefficients at iteration m are given by

[} (G010} =

N J 5 K(s)
arg min ZL(yi,Fm_l(xi) + nyjl(xi €Rjm)+ Z Arl(x; € ]%Zm)> (15)
{{w};’zl, {tne ;} = =t mhRE

For notational convenience, let the target tree’s regions and corresponding optimal coefficients be denoted
by {R K(O) and {ﬁgm}{{(o), respectively, where K(0) = J. We can then write equation |15 as

S K(s)
K(s s . s Ao
{{“Ykm k(l }370: arg min E L\ yi, Fro1(x3) + E E Arl(x; € Ry,,) |- (16)
N i=1

1K) S —
{{"/k}k:(1) 5=0 k=1

C.1 LS regression

Denote by B the objective in equation Now, let s’ € {0,1,2,...5} be an arbitrary dataset. We can
write B as the following sum

K(s) K(s)
B Z Z L<y27 le’L +’Yk+ZZ’7]§1X2€R ))

k=1 I/GRim s#s' k=1

By differentiating B w.r.t. 4 for k=1,2,..., K(s'), we get

If L is the least-squares loss, the following condition must hold

Z (yz_Fm lxz ZZ’}/kleEka)>: y

zieéi,m s#s’ k=1
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which is equivalent to

K(s)
5 (az#zzazuxieézm)): S (- Fs(x) )

Let A and B be two arbitrary regions. Denote by |A| the number of datapoints in region A, and further
denote by Nanp the number datapoints in the intersection of the two regions A and B. Clearly,

’\S, _ ASI "S/
E Ve = \kalm-
$¢ERS,

km

. . A 1 . " . . N 1"
Moreover, for a given region Ry, with s # &', and corresponding coefficients Y > we have that
AS// AS/I AS//
E : Y 1(xi € Ry, ) = Npor nRey Tk
m

km
Sal
cps
z,€R},

Thus, for each k =1,2,...,K(s’), we can write equation [17] as

K(s)
Ria 0+ Npst nps V= > (Wi = Fnoa(xi). (18)
s#s’ k=1 ajiERZ,m
Now, define R™ € REE)*E() and ¢’ € RE() as

R, | 0 - 0 ineﬁ:;;n (yi — Fn—1(x4))
o 0 R, -0 c | Zaery, W~ Fua(xi)
R = . . . , and r® = .

0 0 T |R§;(s’)m‘ Exieés, (yl - Fm—l(xi))

K(s')ym

Let N¥' € R )XZS#S’ K(%) 16 the matrix whose kth row has the elements of all intersections in equation
Note that IN® contains pairwise intersections, and can thus be constructed from S submatrices according to

N = [Nil]se{o,...,S}\{s’}’

where Ng/ € REG)XK() and can be written as

Npw e Niw nge o Npw o
lelem lemRZm lemRK(s)m
N*N./ Bs N 5 A N 4o 5
N — Rg,NE,, R3,NR3, Rsh, OB
s .
NAS/ > NASI P Ny ps
RK(s/)mmRim RK(S/)mngm Ri{(s/)mmRK(s)'m.

Combining all of this, we get the following linear system of equations

iy ]
R N? N§ ..o NY ~0 0
N, RN, o NL| [yt |
NZ N2 RY ... Nz |77 = |,
NS NY NS§ R ’
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or, by symmetry, the equivalent formulation

gy ]
R N N} ... N ~0 0
N ORDONL o N[y

NTONETORT e N
NOT NLTONZT R

Hence, we may put
-0

R N? NJ ... N

NOT R N} o N
M:=|NJ" NI R ... NZ|,
: : : -

INST NLT NZT ... R

and analogous to Proposition [T} we have that M is singular as the vector

1
wi= g (S 1r(0), —1r(1), —1r(2)s-- s —1x(s)]
serves as the vector u in the proof of Proposition[I} and the result of singularity follows by the same argument.

C.2 LAD regression and M-regression

Extending these approaches to multi-source settings is straight-forward and can be achieved in very similar
ways. Consequently, we will only present the extension to multiple source domains for the least-absolute-
deviation loss. Combining the reasoning for LAD regression with the arguments in Section the exten-
sion to M-regression in multi-source settings follows directly.

For the least-absolute-deviation loss, equation [16| becomes

> S N S K(s)
{{ Aem i (i)} = argmin Z Yi — Fno1(xi) — Z Yel(xi € RE,p,)|-
s=0 s K ()1 S — — —
{{'\/k}k:1 seo =1 s=0 k=1
Now, introduce auxiliary slack variables defined by
S K 5
t; = |y; — mlxz ZZ XZGR ), i1=1,...,N.
s=0 k=1

Then we can formulate the search for the optimal coefficients as a linear programming (LP) problem as
follows

minz t; (19)
S K(s)

Yi — mlxz ZZ ]-XZER )‘ Z:].,,N

s=0 k=1

s.t. ti Z

This is an optimization problem with N + Zf:o K (s) unknown variables and 2N linear constraints. Let Iy
be the identity matrix of size N, cy be the identity vector of length N, tT = [tltg e tN} be the transpose

of the vector to the N slack variables, and (t¥)T = [tT@?’AYg . ~’3’?<(o)’3’%ﬁ% . ~’3’}((1) . ﬁiqﬁ’gs .- .’AYf((S)] be the
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transpose of the vector consisting of all decision variables (of length N + Zf:o K(s)). Furthermore, put

and

1(X1 S J:Z(fm)

1(X2 S R(ljm)
I = )

l(XN € Rtl)m)

1(X1 € ‘@(I)((O)m)
1(X2 c R?((O)m)

1 (XN € ]%(IJ((O)m)

Y1 — Fm71(X1)
Y2 — Fr1(x2)

1(X1 € Rfm)
1(x2 € RY)

l(XN € ]%igm)

yn — Fr1(xw)

We can write equation [19]in matrix form as

Thus, we conclude that the optimal coefficients are given solving the linear optimization in equation

D Optimal hyperparameters

min cTt

s.t. [_g FF] (t9)T < [bb} :

We present the optimal hyperparameters for each dataset in Section

Table 3: Optimal hyperparameter configurations for LSTransferTreeBoost for each dataset. The shrinkage

parameter was set to v = 0.1 in all experiments.

l(Xl € é?((&')m)
1(x2 € R (5),)

)

1(XN € RIS((S)m,)

Dataset / Hyperparameter | Max. source tree depth | Max. target tree depth | myg k
InfraRed 1 1105 0
Concrete strength 1 31091001
Auto MPG 2 11 0.5 0.01
Real estate valuation 1 21051 0.01
Airfoil self-noise 2 2| 0.5 0
Forest fires 1 11 0.5 ] 0.01
Stem volume 2 2105 0
Stem diameter 2 2| 0.5 0
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