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ABSTRACT

We introduce SAGE (Self-play Adversarial Games for Enhancement), a framework
for improving LLM reasoning capabilities through adversarial self-play without
human-curated data. SAGE places two model instances in an asymmetric game: a
Setter generates a problem and predicts its solution, while an Opponent attempts
to solve the problem independently. The Setter receives positive reward only
when it answers correctly and the Opponent fails, incentivizing the generation of
problems that are solvable yet challenging and naturally targeting the frontier of
model capabilities. We instantiate SAGE in two domains: Code-Game, where
problems are Python programs verified by execution, and Math-Game, where
math problems are graded by an external LLM judge, as a proxy for a verifiable
environment. Training models from 1B to 4B parameters across two architectures
(Qwen3, Llama), SAGE consistently outperforms baselines: up to +10% on MATH,
+8% on MBPP, and +6% on ARC-Challenge. Notably, we find cross-domain
transfer: Code-Game training improves mathematical reasoning and vice versa,
suggesting SAGE strengthens domain-general reasoning skills. Ablations confirm
that adversarial pressure, rather than verified rewards alone, drives these gains:
removing the opponent while retaining execution-verified rewards decreases the
improvement by 40-70%. SAGE offers a scalable path to reasoning improvement
that requires only a verifier, not human supervision.

1 INTRODUCTION

Large language models (LLMs) have achieved remarkable performance on code generation and math-
ematical reasoning benchmarks, yet their capabilities remain bounded by the quality and diversity of
training data. As models approach or exceed human-level performance on existing benchmarks, the
scarcity of novel, challenging problems becomes a critical bottleneck for further improvement
2025). We draw on work that has achieved superhuman performance through self-generated
experience: self-play in game-playing agents and adversarial training in genera-
tive models (Goodfellow et al.,2014). AlphaZero demonstrated that an agent can rapidly improve
without human supervision by playing against itself, while GANs formalized model improvement as
a minimax game between generator and discriminator.
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Figure 1: SAGE Overview



We propose SAGE (Self-play Adversarial Games for Enhancement), a framework that combines
these insights for LLM improvement. In SAGE, two LLM instances engage in an asymmetric game:
1. The Setter (7g) generates a problem p and a predicted answer a

2. The Opponent (7,p,) observes only p and produces its own prediction a

3. The Verifier (V) computes the ground-truth answer a*

4.The Setter receives reward based on whether it “fools” the Opponent, that is, whether a =
a* while a # a*.

Here, the Setter is incentivized to generate problems that are (i) verifiable (correctness can be
determined by comparing solutions against ground truth), (ii) solvable (4 must equal a*), and (iii)
challenging (a # a*). During training, this reward system drives the Setter toward increasingly
sophisticated problems that probe the frontier of its current capabilities. We outline this in Figure

We propose SAGE for two domains:

Code-Game The Setter writes a deterministic Python program that prints exactly one value (numeric,
string, or boolean), and then predicts that value. The Opponent sees the code and attempts the same
prediction. Rewards are verified by program execution.

Math-Game The Setter constructs a math problem of its choice, then predicts its answer (accurate to
six decimal digits or symbolic answer). The Opponent attempts to compute the same value. Rewards
are computed using LLM-judged correctness (GPT-4.1-mini), serving as a proxy reward.

2 RELATED WORK

RLVR (RL w/ Verified Rewards) has emerged as a promising direction for LLM improvement (Zhao
et al.;,2025). While RLVR has been applied to code generation (Le et al., 2022; Shojaee et al., 2023}
Yuxiang Weil 2025b), these approaches typically rely on curated problem sets. SAGE’s adversarial
formulation provides a natural incentive for generating diverse, high-quality problems: the Setter is
rewarded only when problems are verifiable, solvable, and challenging enough to defeat the Opponent,
eliminating the need for external dataset curation. Recent work has advanced RL-based training for
LLMs: CodeRL+ trains models to infer variable-level execution trajectories beyond binary rewards
(Jiang et al.l 2025), while [Wen et al.| (2025) show that RLVR extends reasoning boundaries by
implicitly incentivizing correct chain-of-thought. GRPO estimates advantages from sample groups
without a separate value network (Shao et al., [2024), and DeepSeek-Al| (2025) demonstrated that
GRPO with rule-based rewards can elicit sophisticated reasoning through pure RL. Fang et al.[(2025)
introduce SeRL, combining self-instruction generation with online filtering for quality and diversity.

Self-play has been applied to negotiation (Fu et al.||2023)), non-zero-sum games (Liao et al., [2024),
debate (Liang et al., 2024} |/Arnesen et al., 2024), and adversarial language games (Cheng et al.|
2024). Liu et al.| (2025) showed zero-sum games transfer to improved reasoning with 8.6% math
gains. For alignment, self-play preference methods (Wu et al., 2024; Tang et al.| 2025) use game-
theoretic frameworks where models compete against prior versions, as in SPIN (Chen et al., [2024).
Multi-agent approaches further enhance this: execution feedback in self-play improves instruction-
following (Dong et al., [2024), while co-evolution among diverse agents yields complementary gains
beyond single-agent improvement (Chen et al., [2025; Subramaniam et al.,[2025)). AlphaCode (L1
et al.| 2022) achieved human-competitive programming performance through massive sampling and
execution-based filtering, while ACES (Pourcel et al.|[2024) generates progressively harder puzzles
using solve-rate heuristics. Self-improvement frameworks leverage model-generated feedback (Lee
et al.| [2023 |Bai et al.| 2022; [Yuan et al.| 2024) and iterative refinement for reasoning (Madaan et al.|
2023} Shinn et al., [2023]; [ Zelikman et al., [2022; | Xuezhi Wang, 2022)). Recent work extends these
ideas to code: Maxime Robeyns|(2025)) introduce a coding agent that edits its own codebase through
reflection, (Genghan Zhang| (2025) stratify self-generated experiences by difficulty for curriculum
learning, and |Yuxiang Weil (2025bza) apply GRPO to software evolution with iterative bug injection
and repair.

Absolute Zero (Zhao et al.,|2025)) and R-Zero (Huang et al.) also target reasoning improvement from
zero external data through self-evolving task generation. SAGE differs in key respects: (i) it uses an
explicit two-player adversarial game with separate Setter and Solver roles rather than a single model
in both roles; (ii) its reward is directly adversarial (the Setter is rewarded for fooling the Solver) rather
than based on task learnability; and (iii) it extends to domains with proxy verification (Math-Game



with LLM judge), beyond execution-verified coding tasks. R-Zero (Huang et al.) similarly targets
reasoning LLM improvement from zero data through self-evolving curriculum generation.

While RLVR and value-based approaches like B-Coder (Yu et al., 2023) excel with abundant high-
quality data, SAGE is complementary: it requires only a verifier and generates its own training
problems in data-scarce settings, enables continuous curriculum generation through adversarial
self-play that concentrates learning at the capability frontier, and we provide controlled ablations
(SPR/DPDR, see[3.6)) isolating the opponent’s contribution beyond verified rewards alone.

3 METHOD

3.1 PROBLEM FORMULATION

We frame adversarial self-play as a two-player asymmetric game. Let P denote the space of
problems (programs or mathematical expressions), A the space of answers (numeric values), and
V:P — AU{L} a verifier that computes ground-truth answers (returning L for invalid problems).

Definition 3.1 (Adversarial Prediction Game). An episode proceeds as follows:

1. Setter move: Given context c, the Setter my generates (p, @) ~ my(+|c)
2. Verification: Compute a* = V(p)
3. Solver move: The Solver 74 observes p and generates @ ~ 7y (-|p, ¢*)

4. Outcome: Compare predictions to ground truth and assign rewards per Equations [[H2]

We consider two training regimes: frozen-opponent (¢ fixed throughout training) and co-evolving
opponent (¢ updated alongside #). We use “Opponent” for frozen and “Solver” for concurrent
settings to emphasize the distinct training dynamics.

3.2 TRAINING ALGORITHM

We train the Setter using Group Relative Policy Optimization (GRPO) (Shao et al., 2024), which
estimates advantages from groups of samples without requiring a separate value network.

Algorithm 1 SAGE Training Loop

Input: Setter my; Solver my (frozen or co-trained); Verifier V; Batch size B; Rollouts per prompt K; KL
coefficient 8
Initialize: Reference policy 7t <— 7o,
fort=1,...,T do
// Rollout phase
fori=1,...,B;k=1,...,Kdo
(Pi,k, Gik) ~ mo(-|c) B> Setter generates problem + prediction
ajy, < V(pir) > Verify via execution/grading
ifaj , = L then
Tig < —1 > Invalid problem penalty
else
Qi ~ Topp(-|Di k) > Opponent attempts solution
Tik < Reward(Gi,k, Gk, a; x) > Eq_
end if
end for
// GRPO update
Compute group-normalized advantages: A; , =
0« 0+ aVy [JGRpo(Q) — ['H)DKL (7T9||7Trcf)}
end for
return 6

Tik—Hi
o;+e€

3.3 REWARD STRUCTURE

The Setter’s reward function captures the adversarial objective:



The Setter’s reward function captures the adversarial ~ When training the Solver concurrently, we use a

objective: simple correctness reward:
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3.4 GAME VARIANTS

Code-Game. The Setter generates a deterministic Python program p that prints exactly one value
(boolean, string, number), along with a predicted output a. The verifier V executes p in a sandboxed
subprocess with resource constraints such as timeout (4 seconds maximum execution time), separate
Python process with captured stdout/stderr, and Standard library only; no file I/O, network, or
randomness. The ground-truth answer a* is extracted from the program’s stdout. This execution-
based verification provides deterministic reward signals. An example of the coding game framework
is shown in Figure[2]

Code Game
GPT 4.1-mini Grader Opponent Attempts Prediction
Setter Generates Code + Prediction Verificiation via Execution Sees code only, must trace execution
Determinstic Python program using std library only
3 Opponent output: <6>
$ python script.py
w2 stdout: 10 Reward Function
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result
print(fool_llmy))
.

<10>

Figure 2: Code-Game Setup Overview

Math-Game. The Setter constructs a math problem of its choice, then predicts its answer (either
as a numeric value or symbolic expression such as IIEX fractions). The Opponent attempts to
compute the same answer. Rewards are computed using LLM-judged correctness (GPT-4.1-mini)
, which handles both numeric comparison (with tolerance ¢ = 10~%) and symbolic
equivalence, serving as a proxy reward. This LLM-as-judge approach extends SAGE to domains
where symbolic evaluation is insufficient, such as word problems requiring multi-step reasoning
or problems with multiple valid answer formats, at the cost of introducing a learned verifier. An
example of the math game framework is shown in Figure[3] During training, we periodically audited
grading reliability on a fixed subset of 20 held-out problems and found that our GPT-4.1-mini-based
grader matched the ground-truth labels on 19/20 cases (95% accuracy).We also manually inspected
generated problems throughout training for signs of reward hacking (e.g., malformed problems that
exploit judge parsing, adversarial phrasings). We observed no systematic exploitation: generated
problems remained mathematically coherent, and errors were typical calculation mistakes rather than
judge-specific exploits.
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men and 8 women. The committee must have at least 2 {“correct”: False,
men and at least 2 women. How many different “true_answer”: 1400, "
committees can b ormed? “explanation”: “2M+3W = 840, 3M+2W = 560, total Reward Function
S =1,400"} Setter Incorrect & Opponent Correct -1.0

API Call with problem + answer

Figure 3: Math-Game Setup Overview



3.5 OPPONENT VARIANTS: FROZEN VS. CONCURRENT TRAINING

We consider two training regimes that differ in whether the second player’s parameters are updated.
To clarify their distinct roles, we adopt the following naming convention used consistently throughout
the paper (see Table|[I):

Table 1: Terminology for opponent configurations. Both regimes share the same game mechanics;
only the second player’s training status differs.

Regime Second Player Name Parameters
Frozen Opponent ¢ fixed at initialization
Co-Evolving  Solver ¢ updated via GRPO alongside 0

Frozen Opponent. The Opponent is initialized from the same base model as the Setter but remains
fixed throughout training. This provides stable reward signals and isolates the Setter’s learning
dynamics. Results appear in Tables 2}3]

Co-Evolving Both Setter and Opponent (renamed Solver in this setting) update via GRPO, alternating
training phases. The Solver receives reward based on correctness alone (Equation [2). This tests
whether co-evolution produces complementary improvements, and can be utilized to prevent a
potential saturation of reasoning capability increase against frozen opponent. Training details are in

Appendix [B]
3.6 ABLATION CONDITIONS

To isolate the contribution of adversarial pressure from other aspects of our training setup, we design
two ablation conditions that systematically vary the reward structure and prompt framing:

SPR (Same Prompt, Different Reward) uses the identical game-framed prompt as SAGE, but
rewards are based solely on execution correctness: +1 if the Setter’s prediction matches the verified
output, —1 otherwise. The Opponent is never queried. This isolates whether gains come from verified
execution rewards alone.

DPDR (Different Prompt, Different Reward) uses a standard code/math generation prompt without
game framing, with the same correctness-only reward as SPR. This tests whether the competitive
prompt framing itself provides learning signal independent of adversarial rewards.

If adversarial pressure is essential, we expect the ordering SAGE > SPR > DPDR > Baseline:
removing the Opponent (SPR) should reduce gains, and further removing the game framing (DPDR)
should reduce them further. If verified rewards alone suffice, SPR should match SAGE.

Relationship to RLVR Baselines.

Our DPDR ablation is structurally equivalent to standard RLVR: the model generates code or math
solutions and receives binary rewards based on verified correctness. Our ablations control for general
RLVR effects: any improvement of SAGE over DPDR cannot be attributed to verified rewards or
GRPO optimization alone, since both conditions share these components.

If adversarial pressure is essential, we expect the ordering SAGE > SPR > DPDR > Baseline:
removing the Opponent (SPR) should reduce gains, and further removing the game framing (DPDR)
should reduce them further. If verified rewards alone suffice, SPR should match SAGE.

3.7 MODEL AND EVALUATION BENCHMARK SELECTION

To evaluate the generality of SAGE across architectures and scales, we conduct experiments on
two model families at multiple parameter counts. We use Qwen3-1.7B and Qwen3-4B (Team,
2025), representing small and medium-scale models within Alibaba’s Qwen3 series. We additionally
evaluate on Llama-3.2-1B-Instruct and Llama-3.2-3B-Instruct from Meta’s Llama series (Teaml
2024).

We evaluate on three benchmarks spanning code generation, mathematical reasoning, and general
reasoning:

MBPP (Mostly Basic Python Programming) (Austin et al.|[2021): Python programming tasks with
test cases. All evaluations use temperature 7 = 0.01 for generation.



MATH. The MATH dataset (Hendrycks et al.| [2021) covers algebra, geometry, number theory, and
calculus.

ARC-Challenge. The challenge split of the AI2 Reasoning Challenge (?), testing commonsense and
scientific reasoning. We measure accuracy on the multiple-choice format.

We evaluate both Math & Arc-Challenge on a fixed, pre-specified subset of 200 problems (selected
prior to experimentation) used for all model variants.

4 RESULTS

We evaluate SAGE under two configurations: Frozen Opponent and Co-Evolving Opponent. Ta-
bles [2 and |3| report results for both regimes. We compare against three conditions: the untrained
baseline, DPDR (standard generation with correctness rewards), and SPR (game-framed prompt
with correctness rewards but no opponent). Across all model-benchmark combinations, we observe:
SAGE > SPR > DPDR > Baseline. The gap between SAGE (full adversarial objective) and SPR
(same prompt, correctness-only reward) isolates the contribution of the opponent, if verified rewards
alone sufficed, SPR would match SAGE. The ordering SPR > DPDR confirms that the game-framed
prompt provides some benefit even without adversarial rewards, likely by encouraging varied problem
difficulty. We hypothesize that an improving opponent provides a richer curriculum than a frozen one,
preventing the Setter from overfitting to a fixed adversary’s weaknesses. One plausible explanation is
that the frozen opponent has not saturated within our training budget; under this hypothesis, longer
training could amplify the observed gap.

Table 2: Accuracy (%) for Code-Game post- Table 3: Accuracy (%) for Math-Game post-

training variants (pass @ 1). training variants (pass @ 1).
Base Model ~ Variant MBPP MATH ARC Base Model ~ Variant MBPP MATH ARC
Baseline 32.0 73.0 82.0 Baseline 32.0 73.0 82.0
DPDR 33.0 750  83.0 DPDR 34.0 75.0 83.0
Qwen3-1.7B  SPR 36.0 760  82.0 Qwen3-1.7B  SPR 34.0 770  84.0
Frozen-Opp Gen 40.0 780  84.0 Frozen-Opp Gen 37.0 83.0 84.0
Co-Evolve Solver  39.0 71.0 83.0 Co-Evolve Solver  35.0 82.0 82.0
Co-Evolve Gen 41.0 78.0  83.0 Co-Evolve Gen 34.0 82.0 83.0
Baseline 54.0 82.0 83.0 Baseline 54.0 82.0 83.0
DPDR 55.0 840 84.0 DPDR 54.0 83.0  84.0
Qwen3-4B SPR 57.0 84.0  86.0 Qwen3-4B  SPR 55.0 86.0  85.0
Frozen-Opp Gen 59.0 86.0  88.0 Frozen-Opp Gen 57.0 89.0  87.0
Co-Evolve Solver  58.0 83.0  89.0 Co-Evolve Solver  55.0 88.0 85.0
Co-Evolve Gen 60.0 84.0  90.0 Co-Evolve Gen 55.0 88.0  86.0
Baseline 27.0 240 360 Baseline 27.0 240 360
Llama-3.2 DPDR 27.0 250 38.0 Llama DPDR 28.0 29.0 350
1B-Inst SPR 28.0 250  39.0 1B-Inst SPR 27.0 260  37.0
Frozen-Opp Gen 30.0 27.0 420 Frozen-Opp Gen 29.0 37.0 340
Co-Evolve Solver  26.0 280 350 Co-Evolve Solver  27.0 38.0 380
Co-Evolve Gen 28.0 30.0 36.0 Co-Evolve Gen 25.0 41.0 42.0
Baseline 32.0 49.0  67.0 Baseline 32.0 49.0 67.0
Llama-3.2 DPDR 33.0 50.0 710 Llama DPDR 32.0 50.0  66.0
3B-Inst SPR 35.0 520 720 3B-Inst SPR 32.0 49.0 67.0
- > Frozen-Opp Gen 40.0 540 750 - > Frozen-Opp Gen 33.0 520 68.0
Co-Evolve Solver  35.0 540 750 Co-Evolve Solver  33.0 580 720
Co-Evolve Gen 41.0 56.0 77.0 Co-Evolve Gen 36.0 60.0 72.0
SPR = Same Prompt, Diff Reward. DPDR = Diff Prompt, Diff SPR = Same Prompt, Diff Reward. DPDR = Diff Prompt, Diff
Reward. Reward.

In Tables 2H3] “Frozen-Opp Gen” reports the Setter’s downstream performance under the frozen-
opponent regime, while “Co-Evolve Gen” and “Co-Evolve Solver” report the Setter’s and Solver’s
performance, respectively, under the co-evolving regime.

Figure 4| shows benchmark accuracy over training steps for SAGE across model families. Patterns
emerging include steady improvement without collapse unsaturated learning curves. All configu-
rations show monotonic or near-monotonic improvement throughout training. Both MBPP curves
continue improving at step 750, suggesting additional training could yield further gains.



Training Steps vs. Accuracy (MATH/MBPP Benchmarks Over Time)
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Figures 5] and [6] show training dynamics against all SAGE variants (frozen-opponent and co-evolving
opponent) along with the ablations. The figures reveal adversarial co-evolution: the Generator’s
reward (dark pink) dominates near 1.0 but degrades as the Solver (light pink) climbs from —1.0,
with cyclical inversions demonstrating that each agent adapts to overcome the other’s improving
strategy. The Code-Game exhibits slower Generator improvement than the Math-Game, suggesting
that generating valid, challenging code presents a harder learning signal than mathematical reasoning.
DPDR maintains consistently high rewards and SPR exhibits more volatile learning curves. The
upward trend in frozen opponent’s reward indicates that the Setter learns to generate increasingly
valid problems that it can solve but the frozen Opponent cannot.

Code-Game: Early Training (Step 50)

Math-Game: Early Training (Step 50)

def puzzle(s): P

digits = sum(int(c) for c in s if c.isdigit()) Evaluate the limit:

non_digits = len(s) - sum(l for ¢ in s if c.isdigit()) . .

return str(digits) + str(non_digits) N sin(tan ) — tan(sinz)
print (puzzle N a0 gr
Output: 63 Setter predicts: 63 v e 6:140 Setter predicts: v
Simple string traversal. Opponent easily traces logic. \Smmlunl Taylor expansion. Routine calculation. )

Math-Game: Late Training (Step 490)
T Compute:

Code-Game: Late Training (Step 490) P
def puzzle(x, nan=float ( )) s

d = {nan: , float ( ): , True: , 1: 2222 (l)%+l 1\ L 1\ L 1L

} 2 D] +(= 2+ - 3_ - \4
return d[nan] + d.get (float ( ), ) + d[1] + str(len 3333 2 3 4
(d))
print (puzzle (0)) 1 1 1 :
Answer: —= + 3= — - Setter predicts: v’
Output: K?P3 Setter predicts: K?P3 v v2 1 93 V2
23 52
23 22

Exploits NaN identity and True/1/1 . 0 hash collisions. Tower exponential trap: 33 > 22l first term vanishes.

J

Figure 7: Problem evolution during SAGE training. Top: early (Step 50). Bottom: late (Step 490).

Left: Code-Game. Right: Math-Game.



The learning is demonstrated in Figure[/} These two figures give example completions from both the
Generator and Solver for coding and math, respectively. For each training type, we provide an early
training and late training example to illustrate the progression in difficulty and solving capacity of the
two models.

Code-Game training improves mathematical reasoning (MATH: up to +7 points), while Math-Game
training improves code generation (MBPP: up to +5 points). We hypothesize this reflects shared
underlying reasoning capabilities: both domains require understanding and solving problems and
careful attention to edge cases. The adversarial objective may be particularly effective at strengthening
these domain-general skills because it forces the model to identify and exploit subtle reasoning gaps.

5 DISCUSSION

5.1 THE REWARD PARADOX: LOWER TRAINING REWARDS, BETTER PERFORMANCE

A seemingly counterintuitive finding emerges from comparing training dynamics to downstream
performance: SAGE frozen-opponent achieves lower training rewards than SPR and DPDR (Figure 5]
[6), yet produces better benchmark results (Tables 2H3). This apparent paradox resolves when we
consider what each reward signal measures. SPR and DPDR rewards saturate near +1.0 because
their objective (generate correct problems) becomes trivial once the model learns reliable generation
patterns. High reward reflects task mastery, but the task itself provides diminishing learning signal.
The model is no longer being challenged. SAGE frozen-opponent rewards hovering near 0.0-0.3
indicate that the Setter is operating at the edge of its capabilities: generating problems hard enough to
sometimes fool the Opponent, but not so hard that the Setter itself fails.

An adversarial objective that maintains moderate rewards throughout training may induce more
robust learning than a simpler objective that quickly saturates. The key is not maximizing reward but
maximizing information content of the reward signal.

5.2 WHY DOES ADVERSARIAL SELF-PLAY WORK?

The central question is why SAGE outperforms simpler alternatives that also use verified rewards.
In standard supervised fine-tuning or even RLVR without an adversarial component, the training
distribution is fixed: problems are drawn from a static dataset or generated according to a fixed
sampling procedure. The model may waste capacity on problems it already solves easily or fail to
make progress on problems far beyond its current abilities. SAGE induces a fundamentally different
dynamic. The Setter receives maximum reward (+1) only when it generates problems that are
simultaneously (i) within its own capability (it must predict correctly) and (ii) beyond the Opponent’s
capability (the Opponent must fail). Problems that are too easy (both succeed, reward = 0) or too
hard (both fail, reward = -1.0) provide weaker learning signal. This concentrates gradient updates
precisely at the boundary where the Setter slightly exceeds the Opponent. Standard fine-tuning with
data augmentation generates training examples according to fixed transformations (e.g., paraphrasing,
back-translation, synthetic problem generation). While this increases data diversity, it does not adapt
to the model’s evolving capabilities. A model fine-tuned on augmented data may see many problems
it already solves or that remain beyond reach throughout training.

Self-play, by contrast, implements a form of active learning where the training distribution is
determined by model capabilities. Each training iteration generates problems specifically calibrated
to the current capability frontier. This is qualitatively different from passive consumption of fixed
data, it represents a shift from “learning from data” to “learning from self-generated experience.”

6 FUTURE WORK

SAGE demonstrates strong results across two verification regimes, deterministic execution for Code-
Game and LL.M-as-judge for Math-Game, but several directions remain for extending adversarial
self-play to broader and more challenging domains. Our key finding is that SAGE succeeds both with
deterministic verification (Code-Game) and proxy verification via an external LLM judge (Math-
Game). This introduces an implicit capability ceiling: the judge must be sufficiently capable to
provide accurate rewards, and the Setter cannot learn to generate problems beyond the judge’s grading



ability. In our setup, GPT-4.1-mini suffices because the trained models’ capabilities remain below it.
However, two observations suggest scalable alternatives for frontier models. First, inference-time
compute can boost verification capability, allowing the same base model to serve as a stronger judge
with additional reasoning budget. Second, verification is fundamentally easier than generation—a
principle formalized in the P vs. NP distinction—so problems can be structured to be self-verifiable
through logical consistency, embedded constraints, or executable sub-components. Our results show
that learning occurs even under imperfect reward signals, suggesting that with careful problem design,
SAGE can scale beyond the capability ceiling imposed by external graders.

Moving beyond mathematics to creative domains, story generation, poetry, persuasive writing,
open-ended dialogue presents a more interesting challenge than grading accuracy: the absence of
ground-truth answers entirely. What does it mean for the Setter to fool the Opponent when quality is
subjective?

Domains with partial verifiability offer natural intermediate test cases. Theorem proving provides
machine-checkable proofs but requires creative lemma discovery that benefits from LLM judgment;
scientific hypothesis generation can be partially verified through simulation or literature consistencys;
code optimization admits correctness verification via execution but quality assessment (efficiency,
readability) requires judgment.

7 CONCLUSION

We introduced SAGE, a framework for improving LLM capabilities through adversarial self-play
games. By competing against a frozen opponent to generate “fooling” problems with verifiable
solutions, an LLM learns to probe the boundaries of reasoning capabilities, discovering edge cases and
subtle patterns. Our framework provides a scalable, data-efficient path toward LLM self-improvement
that requires only a deterministic verifier rather than human supervision.
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A CORRECTNESS

We define correctness predicates for numeric comparison as correctg g = |d@ — a*| < e where
€ = 107 provides numerical tolerance for floating-point comparisons. For non-numeric é (booleans,
strings, etc.), we evaluate correctness using direct equality comparison.

B Co0-EVOLVING OPPONENT TRAINING DETAILS

Unlike the frozen opponent setting, concurrent training alternates between updating the Generator
and Solver. At each phase ¢:

1. Both models play N games in evaluation mode
2. If t mod 2 = 0: train Generator via GRPO for k£ steps
3. Ift mod 2 = 1: train Solver via GRPO for & steps

This alternating schedule prevents the destabilizing effect of simultaneous updates while allowing
both players to improve. In our experiments, we use N = 25 games per phase and k£ = 25 GRPO
steps.

Solver Training. The Solver trains on problems generated during gameplay, stored in a rolling
buffer of up to 1000 games. The Solver reward is:
., _[+1.0 ifla—a*|<e
solver —1.0 otherwise

3

Unlike the Generator which trains on self-generated prompts, the Solver trains on code extracted
from successful Generator outputs, ensuring it faces problems at the current difficulty frontier.

Experience Replay. Solver training uses a game buffer that stores up to 1000 recent games.
Training samples are drawn from games where: (i) code parsed successfully, (ii) code executed
without error, and (iii) the Generator predicted correctly. This filtering ensures the Solver only trains
on valid, solvable problems.

C COMPUTE RESOURCES AND INFRASTRUCTURE

Hardware. All experiments were conducted on a single NVIDIA A100-40GB GPU. Training used
mixed-precision (bfloatl6 for Code-Game, floatl6 for Math-Game) with gradient checkpointing
enabled for full fine-tuning runs.

Reproducibility. Training is computationally accessible: a single SAGE run fits comfortably on
consumer-grade GPUs (tested on A100-40GB; 60GB GPUs suffice).

D REWARD FUNCTION ABLATIONS

We ablated several reward functions for training the Generator, and found that simpler binary
objectives consistently produced the most stable learning dynamics. Below we summarize the
variants we explored and why they underperformed.

D.1 BINARY “FOOL THE OPPONENT” REWARD

We first used a purely adversarial objective:

+1, if the opponent is fooled (fails to predict the output) 4

"= {1, otherwise. @

In practice, this produced poor learning signals early in training. Since the opponent was initially

unable to predict outputs reliably, episodes were dominated by negative rewards, yielding highly

skewed feedback and unstable updates. This led to noisy training dynamics and frequent collapse
rather than gradual curriculum formation.
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D.2 GRADED CORRECTNESS REWARD (+1/4+0.5/-1)

We next experimented with a graded correctness reward:

+1, if the opponent predicts the exact output
r = ¢ +0.5, if the opponent is partially correct 5)
-1, otherwise.

This objective incentivized the generator to produce overly easy instances. Because the opponent
could obtain nontrivial reward through weak heuristics or shallow guessing, the generator received
limited pressure to increase difficulty, resulting in a degenerate equilibrium of low-complexity
problems.

D.3 REWARDS WITH COMPILABILITY BONUSES

Finally, we explored more heavily-shaped rewards that separately incentivized compilability and
correctness, €.g.:

r = l[compiles] 4 l[correct output], 6)
with additional intermediate bonuses for partial progress (e.g., passing compilation but failing tests).
While this design was intended to improve credit assignment, it proved unnecessary: compilation was
already strongly correlated with solvability under our binary objective. Moreover, the dense shaping
introduced substantial extraneous signal (rewarding intermediate properties not aligned with true task
difficulty), and degraded performance relative to the simpler binary reward.

Takeaway. Overall, we found that additional reward shaping either destabilized early training
(overly negative feedback), collapsed to trivial instance generation (graded correctness), or injected
unnecessary intermediate incentives. The best outcomes were achieved using a minimal binary reward
aligned directly with the desired adversarial outcome.

D.4 OUTPUT FORMAT AND PARSING

Both games require structured output for reliable reward computation. We define game-specific
formats and implement robust parsing.

Code-Game Format. The Setter outputs code in fenced blocks followed by a prediction in angle
brackets:

#H#
<python code here>
###

<predicted_value>

Math-Game Format. The Setter outputs in labeled format:

PROBLEM: [mathematical problem statement]
ANSWER: [numeric answer]

E PROMPT TEMPLATES

E.1 CODE-GAME SETTER PROMPT
You are Player in a head-to-head game against another AI called the Opponent.

GAME RULES

— Only YOU write the Python code.

— The Opponent will see your code and try to guess its output number.

- Your goal: generate code whose output you can predict exactly while the Opponent c:
- Scoring: +1 if you are correct and Opponent is wrong; -1 if Opponent is correct.
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REQUIREMENTS

1. Deterministic Python, standard library only (no randomness, time/date, files, or 1
2. Print exactly one numeric,string, or boolean value (integer or float) and nothing
3. On the very next line, output your predicted output in angle brackets, e.g., <42>

EXAMPLE
#44#

code

#4#4#
<output>

NOW PRODUCE YOUR OUTPUT:
###

Your turn (generate a DIFFERENT program) :

E.2 CODE-GAME OPPONENT PROMPT

You are the Opponent in a prediction game.

I will show you a Python script.

Predict xexactlyx the value it prints.

Output *xonly* that wvalue, enclosed in angle brackets.
Examples: <42>, <True>, <False>, <hello>, <3.14>, <None>

‘Y'python
{code}

AN URY

E.3 MATH-GAME SETTER PROMPT

You are competing against a rival AI. Your goal: craft a math problem that YOU can s
- Scoring: +1 if you are correct and Opponent is wrong;

-1 if Opponent is correct.

Create a tricky math problem. Output ONLY in this format:

PROBLEM: [your math problem]

ANSWER: [the correct answer]

Examples:

PROBLEM: A bat and ball cost $1.10 together. The bat costs $1 more than the ball.
How much does the ball cost in cents?

ANSWER: 5
Your turn (different problem):

E.4 MATH-GAME OPPONENT PROMPT
Solve this math problem. Give only the final answer, nothing else.
PROBLEM: {problem}

ANSWER:

E.5 MATH-GAME GPT GRADER PROMPT
You are a math grader. Is this answer correct?

PROBLEM: {problem}
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CLAIMED ANSWER: {claimed_answer}

Respond in JSON format only:

{"correct": true/false, "true_answer": "...", "explanation": "...

MATH Benchmark Prompt.

System: You are a math expert. Solve the problem step by step.
Provide your final answer in \boxed{answer} format.

User: {problem}

ARC-Challenge Prompt.

System: Answer the multiple choice question by selecting the
correct option. Provide your answer as \boxed{letter}.

User: Question: {question}

A. {choice_A}
B. {choice_B}
C. {choice_C}
D. {choice_D}
MBPP Prompt.

System: Write a Python function to solve the following task.
User: {task_description}

Your code should pass these test cases:
{test_cases}

E.6 ANSWER EXTRACTION

MATH. We extract answers using the following priority:
1. Match \boxed{. . .} pattern
2. Match “the answer is: ...” pattern

3. Extract last numerical value as fallback

Answers are normalized by removing whitespace, dollar signs, and commas before comparison.

Numeric answers are compared with tolerance ¢ = 1076,

ARC-Challenge. We extract the selected option letter (A-D) via:

1. Match \boxed{[A-D] } pattern
2. Match “answer is [A-D]” pattern

3. Extract first standalone letter A—D as fallback
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F HYPERPARAMETERS

Table 4: Complete hyperparameter settings for SAGE experiments.

Hyperparameter Code-Game Math-Game
Model Configuration

Base model Qwen3-4B Qwen3-4B
Fine-tuning method Full fine-tune Full fine-tune
Precision bfloat16 float16
Gradient checkpointing Yes No
Opponent Configuration

Inference temperature 0.01 0.0
Max generation tokens 50 32

GRPO Training

Per-device batch size 2 2
Gradient accumulation steps 8 4
Number of generations K 2 2
Effective batch size 32 16
Learning rate 5x 1076 5x 1076
Warmup steps 0 0
Generation Settings

Max prompt length 512 512
Max completion length 512 200
Training temperature 0.7 0.7
Evaluation temperature 0.01 0.01
Verification

Code execution timeout 4 seconds —
Grader model — GPT-4.1-mini
Grader temperature — 0.0
Numeric tolerance e 1076 10-6
Concurrent Training (Tables

Training phases 30 30
Games per phase 25 25
GRPO steps per phase 25 25
Alternation Even phases: Generator; Odd phases: Solver
Game buffer size 1000 1000
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