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Abstract

This paper presents a comprehensive theoretical investigation
into the parameterized complexity of explanation problems
in various machine learning (ML) models. Contrary to the
prevalent black-box perception, our study focuses on mod-
els with transparent internal mechanisms. We address two
principal types of explanation problems: abductive and con-
trastive, both in their local and global variants. Our analysis
encompasses diverse ML models, including Decision Trees,
Decision Sets, Decision Lists, Ordered Binary Decision Dia-
grams, Random Forests, and Boolean Circuits, and ensembles
thereof, each offering unique explanatory challenges. This re-
search fills a significant gap in explainable Al (XAI) by pro-
viding a foundational understanding of the complexities of
generating explanations for these models. This work provides
insights vital for further research in the domain of XAlI, con-
tributing to the broader discourse on the necessity of trans-
parency and accountability in Al systems.

1 Introduction

As machine learning (ML) models increasingly permeate es-
sential domains, understanding their decision-making mech-
anisms has become central. This paper delves into the field
of explainable Al (XAI) by examining the parameterized
complexity of explanation problems in various ML models.
We focus on models with accessible internal mechanisms,
shifting away from the traditional black-box paradigm. Our
motivation is rooted in establishing a comprehensive theo-
retical framework that illuminates the complexity of gen-
erating explanations for these models, a task becoming in-
creasingly relevant in light of recent regulatory guidelines
that emphasize the importance of transparent and explain-
able Al (Commission 2020; OECD 2023).

The need for transparency and accountability in auto-
mated decision-making drives the imperative for explain-
ability in Al systems, especially in high-risk sectors. ML
models, while powerful, must be demystified to gain trust
and comply with ethical and regulatory standards. For-
mal explanations serve this purpose, providing a structured
means to interpret model decisions (Marques-Silva 2023;
Guidotti et al. 2019; Carvalho, Pereira, and Cardoso 2019).

Our exploration focuses on two types of explanation prob-
lems, abductive and contrastive, in local and global con-
texts (Marques-Silva 2023). Abductive explanations (Ig-

natiev, Narodytska, and Marques-Silva 2019), correspond-
ing to prime-implicant explanations (Shih, Choi, and Dar-
wiche 2018) and sufficient reason explanations (Darwiche
and Ji 2022), clarify specific decision-making instances,
while contrastive explanations (Miller 2019; Ignatiev et al.
2020), corresponding to necessary reason explanations (Dar-
wiche and Ji 2022), make explicit the reasons behind the
non-selection of alternatives. The study of contrastive expla-
nations goes back to the Lipton’s work in 1990. Conversely,
global explanations (Ribeiro, Singh, and Guestrin 2016;
Ignatiev, Narodytska, and Marques-Silva 2019) aim to un-
ravel models’ decision patterns across various inputs. This
bifurcated approach enables a comprehensive understanding
of model behavior, aligning with the recent emphasis on in-
terpretable ML (Lisboa et al. 2023).

In contrast to a recent study by Ordyniak, Paesani, and
Szeider (2023), who consider the parameterized complex-
ity of finding explanations based on samples classified by
a black-box ML model, we focus on the setting where the
model together with its inner workings is available as an in-
put for computing explanations. This perspective, initiated
by Barceld et al. (2020), is particularly appealing, as it lets
us quantify the explainability of various model types based
on the computational complexity of the corresponding ex-
planation problems.

Challenging the notion of inherent opacity in ML mod-
els, our study includes Decision Trees (DTs), Decision
Sets (DSs), Decision Lists (DLs), and Ordered Binary Deci-
sion Diagrams (OBDDs). Whereas DTs, DSs, and DLs are
classical ML models, OBDDs can be used to represent the
decision, functions of naive Bayes classifiers (Chan and Dar-
wiche 2003). We also consider ensembles of all the above
ML models; where an ensemble classifies an example by
taking the majority classification over its elements. For in-
stance, Random Forests (RFs) are ensembles of DTs.

Each model presents distinct features affecting explana-
tion generation. For example, the transparent structure of
DTs and RFs facilitates rule extraction, as opposed to the
complex architectures of Neural Networks (NNs) (Ribeiro,
Singh, and Guestrin 2016; Lipton 2018).

Contribution This paper fills a crucial gap in XAl research
by analyzing the complexity of generating explanations
across different models. Prior research has often centred on
practical explainability approaches, but a theoretical under-



standing still needs to be developed (Holzinger et al. 2020;
Molnar 2023). Our study is aligned with the increasing call
for theoretical rigor in AI (Commission 2019). By dissect-
ing the parameterized complexity of these explanation prob-
lems, we lay the groundwork for future research and algo-
rithm development, ultimately contributing to more efficient
explanation methods in Al

Since most of the considered explanation problems are
NP-hard, we use the paradigm of fixed-parameter tractabil-
ity (FPT), which involves identifying specific parameters of
the problem (e.g., explanation size, number of terms/rules,
size/height of a DT, width of a BDD) and proving that the
problem is fixed-parameter tractable concerning these pa-
rameters. By focusing on these parameters, the complexity
of the problem is confined, making it more manageable and
often solvable in uniform polynomial time for fixed values of
the parameters. A significant part of our positive results are
based on reducing various model types to Boolean circuits
(BCs). This reduction is crucial for the uniform treatment
of several model types as it allows the application of known
algorithmic results and techniques from the Boolean circuits
domain to the studied models. It simplifies the problems and
brings them into a well-understood theoretical framework.
For ensembles, we consider Boolean circuits with majority
gates. In turn, we obtain the fixed-parameter tractability of
problems on Boolean circuits via results on Monadic Sec-
ond Order (MSO). We use extended MSO (Bergougnoux,
Dreier, and Jaffke 2023) to handle majority gates, which al-
lows us to obtain efficient algorithmic solutions, particularly
useful for handling complex structures.

Overall, the approach in the manuscript is characterized
by a mix of theoretical computer science techniques, includ-
ing parameterization, reduction to well-known problems,
and the development of specialized algorithms that exploit
the structural properties of the models under consideration.
This combination enables the manuscript to effectively ad-
dress the challenge of finding tractable solutions to explana-
tion problems in various machine learning models.

For some of the problems, we develop entirely new cus-
tomized algorithms. We complement the algorithmic re-
sults with hardness results to get a complete picture of the
tractability landscape for all possible combinations of the
considered parameters (an overview of our results are pro-
vided in Tables 2, 3, 4).

In summary, our research marks a significant advance-
ment in the theoretical understanding of explainability in
Al. By offering a detailed complexity analysis for various
ML models, this work enriches academic discourse and re-
sponds to the growing practical and regulatory demand for
transparent, interpretable, and trustworthy Al systems.

A full version of the paper can be found on ArXiv (Ordyniak
et al. 2024).

2 Preliminaries
For a positive integer 4, we denote by [¢] the set of integers
{1,...,3}.

Parameterized Complexity (PC). We outline some ba-
sic concepts refer to the textbook by Downey and Fellows

(2013) for an in-depth treatment. An instance of a parame-
terized problem () is a pair (x, k) where x is the main part
and k (usually an non-negative integer) is the parameter. ()
is fixed-parameter tractable (FPT) if it can be solved in time
f(k)n© where n is the input size of x, ¢ is a constant inde-
pendent of k, and f is a computable function. If a problem
has more then one parameters, then the parameters can be
combined to a single one by addition. FPT denotes the class
of all fixed-parameter tractable decision problems. XP de-
notes the class of all parameterized decision problems solv-
able in time n/(*) where f is again a computable function.
An fpt-reduction from one parameterized decision problem
Q to another Q' is an fpt-computable reduction that reduces
of @ to instances of Q" such that yes-instances are mapped to
yes-instances and no-instances are mapped to no-instances.
The parameterized complexity classes W[i] are defined as
the closure of certain weighted circuit satisfaction problems
under fpt-reductions. Denoting by P the class of all param-
eterized decision problems solvable in polynomial time, and
by paraNP the class of parameterized decision problems
that are in NP and NP-hard for at least one instantiation of
the parameter with a constant, we have P C FPT C W[1] C
WI[2] C --- C XP nparaNP C paraNP, where all inclu-
sions are believed to be strict. If a parameterized problem
is W[i]-hard under fpt-reductions (W[i]-h, for short) then
it is unlikely to be FPT. co-C denotes the complexity class
containing all problems from C with yes-instances replaced
by no-instances and no-instances replaced by yes-instances.

Graphs, Rankwidth, Treewidth and Pathwidth. We
mostly use standard notation for graphs as can be found,
e.g., in (Diestel 2000). Let G = (V, E) be a directed or
undirected graph. For a vertex subset V/ C V, we denote by
G[V’] the graph induced by the vertices in V/ and by G \ V’
the graph G[V \ V']. If G is directed, we denote by N, (v)
(N (v)) the set of all incoming (outgoing) neighbors of the
vertex v € V.

Let G = (V, E) be a directed graph. A tree decompo-
sition of G is a pair T = (T, \) with T being a tree and
A V(T) — V(G) such that: (1) for every vertex v € V
the set {t € V(T) | v € A(t) } is forms a non-empty sub-
tree of T and (2) for every arc e = (u,v) € E, there is a
node t € V(T') with u,v € A(t). The width of T is equal
to max;cy (7) |A(t)| — 1 and the treewidth of G is the mini-
mum width over all tree decompositions of G. T is called a
path decomposition if T is a path and the pathwidth of G is
the minimum width over all path decompositions of G. We
will need the following well-known properties of pathwidth,
treewidth, and rankwidth.

Lemma 1 ((Corneil and Rotics 2001; Oum and Seymour
2006)). Let G = (V, E) be a directed graph and X C V.
The treewidth of G is at most | X | plus the treewidth of G —
X. Furthermore, if G has rankwidth r, pathwidth p and
treewidth t, thenr < 3-2t—1 < 3.92p—1,

Examples and Models Let F' be a set of binary features. An
example e : F — {0, 1} over F'is a {0, 1}-assignment of the
features in F'. An example is a partial example (assignment)
over F if it is an example over some subset F’ of F'. We de-
note by E(F) the set of all possible examples over F. A



(binary classification) model M : E(F) — {0, 1} is a spe-
cific representation of a Boolean function over E(F'). We
denote by F'(M) the set of features considered by M, i.e.,
F(M) = F. We say that an example e is a 0-example or
negative example (1-example or positive example) w.r.t. the
model M if M(e) = 0 (M(e) = 1). For convenience, we
restrict our setting to the classification into two classes. We
note however that all our hardness results easily carry over to
the classification into any (in)finite set of classes. The same
applies to our algorithmic results for non-ensemble models
since one can easily reduce to the case with two classes by
renaming the class of interest for the particular explanation
problem to 1 and all other classes to 0. We leave it open
whether the same holds for our algorithmic results for en-
semble models.

Decision Trees. A decision tree (DT) T is a pair (T, A) such
that 7" is arooted binary treeand A : V/(T') — FU{0,1}isa
function that assigns a feature in F' to every inner node of T'
and either O or 1 to every leaf node of T". Every inner node
of T has exactly 2 children, one left child (or 0-child) and
one right-child (or 1-child). The classification function 7T :
E(F) — {0,1} of aDT is defined as follows for an example
e € E(F). Starting at the root of T one does the following
at every inner node ¢ of T. If e(A(¢)) = O one continues
with the 0-child of ¢ and if e(A(¢)) = 1 one continues with
the 1-child of ¢ until one eventually ends up at a leaf node
[ at which e is classified as A(I). For every node t of T,
we denote by o the partial assignment of F* defined by the
path from the root of T to ¢ in T, i.e., for a feature f, we
set a’-(f) to 0 (1) if and only if the path from the root of T'
to ¢ contains an inner node ¢’ with A(t') = f together with
its 0-child (1-child). We denote by L(7T) the set of leaves of
T and we set Ly,(T) = {l € L(T) | A(l) = b} for every
b € {0,1}. Moreover, we denote by || 7| (h(T)) the size
(height) of a DT, which is equal to the number of leaves of
T (the length of a longest root-to-leaf path in 7°). Finally, we
let MNL(7") = min{|Lo|, | L1}

Decision Sets. A term t over F' is a set of literals with each
literal being of the form (f = z) where f € F and z €
{0,1}. A rule r is a pair (¢,c) where t is a term and ¢ €
{0,1}. We say that a rule (¢,c) is a c-rule. We say that a
term ¢ (or rule (¢, ¢)) applies to (or agrees with) an example
e if e(f) = z for every element (f = z) of ¢. Note that the
empty rule applies to any example.

A decision set (DS) S is a pair (T, b), where T is a set of
terms and b € {0, 1} is the classification of the default rule
(or the default classification). We denote by ||.S]| the size of
S which is equal to (3, |t|) + 1; the 41 is for the default
rule. The classification function S : E(F) — {0,1} of aDS
S = (T, b) is defined by setting S(e) = b for every example
e € E(F) such that no term in 7" applies to e and otherwise
weset S(e) =1—0b.

Decision Lists. A decision list (DL) L is a non-empty se-
quence of rules (r1 = (t1,¢1),...,7¢ = (te, c¢)), for some
¢ > 0. The size of a DL L, denoted by ||L||, is equal to
Zle(\m + 1). The classification function L : E(F) —
{0,1} of a DL L is defined by setting L(e) = b if the first
rule in L that applies to e is a b-rule. To ensure that every ex-

ry: IF (r=1Ay=1)THENO
75 : ELSEIF (z = 0 A z = 0) THEN 1
r3 : ELSEIF (y=0Az=1) THENO
r4 : ELSE THEN 1

Figure 1: Let L be the DL given in the figure and let e be the ex-
ample given by e(z) = 0, e(y) = 0 and e(z) = 1. Note that
L(e) = 0. It is easy to verify that {y, z} is the only local abduc-
tive explanation for e in L of size at most 2. Moreover, both {y}
and {z} are minimal local contrastive explanations for e in L. Let
= {z+— 1,y = 1} and » = {z — 0,z — 0} be a partial
assignments. Note that 71 and 7> are minimal global abductive and
global contrastive explanations for class O w.r.t. L, respectively.

ample obtains some classification, we assume that the term
of the last rule is empty and therefore applies to all exam-
ples.

Binary Decision Diagrams. A binary decision diagram
(BDD) B is a pair (D, p) where D is a directed acyclic graph
with three special vertices s, tg, t1 such that:

* sisasource vertex that can (but does not have to) be equal
totgortq,

* tp and ¢ are the only sink vertices of D,

* every non-sink vertex has exactly two outgoing neighbors,
which we call the 0-neighbor and the 1-neighbor, and

o p:V(D)\{to,t1} — F is afunction that associates with
every non-sink node of D a feature in F'.

For an example e € E, we denote by Pg(e) (or P(e) if
B is clear from the context), the unique path from s to either
to or t1 followed by e in B. That is starting at s and ending
at either ¢y or t1, P(e) is iteratively defined as follows. Ini-
tially, we set P(e) = (s), moreover, if P(e) ends in a vertex
v other than t( or t1, then we extend P(e) by the e(p(v))-
neighbor of v in D. Let B be a BDD and e € E(F) be an
example. The classification function B : E(F) — {0,1} of
B is given by setting B(e) = b if Pg(e) ends in t,. We de-
note by || B|| the size of B, which is equal to |V (D)|. We say
that B is an OBDD if every path in B contains features in
the same order. Moreover, B is a complete OBDD if every
maximal path contains the same set of features. It is known
that every OBDD can be transformed in polynomial-time
into an equivalent complete OBDD (Mengel and Slivovsky
2021, Observation 1). All OBDDs considered in the paper
are complete.

Ensembles. An M-ensemble, also denoted by Myag,
E is a set of models of type M, where M ¢
{DT,DS,DL,OBDD}. We say that & classifies an exam-
ple e € E(F) as b if so do the majority of models in &,
i.e., if there are at least ||£]/2] + 1 models in £ that classify
e as b. We denote by ||£|| the size of £, which is equal to
> mee [IM||. We additionally consider an ordered OBDD-
ensemble, denoted by OBDDI\<,[ Ay Where all OBDDs in the
ensemble respect the same ordering of the features.



3 Considered Problems and Parameters

We consider the following types of explanations
(see Marques-Silva’s survey (2023)). Let M be a
model, e an example over F'(M), and let ¢ € {0,1} be a
classification (class). We consider the following types of
explanations for which an example is illustrated in Figure 1.

e A (local) abductive explanation (LAXP) for e w.r.t. M is
asubset A C F(M) of features such that M (e) = M(¢e’)
for every example €’ that agrees with e on A.

* A (local) contrastive explanation (LCXP) for e w.rt. M
is a set A of features such that there is an example ¢’ such
that M (e’) # M (e) and €’ differ from e only on the fea-
tures in A.

* A global abductive explanation (GAXP) for cw.r.t. M isa
partial example 7 : F' — {0,1}, where ' C F'(M), such
that M (e) = c for every example e that agrees with 7.

* A global contrastive explanation (GCXP) for c w.r.t. M
is a partial example 7 : F — {0, 1}, where F' C F(M),
such that M (e) # ¢ for every example that agrees with 7.

For each of the above explanation types, each of the con-
sidered model types M, and depending on whether or not
one wants to find a subset minimal or cardinality-wise min-
imum explanation, one can now define the corresponding
computational problem. For instance:

M-SUBSET-MINIMAL LOCAL ABDUCTIVE EXPLANA-
TION (LAXPc)

INSTANCE: A model M € M and an example e.
QUESTION: Find a subset minimal local abductive ex-
planation for e w.r.t. M.

M-CARDINALITY-MINIMAL LOCAL ABDUCTIVE EX-

PLANATION (LAXP|))

INSTANCE: A model M € M, an example e, and an
integer k.

QUESTION: Is there a local explanation for e w.r.t. M of
size at most £?

The problems M-Xc and M-X), for X € {GAXP, LCXP,
GCXP} are defined analogously.

Finally, for these problems, we will consider natural pa-
rameters listed in Table 1; not all parameters apply to all
considered problems. We denote a problem X parameter-
ized by parameters p, ¢, by X(p+ g+ 7).

4 Overview of Results

As we consider several problems, each with several variants
and parameters, there are hundreds of combinations to con-
sider. We therefore provide a condensed summary of our
results in Tables 2, 3, 4.

The first column in each table indicates whether a result
applies to the cardinality-minimal or subset-minimal variant
of the explanation problem (i.e., to Xc or X))}, respectively).
The next 4 columns in Tables 2, 3, 4 indicate the parame-
terization, the parameters are explained in Table 1. A “p”
indicates that this parameter is part of the parameterization,

[IP%1]

a “—” indicates that it isn’t. A “c” means the parameter is
set to a constant, “1” means the constant is 1.

By default, each row in the tables applies to all four prob-
lems LAXP, GAXP, GCXP, and LCXP. However, if a result
only applies to LCXP, it is stated in parenthesis. So, for in-
stance, the first row of Table 2 indicates that DT-LAXPc,
DT-GAXPc, DT-GCXPc, and DT-LCXPc, where the en-
semble consists of a single DT, can be solved in polynomial
time.

The penultimate row of Table 2 indicates that
DTymaj-LAXP), DTymaj-GAXP and DTyaj-GCXPy
are CO-NP-hard even if mnl_size + size_elem + xp_size is
constant, and DTya;-LCXP) is W[1]-hard parameterized
by xp_size even if mnl_size + size_elem is constant. Finally,
the x indicates a minor distinction in the complexity
between DT-LAXP;| and the two problems DT-GAXP|| and
DT-GCXp,. That is, if the cell contains NP-h* or pNP-h*,
then DT-LAXP is NP-hard or pNP-hard, respectively,
and neither DT-GAXP|| nor DT-GCXP| are in P unless
FPT = WI1].

We only state in the tables those results that are not im-
plied by others. Tractability results propagate in the fol-
lowing list from left to right, and hardness results propagate
from right to left.

I-minimality = C-minimality
set A of parameters = set B D A of parameters
ensemble of models = single model
unordered OBDD ensemble = ordered OBDD ensemble

For instance, the tractability of X|| implies the tractability of
Xc, and the hardness of X implies the hardness of X|.!

parameter  definition

ens_size number of elements of the ensemble

mnl_size  largest number of MNL over all ensemble elem.
terms_elem largest number of terms per ensemble elem.
term_size  size of a largest term over all ensemble elem.
width_elem largest width over all ensemble elements
size_elem size of largest ensemble element

Xp_size size of the explanation

Table 1: Main parameters considered. Note that some parameters
(such as width_elem) only apply to specific model types.

5 Algorithmic Results

In this section, we will present our algorithmic results. We
start with some general observations that are independent of
a particular model type.

Theorem 2. Let M be any model type such that M (e) can
be computed in polynomial-time for M € M. M-LCXpy
parameterized by xp_size is in XP.

"Note that even though the inclusion-wise minimal versions of
our problems are defined in terms of finding (instead of decision),
the implication still holds because there is a polynomial-time re-
duction from the finding version to the decision version of LAXPy,
LCXPH, GAXPH, and GCXP”.
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I — ¢ ¢ c(p) co-NP-h(W[1]-h) Thm 36
- — — p co-pNP-h(XP) Thms 2, 36

Table 2: Explanation complexity when the model is a DT or an
ensemble of DTs. See Section 4 for how to read the table.
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C 1 - ¢ —  co-NP-h(NP-h) Thm 37
1] 1 — — p co-pNP-h(W[1]-h) Thms 37, 38
¢ P P co-pNP-h(FPT)  Thms 18, 37
n pp - - FPT Cor 15
I p — ¢ p co-pNP-h(W[1]-h) Thms 37, 39
cC —¢ ¢ — co-NP-h(NP-h) Thm 40
Il — ¢ c¢ c(p) co-NP-h(W[1]-h) Thm 40
n ——= —p co-pNP-h(XP) Thms 2, 37

Table 3: Explanation complexity when the model is a DS, a DL, or
an ensemble thereof. See Section 4 for how to read the table.

Proof. Let (M, e, k) be the given instance of M-LCXp
and suppose that A C F(M) is a cardinality-wise mini-
mal local contrastive explanation for e w.r.t. M. Because
A is cardinality-wise minimal, it holds the example e 4 ob-
tained from e by setting e4(f) =1 — e(f) forevery f € A
and e4(f) = e(f) otherwise, is classified differently from
e, i.e., M(e) # M(ea). Therefore, a set A C F(M)
is a cardinality-wise minimal local contrastive explanation
for e w.rt. M if and only if M(e) # M(ea) and there
is no cardinality-wise smaller set A’ for which this is the
case. This now allows us to obtain an XP algorithm for
M-LCXP as follows. We first enumerate all possible sub-
sets A C F(M) of size at most k in time O(|F(M)|*)
and for each such subset A we test in polynomial-time if
M(ea) # M(e). If so, we output that (M, e, k) is a yes-
instance and if this is not the case for any of the enumer-
ated subsets, we output correctly that (M, e, k) is a no-
instance.

The remainder of the section is organized as follows.
First in Section 5.1, we provide a very general result about
Boolean circuits, which will allow us to show a variety of
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C u 1 - - — P Thms 23, 25
nm o 1 - - — NP-h(P) Thms 23, 43
m o 1 — — p WI[2]-h(P) Thms 23, 43
C u ¢cc¢c — — co-NP-h(NP-h) Thm 41
N u ¢ ¢ —c(p) co-NP-h(W[1]-h) Thm 41
c o p-—- — — co-W[1]-h(W[1]-h) Thm 45
€ o p—- — — XP Thm 27
m o p—- - - PNP-h(XP)  Thms 27, 43
o p - - FPT Cor 21
I u p p — FPT Cor 22
o p — —c co-W[1]-h(W[1]-h) Thm 45
C o —¢ ¢ — co-NP-h(NP-h) Thm 44
o — c¢ cc(p) co-NP-h(W[1]-h) Thm 44
I u —-——= —p Co-pNP-h(XP)  Thms 2, 41

Table 4: Explanation complexity when the model is an OBDD or an
ensemble thereof. For an ensemble, column “ordered/unordered”
indicates whether all the OBDDs in the ensemble have the same
variable-order. See Section 4 for how to read the table.

algorithmic results for our models. We then provide our al-
gorithms for the considered models in Subsections 5.2 to 5.4

5.1 A Meta-Theorem for Boolean Circuits

Here, we present our algorithmic result for Boolean circuits
that are allowed to employ majority circuits. In particu-
lar, we will show that all considered explanation problems
are fixed-parameter tractable parameterized by the so-called
rankwidth of the Boolean circuit as long as the Boolean cir-
cuit uses only a constant number of majority gates. Since our
considered models can be naturally translated into Boolean
circuits, which require majority gates in the case of ensem-
bles, we will obtain a rather large number of algorithmic
consequences from this result by providing suitable reduc-
tions of our models to Boolean circuits in the following sub-
sections.

We start by introducing Boolean circuits. A Boolean cir-
cuit (BC) is a directed acyclic graph D with a unique sink
vertex o (output gate) such that every vertex v € V(D) \ {o}
is either:

* an input gate (IN-gate) with no incoming arcs,
e an AND-gate with at least one incoming arc,
* an OR-gate with at least one incoming arcs,

* amajority-gate (MAJ-gate) with at least one incoming arc
and an integer threshold ¢,,, or

* a NOT-gate with exactly one incoming arc.

We denote by IG(D) the set of all input gates of D and
by MAJ(D) the set of all MAJ-gates of D. For an assign-
ment o : IG(D) — {0,1} and a vertex v € V (D), we
denote by val(v, D, «) the value of the gate v after assign-
ing all input gates according to «. That is, val(v, D, a) is



recursively defined as follows: If v is an input gate, then
val(v, D,a)) = «(v), if v is an AND-gate (OR-gate), then
val(v, D, ) = /\nGNB(v) val(n, D,a) (val(v,D,a) =
VneNg(u) val(n, D,«)), and if v is a MAJ-gate, then
val(v,D,a) = [{n|n € Ny(v) Aval(n,D, o) = 1} >
t,. Here and in the following N (v) denotes the set of
all incoming neighbors of v in D. We set O(D,a) =
val(o, D, «). We say that D is a ¢-BC if ¢ is an integer and
D contains at most c MAJ-gates.

We consider Monadic Second Order (MSO;) logic on
structures representing BCs as a directed (acyclic) graph
with unary relations to represent the types of gates. That
is the structure associated with a given BC D has V(D) as
its universe and contains the following unary and binary re-
lations over V' (D):

e the unary relations I, A, O, M, and N containing all input
gates, all AND-gates, all OR-gates, all MAJ-gates, and all
NOT-gates of D, respectively,

* the binary relation Exy containing all pairs z,y € V(D)
such that (z,y) € A(D).

We assume an infinite supply of individual variables and set
variables, which we denote by lower case and upper case
letters, respectively. The available atomic formulas are Pg
(“the value assigned to variable g is contained in the unary
relation or set variable P”), Exy (“vertex z is the head of an
edge with tail y”), x = y (equality), and x # y (inequality).
MSO; formulas are built up from atomic formulas using the
usual Boolean connectives (-, A, V, —, <), quantification
over individual variables (Vz, Jz), and quantification over
set variables (V.X, 3X).

In order to be able to deal with MAJ-gates, we will need
a slightly extended version of MSO; logic, which we de-
note by MSOE; and which in turn is a slightly restricted
version of the so-called distance neighborhood logic that
was introduced by Bergougnoux, Dreier, and Jaffke (2023).
MSOE; extends MSO; with set terms, which are built from
set-variables, unary relations, or other set terms by applying
standard set operations such as intersection (M), union (U),
subtraction (\), or complementation (denoted by a bar on
top of the term). Note that the distance neighborhood logic
introduces neighborhood terms, which extend set terms by
allowing an additional neighborhood operator on sets that
is not required for our purposes. Like distance neighbor-
hood logic, MSOE; also allows for comparisons between
set terms, i.e., we can write t; = to or t1 C to to express
that the set represented by the set term ¢; is equal or a sub-
set of the set represented by the set term t,, respectively.
Most importantly for modelling MAJ-gates is that MSOE;
allows for size measurement of terms, i.e., for a set term ¢
and an integer m, we can write || > m to express that the
set represented by ¢ contains at least m elements.

Let ® be an MSOE; formula (sentence). For a BC D and
possibly an additional unary relation U C V(D), we write
(D,U) [= @ if ® holds true on the structure representing D
with additional unary relation U. The following proposition
is crucial for our algorithms based on MSOE; and essen-
tially provides an efficient algorithm for a simple optimiza-

tion variant of the model checking problem for MSOE; .

Proposition 3 ((Bergougnoux, Dreier, and Jaffke 2023,
Theorem 1.2)). Let D be a ¢BC, U C V(D)
and let ®(Sy,...,Sp) be an MSOE; formula with free
(non-quantified) set variables Si,...,S;.  The prob-
lem of computing sets By,...,B; C V(D) such that
(D,U) = ®(Bi,...,B¢) and Zle |B;| is minimum
is fixed-parameter tractable parameterized by rw(D) +
|D(S1,...,S0)|

Theorem 4. C-BC-LAXP| I C-BC-GAXP| I C-BC-LCXP| , C-
BC-GCXpy are fixed-parameter tractable parameterized by
the rankwidth of the circuit.

Proof. Let D be a ¢-BC with output gate 0. We will de-
fine one MSOE; formula for each of the four considered
problems. That is, we will define the ® a(S), P c(S),
DA (So, S1), and P (So, S1) such that:

* (D,T) E ®.a(S) if and only if S is a local abductive
explanation for e w.r.t. D. Here, e is the given example
and T is a unary relation on V(D) given as T = {v €

IG(D) | e(v) =1}.

* (D,T) = ®.c(S5) if and only if S is a local contrastive
explanation for e w.r.t. D. Here, e is the given example
and T is a unary relation on V(D) given as T = {v €

IG(D) | e(v) =11

* (D,C) = ®ca(So, S1) if and only if the partial assign-
ment 7 : Sy US; — {0,1} with 7(s) = 0if s € Sp
and 7(s) = 1if s € Sy is a global abductive explanation
for ¢ wr.t. D. Here, ¢ € {0,1} is the given class and C'
is a unary relation on V(D) that is empty if ¢ = 0 and
otherwise contains only the output gate o.

* (D,C) & Pac(So,S1) if and only if the partial assign-
ment 7 : Sy U Sy — {0,1} with 7(s) = 0if s € Sy
and 7(s) = 1if s € 5] is a global contrastive explanation
for ¢ wr.t. D. Here, ¢ € {0,1} is the given class and C'
is a unary relation on V(D) that is empty if ¢ = 0 and
otherwise contains only the output gate o.

Because each of the formulas will have constant length, the
theorem then follows immediately from Proposition 3.

We start by defining the auxiliary formula CON(A) such
that D = CON(B) if and only if B = {v |v € V(D) A

val(v, D,ap) = 1}, where ap : IG(D) — {0,1} is
the assignment of the input gates of D defined by setting
ag(v) = 1if v € B and ag(v) = 0, otherwise. In

other words D |= CON(B) if and only if B represents a
consistent assignment of the gates, i.e., exactly those gates
are in B that are set to 1 if the circuit is evaluated for the
input assignment . The formula CON(A) is equal to
CONpa(A) A CON'(A), where:

_ Ayemaimy 9 €A AN N| > tyn
CONpas(4) = (Vgn ne€ N+ ne ANIN(g,n)))



and

Vg (AND(g) —
(g€ A+ VnIN(g,n) > n € A))A
(OR(g) —
(9 € A< InIN(g,n) An € A)A
(NOT(g) —
(g€ A< InIN(g,n)An ¢ A))

We also need the formula SAT(E) such that D |=
SAT(B) if and only if the assignment o : IG(D) — {0,1}
defined by setting ap(v) = 1if v € B and ag(v) = 0 oth-
erwise satisfies the circuit D.

CON'(4) =

SAT(E) = 3E' E' N1G(D) = E ACON(E') Ao € E'

Finally, we need the formula AGREE(E, Ey, E;) such
that D = AGREE(B, By, By) if and only if By C B
and By N B = (. In other words, the assignment ap :
IG(D) — {0, 1} defined by setting «p(v) = 1ifv € B and
ap(v) = 0 otherwise is 1 for every feature in B; and 0 for
every feature in B.

AGREE(E, Eq, Ey)

We are now ready to define the formula @ a(.S).

:ElgEAEomE:(D

(I)LA(S) = dEydE{ S = EgUE|A
B, CT A By C (IG(D)\ T)A

VA C G(D) CON(A) -
(AGREE(A, Ey, E1) — (SAT(T) ¢ 0 € A))

Note that the set S = Ey U E; represents the local ab-
ductive explanation and, in particular, Ej, contains all input
gates that are set to b in the explanation. Moreover, the set
A represents an example together with its evaluation in the
circuit D and the subformula (SAT(T') < o € A) is true if
and only if the example represented by A is classified in the
same manner as the example represented by 7'.

We are now ready to define the formula ® ¢ (.59).

Do(S)= S CIGD)A
JA' CG(D)T\SC A AS\T C A'A
A C(TUS)\ (T NS)A
CON(A') A (SAT(A") <+ =SAT(T))

Here, S represents the set of features in the local con-
trastive explanation and A’ represents the example e’ (to-
gether with its evaluation in the circuit D) that differs from
the example e (represented by T') only in the features in S
and is classified differently from e.

We are now ready to define the formula ®ga (S, S1).

Dga(So, S1) = (D)A
CIG(D)ASyN Sy =0A
VYA C G(D) CON(A) —

(AGREE(A, Sy, S1) — (Co ¢ 0 € A))

Note that the set Sy U Sy represents the global abductive
explanation and, in particular, Sj contains all input gates that

are set to b in the explanation. Moreover, the set A represents
an example together with its evaluation in the circuit D and
the subformula (Co < o € A) is true if and only if the
example represented by A is classified as c.

We are now ready to define the formula ®gg(So, S1).

Oac(S0,51) = So CIG(D)A
1§ G(D) SoﬂS:Q)/\
VA C G(D) (CON(4) —
(AGREE(A, Sy, S1) = (Co+o0¢ A)

5.2 DTs and their Ensembles

Here, we present our algorithms for DTs and their ensem-
bles. We start with a simple translation from DTs to BCs
that allow us to employ Theorem 4 for DTs.

Lemma 5. There is a polynomial-time algorithm that given
a DT T = (T, A) and a class ¢ produces a circuit C(T ,c)
such that:

(1) for every example e, it holds that T (e) = c if and only if
(the assignment represented by) e satisfies C(T, c) and

(2) W(C(T,c)) < 3 - 2MNL(T)

Proof. Let T = (T, \) be the given DT and suppose that
MNL(7) is equal to the number of negative leaves; the
construction of the circuit C(7,c) is analogous if instead
MNL(7) is equal to the number of positive leaves. We first
construct the circuit D such that D is satisfied by e if and
only if 7(e) = 0. D contains one input gate gy and one
NOT-gate gy, whose only incoming arc is from gy, for every
feature in (7). Moreover, for every [ € Lo(T), D con-
tains an AND-gate g;, whose incoming arcs correspond to
the partial assignment alT, i.e., for every feature f assigned
by -, g; has an incoming arc from gy if o/-(f) = 1 and
an incoming arc from gy otherwise. Finally, D contains the
OR-gate o, which also serves as the output gate of D, that
has one incoming arc from g; for every [ € Ly. This com-
pletes the construction of D and it is straightforward to show
that D is satisfied by an example e if and only if T (e) =

Moreover, using Lemma 1, we obtain that D has treewidth at
most [MNL(7)|+1 because the graph obtained from D after
removing all gates g; for every [ € Lo(7) is a tree and there-
fore has treewidth at most 1. Therefore, using Lemma 1, we
obtain that D has rankwidth at most 3 - 2IMNL(T)I Finally,
C(T,c) can now be obtained from D as follows. If ¢ = 0,
then C(7,c) = D. Otherwise, C(T,c) is obtained from D
after adding one OR-gate that also serves as the new out-
put gate of C(7, ¢) and that has only one incoming arc from
0. O

We now provide a translation from DTyays to 1-BCs that
will allow us to obtain tractability results for DTyya;s.

Lemma 6. There is a polynomial-time algorithm that given
a DTmay F and a class ¢ produces a circuit C(F,c) such
that:

(1) for every example e, it holds that F (e) = c if and only if
(the assignment represented by) e satisfies C(F, c) and



(2) W(C(F,c)) < 3-2%7er IMNLT)]

Proof. 'We obtain the circuit C(F, ¢) from the (not necessar-
ily disjoint) union of the circuits C(7, c¢) for every T € F,
which we introduced in Lemma 5, after adding a new MAIJ-
gate with threshold ||F|/2]| 4 1, which also serves as the
output gate of C(F, ¢), that has one incoming arc from the
output gate of C(T,¢) for every T € F. Clearly, C(F,c)
satisfies (1). Moreover, to see that it also satisfies (2), recall
that every circuit C(T, ¢) has only MNL(7) gates apart from
the input gates, the NOT-gates connected to the input gates,
and the output gate. Therefore, after removing MNL(T")
gates from every circuit C(7, ¢) inside C(F, ¢), the remain-
ing circuit is a tree, which together with Lemma 1 implies
Q). 0

The following theorem now follows immediately from
Theorem 4 together with Lemma 6.

Theorem 7. Let P € {LAXPp,LCXP,GAXP,GCXP}.
DTwmar-P|(ens_size + mnl_size) and therefore also DTyas-
P \(ens_size + size_elem) is FPT.

We now give our polynomial-time algorithms for DTs.
We start with the following known result for contrastive ex-
planations.

Theorem 8 ( (Barcel6 et al. 2020, Lemma 14)). There is a
polynomial-time algorithm that given a DT T and an ex-
ample e outputs a (cardinality-wise) minimum local con-
trastive explanation for e w.r.t. T or no if such an expla-
nation does not exist. Therefore, DT-LCXP| can be solved
in polynomial-time.

The following auxiliary lemma provides polynomial-time
algorithms for testing whether a given subset of features A
or partial example ¢’ is a local abductive, global abductive,
or global contrastive explanation for a given example e or
class ¢ w.r.t. a given DT 7.

Lemma 9. Let T be a DT, let ¢ be an example and let ¢
be a class. There are polynomial-time algorithms for the
following problems:

(1) Decide whether a given subset A C F(T) of features is
a local abductive explanation for e w.rt. T.

(2) Decide whether a given partial example €' is a global
abductive/contrastive explanation for c w.rt. T.

Proof. Let T be a DT, let e be an example and let ¢ be a
class. Note that we assume here that 7 does not have any
contradictory path, i.e., a root-to-leaf path that contains that
assigns any feature more than once. Because if this was not
the case, we could easily simplify 7 in polynomial-time.

We start by showing (1). A subset A C F(T) of fea-
tures is a local abductive explanation for e w.r.t. 7 if and
only if the DT 7}, does only contain 7 (e)-leaves, which
can clearly be decided in polynomial-time. Here, €4 is the
partial example equal to the restriction of e to A. Moreover,
Tjer for a partial example €’ is the DT obtained from 7~ af-
ter removing every 1 — e’(f)-child from every node ¢ of T
assigned to a feature f for which €’ is defined.

Similarly, for showing (2), observe that partial example
(assignment) 7 : F' — {0, 1} is a global abductive explana-
tion for ¢ w.r.t. 7 if and only if the DT 7| does only contain
c-leaves, which can clearly be decided in polynomial-time.

Finally, note that a partial example 7 : F' — {0,1} is a
global contrastive explanation for ¢ w.r.t. T if and only if
the DT 7|, does not contain any c-leaf, which can clearly be
decided in polynomial-time. O

Using dedicated algorithms for the inclusion-wise min-
imal variants of LAXP, GAXP, and GCXP together with
Theorem 8, we obtain the following result.

Theorem 10. Ler P € {LAXp,LCXP,GAXP,GCXP}.
DT-Pc can be solved in polynomial-time.

Proof. Note that the statement of the theorem for DT-
LCXPc follows immediately from Theorem 8. Therefore,
it suffices to show the statement of the theorem for the re-
maining 3 problems.

Let (7,e) be an instance of DT-LAXPc. We start by
setting A = F(T). Using Lemma 9, we then test for any
feature f in A, whether A\ {f} is still a local abductive ex-
planation for e w.r.t. 7 in polynomial-time. If so, we repeat
the process after setting A to A \ {f} and otherwise we do
the same test for the next feature f € A. Finally, if A\ {f}
is not a local abductive explanation for every f € A, then
A is an inclusion-wise minimal local abductive explanation
and we can output A.

The polynomial-time algorithm for an instance (7, ¢) of
DT-GAXPc nowworks as follows. Let [ be a c-leaf of T;
if no such c-leaf exists, then we can correctly output that
there is no global abductive explanation for ¢ w.r.t. 7. Then,
0/7— is a global abductive explanation for ¢ w.r.t. 7. To ob-
tain an inclusion-wise minimal solution, we do the follow-
ing. Let F = F(a)) be the set of features on which o
is defined. We now test for every feature f € F whether
the restriction o-[F \ {f}] of ol to F'\ {f} is a global
abductive explanation for ¢ w.r.t. 7. This can clearly be
achieved in polynomial-time with the help of Lemma 9. If
this is true for any feature f € [, then we repeat the process
for ol [F \ {f}], otherwise we output a’-. A very similar
algorithm now works for the DT-GCXPc problem, i.e., in-
stead of starting with a c-leaf [ we start with a ¢’-leaf, where
c#c. O

The following theorem uses an exhaustive enumeration
of all possible explanations together with Lemma 9 to check
whether a set of features or a partial example is an explana-
tion.

Theorem 11. Ler P € {LAXP,GAXP,GCXp}. DT-
Pi(xp_size) is in XP.

Proof. We start by showing the statement of the theorem for
DT-LAXp. Let (T, e, k) be an instance of DT-LAXP|;. We
first enumerate all subsets A C F(7) of size at most k in
time O(|F(T)|¥). For every such subset A, we then test
whether A is a local abductive explanation for e w.r.t. T in
polynomial-time with the help of Lemma 9. If so, we output
A as the solution. Otherwise, i.e., if no such subset is a local



abductive explanation for e w.r.t. T, we output correctly that
(T, e, k) has no solution.

Let (T, ¢, k) be an instance of DT-GAXP||. We first enu-
merate all subsets A C F(T) of size at most k in time
O(|F(T)|¥). For every such subset A, we then enumerate
all of the at most 2141 < 2k partial examples (assignments)
7 : A — {0,1} in time O(2%). For every such partial ex-
ample 7, we then use Lemma 9 to test whether 7 is a global
abductive explanation for ¢ w.r.t. 7 in polynomial-time. If
s0, we output e as the solution. Otherwise, i.e., if no such
partial example is a global abductive explanation for ¢ w.r.t.
T, we output correctly that (7, ¢, k) has no solution. The
total runtime of the algorithm is at most 2% |F(7)|*|7° ™).

The algorithm for DT-GCXPy; is now very similar to the
above algorithm for DT-GAXP|. O

The next theorem uses our result that the considered prob-
lems are in polynomial-time for DTs together with an XP-
algorithm that transforms any DTyay into an equivalent DT.

Theorem 12. Ler P € {LAXPp,LCXP,GAXP,GCXP}.
DTwmas-Pc (ens_size) and DTyaj-LCXP(|(ens_size) are in

Proof. Let F = {T1,...,T¢} be the random forest given
as an input to any of the five problems stated above. We
start by constructing a DT 7 that is not too large (of size
at most ml”1, where m = (max{|L(T;)| |1 < i < £}))
and that is equivalent to F in the sense that F(e) = T (e)
for every example in time at most O(m/71). Since all five
problems can be solved in polynomial-time on 7~ (because
of Theorem 10) this completes the proof of the theorem.
We construct 7T iteratively as follows. First, we set 7{ =
T1. Moreover, for every ¢ > 1, T is obtained from 7;"_; and
7: by making a copy 7;! of 7; for every leaf [ of 7, and by
identifying the root of 7;' with the leaf [ of 7, ;. Then, T
is obtained from 7, changing the label of every leaf [ be a
leaf of 7,/ as follows. Let P be the path from the root of 7,
to [ in 7,/. By construction, P goes through one copy of 7;
for every ¢ with 1 < ¢ < /¢ and therefore also goes through
exactly one leaf of every 7;. We now label [ according to
the majority of the labels of these leaves. This completes the
construction of 7 and it is easy to see that F(e) = T (e)
for every example e. Moreover, the size of 7 is at most
6| L(T;)| < mf, where m = (max{ |L(T;)| |1 < i <
¢}) and T can be constructed in time O(m"*). O

5.3 DSs, DLs and their Ensembles

This subsection is devoted to our algorithmic results for DS,
DLs and their ensembles. Our first algorithmic result is
again based on our meta-theorem (Theorem 4) and a suitable
translation from DSya; and DLya; to a Boolean circuit.

Lemma 13. There is a polynomial-time algorithm that
given a DS/DL L and a class ¢ produces a circuit C(L, c)
such that:

* for every example e, it holds that L(e) = c if and only if e
satisfies C(L, ¢)

« 'w(C(L,c)) < 3-23IE

Proof. Since every DS can be easily transformed into a DL
with the same number of terms, it suffices to show the lemma
for DLs. Let L be a DL with rules (r; = (t1,¢1),...,7¢ =
(te,ce)). We construct the circuit D = C(L,c) as fol-
lows. D contains one input gate gy and one NOT-gate gy,
whose only incoming arc is from gy, for every feature in
F(L). Furthermore, for every rule r; = (¢;,¢;), D con-
tains an AND-gate g,,, whose in-neighbors are the literals
in t;, i.e., if ¢; contains a literal f = 0, then g,, has gy
as an in-neighbor and if ¢; contains a literal f = 1, then
gr, has gy as an in-neighbor. We now split the sequence
p=(r1 = (t1,¢1),...,7¢ = (te, c¢)) into (inclusion-wise)
maximal consecutive subsequences p; of rules that have the
same class. Let (p1,...,p,) be the sequence of subse-
quences obtained in this manner, i.e., p; 0 p2 0 -+ 0 p. = p,
every subsequence p; is non-empty and contains only rules
from one class, and the class of any rule in p; is different
from the class of any rule in p; 41 forevery ¢ with 1 <4 < r.
Now, for every subsequence p;, we add an OR-gate g, to
D, whose in-neighbors are the gates g, for every rule r in
pi. Let C be the set of all subsequences p; that only con-
tains rules with class ¢ and let C' be the set of all other sub-
sequences, i.e., those that contain only rules whose class is
not equal to c¢. For every subsequence p in C, we add a
NOT-gate g, to D, whose in-neighbor is the gate g,. More-
over, for every subsequence p; in C, we add an AND-gate
g;i to D whose in-neighbors are g, as well as g, for every

pj € C with j < i. Finally, we add an OR-gate o to D that
also serves as the output gate of D and whose in-neighbors
are all the gates g;? for every p € C. This completes the
construction of D and it is easy to see that L(e) = c if and
only if e satisfies D for every example e, which shows that
D satisfies (1). Towards showing (2), let G be the set of all
gates in D apart from the gates o and gy and gy for every
feature f. Then, |G| < 3|L| and D \ G is a forest, which
together with Lemma 1 implies (2). O

Lemma 14. Let M € {DSmaj,DLymar}.  There is a
polynomial-time algorithm that given an M L and a class ¢
produces a circuit C(L, ¢) such that:

(1) for every example e, it holds that L(e) = c if and only if
e satisfies C(L, c)

(2) (C(L,c)) <3-23Lreclll

Proof. We obtain the circuit C(L, ¢) from the (not necessar-
ily disjoint) union of the circuits C(L, ¢), which are provided
in Lemma 13, for every L € L after adding a new MAJ-gate
with threshold ||£]/2] + 1, which also serves as the output
gate of C(L, ¢), that has one incoming arc from the output
gate of C(L, ¢) for every L € L. Clearly, C(L, c) satisfies
(1). Moreover, to see that it also satisfies (2), recall that ev-
ery circuit C(L, ¢) has only 3|L| gates apart from the input
gates, the NOT-gates connected to the input gates, and the
output gate. Therefore, after removing 3|L| gates from ev-
ery circuit C(L, ¢) inside C(L, ¢), the remaining circuit is a
tree, which together with Lemma 1 implies (2). O

The following corollary now follows immediately from
Lemma 14 and Theorem 4.



Corollary 15. Ler M € {DSmaj,DLyas} and let
P € {LAXP,LCXP,GAXP,GCXP}. M-P(ens_size +
terms_elem) is FPT.

Unlike, DTs, where DT-LCXP; is solvable in
polynomial-time, this is not the case for DS-LCXp).
Nevertheless, we are able to provide the following result,
which shows that DS-LCXP|; (and even DL-LCXP))) is
fixed-parameter tractable parameterized by term_size and
xp_size. The algorithm is based on a novel characterization
of local contrastive explanations for DLs.

Lemma 16. Let M € {DS,DL}. M-LCXp|for M € M
and integer k can be solved in time O(a*|| M ||?), where a is
equal to term_size.

Proof. Since any DS can be easily translated into a DL with-
out increasing the size of any term, it suffices to show the
lemma for DLs. Let (L, e, k) be an instance of DL-LCXP),
where L = (ry = (t1,¢1),...,7¢ = (ts,ce)) is a DL, and let
r; be the rule that classifies e, i.e., the first rule that applies
to e.

Let R be the set of all rules r; of L with ¢; # ¢;. For a
ruler € R,let A C F(L) such that the example e 4, i.e., the
example obtained from e after setting e 4 (f) = 1 — e(f) for
every f € A and es(f) = e(f) otherwise, is classified by
rule . We claim that:

(1) Forevery € R and every set A C F(T) such that e4
is classified by 7, it holds that A is a local contrastive
explanation for e w.r.t. L.

(2) Every local contrastive explanation A for e w.r.t. L con-
tains a subset A’ C A for which thereisarule r € R
such that e 4/ is classified by 7.

Towards showing (1), let » € R and let A C F(T) such
that e is classified by r. Then, e4 differs from e only on
the features in A and moreover M (e) # M (ea) because
r € R. Therefore, A is a local contrastive explanation for e
w.rt. T.

Towards showing (2), let A C F(A) be alocal contrastive
explanation for e w.r.t. 7. Then, there is an example ¢’ that
differs from e only on some set A’ C A of features such that
€’ is classified by arule 7 € R. Then, e is classified by r,
showing (2).

Note that due to (1) and (2), we can compute a small-
est local contrastive explanation for e w.r.t. L by the al-
gorithm illustrated in Algorithm 1. That is, the algorithm
computes the smallest set A of at most k features such that
e4 is classified by r; for every rule r; € R. It then, re-
turns the smallest such set over all rules r; in R if such a
set existed for at least one of the rules in R. The main in-
gredient of the algorithm is the function FINDLCEXFOR-
RULE(L, e, r;), which is illustrated in Algorithm 2, and that
for arule r; € R computes the smallest set A of at most k
features such that e 4 is classified by r;. The function Al-
gorithm 2 achieves this as follows. It first computes the set
Ao ={f|(f =1—e(f)) € t;} of features that need to
be part of A in order for e4 to satisfy 7, i.e., all features f
where e(f) differs from the literal in ¢;. It then computes

Algorithm 1 Algorithm used in Lemma 16 to compute a lo-
cal contrastive explanation for example e w.r.t. a DL L of
size at most k if such an explanation exists. The algorithm
uses the function find LCEXForRule(L, e, ;) as a subrou-
tine, which is illustrated in Algorithm 2

Imput: DL L = (ry = (t1,c¢1),...,7¢ = (te, ce)), example e and
integer k (global variable).

Output: return a cardinality-wise minimum local contrastive ex-
planation A C F(L) with |A| < k for e wrt. L ornil if
such an explanation does not exists.

1: function FINDLCEX(L, e)

r; < rule of L that classifies e

R(—{T‘j eL | Cj 7561}

Ap +—nil

for r; € Rdo
A < FINDLCEXFORRULE(L, €, ;)
if A #niland (A, = nil or|A4y| > |A|) then

Ab — A

return A,

WReIINEDD

the set A recursively via the (bounded-depth) branching al-
gorithm given in FINDLCEXFORRULEREC(L, e, 7j, A),
which given a set A’ of features such that e 4. satisfies r;
computes a smallest extension (superset) A of A’ of size at
most k such that e 4 is classified by ;. To do so the function
first checks in Line 5 whether |A’| > k and if so correctly
returns nil. Otherwise, the function checks whether there
is any rule r, with ¢ < j that is satisfied by e 4. If that is not
the case, it correctly returns A’ (in Line 9). Otherwise, the
function computes the set BB of features in Line 11 that occur
in t, — and therefore can be used to falsify r, — but do not
occur in A’ or in ¢;. Note that we do not want to include any
feature in A’ or t; in B since changing those features would
either contradict previous branching decisions made by our
algorithm or it would prevent us from satisfying r;. The
function then returns nil if the set B is empty in Line 13,
since in this case it is no longer possible to falsify the rule
r¢. Otherwise, the algorithm branches on every feature in
f € B and tries to extend A’ with f using a recursive call
to itself with A" replaced by A’ U {f} in Line 16. It then re-
turns the best solution found by any of those recursive calls
in Line 19. This completes the description of the algorithm,
which can be easily seen to be correct using (1) and (2).

We are now ready to analyze the runtime of the algorithm,
i.e., Algorithm 1. First note that all operations in Algo-
rithm 1 and Algorithm 2 that are not recursive calls take time
at most O(]|L||). We start by analyzing the run-time of the
function FINDLCEXFORRULE(L, e, r;), which is at most
O(||L]|) times the number of recursive calls to the function
FINDLCEXFORRULEREC(L, e, 7, A), which in turn can
be easily seen to be at most a” since the function branches
into at most a branches at every call and the depth of the
branching is at most k. Therefore, we obtain O(a”||L||) as
the total runtime of the function FINDLCEXFORRULE(L,
e, r;), which implies a total runtime of the algorithm of
O(a"[|L|?). 0

The following lemma is now a natural extension of
Lemma 16 for ensembles of DLs.



Algorithm 2 Algorithm used as a subroutine in Algorithm 1
to compute a smallest set A of at most k features such that
e4 is classified by the rule r; of a DL L.

Imput: DL L = (r1 = (t1,¢1),...,7¢ = (te,ce)), example e,
rule r;, and integer k (global variable).

Output: return a smallest set A C F(L) with |A| < k such that
ey is classified by r; if such a set exists and otherwise return
nil.

1: function FINDLCEXFORRULE(L, e, ;)

2 Ao {fI(f=1—elf) et}

3 return INDLCEXFORRULEREC(L, e, 7, Ao)
4: function FINDLCEXFORRULEREC(L, e, 7, A")

5:  if|A’| > k then

6:

7

8

return nil
r¢ <— any rule 7, with ¢ < j that is satisfied by e 4
: if r, = nil then
9: return A’
10: Fi+«{f|(f=bet;nbe{0,1}}
AU

1 B {|(J=eca)cte}\ (A UR)
12: if B = () then
13: return nil
14: Ap <+ nil
15: for f € Bdo
16: A +FINDLCEXFORRULEREC(L, e, rj, A’ U {f})
17: if A # nil and |A| < k then
18: if (A, == nil or |As| > |A|) then
19: Ab — A
return A,

Lemma 17. Let M € {DSmaj,DLyas}. M-LCXpy
for M € M and integer k can be solved in time
O(m*a®||M||?), where m is terms_elem, s is ens_size, and
a is term_size.

Proof. Since any DSyay can be easily translated into a
DLyay without increasing the size of any term and where
every ensemble element has at most one extra rule using the
empty term, it suffices to show the lemma for DLjyjays. The
main ideas behind the algorithm, which is illustrated in Al-
gorithm 3, are similar to the ideas behind the algorithm used
in Lemma 16 for a single DL.

Let (£, e, k) be an instance of DLya;-LCXPy DLMA] with

= {Ll,.. JLeyand L = (rf = (t},c),...,r} =
(ti,ci)) for every i € [¢]. First note that if A is a local
contrastive explanation for e w.r.t. £, then there is an ex-
ample ¢’ that differs from e only on the features in A such
that £(e) # L(e'). Clearly €’ is classified by exactly one
rule of every DL L;. The first idea behind Algorithm 3
is therefore to enumerate all possibilities for the rules that
classify ¢’; this is done in Line 5 of the algorithm. Clearly,
only those combinations of rules are relevant that lead to
a different classification of ¢’ compared to e and this is en-
sured in Line 8 of the algorithm. For every such combination

(r]ll, ces Ty, 7% ) of rules the algorithm then calls the subroutine

FINDELCEXR(L, e, (r},,...,75,)), which is illustrated in
Algorithm 4, and computes the smallest set A of at most k
features such that e 4 is classified by the rule 7y of L, for ev-
ery o € [¢]. This subroutine and the proof of its correctness
work very similar to the subroutine findLCEXForRule(L,

Algorithm 3 Algorithm used in Lemma 17 to compute a
local contrastive explanation for example e w.r.t. a DLy
L = {Ly,...,Ly} with L; = (ri = (ti,c}),...,r} =
(ti,ch)) of size at most k if such an explanatron exists.
The algorithm uses the function findELCEXForRules(L,

e, (rj,,...,5,)) as a subroutine, which is illustrated in Al-

gorithm 4.

Input: Dlyvias £ = {L1,...,L¢} with L = (r] =
(ti,ch),...,re = (ti,ch)), example e and integer k (global
Varlable)

Output: return a cardinality-wise minimum local contrastive ex-
planation A C F(L) with |A| < k for e wrt. £ornil if
such an explanation does not exists.

: function FINDELCEX(Z, e)

1

2 for o € [k] do

3 R°«+ {rekLy}

4: Ap < nil

5 for(]17..,,ﬂ)€R1 -x R do

6 e (o€ £ L))

7 n_ —{oe | = L)}

8: if nx > n- then

9: A « FINDELCEXR(L, e, (7}, ,...,75,))
10: if A#niland (A, =nilor|A4y| > \A|) then
11: A;,(—A

12: return A,

e, r;) of Algorithm 2 used in Lemma 16 for a single DL
and is therefore not repeated here. In essence the subroutine
branches over all possibilities for such a set A.
We are now ready to analyze the runtime of the algorithm,
e., Algorithm 3. First note that the function FINDEL-
CEX(L, e) makes at most m? calls to the subroutine FIND-
ELCEXR(L, e, (r} Tipseees M)) and apart from those calls
all operations take time at most O(||L]|). Moreover the run-
time of the subroutine INDELCEXR(L, e, (7}, . .. ,rfz))
is the same as the runtime of the subroutine FINDLCEX-
FORRULE(L, e, ;) given in Algorithm 2, i.e., O(a”*| L]?).
Therefore, we obtain O(m®a*||L]|?) as the total run-time of
the algorithm. O

The following theorem now follows immediately from
Lemma 17.

Theorem 18. Letr M €  {DS,DL}. M-
LCXp((terms_elem + xp_size) is FPT, when ens_size
is constant.

5.4 OBDDs and their Ensembles

In this subsection, we will present our algorithmic results
for OBDDs and their ensembles OBDD1\<,[ Ay and OBDDyyay.
Interestingly, while seemingly more powerful OBDDs and
OBDDI\<,[ S behave very similar to DTs and DTyays if one
replaces mnl_size with width_elem. On the other hand, al-
lowing different orderings for every ensemble OBDD makes
OBDDyays much more powerful and harder to explain (see
Section 6.3 for an explanation of this phenomenon).

We start by providing reductions of OBDDs and
OBDDj; ;8 to Boolean circuits, which will allow us to em-
ploy Theorem 4. The following lemma follows from (Jha



Algorithm 4 Algorithm used as a subroutine in Algorithm 3
to compute a smallest set A of at most k features such that
e4 is classified by the rule 7 for every DL L,.

Input: DL DLy £ = {L1,...,L¢} with L, = (ri =
(th,ch),...,rp = (ti,c})), example e, rules (r},,...,75,),
and integer & (global variable).

Output: return a smallest set A C F'(L) with |A| < k such that
e is classified by 7§ for every DL L, if such a set exists and
otherwise return nil.

1: function FINDELCEXR(L, e, (r),,...,75,))

2 Ao {fI(f=1—e(f)) €ti, Nno€[(]}

3:  return INDELCEXRR(L, e, (1}, , ..., 75,), Ao)

4: function FINDELCEXRR(L, e, (1}, ,...,75,), A")

5 if |A'| > k then

6 return nil

7: ry < any rule with £ < j, that is satisfied by e/ for
o€

8: if r; = nil then

9: return A’

10: F'«—{f|(f=bet;, hoc[f]nbe{0,1}}
11: B+ {f|(f=ea)eti}\(AUF)

12: if B = () then

13: return nil

14: Ap < nil

15: for f € Bdo

16: A «<FINDELCEXRR(L, e, (r},,...,75,), A" U{f}
17: if A# nil and |A| < k then
18: if (A, == nilor |As| > |A|) then
19: Ap+ A
return A,

and Suciu 2012, Lemma 4.1) since the rank-width is upper
bounded by the path-width.

Lemma 19 ((Jha and Suciu 2012, Lemma 4.1)). There is
a polynomial-time algorithm that given a OBDD O and a
class c produces a circuit C(O, c) such that:

* for every example e, it holds that O(e) = c if and only if
e satisfies C(O, ¢)
* 'w(C(0,¢c)) < 5width(O)

Lemma 20. There is a polynomial-time algorithm that
given an OBDDyja; O and a class ¢ produces a circuit
C(O, ¢) such that:

(1) for every example e, it holds that O(e) = c if and only
if e satisfies C(O, c)
(2) rW(C(O, C)) <3 2|O|5 maxoeo Width(O)

Proof. We obtain the circuit C(O, ¢) from the (not necessar-
ily disjoint) union of the circuits C(O, ¢), which are provided
in Lemma 19, for every O € O after adding a new MAJ-gate
r with threshold | |O|/2]|+1, which also serves as the output
gate of C(O, ¢), that has one incoming arc from the output
gate of C(O, ¢) for every O € O. Clearly, C(O, ¢) satisfies
(1). Moreover, to see that it also satisfies (2), we first need to
provide the construction for C(O, ¢) given in (Jha and Suciu
2012, Lemma 4.1).

That is, C(O, c) for a given complete OBDD O = (D, p)
and a given class c is defined as follows. The main idea
behind the construction is to identify every vertex v of D

with a propositional formula F, as follows. First, we set
F}, to be true if and only if b = c for the two sink vertices
to and t1 of D. Moreover, if v is an inner vertex of D with
f = p(v), 0-neighbor ng, and 1-neighbor n, the formula F;,
isdefinedas (f = 0A Fy,,) V (f = 1A F,,). Then, it holds
that M (e) = c if and only if (the assignment corresponding
to) e satisfies the formula Fj for the root s of D. The circuit
C = C(O,c¢) that corresponds to F can now be obtained
from D \ {to, t1} by applying the following modifications:

* We add one input gate g for every feature f € F/(O).

* We add one NOT-gate gy for every feature f € F(O),
whose only incoming arc is from g;.

* We replace every inner vertex v of D with an OR-gate o,,.

e We replace every arc ¢ = (u,v) with f = p(u) of
D\ {to,t;1} with an AND-gate a. that has one outgo-
ing arc to o, and that has one incoming arc from o, and
one incoming arc from gy (gy) if v is a 1-neighbor (0-
neighbor) of u in D.

» We replace every arc e = (u, t.) with f = p(u) of D with
an arc from gy (g7) to o, if t. is a 1-neighbor (0-neighbor)
of win D.

» We remove every arc e = (u, t.r) with ¢’ # ¢ from D.

¢ We let o, be the root of C for the root s of O.

‘We refer to (Jha and Suciu 2012, Lemma 4.1) for the correct-
ness of the construction. Note also that (Jha and Suciu 2012,
Lemma 4.1) provides a path decomposition Pp = (Po, Ao)
of width at most 5width(O) of C' as follows. For a feature
f € F(O), let L(f) be the set of all vertices v of D with
p(v) = f. Then, Po has one vertex p; for every but the last
feature f € F(O) w.r.t. <o. Moreover, let f be a feature in
F(O), whose successor w.r.t. <o is the feature f’, then the
bag A\o(py) isequalto {gs, g7 tU{ 0, | v € L(f)UL(f’) }U
{ac | e = (u,v) € E(D)ANu € L(f) ANv € L(f') }. This
completes the description of C(O, ¢) for any O € O. It re-
mains to show that C(O, ¢) satisfies (2), in particular since
the rankwidth is upper bounded by the pathwidth (using
Lemma 1) it remains to show that the pathwidth of C(O, ¢)
is at most |O|5 maxpeo Width(O). To see this consider the
following path decomposition P = (P, A) of C(O, ¢). P has
one vertex py for every but the last feature f € F'(O) w.r.t.
<o. Moreover, A(py) = {r} U (Upeo Ao(p?)), where pf
is the vertex py of the path Pp of the path decomposition
Po = (Po, 2o)- 0

The following corollary follows immediately from
Lemma 20 and Theorem 4.

Corollary 21. Let P € {LAXP,LCXP,GAXP,GCXP}.
OBDDy; ;-7 (ens_size + width_elem) is FPT.

The next Corollary follows again from Lemma 20 and
Theorem 4 after observing that the pathwidth of the Boolean
circuit constructed in Lemma 20 for an OBDDyuy is
bounded by O(ens_size - size_elem) since this bound is also
an upperbound on the number of gates in the constructed
Boolean circuit. Note that in contrast to OBDDI\<,I AyS» Where
the pathwidth of the resulting circuit can be bounded purely
in terms of ens_size and width_elem, this is no longer the
case for OBDDya5s.



Corollary 22. Let P € {LAXP,LCXP,GAXP,GCXP}.
OBDDyaj-P|(ens_size + size_elem) is FPT.

Theorem 23 ((Barcel6 et al. 2020, Lemma 14)). There is
a polynomial-time algorithm that given a OBDD O and an
example e outputs a (cardinality-wise) minimum local con-
trastive explanation for e w.r.t. O or no if such an explana-
tion does not exist. Therefore, OBDD-LCXP| can be solved
in polynomial-time.

The following auxiliary lemma is an analogue of
Lemma 9 for OBDDs and provides polynomial-time al-
gorithms for testing whether a given subset of features
Alpartial example ¢’ is a local abductive/global abduc-
tive/global contrastive explanation for a given example
elclass ¢ w.r.t. a given OBDD O.

Lemma 24. Let O be an OBDD, let e be an example and let
c be a class. There are polynomial-time algorithms for the
following problems:

(1) Decide whether a given subset A C F(O) of features is
a local abductive explanation for e w.r.t. O.

(2) Decide whether a given partial example €' is a global
abductive explanation for c w.r.t. O.

(3) Decide whether a given partial example €' is a global
contrastive explanation for c w.r.t. O.

Proof. Let O = (D, p) be an OBDD, let e be an example
and let ¢ be a class. For a partial example e’, we denote
by D, the directed acylic graph obtained from D after re-
moving all arcs from a vertex v whose feature f = p(v)
is assigned by €’ to its 1 — €(f)-neighbor. For a subset
A C F(O) of features we denote by e 4 the partial example
equal to the restriction of e to A.

Towards showing (1), let A C F(O) be a subset of
features. Then, A is a local abductive explanation for e
w.r.t. O if and only if {o () is the only sink vertex of D, ,
that is reachable from s, which can clearly be checked in
polynomial-time.

Similarly, towards showing (2), observe that the partial
example (assignment) 7 : ' — {0, 1} is a global abductive
explanation for ¢ w.r.t. O if and only if ¢. is the only sink
reachable from s in D,, which can clearly be checked in
polynomial-time.

Finally, towards showing (3), note that a partial example
7 : F — {0, 1} is a global contrastive explanation for ¢ w.r.t.
O if and only if .. is not reachable from s in D, which can
clearly be verified in polynomial-time. O

Using dedicated algorithms for the inclusion-wise min-
imal variants of LAXP, GAXP, and GCXP together with
Theorem 23, we obtain the following result.

Theorem 25. Let P € {LAXPp,LCXpP,GAXP,GCXP}.
OBDD-Pc can be solved in polynomial-time.

Proof. Note that the statement of the theorem for OBDD-
LCXPc follows immediately from Theorem 23. Therefore,
it suffices to show the statement of the theorem for the re-
maining 3 problems.

Let (O, e) be an instance of OBDD-LAXPc. We start by
setting A = F(O). Using Lemma 24, we then test for any

feature f in A, whether A \ {f} is still a local abductive ex-
planation for e w.r.t. O in polynomial-time. If so, we repeat
the process after setting A to A \ {f} and otherwise we do
the same test for the next feature f € A. Finally, if A\ {f}
is not a local abductive explanation for every f € A, then
A is an inclusion-wise minimal local abductive explanation
and we can output A.

The polynomial-time algorithm for a given instance
(0,c¢) with O = (D, p) of OBDD-GAXPc now works as
follows. Let P be any shortest path from s to ¢, in D; if
no such path exists we can correctly output that there is no
global abductive explanation for ¢ w.r.t. O. Then, the as-
signment « defined by P is a global abductive explanation
for ¢ w.r.t. O. To obtain an inclusion-wise minimal solution,
we do the following. Let F' = F'(«) be the set of features
on which « is defined. We now test for every feature f € F’
whether the restriction o[F'\ {f}] of ato F'\ { f} is a global
abductive explanation for ¢ w.r.t. 7. This can clearly be
achieved in polynomial-time with the help of Lemma 24. If
this is true for any feature f € F’, then we repeat the process
for o[F'\ {f}], otherwise we output «. A very similar algo-
rithm now works for the DT-GCXPc problem, i.e., instead
of starting with a shortest path from s to ., we start with a
shortest path from s to t.s for some ¢’ # c. O

Lemma 26. Let O be an OBDDy;,; with ¢ = |O| and m is
the maximum size of any OBDD in O. There is an algorithm
that in time O(m*) computes an OBDD< O of size at most
m! such that O(e) = O(e) for every example e.

Proof. We construct the OBDD O = (D, p) as follows.
Let D’ be the directed acyclic graph obtained as follows.
D’ has one vertex n, for every tuple p = (v1,...,v¢) €
V(Di1) x --- x V(Dy). For atuple p = (v1,...,v¢) €
V(D) x -+ x V(Dy), we denote by A(p) the smallest fea-
ture in {p;(v;) |1 < i < £} wrt the ordering <o if
{pi(v;) |1 < i < £} # (. Moreover, otherwise, i.e., if
{pi(v;) | 1 <i< £} =0, then every vertex v; is a sink ver-
tex in D;, i.e., it either corresponds to ¢, or to ¢1, in which
case we let A\(p) = 1 if the majority of the vertices vy, . . ., vy
correspond to ¢ in D; and otherwise we set A(p) = 0.
Let p be such that A(p) # 0 and let b € {0,1}. The b-
successor of p, denoted by S;(p), is the tuple (vi,...,v}),
where v} = wv; if p;(v;) # A(p) and v} is the b-neighbor
of v; in D;, otherwise. Now, every vertex n, in D’ with
A(p) # 0 has ng, () as its 0-neighbor and ng, (,) as its 1-
neighbor and this completes the description of D’. Note
that D’ is acylic because it only contains arcs from a ver-
tex n, with A(p) ¢ {0,1} to a vertex ng,(,) and either
Alnp) <o A(Sp(p)) or A(Si(p)) € {0,1}.

Then, D is the directed acyclic graph with source vertex
N(s,...,s,) and sink vertices £y and ¢; that is obtained from
D’ after applying the following operations:

* Remove all vertices from D’ that are not reachable from

the vertex n(y, ... s,), Where s; is the root of D;.

o Identify the vertices in {n, | A(p) = b} with the new
vertex t;, for every b € {0, 1}.



Finally, we set p(n,,) = A(p) for every p with A\(p) ¢ {0, 1}.
This completes the construction of O, which can clearly be
achieved in time O(m*) and has size at most m®. It is now
straightforward to verify that O(e) = O(e) for every exam-
ple, as required.

The next theorem uses our result that the considered prob-
lems are in polynomial-time for OBDDs together with an
XP-algorithm that transforms any OBDDy;; into an equiv-
alent OBDD.

Theorem 27. Letr P € {LAXPp,LCXP,GAXP,GCXP}.
OBDDy;;-Pc (ens_size) and OBDDy;,,;-LCXPy|(ens_size)
are in XP.

Proof. Let O = {O',..., 0"} with variable ordering <o
and O; = (D;, p;) be the OBDDy;,; given as an input to
any of the five problems stated above.

We use Lemma 26 to construct an OBDD O that is not too
large (of size at most m’, where m = (max‘_, |V (D;)|))
and that is equivalent to O in the sense that O(e) = O(e)
for every example in time at most O(m*). Since all five
problems can be solved in polynomial-time on O (because
of Theorem 23 and Theorem 25) this completes the proof of
the theorem.

O

6 Hardness Results

In this section, we provide our algorithmic lower bounds.
We start by showing a close connection between the com-
plexity of all of our explanation problems to the following
two problems. As we will see the hardness of finding expla-
nations comes from the hardness of deciding whether or not
a given model classifies all examples in the same manner.
More specifically, from the HOM problem defined below,
which asks whether a given model has an example that is
classified differently from the all-zero example, i.e., the ex-
ample being 0 on every feature. We also need the P-HOM
problem, which is a parameterized version of HOM that we
use to show parameterized hardness results for deciding the
existence of local contrastive explanations.

In the following, let M be a model type.

M-HOMOGENEOUS (HOM)

INSTANCE: A model M € M.

QUESTION: Is there an example e such that M(e) #
M (ep), where ey is the all-zero example?

M-P-HOMOGENEOUS (P-HOM)

INSTANCE: A model M € M and integer k.

QUESTION: Is there an example e that sets at most k fea-
tures to 1 such that M (e) # M (eq), where
ep is the all-zero example?

The following lemma now shows the connection between
HOM and the considered explanation problems.

Lemma 28. Let M € M be a model, ey be the all-zero
example, and let ¢ = M (eg). The following problems are
equivalent:

(1) M is a no-instance of M-HOM.

(2) The empty set is a solution for the instance (M, eq) of
M-LAXPc.

(3) (M, ep) is a no-instance of M-LCXPc.

(4) The empty set is a solution for the instance (M, c) of
M-GAXPQ.

(5) The empty set is a solution for the instance (M,1 — c)
of M-GCXPc.

(6) (M,e,0) is a yes-instance of M-LAXPy.

(7) (M, eg) is a no-instance of M-LCXpy.

(8) (M,c,0) is a yes-instance of M-GAXP.

(9) (M,1—¢,0) is a yes-instance of M-GCXpy).

Proof. 1t is easy to verify that all of the statements (1)—
(9) are equivalent to the following statement (and therefore
equivalent to each other): M(e) = M(ep) = c for every
example e.

While Lemma 28 is sufficient for most of our hardness
results, we also need the following lemma to show certain
parameterized hardness results for deciding the existence of
local contrastive explanations.

Lemma 29. Let M € M be a model and let ey be the all-
zero example. The following problems are equivalent:

(1) (M, k) is a yes-instance of M-P-HOM.
(2) (M, e, k) is a yes-instance of M-LCXPpy.

Proof. The lemma follows because both statements are
equivalent to the following statement: There is an exam-
ple e that sets at most k features to 1 such that M(e) #
M (60). O

We will often reduce from the following problem, which
is well-known to be NP-hard and also W[1]-hard parameter-
ized by k.

MULTICOLORED CLIQUE (MCC)

INSTANCE: A graph G with a proper k-coloring of
V(G).
QUESTION: Is there a clique of size k in G?

The following lemma provides a unified way to show
hardness results for ensembles for practically all of our
model types in the case that we allow arbitrarily many
(constant-size) ensemble elements, i.e., we use it to show
Theorems 36, 40, 44.

Lemma 30. Let M be a class of models such that there are

models M° € M, M} € M and M3, ; € M for features

f, f1, and f5 of size at most d such that:

o MO classifies every example negatively.

. M} classifies an example e positively iff e(f) = 1.

. Mﬁl,h classifies an example e positively iff e(f1) = 0 or
e(fg) =0.

Mumas-P-HOM is W[1]-hard parameterized by k even if the

size of each ensemble element is at most d and Mya;-HOM

is NP-hard even if the size of each ensemble element is at
most d.



Proof. We provide a parameterized reduction from the
MULTICOLORED CLIQUE (MCC) problem, which is also
a polynomial-time reduction. Given an instance (G, k) of
the MCC problem with k-partition (V1,..., V%) of V(G),
we will construct an equivalent instance (€, %) of Myas-
P-HOM in polynomial-time as follows. £ uses one binary
feature f, for every v € V(G). Let <y be an arbitrary
ordering of V' (G). We denote by n and m the number of
vertices and edges of the graph G, respectively.

£ contains the following ensemble elements:

* For every non-edge uv ¢ E(G) with u <y v, we add the
model M]%mfu to &.

* For every vertex v € V(G), we add the model M }v to .
« Weadd ((5) — m) — n+ 2k — 1 models M° to &.

Clearly, the reduction works in polynomial-time and pre-
serves the parameter and it only remains to show that G
has a k-clique if and only if there is an example e such that
E(e) # E(ep) that sets at most k features to 1. Note first that
&(eg) = 0 because M (eg) = 1 holds only for (() —m) out
of the 2((%) — m) + 2k — 1 models in &.

Towards showing the forward direction, let C =
{v1,...,v;} be a k-clique of G with v; € V; for every
i € [k]. We claim that the example e that sets all fea-
tures in { f, | v € C'} to 1 and all other features to 0 sat-
isfies £(e) # E(ep). Because C is a clique in G, we ob-
tain that M (e) = 1 for all of the ((}) — m) copies M of
MJ% £ in £. Moreover, because e sets exactly k features
to 1, it holds that M(e) = 1 for exactly k copies M of
M }U in £. Therefore, e is classified positively by exactly

((5) = m) + k models in £ and e is classified negatively by

exactlyn—k+((5) —m)—n+2k—1=((3) —m)+k—1
models in £, which shows that £(e) = 1 # E(eg).

Towards showing the reverse direction, let e be an exam-
ple that sets at most k features to 1 such that £(e) = 1 #
E(ep). First note that because M (e) = 0 for every of the
((5) =m) —n+2k — 1 copies M of M in &, it has to hold
that M (e) = 1 for at least () — m) + k of the copies M
of either M }v or MJ%M s, in €. Since e sets only at most k
features to 1, we obtain that M (e) = 1 for at most k of the
copies M of M }v in £. Therefore, M (e) = 1 for all copies
of M of M?u s, in & and moreover M (e) = 1 for exactly
k copies M of Mflv in £. But then the set { v | e(f,) =1}

must be a k-clique of G. O

6.1 DTs and their Ensembles

Here, we provide our algorithmic lower bounds for DTs and
their ensembles. We say that a DT 7 is ordered if there is
an ordering < of the features in F'(7) such that the ordering
of the features on every root-to-leaf path of 7 agrees with
<. We need the following auxiliary lemma to simplify the
descriptions of our reductions.

Lemma 31. Let E C E(F) be a set of examples defined on
features in F'. An ordered DT Tg of size at most 2| E||F| +1

such that Tg(e) = 1ifand only if e € E can be constructed
in time O(|E||F)).

Proof. Let < = (f1,..., fn) be an arbitrary order of the
features in F'. First, we construct a simple ordered DT
Te = (Te, Ac) that classifies only example e as 1 and all
other examples as 0. 7. has one inner node t{ for every
i € [n] with X\.(t{) = f;. Moreover, for i < n, t{ has t{
as its e( f;)-child and a new O-leaf as its other child. Finally,
t¢ has a new 1-leaf as its e( f,, )-child and a O-leaf as its other
child. Clearly, 7. can be constructed in time O(|F|).

We now construct T iteratively starting from 7y and
adding one example from E at a time (in an arbitrary order).
We set Ty to be the DT that only consists of a 0-leaf. Now to
obtain Tgygey from T for some E' C Eande € £\ E,
we do the following. Let [ be the 0-leaf of 7Tg- that classi-
fies e and let f; be the feature assigned to the parent of .
Moreover, let 7] be the sub-DT of 7. rooted at 5, or if
i = n let T be the DT consisting only of a 1-leaf. Then,
TEru{ey is obtained from the disjoint union of 7x/ and 7/
after identifying the root of 7 with [. Clearly, T is an or-
dered DT that can be constructed in time O(|E||F'|) has size
at most 2|E||F| 4+ 1 and satisfies Tg(e) = 1 if and only if
ec E. O

We note that the following theorem also follows from a
result in (Barcel6 et al. 2020, Proposition 5) for FBDDs,
i.e., BDDs without contradicting paths. However, we re-
quire a different version of the proof that generalizes easily
to OBDDs, i.e., we need to show hardness for ordered DTs.

Theorem 32. DT-LAXp; is NP-hard and DT-
LAXPy|(xp_size) is W[2]-hard even if for ordered DTs.

Proof. We provide a parameterized reduction from the HIT-
TING SET problem, which is well-known to be NP-hard and
W/[2]-hard parameterized by the size of the solution. That is,
given a family of sets F over a universe U and an integer k,
the HITTING SET problem is to decide whether F has a hit-
ting set of size at most k, i.e., a subset S C U with |U| < k
such that S N F' # () for every F' € F. Given an instance
(U, F, k) of the HITTING SET problem, we will construct an
equivalent instance of (7, e, k) LAXP|| in polynomial-time
as follows.

Let B be the set of features containing one binary feature
fu for every u € U and let E be the set of examples equal
to {ep | I € F}, where ep is the example that is 1 at
every feature f,, such that v € F and otherwise 0. Using
Lemma 31 we can construct an ordered DT 7g of size at
most 2|E||B| such that Tgz(e) = 1 if and only if e € E. Let
T = Tg and let e be the all-zero example. Clearly, (7, e, k)
can be constructed from (U, F, k) in polynomial-time and it
only remains to show the equivalence of the two instances.

Towards showing the forward direction, let S be a hitting
set for F of size at most k. We claim that A = { f,, | u €
S} is a local abductive explanation for e w.r.t. 7, which
concludes the proof of the forward direction. To see that this
is indeed the case consider any example ¢’ that agrees with e
on A, i.e., ¢ is 0 at every feature in A. Then, because S is a
hitting set for F, we obtain that ¢’ is not in E, which implies
that 7(¢/) = 0 = T (e), as required.



Towards showing the reverse direction, let A be a local
abductive explanation of size at most k for e w.r.t. 7. We
claim that S = {u | f, € A} is ahitting set for . Suppose
that this is not the case and there is a set F' € F with FN.S =
(). Then, the example ey agrees with e on every feature in
A, however, it holds that 7 (ep) = 1 # T (e), contradicting
our assumption that A is a local abductive explanation for e
wrt. T. O

The following theorem is an analogue of Theorem 32 for
global abductive and global contrastive explanations. It is
interesting to note that while it was not necessary to dis-
tinguish between local abductive explanations on one side
and global abductive and global contrastive explanations on
the other side in the setting of algorithms, this is no longer
the case when it comes to algorithmic lower bounds. More-
over, while the following result establishes W[1]-hardness
for DT-GAXPy|(xp-size) and DT-GCXP||(xp-size), this is
achieved via fpt-reductions that are not polynomial-time re-
ductions, which is a behavior that is very rarely seen in nat-
ural parameterized problems. While it is therefore not clear
whether the problems are NP-hard, the result still shows
that the problems are not solvable in polynomial-time un-
less FPT = WI[1], which is considered unlikely (Downey
and Fellows 2013).

Theorem  33. DT-GAXp(xp-size) and  DT-
GCXpy((xp-size) are W[1]-hard. =~ Moreover, there is
no polynomial time algorithm for solving DT-GAXP|| and
DT-GCXp,, unless FPT = W[1].

Proof. We provide a parameterized reduction from the
MULTICOLORED CLIQUE (MCC) problem, which is well-
known to be W[1]-hard parameterized by the size of the
solution. Given an instance (G, k) of the MCC problem
with k-partition (V4,. .., Vi) of V(G), we will construct an
equivalent instance (7, ¢, k) of GAXPp in fpt-time. Note
that since a partial example €’ is a global abductive expla-
nation for ¢ w.r.t. 7 if and only if e’ is a global contrastive
explanation for 1 — ¢ w.r.t. T, this then also implies the
statement of the theorem for GCXPj.. 7 uses one binary
feature f, for every v € V(G).

We start by constructing the DT 7; ; for every i,j € [k]
with ¢ # j satisfying the following: (*) 7;;(e) = 1 for
an example e if and only if either e(f,) = 0 for every
v € V; or there exists v € V; such that e(f,) = 1 and
e(fy) = 0 for every v € (V; \ {v}) U (Ng(v) NV;).
Let 7; be the DT obtained using Lemma 31 for the set of
examples {ep} U {e, | v € V; } defined on the features in
F; = {f,| v € V; }. Here, e is the all-zero example and
for every v € V;, e, is the example that is 1 only at the fea-
ture f, and O otherwise. Moreover, for every v € V;, let 7}”
be the DT obtained using Lemma 31 for the set of examples
containing only the all-zero example defined on the features
in { f, | v" € Ng(v) NV} }. Then, T; ; is obtained from 7;
after replacing the 1-leaf that classifies e,, with 7" for every
v € V;. Clearly, 7; ; satisfies (*) and since 7; has at most
|Vi|? inner nodes and 7, has at most |V;| inner nodes, we

obtain that 7; ; has at most O(|V (G)|?) nodes.

For an integer ¢, we denote by DT({) the complete DT
of height ¢, where every inner node is assigned to a fresh
auxiliary feature and every of the exactly 2° leaves is a 0-
leaf. Let Ta be the DT obtained from the disjoint union of
Tt = DL(k) and 2% copies T3, .. ., 7_[2)k of DT ([log(k(k —
1))]) by identifying the i-th leaf of 7;; with the root of T}
for every 4 with 1 < 4 < 2F; each copy is equipped with its
own set of fresh features.

Then, T is obtained from Ta after doing the following
with T} for every ¢ € [2¥]. For every 4,5 € [k] with i # j,
we replace a private leaf of 7}, with the DT 7; ;; note that
this is possible because 7}, has at least k(k — 1) leaves. Also
note that 7~ has size at most O(|Ta||V (G)|?). This com-
pletes the construction of 7 and we set ¢ = 0. Clearly, 7
can be constructed from G in fpt-time w.r.t. k. It remains
to show that G has a k-clique if and only if there is a global
abductive explanation of size at most k for ¢ w.r.t. 7.

Towards showing the forward direction, let C =
{v1,...,v;} be a k-clique of G with v; € V; for every
i € [k]l. Weclaimthat o : {f, |v € V(C)} — {1} is
a global abductive explanation for ¢ w.r.t. 7, which con-
cludes the proof of the forward direction. To see that this is
indeed the case consider any example e that agrees with ¢,
i.e., eis 1 at any feature f, with v € V(C). For this is suf-
fices to show that 7; ;(e) = 0 for every 7, j € [k]. Because
7, ; satisfies (*) and because e( f,,) = 1, it has to hold that e
is 1 for at least one feature in { f,, | v € Ng(v;) NV} }. But
this clearly holds because C'is a k-clique in G.

Towards showing the reverse direction, let a : C' —
{0,1} be a global abductive explanation of size at most k
for cwrt. 7. We claimthat C = {v | f, € C' } is a k-
clique of G. Let 7, be the partial DT obtained from 7 after
removing all nodes that can never be reached by an exam-
ple that is compatible with ¢, i.e., we obtain 7, from 7T by
removing the subtree rooted at the 1 — «(t)-child for every
node t of 7 with A(t) € C’. Then, 7, contains only 0-
leaves. We first show that there is an ¢ € [2¥] such that 7T,
contains T}, completely, i.e., this in particular means that C’
contains no feature of TE‘;. To see this, let « be the number
of features in C” that are assigned to a node of T;;. Then, T,
contains the root of at least 2°=% DTs 7}5. Moreover, since
2k=% > L _ 4 there is at least one Tf, say 7—[’3, whose asso-
ciated features are not in C’. Therefore, for every i, j € [k]
with ¢ # j, T, contains at least the root of 7; ;. Since 7; ;
satisfies (*), it follows that for every ¢ € [k] there is vy € Vj
such that a(f,,) = 1. Because |C’| < k, we obtain that C”
contains exactly one feature f,, € Fy for every ¢. Finally,
using again that 7; ; satisfies (*), we obtain that v; and v;
are adjacent in GG, showing that {v1, ..., vi} is a k-clique of

G.

Lemma 34. DTya;-HOM s NP-hard and both DTwmar-
HOM(ens_size) and DTyaj-P-HOM(ens_size) are
WI[1]-hardeven if the partial orders of the features on all
paths from the root to a leaf respect the same total order.

Proof. We give a parameterized reduction from MCC that
is also a polynomial-time reduction. That is, given an in-
stance (G, k) of MCC with k-partition Vi, ..., Vi, we will



construct a DTyay € with |E] = 2(k + (’;)) — 1 such that
G has a k-clique if and only if £ classifies at least one ex-
ample positively. This will already suffice to show the stated
results for DTy a;-HOM. Moreover, to show the results for
DTpmaj-P-HOM we additional show that G has a k-clique
if and only if & classifies an example positively that sets at
most k features to 1.

€ will use the set of features J;cy; £, where F; =

{fo|v e Vi}. Foreachv € V; and u € V}, let e, ,, be
an example defined on set of features I; U I thatis 1 only
at the features f, and f,, and otherwise 0. For every i € [k],
& will have a DT 7; obtained using Lemma 31 for the set
of examples { e, , | v € V; } defined on the features in F;.
Also, for every 7 and j with 1 < i < j < k, £ contains
a DT 7; ; obtained using Lemma 31 for the set of exam-
ples {eyn |v € V; Au € V; Avu € E(G) } defined on
the features in F; U F};. Finally, £ contains k + (’2“) -1
DTs that classify every example negatively, i.e., those DTs
consists only of one O-leaf. Clearly, the reduction can be
achieved in polynomial-time and preserves the parameter,
ie., [€] = 2(k + (§)) — 1. It remains to show that G has
a k-clique if and only if & classifies at least one example
positively, which in turn holds if and only if £ classifies an
example positively that sets at most k features to 1.

Towards showing the forward direction, let C =
{v1,...,v; } be a k-clique of G, where v; € V; for ev-
ery ¢ with 1 < ¢ < k. We claim that the example e that
is 1 exactly at the features f,,, ..., f,, (and otherwise 0) is
classified positively by £. By construction, e is classified
positively by every DT 7; for every ¢ € [k] and since C' is
a k-clique also every DT 7; ; forevery 1 < i < j < k.
Therefore, e is classified positively by k + (]2“) DT, which
represents the majority of the DTs in &.

Towards showing the reverse direction, suppose that there
is an example e that is classified positively by £. Because
e has to be classified positively by the majority of DT in
& and there are k + (’;) — 1 DTs in & that classify e neg-
atively, we obtain that e has to be classified positively by
every DT 7; for every ¢ € [k] and by every DT 7; ; for ev-
ery 1 < i < j < k. Since e is classified positively by 7;,
we obtain by construction that there is exactly one feature
Ju, € {fo]v € V;}suchthat e(f,,) = 1andeis 0 at all
other features in f,, € { fu | v € Vi }. Since e sets exactly
one feature f,, € { f, | v € V; } to 1 and e sets exactly one
feature f,, € { f, | v € V; } to 1 and because e is classified
positively by 7; ;, we obtain from the construction that v;
and v; are adjacent in G. Therefore, C' = {vy,...,v;}isa
k-clique of G.

The final two theorems of this section provide all the
remaining hardness results for DTyays and follow from
Lemma 34 and Lemma 30, respectively, together with Lem-
mas 28, 29.

Theorem 35. Let P € {LAXP,GAXP,GCXP}. DTyas-
Pc (ens_size) is CO-W[1]-hard; DTya;-LCXPc (ens_size) is
WI1]-hard; DTmas-Pii(ens_size) is co-W[1]-hard even if
xp-size is constant; DTya;-LCXP||(ens_size + xp_size) is
WI[1]-hard.

Theorem 36. Let P € {LAXP,GAXP,GCXP}. DTyas-
Pc is co-NP-hard even if mnl_size + size_elem is constant;
DTwmaj-LCXPc is NP-hard even if mnl_size + size_elem
is constant; DTyaj-P,| is cO-NP-hard even if mnl_size +
size_elem + xp_size is constant; DTyaj-LCXPy|(xp_size) is
WI([1]-hard even if mnl_size + size_elem is constant.

Proof. We will use Lemma 30 to show the theorem by giv-
ing DTs M°, M} and M?, . satisfying the conditions
of Lemma 30 as follows. We let M be the DT consist-
ing merely of one 0-leaf. We let M} be the DT (T, \}),

such that ¢ is the only inner node of T} with A\;(t) = f. Let
0-leaf and 1-leaf be the 0-child and 1-child of ¢, respectively.

2 2 2
We let M¢, ., be the DT (T{fl,fz}’)‘{fl,fz})’ such

that t/1 and /2 are the only inner nodes of T{2 F1ofa} with

)‘?fl,fz}(tfl) = fiand A%fl,fz}(tf?) = fo. Let 1-leaf and

t/2 be the 0-child and 1-child of ¢/, respectively. Let 1-leaf
and 0-leaf be the 0-child and 1-child of g/2, respectively.
The constructions of the DTs are self explainable. Note
that M°, M } and M{2 1.4,y have size_elem at most 5. All
statements in the theorem now follow from Lemmas 28
to 30. O

6.2 DSs, DLs and their Ensembles

Here, we establish our hardness results for DS, DLs, and
their ensembles. It is interesting to note that there is no real
distinction between DS and DLs when it comes to explain-
ability and that both are considerably harder to explain than
DTs and OBDDs.

3-DNF TAUTOLOGY (TAUT)
INSTANCE: A 3-DNF formula 1.
QUESTION: Is there an assignment that falsifies .

Theorem 37. Let M € {DS,DL} and let P €
{LAXP,GAXP,GCXP}.  M-Pc is co-NP-hard even
if term_size is constant; M-LCXPc is NP-hard even
if term_size is constant; M-Py is cO-NP-hard even if
term_size + xp_size is constant.

Proof. Because every DS can be easily transformed into an
equivalent DL that shares all of the same parameters, it is
sufficient to show the theorem for the case that M = DS.
First, we give a polynomial-time reduction from TAUT to
DS-HOM. Let v be the 3-DNF formula given as an instance
of TAUT. W.lo.g., we can assume that the all-zero assign-
ment satisfies 1), since otherwise % is a trivial no-instance.
Then, the DS S = (T, 0), where T}, is the set of terms of
1) is the constructed instance of DS-HOM. Since the reduc-
tion is clearly polynomial, it only remains to show that ¢
is a tautology if and only if S classifies all examples in the
same manner as the all-zero example, i.e., positively. But
this is easily seen to hold, which concludes the reduction
from TAUT to DS-HOM. All statements in the theorem now
follow from Lemma 28. O

Theorem 38. Let M € {DS,DL}. M-LCXPp|(xp_size) is
WI[1]-hard.



Proof. Again it suffices to show the theorem for the case
that M = DS. We provide a parameterized reduction
from MCC to DS-p-HOM, which is also a polynomial-
time reduction. Given an instance (G, k) of MCC with a
k-partition V1, ..., Vj, we will construct a DS S = (T(l) U
T2y, 1) such that G has a k-clique if and only if S classi-
fies at least one example positively, that sets at most & fea-
tures to 1. .S will use one binary feature f,, for every vertex
v € V(G) and will classify an example e positively if and
only if all of the following items are true:

(1) for every non-edge uv ¢ E(G), either the feature f, or
the feature f, are O ine, i.e., e(f,) =0ore(f,) =0

(2) foreveryi € [k], atleast one of the featuresin { f,, | v €
Vi}isline,

For every property (i) from the list above, we create a set of
terms 7{;y such that an example e does not satisfy any term
in T(;) if and only if it satisfies (i). Let 7(;) be the set of
terms equal to { {(fu = 1), (fo = 1)} | wwv ¢ E(G) }. For
every 1 < i < k, let ¢; be the term { (f, = 0) |v € V; }.
Let T{2) be the set of terms equal to {#; | 1 <i <k }.

Clearly, the reduction can be achieved in polynomial-
time. It remains to show that G has a k-clique if and only if
S classifies at least one example positively, that sets at most
k features to 1. Towards showing the forward direction, let
C ={v1,...,v; } beak-clique of G. We claim that the ex-
ample e that is 1 exactly at the features { f,,... fy, } (and
otherwise 0) is classified positively by S. By construction,
e does not satisfy any of the terms from T(3). Moreover,
since C' is a k-clique also no term from 77y is satisfied by
e. Therefore, e is classified positively by S.

Towards showing the reverse direction, suppose that there
is an example e, that sets at most k features to 1, which is
classified positively by S, i.e., no term from T{;) and T{y)
is satisfied by e. Since e does not satisfy T(5) we get that
e sets at least k to 1, i.e., one feature f, with v € V; for
every i € [k|. Moreover, since e does not satisfy 7(;), all
the vertices v with e(f,) = 1 form a clique in G. Therefore,
C = {vle(fv) =1Av e V(G)}is ak-clique of G.

Note that S classifies the example ey negatively.
This implies that DS-P-HOM is W[1]-hard and because
of Lemma 29 we obtain that DS-LCXP(xp-size) is
W][1]-hard. O

Theorem 39. Ler M S {DSMAJ, DLMAJ}. M-
LCXp|(ens_size + xp_size) is W[1]-hard even if term_size
is constant.

Proof. Again it suffices to show the theorem for the case
that M = DSyaj. We provide a parameterized reduction
from MCC to DSya;-P-HOM, which is also a polynomial-
time reduction. Given an instance (G, k) of MCC with a k-
partition V7, ..., Vi, we will construct a DSyjay S such that
|S| = 2k + 1, term_size is equal to 2 and G has a k-clique
if and only if S classifies at least one example positively,
that sets at most k features to 1. We will construct DSyay
S = {S(l),S(12), . ,55“2),5&, ...,S% } which use one bi-
nary features f, for every vertex v € V(G) and will classify

an example e positively if and only if all of the following
items are true:

(1) for every non-edge uv ¢ E(G), either the feature f,, or
the feature f, are Oine, i.e., e(f,) =0ore(f,) =0

(2) foreveryi € [k], at least one of the featuresin { f,, | v €
Vitisline,

Let T{1) be the set of terms equal to { {(fu = 1), (fo
D} |uv ¢ E(G)} and let S(qy = (T(1),1). For every 1
i <k, letSZQ) ={{(fu=1}|veV;},0)and let S| =
0,0).

Clearly, the reduction can be achieved in polynomial-
time. It remains to show that G has a k-clique if and only if
S classifies at least one example positively, that sets at most
k features to 1. Towards showing the forward direction, let
C ={v1,...,v; } beak-clique of G. We claim that the ex-
ample e that is 1 exactly at the features { f,,,... fu, } (and
otherwise 0) is classified positively by S. By construction, e
is positively classified by every DS sz). Moreover, since C
is a k-clique then no term from T{y) is satisfied by e, which
means that e is classified positively by S(;). Therefore, e is
classified positively by S.

Towards showing the reverse direction, suppose that there
is an example e, that sets at most k& features to 1, which is
classified positively by S. Note that all S% classify all exam-
ples negatively. Therefore DSs S(;), 5(12)7 VN Sé) classify

VA

e positively. Since e is classified positively by sz), we get
e sets exactly one feature from { f,, | v € V; } to 1. More-
over, since e is classified positively by Sy), all the vertices
v € V(G) with e(f,) = 1 form a clique in G. Therefore,
C = {vle(fv) =1Av e V(G)}is ak-clique of G.

Note that S classifies an example ey negatively. This
implies that DSya;-P-HOM/(ens_size) is W[1]-hard even
if term_size is constant. Moreover, by combining with
Lemma 29 we get that DSyaj-LCXP|(xp_size + ens_size)
is W[1]-hard. O

Theorem 40. Let M € {DSMAJ,DLMAJ} and let P €
{LAXP,GAXP,GCXP}. M-Pc is cO-NP-hard even if
terms_elem + term_size is constant; M-LCXPc is NP-hard
even if terms_elem + term_size is constant; M-Py is
co-NP-hard even if terms_elem + term_size + xp_size
is constant; M-LCXP|(xp-size) is W[1]-hard even if
terms_elem + term_size is constant.

Proof. Again it suffices to show the theorem for the case that
M = DSpmaj. We will use Lemma 30 to show the theorem
by giving DSs M°, M} and M{2 1. f,y satisfying the condi-
tions of Lemma 30 as follows. We let M be the DS (1, 0).
We let M} be the DS given by ({{(f = 1)}},0) and we let
M{zfl,fz} be the DS given by ({{(f1 = 0),(f2 = 0)}},1).
Note that MY, M } and M{2 1, f») have term_size at most 2
and terms_elem at most 1. All statements in the theorem
now follow from Lemmas 28 to 30. O



6.3 OBDDs and their Ensembles

We are now ready to provide our hardness results for
OBDDs and their ensembles OBDDI\<,I AsS and OBDDyyyss.
While the proofs for OBDDs and OBDDy; ;s follow along
very similar lines as the corresponding proofs for DTs, the
main novelty and challenge of this subsection are the much
stronger hardness results for OBDDyays. Informally, we
show that the satisfiability of any CNF formula ¢ can be
modelled in terms of an ensemble of two OBDDs O; and O,
each using a different ordering of the variables. In particu-
lar, it holds that both OBDDs classify an example positively
if and only if the corresponding assignment satisfies ¢. The
main idea behind the construction of O; and O is to make
copies for every occurrence of a variable in ¢ and then use
O to verify that the assignment satisfies ¢ and O, to ver-
ify that all copies of every variable are assigned to the same
value.

Theorem 41. Ler P €  {LAXP,GAXP,GCXP}.
OBDDyaj-Pc is c0-NP-hard even if ens_size + width_elem
is constant; OBDDyaj-LCXPc is NP-hard even if
ens_size + width_elem is constant; OBDDyaj-P| is
c0-NP-hard even if ens_size + width_elem + xp_size is
constant; OBDDya;-LCXPy|(ens_size) is W[1]-hard even if
ens_size + width_elem is constant.

Proof. We provide a parameterized reduction from MCC to
OBDDya;-P-HOM, which is also a polynomial-time reduc-
tion. Given an instance (G, k) of MCC with a k-partition
Vi,..., Vi, we will construct an OBDDya; O such that
|O| = 3, the maximal width of any OBDD in O at most
4 and G has a k-clique if and only if O classifies at least one
example positively. Let {v1,...,v,} = V(G) =, Vi. O
will use k + 2 binary vertex features f,, f, f1,... f for
every vertex v, € V(G) and three binary edge features f/ ;.
fap and fp, , for each edge v v, € E(G) Aa < b.

Before constructing O, we start by providing some help-
ful auxiliary OBDDs that will correspond to operations on
some subset F' of features. For convenience, we define the
fresh auxiliary feature fx that will not be part of the con-
structed OBDD but instead only helps with its construction.
We also fix an arbitrary ordering < of the features in F'. Let
next() be the successor function of the features in F’ w.r.t.
<p,lie.,forevery f € F,next(f) = f’if f has a successor
f and next(f) = fu otherwise. Let Dy be the directed
acyclic graph with vertices V(Dp) = {gl.9/,9l | f €

ming

F U {f#}} and source vertex s = g, Let pp
be the function giving by setting pr(g/) = f for every
g/ € V(Dp). We now define different OBDDs based on
(Dp, pr), which only differ in the edges and the assignment
of 0-neighbors and 1-neighbors.

We first define the OBDD O!F that classifies an example
e positively if and only if exactly one of the features f € F
appears positively in e. O% = (D%, pr) is obtained from
(Dp, pr) as follows. For each f € F and i € {0, 1,2}, let

g;next(f) and next(f)

max{i-+1,2} be the 0-neighbor and 1-neighbor

of glf , respectively. We set ¢1 to be g{# and we set £ to be
equal to the vertex obtained after identifying gg# with gg #,

Note that the OBDD O!F simulates a simple counter, i.e., if
an example e reaches a node gif it means that for ¢ equal
to 0, 1 and 2 there are no, exactly one and more than one,
respectively, features in {f’|f’ € F' A f/ <p f}, for which
eis 1.

We now define the OBDD O3F. = (D3, pr) that classifies
an examples e positively if and only if there is a feature f €
F, where e is set to 1, i.e. 3ycre(f) = 1. The construction

of D3 is similar to D', but we set £, to be gg# and we set ¢;
to be equal to the vertex obtained after identifying g{ # with
gg#. This modification ensures that only examples with one

or more features in F’ set to 1 reach ¢.

3
Next, we define the OBDD O{‘:}}UF

(D{urs P{up) that classifies an examples e posi-
tively if and only if the special feature f is set to 1 by e if
and only if there is a feature f’ € F' that appears positively
ine,ie.,e(f) =14 Ipere(f') = 1. Toobtain D p
we modify Dla; by replacing ¢y and t; with new vertices gg
and g{ , respectively. Moreover for each i € {0,1}, let ¢;
be i-neighbor of g[ and let ¢y be the other neighbor. The
modification compares the result from D3 with f.

We now define the OBDD Of = (DF, pp=) that classi-
fies an example e positively if and only if all or none of the
features f € F' appears positively in e, i.e., Viere(f) = 0
or Viepe(f) = 1. For each f € F, let g;wmt(f) be the 0-
neighbor and 1-neighbor of gg . Let ffirst be the first feature

in F. Let ggewt(ff””) and g!"““"57+*) be the 0-neighbor

and 1-neighbor of the source vertex s = ggf st respec-

tively. For each f € F\{firs:} andi € {0,1}, let g?ewt(f)
be i-neighbor of g/ and let g7°**"") be the other neighbor.
We set ¢ to be ng# and we set ¢; to be equal to the vertex ob-
tained after identifying gg# with glf #. Note that vertices in
D7 have different roles compared to other reductions, which
are to store information about e( ff;s¢) and the negative re-

sult. If example e reaches node g/ and i € {0, 1}, it implies
that for every f' € F A f' < f, e(frirst) = e(f') = i.
If example e reaches node gg , it implies that there exists
' e FAf <p f,suchthat e(frirse) # e(f').

Note that all of the above OBDDs have width equal to 3.
Before showing our main reduction we need to introduce a
tool to help us merge the result of several OBDDs into one.

Let Oq,---,0,, be OBDDs such that no two of them
share a feature. We will construct the OBDD O = (D, p)
that classifies an examples e positively if and only if for
every 1 < ¢ < m, O; classifies e positively. For each
1 <i < m,let O; = (Dy,p;), F; be set of features of
O; with an order <, and let s, t}, i be the special nodes
s, to, t1 of Dy, respectively. Let F' = | F; and let <z be the
ordering of the features in F' such that for every f; € F; and
faoe Fj,if fi <p fatheni < jori=jand fi; <p, fo.

Let D be the graph obtained from the union of the graphs
D, after adding the new vertices {tq,#1} U {gj‘_|f € Fu

{fx}} as follows. For every f € F, let gj_ext(f) be the



0-neighbor and 1-neighbor of gi. For every 1 < ¢ < m,
. ) itl ) )

we identify s'*1 with ¢} and gif vt with t{,, where fﬁ;tt is

the <p,, ,-smallest feature in F; 1. Moreover, we set ¢ to

be t1* and we set £, to be equal to the vertex obtained after

identifying gf‘* with ¢7*. Note that if example e reaches a

node gjc_ and f € Fj;, it means there exists 1 < j < i such
that O; classifies e negatively. Moreover, the width of O is
equal maximal width of O; plus one.

Finally, we are ready to provide our reduction from MCC.
We will construct OBDDy;x; O = {O1, O3 O3}, which will
classify an example e positively if and only if all of the fol-
lowing items are true:

(1) for every v, € V(QG), all or none of the vertex features
far fl fL . fFaresetto line,
(2) for every v,up € E(G) and a < b, all or none of the

edge features f! . fo.b, fbq are setto line,

(3) for every 1 < @ < k, exactly one feature from Fi =
{fl|lvg € V;}issetto line.

(4) for every 1 < i < j < k, exactly one feature from
FI = {frlrlin{a,b},max{a,b}|va € ‘/t Nvp € ‘/J N vqVp €
E(G)}issettoline,

(5) forevery 1 <i,j <kAi# jandv, € Vi, e(fl) =1
if and only if at least one feature from F? = {f, p|vp €
Vi Avguy € E(G)}issettoline

For every item (7) from the list above we create O(;) which
classify an example e positively if and only if it satisfies

property ().

Om= N Ofus.s
v, €V (G)
O2) = A Oty fanfona
va Uy EE(G)Aa<b
O = /\ Ok
1<i<k
Ow= N Ori
1<i<j<k
3
Ogs) = A Ofiurs)

1<i,j<kNi£jAva €V}

Let O, = O(l) /\0(2), O, = 0(3) /\0(4) /\0(5) and let O3
be a trivial OBDD that classifies every example negatively.

Note that O classifies an example e positively if and only
if Oy and O classifies e positively, i.e., if and only if for
every 1 < i <5, O classifies e positively. Moreover,
the width of O; and Os is 4, because they are made from
the logical conjunction of OBDDs O},, O3, Of}?u  and
O7% of width 3. This completes the description of our re-
duction, which can clearly be achieved in polynomial-time.
It remains to show that G has a k-clique if and only if O
classifies at least one example positively.

Towards showing the forward direction, let C =
{ays---,0a, } be a k-clique of G, where v,, € V; for
every ¢ with 1 < ¢ < k. We claim that the example e

that is 1 exactly at the features { fo,, f;., 2 |1 < i,j <

kYU forays Farays fayar |1 < i0j < kAT < j} (and
otherwise 0) is classified positively by . By construction,
e is positively classified by Oy and Oy, since C'is a k-
clique also 0(3), 0(4) and 0(5). Therefore, e is classified
positively by O; and Os, which represents the majority of
the DTs in O.

Towards showing the reverse direction, suppose that there
is an example e that is classified positively by O. Because e
has to be classified positively by the majority of OBDDya;
in O, we obtain that e has to be classified positively by O
and O,. Since e is classified positively by O;, we obtain
all of the features that correspond to a specific vertex or a
specific edge are assigned the same way. Moreover, since
O(s) and O; classify e positively, this means that if edge
feature f, ; is set to 1, then both vertex features f, and f;
are set to 1. Since e is classified positively by Oy, O3 and

O(4), it means that the edge features of exactly (g) edges are
set to 1 and that the vertex features of exactly k vertices are
set to 1. Therefore, C' = {v,|e(fa) = 1 Av, € V(G)}isa
k-clique of G.

Note that the all-zero example is classified negatively by
O and if there is an example e such that O classify e pos-
itively then e contains exactly 3(’5) + k(k + 2) positively
assigned features. It implies that OBDDya;-P-HOM is
WI[1]-hard even if ens_size equals 3 and width_elem equals
4, which combined with Lemma 29 shows that OBDDyja;-
LCXp is W[1]-hard parameterized by xp_size even if
ens_size + width_elem is constant. Moreover, OBDDyaj-
HOM is NP-hard even if ens_size equals 3 and width_elem
equals 4, which combined with Lemma 28 shows every
other statement in the theorem. O

Lemma 42. Let T be an ordered DT for the ordering
<. There is an OBDD<7 O7 that can be constructed in
polynomial-time such that T (e) = O7 (e) for every example
e.

Proof. Let T = (T, \). We define O7 = (D7, p7) as fol-
lows. Let D7 be the directed acyclic graph obtained from
T after directing all edges away from the root and identify-
ing every b-leaf with a new vertex t; for every b € {0, 1}.
Moreover, let p” (v) = A(v) for every inner vertex of D7 .
This completes the construction of our OBDD, which be-
cause of (Mengel and Slivovsky 2021, Observation 1) can
also be turned into an equivalent complete OBDD. O

A special case of the following theorem, the NP-hardness
of LAXP for FBDDs, i.e., “free” BDDs, was shown by Bar-
celd et al. (2020).

Theorem 43. Let P € {LAXP,GAXp,GCXpP}. OBDD-P
is NP-hard and OBDD-P|(xp_size) is W[2]-hard.

Proof. Combining Theorem 32 with Lemma 42 shows that
OBDD-LAXP,| is W[2]-hard parameterized by xp_size.
Next, we will provide a polynomial-time reduction from
OBDD-LAXP| to OBDD-GAXP;; and one from OBDD-
GAXP| to OBDD-GCXP,. Let (O, e, k) be an instance for
OBDD-LAXp, let I = F(O) and let <y be the order



of the features as they occur on paths of O. We now con-
struct the OBDD<F OF = (D¥ p¥) (which uses the or-
der <) that classifies an example ¢’ as O(e) if and only
if there are at least k features that e and ¢’ agree on, i.e.,
E < |{f :elf) = €(f) Nf € F}|. For convenience,
we will again use the auxiliary feature fy, which will not
occur in the final OBDD. Let next() be the successor func-
tion of the features in F' w.r.t. <p, i.e., for every f € F,
next(f) = f'if f has a successor f’ and next(f) = fu
otherwise. Let D¥ be the directed acyclic graph with ver-
tices V(D¥) = {g/ |0 <i < kAfeFU{fs}} Let
pF be the function defined by setting p*(gf) = f for ev-
ery ¢ € V(DF). Foreach f € F, let g,?ext(f) be the
0-neighbor and 1-neighbor of g,]: . For each f € F and
0 <i <k, let g?jftm be the e(f)-neighbor of ¢/ and

let g;' @) be the other neighbor. We set £, to be g,{# and
we set ty to be equal to the vertex obtained after identify-

ing all vertices in {ng #10 < i < k}. Note that the graph
D’g simulates a simple counter, i.e., if an example €’ reaches

node glf and ¢ < k it means that there are exactly ¢ features
from {f'|f' € FA f' <p f} that e and ¢’ agree on.

Let O<F be the OBDDg%, given by O<F =
{0,0%,0,}, where O is a trivial OBDD<F that classi-
fies every example 1 — O(e). We apply Lemma 26 to O<F
to create an OBDD<* O’ that is equivalent with O<F. Note
this reduction can be achieved in polynomial-time.

We are now ready to prove that the following problems
are equivalent:

(1) (O, e, k) is a yes-instance of OBDD-LAXP.
(2) (0',0(e), k) is a yes-instance of OBDD-GAXP;,.
(3) (O',1—0(e), k) is a yes-instance of OBDD-GCXP.

It is obvious that (2) and (3) are equivalent.

Towards showing that (1) = (2),let A C F be a
local abductive explanation for e w.r.t. O of size at most
k, i.e., every example ¢’ that agrees with e on the features
in A is classified as O(e) by O. Let A’ be a superset of
A that contains exactly k features and let 7 : A" — {0,1}
be the assignment defined by setting 7(f) = e(f) for every
f € A’. We claim that 7 is a global abductive explanation
for O(e) w.rt. O of size at most k, i.e., every example
e’ that agrees with 7 is classified as O(e) by O’. But this
clearly holds because both O and OF classify e as O(e).

Towards showing that (2) — (1),let7: A — {0,1}
for some A C F with |A| < k be a global abductive expla-
nation for O(e) w.r.t. O’, i.e., every example ¢’ that agrees
with 7 is classified as O(e) by O’ and therefore also by O
and Of . But then, 7 has to agree with e on at least k features,
because otherwise there would be an example that agrees
with 7 but is not classified as O(e) by OF. But then, A is a
local abductive explanation for e w.r.t. O. O

Theorem 44. Ler P €  {LAXP,GAXP,GCXP}.
OBDDy;z;-Pc is €o-NP-hard even if width_elem +
size_elem is constant; OBDDy;,;-LCXPc is NP-hard even
if width_elem + size_elem is constant; OBDDy;;-P| is

co-NP-hard even if width_elem + size_elem + xp_size is
constant; OBDDy;,;-LCXP|(xp_size) is W[1]-hard even if
width_elem + size_elem is constant;

Proof. Let F be a set of features and let <y be an arbitrary
ordering of the features in F'.

We will use Lemma 30 to show the theorem by giving
OBDD<Fs M°, M } and M{2f17 £} satisfying the conditions

of Lemma 30 as follows. We let M be the trivial OBDD<*
that classifies every example negatively. We let M } be

the OBDD<* (D7, p}), such that V(D}) = {g,t0,t1},
p;(g) = [, g is the source vertex, and to and #; is the 0-
neighbor and 1—neighl230r of g respectively. We lezt Mth fo
be the OBDD<* (Df17f27‘pf1-,f2) such that V(D.flva) =

{97, 97 to, 11}, 3, 1, (97) = frand p}, 1 (97*) = fo.
Here, we assume that w.lo.g. fi <gp f2. We let gf1 be the
source vertex. We let ¢; and g/2 be the O-neighbor and 1-
neighbor of g/1, respectively. Moreover, we let ¢, and ¢, be
the 0-neighbor and 1-neighbor of g2, respectively.

Note that M9, M } and M {2 F1ofo} have size_elem at most 4

and width_elem equal 2. All statements in the theorem now
follow from Lemmas 28 to 30. O

Theorem 45. Ler P € {LAXP,GAXP,GCXP}.
OBDDxy; ;-Pc (ens_size) is co-W[1]-hard; OBDDyja;-
LCXPc (ens_size) is W[1]-hard; OBDDy;,;-P|(ens_size)
is c0-W([1]-hard even if xp_size is constant; OBDDyj,;-
LCXp|(ens_size + xp_size) is W[1]-hard.

Proof. All statements in the theorem follow from Lem-
mas 28, 29, 34, 42. O

7 Conclusion

We have developed an in-depth exploration of the parame-
terized complexity of explanation problems in various ma-
chine learning (ML) models, focusing on models with trans-
parent internal mechanisms. By analyzing different mod-
els and their ensembles, we have provided a comprehensive
overview of the complexity of finding explanations in these
systems. These insights are crucial for understanding the
inherent complexity of different ML models and their impli-
cations for explainability.

Among our findings, some results stand out as particularly
unexpected. For instance, while DTya; and OBDDf,IAJs
are seemingly different model types, our results show that
they behave similarly w.r.t. tractability for explanation prob-
lems. On the other hand, it seems surprising that many of
the tractability results that hold for DTs and OBDDs do
not carry over to seemingly simpler models such as DSs
and DLs. For instance, while all variants of LCXP are
polynomial-time for DTs and OBDDs, this is not the case
for DSs or DLs. Nevertheless, we obtain interesting FPT-
algorithms for DL-LCXP|| (Theorem 18). OBDDya; stands
out as the hardest model for computing explanations by
far, which holds even for models with only two ensemble
elements. From a complexity point of view, DT-GAXP
provides the rare scenario where a problem is known as
W([1]-hard but not confirmed to be NP-hard (Theorem 33).



Looking ahead, there are several promising directions for
future research. First, we aim to extend our complexity clas-
sification to Sequential Decision Diagrams (Darwiche 2011)
or even FBDDs, which offer a more succinct representa-
tion than OBDDs (Bova 2016). This extension could pro-
vide further insights into the complexity of explanations in
more compact ML models. Secondly, we propose to explore
other problem variations, such as counting different types of
explanations or finding explanations that meet specific con-
straints beyond just the minimum ones (Barcel6 et al. 2020).
Lastly, the concept of weighted ensembles presents an in-
triguing avenue for research. While the hardness results we
established likely still apply, the tractability in the context of
weighted ensembles needs to be clarified and warrants fur-
ther investigation. It would be interesting to see how our
results hold up when considering polynomial-sized weights.

In summary, our work marks a significant stride in the the-
oretical understanding of explainability in Al This research
responds to the practical and regulatory demand for trans-
parent, interpretable, and trustworthy Al systems by offer-
ing a detailed complexity analysis across various ML mod-
els. As the field of XAI evolves, our study lays a founda-
tional groundwork for future research and the development
of more efficient explanation methods in Al
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