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ABSTRACT

Direct Preference Optimization (DPO) have emerged as a popular method for
aligning LLMs with human preferences. While DPO effectively preserves the
relative ordering between chosen and rejected responses through pairwise rank-
ing losses, it often neglects absolute reward magnitudes. This oversight can de-
crease the likelihood of chosen responses and increase the risk of generating out-
of-distribution responses, leading to poor performance. We term this issue De-
graded Chosen Responses (DCR). To address this issue, we propose Balanced
Preference Optimization (BPO), a novel framework that dynamically balances
the optimization of chosen and rejected responses through two key components:
balanced reward margin and gap adaptor. Unlike previous methods, BPO can
fundamentally resolve DPO’s DCR issue, without introducing additional con-
straints to the loss function. Experimental results on multiple mathematical rea-
soning tasks show that BPO significantly outperforms DPO, improving accu-
racy by +10.1% with Llama-3.1-8B-Instruct (18.8% — 28.9%) and +11.7% with
Qwen2.5-Math-7B (35.0% — 46.7%). It also surpasses DPO variants by +3.6 %
over IPO (43.1%), +5.0% over SLiC (41.7%), and +3.1% over Cal-DPO (43.6%)
on the same model. Remarkably, our algorithm requires only a single line of code
modification, making it simple to implement and fully compatible with existing
DPO-based frameworks.
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Figure 1: Overall performance across five competition-level benchmarks (AIME2024, MATH500,
AMC2013, MinervaMath, and OlympiadBench). BPO achieves an average score of 28.9% using
Llama-3.1-8B-Instruct policy generator, and 46.7 % with Qwen2.5-Math-7B. This represents a sub-
stantial improvement over DPO, yielding average gains of +10.1% and +11.7 %, respectively.

1 INTRODUCTION

Aligning LLMs with human preferences is essential to ensure their responses are safe, helpful, and
aligned with user intent Bai et al. (2022); Ouyang et al. (2022); Stiennon et al. (2020). While Rein-
forcement Learning from Human Feedback (RLHF) Ouyang et al. (2022); Christiano et al. (2017)
has become a standard approach for aligning models with preferences, it suffers from training insta-
bility and complexity. Recent direct preference optimization methods Xu et al. (2024a); Ethayarajh



Under review as a conference paper at ICLR 2026

et al. (2024); Azar et al. (2024); Liu et al. (2024) offer a simpler alternative by replacing RLHF
with supervised learning on preference data. These methods avoid explicit reward modeling by us-
ing policy likelihood to define an implicit reward, achieving both high efficiency and competitive
performance.

However, direct preference optimization methods suffer from a critical flaw: the likelihood of chosen
responses often decreases alongside that of rejected responses, as is shown in Figure 2. We refer to
this issue as Degraded Chosen Responses (DCR). An undesirable consequence of DCR issue is that
the learned policy tends to increase the probability of unknown out-of-distribution (OOD) responses,
leading to degraded performance Xiao et al. (2024).

We analyze the main reason for DCR issue is the mismatch in task difficulty: The shared preference
modeling of direct preference optimization methods is to maximize the expected relative difference
between the implicit rewards of chosen and rejected responses. This objective can be broken down
into two tasks, increasing the probability of chosen responses and decreasing the probability of
rejected ones. However, reducing the probability of rejected responses is far easier than increasing
that of chosen responses, as lowering the likelihood of a rejected response only requires boosting
arbitrary alternative tokens, whereas increasing the probability of a specific response, the model
must deeply understand the problem and identify relevant patterns to boost the likelihood of very
specific tokens, which is an inherently harder task.

To mitigate the DCR issue, several approaches such as DPOP Pal et al. (2024) and Cal-DPO Xiao
et al. (2024) have been proposed. These methods aim to preserve the likelihood of chosen responses
by introducing additional constraints into the loss function, such as enforcing a minimum probability
threshold or regularizing the reward magnitude. While these modifications can help prevent the
degradation of chosen response probabilities, they often come at a cost. The added constraints may
inadvertently bias the optimization process, leading to suboptimal generalization and reduced model
robustness. This lead us to the following question:

How can we fundamentally address the DCR issue?

Our answer to this question is BPO, a simple yet effective framework that addresses the DCR issue
by explicitly balancing the optimization of chosen and rejected responses. The key intuition behind
BPO is quite simple: instead of only maximizing the relative reward gap between chosen and re-
jected responses, we should also ensure that the absolute chosen reward is preserved. This can be
achieved through a simple modification to existing methods. For instance, BPO can be implemented
on top of DPO with just a single line of code, by replacing the relative reward margin term with
a balanced reward margin. Moreover, BPO can easily generalize to other preference optimization
functions (see Section 3.3).

‘We summarize our contributions as follows:

* We propose BPO, a novel framework which effectively mitigates the DCR issue by ex-
plicitly preserving the absolute likelihood of chosen responses while still maximizing the
reward gap between chosen and rejected responses.

* Our method is simple, general, and easy to implement, requiring only a minor modification
to existing preference optimization algorithms.

» Through extensive experiments and ablation studies, we demonstrate that BPO consistently
outperforms DPO and its variants. We present a new perspective on reparametrizing the
reward margin, which significantly enhances training stability and overall performance.

2 METHODOLOGY

2.1 BALANCED PREFERENCE OPTIMIZATION

Problem Setup. Let x = [z1,2,...] denote an input sequence, and let y,, = [y1,¥2,...] and
yi = [y1,¥2,...] be two responses sampled from a reference language model mf(y|x). These
response pairs are then presented to human or model-based annotators, which provide preference
labels of the form y,, > y; | X, indicating that y,, is preferred over y; given the input x. The
preference distribution is typically modeled using a latent reward function, as follows:



Under review as a conference paper at ICLR 2026

DPO SLiC IPO

Value

-3 -3
0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Steps Steps Steps
—— Margins —— Chosen —— Rejected

Figure 2: In DPO, the rewards for chosen responses can drop below zero, whereas in our BPO, they
remain positive and continue to increase. A smaller gap adaptor « reduces the penalty on rejected
responses, while a larger « shifts the focus toward improving chosen responses, resulting in more
balanced and effective updates.

p(yw>szX)=f(ﬁlog7T9(Y7““|x)—ﬁlog”(yl"‘)). (1)

7Tref(yw |X) 7Tref(yl |X)

where f : R — [0,1] is preference optimization function, which converts reward differences into
winning probabilities. When f is the logistic log function, we get the Bradley-Terry (BT) preference

model [41]. Given a dataset D = {(x(¥), v, yl(i) )}, of human preferences, the learning objective
is to optimize the policy my such that it aligns with the preference distribution while maintaining a
controlled divergence from 7rs.

Balanced Reward Margin. Standard direct preference optimization methods optimize the relative
reward margin defined as:

P3 =T — 71 )

Where, 7, = Blogm(yw|x) — Blog Ter(Yw|X), 11 = Blogme(yi|x) — Blog mer(yi|x). While
maximizing p¢ encourages 7y (y.,|X) > mg(y;|x), it disregards the absolute magnitudes of r,, and
r;. This permits two failure modes: (1) Degraded Chosen Responses: 7g(y.,|x) can diminish as long
as mg(y;|x) degrades faster, since pg depends only on their relative difference. (2) Overestimated
Rejected Responses: Insufficient suppression of mg(y;|x) (small |r;|) may lead to low-quality or
out-of-distribution y;. To address these issues, we propose a balanced reward margin:

ph = min (ry, —17) . 3

It dynamically prioritizes the weaker component of the reward pair: (1) when r,, < —r;, focuses
on improving r.,, ensuring 7y (y,,|x) aligns with high-quality responses. (2) when —r; < 7,
prioritizes suppressing 7y (y;|x), mitigating overconfidence in undesired outputs. By optimizing pZ,
the policy maintains a balance between reinforcing chosen responses and penalizing rejected ones,
preventing pathological optimization trajectories inherent to standard DPO.

Gap Adaptor. To provide finer control over the balance, we introduce a gap adaptor « € (0, 1] that
controls the relative gap between r,, and r;. The balanced reward margin becomes:

pg = min(ry,, —arp). )

The gap adaptor « allows us to adjust the relative importance of suppressing rejected responses
compared to improving chosen responses. A smaller o decreases the penalty on rejected responses,
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while a larger a places more emphasis on improving chosen responses, resulting in more balanced
updates, as illustrated in Figure 5.

Final Objective. Incorporating the balanced reward margin and the gap adaptor, the final loss
function of BPO is defined as:

L(0) = ~Ex,y, y)~D {f <min (ﬂ log M —aflog m(y”X)))] . (5)

Tref (Y ‘X) ’ 7Tref(yl %)

By optimizing this loss, we ensure that the policy does not overfit to either the chosen or rejected
responses, thereby maintaining a balanced and robust alignment with human preferences.

2.2 THEORETICAL ANALYSIS

Gradient analysis. When employing logistic log as preference optimization function, which is same
with standard DPO, the gradient of the BDO loss is given by (derived from the Appendix A.1):

o(—=Bry) - B - Velogme(yw|x), if r, < —ary,

o(apfr) - (—ap) - Vglogmg(yi|x), otherwise. ©

vg‘c(e) = _E(x=y1117YL)ND {

In contrast, the gradient for DPO is:

VoLoro = —BE(xy, .y1)~p [0(=B(Tw —11)) - (Ve log mg(yw|x) — Velogme(yi[x))] . (7)

From this comparison, we can highlight several key advantages of BPO:

(1) Dynamic Balancing of Chosen and Rejected Response Updates. In DPO, gradient updates are
weighted based on the relative log-probabilities of chosen and rejected responses. This approach
can lead to an overemphasis on rejected responses due to mismatch in task difficulty, potentially
neglecting updates from chosen ones. In contrast, BPO introduces a threshold parameter « to dy-
namically adjust the contribution of each response type. When 7,, < —ar;, only the chosen re-
sponse influences the gradient. Otherwise, the model prioritizes updating the rejected response via
—afiVylog mg(yi|x), it ensures balanced learning.

(2) Accelerated Convergence. We visualize the gradient distributions of the loss for both the relative
reward margin r,, — r; and the balanced reward margin min(r,,, —r;). The visualization reveals that
when using the relative reward margin, more than half of the gradients in the lower-right region have
very low values. This indicates that when the model parameters converge to this area, the updates
will be exceedingly slow. In contrast, when using the balanced reward margin, the region with low
gradient values is significantly reduced. As a result, the model can benefit from more substantial
updates, thereby accelerating the convergence.

(3) Reduced Computational Overhead. DPO requires computing gradients for both chosen and
rejected responses, along with their probability ratios, which can be computationally intensive, es-
pecially on large datasets. BPO reduces computational overhead by computing gradients only for
the response under strong preference conditions (3r,, < —afr;). This effectively halves the com-
putational cost.

Theorem 1. Let v be the maximized margin in the balanced reward margin constraint pf; > 7.
Under BPO, the likelihood of the chosen response satisfies:

To(yw | X) > exp (;) Tref(Yuw | X). (®)

Proof provided in Appendix A.2, this inequality ensures that the learned policy 7y assigns a probabil-
ity to the chosen response y,, that is at least exponentially greater, scaled by ~/( than that assigned
by the reference policy mr. Importantly, this constraint prevents the degradation of my(y,, | x), as
the likelihood ratio cannot fall below exp(~y/3), even if 7y (y; | x) is further suppressed.
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In contrast, DPO optimizes the relative margin r,, — r;, which allows 7g(y., | x) to decrease as long
as mo(y; | x) degrades faster. This can lead to a collapse in the probability of high-quality chosen
responses.

rw—rn min(ry, —n)

50 25 0.0 2.5 50 50 25 0.0 2.5 5.0
I'w I'w

Figure 3: The gradient distributions under the logistic log preference optimization function are
compared for both the relative reward margin r,, —r; and the balanced reward margin min(r,,, —7;).
Notably, the region with low gradient values is significantly reduced when using the balanced reward
margin.

3 EXPERIMENT

3.1 EXPERIMENT SETUP

Training Dataset. Our experiments were performed using the publicly available Open Reasoner
Zero 57k dataset Hu et al. (2025), which consists of mathematical problems sourced from a variety of
collections, such as AIME, MATH, Numina-Math Collection, Tulu3 MATH, OpenR1-Math-220k,
and other open-source datasets.

Evaluation To comprehensively evaluate our model’s reasoning capabilities, we conduct experi-
ments on a diverse range of mathematical reasoning benchmarks, including AIME2024, MATH500
Hendrycks et al. (2021), AMC2013 Lewkowycz et al. (2022), MinervaMath Lewkowycz et al.
(2022) and OlympiadBench He et al. (2024). We report the average accuracy across these five
datasets as our primary evaluation metric. For each dataset, we compute the pass@1 score. To
further assess the generalizability of our approach, we test BPO using two model families: the
Llama series Dubey et al. (2024a) and the Qwen2.5 series Yang et al. (2024). Specifically, we use
Llama-3.1-8B-Instruct , along with three models from the Qwen2.5 series: Qwen2.5-Math-1.5B,
Qwen2.5-Math-7B, and Qwen2.5-Math-7B-Instruct.

Baselines. We compare BPO with several strong baselines. Specifically, we contrast BPO against
GPT-40 Hurst et al. (2024), as well as open-source instruction-tuned models such as Llama-3.1-70B-
Instruct and Qwen2.5-Math-7B-Instruct. Additionally, we compare BPO with fine-tuned models
including Qwen2.5-Math-7B-Base-SFT Dubey et al. (2024b), which uses Supervised Fine-Tuning
(SFT), and Qwen2.5-7B-RAFT-Zero Dubey et al. (2024b), which employs Reward-Ranked Fine-
Tuning. Furthermore, we benchmark BPO against several preference optimization methods: DPO
Rafailov et al. (2023), IPO Azar et al. (2024), SLiC Liu et al. (2024), Cal-DPO Xiao et al. (2024),
and DPOP Pal et al. (2024).

Implementation Details. Our base models is Qwen2.5-Math-7B-Base, following prior work Dubey
et al. (2024b), we sample 8 responses per prompt and rank them based on the correctness of the final
outcome. We then apply the max-min strategy to select preference pairs, specifically the response
with the highest reward is paired with the one with the lowest reward. If all responses receive
the same reward, we discard the prompt and proceed to the next one. We train the model with a
learning rate of 5e-6, a batch size of 8, for 2 epochs, using a maximum sequence length of 2048.
The experiments are run on 2 Nvidia A40 GPUs with BF16 precision.
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3.2 OVERALL PERFORMANCE

BPO achieves superior performance, outperforming DPO and its variants. As shown in Ta-
ble 1, the proposed method, BPO, demonstrates superior performance across five competition-level
mathematical reasoning benchmarks , achieving an average accuracy of 46.7%, significantly out-
performing DPO and its variants. Notably, BPO excels on the challenging AIME 2024 benchmark
with 30.0% accuracy, showcasing its effectiveness in complex reasoning tasks. Compared to base
models and those fine-tuned via Supervised Fine-Tuning, BPO shows clear advantages, highlighting
the benefits of preference-based training. Importantly, BPO achieves these improvements through
minimal modifications to existing frameworks, making it a practical and effective enhancement for
large language models.

3.3 ABLATION STUDY

BPO consistently outperforms DPO across all model architectures and scales. The results in
Table 2 demonstrate that BPO improves performance across different LLM architectures and scales.
Specifically, when applied to diverse model architectures, BPO significantly boosts average accu-
racy on Llama-3.1-8B-Instruct (from 18.8% to 28.9%) and Qwen2.5-Math-7B-Instruct (from 42.8%
to 48.8%). In terms of model scale, BPO consistently enhances performance across parameter
sizes: from 28.2% to 38.3% on the smaller Qwen2.5-Math-1.5B-Base, and from 41.0% to 46.7% on
the larger Qwen2.5-Math-7B-Base. Furthermore, BPO not only surpasses the closed-source model
GPT-4o0, but also outperforms instruction-tuned models such as Qwen2.5-Math-7B-Instruct and fine-
tuned variants including Qwen2.5-Math-7B-Base-SFT and Qwen2.5-7B-RAFT-Zero. These results
demonstrate that BPO achieves both effective alignment and strong generalization, confirming its
robust performance across different LLM architectures and model scales.

Table 1: Overall performance across five competition-level math reasoning benchmarks. Results for
BPO are shaded . Avg. indicates the mean accuracy across all datasets. The top results are shown in
bold. The table demonstrates that BPO outperforms both standard DPO and its variants, achieving
the highest average accuracy.

Minerva Olympiad

Method (]) / Dataset (—) AIME2024 MATHS500 AMC2023 Math Bench Avg.
GPT-40 9.3 76.4 45.8 36.8 43.3 433
Llama-3.1-70B-Instruct 16.7 64.6 30.1 353 31.9 35.7
Qwen2.5-Math-7B-Base 23.3 66.4 47.5 13.2 24.4 35.0
Qwen2.5-Math-7B-Base-SFT 20.0 73.2 62.5 30.5 35.6 44 .4
Qwen2.5-Math-7B-Instruct 13.3 79.8 50.6 34.6 40.7 43.8
Qwen2.5-7B-RAFT-Zero 20.0 77.6 55.0 30.5 38.7 44 .4
DPO 6.7 71.2 55.0 39.3 329 41.0
PO 10.0 75.6 52.5 39.7 37.6 43.1
SLiC 10.0 73.2 55.0 37.5 33.0 41.7
Cal-DPO 20.0 75.4 62.5 24.3 35.9 43.6
DPOP 23.3 77.0 57.5 30.9 35.9 449
BPO (ours) 30.0 75.8 60.0 31.2 36.3 46.7

Balanced reward margin is applicable to various preference optimization functions. We in-
vestigate the applicability of the balanced reward margin across various preference optimization
functions introduced in Tang et al. (2024). As shown in Table 3, the balanced reward margin consis-
tently outperforms the relative margin across all tested optimization objectives. Specifically, under
the logistic log loss used in DPO, the balanced margin improves performance from 41.0% to 44.5%
(+3.5%). Similarly, when applied with the hinge loss employed in SLiC, it achieves an improve-
ment of +5.0%, reaching 46.7%. The balanced formulation also yields consistent gains of +1.9%
and +1.0% under less commonly used losses such as truncated quadratic loss and Savage loss, re-
spectively. Notably, as shown in Figure 4, the balanced reward margin demonstrates significant
advantages on challenging datasets like AIME2024 and AMC2023. These results indicate that the
balanced reward margin provides more effective alignment with human preferences compared to the
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standard relative margin, highlighting its robustness and broad applicability across diverse prefer-
ence learning settings.

Table 2: Performance comparison across different model architectures and scales, it shows that BPO
consistently outperforms DPO across all configurations and datasets.

Minerva Olympiad

Base Model Method AIME2024 MATHS00 AMC2023 Math Bench Avg.
Uamad 1 8BInsmct — pro 0 sog o0 22 167 289
Quen2sMahlsBBae  PR0 gy gy 53 aan 08
QuesMabTBBae BP0 0 75k a0 12 363 467
Qwen2.5-Math-7B-Instruct 31138 ;88 273;2 288 ig; z(g)é 3;3

Table 3: Performance comparison between the relative reward margin ; — 22 and the balanced
reward margin min(x1, —x2) under different loss functions. The proposed balanced reward margin
shows consistent gains across various preference optimization objectives. Gap adaptor is set to 0.3
in this experiment.

Loss Type Algorithm F(Bpe) x; —x2 min(xy, —3) AN

logistic log loss DPO log(1 + exp(—fpo)) 41.0 445 +3.5
hinge loss SLiC max(0,1 — Bpg) 41.7 46.7 +5.0
squared loss IPO (Bpg — 1)? 431 439 +0.8
exponential loss N/A exp(—LBpg) 435 439 +0.4
truncated quadratic loss N/A (max(0,1 — Bpy))? 424 443 +19
savage loss N/A 1/(1 + exp(Bpg))? 427 437 +1.0

Moderately relaxing the constraints on rejected responses can enhance model performance.
We analyzed the impact of the gap adaptor () parameter on model performance. As shown in
Figure 5, BPO performance initially increases and then decreases as « increases. For the logistic
log loss , the best performance is achieved when o« = 0.5. In contrast, for the hinge loss, the optimal
performance is observed at o = 0.3. These findings suggest that it is not necessary to strictly balance
rewards of chosen responses and rejected responses. Instead, moderately relaxing the constraints on
rejected responses can enhance model performance.
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Figure 4: Relative Reward Margin vs. Balanced Reward Margin under different preference op-
timization functions. Balanced Reward Margin shows significant advantages on AIME2024 and
AMC2023.
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Figure 5: In DPO, the rewards for chosen responses can drop below zero, whereas in our BPO, they
remain positive and continue to increase. A smaller gap adaptor « reduces the penalty on rejected
responses, while a larger « shifts the focus toward improving chosen responses, resulting in more
balanced and effective updates.

BPO performs better when addressing more difficult challenges. As shown in Figure 6, BPO
demonstrates increasingly significant performance gains over both Base and DPO as problem diffi-
culty escalates. While all methods perform comparably on easier tasks, BPO’s advantage becomes
markedly pronounced starting from Level 3. Notably, at Level 5, which represents the most chal-
lenging tier, DPO’s performance even drops below that of the Base model. This suggests potential
instability or overfitting when handling highly complex problems. In contrast, BPO maintains con-
sistent and robust improvement, achieving a score 17.2% higher than Base and a substantial 26.1%
advantage over DPO. This trend highlights BPO’s superior capacity to navigate complex reasoning
landscapes, making it particularly well suited for tasks where difficulty and nuance demand more
sophisticated optimization.

100
90 k +47 +7O Base
+10.0 +2.2 +10.5 +6.7 BPO - Base
80 F : ; +21.8+21.8 B DPO
< of 7 [ZJ BPO-DPO
>
§ 60 F A +17.2+26.1
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g so0}
<
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Figure 6: Performance comparison between Base, DPO and BPO on Math500 with varying difficulty
levels. It shows that BPO achieves the best performance across all difficulty levels. The enhancement
in performance becomes more evident when tackling more challenging problems. The BPO result
is based on Qwen2.5-Math-7B with hinge loss function and « set to 0.3.

4 RELATED WORK

Direct Preference Optimization. Efficient preference optimization algorithms, such as DPO have
emerged as a popular approach for aligning LLMs with human preferences. Compared to traditional
methods like RLHF, DPO offers several advantages, including greater stability, strong performance,
and improved computational efficiency. Despite these benefits, recent studies have identified sev-
eral challenges associated with DPO. For instance, its implicit reward modeling can lead to biased
policies that favor out-of-distribution responses Xu et al. (2024b); Saeidi et al. (2024). Additionally,
offline DPO has been found to be empirically less effective than online alignment methods Ivison
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et al. (2024), and aligned models may suffer from degrading performance after alignment Lin et al.
(2024); Lu et al. (2024). In response to these limitations, various enhanced versions of DPO have
been proposed, including CPO Xu et al. (2024a), KTO Ethayarajh et al. (2024), IPO Azar et al.
(2024), SLiC Liu et al. (2024), Cal-DPO Xiao et al. (2024) and DPOP Pal et al. (2024). How-
ever, none of these approaches fundamentally address the DCR problem, which limits the potential
performance improvements of DPO.

Bradley-Terry Model. The Bradley-Terry (BT) model Bradley & Terry (1952) was originally pro-
posed to convert pairwise comparisons into numerical scores. With the development of reinforce-
ment learning from human feedback (RLHF) Stiennon et al. (2020); Ouyang et al. (2022); Bai et al.
(2022) the BT model has been widely used to optimize reward models, achieving significant suc-
cess in improving the performance of LLMs across various tasks. Later, with the introduction of
DPO, the BT model was further applied to model preferences directly for LLM preference tun-
ing. However, several studies have discussed the limitations and challenges of using the BT model
within the RLHF framework from different perspectives Azar et al. (2024); Tang et al. (2024); Zhao
et al. (2023). For instance, it has been noted that the Bradley-Terry (BT) model cannot capture
non-transitive preferences, and maximizing the corresponding Elo score may not align with the true
objective of preference optimization Munos et al. (2024). Additionally, applying the BT model
within DPO can result in problematic overfitting when the observed preferences are deterministic
Azar et al. (2024). In our work, we revisit the foundational mechanisms of the BT model and propose
improvements to address these limitations.

5 CONCLUSION AND LIMITATIONS

In this work, we identify a critical issue in direct preference optimization methods: the Degraded
Chosen Responses (DCR) problem. To address this limitation, we propose BPO, a simple yet ef-
fective framework that explicitly preserves the absolute likelihood of chosen responses while still
maximizing the reward gap between chosen and rejected responses. BPO can be seamlessly inte-
grated into existing preference optimization algorithms with minimal modifications, offering both
theoretical guarantees and practical benefits. We hope it inspires further research into more balanced
and effective preference learning objectives. A limitation of BPO is that it is currently restricted to
offline methods and does not incorporate on-policy learning, where the policy can interact with the
reward model during training. It would be interesting to explore how the balanced reward margin
approach used in BPO performs in an on-policy learning scenario. We consider this an exciting
direction for future research.
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A DERIVATIONS AND PROOFS

A.1 GRADIENT OF BPO Loss
We consider the following BPO loss function:
L£00) = ~Eqnyn yyon [f (mm <ﬂ log 700w %) 10 W(YllX)))] O
o 7T'ref(yww ‘ X) 7Tref(Yl ‘ X)

The loss function can be simplified as follows:

L(0) = —Exy, .y [f (min(pry,, —abr))]. (10)
Where,
ry = log 70w %) g Tl %) (11
7"'ref(yw | X) 71'ref(yl | X)

Let: z = min(fr,, —afr;), we compute the gradient:
VoL(0) = —VoE[f(2)] = —E[Vf(2)]. (12)
By the chain rule: Vo f(2) = f'(2) - Vgz, thus:
VoL(8) = —E[f(2) - Vo). (13)

To proceed, we analyze Vyz, which depends on which argument achieves the minimum in the
definition of z.

Case 1: Br,, < —apry, then z = Bry,, so:

Vof(z) = f'(Brw)-B-Velogmy(yw | x). (14)

Case 2: Br,, > —apry, then z = —afry, so:
Vof(2) = f'(=apr) - (—aB) - Velogmo(y: | x). (15)

Combining both cases, the gradient of BPO loss function is:

1'(Brv) - B-Vologme(yw | x), if Br, < —afry,

f'(—apr) - (—aB) - Vologme(y; | x), otherwise. (16)

VoL(0) = —Eixy., y0) {

A.2 PROOFS OF THEOREM 1

BPO maximizes pg, where v denotes the margin achieved during optimization such that: pg > 7.

Recall that:
ph = min(r,, —ar). (17

For this minimum to be at least v, both components must individually satisfy:
ry > and —ar; > 9. (18)
Focusing on the first inequality, 7, > 7, and expanding r,, gives:

o (YUJ |X)

Blog > 7. (19)
71—rnsf(yu) |X)
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Dividing both sides by S (noting that 8 > 0):

o T 0lX)

> 20
7Tref(Yw‘X) B 20)

Applying the exponential function to both sides to eliminate the logarithm:

7o (Yw|X) (7 >
—— = 2>exp| = |. (21)
Teiyul®) =\ B
Finally, rearranging yields the desired result:
o) = oxp (3 ) mtral) )

B ADDITIONAL RESULTS

We present the reward dynamics of chosen responses (r,,) and rejected responses (), as well as the
evolution of their margins (r,, — r;), for both DPO and BPO using different loss functions during
training. As shown in Figure 7, despite various efforts to improve DPO, none of the existing vari-
ants effectively address the DCR problem. In these methods, r,, consistently declines throughout
training, which contradicts the intended training objective. In contrast, our proposed method, BPO,
successfully mitigates the DCR issue. When applied with different preference optimization func-
tions, BPO ensures that all r,, values remain positive and continue to increase during training. This
demonstrates the clear advantage of using a balanced reward margin over the traditional relative
reward margin in preference optimization.
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Figure 7: The reward dynamics of both chosen and rejected responses, along with the evolution of
their margins. These results demonstrate that BPO consistently maintains positive r,, values, which
continue to increase during training. Note that the gap adaptor is set to 1.0 for these comparisons.

C CASE STUDY

This section presents comparative examples between BPO and the baseline DPO algorithm, along
with its variant IPO, the results are shown below in Tables 4 and 5.
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Table 4: Examples comparing BPO with the baseline DPO show that BPO arrives at the correct
solution more concisely.

Prompt Human: Find the roots of (z — 3)® + (x — 7)3 = (22 — 10)3.
Assistant:
DPO First, let’s simplify the equation. We can make a

substitution to make the equation easier to handle.

Let y = 2 — 5. This substitution is chosen because 5
is the midpoint. When x = y + 5, the equation becomes:
(y+5=3)°+(y+5-77°=(2(y+5) - 10)° (y+2)°>+(y—2)° = (29)°
This simplifies. Let (y+2)° + (y — 2)® = (2y)® Expanding
the cubes: (y+2)3=y>+1242+8y+8 (y—2)° =y —12y> -8y +8
So, (y+22+(y—22=9y>+12y2 +8y +8+y> — 129> — 8y + 8 = 8°
We can simplify this by combining the terms: 9341292 +
8y +8+y>—12y% —8y+8=28y> 24>+ 16 = 8y> Rearranging terms,
we 8% —2y3 =16 = 6y® = 16 Simplify further: ¢3 = 16—6 =
% or there is a simpler transformation we, look at the
Instead, let’s look at the equation in a different

way. Notice that the equation (y + 2)® + (y — 2)® = (2y)3
can. Notice that if we let a = y + 2, b = y — 2, and
c = 2y, we. One obvious solution to ad + 0 = & we
recall that equations like (y + 2)3 + (y — 2)* = (2y)°
often resolves to simple substitutions or specific

values. Not directly, we see that: If y = 0, then

(2)3+(-2)> =03, which is 8-8=0, which is true. Another
way to see Let y = x—5. If y =0, then x = 5. We can
substitute x—5=0 If z=5: x-3=2, z—7T=-2, 2x—10=0
Clearly, (2)® + (-2)®> = 03, which is 8 =8 = 0, and it So,
r = 5 is a root. We can use. Thus, Let’s box, is

the solution. ><

structure.

BPO

To solve the equation (z—3)3+ (z —7)% = (22 — 10)3, we can
use a substitution to simplify the equation. Let’s
set y = x — 5. This substitution is chosen because
it centers the terms around a common midpoint, which
can simplify the algebra. With this substitution,

we have: o —3 = y+ 2,z -7 = y —2,2x — 10 = 2y
Substituting these into the original equation, we get:
(y + 22+ (y — 2> = (2y)®. Expanding both sides, we have:
y° 4+ 6y2 + 12y + 8+ 1% — 632 + 12y — 8 = 8y3, 2u° + 24y = 8>, 24y = 6y°,
4y = 9% y* —4y = 0, y(y® —4) = 0, y(y —2)(y +2) = 0. So, the
solutions for y are y=0, y , and y=—2. Converting
back to z, we have: x=540=5 x=54+2=7 x=5—-2=23.

So, the final answer is: 3,5,7
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Table 5: Example comparing BPO with the the DPO variant [PO.

Prompt

Human: For some real numbers a and b, the equation

823 + 4ax? + 2bx + ¢ = 0 has three distinct positive roots.
If the sum of the base-2 logarithms of the roots is 5,
what is the value of a? Assistant:

IPO

Given the equation 823 + 4az? + 2bz + a = 0 with
roots ri,re,r3, we are also given that the roots

are positive and distinct. By the properties of
logarithms and the problem statement, we, know that:
log, (1) + logy(r2) + logy(r3) = 5 Using the logarithm property
that logy(rirars) = logy(r1) + logy(r2) + logy(rs), we. can deduce
that: logy(rirmers) =5 == rirers = 2° = 32, ,which means the
product of the roots ryrerg = 32. By Vieta’s formulas
for the polynomial 8z% + 4ax?® + 2bx + a = 0, the product of
the roots for a polynomial Az®+Bz?+Cx+D =0 is given

by —%. Here, the leading coefficient A = 8 and the
constant term is a, so: rireorg = —J% = ¢ —= % =32 —

— 8
a = 8-32 = 256. Thus, the value of a is 256. The final

answer 1is: 256

BPO

To solve the problem, we need to use the properties of
polynomials and logarithms. Here’s the step-by-step
reasoning: 1. Sum of the Base-2 Logarithms of the
Roots: If the roots of the polynomial 8z3+4ax?+2br+a =
0 are 7r1,79,73, then the sum of the base-2 logarithms of
the roots is given by: logy(r1) + logy(ra) + logy(rs) =5 Using
the properties of logarithms, this can be rewritten

as: logy(rirars) = 5 This implies: rraery = 25 = 32 2.
Product of the Roots: By Vieta’s formulas for the
polynomial 8z3+4ax?+2bzx+a =0, the product of the roots
r1,r9,73 1s given by: rirerg = —% From the previous step,
we know 717ror3 = 32, so: —% =32 Solving for a: a = —256

The value of a is .

D LLM USAGE STATEMENT

LLMs were used in the preparation of this paper solely for grammatical correction and language
polishing, and they help improve the clarity and fluency of the writing. All intellectual contributions,
including concept development, algorithm design, experimentation, and interpretation of results, are

entirely the work of the authors.
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