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Abstract—The optical orthogonal codes (OOCs) have been
widely used as spreading codes in communication systems
employing the unipolar transmission. They are classified
into constant-weight OOCs (CW-OOCs) and variable-weight
00Cs (VW-00Cs) according to the number of distinct Hamming
weights which their codewords have. In this paper, we present
a new generic construction of VW-OOCs of length (¢ — 1)N
from a CW-OOC of length N, where g is a prime power and
ged(g — 1, N) = 1. As a result, three new families of optimal
VW-0O0Cs with a maximum correlation value 1 are obtained.
In particular, these families can have the codewords of high
weights, while most of the previously known optimal VW-OOCs
have only codewords of weight less than 8.

Index Terms— Correlation, optical fiber networks, optical
orthogonal codes (OOCs), unipolar transmission, variable-weight
00Cs.

I. INTRODUCTION

PTICAL orthogonal codes (OOCs) have been widely
Oused as spreading codes in communication systems
employing unipolar transmission, including optical fiber
networks. A codeword of an OOC is a {0, 1}-sequence
such that 1 means signal ‘on’ and O signal ‘off’ [1]-[3].
Length, weight, size, and correlation values are the important
parameters of an OOC. The ratio between the weight and the
length of a codeword is closely related to its detectability,
while correlation values are concerned with the multiple-
access interference. Moreover, the size of an OOC is desired
to be as large as possible in order to accommodate as many
simultaneous users as possible. Roughly speaking, design
of a good OOC is a different problem from that of a
{0, 1}-sequence family for bipolar transmission. See [4]-[7]
for a survey of sequence families for bipolar transmission.

00Cs are classified into constant-weight
0OO0Cs (CW-O0Cs) and variable-weight OOCs (VW-OOCs)
according to the number of distinct Hamming weights
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which their codewords have. The former supports a single
quality-of-service (QoS), while the latter may support
multiple QoSs. Chung et al. [3] set up a guideline for
design of OOCs, and presented some optimal CW-OOCs.
Since then, several constructions for optimal CW-OOCs
with respect to the Johnson bound [8] have been reported
in the literature [9]-[24]. Later, Yang [25] introduced the
concept of VW-OOCs and presented a bound on their sizes
by generalizing the Johnson bound. Since then, a number
of optimal VW-OOCs with a finite set of small weights
have been reported [26]-[31]. However, there is no known
systematic construction for VW-OOCs with a set of weights
larger than 7, except for the construction by Yang in [25].
Therefore, it is challenging to design a VW-OOC with high
weights. Furthermore, it is known that the ratio between the
weight and the maximum cross-correlation of an OOC is the
performance figure of merit [11].

In this paper, we present a new generic construction of
VW-0O0Cs of length (g — 1)N from a CW-OOC of length N,
where ¢g is a prime power and gcd(q — 1, N) = 1. The
new construction can be applied to any CW-OOCs with
maximum correlation value 1. As a result, three new families
of optimal VW-OOCs with maximum correlation value 1 are
obtained. In particular, these families can have codewords of
high weights, while most of the previously known optimal
VW-OO0OCs have only codewords of weight less than 8§,
as shown in Table I. For example, optimal VW-OOCs with
codewords of weights # and u — 1 are constructed for any
prime power u. The new VW-OOCs can be applied to much
more general cases in a practical situation.

The outline of the paper is as follows. In Section II, we
give some preliminaries to OOCs. In Section III, we present a
new generic construction for VW-OOCs of length (¢ — 1)N,
by which three new families of optimal VW-OOCs
are obtained. Finally, we give some concluding remarks
in Section IV.

II. PRELIMINARIES

Throughout the paper, the following notation is employed.

e {x)y: the least nonnegative residue of x modulo y for an
integer x and a positive integer y,

o |z]: the largest integer less than or equal to z,

I(x): the function defined as I(x) = 1 if x is true, and

0 otherwise,

o Zn: the ring of integers modulo n for a positive
integer n.
Let X £ {Xo,...,X7_1} be a set of {0, 1}-sequences of

length N, where X, £ {Xa(t)}f\/;o1 for 0 <a < L —1.
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TABLE I
PARAMETERS OF OPTIMAL VARIABLE-WEIGHT OPTICAL ORTHOGONAL CODES WITH A =1

Reference (N,W,\,R) Constraints
p=w(w+ 1)ro + w(w — 1)ry + 1,
T1
(23] (p, {ww+ih1, {T0+’“1’ rotry p: a prime, 2 {w
le{3,12}
11
[27] (o, {3,411, {5, 5}) (each prime factor of v) = 1 mod 6
(61;, {3,4},1, {%, % ) (each prime factor of v)= 7 mod 12
(6v,{3,6},1, {%, % ) (each prime factor of v)= 7,31 mod 36
28] (v,{3,41,1,{3,2}) u=9,45 mod 54
(v,{4,5},1,{35,2}) u = 16,80 mod 96
6 6 6 ged(v,63) =1,
(63v, {3,4,5,6}, 1, {15 19:19° 15> 16) (each prime factor of v) = 1 mod 6
[29] 6 6 6 ged(v,105) =1,
(105v,{3,4,5,6,7}, 1, { 5 25° %’ 257257 25) (each prime factor of v) = 1 mod 6
(190,{3,4,5},1,{3,%,3}) .
(220,3,4,5}1,{3, 5 3}) »
311 ged(v,6) =1
(251)7 {37475}7 17 { 5757 g}) )
30 (28v,{3,4,5},1,{%,2,1})
[30] 1
(24’0, {3747 6}7 1’ { 3537 g}) )
(28v,{3,5,6},1, {3, 5. 3}) » ged(v,30) =1
(34v,{3,4,5,6}, 1, {3, 5. 5. 3})
p: a prime with p = w(w — 1)L + 1,
q: a prime power with ¢ > w,
Corollary 8 ((q— Dp,{w—1 w},l,{i gti— w})
1oart ged(p,g—1) =1,
there exists an optimal (p,w,1,1) CW-OOC.
w: an odd prime power, k > 1,
Corollary 9 ((q—1)(u2+u+1)k7{u,u+1},1,{%,%}) q: a prime power with ¢ > wu,
ged(u? +u+1,q—1) = 1.
wu: a prime power, k > 2,
Corollary 10 ((q —1)(uP = 1), {u—1,u},1, {#, q";_;“}) q: a prime power with ¢ > w,
ged(u® — 1, —1) = 1.

The support of X, is defined by supp(X,) = {t| X.(t) = 1,
0 <t < N — 1}. Conversely, any subset S of Zy induces its
incidence sequence X = {X (t)} glven by X(t)=1(t€S).
The cross-correlation A4 p(7) between X, and Xp in X is
defined as

N—1

Aap() =D Xa(OXp((t + 7)) (1

t=0
where 0 < a,b < L — 1. Equivalently,
represented as

Agp(7) = |(supp(Xs) + 7) N supp(Xp)! . 2

If a = b, it is called the autocorrelation of X,. Note
that the correlation property of X is closely related to the
combinatorial structure difference family or its generalized
versions. See [9], [14], [30], [32] for more details.

Aqp(tr) can be

A. Constant-Weight OOC

LetC £ {C,|0<a < L—1}beasetof L {0, 1}-sequences
such that C, £ {Ca(t)}ﬁ\]:_o1 has support size w for 0 < a <
L —1. That is, C has size L and its codewords have weight w.

Let Ay () be the cross-correlation between C, and Cp. If C

has
max {Aa a(T)} = Za

0<a<L-—
1<t<N-— 1

and

max
0<a#b<L-1,
0<r<N-1

{Aap()} = 4c

for some positive integers A, and A., it is called an
(N, w, A4, 4c) CW-OOC. Conventionally, the maximum
correlation 1 of C is defined as

A = max{4,, A.}.

Johnson [8] derived a bound illustrating a trade-off among
the parameters of a CW-OOC.

Theorem 1 (Johnson Bound [8]): An (N, w, A4, Ac) CW-
OOC of size L satisfies

e alam s L= - )

where A = max{4,, A.}.

Authorized licensed use limited to: University of Ulsan. Downloaded on January 29,2026 at 06:35:32 UTC from IEEE Xplore. Restrictions apply.



CHUNG AND YANG: NEW FAMILIES OF OPTIMAL VARIABLE-WEIGHT OOCs WITH HIGH WEIGHTS

If an (N, w, 44, 4c) CW-OO0C C of size L satisfies the
Johnson bound with equality, it is called an optimal CW-OOC.

B. Variable-Weight OOC

LetV ={V,|0 <a < K—1}beasetof K {0, 1}-sequences
of length N, where V, £ {Va(t)}f\:)l. It is called
an (N, W, A, ic, R) VW-O0C with W = {wy,...,wy},
A = {Aa(1),...,a(m)}, and R = {ri,...,ry} if the
following three conditions are satisfied:

i) there are exactly r;K codewords with weight w; for
1 <i<m, where ri +---+ry, =1and r; > 0 for
l<j=m

ii) the autocorrelation of V, with weight w; in V is upper
bounded by

Aa,a(f) = j«a(i), (t)vn #0

for some positive integer 4,(i); and
iii) the cross-correlation between V, and Vj, with a # b in
V is upper bounded by

Aa,b(r) = /Ic

for some positive integer A.

In the particular case that 1,(1) = --- = A,(m) = 1c = 4,
it will be referred to as an (N, W, 4, R) VW-OOC for short
notation. Note that if m = 1, an (N, W, A, A, R) VW-0O0C
becomes an (N, w, 4,4, 4c) CW-O0C with w = w; and
Aa = A2 (D).

Yang [25] established an upper bound on the size of
an (N, W, A, ¢, R) VW-OOC by generalizing the Johnson
bound.

Theorem 2 ([25]): The size K of an (N, W, A, ¢, R)
VW-00C V satisfying A,(i) > Ac forany 1 < i < m is
upper bounded by

N—-—1DN-2)---(N—-41
KSL (N DW= (N ) ~J o
Dimiriwi(w; — 1) -+ (w; — Ac)/Aa(i)
Later, Wu et al. [28] presented an improved bound which

is tighter than (3) in some cases.

Theorem 3 ([28]): The size K of an (N, W, A, Ac, R)
VW-00C V satisfying A,(i) > Ac forany 1 < i < m is
upper bounded by

K < min
i:1<i<m

F{.{ (N=D(N=2)---(N = k) JH @
i U LS rwiGos = 1 Gy — a0/ ] 1]
If V satisfies (3) or (4) with equality, it is called an optimal

VW-OOC. The bound (4) can be further simplified for an
(N, W, 1, R) VW-0O0C as follows:
. N —1
K < min

1
irl<i<m L”_z {ri {Z;"_l riw; (w; — UHJ - ©

Remark: In communication systems based on bipolar
transmission, {0, 1}-sequences are transformed into
{+1, —1}-sequences by the map f(x) = (=D*.
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In this case, the cross-correlation 6s, 5,(7) between
two {0, 1}-sequences S, = {S,(1)}"' and S, = {Sy(1)},'
is given by
N—1
Os,.5,(7) = Z(_l)sa(t)+sb((t+T>N) (6)
t=0
for 0 < ¢ < N — 1. Binary sequences with low correlation
in this sense have been extensively studied. For a survey,
see [4]-[7]. Note that a sequence family with low correlation in
bipolar transmission does not necessarily have small 4 when it
is converted to an OOC. Similarly, an OOC with small A does
not always have low correlation when it is used in bipolar
transmission. The main reason is that the two correlations
in (1) and (6) have quite distinct attributes. Therefore, design
of an OOC with small 1 is another challenging task.

ITII. NEW OPTIMAL VARIABLE-WEIGHT
OOCs OF LENGTH (¢ — 1)N

Let X = {Xo, X1,...,Xz—1} bean (N, w, 1,1) CW-OOC,
where X, is defined as

supp(Xa) = {x4[0], x4[11, ..., xa[w — 1]}

for 0 < a < L — 1, where x4[i] is the position of the
ith nonzero value of X,, and 0 < x,4[0] < x4[1] < -+ <
Xqlw — 1] < N — 1. Let g be a prime power satisfying g > w
and o a primitive element of F,, where I, is the finite field
of g elements. Note that every nonzero element f € F, can
be expressed as a power of a, that is, # = a! for some [ with
0 <[ < g —2. In this expression, the exponent / is denoted by
I =log, p. For simplicity, we will use log § instead of log, S
throughout the paper.

Let M and N be two positive integers with gcd(M, N) = 1.
By the Chinese Remainder Theorem (CRT) [33], any integer
t with 0 <t < MN — 1 can be uniquely represented as

t = (t0,11)
where 1o = (t)p and t; = (t)y.

Construction A: Let X = {Xo,X1,...,Xr—1} be an
(N, w, 1,1) CW-O0C. Assume that ¢ is a prime power with
g > w and gcd(g — 1, N) = 1. For a primitive element «
of Fy, let

U2 al,... a" ).

For 0 < a < L—-1and s € F; U {oo}, we define
Ya,s = {Ya,s(t)};((igl)]vil
(g — )N, given by

as the {0, 1}-sequence of length

1, if a® +s €U and 1] = x4 [ log(a® + 5)]
0, otherwise

Ya,s(t) = {

for s € Fy, and

1, if to =0 and #; € supp(X,)
0, otherwise

Ya,oo(t) = {

where to = (t),—1 and t; = (t) y. The VW-OOC Y4 is defined
as

Va2 (Yusl0<a<L—1,selF,U{c}}.
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Note that the support of each codeword in )4 can be
equivalently represented as a subset of Z; 1 X Zy by the
CRT. That is,

supp(Ya,s) = {(log(g — s), xa [logg]) g € U \ {s}}
CZy 1 x Zy. @)

for s € Fy, and
supp(Ya,00) = {(0, x4[logg]) | g € U} C Zy—1 x Zn.

In order to calculate the correlation values of V4, we divide
the problem into three cases. The following three lemmas will
be very useful in demonstrating the correlation property of Vy4.

Lemma 4: For 0 < aj,a < L — 1 and s1,5 € [y,
the correlation A(q; 1), (az,5)(7) between Yy, 5 and Yy, 5, in
Construction A satisfies

Ay, 51),(a2,50) (7)) = 1

if (ay, s1) # (az,s2) or t # 0.

Proof: For 0 < 7 < (g — )N — 1, let 19 = ()41
and 77 = (r)ny. For a simple proof, we will denote
A(ay,51),(a2,52) (1) by A(z). We have

A(7)
= A(rp, 71)
= | (supp(Yay.s;) + (20, 71)) N supp(Yay.s,) |
= |{(log(g — 1) + 70, x4, [log g1 + 1) g € U \ {s1}}
N{(log(g' — 52), xa,[log gl) 8" € U \ {s2}}]
= > 1 (fo = (log(g’ — 52) — log(g — S1))q,1)

geU\{s1},
g'eU\(s2}

1 (71 = (xa,[log g'1 — x4, [log g1) ;)

where the last equality comes from (7). Calculation of A(r)
can be divided into three cases according to aj, a> and 7.

Case i) a1 = a2 and 71 = 0. Note that 0 = x,4,[logg'] —
Xq,[log g] implies g’ = g when g € U\ {s1} and g’ € U\ {s2}.
Thus,

Aw,m) = D 1(70={log(g’ —s2) —log(g —s1)),_)

geU\{s1},
g'eU\{s2)
1(g' =g
If 51 = 592,
A(zo, 71)
= > Iw=0-1(g=g
8.8'€U\{s1}
= Z (7o = 0)
geU\{s1}
w, iftr=0and s; e F,\U
=qw-—1, ift=0and sy e U
0, otherwise.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 8, AUGUST 2015

If s1 # 2,
g -5
Ao, )= D 1 (ro =log >— ) (g =)
geU\(s1), &=
¢'€U\ 52}
—
= Z 1 (ro = log & 2)
geU\(s1,52) g=9
<1

where the last inequality comes from the fact that T=2 # =2
. 17y
for any x,y € Fy \ {s1, s2} with x # y.
Case ii) a; = ap and 71 # 0. We have

A(ro, 71) < Z I (71 = (xq [logg'] — x4 [log gl)y)

U s
S

< Z I (71 = (xq [logg'] — x4 [log gl)y)
g.g'elU

= Ax,.x, (1)

<1

where Ax, x, (t1) is the autocorrelation of X, € X.
Case iii) a; # a>. In a similar way to the proof of Case ii),

A(ro, 1) = Ax,,x,, (1)
<1

where  Ax, x, (1) is the cross-correlation between
X4 and X4, in X
By summarizing the results of Cases 1), ii), and iii), we can

conclude that
A(r) <1
if (a1, s1) # (az,s2) or t # 0. U

Lemma 5: For 0 < aj,ap < L — 1 and 51 € Fy, the
correlation A(q; 51),(az,00)(7) between Y, 5 and Y, o in
Construction A satisfies

Aay,51),(az,00)(7) = 1.

Proof: In a similar way to the Proof of Lemma 4, we have

Aoty < D I (0= (—log(g —s1))y_1)
gel\{s1},
g'eU
I (71 = (xq,[log g'] — x4 [log g1))
= > I(wn=/(-log(g—s1)), 1)
g€U\{s1}
DI (11 = (x4,[log g'1 — x4, [log g1)y)
g'eU
< > I(wo={(—log(g —s1)),_1)
geU\{s1)
< 1.

O
Lemma 6: For 0 < aj,ap < L — 1, the correlation
A(ay,00),(a2,00) (7) between Yy, o and Yy, o in Construction A
satisfies
Aay,00),(a2,00)(7) = 1

if a; #ap or v #0.
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Proof: We have

A(zo, 71)
= > I(10=0) 1 (11 = {xq,logg'] — xa[loggl),) .
g,8'eU
If 7o =0,
Ao, 1) = D I(z1 = (xg,[log g'] — x4, [log g1),,)
g,8'eU
= Ax,,, X, (11)
w, if 7y =0 and a; = ay
— | 1, otherwise.
If 79 # 0, it is clear that A(zg, 71) = 0. O

Lemmas 4-6 tell us that the maximum correlation between
any two sequences in )4 is 1.

Theorem 7: Given an (N, w, 1,1) CW-O0C X of size L,
the set )4 in Construction A is a

w g+1-w
((Q_I)N’{w_l’w}’l’[qﬂ’ g+ ])

VW-00C of size (¢ + 1)L, where ¢ is a prime power such
that ¢ > w and ged(g — 1, N) = 1.

Proof: Note that the number of 7y, 0 < #t9p < g — 2,
satisfying a0 +s € U is |[U|—1if s € U, and |U| if s € F,\U.
This implies that the weight of Y, s is w—11if s € U, and w if
s € Fy\U, where 0 < a < L—1. Moreover, the weight of Y oo
is equal to the weight w of X, for all 0 <a < L — 1. Hence,
W= (w— 1w R =%, 5] and Y4l = (g + DL.
Clearly, A = 1 by Lemmas 4-6. O

It is possible to obtain three new classes of optimal
VW-00Cs by applying Construction A to some known opti-
mal CW-OOCs. The first one is from the optimal (p, w, 1, 1)
CW-0O0C:s of size L in [9], [10], and [12], where p is a prime
such that p = w(w — 1)L + 1.

ww — 1)Ly + 1 be an odd
an optimal (p,w,1,1)
Let ¢ be a prime power
satisfying ged(¢ — 1,p) = 1 and ¢ > w. Then,
the set ) obtained from X; by Construction A is
an  optimal ((q —Dp,{w—-1,w}1, {q%, q;l:lw })
VW-0O0C of size (¢ + 1)L;.

Corollary 8: Let p =
prime such that there exists
CW-O0C A7 of size Lj.

Proof: The parameters of ) are clear from Theorem 7.
It is enough to prove the optimality. By (5), we get

(V1]
EMEML
w qg+1
L (¢ — Dw(w — Ly +¢ -2 HJ
L (=D =2)+ L5 w(w - 1)
qg+1 w +1 -2
< |5 [ (o on 85T

qg—2

: V—Z” (o[ ))]

4515

Therefore, )1 is an optimal VW-OOC. ]
The second new optimal class of VW-OOCs comes from
the optimal ((u?+u+ 1)*,u+1,1,1) CW-OOC of size

2 Hut)F =1

WGt ) in [20], where u is a prime power and k > 1.

Corollary 9: Let u be an odd prime power, and
X> an optimal ((u2 +u+Dku+1,1, 1) CW-00C of size

L, £ % Let ¢ be a prime power satisfying
ged(g — lL,u+u+1)=1and g > u + 1. Then, the set )

obtained from &> by Construction A is an optimal

u+1 g—u
— D@? +u+ DF, u,u+1,1,[—, ])
((q ) ) } 11 g+l

VW-0OO0C of size (¢ + 1)L, for any k > 1.
Proof: In a similar way to the Proof of Corollary 8, we
have

R%1]
<\f1+1{u+1
“lu+1lg+1

(q—l)(u2+u+l)k—l
u(u—l)—i—qul (u+ Du
<V+1V+l (61+1)(q—2))H
T Llu+1|g+1 (g—Du(m+1)
q+ qg—2
Lu+ ((uﬂ)szﬂ(q—l)uJ)J'

= (g + 1)L,.
Therefore, )% is an optimal VW-OOC. ]

((q + 1)Ly +

Another new optimal class of VW-OOCs can be constructed
from the optimal (uk —1,u,l, l) CW-00C of size uf=2 +
u¥=3 4+ ... 4+ 1 in [23], where u is a prime power and k > 2.

Corollary 10: Let u be a prime, and A3 an
optimal (u* —1,u,1,1) CW-OOC of size Lz =
k=2 4 k=3 4 ...+ 1, where k > 2. Let q be a prime
power satisfying ged(q — 1,u* — 1) = 1 and ¢ > u. Then
the set )3 obtained from A3 by Construction A is an optimal
(g = D@ = 1, fu—1,u), 1, 2, 2554 ]) VW-00C of
size (¢ + 1)L3 for any k > 2.
(g - -1 H
D@ —2)+ L5 u( - 1)

P’OO‘f.' NOte that
—

il
q+1 77 (e —
= {(q+1)L3+
+1_ qg+1 )J
u (g—Dum—1)
Ly+1 ! J
= lu _
| (- D@—1)

L g +1
= ulj.

qg+1

u
< DL
< le((61-1-)34-
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Hence,

[)3]

=

IA
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we have I'V. CONCLUDING REMARKS
We presented a new generic construction for VW-OOCs
of length (¢ — 1)N. As a result, we obtained three new
\\q t1 { u families of optimal VW-OOCs. For practical applications,
u q+1 this construction can provide optimal VW-OOCs with high
L (g— D —1)—1 weights, while the previously known constructions except for
u _ g+l-u _ the construction by Yang in [25] cover only weights less than
g1 (= D=2+ T ul — 1) or equal to 7.
V +1 L J
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In Corollaries 8—10, it is clear that there are infinitely many

choices
infinite

of g for a given optimal CW-OOC. Therefore, an
family of new optimal VW-OOCs can be generated

from an optimal CW-OOC. (1

Example 11: Let N = p =61, w =5 L =3,q =1,

and a

. . 2
= 3 in Construction A. Let X £ {X1, X2, X3} be 12]

the optimal (61,5, 1, 1) CW-OOC presented in [9], where the
support of X, = {X4(1)}%%, for 0 < a <2 is given by (3]

Let Vi

supp(Xo) = {1,9, 20, 34, 58}, [4]
supp(X1) = {4, 14,19, 36, 40},
supp(X7) = {13, 15, 16, 22, 56}.

[5]

(61
2 {Y,s10 <a <2, seF;U{oo}} be the VW-00C

obtained by applying Construction A to X. Then, the support

of Yu 5 £ {Ya,s(t)}?g% is given by (71
supp(Yo,0) = {(0, 1), (1,9), (2, 20), (3, 34), (4, 58)}; (8]
supp(¥p 40) = {(0, 20), (1, 58), (2,9), (5, 34)}; (9]

supp(¥y ,1) = {(0,58), (1, 34), (3, 20), (5, D}

[10]

supp(Yyo5) = 1(0, 34), (1, 1), (3, 58), (4,20), (5, 9)}; (11
supp(Yo.00) = {(0, 1), (0,9), (0, 20), (0, 34), (0, 58)};

supp(Y1.0) = {(0,4), (1, 14), 2, 19), (3,36), (4,49)}; 7]

[13]

supp(Y2,00) = {(0, 13), (0, 15), (0, 16), (0, 22), (0, 56)}

[14]

where (fy, t1) denotes ¢ via o = (t)¢ and #; = (t)g1. It is

easily checked that Y is a (366, (4, 5), 1, {g, 3]) vw-ooc

of size

[15]

24. Furthermore, it is optimal with respect to the [16]

bound (5) since

[17]
813 366 — 1
3lsls 3 = 24.
g4 3+g-5-4 [18]
In a similar way, an infinite family of optimal
VW-0OCs can be obtained from Xj, including an optimal 1]
(427,144,511, {3, 4}) VW-00C of size 27 by choosing
[20]

q =
size 30

8, an optimal (488,{4,5},1,{3,%}) VW-00C of
by choosing g = 9, and so on. ]
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