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Abstract

We study policy optimization in Stackelberg mean field games (MFGs), a
hierarchical framework for modeling the strategic interaction between a single
leader and an infinitely large population of homogeneous followers. The objective
can be formulated as a structured bi-level optimization problem, in which the
leader needs to learn a policy maximizing its reward, anticipating the response
of the followers. Existing methods for solving these (and related) problems
often rely on restrictive independence assumptions between the leader’s and
followers’ objectives, use samples inefficiently due to nested-loop algorithm
structure, and lack finite-time convergence guarantees. To address these limitations,
we propose AC-SMFG, a single-loop actor-critic algorithm that operates on
continuously generated Markovian samples. The algorithm alternates between
(semi-)gradient updates for the leader, a representative follower, and the mean
field, and is simple to implement in practice. We establish the finite-time and
finite-sample convergence of the algorithm to a stationary point of the Stackelberg
objective. To our knowledge, this is the first Stackelberg MFG algorithm with
non-asymptotic convergence guarantees. Our key assumption is a “gradient
alignment” condition, which requires that the full policy gradient of the leader can
be approximated by a partial component of it, relaxing the existing leader-follower
independence assumption. Simulation results in a range of well-established
economics environments demonstrate that AC-SMFG outperforms existing
multi-agent and MFG learning baselines in policy quality and convergence speed.

1 Introduction

Mean field games (MFGs) provide a framework for studying the strategic interaction among an
infinite number of rational agents, with a wide range of applications in resource allocation [Li et al.,
2020], telecommunication [Narasimha et al.l 2019]], and power system optimization [Alasseur et al.|
2020]. An important extension of MFGs is Stackelberg mean field games (SMFGs), incorporating
a hierarchical structure where a single leader agent influences a population of follower agents and
enjoys a first-mover advantage. A prominent example of SMFG is optimal liquidation [|[Almgren and
Chrissl [1997]], in which a large institutional investor (leader) strategically sells assets, e.g., central
bank treasuries, in a market while accounting for the reactions of smaller traders (followers) who
adjust their behavior, e.g., bond purchasing, in response [Chen et al.|[2024]. Other examples arise in
public policy domains such as taxation, mortgage regulation, and epidemic control [Zheng et al., {2020}
Mi et al., 2024} |Aurell et al.,|2022]], where the leader, typically a government, designs interventions to
promote social welfare while anticipating and influencing the collective response of the population.
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Despite the increasing number of empirical studies applying the SMFG framework to real-world
problems, there remains a lack of practical and theoretically grounded algorithms for learning in
such hierarchical environments. The central challenge lies in the inherently coupled dynamics among
the leader, a representative follower, and the mean field representing the collective behavior of the
follower population. This interdependence gives rise to a complex bi-level structure: the leader’s
objective depends on the equilibrium response of the follower population, which in turn is shaped by
the leader’s policy. Existing approaches [Dayanikli and Laurierel 2024, |Cui et al.| [2024] to SMFGs
(and the closely related major-minor MFGs) need to make strong assumptions to decouple the leader
and followers, lack non-asymptotic guarantees for finding a solution, and empirically exhibit slow
convergence or tend towards sub-optimal limit points, possibly due to cyclic behaviors. In contrast,
our work relaxes the assumptions and establishes a fast finite-sample rate of convergence for a simple
actor-critic algorithm to the stationary point of the SMFG objective.

1.1 Main Contributions Convergence Rates
10°

We introduce AC-SMFG, a single-loop actor-critic al-
gorithm for SMFGs which operates under continuously
generated Markovian samples. Our first key contribution
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O(k~'/2), under a new assumption termed “gradient
alignment". Intuitively, the assumption allows the leader
to improve its objective by acting to the best response
from the followers. As the algorithm draws exactly two
samples in each iteration, this translates to a sample
complexity of the same order. This is the first time that
non-asymptotic convergence guarantees are established
for any SMFG algorithm, and also the first time that a
single-loop SMFG algorithm is analyzed.

Figure 1: Theoretical convergence rates.
The proposed algorithm is the first to
have non-asymptotic convergence guaran-
tees (black). Existing algorithms in sim-
ilar settings are only known to converge
asymptotically (red). Convergence rate of
a single-loop algorithm for bi-level opti-
mization [Hong et al.l[2023]] under a non-
convex upper-level objective and lower-
Notably, our convergence rate surpasses that of a com- level strong convexity (blue).

parable single-loop algorithm for bi-level optimization

under lower-level strong convexity [Hong et al.,[2023]]

(O(k=1/2) vs O(k~?/%)). The policy optimization problem in a SMFG can be viewed as bi-level
optimization, where the upper-level objective is non-convex and the lower-level problem is to solve a
standard MFG that does not exhibit any convexity. The reason that we achieve a better rate in a more
challenging setting is two-fold. First, as a key technical innovation, we develop an analytical argument
to handle bi-level optimization with lower-level Polyak-Lojasiewicz (PL) condition, which the MFG
objective satisfies with respect to the follower’s softmax policy parameter under regularization [Mei
et al.| 2020]]. This technique allows us to obtain the same convergence rate in SMFGs as in bi-level
optimization with lower-level strong convexity, and may be of independent interest and applicable
to general bi-level optimization methods. Second, we make the rate improvement by incorporating
the latest advances in multi-time-scale stochastic approximation [Han et al.,[2024], leveraging the
smoothness condition of the reward and transition.

We support the merit of proposed method through numerical simulations. We apply AC-SMFG to a
range of environments inspired by real-world economic scenarios involving a prominent leader and a
population of followers. Previous agent-based modeling (ABM) approaches to these problems simu-
late a large number of agents with complex interactions, leading to computational inefficiency and lack
of theoretical guarantees [Evans et al.l 2025]. In contrast, we show that the SMFG formulation offers
a more tractable alternative by summarizing the collective follower behavior through the mean field,
thereby enabling faster computation of a (possibly local) optimum for the leader’s policy. Compared
to the existing SMFG algorithms, AC-SMFG exhibits a significantly faster convergence rate.



1.2 Related Literature on Stackelberg Mean Field Games

(i) Continuous-time setting: [Djetel,[2023]] is among the first works to study SMFGs and to provide
a characterization of the problem structure. Building on this, |Dayanikli and Lauriere| [2024] in-
troduces a penalty-based approach that reformulates a SMFG as a single-level mean field control
problem, offering a conceptual simplification. However, this approach does not come with a provably
convergent learning algorithm, leaving open the question of how to efficiently and reliably solve
SMEGs. (ii) Discrete-time setting: [|Guo et al.,|2022|] consider a finite-horizon setup, and propose
a minimax optimization framework (known model) for finding the policy of the leader considering
a worst-case objective for the followers. |Cui et al.[[2024] consider finding an equilibrium in a
(related, but distinct setup) of major-minor MFGs and proposes a nested-loop algorithm based on
fictitious play, which approximately alternates best-response updates between the leader and the
follower. Such a nested-loop structure often poses practical challenges, as it requires the inner loop
(best response computation) to converge before each outer-loop update. This results in increased
computational burden and reduced flexibility, particularly in large-scale or online settings where
full convergence at each iteration may be infeasible or undesirable. Moreover, [Cui et al.| [2024]
establishes only asymptotic convergence, offering limited insight into the algorithm’s performance in
practice. Compared to the related literature discussed above, our paper is the first work to propose a
single-loop algorithm for learning equilibria in SMFGs, supported by a non-asymptotic analysis.

2 Stackelberg Mean Field Game: Formulation

We formulate a discrete-time infinite-horizon discounted-reward SMFG between a leader and an
infinite population of homogeneous rational followers. The leader’s state and action spaces are S; and
B, while a representative follower’s state and action spaces are Sy and .A. The state transition of the
leader depends not only on its own action, but also the aggregate behavior of the follower population.
Such an aggregate behavior is denoted by ;1 € As,, where A, denotes the probability simplex
over §y. Weuse P, : §; x B x As, — Ag, to denote the transition kernel for the leader’s state —
Pl*(s; | s1,b) denotes the probability that the next state is s} when the leader takes action b under
mean field y in state s;. Similarly, for the follower, we use 73}‘ (s | s¢,a,b) to denote the probability
that the next follower’s state is s/f when the follower takes action a and the leader takes action b under
mean field y in state sy. We define a product state space S = S; x Sy. For notational simplicity, we
do not distinguish the leader’s and follower’s state in the rest of the paper and assume that S is the
common state space observed and shared by both the leader and the representative follower.

In this way, we can compactly represent a SMFG by the tuple (S, A, B, P,rs,1,7), where P :
S X Ax Bx Ags — Ag is the transition kernel and v € (0, 1) is the discount factor. The reward
function of a representative follower is 7y : S x A x B x Ag — [0, 1], with the understanding
here that S is restricted to Sy. Similarly, the reward of the leader r; : S x B x Ag — [0, 1] does
not depend on the state of the representative follower s, but only on the mean field. The state
and action spaces of all players is assumed to be finite to enable the analysis, but continuous space
approximations are studied experimentally in Section 5]

Followers’ Interaction. The followers play a mean field game in response to a policy ¢ : S — Ap
of the leader. As in a standard MFG, let the representative follower take actions according to a
randomized policy 7 : S — A 4. Given a leader-follower policy pair (¢, 7) and a mean field p,
the sequentially generated states form a Markov chain, for which the transition matrix is P™%#* €
RISIXIS|, The matrix is entry-wise expressed as P™%# (s’ | s) = >acapes PH(s | s,a,b)m(a |
s)p(b | s). We denote by v™## the stationary distribution of the Markov chain, which is the
singular vector of P™%# associated with the (only) largest singular value “1” (under an ergodicity
assumption). Let the discounted visitation/occupancy measure dg S £ By pldT ? 1] under the
initial state distribution p, where

dy ® 1 2 (1= 7)Enp,pn [ 7 1(sk = ) | s0 = s,
where the expectation is taken over

ap ~ (- | sk),be ~ O(- | Sk)s Skr1 ~ PH(- | Sk, ar, bi).



Under (¢, 7, 1), the follower expects to collect the following (regularized) cumulative reward

Jr(m, ¢, 1) & B g pe [Yopeo Y (1 (sky @iy iy p) — Tlog w(ag | sx)) | 50~ p]
= ﬁESNd;;v¢v“,a~w(<|s)_’b~¢(.\s) [ry(s,a,b,p) + TE(T, s)], ()

where the entropy function E(m,s) £ —Y"_7(a | s)log(a | s), and regularization weight 7 > 0.
Define the follower’s policy as 7* : AZ x Ag — Ai such that

71'*((;57 HJ) £ argmaXﬂEAi Jf (71—7 (bv M)v V:U' 2

Let p* : A% — Ag denote the mapping from the leader’s policy to the mean field induced by the
leader. It is known from the literature on standard MFGs that p* (¢) satisfies for all ¢

F(B) & 7 O (9), 000 (9), 3)

With some abuse of notation, we write

T (p) £ 7 (0, 1t (), 4

Fixing the leader’s policy to ¢ reduces the environment to a standard MFG among the followers. Using
the terminology from the MFG literature, we refer to (7*(¢), u*(¢)) as the mean field equilibrium
(MFE) for such MFG. We will later impose an assumption which guarantees that 7*(¢) and p* (¢)
are unique and well-defined.

Leader’s Interaction and Game Objective. Given a leader’s policy ¢ and the follower’s mean
field u, the leader’s cumulative reward is

Jl(¢7ﬂ) £ Eropu [Zzio 'Ykrl(skabka,u) ‘ S0 ~ p] = ﬁESNd;“¢vﬂ7b~¢(.|5)[rl(svbv M)] (5)

If the mean field  were fixed, the aim of the leader would be to find a policy ¢ that maximizes
Ji(¢, ). However, the stable mean field changes with ¢ as the followers try to best respond to the
leader and each other. To solve a SMFG is to find an optimal policy for the leader, given that the
followers best respond. We define ®(¢) = J;(¢, u*(¢)) for all ¢ and express the objective as follows

¢* £ argmax,ens ®(0) = argmaxyeas Ji(0, 1*(9))- (6)

3 Algorithm

The algorithm developed in this work is based on the principle of independent learning. To motivate
our approach, consider a scenario where oracle knowledge is available on p*(¢) for any ¢. In this
case, we can optimize ¢ iteratively with gradient descent — we maintain ¢ (where k is the iteration
index) and update ¢, in the direction of the gradient V®(¢y,), which can be evaluated using p* (¢ ).

In practice, oracle access to p*(¢y) is unavailable, and we must solve the lower-level MFG to
approximate it. To this end, we introduce the iterates m, and [ij, as estimates of 7*(¢y,) and p*(¢r),
and refine them via (semi-)gradient descent. This naturally leads to a nested-loop structure, where the
follower policy and mean field are updated to convergence in the inner loop to support the outer-loop
gradient computation. Our approach eliminates this nested structure: we perform alternating updates
of the leader, follower, and mean field in a single loop, using appropriately chosen step sizes to
implicitly approximate a nested loop. The updates are formally stated in Algorithm I

We use a tabular softmax policy parameterization and maintain 6 € RISI*4, € RISI*B that encode
the policies according to

) = exp(w(s, b)) lals) = exp(6(s,a))
Pl = s el Y T S e @s, )

The tabular softmax parameterization is considered for the purpose of mathematical analysis —
optimizing over the space of softmax parameters allows us to exploit the PL structure that each
player’s objective observes with respect to its parameter [Mei et al.,[2020]. In practice, the proposed
algorithm can be applied with function approximations such as neural networks, as discussed in detail



in Remark 3] We can express the policy gradients of w and 6 in the closed form below [Sutton et al.,
1999

Vle(¢wa /~L) = EW,QS,P“ [(Tl(sv bv M) + ’yw¢u’”(sl) - ‘/'l¢w,u(8))vw log ¢w(b | S)} )
VGJf (7T97 ¢a :u) :EW7¢7'P“ |:(Tf (S, a, b7 H)_T IOg ﬂ-(a | S)+7Vfﬂ67¢7u(8/)_vfﬂ6,¢7#(5))vg IOg o (a | 5):| .

The policy updates (7)), (8) of Algorithm [2]are exactly based on the policy gradient expressions above,
substituting in the latest leader’s policy parameter wy, follower’s policy parameter 8y, and mean field
iterate [i;. Here the value functions are defined as

VP (s) =By ri(s, b, p) [so=s], V" (s)=E[ 3" (rf (s, a,b, p)—7log m(al 5))|so=s].

Algorithmrequires access to Vl%’“ M and V; O P for policy gradient evaluation. Since these
value functions are not directly available, we estimate them by V; ;. and V7 ;,, which are updated via
temporal difference (TD) learning in (T0). Note that to ensure stability we leverage projections in
(©) and (I0): IIa, denotes the projection to the probability simplex over the state space, and IT,,
denotes the element-wise projection to the interval [0, By ], where By = 1/(1 — ) + 7log |A|.

Our method exemplifies independent learning in the sense that wy,, 0%, fix are each updated to optimize
its own objective without any knowledge of the other two, though the samples used for the updates
are from an environment determined by all variables. We note that the algorithm is single-loop and
uses two trajectories of continuously generated samplesﬂ making it significantly more practical than
the existing methods with complex nested loops [Dayanikli and Lauriere, 2024, |Cui et al., 2024].

Algorithm 1 Single loop Actor-Critic Algorithm for Stackelberg Mean Field Games (AC-SMFG)

1: Inmitialize: leader’s policy parameter wy, follower’s policy parameter 6, value function estimates
Vl,o, nyo, mean field estimate [ig € Ag, initial state sq, 5o ~ p, step sizes ( < & < ag < .
2: for iteration k = 0,1,2, ... do
3:  Sample path 1 for tracking the discounted occupancy measure:
Follower and leader take actions ay ~ mg, (- | Sk), b ~ w, (- | sk), receive rewards
r#(Sk, k, b, fu;), and observe the next state according to the transition probability

0, with probability 1 — ~y
Sk+1 ™~ 0 . o
PHE(- | sk, ak,bg), with probability
4:  Sample path 2 for tracking the stationary distribution (mean field):
Follower and leader take actions ay ~ 7y, (- | 51), by ~ ¢u, (- | 51), and observe the next
state S ~ 'Pﬂk( ‘ Sk, Qk, bk)
5:  Leader’s policy update:

W1 = Wk + &V log du, (b | Sk) (Tz(Sk, bis fik) + Y Vik(Ski1) — Vz,k(sk)) 7
6:  Follower’s policy (actor) update:

Or+1 =0k +i.Volog o, (ar| 1) (rs (sk, ar, biey fir) +7E (o, , 81) + Vi (8541) — Vik(sk)

®
7:  Mean field update:
fir1 = Uag (fu + &k (es, — ix)) €))
8:  Value function (critic) update:
Viksr =g, (VIk + Bres, (ri(sk, br, i) + YWk (sk41) — Vz,k(Sk))) (10)

Vf,k+1 =IIp, (Vf,k“l‘ﬁkesk(rf(sh ks b, fir) + TE(mo, s s8) +YVik(Sk11) — Vf,k(sk)))

9: end for

'The second trajectory of samples is used solely to estimate the mean field and may be eliminated in
applications where there exists a generative model/oracle for the mean field.



4 Convergence Analysis

In this section, we establish the convergence of AC-SMFG. We first introduce the main technical
assumptions, which can be segregated into the standard ones (Assumptions [T] - [3) required for
finite-sample analysis of standard MFGs, and the additional regularity assumption, Assumption 6]
(termed gradient alignment), required to deal with the more challenging setting of SMFGs. To
illustrate that the gradient alignment assumption is weaker than those in the existing literature, we
provide a non-trivial example that satisfies our assumption but not the stronger ones in prior works.

Assumption 1 (Lipschitz and Smooth Transition and Reward) There exist bounded constants
Lp, L, such that for all 7w, ¢, pi1, pia, s, a, b

[Pmotn — PTod2| < Lp|lpn — pel|, |V, PToH =V, PT9#H2(| < Lp|lu — poll,
‘Tl(57bv /Ll) - Tl(S,b, /u‘2)| < LT”/U‘l - .u2||7 |Tf(57av b?:ul) - Tf(sva7bv MQ)‘ < LTH/“ - :U‘QHv
”v#rl(svbaﬂl) - Vﬂrl(s,b,ug)H < LTHMI - :u2||7
”v,urf(s’avbnu'l) - v#Tf(S,a,b, /~L2)|| < LT’Hﬂl - /1’2”'

The Lipschitz continuity is a common assumption made in the literature on MFGs [[Cui and Koeppl,
2021bl |Zeng et al.,2025| |Cui et al., 2024]. We additionally assume that they are smooth.

Assumption 2 (Lipschitz Best Response) The best response operators u* and 7 are Lipschitz and
u* has Lipschitz gradients, i.e. there exists a constant L € [1,00) such that for all ¢, ¢', u, 1/

l1(¢) = (@Il < Lll¢ = ¢'ll,  IVor™(¢) = Vor™ (&)l < Lllé — ¢'ll,
l7* (¢, 1) = 7 (&', kIl < LIl = &l + [l = 'l])-

The condition (11)) in fact can be shown to follow from the Lipschitz continuity and smoothness of
the transition and reward function in Assumption[I] We impose Assumption 2]directly for simplicity.

(11)

Assumption 3 (Exploration) There exists a constant py,i, > 0 such that the initial state distribution
satisfies p(8) > pmin, Vs € S. In addition, the follower’s policy iterates are uniformly bounded away
from zero, i.e. there exists a constant pmin such that wg, (a | 8) > pmin forallk > 0,s € S,a € A

The first part of Assumption [3|implies that the discounted occupancy measure d;“‘z”“ is bounded
away from zero for any 7, ¢, ;v and is a standard assumption in RL [|Agarwal et al., 2021} Me1 et al.,
2020, while the second part can be readily satisfied by capping the norm of 85 away from infinity.
The assumption guarantee sufficient exploration of every state and action pair.
Assumption 4 (Contraction) There exists a constant § € (0, 1) such that for any ¢, ji
||Uﬂ*(¢7/t1)7¢7u1 _ Vﬂ*(@uz),@uz” < llpa — pal- (12)
Assumption ] states that in a standard MFG determined by any fixed ¢, an “optimality-consistency
operator contraction condition” holds, which implies the uniqueness of the MFE. This is a key

assumption made in the existing literature on MFGs [Xie et al.l 2021, |Zaman et al.} 2023 |Yardim
et al.| 2023]] and can be guaranteed when the regularization weight 7 is large enough.

Assumption 5 (Uniform Geometric Ergodicity) For any 7, ¢, u, the Markov chain {s;} generated
by P™ " according to s;1 ~ P™ % (- | s;) is irreducible and aperiodic. In addition, we have

sup, drv(P(sy = - | so = 5),v™ ) < CoC, Vit > 0,

for some constants Cy > 1 and Cy € (0, 1), where dv denotes the total variation distance.

Assumption [3 is again standard in analyzing stochastic approximation and RL algorithms under
Markovian samples [Zou et al., 2019, Wu et al.,[2020, [Wang et al.|[2024].

Assumption 6 (Gradient Alignment) There exist positive bounded constants 1, 12 such that Yw
7’1<VW(I)(¢W)7 val((bwvﬂ) |;t=u*(¢w)> > vaq’(d’w)HQa (13)
N2(Vu®(0), Vi, 1t) |u:u*(¢w)> > Vo Ji(¢w, 1) |u:u*(¢'u) ”2 (14)



Note that Vi, Ji(dw, 1t) |y=p+ (4., is a partial component of the full gradient V, ®(¢,,). The condition
states that the two gradients always make an acute angle. Without loss of generality, we assume
n1,M2 > 1, as if the conditions hold with 71,72 < 1 they also hold with 1y, 72 = 1. Conceptually, the
condition allows the leader to improve its objective by acting to the best response from the followers.
Prior works on SMFGs and the closely related major-minor MFGs need to make assumptions of a sim-
ilar nature, but more restrictive. For example, (Cui et al.| [2024] by their Assumptions 4.c) and 4.d) as-
sumes that the leader’s reward is independent of the mean field and that the follower’s reward and tran-
sition are independent of the leader’s action. Under such conditions, the leader and follower are effec-
tively decoupled, reducing the hierarchical structure of the problem to a near-independent setting. In
contrast, with the gradient alignment assumption we permit our leader to depend on p, and follower re-
wards and transitions to depend on b. In Appendix [E] we present a non-trivial MFG which satisfies the
gradient alignment assumption but not the leader-follower independence condition in|Cui et al.|[2024].

4.1 Algorithm Complexity

Each variable in Algorithm [T| converges in the sense that an associated residual (measure of sub-
optimality gap) decays to zero. The residual of the leader is the squared policy gradient norm. The
mean field convergence is measured by its deviation from the (unique) equilibrium of a standard MFG
induced by leader’s latest policy iterate. The convergence of the follower is assessed by the objective
function gap relative to the best response against 7y, fix. Finally, the value function estimates are
evaluated by their /5 distance to the true value functions under the latest policy and mean field iterates.
The proof of Theorem|T]relies on analyzing the convergence of all variables jointly, through a coupled
Lyapunov function.

gi = ||qu)(¢Wk)H27 EZ = Jf(ﬁ*(¢wk,ﬂk),¢wk,ﬂk) - Jf(7r9k7¢wkvﬂk)v

" - 15)
~ * 9y Dy Pk % Py s Bk (
e = i — 1 () el = Vi = Vi 012, el = [y = Vo oo 2,

Theorem 1 Consider the iterates of Algorithm[I|under the step sizes

= = 2 = S f=— B
ek ek et )2 et )2

with the properly selected constants c¢, cq, c¢, cg. Under Assumptions we have for all k > 0,

min E[ef] < O (11> .
t<k (k+ 1)5

As the residuals are all non-negative, Theorem I]implies that the best iterate of Algorithm [T]converges

to a stationary point of the leader’s objective with rate (9(/4;_1/ 2), where O hides constants and
logarithmic factors of k. As exactly two samples are drawn in each iteration, this translates to a
sample complexity of the same order. To our knowledge, this is the first result providing a finite-
time and sample complexity for learning in Stackelberg/major-minor mean field games. In contrast
to the most relevant prior work [[Cui et al., |2024], which establishes the asymptotic convergence
of a nested-loop fictitious play method, our paper analyzes a single-loop algorithm and provides
non-asymptotic guarantees. This rate improves upon that of a two-time-scale algorithm for bi-level
optimization with a non-convex upper-level objective and lower-level strong convexity [Hong et al.,

2023, which achieves O(1/ 2 5). Our improvement is obtained in a more challenging setting — the
lower-level problem is not a strongly convex function but a MFG involving two coupled variables:
the follower’s policy and the mean field. The MFG does not exhibit any convex structure, and only a
non-uniform PL condition holds with respect to the follower’s policy under regularization. A key
technical innovation made in our work is to handle such non-convexity, which we sketch in Remark@
and which we believe is of independent interest and applicable to the analysis of general bi-level
optimization methods with lower-level PL condition.

Note that our analysis relies on a sufficiently large regularization weight 7 to ensure that Assumption[d]
is satisfied. As a result, our method does not find the equilibrium of the original (unregularized)
problem. In fact, solving unregularized MFGs — even in the standard, non-hierarchical setting —
remains an open problem. Our work inherits this fundamental limitation.

Remark 1 It is known in the standard RL literature that the cumulative reward observes a “gradient
domination” condition with respect to the policy parameter. Using the notation of our paper; it means



that any stationary point (where V ,Ji(dw,, 1) = 0) is globally optimal under a fixed 1. We are not
able to extend the argument here and have to settle for convergence to a stationary point, because ®
is a composite function involving p* and hence does not observe the gradient domination condition.

Remark 2 Tiwo techniques allow us to achieve the convergence rate of (5(1(1/ %), surpassing that in
Hong et al.|[2023|] under lower-level strong convexity.

To analyze a bi-level optimization algorithm, we need to bound the residual of the follower’s policy
and show its iteration-wise reduction. If the lower-level objective Jy were strongly convex, we would
select the residual to be & = ||mg, — 7 (P, , fur)||* and show that &}, — &} is approximately
negative. As the learning target shifts from iteration k to k + 1, bounding € | — €} requires
controlling the drift |7 (¢uwy 1, k1) — TGy, fur) ||, which can be easily bounded by

Ol Pwrss = b I* + i1 — fuxl|*) (16)

under the Lipschitz continuity of w*. However, without strong convexity, we cannot consider
the residual € (as ™ may not be unique in general) and instead employ €} defined in (13),
a residual in the value function space. We would like to bound the learning target shift
THT* (G ik 1)y s 1) — (7 (S f1k): Doy ik ), preferably still by (18) to avoid
rate deterioration. However, the Lipschitz continuity of Jy only yields a loose bound on the order
of O(||bwrsr — G|l + |1 — fir|]), where the norms are not squared. Detailed in Proposition
(proof in Section|C.3), we develop a careful error decomposition scheme to break down the residua
difference €}, | — €}, and tightly bound the decomposed terms based on the PL condition, thereby
avoiding the suboptimal bound implied by naive application of the Lipschitz property of J;.

The technique highlighted above allows us to achieve the same convergence rate in SMFGs as in
bi-level optimization with lower-level strong convexity. We further improve upon the rate in/Hong
et al.| [2023)], leveraging a recent advance in the multi-time-scale stochastic approximation literature.
Specifically, Han et al.| [|2024]] shows that a faster convergence rate can be achieved under lower-level
strong convexity, if the lower-level learning target (equivalent to operators *, m* in our context) has
Lipschitz gradients. Our work adapts and extends the argument to the case where the lower-level
objective is nonconvex.
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Figure 2: Convergence across environments, demonstrating bootstrapped mean and 5% confidence
interval across 30 runs for the leader reward (left) and follower rewards (right).

We conduct a comprehensive evaluation of the proposed methodology across a diverse set of canonical
MFGs. Specifically, we extend three environments from MFGLIb [Guo et al.,2023a], each exhibiting
varying degrees of complexity. These environments, ordered by increasing difficulty, include Left-
Right, Beach Bar, and Equilibrium pricing [Guo et al, [2023b]}, with descriptions in Appendix [F] We
also include in the appendix additional plots visualizing the evolution of the mean field as learning
proceeds. All source code is available in the supplementary material.

Comparisons. The proposed approach is compared to the existing state-of-the-art methods for
the discrete time setting: 1) a nested-loop MFG algorithm which alternates between training the
leader and representative follower to convergence (OneByOne); 2) a weighted OneByOne update
as presented in Algorithm 1 of [|Cui et al.} |2024] (CuiKoeppl); 3) a MARL implementation, where
the leader and followers are updated simultaneously with PPO, as presented in [Evans et al., [2025]
(ADAGE). In the MARL setting, there are two policies, one for the leader, and a shared policy [[Vadori
et al., 2020] for the followers, to keep the representation as fair as possible when compared to mean
fields, and to prevent the need to learn N independent follower policies.
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Figure 3: Equilibria Analysis

Market Entrance. The first environment is a market entrance scenario inspired by the Left-Right
game [Cui and Koeppl, [2021a], akin to minority games in physics and El Farol problems in complex
systems, as detailed in Appendix [F.1] Figure[3a|illustrates the impact of various leader configurations,
achieved by altering the leader’s objective, demonstrating how the leader learns to execute optimal
actions while followers adapt effectively, steering the mean field towards the target state (see also
Figure [6). The top row of Figure [3a] highlights the leader’s influence on the resulting mean fields,
while the bottom row depicts the market skew. The leader shifts the market dynamics to align with
the desired behavior. In each scenario, we observe convergence towards a suitable MFE, with the
MF adjusting appropriately to the task at hand. These findings underscore how follower behavior
successfully adapts in response to the leader’s actions, consistently achieving appropriate equilibria.

Shop Positioning. The shop positioning environment (Appendix [F.2) is modeled after the beach
bar MFG, where followers strive to position themselves near a desirable location x while avoiding
crowded areas, and a leader is tasked with establishing a new location to compete with . We
investigate how varying the crowd aversion parameter ¢ among followers influences both the resulting
mean field and the leader’s chosen location. When crowd aversion is absent (¢ = 0), the leader
strategically places the new location at the same spot as x, capitalizing on the existing customer base,
aligning with known models of spatial competition where competitors cluster nearby (Figure [3b]left).
As followers’ focus shifts entirely to crowd aversion (¢ — oo, Figure[3b|right), the leader places the
shop uniformly across the state space, preventing any single state from becoming overly crowded. For
intermediate crowd aversions (0 < ¢ < co), we observe a spectrum of behaviors, balancing between
the two limiting equilibria. In each scenario, the MFE is appropriately adjusted. These findings
demonstrate how the leader’s actions adapt automatically in response to the followers’ behavior.

Equilibrium Price. Finally, we examine an equilibrium pricing environment (Appendix [F3)), as
outlined in [Guo et al.||2023alb, |Cousin et al.|[2011]. In this environment, followers are homogeneous
firms producing an identical product, with prices determined by the endogenous supply-demand
equilibrium. These firms must effectively manage their inventory, production, and replenishment
processes, and the leaders role is to incentivize firms to maintain a specific target inventory level. We
explore various target scenarios, ranging from promoting lean operations with minimal inventories
(suitable for predictable periods with stable demand) to encouraging robust firms with substantial
inventory reserves (to withstand crises or demand surges). As illustrated in Figure the leader
can effectively shift the mean field of the followers to achieve the desired inventory levels. This
demonstrates the leader’s ability to implement appropriate penalties or bonuses to guide followers
towards either building a buffer (Figure [3c|right) or maintaining leaner operations (Figure [3¢]left).
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Figure 4: Function approximation with continuous states/actions in Equilibrium Pricing (with 7 = 0)

Key simulation findings. The convergence of the leader and follower rewards is compared in
Figure[2] Overall, the proposed approach affords significantly faster leader convergence, and smoother
convergence trajectories, characterized by reduced variability across runs and diminished intra-run



volatility. Notably, the more the followers’ behavior is influenced by the leader’s actions, the greater
the enhancement observed with the proposed approach. Breaking down the results per environment,
we see significantly faster convergence for the proposed approach in the market entrance game than
all the comparisons (Figure [2a)), while also resulting in an improved final equilibria (here, governed
by the leaders reward which attempts to shape the equilibrium). In the shop positioning game
(Figure 2b), we see significantly faster convergence for the leader, albeit with slightly slower follower
convergence, yet still showing substantial improvements over the MARL scenario for both leaders
and followers. The slower follower convergence here is because the leader has a smaller impact
on the followers behaviour, due to their being the fixed desirable location, so only a small part of
the environment is changing (the additional location). In the equilibrium pricing game (Figure [2c),
the proposed approach yields significantly better leader and follower rewards than existing SMFG
algorithms. This environment is particularly challenging and exceeds the representational capacity of
purely tabular methods due to the continuous state and action spaces. ADAGE leverages function
approximation, parameterizing the leader’s and followers’ policies by a neural neural work. We
discuss in Remark [3| how function approximation integrates with the proposed SMFG approach
— we can parameterize the policies of the leader and representative follower by a neural network
in a standard way, whereas for the mean field we make a distributional assumption and learn the
parameters of the distribution. Specifically in the equilibrium pricing experiment, we assume that
the mean field follows a Gaussian distribution and updates the mean and standard deviation of the
mean field in AC-SMFG. The assumption may not be exactly accurate, which is a possible cause
of the gap in leader’s rewards between ADAGE and AC-SMFG. Nevertheless, the approximation
suffices to yield competitive performance, and the proposed algorithm closely tracks the performance
of ADAGE and outperforms other SMFG baselines.

Remark 3 (Continuous State and Action Spaces & Function approximation) In Algorithm [I]
we see that there are three key features that can be substituted with function approximation techniques
rather than the exact update schemes presented: 1) the updates of the policies, 2) the updates of the
value functions, 3) the updates of the mean field. Here, we show how each of these can be achieved.
For the leader and follower, we can convert the tabular policy and value function into continuous
representations with neural network function approximations (with an actor network and critic
network) — this is relatively straightforward and similar to how continuous state and action spaces
are handled in standard RL. What poses more challenge is the mean field update: in the tabular
case we track the mean field by a probability vector of dimension |S|, but this does not scale to the
large/continuous state space setting. For simplicity, in the experiments of this paper, we consider a
Gaussian mean field N (v, o) and update the distribution parameters towards the sampled state s with

Vi1 = Vi + &r(s — k), k1 = ok + &((5 — vkg1)? — o).

However, more complex schemes could be utilized. For demonstration, we take the Equilibrium Price
environment and assume that the leader takes a continuous action co € [—1, 1] to set the cost term, and
the follower’s inventory (and thus the state space) is positive, ordinal, and unbounded. An overview of
the resulting learning dynamics is displayed in Figure[] which shows rapid learning and matches or
even surpasses the results shown in FigureSd|of the appendix. This highlights the compatibility and
effectiveness of our approach when integrated with function approximation in complex environments,
underscoring the practical versatility and applicability of our method across diverse settings.

6 Conclusion & Discussions

We proposed a single-loop actor-critic algorithm for learning equilibria in SMFGs, and provided
the first known non-asymptotic analysis. Numerical simulations show the algorithm’s superior perfor-
mance in various realistic problems, highlighting its potential for practical applications in hierarchical
decision-making environments. Our findings contribute to the growing body of research on SMFGs,
offering a scalable and theoretically grounded solution for learning equilibria in complex SMFGs.

Finally, we acknowledge certain limitations of the SMFG framework in modeling practical problems,
particularly when compared to agent-based modeling (ABM) approaches that simulate a finite number
of followers directly. One limitation stems from the assumption of homogeneity among followers,
which is embedded in the mean field formulation. Another key consideration is that MFGs serve as
asymptotic approximations of /NV-agent Markov games, with the approximation error diminishing as
N increases. In scenarios involving a small number of follower agents, the approximation error may
become non-negligible, and alternative modeling paradigms such as ABM may be more appropriate.
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Disclaimer

This paper was prepared for informational purposes by the Artificial Intelligence Research group
of JPMorgan Chase & Co. and its affiliates (“JP Morgan”) and is not a product of the Research
Department of JP Morgan. JP Morgan makes no representation and warranty whatsoever and
disclaims all liability, for the completeness, accuracy or reliability of the information contained herein.
This document is not intended as investment research or investment advice, or a recommendation,
offer or solicitation for the purchase or sale of any security, financial instrument, financial product or
service, or to be used in any way for evaluating the merits of participating in any transaction, and
shall not constitute a solicitation under any jurisdiction or to any person, if such solicitation under
such jurisdiction or to such person would be unlawful.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clearly state the main contributions in the abstract and introduction, which is
to provide the first algorithm for solving Stackelberg mean field games with non-asymptotic
convergence analysis, and to make the analysis under a relaxed assumption on the interaction
between the leader and followers.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The main limitation lies in the gradient alignment assumption, and we clearly
discuss how it is restrictive but still relaxes the prior ones, which are even stronger.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We clearly state all assumptions in Section[d] We provide the complete proofs
of all theoretical results in the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide all source code for reproducing the experimental results.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We plan to make the code publicly available. In the review phase the code is
submitted as a part of the supplementary material.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide the source code and the most important experiment details in the
appendix.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The figures show the boostrapped mean result over 30 repetitions, with a 5%
confidence interval displayed as the shaded region.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

¢ For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: Numerical simulations conducted are small-scale and require minimal compu-
tational resources.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The authors confirm that the research conforms with the Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: The authors do not anticipate any social impact of the work at the moment.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: No such threat is present to our knowledge.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: To implement the baseline algorithms, we used code from published works
such as|Evans et al.|[2025]]. These works are properly credited in our paper.
Guidelines:

» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We have properly documented and added comments for the source code.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: No crowdsourcing and/or research with human subjects involved.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: No such risk is present.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We did not use LLLM to generate any significant content of the paper.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/
L.LM) for what should or should not be described.
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A Notations and Frequently Used Inequalities

We introduce some shorthand notations frequently used in the rest of the paper. The operators below
abstract the (semi-)gradient of the leader, follower, mean field, and value functions.

D(ew, 1. Vi, 5.6, 8') = Vi log 6 (b ) (ra(s, b, p) +7Vi(s') = V().
(0,1 Vy,5,0,b, ) = Vologmo(a| s)(rs(s,a.b, 1) + TE(ma, ) + 1V (s) = Vi(s)),
H(p,s) =es — p, (17
Gi(w, 1, Vi, 5,0,b,5) = es (1u(s, b, 1) +9Vils') = Vi(5)),

Gr(0, 1, Vi, s,a,b,8) = es (rf(s,a,b, w) + TE(m, s) + yVi(s') — Vf(s)).

Given the notations in (I7)), we can re-write the variable updates in Algorithm T}

W1 = Wk + CeD (W, fiks Vik, Sk Dk, 55), (18)

Orr1 = Ok + . F Ok, fik, Vik, Sk, Gk, biy Sh), (19)

ficsr = Tag (fue + €eH (ux, 50) ). 0)

Viksr =g, (‘7lk + BrGi(Wk, fik, Vik, Sk @k, b, Sff)>, (21)
Vigt =g, (Vf,k + BkG £ Ok, furs Vi ks Sk, g, b, SZ)) (22)

We also define the expected versions of the (semi-)gradient operators, where the expectation is taken
over the stochastic samples from the stationary distribution.

D(W7 1y W) £ Eswd;wbw,u’aNﬂ(.|s)7bN¢w(.|5),S/N73,L(,|S)a)b) [D(Wv i, Vi, 8,0, SI)L (23)
_ 2 . ,

F(0,0, 1 Vi) S E ot gmy([0) bt ()57 Closay F (O 10 Vo 80,8, 8] (24)

H(m‘%ﬂ) é EENV”v¢wv“[H(N7‘§)]a (25)

Gl(w,u, Vi) £ Eswdg’%’#,awﬁ(.|S),bw¢w(i|s)_’s/wpu(.\s7a,b) Gi(w, 1, V1, 8,a,b, 3/)]7 (26)

éf(07 w? /’(’7 Vf) é ESNd::e'¢W’”,aNTrg(-‘s),brvd)w(-‘S),S'N'P“('ls,a,b) [Gf(97 /’[/7 Vf) S) a’7 b7 sl)] (27)

We re-iterate that due to the state separation discussed in Section D and G| are independent of the
single follower’s policy 7, though 7 appears on the right hand side of (23) and (26).

We define the filtration Fj, = {so, ao, bo, s - - - , Sk, @k, b, Sk, S0, -+ 5 Sk}
Unless otherwise noted, we use || - || to denote the ¢ norm of a vector and the operator norm of a
matrix.

We may use V., ®(¢,,) and V,J;(dw, 4*(¢,,)) interchangeably in the rest of the paper, which is the
true gradient of the leader. The partial gradient is denoted by V., Ji(¢w,, 1) [u=p* (4..)-

We also introduce a few frequently used lemmas. The first is on the Lipschitz continuity and
smoothness of value functions.

22



Lemma 1 We have for any 6,0 ,w,w’, u, i’
[ T¢(mo, buoy 1) — T (mor, Gy 1) < Ly (|0 = O] + (| ¢ — dur | + I — p'l}), (28)

[V edet — y7o s | < Ly (10— 6]+ (b — dur | + i — 1), (29)
VoVt — VgV Pl < Lyy |0 — 0'||, [V Vio%r — Vi || < Lyyllw — o]
(30

IV V7ot — Vo2 | < Lyy |l — 4] 31)

[ Ji( by 1) = Ji(burs )] < L (o — || + [l — 1], (32)

IVt — Vi || < Ly (lw — o' | + [l = 1), (33)

IV V2t = T V0| < Lyyllw — ||, [V V2 = W,V || < Lyvllp— |, (34)

L 'y\/|S 2y \/|.SL2 2v+/|S|L
where Ly = max { (1727)27 (Pl E 7} and Lyy = max { (1,87) -t (177)2}) +

2L pLT}

The second lemma guarantees the Lipschitz continuity of the stationary distribution (of the current
and next states jointly) with respect to the policies and mean field.

Lemma 2 For any 01,05, w1, wa, t1, fto, we have
HZ 7r91 Py #1( )Pm’l’(bwl m. | s) — 7T82 g #2( )P7T'927¢w2 H2 (.| 5))”

1
< 7= (Lellin =l 4100 = 2]+ len = wal]).

The next lemma establishes the boundedness of the (semi-)gradient operators introduced in (T7).

Lemma 3 Recall that By is the entry-wise upper bound on the magnitude of the value function. We
define the constants

Bp =2(1+7)By +2, Bpr=2(1+7)By +27log|A|+2,
By =2, Bg=(1+7)By +rlog|A|+1.
We have for all 0,w, 1, Vi, Vs, s,a,b, s’
ID(w, 1, Vi, 8,6, ") < Bp, | F(0,11,Vy,5,a,b,8")|| < B,
15 $)Il < B, [|Gilw, 1, Vi, 8,0, 8")| < Ba, - [|G(0, 1, Vg, 5,a,0, 8| < Be.

(35)

Lemma ] further shows that the (semi-)gradient operators introduced in (I7) are Lipschitz.

Lemma 4 We define the constants

Lp=Lp— 1+ 7log|A +(1+7)B ; 2L,
p=Lp maX{ + 7log|A| + (1 +v)By + TEE T + -

-7
X{(4+810gA|)T Bga Bc;Lp BG }
36)

(4+810g|./4|)7' BF BFLP BF 4}

L,
-7 1-7 "1

L
LH:max{P,l}, Log=m
1—7v

We have for all 01,605, 71, 7o, w1, wa, 1, 2, V1, Vo
[1D(w1, g1, Vi) — D(wa, pi2, Vo) || < Lp (lwr — wal + [l1 — pol| + [[V2 = V2l)),

[ F (01, w1, p1, Vi) = F(02,w2, 12, Vo)l < L (|01 — ba2]| + [lor — wall + 1 — 2|l + Vi = V),
[1H (71,01, pn) — H(ma,wa, p2)|| < Lig ([m1 = 72| + llon — wall + [l — pe2l])

1G5 (01, w1, 11, Vi) = Gy (02,02, 12, Vo) | < L (01 — O] + llwnr — w2l + [l — pol| + [[V2 = V2l))
1Gi(wr, 1, V1) = Gi(wa, p2, Va)|| < L ([lwn — wal| + [l — pal + Vi = Val]) -
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Algorithm 2 Actor-Critic Algorithm for Hierarchical Mean Field Games (Simplified for Analysis)

1: Initialize: leader’s policy parameter wy, follower’s policy parameter 6, value function estimate
Vl,o, jl707 Vf,07 JAf,o, mean field estimate jiy € Ag, initial state sg, 5o ~ p

2: for iteration £k = 0,1,2,... do

3:  Sample 1 for tracking the discounted occupancy measure:
Get samples sy, ~ dp "™ ay ~ by (- | 1), b ~ G (- | 5k)s 5 ~ PP (- | s, ap, by
and receive reward 7 (s, ak, b, fir), T1(Sk; bk, fik)-

4:  Sample 2 for tracking the stationary distribution (mean field):
Get sample 5j, ~ ™0k Pwrfk

5:  Leader’s policy update:

Wit1 = wi + &V log ¢, (br | sk) (W(Sk, b, fur) + YVig(s)) — ‘A/l,k’(sk)) (37)

6:  Follower’s policy (actor) update:

O+1 =0+ Volog o, (ar | s) (T (sk, ak, bk, fix) +7E(m,, Sk)+7‘7f,k(8§c)—‘7f,k(8k))

(38)
7:  Mean field update:
fie+1 = Hag (e + Ee(es, — i) (39)
8:  Value function (critic) update:
Vi =g, (‘A/Ek + Bresy, (11(sk bis fi) + Vi (s),) — Vl,k(sk))) (40)

Vigks1=Ig, (Vf,k+ﬂk€sk(7“f(8k7 ak, b, fux) + TE (o, s1) +YVik(sk) — Vf,k(Sk)))

9: end for

B Proof of Main Results

We analyze a slightly simplified version of Algorithm I} which we present in Algorithm[2] The only
difference between them is that Algorithm[2]replaces continuously generated Markovian samples with
i.i.d. samples from the stationary distribution. Note that stochastic approximation and RL algorithms
have been extensively studied under Markovian samples [Zou et al., 2019, Wu et al., 2020], and it is
well-known that Markovian sampling only incurs an additional logarithm factor in the convergence
rates. This simplification allows us to focus the presentation on the innovations we develop for MFGs,
without diverting attention to well-understood technical details on Markovian samples.

We state the theorem on the convergence of Algorithm 2] below, with the exact conditions that the
step sizes need to satisfy.

Theorem 2 Consider the iterates of Algorithm2|under the step sizes

C¢ Cn

_ ce
k+D72 T kL

s
Gy iz Pe=

G = 7

&k =
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with the constants c¢, cq, C¢, cg selected such that
-4 1

1
Cl < fk <o < ﬂk <1, fk < mln{@, 17—5}7
, 1- 2 1—~
< <
O"“—mln{4LVV(BF+BD+BH)2’B2 +BQ} = L%
[ { 1—-6 1-6 1—-6 m(1—-06) 1-6 By LLyg }
gk 64L2mn3’ 24m L3 L2 8/6LLy Ly 16L2 ' 16BLL° BpL' 3LyvLp
(SR { (1—7)7203 Pt (1= 0)(1 = NT2p2ptim (L= Y)mT2pd 2l }
an 16|S|L2mn2 192|S|L2LE LA 12, 4|S|L2 ’
(O l—y (1-6§)1-v) 1-v 1-¥v
S Wi GeTe 2 SRIL2L2 12, 2L 2 J°
Br ~ s vl mLy 2v/6L%
&k < nin { (L =N = O)ohinPain (L= TooinPrin (L= N7 inliin _Br(Bp + Bu) }
an 352|S|L%, ©UU3R4|S|L2 L%, 4|S|LyvLpLy ' Ly(2B% +3Ly)
Qg R 11— 2Bg 1—v
- S mln{ 2 ) bl }
Br 384LV S\BL\/LD \/GL%/ + va(BF + Bp + BH) 4\/6LvLD

(41)

Then, under Assumptions[I{fand[6] we have for all k > 0,
16 . .
1;11<1£1]E[5t] < W (Jl(¢ (D) = T(Pusg 18 (D)) + € + €5 + 51‘{0 + 5}/,0)
128¢, log(k + 1)
Cc(k + 1)1/2

We note that the step sizes satisfying (#T)) always exist, and the conditions are met by making the
step sizes sufficiently small. To find the appropriate step sizes, we first make cs small enough that j3;,
satisfies all of its upper bounds, then c¢ small enough with respect to 3, followed by ¢, with respect
to & and [y, and eventually c¢. Note that c¢, ¢, c¢, cg are all chosen as polynomial functions of the
structural parameters, and do not depend on k.

The proof of Theorem [I]relies on intermediate convergence bound on the iteration-wise convergence
of the leader’s policy parameter, mean field, follower’s policy parameter, and value function estimates.
We state the intermediate results in the propositions below and defer their proofs to Section|[C]

Proposition 1 (Leader Convergence) Under Assumptions[Ifdand|[6and step sizes satisfying @1,
we have for all k > 0,

E[J1(Gwrs £ (D)) — TP s s W (Peoesr))]

Ck

Ly B2
<~ BE) + 2L LY L] + 2m L GuELeli] + LvBpGi.

2

Proposition 2 (Mean Field Convergence) Under Assumptions[Id and[6|and step sizes satisfying
@T), we have for all k > 0,

1-96 1112 ]2
Blf) < (- T P6Bg) + g B+ e
320213
+ ZLLS gy, + 1037

Proposition 3 (Follower Convergence) Under Assumptions|[Iid|and[6and step sizes satisfying (@#1)),
we have for all k > 0,

2|8| L3¢
(1 - W)szf)ninp?ninak
16/SI1LL 15 L€} 8IS|L3. ¢
2 E[ ] 2,3 2
(1 - )T pmlnpmln k (1 - /Y)T PminPmin ¥k
+ 2LVO[]<7]E[€f,k] + 3BF(BD + BH)akgk“

s T o ~
Elefs] < Elef] — S BUIVoTr(moy o i) 7] + Ele}]

]E[é?z‘,/k]
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Proposition 4 (Value Function Convergence) Under Assumptions[Ifd|and[6|and step sizes satisfy-
ing @1)), we have for all k > 0,

1—7)Bk 6L2 a? 6L32 L2.&2
EleY < (1— (7 EleY VTR R 4 SV ZHSkprm
[ef k1) < ( 1 JE[ef ] + T IVod (7o, s Peon» fi) |I] + (1 —7)Bx [ek]
6L2n3¢? 16L2L3 L2 &2 24L2 L3 o?
B (e A (e
1—7)Bk 6L3 a3 6L3% L2¢&2
Ele), <1—(7]E5V + —Vk R[|VeJ s Do » 4 SV Hk T
[ l,k—&-l} <( 1 E[ l,k] 11— )5 [[IVe f(“é'k Do /~Lk)H 1+ 1 — )b [ek]
6Ly 15k 16L* L3, L% &} 6Ly Cr
— L 220 TR 7E + —>2F _Tle 12B
(= o ok =g, Bl g Bl + 1256
B.1 Proof of Theorem 2]
Collecting the results from Propositions [I4] we have
E {(Jl((bwm:u’*(d)wk)) - Jl(¢wk+1au*(¢wk+1))) + Ell;Jrl + EZ:F«H + E}/kJrl + EXI@+1
Ly B2
sfg—’“ E[ef] + 2m L LY GeBlep] + 2m LH GELeY)) + — 2% s
1-6 11L%&, 8L2n3(? 32L2L% (2
+ (1 - E)Elel] + ——E> R[] + “E + 22 ZDok + 16B%¢?
( 4 k) [k] (1_6>Tpmin [k] ( )ﬁk [ ] (1—6)5 [lk] HSEk
2|S\LV %(,f " 16|$|L2L4 L? L%{k
+ Ele ——EVJ s Dy s Ele7] + E
il (IVo 5 (7o G i) + (1 = T2 P50 Piin il (1 =) 7205 Phin il
8ISILY Ci Ele)/,] + 2L% o E[eY ] + 3Br(Bp + B
A= )7208. p2 o el k] + 2Ly axEleg ] + 3Br(Bp + Bu) ok
(1 —7)Bk 6Lvak L%/L%I&%
+(1— Eley ] + ——2-E[||VoJ s Do s + ———LEER[eT
( 5 JEler,] 1= )50 Vo5 (7o, s buoys i) 17] + T [e%]
6L‘2/772§k 16L%L2 qugk 24172 LQDak
LI 7]]3 — Y 2 FR 12B
T a e T s, ek TG, el + 12856
(1 =7)Br v 6L3af 6L3, L3E7
+ (1 - —=)E[e —i—iE Vod (o, s Puwys + ——LFE[eT
V772<k @ 16L2L%/L%J€k B VCk \% 2 2
< (- Ck 8L*n3¢i 28| LY 3Gk 12L%/77§C13)E[5¢]
B 2m  (1=0)&  (L—=)7208mphmar (1 —7)6k ¥

T

16|S|L2LEL LA L6 320213 L6}
+ E[et] + + 2 L L} Hok V_Hok ) Ble
i ( b LGt (=N PP (1 =7)Br ) i
T
ar 120302 o 11136, 1203126
EleF —ZE g VIR RV Do s E[eT
B+ (= 3 + gy BV mons G i) P) 4 (g + Sy B
Ts
1— 3202132 8|S| L2 ¢2 24L3 L% a2
E \%4 _ 2 L D5k VSEk V~D"k E 1%
PR+ (= G T g e )5 ) B
Ty

1—7v 6L% CQ
14 o 2 V Sk |4

Ts
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B} Ly}
2

+ + 16B%£2 + 3Br(Bp + Bu)awéy, + 24BE B2 . (42)

Ts

We bound each term of (@2)) individually. First, we can ensure 77 < —8% by choosing the step sizes

such that every positive term is no larger than 8%. The required step size conditions are

G 1-0 G oo =N PhinPiin Gk 1=
&~ 64L2771772 ap — 16[S[LEmng T B 96LV771772
For T5, we choose the step sizes such that each positive term is no larger than 1 12 , making 75
non-positive. The step size conditions are
G _1-9 G (=00 =N hPiin S (1=0)(1 =)
& T 24771L2 L3 oy = 192|S|L2LY,LALL%, 7 B T 384L2LE L%

To bound T3, note that under entropy regularization, J; satisfies a non-uniform PL condition with
respect to the follower’s policy [Mei et al.,|2020]]. Specifically, for any 6, ¢, u,

2(1 — 2. p2
S e L CRRNTE A ND) T

The inequality in this specific form is adapted from Zeng et al.| [2022][Lemma 4].

Under the step size conditions ‘5—2 < 3;1%, & < Br, and i—’z <
(A=) (1-8)Tpd pii, (1 T
mm{( v)(352|‘;‘£gmpm,u7 ( 35;/4\5\%3")1;[“]“} ([@3) implies
ag 2 11L%&, 1213 1%& .
Ty < = S2E[|[Vo 5 (w0, s i) 7] + JE
90T (T i) )+ (g1 1 JELET
- ( N PminPimin 1L 12L%L%€%>E[E |
- 16|8| (1 - 6)7-pmin (1 - 7)6k b
<0.
For T, each positive term is no larger than =2 under the step size conditions

Ck< l—n %<M Ci<(—’7)7117ﬂrninpminL2D Ak 1 -7

Br = 32mL%y’ & — 1612 7 ap 4|S|L3 " Bk T 8V6LyLp
This ensures T < 0.

Similarly, we have T5 < 0 under the conditions
ag 11— Ck < 1—n

Br ~ 16L3"  Br ~ 2V6L2

Finally, we choose the step sizes such that each term in T is no larger than a3

Gk LV &k 1 1 Br .1

— < B < min , , < .
o PV 2 k {4BH Br(Bp + BH)} k ~ 2v6Bg

Plugging the bounds on T3-Tj into (@2)), we have

E |:(Jl(¢wk7/’c*(¢wk)) - Jl(¢wk+17/’[’*(¢wk+l))> + Ellc:tl + 67/;-{-1 + 6,‘]”/,16-{-1 + €l‘,/lc+1}

<—8%k [sk]+]E[ek+sk+elk+5fk}+4ak (44)

Re-arranging the terms and plugging in the step size, we have
& b TV v
WE[%] S E[=Ji(Puys W (Duy)) + ) + €+ + 5 4]
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L dea

(k+1)

Recall that ¢* is the optimal solution to the Stackelberg objective in (6)). The inequality above implies
1

= E[~Ji(Gupss s W (Punsr)) + Ehyy + Erps +Efppr + €1 kg

>
|

¢ ¢
E
— 8(t +1)1/2 7]
1

- < .
8(t + 1>1/2E[8?] + E[E/I:H + €41 + E}/:kJrl + El‘jvchrl]
0

“I/\aﬂ“M

k—1

* * * * i 400(
<T@, 1 (8%) = T (G 1 (Gu)) + €6 + 25 +elo+ef0+ D o @
The following relationships are standard results: for any & > 0, we have
k—1 k—1
1 (k + 1)1/2
> Z 2log(k +1). (46)
1/2
= (t+ DY =
Combining (43) and (46),
Ym0 sty Eled]
min E[e?] < =)
t<k ___c
t'=0 8(t'+1)1/2

16
S PREwITE (6" 1 (6%)) = T (B 17 (b)) + £ + 27 + el + <o)

128¢, log(k + 1)
cclh+ 1)1

C Proof of Propositions

C.1 Proof of Proposition ]

By the Ly -smoothness of the function J;
Jl (¢wka ,U*(¢wk )) - Jl (¢wk+1 ) N*(¢wk+1 ))

L
(Vo t( s 17 (B )y wrr — i) + s — wil]

o Ly (2 o
:*<k<vw<]l(¢wk,ﬂ*(¢wk)7D(wk;ﬂk;Vz,kask,bkas;g»+ ‘;Ck ||D(wk7lllk>‘/l,k,Sk,bk;S;C)HQ

= (VT (G s 11 (D) D(Whs fikes Vi ks bk, 8)) — D(w, iy Vig))

Ly (2 o
— G (Vo i (B s 1 (Do ) D (Wi ik, Vir)) + ‘;Ck | D (W, fiks Vi Sks bks s3)[1% (47)

Taking the expectation and plugging in the bound on D from Lemma[3] we have

E[Jl (¢Wk ’ M*(¢Wk )) —Ji (¢Wk+l ’ M*(¢wk+l ))}

< —GB(Tu (b " (D). Dl i Vi) + BB
Ly B?
S*% Ve T (P > ¥ (Do, )1IP] + V2 bk

o GVt (Gus 1" (8, D (w0, 07 (90) V) = Doeo i, Via))], - 48)
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where the first inequality follows from

EKval(wakvﬂ*((bwk); D(Wk,ﬂk, ‘A/l,ka Sk, bka S;c) - D(wk7ﬂk7 ‘A/l k)>]
= E[<Vle(¢wk7M*(¢wk)7]E[D(wkaﬂku ‘7l,k7sk7bk7s;g) D(Wkauka )] | ]:k: 1>] 0.

and the second inequality follows from Assumption [6|and the relationship
Ve (s 1) s () = DI, p*(9), V21 (@),
To bound the last term on the right hand side of (8], we apply Young’s inequality
GV (G 1" (B ) D (w17 (9 Vi) — Dl o, Vi)
< —’“\|w<¢wk,u*<¢w>>||2 D (w14 (0, Vi) — Do i, Vi)
< VT o G DI +mEBGl T = VI 12 Gl = i ()P

Ck G » ok X
< gk + 2mLBGlIVie = VI I m L (LY 4+ Gl = 17 (80 7

< 2%’“52 +2m L LY Grell + 2m LD Crel s, (49)
1
where the second and third inequalities follow from the Lipschitz continuity established in Lemma4]
Substituting @9) into [@8),

E[Jl((bwk ) :u’*(¢wk)) - Jl(¢wk+1 ) :U’*(¢wk+1))]

< 7%]]4:[5?] + Ly 2D<k +CkE[<v Jl(d)wkv.u (¢Wk) (wk, *(¢Wk)7‘/l¢wk’“ (¢“k)) 7D(Wk’ﬂk"7l7k)>]
Ly B2
<- 2% Eleg] +2m Lp L GElef] + 2m LHGEBLel )] + = e
1

C.2  Proof of Proposition 2]

The analysis employs the following lemma, which bounds an intermediate cross term. We provide
the proof of the lemma in Section [D.5]

Lemma 5 Under the assumptions and step sizes of Proposition|2] we have for all k > 0,

E[<ﬂk - M*((bwk) + ng(ﬂ-*(qﬁwk’ﬂk)’ Wk ﬂk>7 M*(¢wk+1) - /J*(%km

1-90 _ 4812 L3 L2 C?
< EE B — 1 (00 + 60T 2+ P Bl
SL23C2 4 32LPL3CE
+ 1= )ng[Ek] + WE[ i) + BHLGE

We define the shorthand notation Ahy, = H (fiy,, 5) — H (g, ,wr, fu.). Note that E[Ahg] = 0 and
|Ah||* < 4B%.

By the definition of ¢/,

EZ+1 = HﬂkJrl - /’l/*(¢wk+1)||2
= Mg (ke + & H (g, 55)) — 1" (Puogey )2
< Hﬂk + ng(ﬂk? gk) - u*(¢wk+l)”2

= H/:Lk' - y*(qﬁwk) + gkAhk + ka(’iT*(gbwk’ﬂk)’wk,ﬂk)
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2
& (H (w0, w0 1) = BT (G )00 1)) = (0 (D) = 17 (0) |
< i = 1 (Do) + EH (T (Do k) Wi fire) |2+ BER [ AR | + 3] 17 (buopesy) — 11" (Do) |12
+ 352"H(W9kvwkvﬂk) - H(ﬂ-*((éwkvﬂk)vwka/lk)”Z
+ 2€k <ﬂk7 - ,U/*(¢wk) + Skﬁ(ﬂ*(¢wk7ﬂk)7wk7 ﬂk?)a Ahk>
+ 2<,[Lk - N*(¢wk) + EkH(ﬂ—*(d)wkvﬂk) wkaﬂk) *(¢wk+1) - *(¢Wk)>

+ 285 (e — 1 (P ) + EH (T (uoges ke )s Wi fik)s H (T (Do s fik) s Wi i) — H(We(%,oo;k,ﬂk)%

where the first inequality is due to the fact that projection to a convex set is a non-expansive operator.
As H(1*(¢), ¢, u*(¢)) = 0 for any ¢, we have for the first term of (50)),

ik — 1 (Puy) + ExH (T (Puoy i) s wies i) ||

= [l = 1 (b)) + EH (T (D fik)s Wy k) — ExH (T (Do )s s ¥ (D)1

= |tk = 1 (P ) I? + N H (7 (P, i) Wi i) — H (T (P, )y wir i (0|12
Gl — (G ), v PPl — g — T )it Gn) ¥ (g,,))

< (1= &)l — 1 (P I? + 205 &R fin — 1 (D) P + 2LHER T (b s fire) — 7 (b)) |12
+ Gellfir — (G [[™ Pemoidrmofiie _ym ™ (Gup)ioi” () |

< (1= (U= )8 + 422136 ik — 1" (D)
1-46
2
where the second equation plugs in the definition of H in (23)), and the first inequality is due to

the Lipschitz continuity of H, the second inequality follows from Assumptionand the Lipschitz
contlnulty of m* from Assumption [2] and the final inequality is due to the step size condition

IN

fk — 8L2L2 .
For the fourth term of (30),

2£kE[<p‘k - M*((bwk) + ng(F*(qbwk 3 ﬂk)a Wiy ﬂk)7 Ahk)]
< 28 B[(k — 1 (D) + EeH (7 (b f11), i, fii), E[Ay, | Fra])]
= 0. (52)
For the fifth term of (50), we have from Lemma[3]
2<ﬂk - U*(¢wk) + gkg(ﬁ*(¢wk ) /:Lk‘)a Wk, lak)v ﬂ*(¢wk+1) - H*(¢Wk)>

-4 _ 481212 L2 (2
< MEHW () (1 (g ) o )]+ P
§k 32L2L%<k
+ ( )Ek]E[ o+ WE[ ey + BHLGE
1 - . 48L2L2 L%gk 8L2n§(k 32L2L%(k
1-6 8L277 Ck 32L2L%Ck
< Tng[&I’:] = )ng[ 7+ WE[ el + BHLCE, (53)

where the second inequality plugs in (31), and the last inequality is due to the step size condition
Ck 1-9

€&k — 8V6LLvLp’
Similarly, for the final term of (30)),

2§k<:&k _:u*(d)wk) +§kg( (d)wka,uk) wka,uk) ( (¢wk7,uk) wkz/”'k) H<7T9kawk7,&'k)>

_5 _
Ekllite — 1 (Du) + EuH (T (- k), wies fue) |
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6£kHH(7T*(¢wmﬂk)awk7ﬂk) - H(Wﬁvwkvﬂk)uz

1-— 8 - . R = N
S ] fkgz + 1— 5£kHH(7T*(¢wk7Mk)7wk7/J/k) - H(Tr@mwkv//‘k)HQ' (54)

Taking expectation and substituting (51)-(34) into (50),

Elep,] < (1- §k) [ef:] + 3€ - ABE + 3E[| 1" (duny) — 1" (6 [1?]

+3§k [HH(W@mwhﬂk)_ 7( *(d)wk?ﬂk) wkvﬂk)||2]

16, 0 SLPAC 32L2L3 2
——&Elel] + WE[ o+ WE[ v + BhLCE
=5 B _
LD GBIel) 4 o B ( (G ) e ) — F (0, )
< (10— 206 R[] + 128362 + 3L2E Junsr — wil?]
Ln3GE g B2LPLECE
+ WE[%] + WE[ /sl + BHLGE
LR, on ) — (5 (B ), 0 )]
2
< (1 GBI + R, (0, )] + 1283 + 3BHLG
8L2 Ck @ 32L2L2DCk
+ - )ka[Ek] + WE[ elx) + BHLCE
1-— 11L
< eBlet) + Sk g, 20, ) Y
8 L2 SLP3CR 4 B2LPL3CE
+ (L= 0)er [ek] + WE[ /] + 16 BEER, (55)

where the second inequality follows from the step size condition &, < ﬁ, and the third inequality is

a result of the Lipschitz continuity of p* and H, and the last inequality applies the step size condition
¢k « Bm

& — BpL~®

Note that the following inequality holds for any m, ¢, i1 as a result of the entropy regularization
(adapted from Lemma 1 of Zeng et al.| [2022]])

Im =" @) < — (T ). 601) = Ty (7610 (56)
Combining (|3_3]) and (56),
Blet ) < (1~ 1520 + B[y 0 (s ). s ) — o i)
(W” SRS preg) + ZLLDG gLy, + 16837
= (1= 6Bl + o ??jﬁi’; B[] + mm o+ WE[ el + 163 €2

]
C.3 Proof of Proposition 3]

The proof of the proposition relies on the intermediate result below which bounds an important cross
term.

31



Lemma 6 Under the assumptions and step sizes of Proposition[3] we have for all k > 0

_F < vaf(ﬂ-Qkad)wkvﬂk) 7vw‘]f(7r7¢wkvﬂk) |‘n':7r*(¢>wk,ﬂk) :| l: WE+1 — Wk :| ]
Vud 1 (Toys Guos ) = V ud (70, Gy i) lrmrer (b i) A1 — fik

2ISILY L3, L, €2

- 7) 2pf’nmpl%ninak

16|S|L? L3, L3, L3, &2 E[el] +

(1 - )T2pm1npm1n k

(1 — V)TZp?ninp?ninak P
< LR unlunthg (g, ) = 7o, 2]+ 5

2|S\L 772Ck
(1_ )T2pminpminak

E[||7T*(¢wk7ﬂk) — Toy, ”2]

8|S|Ly ¢
(]‘ - ’V)szilinp?ninak

E[af] +

We provide the proof of Lemmal6]in Section[D.6]
As Jy has Ly -Lipschitz gradients,
‘]f (ﬂ-Gk P ¢wk+1 5 ﬂk-‘rl) - Jf (’/T9k+1 ) ¢wk+1 5 ﬂk-i—l)

. L
< (Vo p (Mo G i) O = O) + - [Oxr — O

LVO‘% PN I\)12
| F (O, ws fire, Vi ke, Sks Qs iy 53) |

= — (Vo (Togs Do ys ftk+1)s F (O Wiy fies Viotes Sk @k by 3,)) +

(Vo T f(Toy s Do rrs ilht1)s F (O, Whs fiks Vi ks @by by 8%) — F (O Wiy fie, Vi)

~ _ ~ ¥ B ~ To, s Py, >k
- O‘k<v9‘]f(7r9ka¢)wk+1vﬂk+1)7F(0k7wkaﬂka Vf,k) - (ekawkauka Vf ok » “k)>

Lya}

BN F (O, i, ks Vs S1es ares biey 83|12,
(57)

— ap(Vod (7o, D yrs k1), Vod r(Toy, Doy, i) +

where the final equation follows from Vy.J (g, G, 1) = F (6, w, 1, VJZ””%’”) for all 0, w, .

For the first term of (37),

— arE[(VoJy (o, Puyrs k1), F(Or, wh, L, Vi ks ks @i, b, 53) — F Ok, wi, fie, Vi)

= —B[(Vo Ty (T, Buns k), ELF O, Wi, fiiey Viotes Sker @y b, ) — F (O, wie, fuey Vi) | Fre1))]

+ arE[(VoJ s (o, , dus fir) — Vo (Mo, Py s frr1)s F (O, Wiy fi, Vi s ks iy b, 83) — F (O, Wi, iy Vi)
= A E[(VoJ (o, s Buns i) — VoI £ (Mo s Do 1s itk +1)s F (O Wy fi, Viotes Sk Ok by 8) — F Oy wi, fies Vig)))]
<2Bray - LvE[|¢wiy — Pyl + [l fiks1 — fi]l]
< 2BpLyoak(BpCk + Buék)
< 2Bp(Bp + Bu)ark, (58)

where the last inequality follows from (j < &.
For the second term of (7)),

~ 7 ~ 3 R ~ ooy 51
— (Vo £ (70, uopyr s fiki1)s F (O, iy ik, Vi) — F (O, wi, i, V770 ))

) B ofi
*HVle(ﬂek,%kﬂ,ukﬂ)”z + 20| F Ok wie, fiks Vig) = F (O wp, fi, V00|12

I /\

I /\

7Hv01]f(779k7¢wkaﬂk M? + —HVng Tors Buonras fiht1) — Vo £ (Top s s fur)||* + QL%/OtkE}/,k

A A A
< 0 P + 2 ([0 = |+ i — ) + 2L el
Qg N L Qg
< ZHvle(?Tek,%k,ﬂk)HQ + v2 (BhGE + BREY) + 2Ly cney,
A N
< ZHVGJf(ﬂ-@m(bwk?ﬂk)Hz + 2L\2/ak5}/:k + L%/f;i (59)

where the third inequality is a result of the Lipschitz continuity of the value function, and the last
inequality follows from the step size condition oy, < ﬁ and (; < &g.
D H

For the third term of (37),
- ozk<Vng(7r9k_ ) ¢wk+1 ) .[j’k-‘rl)v vajf(Ter ) ¢wk ’ ,ak')>
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— || Vo §(Toy s Puns i) ||* + ke (Vo d t(Tors Puons fik) — VoI ¢ (Tors Bun1s flit1)s VoI (Top s uon s fik))

< —%||V9Jf(779k,¢wmﬂk)||2 + %”ngf(ﬂ-ek)qéwkvﬂk) = Vo ¢ (79, Punsr s 1) ||

< =S I90 1 (R G ) |2+ L (s = b |2+ i — i)

< —%||vle<m,¢wm>||2 + Ly an(BHCE + BHED)

<- ||v9‘]f(ﬂ-9k7¢wk7:u’k)” + 2L &, (60)

where the last inequality again uses the step size condition oy, < ﬁ and (; < &.
Substituting (38)-(60) into (37) and taking the expectation,
ElJ 5 (Tors Pon s Bt 1) = T (Tops1s Puyns k)]
< 2Br(Bp + Bu)axéi, + %E[Hvejf(ﬂom¢wk7ﬂk)||2] +2L3 i Blef ] + L 6
— SPEIV T (o, G in)II) + 213

o ~
<~ ElIVo Ty (o b ) [°] + 2L2vak1E[s¥,k] +3LY& +2Br(Bp + Br)arge.  (61)

Under entropy regularization, .Jy satisfies a non-uniform PL condition with respect to the follower’s
policy [Mei et al., [2020]]. Specifically, for any 0, ¢, u,

2(1 — 2 2.
Vo5 (mo, 6, )] 2 2 ”;’f winlisin (1, (5 (6, 1), 6 1) = Ty (7o 6 1)). (62)

The inequality in this specific form is adapted from Zeng et al.|[2022]][Lemma 4].
Combining (61) with (62) leads to

]E[']f (7T9k ) ¢Wk+1 ) /:('k-i-l) - ']f (7T€;€+1 ) ¢wk+1 ) ,ak-i-l)]
[0 N
< *TSE[Hvle(Wek,¢wkauk)||2] +2L3axElef )] + 3LV £ + 2Br(Bp + Bi)ond

3(1 — V)T ?ninp?nina * ~ R .
3 )8p8| K (Jf(w (Buns i) Doy s f1r:) — J,(m,k,%,uk))

< —*E[HVle(?Tem%k’Mk)H | + 2L axE[e} 1] 4+ 3L R + 2Bp(Bp + Br)arée

_ 3(1 — 7)7- pminpminak
8|S

where the last inequality follows from (36).

(7% (B s i) — o> (63)

Within this subsection, we denote xy, = (¢,,, , fix;). Due to the Ly -smoothness of the function .J,
we have

Jf(ﬂ—ek7¢wk7ﬂk) - Jf(ﬂ9k7¢wk+17ﬂk+1)
. L
< —(Vady (T, Guns i) Thg1 — Th) + 7V||$k+1 — z|?
. . Ly
= —(VaJ ¢ (o, Pups i) = Vad (T, Qs fik) |n=rv (g, in) Tht1 — The) + 7||$k+1 — zp|?
- <vaf(7T, ¢wk7ﬂk) |7r:7r*(¢wk k) Tk41 — Z‘k>

. . Ly
= —(Vad (o, Pups i) — Vad (T, G, fik) |n=rv (4, in) Tht1 — T) + 7||33k+1 — apl?
- <vx<]f(7r*(¢wk7/lk)7 qswkv,ak‘)axk-‘rl - $k>

. . Ly
< —(Vadp(Toy, by fik) = Vad (T, Gues k) |rmrr (b in)» Tht1 — The) + 7||9€k+1 — x)?

. . . . Ly
+ (Jf(ﬂ*(¢wkvuk)7 (bwka,uk:) - Jf(ﬂ*(¢wk+1uu/k:+1)a ¢wk+1a,uk:+1)) + TH-rk-i-l - kaza
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where the second inequality follows from the fact that for an L-smooth function f : R — R
we have f(x) — f(y) —(Vf(z),y — ) — Z|ly — z||>. The second equations above uses the
relationship V,J¢ (7 (oo k) ¢wk,uk) Vaud t (T, ey i) [r=r+ (g, ,x)» Which holds as the
partial gradient with respect to 7 is zero at the optimizer (under entropy regularization 7 > 0, the
policy m* (¢, p) is in the interior of the probability simplex for any ¢, u), i.e.

Oy (7 (G f1k), e 1) _
T (P i) '

Taking the expectation and plugging in the result from Lemma 6]

E[Jf (7T9k ) (bwk ) ﬂk) - Jf (7-‘-91c ) ¢wk+1 ) ﬂk-‘rl)]

28| LY L LR

(1 =N 72P3 i Piin Ok N 2 * 2
< 4|8| ]E[H,]T*(wawﬂk) — Toy, ” ] + (1 — ,Y) 2p123manZninO%E[”7r (¢wk7ﬂk) — T ” ]
ALY oo | OSIPLLIBIRG | SSIBGE oy
[e}] + e+t a3 s [er k]
(1 7) pminpminak (1 ’Y) pmmpmmak (1 ’Y)T PminPmin ¥k
+ (Jf(ﬂ*(¢wk7ﬂk)7 ¢Wk7ﬂk3) - Jf(ﬁ*(¢wk+1 ) ﬂk+1)7 ¢Wk+1’lak7+1)> + LVE[”xk-i-l - xk”2]'

(64)

Now, we combine (63) and (64). Recall the definition of ] in (I3).
E[ﬁfg-s-l — &g
= E[Jf (7T9k ) d)wk ) /lk) - ']f (ﬂ'gk 9 ¢wk+1 ) ﬂk+1)]
+E[J (70, Pupeyrs 1) — T (Top 415 Puonyr s ket 1)]
+ ]E[Jf (ﬂ-* (¢wk+1 ) ﬂk"rl)? ¢wk+1 ) /lk-i-l) - ']f (ﬂ-* (¢Wk 3 /ak)a d)wk 5 /:Lk)]
1—)7203. p2. N 2|S|L2 L2 1.2, £2
< U7 Pl e, ol
4|8| - 7) pmmpminak
ARG o, WOSIPLY LIS o

E[”ﬂ—*((bwmﬂk) — Toy ”2]
8|S|L%/CI% E[ 14 }

— Toy ”2] + (1

5
(1 - V)Tprninp?ninak b (1 7) pmlnprmnak [ ] (1 - V)T2p§ninpr2ninak L
+ Ly (lokt1 — wrll® + [l irtr — anll®)
- *E[||V6Jf(7fok7¢w“uk)|| |+ 2Ly onBle ] + 3LV &L + 2Br(Bp + Bu) ke
3(1 B ’Y)T pminpminak ~
- 8|S| Hﬂ-*((bwk):u’k) _ﬂ-ek”z
« .
<- ’“E[nvle(m,mk,uk)nﬂ +2L3 i Eley ]
2|S|L? 16|S|L2LE L2 L2, €2 8|S| L3 ¢2
S| V772 E[ef] 4 S| - \g D2H§k E[sﬁ] + | 2| 3V<k2 E[&Vk}
(1 - 7) pmlnpmlnak (1 - PY) PminPmin Ck (1 - ’Y)T PminPmin ¥k '
+ 3L} &) + 2Br(Bp + B)ayé, + Ly (Bh(r + BHER)
« N 2|S|L2 n2 16SL2L4L2L2
< Oy Gy )]+ By y 1015 i ey

(1 - 7)T2pr3ninpr2ninak (1 ’Y)T pmlnpmln k
8|S|LY Gi

(1 = )72 PiinPinin Ok

Ele/s] + 2LY i EleY ] + 3Br(Bp + Br)owéy,

—_— 2,3 . 2 . . .
where the second inequality uses the step size condition g—’; < W’ and the last inequality

Sk BH & < Br(Bp+Bm)
is due to the step size condition ¢ < and 3* < Lv(232 T3Ly)

C.4  Proof of Proposition[d]

We introduce a technical lemma below, which bounds an important cross term in the proof of the
proposition.
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Lemma 7 Under the assumptions and step sizes of Proposition[d] we have for all k > 0

¥ T s Puwy, > [ ~ ~ ¥ o, s Pwy, > Bk ™ P N
E[(Vys — Vi 4 8GOk, w, fi, Vi), VG0 o M — e P B

1 - ™ Wi
< (=) 5 )b E[|V}.k -V Oy ik + BrG (O, wry ik, Vig) ||
6LY o ey, OLVLEEE V’)z(k
+ ———-E|||VoJs(mg,, , 4 VYV HPRT] E
A= )5 E[IVoJ s (7o, Doy i) [|I7] + 1= )5 [ek] 1= )5 B4
16L2L3, L3, E} 6Ly Cr BV, 24L% Lo

)i Pk oy Bl + (205, Bletal + Luv(Br + Bp + Bu)al.

The proof of the lemma can be found in Section[D.7]
By the definition of {—:}/} ;. and the update rule ‘A/fy ks

y Top g1 0Pe s B
E}/:’“rl = [V k41 — Vi k1 Popprs Bt E

> ~ >y u P s bk
= |1, (Vﬂk + ﬂkGf(Hk, iy Vi ks Sk Gy D,y s;c)) _ Vf 041 Pwptrr Phtl ||2

2

IN

3 ~ 3 ™ ,Pw s ke
Vf’k + ﬁkGf(ek, e, Vf’k, Sky Ak, b, S;C) _ Vf Op 17 Pwpyrs Hk+1

= \Vik — Vfﬂ9k7¢wk’#k + BeGy (O, wi, i, Vi) + B (Gf(i%, fuies Vi Sk s iy %) — G (O, i fi Vf,k))

+ V7"9k5¢wk7ﬂk B Vﬂ'ek+17¢wk+17ﬂk+1 2
f f

IN

> o, Py » i A P 2
Vi — Voo i +BkGf(9k;Wk7Mkan,k)‘)

+ 282G Ok, i, Viotos Sk Qs b, 83) — Gy (O, Wi, fie, Vig)||?

. - 2
To, sPuwy s fk o é fk+1
JrQHVf e 7Vf e

+ ﬁk<vf,k - Vfﬂ-ek7¢Wk’uk + Bkéf(ekvwkvﬂka Vf,k?)vGf(ekvﬂkaVf,kuskvakabkvsgg) - Gf(ekawkaﬂkv Vf,k)>

+ <"\/f7k . Vfﬂ'Qk 7¢“"k s Mk + /Bkéf (9k7 W, ﬂk, ‘A/f,k-)’ V]Zrek ’d)“’k s Mk . V;@k,+1 7¢“"k+1 s kat+l>7
(65)
where the first inequality follows from the fact that the projection to a convex set is non-expansive.
To bound the first term of (63),

7= Vo 0 4 54O Vf,k)‘f
= Vi = V0 P2 o BRG Ok wis i Vi) |2 + 286V — V0% ™ G Ok, wrs i Vii)
= [Vpse = V2 P2 4 BRIG Ok s i, Vik) — Gy (O e i,

+ 281 (Vpge = V7 GO, s fiies Vi) — G (B e i, V0476
= [V — V75O P12 1 BRIG (B, ws ik Vi) —

+ 284 (Vf i — V“k’%k’”’“) (yPox s e ] (Vf - V””’f’%’“’”’“)
< Vg = V0 P2 LB BRIV — V]P0 P42 2y = 1) BV — Vo0 2
< (1= (1 =Btk (66)

Vﬂek,¢wk7uk)”2

)¢W 7/\‘
f(9k,wk7uk,Vﬂe’“ |12

where the last inequality follows from the step size condition 3, < 11:_27'
G
For the third term of (63),

Py s ik e P 7ﬂk R R
2||Vf7rek ko Mk Vf k+1 k41 +1||2 S 6L%/(||7T9k+1 7 7r0k||2 + ||¢)Wk+1 o ¢WkH2 + HNkJrl o Mk||2)2
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<613 (Bho} + BhG + Bh¢})
< 6L%(Br + Bp + Br)*aj. (67)

Note that the fourth term of (63)) vanishes in expectation. Collecting the bounds from (66), (67), and
Lemmal7} we have

Ele} epa] < (1= (1= 7)B)Elef ] + 2BREG s Ok, fu, Viokes Skes s b, k) — G (O, wie, fue, Vo) |17

+6L%,(Br + Bp + Bp)*a;

1-— To, sy s ke
T 2.3 A L A e RO

2
b P90 )] + Sk e+ ZEV L )
WE[ ¥+ u_‘;C)ICBkE[E}/’k} + WE[ Vi) + Lvv(Br + Bp + Bu)?aj,
<a-4 _QV)B’C + (16La§’3ﬁk )E[e} ] + 8BZS; + (6L3 + Lyv)(Br + Bp + B)’aj,
+ %En|vwf<m¢wk>|| |+ Sty o S g
<(- %)Ekm " mﬁnvwﬂm,mk,ﬂwnﬂ + Sk gy
S+ o Rl )

where the second inequality follows from ||V x — V""" P Bk BeG (O, wie, fue, Vi) I < €Y

established in (66)), and the last inequality follows from the step size conditions C’f < 2\1[22 and
QBG

Br = \/6L%,+LVV(BF+BD+BH)'

The bound on E[e), | can be established using an identical argument, under the step size condition
ok < 1oy

Brx — 4V6LyLp
|

D Proof of Lemmas

D.1 Proof of Lemmalll

We focus on proving the inequalities under the follower’s reward and note that the same argument
can be used for the leader’s cumulative reward and value function.

We show the Lipschitz continuity conditions first. Fixing the mean field and leader’s policy, the
follower’s problem reduces to a standard infinite-horizon discounted-reward MDP, in which it is
well-known that the value function is Lipschitz and smooth with respect to the follower’s policy
parameter. Specifically, adapting |[Zeng et al.|[2021]][Lemma B.5], we have

[VFodet — yTondurb) < (10 = O[] + |¢w — b |])- (68)

2
(1 =)
This means that to show (31)) it suffices for us to show the Lipschitz continuity of Vf”"’%’“ with
respect to p. The value function can be expressed as

1
Vi (s) = - dy @1 (s")m(a | )b ] s')rs(s, a,b, p)

s’,a,b
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1
14
=] (I —yP™o#)~ Ty, (69)

<d7r L b, }f»¢1ﬂ>

where e, € RISI denotes a vector with 1 at entry s and zero otherwise, and r}r’¢’” € RISI denotes the
marginalized reward such that

PR (s ersab,u m(a|s)p(b] s).

We have from (69)
IV or —veon|

— (([ _ 7P”’¢"L)_TT}T’¢’“ _ (I _ ,ypvr,q&,u )—Tr}wb,u )
= (([ — AP (] — ,ypm@u’)—'l')r}r,@u +(I- ,ypmaﬁ,u’)—'l' (T}T@,u _ r}ww’)
= (1= AP )T (1 =y P70 )T — (I = y PRt T) (1 — Py Tyot
DT N=T (b
+ (I —yP™%H) (rf T} )

<N =Py T (=P T — (1= AP T |1 =y P )T

+ (I - ,ypw,mt )~ ﬂ B ;,w H
1 ,
< g .,YHPTMIW pmdhu || / + H TP, f,dw H
-
Lpy+/|S]
Si(_ 5 |l —M||+ ||M |
Lpvy+/ |S
< ( )H — ], (70)
(1 *’7)2

where the second last inequality follows from Assumption [I]

Combining (68) and (70) implies (29), which obviously leads to (28) as J¢(m, ¢, u) is simply
V745, p)

To show the smoothness conditions, we note that again adapting |Zeng et al.|[2021][Lemma B.5], we
have

vavf”mﬁ%# _ vevfﬂ'e/ Dol

| <

8 / T, Pw s oDt o1t
S WHQ -0, ||VwVf — VoV

| <

T (1-9)3

lo =1,

This implies (30).
To show (31)), we differentiate Vfﬂ’d)’“ with respect to p. It can be seen from (69) that

T P - P, T T, =T P, 0, =T T,
VuVy “—’y(I—'yP ¢’u) (VHP ¢M) (I—'yP ¢u) 7 M-l—([—’yP qﬁu) VT "
Therefore, we have
HV,LV;W’“ _ VMVfW’¢’” H
o) T T T pou) N TR R RN - LRONTY T b, _Tvr,dhul
e I U N I e (e L I AT I (R T I
T =T s T ! =T T, !
+ 9] (I*’}/P ’¢7”) V“va¢># _ (I — P mb,u) V/ﬂ"f [oNY I

— ’ -T 1
<A (T = Pro) T = (1P ) L S

37



1 T N T 1
Frpe (VP o) (VP ) VIS

—_ 1—~
1 — ’ =T
b L (I = Pro) T (1P ) 18]
1

LN LNy
-~ 5 -Lp- -~ ||Vr V,ﬂ“f I

AT
+ 'Y” (VMPTMML) _ (VMPW’¢’“ ) H L,
+yLp - [V ot = V|

2’YLP 8 T 7 =T L 7 -7 v S I 7 L 7
LV (1= qpreon) T - (1P ) T (L L) [0, PT - 9,

vLp L .
+ (* 'YLP) A7 Ty — Vot
(1—-7)? ” Wy

27LP 8 ™ 4 =T T ' T T 7 T T 0! —-T
= ?\/ﬁ” (I =~Pmom) | (I—VP ot ) — (I =~yP™) | ([_yp b ) I
v vLp
¥ (( S L) Lol — )+ (255 +Le)Leln i)
2’)/pr/ 8 - - , ~ SLP
< (1_7)|3 . ’YHVNP RoNTEE VMP NN || —+ 2((1/_;’2)2 + ’YLPLT) ||/1' _ /J//H

- (272\/\5|L?a 2vV/IS[Lp

: 9L Lr) |,

where we have plugged in the smoothness bounds on P and ¢ from Assumption E

|
D.2 Proof of Lemmal[2
Note that the discounted occupancy measure can be expressed as
dy®t = (1 =~)(I =y P™?") " p. (71)

This implies
H Z ﬂ'91,¢'u1 Ml( )Pﬂ91,¢w1 Nl( | S) 71'92,¢w2 N2( )Pﬂ927¢w2 H?(. | S))H
:( —’y)HPmﬂl’%}l /Ll(]_,ypﬂela¢w1 H1y= p_Pw927¢7w2u2(]—’yPW021¢w2M2)—1

< (1= )llpl[[[Pron: G ttr — Proa Sz b2 |[|[(] — yPTox G k) 7|
+ (L= )plll| PTez 2 #2[[[(I — yPToxs Gen )=t — (I — yPTea Sz iz) =1 |

Pl

< (1 =) (Ll = pzll + o, = mou | + 6 = b} -

-y
+ (1= (I =Pz ez b2) "L [[(T — y P02 P2 “2) — (I =y Pmon P F[|[(T — yPTows e k) =1 |
< (LPHﬂl — p2|| + [lmo, — mo, || + [Py — gi)wQH) ||P7761»¢w1 L PToys g 2|
1
< == (Ll =yl + o, = ] + 1 —%n)

1
< ﬁ(LP”le,UQH+||01792H+||w17wQH)’

where the second inequality follows from Assumption [T]and the fact that the state transition matrix is
1-Lipschitz in the policies, and the final inequality is due to the 1-Lipschitz continuity of the softmax
function.
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D.3 Proof of Lemma[3

Note that Vg log mg(a | s) can be expressed entry-wise as

ol
%=1[s=s’]<l[a=a’]—m<a’\s>>, (72)
which implies

[Velogms(a | s)ll2 < [[Vologmg(a|s)[i <1+1=2. (73)
By the definition of F/,

10, 1, Vi, 50,0, 8")[| < [|Vglogmo(a | S)H‘Tf(sa a,b, p) + 7E(mg, 5) + Vi (s") = Vi (s)

<2(1+rlog|A|+~By + By)
=2(1+v)By + 27log |A] + 2,

where the second inequality applies (73).

By a similar argument, we can show

I1D(w, 1, Vi, 5,0, 8") | < 2(1+ ) By + 2.

For H, we have
[ H (s 8)|| = lles — pll < llesl| + [[pl] < 2.
For the GG operators,
||Gf(0,u, Vfa S, a7ba S/)H < HeSH Tf(&(l, ba ‘LL) + TE(ﬂ'g, S) =+ ’VVf(S/) - Vf(s)
<1-(1+rlogl|A|+~By + By)
=(1+~)By +1log|A| + 1.

Similarly,
|G (w, 1, Vi, 5,0, 8" )| < (1+~)By + 1.

D.4 Proof of Lemma
By the definition of F,

[ F(61,w1, 1, Vi) — F(02,w2, p2, Va) ||
= ||ESN [F(917M17 ‘/h S, a, b7 S/)]

[F(925M27‘/2757aab7 8/)”‘

Ty Pwq s K1
P

d sanvtgy (+]8),b~dwy (+]8),s' ~PHL(+]s,a,b)

_]E 7"92«¢w2‘ﬂ2

s~vd, 1~y (+]8),b~Buy (¢|5),8'~PH2(-[s,a,b)

= 3 (@m0 | )0u 0] P |5, a,0)

s,a,b,s’
- d‘gezw¢u2 re (3)71'92 (a | 5)¢w2 (b | S)PHQ (5/ | 5, a))F(OQv H2, V27 S, Q, b’ sl)

+]E 7"91«¢w1‘lﬂ1

s~vd, sa~vmoy (+]8),b~duy (¢|s),8'~PHL(:[s,a,b)

[F(elaﬂlavlasaavba S/) - F(@Q,MQ,‘/Q,S,CL,Z), 5/)]H

[F(915M17V1737aab7 8/) - F(925/J’27V2757aab5 S/)}H

<]

E o0
smady VT g (+15),bny (15),8'~ P (:]s,0,b)

+Br| D (A5 (s)ma, (@] )y (b | )P (S | 5,0,) = 4y O (), (a | )6 (b ] )PP (S| 5,0))
s,a,b,s’

<]

E 60,
sevd, U TV gy, ()b (]),s'~PRL (-] s,a,b)

[F(917M17V178ua7b7 Sl) - F(027,u27‘/2787a7b7 Sl)]H
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+ BF’ Z (d;el’d)wl i (S)P”"l’d’wl M1 (s' | 5) _ dg"z’d’% H2 (S)PTFBQ’ Puwy M2 (8/ | 8)) ’ (74)

s,s’

To bound the first term of (74),
|F (01,11, V1,8,a,b,8) — F(0a, 2, Va, s,a,b,5)||
= ||Vologmg, (a | s)(rs(s,a,b, u1) + 7E(mg,,s) + vVi(s') — Vi(s))
— Vologmg,(a | s)(rs(s,a,b, p2) + TE(mg,, s) +vVa(s) — Va(s))||

< |[Vologmo, (a|s) = Vglogma,(als)||rs(s a,b, p) +7E(re,, ) +yVi(s') = Vi(s)

+ [|[Vologma,(a | s)|||rs(s,a,b,u1) — (s, a,b, pa2) + 7E(mg,, s) — TE(mg,, 5)

FAVAS) = Vals') = Vals) + Vals))|
< 161~ 20| (1 + Tlog | 4] + (1+7)Bv)

4+ 8log |A|)T
+ 2Ll = pal + EEEE o, — g4 (14 ) - Vil

4+ 8log |A|)T
< (1 rogl + 14 By + C BT o) — ) 21 g+ 201+ IVE - Val,

(75)

where the second inequality is due to Lipschitz continuity of the entropy function (see |Zeng et al.
[2022][Lemma 6]) and the boundedness and 1-Lipschitz continuity of Vg log my, which is obvious

from (72) and (73).

By Lemma[2] we have for the second term of (74)),

Br| 30 (51 (s) P a1 (1 | 5) — dp2 2 2 (5) Pows a2 (! | 5))|

s,s’
S BF Z (d291a¢w1 M1 <S>P‘n’917¢W1 H1(, | S) _ d2927¢w2 H?(S)Pﬂ927¢w2 HZ(. | S)>H
Br
< o (Lellon = pall + 10 = ]+ len = wal]) 76)

Substituting (73) and (76)) into (74), we have
HF(lewlvﬂlv‘/l) - F(627w27/l27‘/2)||
4+ 8log|A|)T
< (1 rtogtl + By + EEEEITY o, — g4 28, ol + 2014 9) Vi - Vel

B
+ ﬁ(Lpllm — izl + 1101 = 62l + [l — s

B (4+ 8log|A|)T Br
<1+TlOgA|+(1+’Y)Bv+ e +1_7 161 — 62]|

BrL B
+ (2L,.+ - ;’) s = pall + T llwor = | + 41V = Val|

This  obviously leads to the claimed result by  setting Lp =

4+8log |A|)T
max{1+Tlog\A|+(1+’y)Bv+7( ool 4 Be or, + Bele Be 4

The Lipschitz continuity of D can be shown using almost identical steps, which we will skip.

For H, we can adopt a similar argument
[H (71, w1, 1) — H (72, wa, po) |
S NE, o mie dwy o [H(p1,5) — H(p2, 8)]|| + BH’ Z (dgel»ml M (s) — d;jewm 2 (s)) ’
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S ||,LL1 - /4L2H + H Z (d§91’¢w1 HI(S)PTI'617¢M1 Nl(. ‘ S) _ d7pr€2’¢w2 P«2(8)P7T¢92,¢w2 .“2(, | S)) H

<l = sl + == (Ll = gl + 116 = 6ol + on — ol

< Lu([|01 = b2 + llwr — wall + l1 — pe2l)),
with Ly = max{%, 1}.
For Gf, we again split ||Gf (61, w1, p1, V1) —G'f (02, wa, pa, V2)|| into two parts and invoke Lemma
G (01, w1, 11, Vi) — Gy (02, w2, 2, Va) |

S ||IE d7\'91=¢w1 5% )[Gf(917/f61a‘/178aa,b7 S/) _Gf(927/’(‘27‘/2a8aa/a b, S/)]H
s~ap

,a~vmey (+]8),b~duwy (+18),8' ~PHL(|s,a,b

+ Be Z (d:)"91’¢w1 M1 (S)Pﬂ'el,¢w1 H1 (S/ | S) B d292’¢w2 M2 (S)Pwe2,¢w2 Hz(s/ | S))‘
< ‘Tf(svav b, :ul) - rf(sv a,b, /1'2) + TE(W9U S) - TE(W%?S) + 'VVl(S/) - PYVQ(S/) - Vl(s) + VQ(S))
B
b (Lelln = pall + 10 = 021l + Jlon = al)
(4+810g|.»4‘)7‘ BG ) BGLP BG
< 0y — Oo|| + (L, _ - 2Vi — Val.
_( EE Mg [[61 — B2 + ( +1_,y)|\u1 #2||+1_7||W1 wa| +2[[V1 = Vol
Similarly,
|G (wr, p1, Vi) — Gi(wa, p2, Va) ||
N ’
< ”Esfvd::gl’d)“’l M1 Jang, (18) b, (15),8'~PH1 (-]5,a,b) [Gl(ﬂla Vl; S, a, ba S ) Gl(,“Q, V27 S, ba s )]”
+ BG Z (d;91’¢W1 NI(S)Pﬂ'Ql,(]ﬁwl ul(S/ | S) . d;92’¢w2 N2(S)Pﬂ'927¢w2 H2(8/ | S))’
< ’m(s, b, 1) = ri(s, 0, p2) +yVi(s") = AVa(s) — Vi(s) + VQ(S))’
B
s (Bl = poll #1101 = o]+ er — oa] )
Bg BgLp Bg
< 6, — 0, + (L, - - 20Vi — Val.
< 1_7H 1= Oa2f| + (Lr + T M = pall + 1_,y||W1 wa +2[[Vi = V2|

D.5 Proof of Lemmal[3]
Within the proof of Lemma[5] we use the shorthand notation

Yk = /lk - M*(qbwk) + Skg(W*(¢wkﬂ ﬂk)ﬂ Wik ﬂk)

As the operator p* is Lipschitz, we know from the mean-value theorem that there exists wi,; =
zwi, + (1 — z)wy41 for some scalar z € [0, 1] such that

1 (bunyr) = 17 (D) = Vet (P, ) (Wri1 — wi)
= G Veutt* (buz, ) " D(wr, fik, Vik, Sk b, 57,)
= GVt (i) T D@ fines Vi)
+ Ckvwﬂ*@wgﬂ)T (D(wk> fike, Vik Sk, by %) — D(Wr, i, Vlk))

This implies
E[{ftr — 1" (Pur) + EH (T (Duops fir)s Wis fire)s 1 (Punes1) — 1" (6u0))]
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= GE[(yk, Voo™ (duz, ) " D@y ik, Vig)]
+ GE[(yk, Vor* (duz, )" (D(wk, fuies Viokes Sk Dy 83,) — D(wk, fi Vz,k))>]

= GE[(yk, Vurt* (buz, ) " Dk, fir, Vig))]
+ CE[(k (un*(%;;ﬂ) - un*(%k))T (D(wk,ﬂm Viks Sk by 8) — D(wie, i Vz,k))ﬂ
+ GE[(k, Vot (b)) "E[D (Wi, fik, Viks Sk, brs 85) — D(wis fis Vie) | Fiee1])]

= GE[(yk, Vrr* (duz, ) T D(Wh, fir, Vik)]

T N _ N
+ CGE[(yk, (ku*(¢w§+1) - Vw/l*(%k)) (D(wk,ﬂk, Viks 8ks bk, 8) — D(wg, fik, Vl,k))>]-
(77)

To bound the first term of (77), note that by Assumption [Z]and the fact that the softmax operator is
1-Lipschitz
Ch (ks Volt* (buz, ) T D(wh, fik, Vik))
< LGk |lyk 1D (@, fi, Vii)

(1 —9)¢& 9 4L2§,c
< — >k _ID
T lyxll” + (1 —0)& 1D (wk, fu, Vi) ||
(1—0)& 8L2(} Gug " (Do)
< THMHQ + ﬁHD(%a (G ), VTP
8L2(? Bug 1 (Duy,)
*Gt*%WDmenm» Dl 1 (), Vo 00y 2
(1 —0)&k 8L2¢}
S 17Hyk||2 (1 )k HV Jl(Qstk,,LL) |M n* ¢Wk ||2
16L2L%, ¢} 16L2 L% (3 borp 1 (b )
+(17])3k||uk 1 (b )12 + (7')3'“”‘%—‘/ S
(1 —0)&k 2 5 * 2, 16L2L%Ck u* 2
< - — £k 7 T D>k
B2LPLECE | bupoiin b (b)) 2 S2LELECE uop ot 12
Jr(1_w||vz -V | WHVM*VZ |
1-46 8L*n3¢E 48L% L% L4} 32L%L3
<Oy, oy SEMGE o | BLVIDRG | SULDGEy, 79)
16 (1 —0)&k (1 —0)&k (1 —0)&k
where the fifth inequality follows from Assumption [6]
To bound the second term of (77)),
T . _ «
By, (Yot (buz,,) = Vet (G) ) (Do it Vit 5 bs 5t) = Dl ik, Vi) )]
< 2BpGE[[[yellVor™(dw;, ) = Var” (¢w,) ]
< 2BpLGE[ykllll¢wz,, — durll]
< 2Bp LGE[[yk @y — Sunll]
< 2B} LGRE[ |yl
< B LGEE[|lyxl*] + BH LG (79)

Substituting (78) and (79) into ({77),
EK/J']C — K (¢wk) + ka(ﬂ- (¢wkauk)a Wk, ﬂk) *(¢wk+1) - *(d)wk)ﬂ
(L= gy 2y 4 BB gy gy | ABLPLV LG gy gy | 32 LD gy

=16 - 0)& (1= )& 1-0)&

(1]
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+ BLLGE[|ye|?] + B LG}

(1—0)& oy, SLPWEGE o o ABLPLYLHGE 32L°L3 ¢}
<——F + ok gt 4 —— VIDokpt) . T Dok + B3LLEE,
] [Hyk” ] (1 — 5)§k [ k] (1 _6)§k [ k] (1 — 5)6 [ lk] D Ck
where the last inequality follows from the step size conditions ( < 1 and g—z < %.

D.6 Proof of Lemmal6]
Within the proof of Lemma@ we denote xy, = (¢, , iix). By the law of total expectation,
- E[<V$Jf(ﬂ—9ka ¢wk 5 ﬂk) - VatJf(7T7 ¢wk ) ﬂk) |7r=7r*(¢wk,/lk)a Th4+1 — $k>]

= — (] _ Iy . CkD(wk7/ka7vl.,k’Sk7bk7S;€)
E[<V$Jf(7r9kﬂ¢wkhuk) VﬁJf(ﬂ_a (ybwkauk) |7r=7r*(¢wk,uk)7E |: ng(/lkv gk) ‘Fk—l ”

_ AN - A Ce D(wi, ik, Vir,)

- EKVCEJf(Tervd)wka,Ufk) szf(Wa¢wkaﬂk) |7r=7r*(¢wk,uk)a |: ng(WOk;Wmﬂk) >]
< (1 — ’Y)T2p§ninpr2ninak’

- 4|8|LF,

SILY G S A U2 |SILY &R

E[|D Vi

(1= V)70 i Ponin Ok 16k, . Vi) 1+ 5 = V)72 PinDoin
(1 B 7)T2p§ninpr2ninak

]E[|‘V$Jf(7r9kv¢wkvﬂk) - vaf(”? wamﬂk) |7r:7r*(¢wk k) ”2]

E[Hg(ﬂ-ek’wkvﬂk)”ﬂ

< QT P, ) = )
(1’Sgﬁii%gwEmD“%N“¢%%W%“MWWUW]
u_;ﬂgﬁ%ﬂgwmwwwﬂmwﬂw—mwwwm%mwwwﬂ
218115

E[||H (7, , w, fi) = H (" (buy fir), wiy i) 1]

(1 - ,Y)Tprninp?ninak
< (1 B ’Y)szf’ninprzninak
- 41S|

28| L2,
=) 71010 0. 1)
USWETDG gl (0] + S DG
(1 - W)Tprninpl?ninak o (1 - ’y)TQp?ninpaninak
2|S| L3 [2,¢2 ) o,

- 7)72[‘,/3 'Dp; o LyE[lin — 1 (@) 1P + L2 i — 17 (b)) |1%]

2|8|LY LE,ER

(1= )72 0 Piin Ok

(1 B 7)T2p13ninp12‘ﬂinak
- 41S|
2|8 L3 A|S|L2 13,2

DB 17, ] + g 2

8|S|L3 LHGr RV i _ e G 12 8|8| LY LG

(1 - ) 2p?mnpfmnak ! ! (1 - ’Y)Tprninp?ninak

A|S|L2L2 L2 L%, €2 2|S|L2 L2, L2, &2
TEE 7 kkE[ll — 1 (b)) |I] + a 77)72/)3]3, pg.kak]E[HW*(%mk) — 7, |I°]

E[|7* (¢u fir) — 7o, |1%]

B Vi — ;"))

L%{E[“W*(¢wk7ﬂk) — Ty, ||2]

E[|7* ($wy, k) — 7o, 1]

Eflln — 1* (éu)[1%]

E[[[Vis — V"™ )%)
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28| LY Ly L&k

(1 = )72 03 i Phin Otk ) ) ,
< min’min E * o s o E * o i) —
< 1| 7™ (Pees fir) — o, [I7] + (1_7) 28 2 an 7 (Perin.) — o [I7]
(1 7) pminpminak b (1 ’Y) pmmpmmak (1_7)7—2pfninp?ninak "
(80)

where the second inequality follows from the fact that H(7*(¢),wg, u*(¢)) = 0, and the last
inequality simplifies and combines terms under the step size condition g—: < LLy.

D.7 Proof of Lemmal7|

Within the proof of this lemma, we employ the shorthand notation xp = [0k, ws, fix], {(xr) =

ToL s Py, s Bk
Vf k2TERTTE and

y Py ~ 7 v
Yo = Vip — anek R BrG Ok, wi, fr, Vik)-

The value function is smooth, i.e. has Lipschitz gradients. As a result, we have from the mean-value
theorem that there exists #f_ ; = zxy + (1 — 2)x)41 for some scalar z € [0, 1] such that

U(wg) — £(Th11)
= Vab(aia)" (v =2

Pz, 0B T Moz sbwz s lEi1\ |
= (vav, ’““) (01 = i) + (v 50 B ) T ( — )

z 5¢w Lo Pk T/ .
+ (Vf k+l) (Mk - Mk+1)

ToE Izc+1’uz+1 T ~ ~ ’ _ R ~
f ) (F(9k,wk,,uk,Vm’Sk,ambk,Sk) - F<9kywkaﬂkavf,k))

D(wy, fu, Vi)

D (W ey Viks Sk bie, 85) — D(wk,ﬂk,ffz,k))

Toz | Pz 7ﬂi+1)T(

(7T\9k s WE, Mk)

H
d)w 7lik+1) (

+ & (Vovy T (s 55) = H (7o, 0, 1x) ). 81)

where we denote 0, | = 20k +(1—2)0k 41, Wiy = 2w+ (1= 2)wir1, 41 = 2l +(1—2) g
Plugging (8T) into the cross term of interest, we have
3 7w7A ~ ~ 3 ~awvA 7¢w. 7A
(Vg = VI8 P 8GO, wis i, Vi), V0000 M — e B iy
= Yk, U(zk) — Uzp+41))

1¢)w aﬂ2+1

.
= ap (Y, (Vev ) F(Or, wy, fures Vix))
¢w #k+1 T N ~ ’ — N ~
+ g (Yr (Vavf ) (F(amwc,uk, Vik)s Sk @i, bk, 53) — F (O, wi, fur, Vf,k))>
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+ Cr{Yw, (V Vf b Hl) D(wk, fir, Vik))
i o B T _ oA
+ Cr yk,< Hl) D(Whs fiks Vi, Sk biey S5) — D(wk>ﬂk7w,k)>>
Pty o B T _ .
+ & (Yns (V V Hl) H (7o, ,wr, fix))
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b€ (V075 Y (B 50) — H g, ) (82)

We bound each term of (82) individually. First, by Young’s inequality

ez e T o
0¢k<yk7 (vevf k+ ) F(9k7wka,ukavf7k)>

< Ly o[ yall|| F Ok, wres fie, Vi) |

(1 —7)Bx 2 SLVO%
< ——||yg F ekawkvukyv k
P P 4+ Pk P
(1 - 'V)Bk 2 GLVak ﬂ'e sy, iy (12
< - 7 Vv ko Pwg
6L% a2 70, »Pw
(1 _V’y)k ||F(0k,Wk,,LLk,Vf k) (ek,Wk,Mk,v P ”k)”Q
(1 —7)B 2 6Lvak 2, 6Lv0‘k v
< —lykll” + Vod (o, P s fk (33)

For the second term of (82)), we take the expectation
¢w ﬂi+1 T JRES ’ — Y
akE <yk7 (VGV ) <F(0kawka,uk7Vf,kysk:va’k7bkaSk') _F(Gkawkvluk7vf,k)>>
7¢w »/lerl ﬂgk,¢wk,ﬂk T ~ > / n ~ C
= o E[(yx, (VeV - VoV, ’ ) (F(ekawkvﬂk, Viks Sk, ke, bie, 83) — F(Og, wi, fur, Vf,k))]
iy w1 s il T ~ i = ~ .
+ arE[{y, (VHV On P #k) (F(0k7wkaﬂka Vi k» Sk ks bi, S),) — F(Gkawkvﬂkvvf,k))]

“’ ’ﬂz 1 To, Doy, > fk T A~ . = N »
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where the fifth inequality follows from the step size condition (i, < & < a4, and the second equation
follows from

m A\ T ~ — ~
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The third term of @) can be bounded similar to the first term,
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where the fifth inequality follows from Assumption [6]

(85)

For the fourth term of (82)), we again take the expectation and use the technique in (84)

¢w »llz+1 T . ~ ’ — R N
CeE(Yk, (V Vf ) (D(Wkaﬂhvf,ka Sk, bk, 83,) — D(w, fuk, Vf,lc))>

>¢w 7ﬂz+1

T, w ,Ak T ~ . — ~ -
= GE[(yr, (Vov = VoV, ot ) (D(Wlm,lim Viks 8k, O, 83,) — D(wkvlikavl,k))}

T, Wiy L T ~ A, = ~ kol
+ CGRE[(Yx, (Vev e M) (D(wky,ukavl,k,Skabk,S;c) - D(wk,#k,Vz,k))]
7¢w

= GE[(yx, (Ver

< 2BDCkE[||ka||V0Vf

7ﬁZ+1 ﬂ'gk,@%,ﬂk T ~ - / ™ ~ 9
—VQVf ) (D(wkaukaw,kyskvbk7sk) —D(Wk7/l:k,‘/l7k;))]
¢w aﬂz T Wy s
k+1 —V@Vf 9k’¢ k /”‘kH]
< 2B Lyv GEllyell (Imoz,., = mo, |l + 6z, = unll + 11 — i)
< 2B Lyv Gyl (1mo1s = 7o, |+ [ duns = Sl + s = )]

< 2BpLy v E[||lykll] (akBF + (s Bp + kaH)
< BpLyv(Br + Bp + Br)aiE[||lyx||?] + BrLyv(Br + Bp + Br)ai. (86)

For the fifth term of @ recall the definition of 7* in (Z) and (@)
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where the third inequality follows from the fact that H (7*(¢), wy., u*(¢)) = 0.
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Finally, for the last term of (82), we have in expectation
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Substituting (3)-(88) into [82), we have
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where the last inequality is due to the step size condition g: < 35551) and o <
. 1— X
mln{l’ 4LVV(BF+gD+BH)2 }
|

E Details on Example Satisfying Assumption [6]

Example 1 Consider a hierarchical mean field game in which the leader is stateless (S; = ), and
the follower’s state space Sy, the follower’s action space A, and the leader’s action space B all have
equal cardinality n. Let the actions and states be indexedasa =1,--- n€ A b=1,--- n€
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B,sy =1,---,n € 8. Suppose the transition kernel and reward function r; satisfy the conditions
Pi(sy 1 sp,a,0) =1(sy =1),  n(b,p) =1(b= 1)+ p(b),

where 1(-) denotes the indicator function (1 if the condition holds, 0 otherwise). We drop s; as an
argument from 1, since the leader’s state is vacuous. The follower’s reward r; can be any function
of s¢,a,b. This MFG satisfies Assumption @ with my = 2,m9 = 1/2. Clearly, the leader-follower
independence assumption in|Cui et al.|[2024]] is violated as the leader’s reward depends on the mean
field and the follower’s reward may depend on the leader’s action.

Below we justify that Example[T|indeed satisfies Assumption [6]but not the leader-follower indepen-
dence assumption in |Cui et al.|[2024].

The mean field induced by any leader’s policy is the same and satisfies the following
P (@)(s) =1(s = 1).
As the leader is stateless, we have

(6) = Y oO)rb, " (@) = > o) (16 = 1) + 1" (&) (1))

beB beB
=Y o)1 =1 +1(b=1)) = 26(1).
beB

As a result,
V(o) =2V, (1).
Similarly, we have
J(6,1m) = 300 (10 =1) + u(v)) = 6(1) + 3 6B)u(b),
beB b
which leads to

Vo Ji(bw, 1) |u:u*(¢w): Viuou(1).

Since Vo, @(¢w) = 2V, Ji(dw, ) |u=p+ (4.,)» the inequalities in Assumption@obviously hold with
m =2andn, =1/2.

F Appendix: Environment Definitions

F.1 Market Entrance

Followers Followers decide whether or not to buy (left) or sell (right) A = {buy, sell} a good at each
timestep, leading to the corresponding state s;4+1 = ax, S = A. The payoff for followers is based on
the proportion of other agents choosing the same action:

Tf(aka b, Sk, ,Uk) = *.uk(ak) +bonus * 1,4, —p,,

where a bonus is awarded for choosing the same action as the leader, as discussed below. The
transition kernel is independent of the mean field and a deterministic function of the action of the
representative agent:

P(sky1=8|sk = s,ar = a) = lg—,.

Leader We introduce a leader into this market, where the leader is trying to steer the mean field
towards some desirable market state goal, for example, buying (goal = buy), selling (goal = sell), or
balanced market (goal € {buy, sell}), by taking actions to bonus these states by, € B = {buy, sell}.
This can be seen as, for example, a market maker skewing prices to make certain trades more desirable,
e.g., for managing their inventory. The reward for the leader is:

71(8k bk, pr) = pr(goal) + v(by, — goal).

where 0 < v < 1 is a small reward shaping term, providing more immediate feedback to the leader
than the delayed feedback from the mean field.
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state 4
.

Figure 5: Beach Bar Environment. The blue stars indicates the fixed bar position, and the golden star
shows the leader can add a new bar anywhere within the existing state.

F.2 Shop position

The state space S covers all the potential locations in a 1-dimensional ring, where there is a (fixed)
desirable location % in one of these states, as visualized in Fig. E}

Followers The followers are rewarded based on their proximity to the nearest desirable location (either
by, or x), as well as the crowdedness of the state they are currently in:

Tf(Sk, Ak, bk:a /.Lk) = min(diSt(8k7 *)? diSt(’Skv bk)) —cX IOg(Hk(Sk))
where ¢ > 0 is a coefficient specifying the follower’s preference to avoid the crowd.

Leader The leader is rewarded based on the business of their chosen location: r;(sg, b, ux) = pur(bx)
e.g., more customers visiting a store can lead to higher profits, making the positioning more desirable.

F.3 Equilibrium price

In this environment, the followers are homogeneous firms producing an identical good, where the
price is determined by the (endogenous) supply-demand equilibrium around some baseline demand d.
Each timestep, the representative firm chooses a production quantity g;, and replenishment quantity
hi based on their inventory level captured by the state s;. The state/inventory transitions according
t0: Sg41 = S — min(qk, Sk) + hy.

The followers are rewarded based on the resulting (endogenous) price and their chosen quantities as:

7(s,a,b, 1) = (pr — co)qi — c1qj — c2hy — (ca + c3)max(qy — sk, 0) — casy, (89)

where ¢, are cost terms penalizing different inventory management and production capacities, and
a1/

] 7 where

the price is determined based on the supply-demand equilibrium as py =

Elg)=>_> Y ulinv) - x[(g, h),inv] - inv
h

inv g
is the expected inventory of the mean field.
We introduce a leader into this environment, where the leader attempts to encourage firms to maintain
some target inventory level ¢ by taking actions to set the inventory holding cost co. For example, a
large target inventory level would encourage firms to build buffers to withstand future supply shocks,

or an inventory of zero would encourage optimal production under known and predictable demands.
The leader is rewarded by

re = —(Elq] —i)* + v[—cz - (E[q] — i)] (90)

where the first term is based on the inventory gap, and the second term is again a reward shaping term
for more immediate feedback.

G Additional Experimental Results

We provide the evolution of the mean fields and resulting metrics across the environments in Figs. [6]
to|8] for market entrance, shop positioning, and equilibrium price respectively.
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Evolution of Meanfield Over Time
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Figure 6: Market Entrance: Evolution of follower mean fields y (top row) and resulting skew (bottom
row) under different leader goals.
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Figure 7: Beach bar: Evolution of follower mean field x (top row) and distance between the chosen
bar position b (leaders action) and the fixed bar position x (bottom row) under varying crowd aversions
c.

H Experimental Details

We run each approach for 20, 000 iterations (plots show every 10th iteration). Each run is repeated
30 times, with seeds set based on the run index for reproducibility.

Proposed. The proposed is run with {y = 0.5, a9 = 0.25, By = 0.02, &y = 0.25.

PPO. For the PPO implementation, we base the implementation off CleanRL (in Torch), using a
batch size of 256, hidden layer shape of (64, 64), learning rate of 3e — 4, TanH activation functions
for the hidden layers, and a clipping epsilon of 0.2. ADAM is used as the optimiser (as implemented
in torch).

Nested. To ensure fair comparisons, the nested comparisons are run with the same hyperparamaters
as the proposed. However, follower (resp. leader) specific parameters are decayed at a rate based
only on the number of follower (resp. leader) updates.

All approaches are run on a CPU, with Python3, and on an Amazon EC2 with R6i.large.
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Figure 8: Equilibrium pricing: Evolution of follower mean fields y (top row) and resulting inventories
(bottom row) under different leader goals.

51



	Introduction
	Main Contributions
	Related Literature on Stackelberg Mean Field Games

	Stackelberg Mean Field Game: Formulation
	Algorithm
	Convergence Analysis
	Algorithm Complexity

	Experiments
	Conclusion & Discussions
	Notations and Frequently Used Inequalities
	Proof of Main Results
	Proof of Theorem 2

	Proof of Propositions
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4

	Proof of Lemmas
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Lemma 3
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7

	Details on Example Satisfying Assumption 6
	Appendix: Environment Definitions
	Market Entrance
	Shop position
	Equilibrium price

	Additional Experimental Results
	Experimental Details

