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Abstract

Online conformal prediction (OCP) seeks
prediction intervals that achieve long-run 1 —
a coverage for arbitrary (possibly adversar-
ial) data streams, while remaining as infor-
mative as possible. Existing OCP methods
often require manual learning-rate tuning to
work well, and may also require algorithm-
specific analyses. Here, we develop a general
regret-to-coverage theory for interval-valued
OCP based on the (1 — «)-pinball loss. Our
first contribution is to identify linearized re-
gret as a key notion, showing that control-
ling it implies coverage bounds for any online
algorithm. This relies on a black-box reduc-
tion that depends only on the Fenchel con-
jugate of an upper bound on the linearized
regret. Building on this theory, we propose
UP-OCP, a parameter-free method for OCP,
via a reduction to a two-asset portfolio se-
lection problem, leveraging universal portfo-
lio algorithms. We show strong finite-time
bounds on the miscoverage of UP-OCP, even
for polynomially growing predictions. Exten-
sive experiments support that UP-OCP de-
livers consistently better size/coverage trade-
offs than prior online conformal baselines.

1 Introduction

Conformal Prediction (CP) (Vovk et al., 2005) con-
structs prediction sets with finite-sample coverage
guarantees, wrapping around any model to ensure the
true label is contained with probability at least 1 — a.
While CP in its basic form requires exchangeable data,
real-world data streams often violate this assumption.

Online Conformal Prediction (OCP) aims to com-
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pletely do away with making assumptions on the data,
and consider instead deterministic and adversarial
data (see, e.g., |Gibbs and Candes| 2021} |Zafiran et al.|
2022; Bastani et al.l [2022; |Gibbs and Candes, [2024;
Angelopoulos et al., |2023; Podkopaev et al., |2024). In
this setting, one aims to achieve coverage 1 — a av-
eraged over time (and any possible algorithmic ran-
domness). This work can be viewed to belong to the
setting of online learning (Cesa-Bianchi and Lugosi,
2006} (Hazanl, 2016} |(Orabonal, 2019)).

More formally, the observed data ((X¢,Y;)),s, arrive
over time t = 1,2,.... At each time point (or round)
t, a prediction set C is constructed for Y, using all the
previously observed datapoints ((X;,Y)),«,_;, as well

as the current features X;. Let Y, represent a point
prediction given by a model ft trained using all the
information available before the true response Y;. We
are interested in regression problems, focusing on the
perhaps most popular form of centered prediction sets
(see, e.g., Lei et all [2018): ét(b) = [Yt —bY; + b],
defined as empty if b < 0. The goal is to design a
conformal predictor whose observed long-term miscov-
erage rate is close to the nominal level, denoted as
a € (0,1). Formally, we aim to construct a sequence
of radii (b¢),~, so that, as the time horizon T" grows,
the corresponding prediction sets satisfy

1 & .
thzll{i/}%Ct(bt)}a

We discuss the related work on this topic in Ap-
pendix [A]

Contributions. We answer the following questions:

lim
T— o0

=0. (1)

Is there a form of regret that implies coverage (see
[@)?

In Section [3} we show that the general notion of lin-
earized regret directly implies coverage. Since lin-
earized regret bounds have been established for sev-
eral online learning methods, this will enable us to di-
rectly obtain coverage guarantees for these methods.
In particular, we answer this question by making a
connection to the regret-reward duality from online



learning (Orabonay, [2019). Once a bound on the mis-
coverage is established, it is natural to ask about op-
timality:

Is it possible to construct an optimal online algorithm
(in terms of regret and coverage) for OCP?

This remained unexplored in the past literature. In
Section [d] we design a parameter-free strategy that
guarantees the best known finite-time coverage guar-
antee. Following classical work in parameter-free on-
line learning (see, e.g.,|Orabonal [2019)), this is achieved
by observing the equivalence between the OCP prob-
lem and a gambling one, then using universal portfolio
algorithms |Cover and Ordentlich (2002) to optimally
solve the gambling problem. We will also show that
our algorithm guarantees online coverage with any
polynomial growth of the nonconformity scores. We
call the resulting algorithm Universal Portfolio OCP
(UP-OCP).

Finally, we introduce a way to empirically quantify
the trade-off between size and coverage, for a wide
range of values of a. In our extensive experiments
on real and simulated datasets, UP-OCP achieves the
best such trade-off among a number of strong baselines

(Section [f)).
2 Notation and Problem Setup

Notation For a function f : R — R, we define a
subgradient of f in x € R as g € R that satisfies f(y) >
f(z) 4+ g(y — x), Yy € R. The set of subgradients of f
in x is called the subdifferential set and we denote it by
Of(x). The indicator function of the set V, 1y, : R —
(—00, 400, has value 0 for z € V and 4o0c otherwise.
For a function f : R — [—00, o0], we define the Fenchel
conjugate f* : R — [—00,00] as f*(0) = sup,er (0 —
f(x)). The Fenchel conjugate is always well-defined
and convex.

Problem Setup. We consider the problem of OCP,
for arbitrary data streams, even adversarially gener-
ated ones, as introduced in Section m Let S; > 0 de-
note the radius of the smallest prediction set that con-
tains the true response Y;, ie., S; := inf{b € [0,00) :
Y; € Cy(b)} = |Y; — Yi|. We will also refer to S; as the
non-conformity score [Vovk et al.| (2005). In terms of
S, the target property is equivalent to

T—o0

T
e
lim thzll{bt<5t}—a:0.

This can be viewed as the problem of sequentially
learning the (1 — a)-th quantile of the nonconformity
scores (St);>,-

A standard approach (see, e.g., |Gibbs and Candes|

2021} [Podkopaev et al., |2024), to learn this quantile
is to use a proper scoring rule (see, e.g., Gneiting and
Rafteryl, [2007), namely the pinball (or quantile) loss,
defined as

00=9)(b, §) ;= max {(1 — a)(S = b),a(b—S)}, (2)

where S is the non-conformity score and b is the ra-
dius of the prediction interval. This loss is convex
and L-Lipschitz in the first argument, where L :=
max {1 — o, a}. These two properties make it online
learnable (see, e.g., Hazanl 2016; Orabonal 2019; |Cesa-
Bianchi and Orabonal 2021)). For ¢t > 1, let b; be the
prediction, and £;(b;) := £1=%)(b;, S;) be the loss at
round ¢t. The regret of the algorithm with respect to
any fixed comparator u € R is defined as

T

T
Regretp(u) := th(bt) - Zﬁt(u) . (3)

t=1
The subdifferential set of ¢; is

{1{6= 8} -1 -a)},
[7(1 - O‘)va],

0ty(b) = { S
b=5; .

At b = S, there is an infinite set of subgradients.
Throughout, we adopt the convention of selecting the
right subgradient g = « when by = S;, so that
gt € {—(1 — ), a} for all t. Other choices are possible
and essentially equivalent. Thus, an online learning
algorithm predicting b, and receiving the pinball loss
£; will receive the subgradient

gr=1{by > S} — (1 - ) . (4)

As explained in |Gibbs and Candes| (2021); |Angelopou-
los et al.|(2025]) the miscoverage error is closely related
to the observed subgradients, because

T
MisCovr := ‘M -1l-a)|= M. (5)

3 Coverage from No-Regret

In this section, we describe our main result providing
a coverage guarantee for any online algorithm control-
ling an appropriate form of linearized regret.

Consider an online learning algorithm that in each
round ¢t = 1,2,... produces an action b, € R, and let
gt € 00:(by) denote a subgradient of the loss at round
t. We consider the linearized regret (Gordon) [1999;
Zinkevich, |2003) of the algorithm on this sequence at
the action u € R, defined as

LinRegret(u) := Z ge(by —u) . (6)
t=1



In contrast to the standard notion of regret from ,
this quantity sums up to the linearizations g:(b; — u)
of the loss differences £;(b;) — £:(u) around b;. By the
definition of subgradients, we have that Regret(u) <
LinRegret(u) for all u. Thus, any algorithm that con-
trols the linearized regret also controls the usual regret.
However, an algorithm may control regret but not lin-
earized regret. Crucially, our analysis shows that con-
trolling the linearized regret suffices to ensure coverage.

Specifically, we have the following result which bounds
the range of the sum of the gradients Zil g depends
on the Fenchel conjugate of a bound on the regret func-
tion (proof in Appendix @ Due to , this immedi-
ately implies a bound on the coverage.

Theorem 3.1. For an online learning algorithm, let
Fr : R — R such that LinRegret(u) < Fr(u) on the
pinball losses (€),<;<p- Then,

T

T
the{zeR:th(z)s(la)ZSt}v (7)

t=1

where F(-) is the Fenchel conjugate of Fr(-).

In Appendix [F} we show that a simpler asymptotic
coverage result can be obtained more directly from
our theory, without requiring the machinery of Fenchel
conjugates. Moreover, since, as we discussed, coverage
can be achieved in trivial ways, it is also important
to have other correctness guarantees. For this reason,
in the standard conformal prediction setting of i.i.d.
scores, we show in Appendix [G] that any no-regret al-
gorithm ensures that the averaged thresholds b; con-
verge to the optimal one. This provides an additional
desired correctness guarantee in our framework.

We note that our use of linearized regret is not in
contradiction with the example in [Angelopoulos et al.
(2025, Example 1), which shows that standard sublin-
ear regret does not imply coverage; see Appendix [B|for
details. We also discuss therein how our approach re-
lates to proximal regret (Cai et al., 2024)) and no-move
regret (Angelopoulos et al., 2025).

4 Universal-Portfolio Based Strategy

Thanks to theorem we now have a direct relation-
ship between the linearized regret of an online algo-
rithm and its miscoverage error, through the Fenchel
conjugate Fr. Since a tighter (smaller) regret bound
Fr corresponds to a larger, steeper F7j, minimizing
regret leads to better coverage bounds. Thus, for a
fast bound on coverage, it is desirable to use an online
algorithm with optimal regret.

It is known that the optimal linearized regret in uncon-
strained online learning is achieved only by parameter-

free algorithms, as the ones in [Zhang et al. (2024)
and [Podkopaev et al.| (2024)), see the lower bound in
Orabona| (2019, Section 5.3). However, these algo-
rithms are not fully optimal for OCP. The reason is
that they implicitly assume a degree of symmetry (as
explained below), whereas the coverage problem is in-
herently asymmetric: The target miscoverage rate «
is typically chosen to be small (e.g., « = 0.05 or 0.01),
implying that the positive and negative subgradients
of the losses are very different.

Instead, we propose reducing our problem to a port-
folio selection problem, and leveraging the Universal
Portfolio (UP) algorithm (Cover and Ordentlich, [2002)
for OCP. In the following, we explain how UP methods
lead to optimal solutions to online learning problems
with asymmetric subgradients. For our reduction, con-
sidering pinball losses, we construct a market with two
synthetic stocks, whose market gains are driven by the
observed miscoverage.

Definition 4.1 (The Conformal Market). For a mis-
coverage rate o € (0,1), given the subgradient g; €
{—(1—a),a}, t > 1 defined in (), we define the vec-
tor of returns w; = (wy 1, wtyg)T € R? of two synthetic
stocks as

wer = —gi/a+1, wip=1+g/(1-a).

The returns are the coordinates of a market gain vector
w; representing the ratio of the closing price to the
opening price for the two stocks.

We have wy 1, w2 > 0, because —g; € {—a,1—a}.
Stock 1 yields high returns when coverage is lost
(9¢ < 0), while Stock 2 yields moderate returns when
coverage is maintained (g; > 0).

We can now formally define the wealth of an algorithm
operating in this market.

Definition 4.2 (Wealth Process). Consider an online
algorithm that, at each round ¢, chooses a portfolio
weight Ay € [0, 1] representing the fraction of capital
invested in Stock 1. The wealth W; is defined as Wy =
1 and

Wi = W1 (Awe1 + (1= Apws2) - (8)

The Universal Portfolio algorithm computes the
weight \; as the wealth-weighted average over the sim-
plex of all possible constant portfolios. Let W;_1(\) =
[T'Z1 Qw1 4 (1 = A)wi 2) be the wealth of a constant
portfolio A. Given a prior p over A € [0, 1], the predic-
tion is .

N R SLUARTENLTEY

Jo Wima(A) du(V)

Choosing du(A) = 1/[my/A(1 = N)]dA, |Cover and Or-
dentlich (2002)) proved that the log wealth of the al-

(9)



gorithm is at least the log wealth of the best constant
A in each round, up to a slack of 3 In(w (7" + 1)). This
regret guarantee is optimal up to constant additive
factors (Cover and Ordentlich) [2002)).

The critical insight formalized in the following
Theorem—which follows from|Orabona and Jun| (2023|
Lemma 1) and the standard reduction of OCO to coin
betting (Orabona, |2019)—is that mazimizing the log-
arithmic growth of this wealth is equivalent to mini-
mizing the linearized regret on the pinball loss. This
allows us to translate the wealth guarantees of portfo-
lio algorithms to coverage through @ The proof is in
Appendix [H]

Theorem 4.3 (Regret of UP-OCP). Let A be the uni-
versal portfolio algorithm with du(\) = Wﬁd)\

that outputs weights (A;)i>1 on the conformal market
weights wy; € R?. Define by via

be=Wir-[-(1=a)7"+ /(a1 —a))] .  (10)

Then, the resulting sequence of actions (b)e>1
achieves linearized regret LinRegrety(u) < Fp(|u|) for
all uw € R in online quantile loss minimization, where

max{u|\/2Ta(1 —a)In(4(T + 1)¥(1 —a)u? + 1),

§|u| (1n(3|u|¢m) - 1)} .

In the worst case, the regret is of order O(VT'InT).
However, when o — 1, the bound is of order InT.
In Appendix [, we also show that the regret upper
bound for UP-OCP is better than the one for the KT
approach from [Podkopaev et al.| (2024]).

Coverage Guarantee for UP-OCP We now pro-
vide a coverage guarantee for the proposed UP-OCP
strategy. We also quantify its advantage over the
Krichevsky-Trofimov (KT) bettor, particularly in the
regime of small a.

Theorem 4.4 (Coverage bound for UP-OCP). Let
a € (0,1) and let (g,g)tT:1 be the sequence of subgradi-
ents observed by UP-OCP, with g € {—(1 — «),a}.
Let D > 0 and q > 0, and assume that Sy < Dt? for
all t. For every integer T > 1, define

1 —« q+1 1
er = [m (1 + “”j#) + 5 In(x(T + 1))

Then, MisCovy = |+ Zthl gt] <er ++/2a(l —a)er.

In Appendix [C] we provide a detailed comparison of
the coverage rates of UP-OCP with OSD and KT. In
summary, OSD has a worse dependency on 7" when

Algorithm 1 Universal Portfolio for OCP (UP-OCP)

Input: Target miscoverage rate o € (0, 1)

Initialize: Wealth W, < 1, miscoverage count
N +0
fort=1,2,... do
N +1/2 Ae —
A ;/; by + max (0, W,_; - A
t a(l —a)

Output prediction set Cy < [Y; — by, Yy + by
Observe true label Y;
Compute nonconformity score Sy < |Y; — f’t|
if St > bt then
NFN+1, WtFWt_l'At/Oé
else
Wi+ Wig-(1=XA)/(1—a)
end if
end for

the scores grow (¢ > 0) and requires tuning a step-
size that depends on unknown quantities. KT has the
same dependency on T, D, and ¢, but is designed for
symmetric outcomes (o« = 1/2) and does not improve
when @ — 0 or a — 1, unlike UP-OCP whose rate
approaches (InT)/T in those regimes.

Closed-Form Update for Universal Portfolios
For our specific Conformal Market defined in Defini-
tion there is a simple closed-form update \; =
1 {g=—-(1—a)}+1), see Appendix Sub-
stituting this into (10 yields a parameter-free update
rule for the conformal radius b; that adapts to the
asymmetry of the gradients. See Algorithm [I] for the
complete pseudocode.

The mapping from wealth to radius in can pro-
duce negative values. So, in Algorithm [1} we clip the
radius to zero. In Appendix we show that the re-
gret of the truncated sequence is upper bounded by the
regret of the original sequence, and that the subgra-
dients remain unchanged, preserving the theoretical
guarantees.

5 Experiments

We support our theoretical findings through evalua-
tions on both synthetic data and empirical time se-
ries. Our experiments cover the finance and energy
domains, where data can be highly non-stationary.
Across these settings, we compare the proposed UP-
OCP method (Algorithm with state-of-the-art
parameter-free and tuned baselines.

Datasets and Models. We follow the OCP liter-
ature (Gibbs and Candes| [2021; |Angelopoulos et al.|
2023} |Gibbs and Candes, 2024; Podkopaev et al., 2024])
and use standard benchmark datasets: (1) daily open-



Table 1: Quantitative Comparison on the AXP
Dataset. Performance metrics for UP-OCP versus
parameter-free (KT, DtACI) baselines and tuned SF-
OGD (Ir=25).

Metric UP-OCP KT DtACI SF-OGD
Marginal Coverage 0.932 0.920  0.956 0.948
Longest Err. Seq. 4 15 6 3
Avg. Set Size 14.8 16.9 [ 16.4
Median Set Size 11.5 12.9 12.6 13.8
75% Quantile Size 18.8 24.9 21.8 21.5
90% Quantile Size 32.3 32.5 00 32.3
95% Quantile Size 38 36.1 0 36.1

ing prices (log-scale) of four US stocks from 2008 to

2018 (Nguyen, 2018)), predicted with Prophet (Taylor]

land Lethaml [2018)); (2) electricity demand from New
South Wales [1999), with an AR(3) model;
and (3) synthetic nonconformity scores following
lgelopoulos et al| (2023, Appendix F.5). We focus
our main analysis on the American Express (AXP)
dataset; full results are in the Appendix.

Baselines. We compare UP-OCP with: KT
lkopaev et al.,|2024)), DtACI |Gibbs and Candes| (2024)),
SF-OGD (Orabona and Pal, 2018), and Conformal
P/PI Control (Angelopoulos et all [2023). UP-OCP,
KT, and DtACI are parameter-free; for the rest, we re-
port the best ex-post tuned hyperparameters, granting
them an oracle advantage (details in Appendix .

We focus on the trade-off between coverage and predic-
tion set sizes via Pareto frontier plots, since coverage
alone is meaningless (a trivial predictor can achieve it;

see Appendix .

5.1 Results for AXP

We begin by evaluating the efficiency-coverage trade-
off on the American Express (AXP) dataset, setting
a = 0.05. An initial warm-up period of 100 days is
used for training the initial base forecaster. Table
reports the performance metrics. Due to space limita-
tions, the full results for control-based methods are in

Appendix [N]

UP-OCP achieves valid coverage (93%) with the short-
est error sequence (4 days, matching the best tuned
SF-OGD), while KT suffers from 15 consecutive mis-
coverage days. UP-OCP achieves the smallest set
sizes across average, median, and 75% quantile met-
rics. DtACT’s 90% quantile size is infinite, indi-
cating reliance on trivial predictions. Overall, UP-
OCP matches oracle-tuned SF-OGD while being fully
parameter-free. Local coverage plots in Appendix [N]
confirm that UP-OCP tracks the 95% target tightly.

Pareto Frontiers. We use the average set size as

—e— UP SFOGD (Ir=25) ~ —e— PI Ctrl (Ir=0.1)
—e— KT  —e— PCtrl (Ir=0.1)
75.0%
[}
g 80.0%
[}
>
o
O 85.0%
S
£
(o]
5 90.0%
=
95.0%
100.0%

12 13 14 15 16 17
Average Size

Figure 1: Pareto frontiers for average prediction set
size on the AXP Dataset, for 50 target miscoverage
rates « uniformly from 0.05 to 0.25. Better perfor-
mance is closer to the bottom-left corner.

our primary metric, as it captures unreasonably large
prediction sets better than quantiles.

Figure (1| shows that UP-OCP (red) achieves the best
Pareto trade-off, consistently achieving the smallest
average set size for any target coverage in [0.75,0.95].
KT (blue) is strictly suboptimalﬂ UP-OCP also tracks
the target 1 — a accurately; see Appendix [N}

Results on synthetic sinusoidal data and additional
datasets (stocks, electricity, other synthetic patterns)
are in Appendix UP-OCP consistently dominates
the baselines across all benchmarks.

6 Discussion

This paper shows that coverage guarantees for online
conformal prediction (OCP) can be derived from lin-
earized regret bounds. Then it proposes UP-OCP, a
parameter-free strategy for OCP using Universal Port-
folio methods. Open directions include extending the
framework beyond symmetric intervals toward richer
prediction sets or conditional/feature-dependent valid-
ity.
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Supplementary Materials

A Related Work

Adaptive Conformal Inference (ACI) (Gibbs and Candes, [2021) maintains a quantile threshold a; over time
t = 1,2,..., and updates it via Online Subgradient Descent (OSD) on the pinball (aka quantile) loss. ACI
achieves long-term coverage close to the target 1 — a level. However, its performance depends heavily on the
stepsize. A small stepsize results in slow adaptation and miscoverage after a large distribution shift, while a large
stepsize induces high variance and instability in the prediction set widths (Gibbs and Candes|[2024; |Angelopoulos
et al., 2023).

To address this limitation, later work introduces alternatives. Multi-valid Conformal Prediction (MVP) (Bastani
et al} 2022) selects a threshold with the best historical coverage from a discretized grid. MVP guarantees long-
term and threshold-calibrated coverage at multiple levels, but lacks rapid adaptivity to abrupt changes (Bastani
et al., [2022).

However, the above approaches require tuning a stepsize, which is challenging in the online setting. Because
the sequences are adversarial, we cannot rely, for example, on train-test validation to tune hyperparameters. To
avoid this problem, Zaffran et al.| (2022) propose Aggregated ACI, which uses online expert aggregation, running
multiple copies of ACI with various stepsizes and forming a weighted ensemble. Relatedly, Dynamically-Tuned
ACI (DtACI) (Gibbs and Candes, [2024]) re-weights experts in order to emphasize recent data; in effect it tunes
ACI’s stepsize online by minimizing a quantile loss. However, as noted by |Angelopoulos et al.| (2023)), ACI-
based methods can sometimes output infinite or null prediction sets, when «a; drifts below zero or above unity,
respectively. Strongly Adaptive OCP (Bhatnagar et al., |2023) aggregates a number of different base algorithms
to guarantee the worst-case regret over each sub-intervals, but it requires uniformly bounded predictions and the
knowledge of the maximum range of the predictions, and both assumptions often fail to hold in practice. [Zhang
et al| (2024)) and [Podkopaev et al.| (2024) instead avoid the use of a stepsize by using “parameter-free” online
learning algorithms (Orabona and P4&l, [2016)), such as scale-free online gradient descent Podkopaev et al.| (2024]).

A different approach has been recently proposed by |Srinivas| (2026), where one directly addresses the optimal
trade-off between coverage and size of the confidence sets in a competitive ratio framework. Notably, their
analysis confirms that robust coverage in the worst-case setting fundamentally necessitates larger prediction
sets. However, their algorithm, as the one by |[Bhatnagar et al.| (2023), requires uniformly bounded predictions
and the knowledge of the maximum range of the predictions.

A complementary line of work frames online conformal calibration as a feedback-control problem and proposes
conformal P/PI/PID controllers (Angelopoulos et al., [2023)). Unlike these controller-based schemes—which
introduce gain hyperparameters and typically require controller-specific analyses—we are interested in parameter-
free approaches, more suited to the online setting.

Moreover, prior work used specialized analyses to prove that the algorithms can guarantee asymptotic coverage.
To date, the precise connection between online learning and OCP is unclear. In online learning, the central
goal is to obtain a sublinear regret, i.e., the difference between the cumulative loss of the algorithm and the one
of the best fixed predictor chosen in hindsight. Algorithms that satisfy this property are said to be no regret.
However, |Angelopoulos et al.| (2025) also show that achieving coverage is, in general, completely distinct from
achieving sublinear regret. Similarly, as we discuss later, the notion of proximal regret (Cai et al., [2024) also
implies coverage, but has been established only for gradient descent. This makes it unclear when one can port
methods from online learning for OCP.

B Remarks on Regret and Coverage

Remark B.1. |Angelopoulos et al.| (2025, Example 1) show that sublinear regret does not imply coverage. Their



example reduces to the following: consider S; =S > 0 for all ¢, and an online learning algorithm that predicts
S +1/v/t. While the regret with respect to the optimal prediction S is sub-linear, azg‘rzl 1/t < 20V/T, we
have that g, = « for all ¢, so the coverage error does not vanish. Our results are not in contradiction. Specifically,
as already discussed, the linearized regret is stronger than the standard one. By taking u = S — ¢, where € > 0,
as the competitor in LinRegret,(u), we see that the linearized regret is not controlled, growing at least as el
Hence, by = S+1/ v/t does not control the linearized regret. This shows that our results are not in contradiction.

Remark B.2. |Cai et al.| (2024) derive coverage guarantees for OSD by showing that it minimizes a notion called
prozximal regret for the specific class of linear functions. However, they only prove this property for OSD, while we
handle any online algorithm with a suitable linearized regret. |Angelopoulos et al.| (2025) discuss another notion,
no-move regret, as a special case of proximal regret, and show a corresponding asymptotic coverage result for
smooth losses. Our guarantees are instead derived for algorithms minimizing the non-smooth pinball loss.

C Comparison of UP-OCP with Previous OCP Algorithms

Here, we compare the coverage rates of UP-OCP with existing bounds. While we only compare upper bounds
and not actual coverage, we show in Section |5 that the bounds are consistent with the empirical results.

First, we compare with the coverage guarantee for OSD. In OSD, one has to choose a stepsize 7. The OSD bound
decreases with 7, so one might be tempted to set 7 to be large. However, in that case, OSD would predict zero on
the first round and, if the scores were bounded by D, values larger than D later, until predicting a non-positive
number. The cycle would then repeat. This behavior would not be informative for uncertainty quantification.
VDT4

max(a,l—a)VT"
This gives a coverage bound of v DT49max(c, 1 — a)//T + 1/T. Contrary to the bound we derived for the KT
strategy, this rate deteriorates with ¢q. However, things are even worse: the choice of n that depends on g and
D cannot be used, because D and ¢ are not available to the algorithm. In this situation one can only use the
stepsize ) = ¢/[max(a, 1 — a)v/T| where ¢ > 0 is a hyperparameter. With this choice the coverage will converge

. DT max(a,1—a) 1
with the worse rate of g + 7

A more meaningful setting of 1 is the one that minimizes the worst-case regret, that is n =

Overall, we can see that OSD, tuned or untuned with the oracle knowledge of ¢ and D, has a worse dependency
in T if ¢ > 0. Moreover, when o« — 1 or @ — 0, the coverage rate of UP-OCP approaches (In7") /T while the one
of OSD cannot be faster than 1/v/T.

Next, let us now consider the KT strategy. UP-OCP and the KT strategy have the same dependency on T', D,
and ¢g. However, KT is designed to be min-max optimal for coin-betting games with symmetric outcomes, that
is, with @ = 1/2. So, as for OSD, we see that the rate of the KT strategy does not improve when o« — 1 or a« — 0.
A similar rate was shown for a parameter-free algorithm in |Zhang et al.| (2024)), but only in an asymptotic sense.
Moreover, the betting strategy implicit in the algorithm in |[Zhang et al.| (2024)) is provably inferior to the one of
universal portfolio, because it matches only the leading term of the growth rate of best rebalanced portfolio.

D Proof of Theorem 3.1

Our main result leverage the following simple but fundamental lemma. This lemma allows us to lower bound
the term g¢:b; which arises in the linearized regret, without proving a bound on the iterates of the algorithm.

Lemma D.1. Let by € R, t > 1 be generated by any online learning algorithm and let g; € 0¢:(bs) denote a
subgradient of the pinball loss £ =) (b,St) at b = by, for allt. Then, we have

—giby < (1 — )8, Vit . (11)

Proof. We consider cases. If by < 0, then by < S; since Sy > 0, hence g = —(1 — ) and so —g:b; = (1 — a)b; <
0<(1-a)S: If0<b < S, then again g = —(1 — «) and thus —g:by = (1 — a)by < (1 — «)S;. Finally, if
by > St, then (including the tie case by = S;) we have g = «, so —giby = —ab; <0< (1 — «)S;. O

We can now prove our main result.



Proof of theorem [3.1] By the assumed linearized-regret bound , for every u € R we have

T

th(bt —u) < Fr(u) .

t=1

Rearranging yields

( ng>uFT ngbt.

Taking the supremum over u € R gives
T T
Fr <—th> <= ab .
t=1 t=1

Finally, Lemma implies —g:by < (1 — «)S; for all ¢, hence — Zthl giby < (1 — @) Z;l S¢. Combining the
two inequalities completes the proof. O

E Proof of Coverage of OSD

We show that our analysis can recover the known coverage bound for online subgradient descent (Gibbs and
Candes, [2021). From the well-known regret guarantee of online subgradient descent—OSD—see, e.g., (Orabona
(2019), for all u € R, we have the following bound on the linearized regret:

Z = F (12)

where g; are defined in (4)). It follows that Fif(6) = sup,cp 0u— Fr(u) = ﬂ -1 Zt 197, Let D> 0and ¢ > 0.
Assuming that S; < Dt? for all ¢, by Lemma [D.I] and Theorem [3.1] the rmscoverage can be bounded as

[\~

LinRegret,(u

w‘g
1\9\3

T + max(a?, (1 — «)?) .
\/1+q (02, (1= a)?)

For the case of ¢ = 0, |Gibbs and Candes| (2021) proved the better bound of O(1/(nT) + 1/T). The reason is
that Lemma is not sharp in this speaﬁc case. Indeed, we can prove the following improved bound for OSD.

Lemma E.1 (Improved Guarantee for OSD). Let D > 0 and ¢ > 0, and assume that S; < Dt? for all t. The
OSD algorithm with fized stepsize n and by = 0 over a sequence of pinball losses ¢; quarantees, with g; € 0¢:(by),

T T
_ththM gz
t=1 t=1

Proof. The (unconstrained) OSD update is by41 = by —ng;. Expanding gives b7, = bf —2ng;b; +n*g7. Summing
from ¢t =1 to T and using b; = 0 yields

62T+1 n a 2
- San+ 33t
t=1

Thus, it suffices to show |bry1| < DT? + 7. Similarly to|Gibbs and Candes| (2021]), we will show a boundedness
property for the iterates b;. We prove by induction that |b] < D(t — 1)? 4+ n for all t. The base case by = 0
is immediate. Assume |b;] < D(t — 1)9 + n and let’s prove that |by41| < Dt?4+n. If 0 < by < Dt?, then
[brr1] = 1br — nge|l < |be] + nlge| < Dt + 7 since |g¢| < 1. If by > D9, then b, > S; because S; < Dt?, hence
gt = aand Dt? —n < by < by < D(t —1)7 4+ 5. Finally, if by < 0, then b < S; and g¢ = —(1 — «), so
N >bipg > b > —D(t —1)2 —n. In all cases, |bi41| < Dt? + 1, completing the induction.

Substituting b7, ; < (DT9+7)? into the identity yields the claim. O



Using this improved guarantee instead of Lemma in the proof of Theorem we have that
d 1 (DT9

th < +1) .

t=1 T\ n

F Asymptotic Coverage from Sublinear Regret

1
T

Now, we show an asymptotic coverage result, for any algorithm whose linearized regret grows sufficiently slowly,
as a function of time ¢ and at the radius |r| = t*, when the growth rate of the scores S; is not too rapid.
Theorem F.1 (No-linearized-regret implies coverage). Consider an online learning algorithm that in each round
t=1,2,... produces b, € R. Assume that for all rounds T > 1 there exists a function Fr : [0,00) — [0,00) such
that the linearized regret from (6) on the pinball losses (€;); <,<r is bounded as

LinRegret,(r) < Fr(|r]), VreR. (13)

Moreover, assume that the nonconformity scores have a bounded growth: for some D > 0, ¢ > 0, we have
0< S5, <Dt for allt > 1. Finally, assume that there exists ¢ < p < 1 such thaﬂ

F.(tP
im (t)

t—o0 t

0. (14)

Then, the algorithm satisfies the long-term coverage guarantee (|Lf).

Proof. Rearranging gives, for all real r

_thbt > <—th> r—Fr(|r]) .
t=1 t=1

Hence, by Lemma we have

T T —a q+1
<— ;%) r—Fr(r)) <(1-a) ;St = 4 )fs_TlJr 2 : (15)

Now, set r = rp = —sign (Zthl gt) - TP, where we define sign(0) = 0. Invoking yields

T

> o

t=1

(1 - a)D(T + 1)7+1

+1 =T
q

— Fp (T7), (16)

which implies that
T

g

t=1

1

T

< Fr (T?) (1 —a)D(T +1)9t!
N Aan (q+ 1)TP+1

Now, taking the lim sup of the first term on the r.h.s., we have
Er (TP) Fr (TP)

lim TSEE)O TTerl lim TSE;O)O T7P=0.
For the second term, given that ¢ < p, we have that
. (1 —a)D(T + 1)+t
lim su =
T%Io)o (q + 1)Tp+1
We conclude by the equivalence . O

This result shows that for conformal prediction, the optimal Universal Portfolio strategy is computationally
efficient, requiring only O(1) time per step. Alternatively, using a uniform prior yields the Laplace rule

i Mgi=—(1—a)} +1
t+1
which is known to have slightly higher regret (Orabonal 2019, Theorem 13.1).

)

2These two conditions can be summarized into max{LinRegret, (¢"), LinRegret, (—t*)} = o(¢).



G The Average Size in Stochastic Settings

While the previous sections established coverage guarantees under adversarial settings, characterizing the effi-
ciency, i.e., the size of the prediction sets relative to the optimum, seems to require additional assumptions on
the data generating process. In a fully adversarial setting, a globally optimal interval width is ill-defined, as
there is no guarantee that the Y; share any common behaviour over the course of the T' rounds.

Therefore, we consider a stochastic setting where the nonconformity scores S; are sampled i.i.d. from a fixed
distribution D. In this setting, the optimal fixed prediction interval of the form [0,b*] is achieved when b* is
any (1 — «)-th quantile of the distribution. Our goal is to show that regret-minimizing algorithms do not merely
satisfy coverage constraints, but also converge to this optimal radius b* at a rate characterized by their regret.

We define the expected loss L(b) with respect to D as L(b) := Eg.p [¢(1=%)(b, S)]. We denote the optimal radius
as b* := argmin,>q L(b); our conditions below will ensure that this is uniquely defined. To rigorously connect
the regret R to the convergence of the distance |b; — b*|, we require mild regularity conditions on D.

Assumption G.1 (Regularity of D). The nonconformity scores Sp, So,... are i.i.d. draws from a distribution
D supported on a compact interval B C [0, 00), such that:

1. D admits a Probability Density Function (PDF) ¢ and a Cumulative Distribution Function (CDF) ®;
2. The density ¢ is uniformly bounded from below, so there is a constant x > 0 such that ¢(b) > k, Vb € B .

In the above notation, b* := &~ 1(1 — a).

Remark G.2. Clearly, the continuity of ¢ is not necessary for the existence of the derivatives of L. The expected
loss L(b) = E[¢(('*=)(b, )] is a convolution of the continuous pinball loss with the measure D. This acts as a
smoothing operator: as long as D has no point masses, L(b) is continuously differentiable (see, e.g.,|Joshi et al.|
2025)). Assumption 2 is imposed primarily to ensure strong convezity (positive curvature), which allows us
to convert the regret bound into a variance bound.

Under these conditions, we prove that a sublinear regret implies the convergence of the average radius by =
LT b, to the optimal oracle radius b*

T 2_i—1 be to the optimal oracle radius b*.

Theorem G.3 (Width Convergence via Regret). Let an online algorithm generate radii by, bs, ... by withb, € B
for all t such that the expected regret is bounded by Ry:

T T

> 0TI by, 8p) = Y LTI, S,) | < Ry (17)

t=1 t=1

E

Under Assumption the squared distance between the average radius by = % Zthl by and the true (1 — a)-
quantile is bounded by E [(BT — b*)Q} < % . R—TT .

Proof. The proof proceeds in two parts: a first- and second-order analysis of the expected loss, and applying an
online-to-batch conversion.

First and second-order analysis. This part is a review of well-known results, which were used either explicitly
or implicitly to various degrees in a number of prior works, see e.g., |Gibbs and Candes| (2021)); |Joshi et al.
(2025), etc; which we include here only for the sake of being self-contained. Recall the (1 — «)-pinball loss:
0= (p, S) = max{(1 — a)(S —b),a(b — S)}. The expected loss is given by

b o
L(b):/o a(b—s)¢(s)ds+/b (1 a)(s — b)p(s) ds .

Differentiating with respect to b yields

L'(b) = a®(b) — (1 —a)(1 —d(b) =) — (1 —a) .

Setting L/(b) = 0, we confirm that the minimizer is unique and satisfies ®(b*) = 1 — . Thus, b* is exactly
the (1 — «)-quantile of D. Differentiating L’(b) again, we obtain the Hessian of the expected loss: L”(b) =



%(é(b) — 1+ a) = ¢(b) . By Assumption we have L"(b) = ¢(b) > & for all b € B, hence L is k-strongly

convex on B. In particular,

L(b) — L(b*) > g(b — )2, VbeB. (18)
Online-to-batch conversion. Since the loss function L(b) is convex, Jensen’s inequality implies L(br) <

T 23:1 L(b:). Using standard online-to-batch conversion results (see, e.g., |Orabonal (2019, Theorem 3.1), the
average regret upper bounds the excess risk:

_ 1 & Ry
E[L(5r)] - LOY) <E [T > 1) - L) | < BE

Combining this with the strong convexity bound in , we have

gﬂz [(br — b*)%] < E[L(br)] — L(b*) < % .

Rearranging the terms yields the claim. O

Theorem[G.3]implies that any algorithm minimizing pinball loss regret automatically converges to the statistically
efficient oracle width b*. These results are different in nature from those of |Srinivas| (2026). [Srinivas| (2026) frames
the problem as direct length optimization, aiming to compete with the best fixed interval length in hindsight.
In contrast, our framework specifically leverages the pinball loss as a proper scoring rule |Gneiting and Raftery
(2007)).

Recent work by |Areces et al. (2025)) also investigates the efficiency of online conformal prediction in stochastic
settings. Their main result (Theorem 6.1) establishes the convergence of the last iterate to the optimal param-
eters. However, obtaining this guarantee requires a specific decaying schedule for the learning rate (n; o ),
which creates an explicit trade-off: faster decay improves efficiency but renders the adversarial coverage bounds
vacuous (Areces et al., [2025, Section 6). In contrast, our width convergence result (Theorem is more gen-
eral, showing that efficiency is an automatic consequence of regret minimization for any algorithm, regardless
of its specific update rule. Furthermore, because UP-OCP is parameter-free, it naturally achieves this efficiency
through low regret without requiring manual step-size tuning or sacrificing robust coverage guarantees under
adversarial distribution shifts.

H Proof of Theorem 4.3

This appendix details the reduction used in Section [d] The main point is that, once we express the pinball
subgradients as an asymmetric coin sequence, our two-stock conformal market in Definition [4.1] is exactly a
two-asset encoding of an asymmetric coin-betting game. Standard coin-betting duality then translates wealth
guarantees into linearized-regret guarantees, which in turn control the pinball-loss regret.

H.1 From pinball subgradients to an asymmetric coin

Recall that for the pinball loss £, (b) = £1=%) (b, S;) we use the subgradient g; = 1{b; > S;} — (1 — @), as in ().
Hence, with our tie-breaking convention at b; = S, we have g; € {—(1 — a), a}.

It is convenient to flip signs and work with the bounded outcome of a coin:
¢ =—g € {—a,1—a}. (19)

Under our tie-breaking, ¢; takes only the two values: ¢; =1 — « if by < S; (miscoverage) and ¢; = —« if by > Sy
(coverage).

Consider now the following asymmetric coin-betting game. At each round ¢, a bettor chooses a signed betting
fraction By and then the outcome ¢; is revealed. We define the wealth process as

Wi = Wi (1 + Bier), Wo:=1. (20)



To ensure no bankruptcy for all outcomes ¢; € [—a, 1 — @], the betting fraction must satisfy

Bte{ ! 1]. (21)

1—a «

Indeed, the condition 1+ B¢y > 0 for all ¢; € {—a, 1 — a} is equivalent to simultaneously requiring 1 — af; > 0
and 14 (1 — a)B; > 0, which is exactly (21).

We also define the bet amount

bt = BtWt—l . (22)
Plugging into yields the additive form
Wi = W1 +ciby = Wi — giby . (23)

H.2 The conformal market is a two-stock encoding of coin betting

We now show that the conformal market in Definition [{:1]is precisely a two-asset representation of the asymmetric
coin game above.

Using ¢; = —gy, Definition [4.1] can be rewritten as
+ 1—a)-—
Wy = G a’ Wy = (A-a)—« ) (24)
«a -«

These returns are nonnegative for every ¢; € [—a,1 — a]. Moreover, when ¢; = 1 — a (miscoverage), we have
wy1 = 1/a and wy o = 0, while when ¢, = —a (coverage), we have wy 1 = 0 and w2 = 1/(1 — a).

Given a portfolio weight \; € [0,1] (fraction of capital invested in Stock 1), the wealth update in Definition
is Wy = Wi_1(Mwea + (1 — A)we2). The next lemma shows that this is exactly under an affine reparame-
terization of A;.

Lemma H.1 (Portfolio-to-coin equivalence). Fiz o € (0,1) and let ¢; € [—a, 1 —a]. Define the two-stock returns

by [4). For any A € [0,1], define

1 )\t - )\t—a
ﬁt::_l—a—’—a(l—a)_a(l—a)' (25)

Then,
Awe 1+ (1= M)weo =14 Brey (26)

Consequently, the wealth recursion of Deﬁnition is identical to the coin-betting recursion , and the bet
amount by = ByWi_1 equals the mapping .

Proof. Using ,

Atwer + (1= Awia = N (Ct Z a) + (1= X) ((lo‘)ct>

11—«

:At(1+%)+(1—)‘t) (1_1?0)

A 1-A
—ta(2-12)

The coefficient of ¢; simplifies as % — 11%)(‘; = —ﬁ + ﬁ = B, which proves . Substituting into the
portfolio recursion gives W, = Wy_1(1 + Biey), and by = 5, W;_1 is exactly . O

Two immediate consequences are worth recording. First, since A; € [0, 1], the induced j; in always lies
in the safe interval . Second, the one-dimensional action b; in is simply the coin-betting bet amount
associated with the portfolio choice ;.



H.3 From wealth lower bounds to linearized-regret bounds

We now connect wealth to the linearized regret on the pinball loss. Recall that linearized regret is
LinRegret,(u) = 23:1 g¢(by — u). Using ¢; = —g; from (19), this can be rewritten as

T
LinRegret(u) = Z ce(u—0be) . (27)
t=1
Moreover, by telescoping , we have
T
Wr =1+ ciby . (28)
t=1

The standard coin-betting duality is that a lower bound on the achievable wealth as a function of the cumulative
outcome sum implies an upper bound on linearized regret via Fenchel conjugacy (see, e.g., (Orabonal [2019).

Lemma H.2 (Wealth lower bound = linearized regret bound). Let U1 : R — (—o0, +00] be a function. Assume
that an algorithm produces (bt)z;l and wealth Wy satisfying

T
Wr—1>Ugp (Z ct> (29)

t=1

for every sequence (ct)tT 1 € [-a,1 —a]. Then, for every comparator u € R, its linearized regret satisfies

LinRegret(u) < Up(u), (30)

where W is the Fenchel conjugate of Wr.

Proof. Let 01 := Zthl ¢;. By Fenchel-Young duality, for every u we have ubp < Urp(6r) 4+ U4 (u). By the
assumption and the identity , we have Zle ctby = Wp — 1 > Up(07). Therefore,

T
th(u —by) = ubr — thbt <ufp — Vr(0r) < Vi (u),

t=1 t=1
where in the last equality we used Fenchel-Young inequality. This is exactly using . O
Lemma is the precise mathematical sense in which “maximizing wealth” (in the coin-betting/portfolio game)

corresponds to “minimizing linearized regret” (in online convex optimization). The only remaining ingredient is
to identify an explicit lower bound ¥r for Wz — 1 and calculate (an upper bound to) its Fenchel conjugate.

H.4 Instantiating the potential via the best constant rebalanced portfolio

We now connect the portfolio regret guarantee to a wealth lower bound of the form .

Let W7 denote the wealth of the best constant rebalanced portfolio in the conformal market, ie., W5 =
maxyeo, 1] Hle()\wm + (1 — N)w2). By Lemma this is equivalently the best constant betting fraction

in the asymmetric coin game: W; = maxge(—1/(1-a),1/a] Hthl(l + Bey).

When we use the extreme subgradient convention (so ¢; € {—a,1 — a}), W5 depends on the data only through
the number of miscoverages. Let My := Ethl 1{c; =1—a} and Cr := T — Mr. Then, for a fixed X € [0,1], we

have RN
- ()" (122)"

Maximizing over A yields \* = Mr /T, and hence

MM Cr or Mr
e T ) —exp (T KL (5L
Wi (aT) ((1a)T P T

o). (31)



where KL(p||q) = plog% + (1 —p)log 1%2’ is the Bernoulli KL divergence.

Moreover, M7 can be expressed directly in terms of 6 = Ethl ¢t since ¢; equals 1 — «v on miscoverage and —a
on coverage, we have 67 = (1 — a)Mp — aCp = My — oT, hence My = oT + 6. Substituting into gives
an explicit function of fp:

a)) . (32)

From the assumption that the portfolio algorithm guarantees log W1 > log W} — R, exponentiating yields

0
W%Zexp<T-KL(a+;

o
Wr > exp (—Rr) Wr = exp (—Rr) exp (T -KL (a + TT

a)) = Uy (0r) +1. (33)

Using Lemma we need to calculate the Fenchel conjugate of W. Unfortunately, it does not have a closed
form expression. Hence, we use Lemma [[.I] to obtain an easier lower bound:

“)) >eXp<T'2au-—;?Ki;3wTVT> >Im“{eXp(4aéﬁloo)’exp(ikﬁw)isb

Now, observe that if f(z) = min{h;(x), ha(x)}, then we have

exp(T-KL(a—l—e;:

f*(y) = supzy — f(z) = sup xy — min{hy (z), ha(z)} = sup max{zy — hy(z), vy — ha(z)}
Yy Yy Y
< max{supay — ha(x), supzy — hy(2)} = max{h(y), h3(y)} -
y y
Hence, it suffices to find the Fenchel conjugates (or upper bounds) of the two functions in the min in the right-

hand side of . This can be done immediately by |(Orabona, (2019, Example 6.18, Lemma 6.24, and Theorems
C.3 and C.4):

U (u) < max{|u|\/2Ta(1 —a)In(2Ta(1 — a)uexp (Rr) + 1), §|u| (ln M - 1> } .

Using the regret of universal portfolio of % In(7(T 4 1)) and overapproximating completes the proof.

I Regret Guarantee of UP-OCP vs KT

The proof the regret guarantee of [Podkopaev et al.| (2024) goes exactly through the same steps of the one of
UP-OCP. Moreover, the KT approach can also be written as a universal portfolio algorithm, with the same prior.
The only difference is the transformation of the subgradients into 2 stocks, that will change the wealth of the
best constant rebalanced portfolio, Wi.

The transformation for KT is the following one:
w1 =1—gy, wa=1+g .

Given that ¢, € {a — 1,a} C {—1,1}, we have that w,; > 0 and wy2 > 0. In the coin-betting view, this
corresponds to the wealth process
Wi =Wi_1(1 — g:By),

where we constrain 8; € [—1,1]. This means that W} = maxge|_1 1 Hthl(l — g¢). Contrast this with the one
we derived for UP-OCP:
T

max 1-— .
BG[—l/(l—a)J/a]H( fat)

t=1

Given that [-1,1] C [-1/(1 — «),1/a], the wealth of the best constant rebalanced portfolio in the UP-OCP
reduction is always at least the same of the KT one, but it is potentially much larger.



I.1 Missing proofs in section

Lemma 1.1. Let p,q € [0,1], then

_ _ 2
l-p (p—q)

p
KL(pllq) = pln= + (1 —p)In > :
q 1—q = 29(1—q)+Z|p—dq

Proof of Lemma[l1 Define h(z) = (1+z)In(l + ) —z for z > —1 and extend it by continuity in z = —1 with
h(—=1) :=1. Also, define A =p—q € [-1,1].

We have that A A A A
pln]3 = (q+A)ln(l+) :q(h() +) :qh() +A .
q q q q q
Similarly, we have

(1—p)lni_Z:(1—q—A)ln(1—1%(]) =(1—-q) <1_1fq>1n(1_1fq) :(1_q)h<_£q)_m

Hence, overall we have
KL(pllq) h<A>+(1 )h( a >
plle) =qh{— —qQh{———] .
q l—gq

Observe that % > —1 and ——2- > —1. Hence, we use the elementary inequality h(z) > ﬁ;m for x > —1, to
3

1—¢
have
1 1 24+ é‘A‘ A2
KL(p”q)ZA2<2 TN : )= ’ T e —
g+ 31A 21 —4q)+ 5]|A| 49(1 = q) + 31A| + 3A 2¢(1 — q) + 2[A|
Using the value of A finishes the proof. N

Proof of theorem[[-4 Let k := |{t € [T] : g < 0} and p := k/T. Since gt = a on coverage rounds and
gt = —(1 — @) on miscoverage rounds,

T T

1
E =a(T—-k)— (1 —a)k=aTl —k, —E =a—p.
t:19t ( ) —( ) Tt:19t p

Best-constant wealth equals an exact KL term. For a constant betting strategy A € [0, 1], the wealth is

- () (22)

The maximizer is A* = p, and substituting yields

- -
1nW3:=k1n£+(T—k)1nl—p
«

‘p) =T KL(p|a) (35)

D |
=T (pmmE +(1-p)1
(pna+( p)n1

For two assets with Jeffreys prior, the Universal Portfolio wealth is the Beta(1/2,1/2) mixture, whose regret is
known (Cover and Ordentlich) 2002]):

1
InWpr >InWg — 3 In(n(T+1)) . (36)
Moreover, by Lemma and the assumption that S; < Dt?, we have that
T
(1-a)D 1
Wr=1-Y bg <1+-——(T+1)7".
T tzzl tgt > g+ 1 ( )

Combining and gives

KL(plla) < er ==

! |:ln (1 + (1 —a)D(T +1)4tt

= o ) (T 1) (37)



Explicit inversion from KL to miscoverage deviation. Let ¢ := |p — «|. From Lemma we have

—b)?
KL(ab) > (a )2 . (38)
Applying with @ = p and b = « and using yields
52
ep>—
"= 2a(l—a)+ 25
equivalently
2
52—%5—204(1—@&730.
Solving this quadratic inequality for the nonnegative root gives
Er E%
0 < 3 +14/2a(1 — a)er + 9 <er+2a(l —a)r .
Since § = [p— | = |+ Zle gt|7 this proves the stated bound. O

1.2 Radius Clipping

We slightly abuse notation here by letting b be the raw output of the wealth mapping . In Algorithm the
prediction radius is truncated to be non-negative: b; < max(0,b;). Here we show that this operation preserves
the validity of the regret guarantees.

First, we examine the consistency of the gradients used for the wealth update. The algorithm updates the wealth
based on whether coverage was attained:

o Case 1: If b, > 0, then trivially the clipping step is not active and hence b; = by. The subgradient g; is
computed at the same point as in the unclipped case.

e Case 2: If by < 0, then b, < S, (since Sy > 0) and hence the algorithm receives the subgradient g, = —(1—a).
In terms of the clipped value b; = 0, we also have b; < Sy, yielding the same gradient g; = —(1 — «).

We conclude that the clipping does not alter the subgradient sequence seen by the algorithm in the standard
case.

Now, we compare the linearized regret terms. Let LinRegret,(u) = g+(by — u) and LiIE{\egrett(u) = Gu(by — ).
The difference is:

LinRegret, (u) — Lirﬁ%\egrett(u) = ge(by — u) — ge(br — u) = ge(by — by) -
Again, we do a case analysis:
o If Bt >0, then b; = Bt, so the difference is 0.
o If by < 0, then by = 0 and gt = —(1 — «). The difference is:

—(1—a)(0—b)=(1—-a)b <0.

In all cases, g¢(b; —u) < i (by —u). Summing over ¢ confirms that the linearized regret of the truncated algorithm
satisfies the same bound as the original wealth process.



J Closed-Form UP Update

Theorem J.1 (Closed-Form Update (Jeffreys prior)). For the universal portfolio update @D with the Jeffreys
prior on A = [0,1] (equivalently a Beta(1/2,1/2) prior in the two-asset case), the weights admit the closed-form
update

(Zl{gz— (1—a)}+ ) : (39)
Proof. In the conformal market of Definition [4.1] at round ¢ the two synthetic stocks have gross returns

(we,1, we 2) ( o +1—a>

A constant-rebalanced portfolio that invests fraction A € [0,1] in stock 1 and 1 — X in stock 2 achieves one-step
gross return Awy 1 + (1 — A\) wy 2. Hence, the universal portfolio weight is

Ari1 = K/AH{ 1—)+(1—A)<1+19_ta)]u(A)dA,

where

H[ (1—*) (1= (Hfa)]uu)dx

0 ¢=1
Now use that g; € {—(1—«), a}. Let a be the number of rounds with g; = —(1—«) (miscoverage), so T'—a is the

number of rounds with ¢g; = . For a miscoverage round g = —(1 —a), we have 1 —g;/a =14+ (1 —a)/a =1/«
and 14+ ¢;/(1 —a) =1—1=0, hence

A(l—ij)—k(l—)\)( 1g—ta>:2‘

For a coverage round ¢g; = o, we have 1 — gs/a=0and 1 +¢g;/(1 —a) =1+ /(1 — ) =1/(1 — &), hence

A(1-2)ra-n (14 g2 ) - 122

(Y (=)

Therefore,

H{ (1>+(1)\)< 1%@)]

Plugging this into numerator and denominator gives

1 N N T—a
Jor(3)° (ﬁ p(A) dA
Ayl = ;
B (2) s an
B f AL — N)T=ap(X) dA
Joda(l = NT=ap(A)dx
since the constant factor a~(1 — a)?~T cancels.

Now, let’s specialize it to the Dirichlet(1/2,1/2) prior, whose marginal density is u(\) = I‘(Fl(/12))2 AV2(1—)\)"1/2
n (0,1). Define, for p,q > —1/2,

1
I(p,q):/O MP(1 = N)pu(X)dA .



Then,

')

1) Tp+1/2)T(q+1/2)
r'(1/2)? '

(1/2)> Tlp+q+1)

1
I(p.q) = /O N1 =

Using I'(u + 1) = ul'(u),
Ip+1,9) T(+3/2) Tlp+q+1) p+1/2

I(p,q) ~ T(p+1/2) Tp+q+2) p+qg+l’
Finally, taking p = a and ¢ =T — a yields

Ila+1,T—a) a+1/2
I(a,T —a)  T+1

Ar41 =

For a uniform distribution as the prior, a similar derivation yields Ay = %112 . O

K Baseline Update Rules

K.1 Krichevsky-Trofimov

The Krichevsky-Trofimov (KT) bettor is a parameter-free approach for adaptive conformal inference that ad-
dresses the sensitivity of traditional methods to learning rate tuning (Podkopaev et al., 2024)). By framing the
selection of the conformal radius b; as a coin-betting game, the algorithm avoids the need for a manually speci-
fied learning rate. In this framework, the algorithm starts with an initial wealth Wy = 1 and places bets on the
outcome of coins ¢; € [—1, 1], which are defined as the negative subgradients of the pinball loss: ¢; = —g;. The
radius at each step t is determined by the betting fraction §; and the current wealth:

by = BiWi1 . (40)
The wealth is updated recursively based on the bet’s success:
Wy =Wy 1 +biey = W1 — giby - (41)

The KT estimator provides a practical betting scheme that adapts to the observed sequence of subgradients by
updating the betting fraction as follows:

t 1
Biy1 = ——f —

. 42
11t 1Y (42)

This strategy is proven to control long-term miscoverage frequency at the nominal level o provided the noncon-
formity scores are bounded (Podkopaev et al.| [2024).

Algorithm 2 KT-based Adaptive Conformal Predictor

Initialize: « € (0,1), Wy =1, 51 =0, by = 0.
fort=1,2,... do . R R
Produce a forecast Y; and output a set: Cy = [Y; — by, Yz + by

Observe Y; and compute error: S; = |Y; — f/{g‘
Compute g; € 88(1’a)(b, St)|p=b, as per ;
Set Wy = Wi_1 — giby

Set Bry1 = 7B — tJ%lgt
Set biy1 = Ber1We

end for

K.2 Dynamically-tuned Adaptive Conformal Inference

Dynamically-tuned Adaptive Conformal Inference (DtACI) is an extension of ACI designed to eliminate the

sengitivity to the fixed step-size parameter ~ which governs the adaptation rate to distribution shifts (Gibbs



and Candes| 2024]). Instead of relying on a single v, DtACI maintains a set of expert ACI instances running in
parallel, each using a different step size 7y from a candidate grid. At each time step ¢, the algorithm aggregates
the predictions of these experts using an online learning procedure (e.g., exponentially weighted average) to
produce a robust conformal radius b;. The aggregation relies on the empirical quantiles of the current score,
defined as B; := Ft,l(St), where F,_; is the empirical distribution of the past nonconformity scores. The experts
are weighted based on their performance with respect to the pinball loss evaluated at these levels. Specifically,
the loss for an expert proposing target level a! is given by:

é(/ﬁta Oéi) =

(B — af) if B; > of
(a=1)(B —af) if B < af.

Algorithm 3 Dynamically-tuned Adaptive Conformal Inference

Input: Observed values {ﬁt}lgth’ set of candidate v values {Vi}lgigk’ starting points {O‘?l}1<¢<k’ and
parameters o and 7. o
Initialize: wi =1,1<i<k.
fort=1,2,...,7T do _

Define the probabilities pi = w?/ Zl<j<k wi, V1 <i<k

Optput a; = Zlgigk pial

w; = wy exp(—nl(Br, af)), V1 <i < k

Wt = Elgigsz o

wisy = (1— o) + Wea /k

erri =1 {Yt ¢ C’t(ai)}, V1<i<k

erry =1 {Y} ¢ C‘t(at)}

g =af+yi(a—err)), V1 <i<k
end for

The default hyperparameters for Dt ACI follow the experimental setup detailed in Section 4 of |Gibbs and Candes
(2024). The candidate step sizes are set to be on a logarithmic grid I' = {0.001 - 2*}7_ . ranging from 0.001 to
0.128, designed to cover a spectrum of regimes from stable to highly reactive. The fixed share parameter is set
to 0 = 0.001, and the learning rate n for the expert algorithm is chosen to be e. The starting points {ai}1<i<k
are all initialized to the nominal miscoverage level a. o

K.3 Scale-Free Online Gradient Descent

As mentioned in the main text, standard Online Gradient Descent (OGD) is sensitive to the scale of the noncon-
formity scores, often requiring careful tuning of the learning rate to ensure reasonable performance. To address
this, Bhatnagar et al| (2023) adapted Scale-Free Online Gradient Descent (SF-OGD) (Orabona and P4l, [2018))
for conformal prediction. SF-OGD dynamically adjusts the step size by normalizing the current gradient by
the Euclidean norm of the history of past gradients. This normalization makes the algorithm robust to the
magnitude of the scores without requiring prior knowledge of their bounds. The update rule for the conformal
radius b; is given by:

gt

Vet 25:1 97

where ¢g; is the subgradient of the pinball loss, 7 is a scalar multiplier controlling the learning rate, and € is a
small constant (e.g., 107%) to ensure numerical stability.

bt+1 = bt -n (43)



Algorithm 4 SF-OGD Adaptive Conformal Predictor

Input: Target miscoverage o € (0, 1), learning rate n > 0.
Initialize: Radius b, = 0, sum of squared gradients Gy = 0, ¢ = 1076,
fort=1,2,... do R

Output set Cy = [Y; — by, Yy + by

Observe Y; and compute score S; = |Y; — Yf

Compute gradient g, € 901 =) (b, S;)|p=s, as per ;
Update sum of squares: Gy = G;_1 + g7
Update radius: by 1 = by — 77\/%

end for

While robust to scale, SF-OGD still requires the selection of the global learning rate 7. In our experiments, we
select ) via grid search from the set {0.01,0.1,0.25,1,10,25,100}. These candidate values are adopted from the
well-tuned choices reported in [Podkopaev et al.| (2024), ensuring the method can accommodate selected datasets.

K.4 Conformal P/PI Control

Conformal P/PI Control frames the selection of the conformal radius b; as a feedback control problem, where
the goal is to calibrate the coverage error err; = 1(y; ¢ C’t) to the set point o (Angelopoulos et al. 2023)).
The algorithm combines two components: a Proportional (P) controller, also known as Quantile Tracking, and
an Integral (I) controller. The P controller updates the radius using online gradient descent on the quantile
loss, adjusting b; proportional to the instantaneous error err; — . While effective, P control can suffer from
steady-state error. To mitigate this, the PI controller adds an integrator term r(-) that acts on the cumulative
sum of past errors, E; = 2221(67"7%‘ — «). The update rule for the radius at time ¢ + 1 is given by combining
these terms with the previous radius:

bir1 = by +n(erry — a) + r(Ey), (44)

where 7 is the learning rate and r; is a saturation function (e.g., a tangent function) designed to stabilize coverage
under arbitrary distribution shifts (Angelopoulos et al.| [2023)).

Algorithm 5 Conformal P/PI Control

Input: Target miscoverage «, learning rate n > 0, integrator function r4(+).
Note: For P Control, set r¢(z) = 0.
Initialize: Radius b; = 0, cumulative error Ey = 0.
fort=1,2,... do
Receive input x; and forecast Yt
Output set C; = [Yt — b, Y, + by]
Observe Y; and compute error indicator err; = 1{Y; ¢ C’t}
Update cumulative error: Ey = Fy_1 + (erry — «)
Compute P-step: 0p = n(err; — «)
Compute I-step: 6y = r¢(FE;)
Update radius: b1 = b, + dp + 1
end for

The hyperparameters for the P/PI controller are set following the heuristics provided in Appendix B of |An-
gelopoulos et al.| (2023). The proportional gain (learning rate) is typically set adaptively as n = ADB;,
where B, is the maximum score observed in a trailing window (or a global bound) and A € (0,1] is a scal-
ing factor (0.1 was recommended as a good default). For the PI controller, the integrator is defined as
r¢(E) = Krtan(Elog(T)/(T'Csat)). The constant K aligns the integrator’s output with the scale of the noncon-
formity scores; it is recommended to be set to a hypothesized upper bound on the scores (e.g., K; =~ max S;).
The parameter Cyq; controls the saturation point of the integrator and is derived from a theoretical guarantee



to ensure the miscoverage does not exceed a tolerance § by time T (e.g., Csqr =~ %log(T(S)). In the origi-
nal implementation, both K; and Cs,; are often pre-tuned or fixed heuristically for specific datasets to ensure
stability.

Specifically in our experiments, the scalar multipliers A are uniformly selected from the fixed grid
{0,0.05,0.1,0.5, 1}E| {0,0.05,0.1,0.5,1}. for all datasets. For the PI controller, the integrator parameters are
pre-tuned heuristically as described previously, while the same grid of A values is used for the proportional
component.

Note that we do not compare against the full Conformal PID framework, specifically its derivative (D) component
known as Scorecasting (Angelopoulos et al. |2023|). Scorecasting introduces a secondary modeling layer that
fundamentally alters the score distribution by predicting and residualizing errors, effectively transforming the
problem into an easier one. To ensure a fair assessment of the conformal update rules themselves and to maintain
consistency with the standard evaluation established in prior literature (Gibbs and Candes| 2021} |Gibbs and
Candes, [2024)), we restrict our comparison to methods that adapt to the original sequence of nonconformity
scores without modification.

K.5 Trivial Predictor

The Trivial Predictor serves as a minimal baseline designed to verify the validity of coverage metrics. It guar-
antees that the empirical coverage exactly matches the target level 1 — « at fixed periodic intervals, completely
independent of the data distribution. The method approximates the target coverage probability as a rational
fraction K/N ~ 1 — a. It then generates a deterministic, periodic sequence of prediction sets consisting solely
of infinite sets (by = co0) and zero-radius sets (b, = 0). By distributing the K infinite sets as evenly as possible
over each cycle of length IV, the predictor ensures that the cumulative coverage error returns to exactly zero at
the end of every cycle, providing perfect validity but practically useless set predictions.

Algorithm 6 Trivial Predictor (Deterministic Cyclic Coverage)

Input: Target miscoverage o € (0,1).
Initialize: Rational approximation 1 — a ~ % (e.g., via continued fractions).
Initialize: Time step ¢t = 0.
fort=1,2,... do
Determine current radius b; based on previous update.
Output set C, = [fft — b, Y, + be]
Calculate position in cycle: i =¢ (mod N)
Compute accumulated coverage credits:
ACCeyrr = L%J
ACCpext = LWJ
if accpeqt > acceyrr then
Set next radius: byy; = oo {Output Full Set}
else
Set next radius: b;y; = 0 {Output Empty Set}
end if
end for

L Score Growth Demonstration

In Section[3] we introduced the polynomial growth assumption S; < D4, which relaxes the standard boundedness
(S; < C) used in prior literature. Figure [2] illustrates the practical implication of this relaxation. To see why
this matters in practice, consider the Apple (AAPL) dataset used in our experiments. It is clear that the
nonconformity scores follow a roughly quadratic trend (¢ ~ 2). Financial time series frequently exhibit volatility
clustering and price drift that violate static bounds. Our analysis extends guarantees to the polynomial-growth
regime, which provides a tighter fit for such non-stationary real-world data.

3In fact, 0.1 was recommended by |Angelopoulos et al.| (2023)) as a good default.
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Figure 2: Observed nonconformity scores for AAPL stock returns.

M «-Correction

In this section, we show how to minimally change any OCP algorithm to obtain a possibly better tracking of
the desired coverage level, without changing the Pareto frontier curves or the rate of the theoretical guarantees.

First of all, in the online setting we cannot guarantee coverage at any time step t, but only asymptotically. Hence,
what we propose is only a heuristic, but a theoretically principled one. The basic idea is that, from the plots, it
seems that most of the algorithms tend to undercover. Hence, one can run the algorithm with a slightly inflated
parameter «, to obtain a better coverage.

Now, by how much do we inflate a? Setting the desired coverage to a+ LT, for any constant £ > 0, and assuming

that the algorithm guarantees a convergence of the coverage of O(1/ VT ) or worse, will produce exactly the same
rate of convergence for the coverage. Also, the Pareto frontier will not change as well, because we are simply
using a different setting of «, so we are just moving along the Pareto frontier curve.

N Full Results for AXP Dataset

In this section, we provide a comprehensive analysis of the American Express (AXP) dataset, complementing
the efficiency and calibration results presented in Section [5 Note that an initial warm-up period of 100 days is
used for training the initial base forecaster. Additionally, for all plots presented in this section, we discard the
first 50 days of the evaluation period as a burn-in.

N.1 Target Calibration

Beyond efficiency, a reliable OCP algorithm must also track the user-specified target 1 — «. Figure [3| plots the
realized versus target coverage for o € [0.05,0.25]. The results confirm that UP-OCP and the baselines maintain
calibration within a tight £0.03 tolerance band (dashed lines) over all targets. In Appendix we also provide
a heuristic to improve the tracking of any OCP algorithm.
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Figure 3: Realized vs. target coverage on the AXP dataset.

Local Adaptivity. In the main text, we noted that aggregate metrics like marginal coverage can mask significant
local failures, such as error clustering or instability. To visualize these behaviors, Figures [ through [§] provide
1-vs-1 comparisons of local adaptivity between UP-OCP and all parameter-free and tuned baselines.

In each figure, the top left panel shows the local coverage computed over a rolling window of 100 days, with the
dashed black line indicating the target coverage level (1 —a = 95%). The top right panel displays the local width
of the prediction intervals (2b;) using the same window size. The bottom panel illustrates the raw prediction
sets Cy around the true observation (central black line).

We observe that UP-OCP maintains local coverage tightly around the 95% target, with no significant swings.
In contrast, KT exhibits volatility, where the local coverage drops below 75% (e.g., during 2009 and 2015).
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Figure 5: As in Figure [f} UP-OCP vs. KT.
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For completeness, Table [2 extends the results from the main text to include the heuristic Conformal P and PI
Controllers (Angelopoulos et al., 2023)). These methods were tuned via grid search to maximize performance.

Table 2: Quantitative Comparison on the AXP Dataset.

UP KT DtACI SFOGD (Ir=25) P Ctrl (Ir=0.1) PI Ctrl (Ir=0.1)

Marginal coverage 0.932 0.92 0.956 0.948 0.942 0.941
Longest err sequence 4 15 6 3 7 5

Average set size 14.8 16.9 00 16.4 16.8 16.1
Median set size 11.5 129 12.6 13.8 13.1 13.2
75% quantile set size 18.8 24.9 21.8 21.5 21.5 20.9
90% quantile set size 32.3 32.5 00 32.3 324 32

95% quantile set size 38 36.1 o0 36.1 36.6 35.9

More Pareto Frontiers and Target-level Tracking. In Section |5, we prioritized the presentation of average
prediction set size to penalize the infinite sets produced by algorithms like DtACI. However, robust statistics
such as the median and 75% quantile provide insight into the typical performance of the algorithms, ignoring
the heavy tails. We present additional Pareto frontiers for these metrics in Figures [J] through

These results clarify that DtACI is not inefficient on average days; its median performance overlaps with UP-OCP.
The inefficiency is driven entirely by its inability to handle tail events properly. UP-OCP, however, dominates
or matches all baselines across both mean and robust metrics, proving it is both stable in the worst case and
efficient in the typical case.

Figure [I0] clarifies that DtACI is not inefficient on average days; its median performance overlaps with UP-OCP.
The inefficiency is driven entirely by its inability to handle tail events properly, which is shown by the divergence
in the mean (Figure E[) and 75% quantile metrics (Figure [11)). UP-OCP, however, dominates or matches all
baselines across both mean and robust metrics, proving it is both stable in the worst case and efficient in the
typical case.

Target-level Tracking. Finally, Figure [I2] illustrates the ability of the algorithms to track the user-specified



target coverage across a spectrum of a values.
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Figure 11: 75% quantile prediction set sizes on AXP. Figure 12: Realized vs. target coverage on AXP. Most
methods track the diagonal within a small tolerance (+
0.03).



O Results for Synthetic Sinusoid

We analyze the performance on a synthetic dataset designed to test adaptivity to periodic volatility. Following
|Angelopoulos et al.| (2023, Appendix F.5), we generate nonconformity scores S; as a sinusoid with Gaussian
noise: S; = max(0, [sin((27t)/P) + 0.5]Smag + Smin + €), where etl'de'N(O,UQ). We fix the period P = 200,
magnitude Spag = 10, minimum offset Smin = 2, and noise scale o = 0.3. The total sequence length is 7" = 3000,
and we report results averaged over 10 independent trials.
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Figure 13: Evolution of interval widths on the synthetic sinusoidal dataset. Optimal performance is the bottom-
left corner (tightest sets for highest coverage).

Tracking Dynamics. Figure [13] visualizes the evolution of interval widths over a representative window ¢ €
[2000, 2500]. The ground truth (black) exhibits a clear periodic pattern. UP-OCP (red) tracks this, expanding
rapidly during high-volatility phases (¢ ~ 2050) to guarantee coverage, then shrinking as the noise variance
decreases. In contrast, KT (blue) shows significant lag and fails to reduce interval widths sufficiently during low-
noise periods. DtACI (green) shows strong instability; the trace terminates after ¢ > 2400 (marked by missing
values in the plot), indicating the algorithm has diverged and is outputting infinite sets to reach coverage.
Again, UP-OCP matches the best tuned baseline, P-Control (purple), without hyperparameter tuning. Other
parameterized baselines behave similarly to the P-Controller; see Appendix [P.5]
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Figure 14: Plot of the realized marginal coverage against the average prediction set size, averaged over 10
independent random seeds. Error bars indicate the standard error of the mean along both axes.

Pareto Frontiers. Figure [[4] quantifies the stability of these findings by showing error bars over random
repetitions. Consistent with the AXP results, UP-OCP (red) dominates the baselines. The vertical error bars
are negligible, confirming that all methods satisfy validity. In contrast, the size metrics show larger oscillations.



P Additional Experiments

To demonstrate generalization of our method, we extend our evaluation to a diverse set of real-world and
synthetic benchmarks. These include three additional major stocks (AAPL, AMZN, GOOGL), an electricity
demand dataset (NSW), and three synthetic environments designed to test adaptivity (sinusoid, stationary
wavelet, and quadratic drift). The observed behaviors across these experiments remain qualitatively consistent
with the findings from the AXP dataset. Therefore, we omit a detailed discussion to avoid redundancy and
present the following figures and tables for completeness. We will pinpoint interesting observations wherever
applicable.

More on Experimental Setup. For the financial datasets (AAPL, AMZN, GOOGL), we follow the same
protocol as the AXP experiment: we employ the Prophet model (Taylor and Letham| 2018]) as the base forecaster,
targeting a miscoverage rate of @ = 0.05 with an initial burn-in period of Tiymin = 100 days. For the electricity
demand dataset, we utilize a standard Autoregressive (AR) model with a burn-in of Thyrmin = 300 steps to capture
the high-frequency intraday seasonality. The synthetic experiments generate nonconformity scores directly to
isolate specific distributional shifts (periodicity, sparse spikes, and drift), also using a burn-in of 300 steps. To
ensure statistical significance, all synthetic results are reported as averages over 10 independent random seeds,
with error bars in figures denoting the standard error of the mean. In all comparisons, we evaluate UP-OCP
against the full suite of parameter-free (KT, DtACI) and optimized baselines (SF-OGD, P-Control, PI-Control)
described in Section

Take Away. It is worth noting that the optimal hyperparameters for the baseline methods vary across datasets.
We illustrate this variability in Appendix [P} highlighting that no single hyperparameter configuration yields
consistent performance across all benchmarks. This sensitivity necessitates dataset-specific tuning, a requirement
that our parameter-free UP-OCP method avoids.

P.1 AAPL Dataset

Local Adaptivity.
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Figure 15: UP-OCP vs. DtACI for forecasting AAPL stock return.
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Figure 18: As in Figure[15] UP-OCP vs. P Ctrl (Ir=0.5).
—— Universal Portfolio =~ = Conformal Pl Control (Ir=0.1)
100.0% |
L i 100}
@ 90.0%[ 75t
© [0]
o N
3 80.0% @ 50t
o
70.0%F 251
0,
200}
150
o
& 100
50
SR LI S SR LI S
Time

Figure 19: As in Figure UP-OCP vs. PI Ctrl (Ir=0.1).



Table 3: Quantitative Comparison on the AAPL Dataset.

UP KT DtACI SFOGD (Ir=25) P Ctrl (Ir=0.5) PI Ctrl (Ir=0.1)

Marginal coverage 0.932 0915 0.958 0.945 0.945 0.941
Longest err sequence 2 16 4 4 2 )

Average set size 21.6 244 o0 23.7 22.8 23.2
Median set size 11.7 145 14 13.8 13 13.7
75% quantile set size 27.3  39.8 55.8 36.9 29.2 33.3
90% quantile set size  60.1  58.8 00 59 63.7 59.8
95% quantile set size 75.9  75.9 00 74 77.4 74.5

More Pareto Frontiers and Target-level Tracking.
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Figure 20: Mean prediction set sizes on AAPL. Figure 21: Median prediction set sizes on AAPL.
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Figure 22: 75% quantile prediction set sizes on AAPL. Figure 23: Realized vs. target coverage on AAPL. Most
methods track the diagonal within a small tolerance (£
0.03).



Remark P.1. The results here on all three metric offer a compelling demonstration of adaptivity. UP-OCP
(red) does not simply outperform a single baseline; rather, it effectively automates the hyperparameter selection
process across the target levels.

Observe the behavior of the tuned P-Controllers (Ir=0.1, purple): at moderate targets (75-85% coverage), the
controller is optimal, while the higher-gain controller (Ir=0.5, dark blue) is less efficient. Conversely, at high
targets (90-95%), the high-gain controller becomes necessary to maintain tight sets, while the low-gain version
falls behind. UP-OCP remarkably matches the performance of the best-tuned baseline in each specific regime.
It is able to align with the purple curve at lower targets and the dark blue curve at higher targets, without
requiring any manual tuning or gain scheduling.



P.2 AMZN Dataset

Local Adaptivity.
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Figure 24: UP-OCP vs. DtACI for forecasting AMZN stock return.
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Figure 25: As in Figure 24, UP-OCP vs. KT.
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Figure 26: As in Figure[24] UP-OCP vs. SFOGD (Ir=100).
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Figure 27: As in Figure UP-OCP vs. P Ctrl (Ir=0.5).
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Figure 28: As in Figure UP-OCP vs. PI Ctrl (Ir=0.5).

Table 4: Quantitative Comparison on the AMZN Dataset.

UP KT DtACI SFOGD (Ir=100) P Ctrl (Ir=0.5) PI Ctrl (Ir=0.5)

Marginal coverage 0.931 0.919 0.962 0.947 0.946 0.946
Longest err sequence 3 18 4 4 3 3
Average set size 82.8 994 00 102 88.9 89.3
Median set size 49.1 572 60.4 57.5 51.5 51

75% quantile set size  97.4 113 274 117 107 108

90% quantile set size 208 276 00 288 234 239

95% quantile set size 292 330 o0 335 324 321




More Pareto Frontiers and Target-level Tracking.
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Figure 29: Mean prediction set sizes on AMZN. Figure 30: Median prediction set sizes on AMZN.
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Figure 31: 75% quantile prediction set sizes on AMZN. Figure 32: Realized vs. target coverage on AMZN.
Most methods track the diagonal within a small tol-
erance (+ 0.03).



P.3 GOOGL Dataset

Local Adaptivity.
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Figure 33: UP-OCP vs. DtACI for forecasting GOOGL stock return.
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Figure 34: As in Figure [33, UP-OCP vs. KT.
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Figure 35: As in Figure[33] UP-OCP vs. SFOGD (Ir=100).
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Figure 36: As in Figure UP-OCP vs. P Ctrl (Ir=0.5).
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Figure 37: As in Figure UP-OCP vs. PI Ctrl (Ir=0.5).

Table 5: Quantitative Comparison on the GOOGL Dataset.

AD

UP KT DtACI SFOGD (Ir=100) P Ctrl (Ir=0.5) PI Ctrl (Ir=0.5)
Marginal coverage 0.932 0.925 0.952 0.948 0.946 0.946
Longest err sequence 2 17 5 4 2 2
Average set size 86.7 98.5 00 95.8 91.8 90.4
Median set size 67.8 90.6 79.2 86.1 74.4 72
75% quantile set size 121 137 133 132 124 126
90% quantile set size 173 169 00 171 176 178
95% quantile set size 204 188 00 193 207 211




More Pareto Frontiers and Target-level Tracking.
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Figure 38: Mean prediction set sizes on GOOGL. Figure 39: Median prediction set sizes on GOOGL.
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Figure 40: 75% quantile prediction set sizes on Figure 41: Realized vs. target coverage on GOOGL.
GOOGL. Most methods track the diagonal within a small toler-
ance (£ 0.03).



P.4 Electricity Demand Dataset

This data set measures electricity demand in New South Wales collected at half-hour increments from May 7th,
1996 to December 5th, 1998 (we zoom in on the first 2000 time points).

Local Adaptivity.
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Figure 42: UP-OCP vs. DtACI for forecasting electricity demand.
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Figure 43: As in Figure 42, UP-OCP vs. KT.
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Figure 44: As in Figure [i2] UP-OCP vs. SFOGD (Ir=1.0).
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Figure 45: As in Figure UP-OCP vs. P Ctrl (Ir=0.5).
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Figure 46: As in Figure UP-OCP vs. PI Ctrl (Ir=0.5).

Table 6: Quantitative Comparison on the electricity demand dataset.

UP KT DtACI SFOGD (Ir=1.0) P Ctrl (Ir=0.5) PI Ctrl (Ir=0.5)

Marginal coverage 0.933 0927  0.939 0.95 0.95 0.95
Longest err sequence 3 7 6 2 1 2

Average set size 0.507 0.518 00 0.561 0.528 0.533
Median set size 0.487 0.506 0.53 0.552 0.524 0.525
75% quantile set size  0.593  0.572  0.563 0.664 0.637 0.65
90% quantile set size  0.715  0.635  0.619 0.772 0.742 0.748

95% quantile set size 0.793  0.664 0.671 0.862 0.806 0.821




More Pareto Frontiers and Target-level Tracking.
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Figure 47: Mean prediction set sizes on electricity de- Figure 48: Median prediction set sizes on electricity

mand. demand.
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Figure 49: 75% quantile prediction set sizes on electric- Figure 50: Realized vs. target coverage on electricity
ity demand. demand. Most methods track the diagonal within a
small tolerance (£ 0.03).



P.5 Synthetic Sinusoid

We generate the nonconformity scores S; as a sinusoidal wave distorted by Gaussian noise. Formally, for ¢t =

1,...,T,
27t
S; = max <0, {sin <;> + 0.5} Smag + Smin + et> ,

where ¢; A (0,0?). We fix the period P = 200, the magnitude scaler Syae = 10, and the minimum offset
Smin = 2. The noise scale is set to o = 0.3. The total sequence length is T" = 3000.

Local Adaptivity.
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Figure 51: UP-OCP vs. DtACI for forecasting synthetic sinusoid data.
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Figure 52: As in Figure [p1, UP-OCP vs. KT.
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Figure 53: As in Figure UP-OCP vs. P Ctrl (Ir=0.5).
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Figure 54: As in Figure [51, UP-OCP vs. PI Ctrl (Ir=0.5).
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Figure 55: As in Figure [51} UP-OCP vs. SFOGD (Ir=100).

Table 7: Quantitative Comparison on the Sinusoid Dataset (synthetic).

UP KT DtACI SFOGD (Ir=100) P Ctrl (Ir=0.5) PI Ctrl (Ir=0.5)
Marginal coverage 0.931 0.928 0.942 0.95 0.95 0.95
Average set size 21.1  26.9 00 28.6 22.8 22.8
Median set size 17.9 27.6 26.4 27.7 21.9 21.5
75% quantile set size  34.1 32.1 33.2 40 34.9 34.9
90% quantile set size  43.2  34.5 00 50.4 41.8 41.9
95% quantile set size  48.3  35.3 00 57.8 45 45.1




More Pareto Frontiers and Target-level Tracking.
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Figure 56: Mean prediction set sizes on synthetic sinu- Figure 57: Median prediction set sizes on synthetic si-

soid data. nusoid data.
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Figure 58: 75% quantile prediction set sizes on syn- Figure 59: Realized vs. target coverage on synthetic
thetic sinusoid data. sinusoid data. Most methods track the diagonal within
a small tolerance (£ 0.03).



P.6 Stationary Trend with Random waves

Here we try to examine robustness against sparse, heavy-tailed random waves, in comparison with fixed wave
positions with periodicity for sinusoid. The nonconformity scores S; are generated via a process involving a
constant baseline, sparse exponential noise, and a rolling window to create wavelet structures.

Formally, for ¢t = 1,...,T, we define a constant baseline C' = 10. We sample a sparsity mask B, and a noise

magnitude F; as:

B; ~ Bernoulli(p),
E, ~ Exponential(1/0),

where p = 0.1 represents the spike probability and o = 10 is the scale parameter. We first compute an interme-
diate score S; by applying multiplicative noise only when the mask is active:

St = C(l + BtEt)~

To simulate locally correlated volatility rather than isolated point outliers, the final score S; is obtained by
applying a centered rolling max-filter of window size W = 25:

max
TE[t—|W/2],t+|W/2]]

The total sequence length is 7" = 3000.

Local Adaptivity.
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Figure 60: UP-OCP vs. DtACI for forecasting stationary synthetic data with random waves.
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Figure 61: As in Figure [60, UP-OCP vs. KT.
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Figure 62: As in Figure[60] UP-OCP vs. P Ctrl (Ir=0.1).
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Figure 63: As in Figure UP-OCP vs. PI Ctrl (Ir=0.1).
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Figure 64: As in Figure UP-OCP vs. SFOGD (lr=100).
Table 8: Quantitative Comparison on the Stationary Dataset (synthetic).
UP KT DtACI SFOGD (Ir=100) P Ctrl (Ir=0.1) PI Ctrl (Ir=0.1)
Marginal coverage 0.952 0.93 0.958 0.946 0.949 0.949
Average set size 592 596 00 694 566 567
Median set size 500 574 494 691 531 534
75% quantile set size 746 724 665 841 692 694
90% quantile set size 1070 892 00 962 882 880
95% quantile set size 1320 994 00 1050 1000 1010




More Pareto Frontiers and Target-level Tracking.
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Figure 65: Mean prediction set sizes on synthetic sta- Figure 66: Median prediction set sizes on synthetic sta-

tionary data with random waves. tionary data with random waves.
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Figure 67: 75% quantile prediction set sizes on syn- Figure 68: Realized vs. target coverage on synthetic
thetic stationary data with random waves. stationary data with random waves. Most methods
track the diagonal within a small tolerance (+ 0.03).



P.7 Quadratic Trend with Random Waves

At last, we evaluate the algorithms on quadratic drift, which combines the sparse noise structure of the stationary
regime with a non-stationary, monotonically increasing trend. This tests the ability of the algorithms to track a
drifting baseline while remaining robust to random waves.

Formally, the underlying trend T; follows a quadratic trajectory starting at 0 and ending at 20 over T' = 3000

steps:

20
Ti= 5 2, (45)

The noise generation follows the same multiplicative, sparse structure as the stationary wavelet experiment. We
sample a Bernoulli mask B; ~ Bernoulli(0.1) and exponential noise E; ~ Exponential(1/10). The raw score S,
applies this noise to the drifting baseline:

S, = Ty(1+ B,E,). (46)

Finally, the observed score S; is the result of a rolling max-pooling operation with window size W = 25, creating
locally correlated volatility structures around the drift.

Local Adaptivity.
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Figure 69: UP-OCP vs. DtACI for forecasting synthetic data with quadratic trend and random waves.
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Figure 70: As in Figure [69), UP-OCP vs. KT.
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Figure 71: As in Figure[69] UP-OCP vs. P Ctrl (Ir=0.5).
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Figure 72: As in Figure [69), UP-OCP vs. PI Ctrl (Ir=0.5).
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Figure 73: As in Figure UP-OCP vs. SFOGD (lr=100).

Table 9: Quantitative Comparison on the Mix Dataset (s synthetic).

UP KT DtACI SFOGD (Ir=100) P Ctrl (Ir=0.5) PI Ctzl (Ir=0.5)

Marginal coverage 0.951 0.913 0.963 0.927 0.947 0.947
Average set size 433 451 00 467 429 429
Median set size 292 308 406 324 285 285
75% quantile set size 624 692 0o 790 626 626
90% quantile set size 1020 1040 o) 1090 1020 1020
95% quantile set size 1320 1360 o0 1260 1310 1310




More Pareto Frontiers and Target-level Tracking.
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Figure 74: Mean prediction set sizes on synthetic data Figure 75: Median prediction set sizes on synthetic data

with quadratic trend and random waves. with quadratic trend and random waves.
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Figure 76: 75% quantile prediction set sizes on syn- Figure 77: Realized vs. target coverage on synthetic

thetic data with quadratic trend and random waves. data with quadratic trend and random waves. Most
methods track the diagonal within a small tolerance (+
0.03).



Q Sensitivity of Parameterized Baselines to Hyperparameters

In this section, we empirically demonstrate the sensitivity of parameterized OCP methods (SF-OGD, P/PI
Control) to hyperparameter choices. While tuned baselines can achieve competitive performance (as shown in
Section, selecting these parameters requires an oracle or grid search that is not feasible in a true online setting.
We give three such examples of failure below. These examples underscore that parameterized methods can not
be naively plugged in; they require careful tuning. UP-OCP avoids these divergence modes by design without
requiring manual tuning.

Universal Portfolio Scale-Free Online Gradient Descent (Ir=0.01)
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Figure 78: UP-OCP vs. SF-OGD (Ir=0.01) on AXP dataset; SF-OGD (Ir=0.01)fails to expand the prediction
sets sufficiently, resulting in intervals that are consistently too narrow (right panel). The marginal coverage
(yellow, left panel) collapses to nearly 0%, far below the 95% target.
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Figure 79: UP-OCP vs. P Ctrl (Ir=0.05) on synthetic data with quadratic trend and random waves; While
the parameter-free UP-OCP (red) maintains stable coverage near the target, the P Controller (purple) exhibits
significant oscillation. Intuitively this indicates that the controller is over-reacting to single data points.
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Figure 80: UP-OCP vs. PI Ctrl (Ir=0.0) on synthetic sinusoid data; PI Controller fails to adapt to periodicity of
the ground truth (black). The prediction set sizes (cyan, right panel) remain effectively constant. The coverage
(left panel) oscillates deterministically between 0% and 100% as the ground truth noise wave passes in and out.
In contrast, UP-OCP (red) correctly modulates the interval width to track the sinusoidal pattern, maintaining
valid coverage.
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