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Abstract

For traditional linear models with the widely
used Lo-regularizer, it is often assumed that
the resulting models are dense. As a result,
little attention has been paid to when the op-
timal solution for an Lo-regularized problem
can actually be sparse. In this work, we rig-
orously prove that for Ls-regularized support
vector classification/regression, the theoreti-
cal optimum can indeed be sparse when the
data have sparse feature values. Surprisingly,
we observe that some optimization methods
fail to preserve this sparsity and instead pro-
duce fully dense numerical solutions, leading
to unnecessary storage overhead. We explain
this phenomenon through detailed analysis.
In particular, we novelly show that certain
coordinate descent methods naturally yield
sparser numerical solutions compared to other
optimization algorithms. By applying suitable
algorithms that preserve numerical sparsity,
the storage can be reduced by up to 50%,
which is highly advantageous for large-scale
industrial applications.
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1 INTRODUCTION

Even in the deep learning era, linear models remain
valuable in industrial applications due to their superior
efficiency and simplicity (Lin et al., |2023)), especially
when dealing with high-dimensional data. This work
focuses on Ly-regularized linear classification and re-
gression problems with /¢ training instances:

4

1
w* € argnti’n flw) = §wTw +C g E(yaw" ), (1)
i=1

where x; € R™ is the feature vector and y; € {+1, -1}
is the corresponding label, C' is the regularization pa-
rameter and &(+) is a convex loss function such as the
hinge (or squared hinge) loss (Boser et al., (1992 |Cortes
and Vapnik, [1995)) or the logistic loss. In large-scale ap-
plications, Lo-regularization is the most widely adopted
setting for empirical risk minimization, due to its sim-
plicity and differentiability (e.g., |Zhu and Zou, |2007;
Yuan et all 2010; [Chiang et all 2018}, [Dedieu et all,
2022). It is also the default setting in famous machine
learning packages such as scikit-learn (Pedregosa et al.|
2011)) and LIBLINEAR (Fan et al., 2008]).

Throughout the machine learning community, it is
widely accepted that, due to the smoothness of the
wTw term, the theoretical optimal solution to an Lo-
regularized problem is typically dense, which means
that every coordinate of the optimal w* is nonzero.
Nevertheless, [Moore and DeNero| (2011]) surprisingly
obtained numerical solutions with exact zeros even
when solving Lo-regularized problems. A subsequent
work (Marafino et al., [2015]) also observed sparsity but
remarked that “the precise reasons for these behavior
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are unclear” These observations challenge the com-
mon belief that Lo-regularization always leads to dense
solutions.

To clarify, let us first introduce the following concepts:

e Theoretical optimal solution: the exact minimizer
w™ of problem in R"™.

e Numerical solution: the output produced by an
optimization algorithm when solving . Since each
number is represented in finite-precision (e.g., four
or eight bytes per value), this solution can only
approximate the theoretical optimum. Besides, we
say a value is numerically zero if it is the floating
point zero defined in the IEEE standard.

With these concepts, we formulate the above issues as
two research questions.

(RQ 1) Is the theoretical optimal solution to problem
fully dense?

(RQ 2) If the answer to[(RQ 1)|is yes, why did Moore
and DeNerd (2011) and Marafino et al.| (2015)
obtain numerical solutions with numerical ze-
ros? If the answer to [(RQ 1)|is no, can the
numerical zeros reliably reflect the zero com-
ponents in the theoretical optimum w*?

Unfortunately, the unavailability of the theoretical op-
timum w* makes these questions more subtle. Our
preliminary results in Section [2 show that while some
algorithms return fully dense numerical weight vectors,
others produce solutions with numerical zeros. Despite
all of these algorithms converging to the same unique
optimum w*, this discrepancy in the number of zeros
shows that numerical solutions alone cannot determine
whether w* contains zero components or not.

In this work, we thoroughly investigate the sparsity
for Lo-regularized linear classification and extend to
regrcssionﬂ Moore and DeNero| (2011) conflated the
sparsity of the theoretical optimum w* with that of
the numerical solutions returned by algorithms. In
contrast, our study carefully separates the two aspects:

e Theoretical sparsity: We prove that when the in-
put data is sparse, the theoretical solution w* to
Lo-regularized problems may contain exact zero com-
ponents. This result, together with our experiments,
shows that some optimization methods fail to pre-
serve this inherent sparsity, instead producing fully
dense numerical solutions.

e Numerical sparsity: We investigate the mechanism
by which specific algorithms yield sparse numerical

'For clarity, we focus on Ly-regularized L2-loss in the
main paper and defer other classification/regression losses

to Appendices [G} [} and [}

solutions. Notably, these methods possess the ca-
pability of recovering zeros during the optimization
process and the power of maintaining floating-point
zero upon reaching the optimal point.

Our analysis of weight density is particularly beneficial
in applications involving many binary classifiers. For
instance, extreme multi-label classification tasks with
millions of labels typically require solving an equally
large number of binary classification problems (Prabhu
et all, 2018} [Khandagale et al., 2020; [Yu et al. [2022;
Zhang et al., 2023). In such settings, if the optimal
solutions for the binary problems are inherently sparse,
applying a sparse-preserving method can avoid stor-
ing the unnecessary nonzero components that appear
only in numerical approximations, thus saving a large
amount of space (McMahan et all |2013; [Lin et al.|
2024). Our experiments show that the model size can
be reduced by an average of 30%, and by up to 50%
on larger data sets.

Paper organization In Section we start with
a surprising observation on the number of zeros in
the numerical solutions. In Section [3] we extend the
comparison to more solvers. We investigate the sparsity
of the optimal w* in Section [@ while in Section [5, we
comprehensively explain the reasons for the results
of Section [3] We present the experimental results
on extreme multi-label classification in Section [l and
conclusions are in Section [l A table of notations
is provided in Appendix [A] Experimental codes are
available at https://www.csie.ntu.edu.tw/~cjlin/
papers/dual-space/. This work is an extension of
the second author’s master thesis (Lu, 2025]).

2 A SURPRISING OBSERVATION:
THE WEIGHT DENSITY VARIES
AMONG OPTIMIZERS

Conceptually, if we use any optimization algorithm
with convergence guarantee to solve (1)), it is expected
that the approximate solution is close to the unique
optimum w* and has similar weight densities (i.e.,
the percentage of nonzero elements). However, it is
surprising, if not unbelievable, that in some experiments
we see significant differences on the density.

Let us give an example by considering a binary data set
news20 with n = 1,355, 191 features. The set is sparse,
meaning that only a few among the n feature values are
nonzeros for each instance. We take a popular linear
classification package LIBLINEAR (Fan et al.| [2008)) to
solve L2-loss SVM, which is with the squared hinge
loss:

2 (yw’z) = (max(0,1 - yw'@)?.  (2)
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Table 1: The weight density and distance between nu-
merical solutions obtained by two optimization meth-
ods on the news20 data set. We compute nnz(-) by
counting the number floating-point zeros in w.

Stopping Condition default strict
nnz(Wniethod 1)/M 100.0%  100.0%
nnz(Wniethod 2)/M 74.5% 74.5%

|Wtethod 1 — Witethod 2| 2% 10° 5 x 1077

LIBLINEAR offers two methods to solve the problem
(details given in Section [3)).

e Method 1: A Newton method to solve .

e Method 2: A coordinate descent method to solve
the dual problem of (T]).

We do the experiments using a default and a strict
stopping condition (details given in Appendix and
leave other parameters (e.g., C' =1 as the regulariza-
tion parameter) unmodified. After the optimization is
finished, we compute nnz(w)/n, the percentage of the
nonzeros in the approximate w. From Table [ we see
that even when Wyethod 1 & WhMethod 2 Under a strict
stopping condition, the huge density gap remains.

In practice, numerical solutions may contain tiny float-
ing point numbers, which are often treated as mathe-
matical zeros and attributed to numerical error. How-
ever, in this work we count zeros in a numerical solution
strictly based on exact floating-point zeros. The reason
is that small numerical values are often indistinguish-
able: as we show in Appendix[E] it is nearly impossible
to determine whether such a value arises from the nu-
merical error or genuinely appears in the theoretical
optimum.

3 INVESTIGATION OF THE
WEIGHT DENSITY ON MORE
OPTIMIZERS

Following the observation in Section [2] this section
expands the study of the numerical solutions under
L2-loss SVM to more solvers and data sets. We extend
the study of L1-loss, logistic loss, and support vector
regression in Appendices [G] [H] and [l

3.1 Preliminary: Primal and Dual Problems

Problem with L2-loss is referred to as the primal
problem of SVM. Alternatively, one can solve the dual

problem of L2-loss SVM, given by

1 _
minz fawal(@) = ~a’ Qo — e’ «

ack 2 (3)

subject to «; > 0, V4,

yhere e € RY is the column vector of all ones and
Q € R with

Qi = yiyuszmu
" Yiyuxl T, +1/(20)

if 1 # u,
if i = u.

Suppose a* is any optimal solution to the dual prob-
lemE| An important property that connects a* with
the primal optimal w* of is the primal-dual rela-
tionship, given by

4
w* =" ajyxi. (4)
i=1

3.2 Introduction of the Experimented Solvers

We categorize the solvers into two classes, depending
on whether the solution is obtained directly by solving
the primal problem or indirectly via solving the
dual problem .

o Newton (Galli and Lin,|2022, primal-based, “Method
17 in Section : This method iteratively updates
w by

w <+ w — vd, (5)

where 7 is a carefully chosen step size and d is close
to the Newton direction V2 f(w) ™1V f(w).

o LBFGS (Liu and Nocedal, {1989} primal-based): This
method approximates the Newton direction by a so
called limited BFGS update. Once the direction is
obtained, the way to change w is the same as .

e SGD (primal-based): At each step, this method
randomly selects a subset of instances B to calculate
a gradient direction that mimics the full gradient.
The update rule is w < w — ngp, where gp is the
stochastic gradient of

~ Cct T
gp =w+ E ZieB Vuwé(yiw” ;). (6)

In the experiments, we set |B| = 1. As explained in
Section [5.2] we consider such a rarely used setting
because a large batch size somewhat hinders SGD
from getting a sparse weight vector.

2For L2-loss, the optimal a* is unique; however, for L1-
loss discussed in Appendix the problem may have
multiple optimal ™.
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o CDprimal (Chang et al.l 2008| primal-based): This is
a coordinate descent method solving the primal prob-
lem . At each step, the method selects a feature
7 and updates the corresponding weight component
w; by considering the one-variable subproblem:

mzin Dj(z) = f(w + ze;), (M)
where e; = [0 ---010--- O}T is the j-th standard
unit vector in R™. Usually, we need to exactly
solve the subproblem to ensure convergence to
the optimal solution w*. However, for L2-loss,
lacks a closed-form solution. To avoid a costly inner
iterative procedure, Chang et al.| (2008]) ensure con-
vergence by requiring only a sufficient decrease con-
dition in each coordinate update. This is achieved
by first computing a Newton direction at z = 0,
given by

Dj(0)
where D’ (0) and D;-/ (0) are the first and generalize
second derivative at z = 0. Then wj; is updated as

~D3(0)

D;(0)

®)

Wi < Wy +n (9)
where 7 is determined by a line search to ensure the
sufficient decrease condition.

o CDdual (Hsieh et al.| [2008, dual-based, “Method 2”
in Section : This is a highly efficient and popular
coordinate descent method solving the dual problem
. At each step, CDdual only updates the i-th
coordinate of «, denoted by «;, by solving the one-
variable subproblem

mdin fdual(a + de,) subject to «; +d > 0, (10)

where e; is the i-th standard unit vector in R¢. By
minimizing the function in under the constraint
a; > 0, the new «; is given by

oV < max (ai — Vz’fgal(a) , O> . (11)

After we obtain o°V by , w is updated by
w +— w+ (Y — )iz, (12)

Note that both a and w vectors converge to optimal

a* and w*, respectively. We summarize the overall
procedure of CDdual in Algorithm

3Note that D;(z) is not twice differentiable, so we fol-
low |Chang et al.| (2008) to define the generalized second
derivative.

“We do not apply SGD and CDprimal to reach the strict
stopping condition because of the slow convergence com-
pared to other methods. Details are in Appendix E}

Algorithm 1 CDdual for L2-loss SVM

. ¢
— Given v and w = ), ouy; ;.

— While « is not optimal
Fori=1,...,¢
1.V, faual (@) = yiw"@; — 14 Dy
2. a2V « max(a; — V; faual(e)/Q;,0)
w < w+ (oY — a;)yiw;

new

a; < Qo

Table 2: The density of w obtained by each solver for
L2-loss SVM. To avoid the effect of a rough solution,
we apply a strict stopping conditionﬁ

Methods Netwon LBFGS SGD* CDprimal* CDdual
news20 100.0% 100.0% 78.4%  72.7% 74.5%
rcvl 100.0% 100.0% 72.0%  67.4% 69.1%
real-sim  100.0% 100.0% 96.5%  93.9% 95.2%
kdd2010a 100.0% 100.0% 70.9%  58.1% 59.1%
kdd2010b 100.0% 100.0% 71.3% 57.8% 58.5%
kdd2012 100.0% 100.0% 80.0%  75.4% 80.6%

3.3 Comparison of the Weight Densities

Table[2| compares the densities of the numerical solution
returned from solvers described in Section 3.2 Data
statistics and the experimental settings are provided in
Appendices and [C] respectively. Our observations
are summarized as below.

(1) The solutions produced by Newton and LBFGS are
consistently fully dense.

(2) SGD produced weights with some sparsity.

(3) CDprimal and CDdual achieve the highest spar-
sity among five solvers. Though CDprimal exhibit
slightly lower density in Table [2] we show in Sec-
tion [5.4] that both methods actually achieve com-
parable levels of sparsity.

The density discrepancy among solvers shows the need
of studying whether the optimal solution to problem
is inherently sparse. If the answer is yes, it follows
that certain optimization methods introduce redundant
nonzero components. Therefore, we analyze the the-
oretical sparsity of w* in Section [4] and explore the
underlying causes for these observations in Section

4 THEORETICAL ANALYSIS ON
THE SPARSITY OF OPTIMAL w*

Unluckily, studying the sparsity of w* is challenging
because it is impossible to get the theoretical optimum.
To address this difficulty, we begin with the optimality
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condition of any dual solution a*:
yi(w)) e, >1 = af =0f] (13)
Let the set
Ly = {i | yi(w*)T2; > 1} (14)

contain the indices of the instances that satisfy the
condition (13)), so we have o =0 for all i € I,-. If a
feature j only has nonzero values in [+, i.e.,

(ml)J =0,Vi ¢ L~ (15)
then from the primal-dual relationship ,
14
wi =Y yiof(xi); = Y wiof(xi); =0, (16)
i=1 =

where the second and the last equalities are from
and . If this occurs, w* is not fully dense. This

fact has been observed in [Moore and DeNero| (2011)).

Therefore, it seems that we should find the set I«
and check whether there are features only appearing in
I,+~. However, the set I,,~ is unavailable because the
optimal w* is unknown. Subsequently, we develop a
proxy set so that we do not rely on I,»«.

For any w € R", we define
I ={i| yw" @; > 1+ A}, (17)

where A > 0 is a small pre-specified number. If w is
close to w* (e.g., w is a good approximate solution
from any optimization algorithm), then I is likely a
subset of I,~. We then prove the following theorem
to connect Iz and any dual optimal solution a*. The
proof is in Appendix [D-1}

Theorem 4.1. Suppose w* is optimal to problem
under L2-loss. For any w € R", if

[ — w”|[[|las]| <A, Vi € I, (18)
then Iz C I+, i.e.,
yi(w*) 'z, > 1,Vi € Iz (19)

Let o be any dual optimal solution to problem . We
further have
af =0,Vi € I. (20)

The importance of Theorem [{.1]is to identify a suitable
I for checking if w* contains zero components. By a
similar derivation to 7 we have:
¢
. " " (21)
then wj = Zyiai (z); = Z yiog (x;); = 0.
i=1 i€l

5See the equation (15) of [Boser et al.| (1992) for details.

In particular, if @ is close to w* and A is small, the
proxy set Iz may contain most elements in I,,~, making

akin to (16). However, Theorem does not

give a practically feasible detector because, without
w™*, we cannot check |[w — w*||. To this end, we
derive the following theorem with the proof given in
Appendix

Theorem 4.2. Consider the dual problem under

L2-loss. For any dual feasible & € R® and any primal
w € R", if

\/2 (f(ﬁ) + fdual(a))‘lwiH < Au Vi € Iﬁv (22)

then Iz C Iy« and

O[;k = O,V’L S Iﬁ,
where o is any dual optimal solution to ,

Theorem characterizes the condition for @ to
identify the corresponding I set. Now we show how to
find such an @ and apply Theorem[1.2] Consider any it-
erative algorithm that solves the dual problem . We
generate a sequence of approximate solutions {a*}2°
throughout iterations. If the algorithm possesses good
theoretical properties, {ak}zozo might globally converge
to a dual optimal solution a*. However, we consider a
weaker requirement that {a*}°  has at least one con-
vergent subsequence {a*}cx approaching an optimal
a*. We define w" as follows to have

¢ I
wh = Zafyia:i — Zafyimi =w"
i=1 i=1
as k — oo,k € K. The primal-dual relationship shows

F@") + fawar (@) = f(w*) + fawa(a®) =0

as k — oo,k € K. Thus, there exists an iteration ¢
such that

V2 (F@) + fawa(@)) 2l < A, Vi € I

We can use I to check if holds.

After the theorems are prepared, it is the moment
to witness the sparsity of the unavailable w* on real
data sets. We begin with choosing any small positive
value as A. To find an @ and define w, we consider
CDdual introduced in Section[3] which guarantees global
convergence and the existence of an (&, w) satisfying
(22). After using to identify the corresponding
I set, we count how many feature j’s only appear
in the I set, ie., (x;); =0, Va; ¢ I. By , the
counting result is a lower bound on number of zeros in
w*. Based on the lower bound, in Table [3] we compute
the corresponding upper bound of the weight density
of the theoretical w*. The results indicate that
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Table 3: A practical use of Theorem to obtain
an upper bound of the weight density for the theo-
retical optimal w* under L2-loss SVM, computed by
1 — (lower bound on # zeros)/n. We pick A = 0.003
to identify an I set close to I«.

Data sets Upper bound on w*’s density
news20 73.0%
revl 67.5%
real-sim 93.9%
kdd2010a 58.2%
kdd2010b 57.9%
kdd2012 76.0%

(1) with upper bounds < 100%, the theoretical w* of
the experimented problems are sparse, and

(2) some methods (e.g., Newton) fail to preserve the
sparsity of w* and instead return much denser w’s.

5 INVESTIGATION: WHY
DIFFERENT DENSITY AMONG
DIFFERENT SOLVERS?

After confirming the theoretical sparsity of w*, we now
revisit the observations given in the end of Section
and explain why these algorithms do or do not retain
this sparsity.

5.1 Newton and LBFGS: No Sparsity due to Full
Gradient Updates

Each iteration in Newton and LBFGS involves using the
gradient to obtain the update direction. For L2-loss,
the derivative (£-2)/(s) = 0 for s > 1, so the gradient
for f(w) in is given by

Viw) =w+ 0y () w zye,
=w —2C Z (1- yin:ci)yi:ci. (23)

py,wlae; <1

In the beginning of the optimization process, it is ex-
pected that w does not effectively separate the two
classes of data. Hence, many (y;,x;) pairs satisfy
yiwTx; < 1 and contribute to the gradient calcula-
tion in (23), making V f(w) rather dense. As V f(w)
is utilized for updating w, the weight vector would
also be dense. Take the common setting of initial-
izing w = 0, as an example. In the first iteration,
(€92) (wTx;) = (£€2)'(0) # 0, Vi. Since all data are
used to compute the gradient, w becomes very dense
after the first iteration. Once a w; becomes nonzero,
in subsequent iterations, the accumulation of numeri-
cal errors may cause the approximate solution to have

*

w; # 0 even if w; = 0. The discussion suggests we
should avoid using too many instances at once for up-
dating w.

5.2 SGD: Sparsity Through Using a Subset of
Data

Compared to Newton and LBFGS, SGD only uses a
subset of instances at each update. For the experiments
in Section [3] we consider the extreme batch size of one,
say B = {i}. Therefore, from @, the update rule for
SGD is given by

W™ = w — niis (24)
= (1 —n)w + 2Clmax(1 — y;w” z;,0)y;x;.

As mentioned earlier, in the first few updates x; is
very likely misclassified and satisfies y;w”x; < 1. In
such a situation, whenever a feature x; has nonzero
values, it is added to the corresponding component
in w. However, as the optimization keeps going, w
may start making accurate predictions for some x;’s.
For these instances, since yw”a > 1 holds, they do
not contribute to update of w throughout the whole
optimization process. If some features only appear in
these unadded instances, the returned w can have some
sparsity.

To obtain a sparse w, it is better to quickly get a
sufficiently good w without seeing too many instances.
This explains why we set |B| = 1 in Section [3] If | B| is
enlarged, there would be more instances visited in the
early updates, causing many irreversible nonzeros in
the weight vector. For example, on the set rcvl, after
one epoch (i.e., seeing all instances once), we see that
the weight density grows as B becomes larger.

|B| 1 2 4 8 16 32 64
Density (%) 59.0 67.2 74.4 81.2 87.8 93.7 97.7

Besides the choice of |B], other settings of SGD, such
as learning rate scheduling and momentum, also jointly
affect the convergence speed and weight density. There-
fore, although ideally SGD can return a sparse w, it
is complicated to find a suitable setting which is both
time- and space-efficient in practice. Furthermore, a
careless tuning may even make SGD fail to converge.

5.3 CDprimal: Sparsity Through Recovering
Zeros

To explain why CDprimal achieves superior numerical
sparsity compared to the methods analyzed in Sec-
tion [5.1] and Section let us focus on any feature-j
satisfying , which implies w} = 0 in the optimal
solution w*. Even if w; becomes nonzero during opti-
mization or initialization, CDprimal guarantees that the
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final w; returns to exactly zero based on the following
properties:

e Zero-Recovery: The CDprimal update rule is ca-
pable of resetting a nonzero w; to exactly zero.

e Numerical Stability: Once w is sufficiently close
to w* and w; = 0, in later iterations w; does not
become nonzero again.

Below we illustrate the ideas and provide theoretical
statements in Appendix [D.3]

Zero-Recovery To demonstrate how CDprimal resets
w; of a feature-j satistying (|15]) to zero, we first follow
Chang et al.| (2008) to write the derivatives D(0) and
D7 (0) in the update rule ©):

py;wla; <1

and
Dj(0)=1+2C > ((®);) (26)
i:yi'wT:z:i<1
Suppose that at the current iteration, the following two
conditions are satisfied:

i) (x;); = 0 for all ¢ such that y,w”x; < 1, and
(i) (i); Y :

(ii) the line search accepts a full step n = 1.

Under condition the second term in and
is zero, so with condition the update rule @ yields

new _ D5 (0)

w n Y
= w; —
J DY(0)

-0 (21

w :w]—l.

It is easy to see that condition |(i)| holds once w is close
to the optimal w*. Specifically, the global convergence
of CDprimal eventually makes

yi(w*)Txi >1 = ywlaz; > 1. (28)

Thus, from , we have
yw x; <1 = i ¢ I, = (2;);=0.  (29)
In Appendix we formally prove that condition |(ii)|

also holds eventually.

Numerical Stability in Maintaining w; =0 Sup-
pose feature-j satisfies ([L5) and w; is updated to be
zero. If w is sufficiently close to w* so that holds,
then we use the form of D}(0) in to have

D’(0) = w; —2C Z vi(z:); (1 — yiw’ ;)
iy,wle; <1

=0-0=0,

Table 4: The weight density of CDprimal for L2-loss
under zero and random initialization of w.

Initialization of w w =0 Random
news20 72.7% 72.7%
rcvl 67.4%  67.4%
real-sim 93.9%  93.9%
kdd2010a 58.1% 58.0%
kdd2010b 57.8% 57.8%
kdd2012 75.4% 75.4%

implying that z = 0 is optimal for the sub-problem
Dj(z) in (7). Therefore, w; = 0 is not changed.

Our experiment in Table [4] shows that, even when w is
initialized as a nonzero vector, CDprimal still recovers
the zero components in the optimal w*. The result
comes from the update of one w component at a time
and the update rule in approximately minimizing the
one-variable sub-problem . In contrast, Newton,
LBFGS and SGD lack such properties. Earlier results
indicate that once w; becomes nonzero after an update,
it is nearly impossible to return it to an exact zero.

5.4 Dual-based Methods: Sparsity by
Representing w with Support Vectors

Interestingly, CDdual possesses similar properties to
CDprimal despite solving the dual problem .

Zero-Recovery Due to the constraint o; > 0 in the
dual problem, any algorithm that is able to operate on
the boundary of the feasible region is likely to assign
«; to zero during the optimization process. Projected
gradient methods represent a common class of algo-
rithms that operate on the boundaries, and CDdual
falls into this category because its update rule includes
a projection of a; onto the interval [0, 00). Therefore,
even if a; > 0 at a given stage of the optimization, as
long as

_ vi fdual (a)
Qi

the projection max(-,0) yields a?*V = 0. However, it
is worth noting that not all methods solving the dual
problem can reach the boundary points. For instance,
interior point methods operate strictly within the inte-
rior of the feasible region. Therefore, the resulting o
cannot contain exact zeros.

<0, (30)

%

Numerical Stability in Maintaining «; =0 The-
orem 2 in Hsieh et al. (2008) guarantees that after a
sufficient number of iterations, the value @; returned
by CDdual will be exactly zero whenever the optimal
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Table 5: The percentage of exact zeros in the returned
& under zero initialization (i.e., & = 0) and random
initialization, computed by (1 — nnz(e)/f).

Initialization of « Zero Random

news20 42.7%  42.7%

rcvl 65.3% 65.3%

real-sim 79.1%  79.1%

kdd2010a 54.8% 54.8%

kdd2010b 56.8% 56.8%

kdd2012 46.4%  46.4%
Table 6: The weight density of CDdual for L2-loss
with/without recalculating the final @ based on (31)).
Recalculation? No Yes
Initialization a = 0 Random a = 0 Random
news20 74.5% 88.5% 2.7% 72.7%
rcvl 69.1% 76.0% 67.4% 67.4%
real-sim 95.2% 99.7% 93.9% 93.9%
kdd2010a 59.1% 61.1% 58.1% 58.1%
kdd2010b 58.5% 60.1% 57.8% 57.8%
kdd2012 80.6% 86.0% 75.4% 75.4%

solution satisfies of = 0 and V; fyua(a®) > Oﬂ

Table B illustrates the effect of moving along the bound-
aries: even under a randomly initialized @ where there
is no zero component, in the end, CDdual is still able
to produce a similar proportion of zero @;’s as the
zero initialization does. Therefore, both initialization
methods can have sparse weights via the primal-dual
relationship.

“Recalculation” with the primal-dual relation-
ship Despite the similar number of zeros in the re-
turned @’s under zero/random initialization, there is a
non-negligible difference between the densities of the
returned w’s from LIBLINEAR, as shown in Table [f]
(the left two columns). Here we explain why.

Conceptually, after obtaining an approximate &, the
returned w is constructed by

4
w = E QY ;.
i=1

However, in practical implementations (e.g., LIBLIN-
EAR), a vector w is maintained by for calculating
V.if(e) efficiently. After the optimization is finished,
the maintained w is directly returned as the approxi-
mate solution w so that we do not need to calculate w

(31)

SNote that the optimality condition implies that if o} =
0, then V; faual(@™) > 0. Thus, in general V; faua(a™) > 0
holds together with aj = 0.

Table 7: Model size for extreme multi-label classifica-
tion using different solvers. The numbers in parentheses
indicate the size relative to that of Newton.

Newton CDdual
roviv2 0.058 GB __ 0.026 GB (45 %)
EUR-Lex 1.136 GB 0.827 GB (72 %)
AmazonCat-13K  4.477 GB 2.053 GB (45 %)
Wikil0-31K 8.279 GB 4.600 GB (55 %)
Wiki-500K 299.283 GB  164.952 GB (55 %)
Amazon-670K 37.184 GB  20.439 GB (55 %)
Amazon-3M 515.195 GB  224.994 GB (44 %)

by in the end. It turns out that this convenient
and cost-saving way to get w developed in [Hsieh et al.
(2008)) may lead to denser solutions than a naive con-
struction via . Let us consider an «; that is nonzero
at some point in the iterative process but becomes zero
in the end. According to , x; is not needed in the
construction of w. However, along the way of updating
«; from nonzero to exact zero, numerical errors may
occur in the subtraction (o — ;) in (12)), causing

x; still be used even though it should not be.

To further reduce the density, we propose recalculating
w by after the optimization. This recalculation
ensures that those x;’s with corresponding @; = 0 are
not added into w. As shown in Table [6] applying
this technique consistently reduces the weight densities
across all data sets, regardless of the initial value of c.

CDprimal vs. CDdual By comparing the results in
Tables [3| [} and [6] we observe that the densities re-
turned from CDprimal and CDdual (with recalculation)
are very close to the upper bound of the theoretical
weight density shown in Table 3] Despite the similarity
in sparsity, CDdual reaches the same level of conver-
gence faster than CDprimal, as noted in [Hsieh et al.
(2008). Furthermore, CDdual can also be applied to
optimize the non-differentiable L1-loss, while CDprimal
cannot. As a result, CDdual is preferred for achieving
theoretical sparsity in large-scale applications.

6 EXPERIMENTS ON
MULTI-LABEL CLASSIFICATION

We demonstrate the practical impact of our study on ex-
treme multi-label classification, which requires solving
a large number of binary linear classification problems.
After training, the resulting weight vectors must be
stored as part of the final model. Our analysis of weight
density shows that using an inappropriate optimization
algorithm can result in numerical solutions containing
significantly more non-zero values than the theoretical
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Table 8: Performance comparison using different solvers. We report the precision scores for Newton. For CDdual,

we show the score differences compared to Newton.

Precision@1 Precision@3 Precision@5

Newton CDdual Newton CDdual Newton CDdual
rcvlv2 95.78 +0.01 80.02 +0.01 55.94 +0.01
EUR-Lex 82.36 —0.03 69.06 +0.00 57.73 +0.00
AmazonCat-13K  93.01 +0.01 79.24 +0.00 64.44 +0.00
Wikil0-31K 84.45 —0.02 74.34 +0.03 65.54 +0.01
Wiki-500K 67.92 +0.00 48.48 —0.01 37.71 —0.01
Amazon-670K 4411 +0.00 38.93 —0.01 35.08 +0.00
Amazon-3M 46.88 —0.01 44.08 —0.01 41.93 —0.01

optimum. As shown in the following experiments, these
unnecessary non-zero entries lead to substantial waste
in model storage.

6.1 Experimental Settings

We consider several multi-label data sets, with statis-
tics given in Appendix For training, we use the
package LibMultiLabel["] which relies on LIBLINEAR
to solve the underlying binary classification problems.
We compare the two optimization methods used in
Section 2} Newton and CDdual. These methods are se-
lected because they exhibit markedly different sparsity
behaviors — Newton yields fully dense solutions, while
CDdual achieves high sparsity in our earlier analysis.
To reflect practical usage, we apply both methods us-
ing the default stopping condition in LIBLINEAR. For
CDdual, we additionally perform weight recalculation
using to improve sparsity. Further experimental
details are provided in Appendix [F}

6.2 Model Size Comparison

In Table [7] we report the size of the models trained
by Newton and CDdual. We use Newton as a baseline
and report the model size ratios for CDdual because
Newton produces fully dense solutions. For all data
sets, CDdual greatly reduces the model size under L2-
loss, which aligns with the results for binary data sets.
For the largest data set Amazon-3M, CDdual even saves
more than half of the model size compared to Newton.

6.3 Comparison of Testing Set Performance

While reducing the model size is beneficial, sparsity
should not come at the expense of predictive perfor-
mance. In Table [§] we compare the “Precision at 1,
3, 5” metrics to evaluate the performance of extreme
multi-label models. These precision scores measure

"https://www.csie.ntu.edu.tw/~cjlin/
libmultilabel/

the proportion of correctly predicted labels among the
top-ranked predictions and are standard evaluation
metrics in multi-label classification. We observe that
the performance difference between CDdual and Newton
is minimal, as both methods optimize the same L2-loss.
Since they converge to the same optimal solution, their
final models are expected to perform similarly. These
results suggest that selecting an appropriate optimiza-
tion method — such as CDdual — can significantly reduce
model size without compromising predictive accuracy.

7 CONCLUSIONS

In this work, we analyze how Ls-regularized SVMs
can have sparse optimal solutions when the data set
is sparse. Although some previous works (Moore and
DeNerd, 2011; [Marafino et al.l [2015) also observed this
phenomenon, our work provides formal theorems to
explain the underlying reasons. Moreover, we investi-
gate why different optimizers yield different numerical
densities and point out that the high sparsity achieved
by CDprimal and CDdual stems from their ability to
recover zeros and maintain floating-point zero upon
reaching the optimal point. In practical applications,
some linear methods for solving multi-label classifica-
tion problems rely on Lo-regularized SVMs. Our work
suggests that by selecting an optimizer that preserves
theoretical sparsity (e.g., CDdual), we may reduce the
model size by nearly half.
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Supplementary: On the Weight Density of L,-Regularized Linear
Classification and Regression

A NOTATION

A list of notations used in this paper is presented in Table [9]

Table 9: Main notation

Notation  Description

l,n,L the number of training instances, features, and labels

T feature vector

y label for classification or target value for regression

() convex loss function

f(), fawar(:)  primal and dual objective functions

w weight vector

« dual-variable vector

w; ¥j € [n]  j-th component of the weight vector w

a; Vi € [l] i-th dual variable corresponding to instance ¢

w*,w optimal and approximate solutions of the primal problem

a*,a optimal and approximate solutions of the dual problem
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Table 10: Data statistics for binary data sets, ordered by the number of instances. The column “used features”
indicates that features with zero values in the entire training set are removed. The density is defined by the
average number of non-zeros per instance divided by the number of used features. The imbalanced ratio is the
ratio of majority class to minority class.

14 n
Data sets  #instances  #features #used features imbalanced ratio density
news20 19,996 1,355,191 1,355,191 1.0002  0.0336%
rcvl 20,242 47,236 44,504 1.0759  0.1664%
real-sim 72,309 20,958 20,958 2.2516  0.2448%
kdd2010a 8,407,752 20,216,830 19,306,083 5.8031  0.0002%
kdd2010b 19,264,097 29,890,095 28,875,157 6.1762  0.0001%
kdd2012 119,705,032 54,686,452 50,333,432 21.4798  0.00002%

Table 11: Data statistics for multilabel data sets, ordered by the number of labels. The density is defined by the
average number of non-zeros per instance divided by the number of features.

L l n
Data sets #labels #instances #features #used features  density
rcvlv2 101 23,149 47,236 47,152  0.1610%
EUR-Lex 3,956 15,449 186,104 186,103  0.1459%
AmazonCat-13K 13,330 1,186,239 203,882 203,542  0.0419%
Wikil0-31K 30,938 14,146 104,374 104,374  0.6606%
Wiki-500K 501,070 1,779,881 2,381,304 2,379,703  0.0163%
Amazon-670K 670,091 490,449 135,909 135,876  0.0557%
Amazon-3M 2,812,281 1,717,899 337,067 336,774 0.0146%

B DATA STATISTICS

B.1 Binary Data Sets

Table [10] lists the statistics for six binary data sets. Below we provide the specific links for the data sets from
“LIBSVM Data Sets.El

e news20: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/news20.binary.bz2

e rcvl: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/rcvl_train.binary.bz2
e real-sim: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/real-sim.bz2

e kdd2010a: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/kdda.bz2

o kdd2010b: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/kddb.bz2

e kdd2012: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary/kdd12.tr.xz

We note that for rcvl and all kdd sets, some features are zero across all training instances. We refer to these as
“useless features” because, for all the methods we consider, the corresponding w components are not updated at
all. Since we initialize w as a zero vector for all methods, these components remain zero for the useless features,
regardless of which algorithm we use. In Table we indicate the “#used features” to specify the number of
features that are not “useless features.” Additionally, we consider density based on the number of used features
rather than the number of original features.

8https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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B.2 Multi-label Data Sets

Table [l lists the statistics for multi-label data sets. We download Wiki-500K and Amazon-3M from
https://archive.org/download/pecos-dataset/inference-models/, while other data sets were obtained
from “LIBSVM Data: Multi-label Classiﬁcation.’ﬂ Multiple versions of TF-IDF feature vectors may be available,
so we specify the data sets used through the following list of links.

revlv2:
— training: |https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/rcvl_topics_
train_svm. bz?

— testing:  https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/rcvl_topics_

test svm_ bz?

EUR-Lex
— training: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/eurlex_tfidf_

frain_suvm.bz?

— testing: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/eurlex_tfidf_

test svm _ bz?

AmazonCat-13K:

— training: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/
AmazonCat-13K tfidf train verl.svm.bz2

— testing: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/AmazonCat-13K_
tfidf test verl.svm.bzZ

Wikil0-31K:
— training:  https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/wikil0_31k_
tfidf train.svm.bzZ

— testing: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/wikil0_31k_
tfidf test.svm.bzZ

Wiki-500K (training and testing): https://archive.org/download/pecos-dataset/xmc-base/wiki-500k|
tar.gz

Amazon-670K:

— training: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_
tfidf train verZ.svm.bz2

— testing:  https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_
tfidf test verZ.svm.bzZ

Amazon-3M (training and testing): https://archive.org/download/pecos-dataset/xmc-base/amazon-3m|
tar.gz
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https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/wiki10_31k_tfidf_test.svm.bz2
https://archive.org/download/pecos-dataset/xmc-base/wiki-500k.tar.gz
https://archive.org/download/pecos-dataset/xmc-base/wiki-500k.tar.gz
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_tfidf_train_ver2.svm.bz2
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_tfidf_train_ver2.svm.bz2
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_tfidf_test_ver2.svm.bz2
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multilabel/Amazon-670K_tfidf_test_ver2.svm.bz2
https://archive.org/download/pecos-dataset/xmc-base/amazon-3m.tar.gz
https://archive.org/download/pecos-dataset/xmc-base/amazon-3m.tar.gz
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C EXPERIMENTAL SETTINGS FOR TABLE 2|

We list the settings of different optimization methods on the following.

o Newton: We use LIBLINEAR version 2.47.0. In LIBLINEAR, the Newton method iteratively updates w until the
gradient is small enough
min{#pos, #neg}
L
where € is the tolerance parameter, # pos (respectively, # neg) refers to the number of positive (respectively,
negative) instances, and w(® is the initial point. The default € in is 1072 and we set e = 1078 for the
strict condition.

IVi(w)] < e

IV f (w1, (32)

o LBFGS: We use the LBFGS implementation from Wang et al.| (2019)) with the same stopping condition as .

e SGD: In the beginning, we tried several learning rate schedules, including a constant rate and the scheduling
used in Pegasos (Shalev-Shwartz et al., 2007)). However, these configurations failed to satisfy the stopping
condition with the default € = 10~2. After doing some experiments, with learning rate n = 0.1, the update
rule

1 <= 0.9n after each iteration (i.e., every £ instances),

and the momentum setting

v+ gg+0.9v
g3<—’0

we can reach the default stopping condition for small data sets. For the larger data sets, the training were
terminated at the 100-iteration limit.

o CDprimal: We use the codﬂ from |Chang et al.| (2008). Since some data sets did not reach the strict
stopping condition within a reasonable timeframe, we capped the training at 3,000 iterations (each iteration
corresponding to one cycle of updating all w’s components). While smaller data sets met the strict stopping
condition earlier, larger data sets were terminated at the 3,000-iteration limit.

o CDdual: We use LIBLINEAR version 2.47.0. Inside the while-loop of Algorithm [T} a sequence of a’s is generated,
denoted by {a®!,... a®*}. The iteration is terminated when

(max fodua|(ak’i)) — (m_in fodua|(ak’i)) <, (33)
where VT fyuai(c) is the i-th component of the projected gradient, defined as

vifduaI(Oé) if 0 < o

P —
Vi Jauai(er) = {min(O,Vi fawat(@)) if @; = 0.

The default € in is 107! and we set e = 1078 for the strict condition. Throughout this paper for solving
L2-loss SVM, except specified, we use a strict stopping condition for CDdual.

Ohttps://www.csie.ntu.edu.tw/~cjlin/liblinear/cdl2paper/


https://www.csie.ntu.edu.tw/~cjlin/liblinear/cdl2paper/

On the Weight Density of Ls-Regularized Linear Classification and Regression

D PROOFS

D.1 Proof of Theorem [4.1]

Proof. Since directly implies from , it suffices to prove . Assume for contradiction that
does not hold. That is, there exists some i € Iz such that y;(w*)Tx; < 1. Therefore,

i i = i (w*) s + i (@ — w') T <1+ [ — w ] < 1+ A,
where the last inequality is from . However, this contradicts the definition of I3. O

D.2 Proof of Theorem [4.2]
Let us separate f into two parts f = F} + Fb, where
1 l
F(w) = QwTw and Fp(w) = OZ¢:1 E(yiwT xy).
Suppose that w* is optimal to problem . The optimality condition of w™* implies that

0 € Of (w*), (34)

where Jf(w™*) is the subdifferential of f at w* (i.e., the set of all subgradients at w*)B Besides, by Rockafellar
(1970, Theorem 23.8)]E| we have

Of (w*) = OF (w*) + 0F:(w*) = VF (w*) 4+ 0F(w™),
where the differentiability of F;(w) leads to
OF; (w) = {VF;(w)}.
Therefore, implies

—VF (w") € 0F(w"). (35)
Because F} is a quadratic function with the identity matrix Z as the Hessian, the Taylor expansion of Fj is
1
Fi(w) = Fy(w*) + VF (w*) T (w — w*) + i(w —w) T Z(w —w*). (36)
Furthermore, since F5 is convex function, for any g € 0F;(w*), we have
Fr(w) > Fp(w™) +gT('w —w"). (37)
Combining and (37)), we have for each g € 9F>(w*),
1
f(w) = Fi(w”) + F(w”) + (VF (w") + g)" (w = w") + S [lw — w?||*. (38)
From (35), we take g = —VF;(w*) in and get
* 1 *
f(w) = f(w") + 5w —w|* Vw. (39)

Consider any dual feasible point @ and any dual optimal solution a*. Because & is feasible in the dual problem ,

_fdual(a*) > _fdual(a)- (40)
Now consider any primal w. After combining (39)), the property of duality f(w*) = — fauai(@*), and (40)), we have

2(/@) + faus(@) 22 ((07) 4 1 = 0| + faa(r))

* 1 —_— * * —_— *
=2 (fdua|(a )+ §||’w —w*||? + faual( )) = ||w — w*|?.
And the above inequality implies that
V2(f (@) + fawa(@)) > [ — w"||. (41)
Finally, from Theorem we have the results.

1See https://stanford.edu/class/ee364b/lectures/subgradients_slides.pdf.
12See also https://www.math.cuhk.edu.hk/course_builder/1920/math4230/Note8.pdf
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D.3 Proof of the Zero-Recovery Property of CDprimal

In Section we illustrate that if w; =0 and holds, the update rule of CDprimal @D guarantees the updated
w; = 0 provided that w is sufficiently close to the optimal w*. In this subsection, we give a rigorous theoretical
statement and its formal proof.

Theorem D.1. Assume wi =0 and holds. Suppose CDprimal generates a sequence {w*} — w*. Then
there exists ko such that

(i) (Zero-Recovery) If w;-“ # 0 for some k1 > ko, the update at this step is

ki+1 _ k1 k1
w; = w; w; =0.

(it) (Numerical Stability of w; = 0) Further, wf =0 for all k > k.

Proof. To begin, we recall the definition of the I, set
Ly = {’L ‘ yi('w*)T:ci > 1}

and define
§ = min (y;(w*) x; — 1) > 0.

TE Ly *

Using the global convergence of CDprimal, there exists a &’ such that for k¥ > k', the following three conditions
hold:
Ly C{i | yi(w®) 2 > 1}, (42)

0
|yi(wk)Tﬂ’»‘i - yz‘(’UI*)TﬂJi| <3 Vi, and (43)

|wh (2);| < 0 Vi, (44)

57
where and follow from w* — w*, and follows from w;-“ — w; = 0. We claim such a k' can be the

ko mentioned in the statement. To see this, if w;-“ # 0 for some ki > k’, then the update at the ki-th iteration is
given by

D}(0)
k1+1 k1 J
w3 =wt —n . (45)
s T D)
Note that implies {i | y;(w* )@y <1} C{1,...,€} \ L+, so with (15, we have
(@i); =0 for i € {7 | yor(w*) x; < 1}[ (46)
In , we have
D (0) = wl* —2C > yi(@i); (1 — yi(wh) ;) = wi (47)
iry; (wh1)Ta; <1
and
DJ(0)=1+2C S (=)’ =1, (48)
iy (wh1)Ta; <1
where the last equalities in and are from . Hence, becomes
wf”‘l = wfl - nwéﬁ. (49)

To decide the step size 7 in , CDprimal conduct a line search from n =1, 3, %, ..., where 3 € (0,1), until the
following sufficient decrease condition is satisfied

Dj (=) = D;(0) < —on?(wf")?, (50)

3This corresponds to condition in Section
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where o is any constant in (0,1/2). Therefore to show the resulting wf”‘l = 0, it suffices to show that n =1

meets the sufficient decrease condition (50). By the definition of D;(-), we have

Dj(—w;-“) = % (wkl w;“ej)T (wkl w; ej) + CZ (max (O 1—y; ( kr wflej)Twi))2 (51)

and
¢

1 T T 2
D;(0) = 3 (wh)" (w*) + C’; (max (0, 1—y; (wh) :cz)) . (52)
For calculating — , we have
Dj(—w") - D;(0)

T
= % (wkl — w’-“ej> (wkl wkle]) — % (wkl)T (whr)

+Ci (max (071_%( _wkleJ)Twi)y_ (max(O,l—yi (wkl)T“”))Q]
( ) . CZ <max ( . (,wkl _ wflej)Twi>>2 — <maX (0, 1—y (wkl)T‘Ei))Ql
( ) Lo Z [(max (0,1 L ( wkleJ)T:ci>>2 _ (max (O,l — ¥i (wkl)Tmi>)2]

+ cg; (s (o, ot ) 1)) (o 00 ) )| )

In the following, we respectivly consider the case of i € I« and @ & IL«.

o If i € I+, then according to the definition of I, 1 — y;(w*)Tx; < 0. Further, by the definition of 4,
and , we have

T T
11—y (wk1 wklej) x;=(1—-y (w*)T x;) + (y; ('w*)T T — Yy ('wkl) x;) + yiwfl (i),

5 8
S oo =0,
< +2+2 0

Therefore, the max function returns zero and we have
T 2 2
Z l(max (O, 11—y ( — wklej) :cl>> - (max (O, 11—y (wkl)Tmi)) ] =0.
=

o Ifi ¢ Ly, by we have (x;); = 0 and therefore

T
Yi (wkl - wklej> x; = yi(w*) x; — yz”w;ﬁ (xi); = yi (wkl)T Li-
Hence, we have
T 2 2
Z l(max (0, 11—y, ('wk1 — wflej) acz>> — (max (0, 11—y (wkl)Tgci» ] =0.
i@ Loy
Combining the above items, becomes

(w,?1)2
2

Thus, the sufficient decrease condition holds at 7 = 1. This finishes the proof of the update in The proof of
has been provided in Section O

D,(~wft) = D;(0) = -

+0+0< —a(wfl)Q.
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Figure 1: The distribution of the weight values in an approximate solution @""*" by solving the primal problem.
The green (respectively, blue) line is the distribution for wye""m” (respectively, Ne""m“) The red line corresponds

to the weight value 1076,

E ON THE INFEASIBILITY OF TREATING SMALL NUMERICAL VALUES
AS ZEROS

Throughout this work, we count zeros in numerical solutions strictly based on the floating-point zero defined in
the IEEE standard. A natural question is whether one could instead treat very small numerical values as zero.
For example, one might remove components in w whose absolute values are below a threshold e.

Based on the analysis in Section we expect that the weights returned by CDdual may provide hints about the
zero components in the theoretical optimum w*, since the numerical sparsity observed in CDdual closely reflects
the theoretical sparsity of w*. Ideally, one might attempt to prune small values from the fully dense numerical
solution WM 5o that only entries corresponding to nonzero positions in w P92 are retained. To examine this
possibility, we partition the feature indices {1,...,n} into two disjoint sets:

o Ji ={j|wEP"" = 0}, corresponding to the components whose values in pewton

_ {J | wCDduaI 7& 0}

Figure [1| shows the histograms of the weight values for the two subsets w; and w *Ne""t"” We observe that
—N

are smaller than those in @;$"*", but the two dlstrlbutlons stlll overlap substantially.

should ideally be removed.

Newton

most values in wye""t"”

Hence, it is impossible to perfectly remove weights in E‘N,e‘”w" without also discarding some weights in ﬁye""w"

Moreover, selecting an appropriate threshold e is infeasible without knowing J; and J.

In summary, treating small numerical values as zero cannot faithfully reproduce the sparsity pattern of the
theoretical optimal w*. In contrast, CDdual inherently preserves this sparsity without any post-hoc processing.



On the Weight Density of Ls-Regularized Linear Classification and Regression

Algorithm 2 A framework of parallel CDdual in LIBLINEAR-multicore (Chiang et al., [2016)

. ¢
~ Given v and w =), oy ;.

— While « is not optimal
1. Select a batch B
2. Calculate Vg fp(a) in parallel
3. Select B C B with |B| < |B]
4. Update oy,4 € B sequentially as in Algorithm

Table 12: The density of weights for Newton and CDdual with single and multicore for L2-loss SVM, with default
setting in LIBLINEAR-multicore. The multicore setting applies 16 cores to train each binary classifier.
Newton CDdual
Single Multi  Single Multi
news20 100.0% 100.0% 74.3% 74.3%
rcvl 100.0% 100.0% 69.0% 69.0%
real-sim 100.0% 100.0% 95.3% 95.3%
kdd2010a 100.0% 100.0% 59.1% 59.1%
kdd2010b 100.0% 100.0% 58.5% 58.5%
kdd2012  100.0% 100.0% 79.7% 79.7%

F EXPERIMENTAL SETTINGS FOR LIBMULTILABEL

In this section we provide details of our LibMultiLabel setting not mentioned in the main context.

The tree-based method in LibMultiLabel originates from the method introduces in |[Khandagale et al.| (2020]), which
uses hierarchical K-means to construct the label tree. Every path from a parent node to a child node corresponds
to a binary classification problem. Because the K-means algorithm involves randomness, causing different sets of
binary classification problems, we repeat the model training five times using various random seeds on rcvlv2,
EUR-Lex, AmazonCat-13K, Wiki10-31K and Amazon-670K. We report their average in Table [7] and Table [§] For
the two large data sets Wiki-500K and Amazon-3M, we only conduct the experiments for one seed due to resource
limitation. We apply 5-fold cross validation to select the regularization parameter C' for all binary problems in
the tree model.

Besides, LibMultiLabel uses the package LIBLINEAR-multicore to speed up the optimization for CDdual. Its general
framework is shown in Algorithm [2l One may wonder if the weight density obtained from Algorithm [2|is different
from the weight density using Algorithm [I} We now explain that the multi-core implementation keeps the weight
density the same. The implementation of LIBLINEAR-multicore starts by first splitting all instance {1, ..., ¢} into
several batches. Within each batch, it calculates Vg fp(a) for a batch B in parallel, and then selects a subset
B C B. Once the update batch B is determined, the update for «; is carried out sequentially for i € B. Since
the parallelization is only for the calculation of gradients, the returned weights remain the same, regardless a
single/multi core implementation.

In Table [I2) we show the weight density using both single and multi-core configurations for L2-loss SVM, with the
default setting in LIBLINEAR-multicore. For the multi-core setup, we assign half of the available CPU cores to
each binary problem. The results show that the parallelization of CDdual does not affect the weight density.
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G EXTENSION TO L1-LOSS SUPPORT VECTOR CLASSIFICATION

Due to space limitation, we only focus on the L2-loss in the main paper. In this section, we extend our results to
L1-loss (hinge loss)

1 ywTx) = max(0,1 — yw'x). (54)
The optimization problem is given by
1 ¢
min f(w) = in,w +C ;ﬁLl(yinwi)y (55)
and its dual problem is given by
1
min fgua(a) = §aTQa —efa  subject to 0 < a; < C, Vi, (56)

_ T
where Qiy, = YiYuT; Ty

G.1 Theoretical Sparsity of w*

Since L1-loss shares a similar mathematical structure with L2-loss, Theorem and Theorem also apply to
the L1-loss case. The proofs follow directly from the derivations in Appendix

G.2 The Weight Density of the Numerical Solutions Obtained from Different Solvers

To investigate whether optimization methods can return solutions with numerical zeros when optimizing Lo-
regularized L1-loss SVM, we consider the two algorithms:

e Pegasos (Shalev-Shwartz et al., |2007)): Since L1-loss is not differentiable, the three primal-based methods
considered in Section [3] cannot be applied. Thus, we consider Pegasos, an algorithm similar to SGD. The
main difference is that the stochastic gradient gp in @ becomes a stochastic subgradient. The update rule of
Pegasos is given by

W' =w —ngp (57)
=(1-nw+ Cén]l[yinxi < 1y;sz,,

where the indicator function is
1 ifywTax; <1,

lyw 'z, < 1] = )
0 otherwise.

In Shalev-Shwartz et al.| (2007)), they solve the following problem

~| =

A
min —w- w +
w 2

¢
Z E(yiw” x;). (58)

After taking

1
)\—a,

problem is equivalent to our primal problem by scaling a positive constant. Thus, the optimal solutions
of these two problems are the same. We set the batch size equal to one for solving the problem by . Note
that Pegasos sets the initial learning rate as

1
= — = g
Mo 2\ Ca

and utilizing the scheduling
1
e = %770

in the k-th update (epoch). We report the results after running 10,000 epochs.
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Table 13: The weight density using different solvers for L1/L2-SVM losses. The settings are given in Appendix
For CDdual, we re-calculate w based on to avoid numerical errors from .

L1-loss L2-1loss
Methods b rcos  CDdual  SGD  CDdual
news20 68.7%  62.9% 784% 72.7%
rcvl 64.3% 58.7%  72.0%  67.4%
real-sim 94.2% 90.1% 96.5% 93.9%
kdd2010a 67.6% 55.0% 70.9%  58.1%
kdd2010b  68.0% 53.4% 71.3% 57.8%
kdd2012 69.3% 50.0%  80.0%  75.4%

Table 14: The percentage of support vectors (#SV)/l obtained by running CDdual on both losses.
Methods  Ll-loss L2-loss
news20 43.7%  57.3%
rcvl 24.5%  34.7%
real-sim 15.2%  20.9%
kdd2010a  40.2%  45.2%
kdd2010b  37.6%  43.2%
kdd2012 24.9%  53.9%

o CDdual (Hsieh et al., 2008)): For dual-based solvers, CDdual can also be used to solve L1-loss SVM through the
same derivation in Section [3] For solving L1-loss SVM using CDdual, we only run the algorithm to reach the
default stopping condition, though we observe that the results for L2-loss under default/strict conditions are

similar.

In Table we list the weight densities of the numerical solutions using Pegasos and CDdual for L1-loss. We also
copy the results of L2-loss from Table 2] Both Pegasos and CDdual achieve some sparsity in the weights under
L1-loss.

To understand why CDdual leads to greater sparsity under L1-loss, according to the primal-dual relationship ,
we hypothesize that if fewer instances are used to construct w, the final w is likely to be sparser. To support this
conjecture, we compute the number of instances with @; > 0 (i.e., support vectors) for CDdual with L1/L2-loss
under the same setting in Table 2] The results are in Table We observe that the support vectors using L1-loss
are generally fewer than using L2-loss, which aligns with our hypothesis.

G.3 Model Size Reduction for Ll-loss in Extreme Multi-label Classification

In Table we report the model sizes obtained by solving each binary classifier with CDdual under the L1-loss.
For comparison, the corresponding results for the L2-loss (from Table [7]) are also included. Across all data
sets, training with L1-loss using CDdual leads to smaller models than with L2-loss. This observation aligns with
Table since the numerical solutions obtained from L1-loss are sparser than those from L2-loss, fewer nonzero
weights need to be stored.

However, in terms of prediction performance, we observe a noticeable gap between solving L1-loss and L2-loss.
Because the underlying optimization objectives differ, their respective optimal solutions can vary significantly.
Therefore, a fair comparison requires careful tuning of hyperparameters such as the regularization parameter
C for both settings. The tuned results are summarized in Table On large-scale sets such as Amazon-670K
and Amazon-3M, the performance of L1-loss is worse than that of L2-loss. Investigating the reasons behind this
performance drop remains an interesting direction for future work.
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Table 15: Model size for extreme multi-label classification using different solvers. The numbers in parentheses
indicate the size relative to that of Newton.
Newton(L2) CDdual(L2) CDdual(L2)/Newton CDdual(L1) CDdual(L1)/Newton

rcvlv2 0.058 GB 0.026 GB 45 % 0.022 GB 37 %
EUR-Lex 1.136 GB 0.827 GB 72 % 0.743 GB 65 %
AmazonCat-13K 4.477 GB 2.053 GB 45 % 1.706 GB 38 %
Wikil0-31K 8.279 GB 4.600 GB 55 % 3.609 GB 43 %
Wiki-500K 299.283 GB  164.952 GB 55 % 139.952 GB 47 %
Amazon-670K 37184 GB  20.439 GB 55 % 18.314 GB 49 %
Amazon-3M 515.195 GB  224.994 GB 44 % 193.054 GB 37 %

Table 16: Performance comparison using different solvers. We report the precision scores for Newton. For CDdual,
we show the score differences compared to Newton.

Precision@1 Precision@3 Precision@5
Newton CDdual(L2) CDdual(L1) Newton CDdual(L2) CDdual(L1) Newton CDdual(L2) CDdual(L1)
revlv2 95.78 +0.01 +0.12 80.02 +0.01 +0.15 55.94 +0.01 +0.05
EUR-Lex 82.36 —0.03 —0.97 69.06 +0.00 —0.66 57.73 +0.00 —-0.95
AmazonCat-13K 93.01 +0.01 —1.78 79.24 +0.00 —0.32 64.44 +0.00 —0.39
Wikil0-31K 84.45 —0.02 —1.10 74.34 +0.03 +0.01 65.54 +0.01 —0.07
Wiki-500K 67.92 +0.00 —1.12 48.48 —0.01 —0.89 37.71 —0.01 —0.85
Amazon-670K 44.11 +0.00 —1.01 38.93 —0.01 —1.24 35.08 +0.00 —1.58
Amazon-3M 46.88 —-0.01 —1.21 44.08 —0.01 —1.26 41.93 —0.01 —1.23

H EXTENSION TO LOGISTIC LOSS

The classification method logistic regression solves with the following logistic loss:
R (yw' z) = log(1 + exp(—yw’ z)).

Different from the situation of L1/L2-loss, we show that the optimal w* is in general fully dense. In[Yu et al.
(2011), they showed that the dual problem takes the following form

L 7 IR ¢
min o Q a+zi:1 a;loga; + (C — ;) log(C — «y),

subject to 0 < «; < C, Vi,

where Q'R € R**¢ with
LR

Moreover, they proved that the optimal a] > 0 for all . Then, from the primal-dual relationship 7 every
feature is used for constructing w*. Thus, w* is likely to be fully dense. In this situation, an optimization method
with convergence guarantee returns a dense w close to w*.

We check the weight density using Newton and CDdual for logistic loss in Table [17] with the default setting in
LIBLINEAR. Both methods return dense weights. Therefore, we confirm that even the coordinate descent method
to solve the dual problem of logistic regression returns fully dense w.
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Table 17: The density of w for logistic regression using Newton and CDdual solvers.
Newton CDdual

news20 100% 100%
rcvl 100% 100%
real-sim 100% 100%

kdd2010a 100% 100%
kdd2010b 100% 100%
kdd2012 100% 100%

I EXTENSION TO SUPPORT VECTOR REGRESSION

Due to space limitations, the main paper primarily focuses on the weight density in Lo-regularized linear
classification, specifically for support vector classification. In this section, we extend our discussion to include
linear support vector regression (SVR).

I.1 Problem Formulation™

Given a set of £ training instance-target pairs {(z;,y;)}_,, where x; € R" is the feature vector and y; € R is the
target value for x;. Linear SVR finds a model w such that w”x; is close to the target value y;. It solves the
following Lo-regularized problem:

. 1 7 ! .
H}}}Hf(’LU) = iw w+OZi:1 fe(wvmiayi)v (59)
where &, is the e-insensitive loss
E(w; s, yi) = max(|w’ z; — yi| —€,0) (L1-loss), (60)
Ce(w; s, y;) = max(jw'x; — y;| —€,0)*  (L2-loss). (61)

The parameter e is given so that the loss is zero if |wTz; — y;| < e.

According to [Vapnik! (1995), the dual problem of SVR is given by:

min fava(a™,@™) subject to 0<af,a; <U, Vi=1,...,/, (62)

at a

where the dual objective is:
+ Lo+ —\T + -
fdual(a , & ) = i(a -« ) Q(Oé -« )

¢ _ _ A
+ Zi:l (6(04? +a;) —yila —a;) + 5

(0P + 7)) (63)
In equation , Q € R™! is a matrix with Qij = :ciij and (A, U) depends on the loss type:

if L1-loss
LU = {(O,C) i oss SVR,

(%, oo) if L2-loss SVR.

To simplify the notation, we can combine a™ and o~ such that

Q T
oo [ st [ e fe

MWe follow the description for support vector regression in [Ho and Lin (2012).
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Table 18: A practical use of Theorem to obtain an upper bound of the weight density for the theoretical
optimal w* under L2-loss SVR, computed by 1 — (lower bound on # zeros)/n. We pick A = 0.005 for all datasets
to identify an I set close to Lp«.

Data sets Upper bound on w*’s density
E2006-tfidf 63.7 %
E2006-loglp 65.1 %
kdd2012 80.3 %

where Q = Q + A\Z, T is the identity matrix, and e is the vector of ones. Therefore, the dual problem can be
re-written as

— T
min fa () = %QT [QQ g] ot [EZ N Z} o (64)

subject to 0<af,a; <U, Vi=1,... ¢

The primal-dual relationship between the primal optimal solution w* and the dual optimal solution a* is given

by:
4

* +yx —)* .
w =3 (af) —(a7) )z (65)
1.2 Theoretical Analysis on the Sparsity of Optimal w* in Support Vector Regression

Following what we have developed under L1/L2-loss support vector classification in Section 4 of the main paper,
we now analyze whether the optimal solution w* in SVR can also exhibit sparsity.

From the KKT optimality condition of the dual problem, for any optimal dual solution a*, we have

(w*)Tx; —ys] <e = (a)* =0 and (o))" =0. (66)

(3

Therefore, we turn to consider the set
Iy = {i| |(’U’*)T$z' —yi| <€}, (67)

so that (o] )* = (a; )* = 0 for all i € I,+. By a similar argument in the main paper, if a feature j only has values
in Iye-, ie.,

(mi)j =0,Vi ¢ I, (68)
then from the primal-dual relationship ,

J4
wi = ()" = (@) a); = D ((of)" = (ai))(@:); = 0. (69)
=1 [A< I

If this occurs, w* is not fully dense. However, the set I,,« is also unavailable, as what we faced with in the main

paper. We then follow the same strategy to construct a proxy index set that avoids relying on I«. For any
w € R, we define

I ={i| | @; — yi| <e— A}, (70)
where 0 < A < € is a small pre-specified number. We then state and prove the following theorem to connect I
and any dual optimal solution a* to problem .

Theorem 1.1. Suppose w* is optimal to problem under L1-/L2-loss. For any w € R™, if

|lw — w*||||lxi]| < A, Vi € L, (71)
then Iy C Iy, i.e.,
|(w*)Txl — yz‘ < G,Vi € Iy. (72)
Further, by , we have
() =0 and (o] )* =0,Vi € I, (73)

where o is any dual solution to problem .
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Table 19: Data statistics for regression data sets, ordered by the number of instances. The column “used features”
indicates that features with zero values in the entire training set are removed. The density is defined by the
average number of non-zeros per instance divided by the number of used features.

/ n
Data sets #instances  #features F#used features density
E2006-tfidf 16,087 150,360 150,348  0.8256 %
E2006-loglp 16,087 4,272,227 4,265,669  0.1407 %
kdd2012 119,705,032 54,686,452 50,333,432 0.00002%

Table 20: Weight densities of w for L2-loss SVR. For both methods, we set the tolerance parameter in LIBLINEAR
to be 10~8. For CDdual, we recalculate W based on to ensure numerical precision.
Methods Netwon CDdual

E2006-tfidf  100.0% 63.2 %
E2006-loglp 100.0% 64.4 %
kdd2012 100.0% 754 %

Proof. Since directly implies from , it suffices to prove . We have for all i € I,
|(w*) s — | < |(@) 2 — yi] + [(w*) 2 — ()" 4
= @) @i — yi| + [(w* —w)" x|
<e—A+4+A=c
Therefore, ¢ € Ly« O
Then, we develop a theorem similar to Theorem 4.2 in the main paper for practically finding an & satisfying .

Theorem 1.2. Consider the dual problem (64) under L1-/L2-loss. For any dual feasible @ € R%*, we define
_ i y s
W= ()" = (7)) i If

V2 ([ (@) + fawat(@)) |l < A, Vi € I, (74)

then Iy C Iy and
() =0 and (o] )* =0,Vi € I,

where o is any dual optimal solution to .

Proof. By checking Appendix[D.2] we find that the theorem relies on proving and then applying Theorem |D.1
We see that holds for any loss function convex in yw”a. Here, the e-insensitive losses and for
support vector regression are convex, so the proof in Appendix G.2 can be applied. O

With the theorems, we also compute the upper bound of the weight density for the unknown optimal w™* and
show the results in Table We see that for L2-regularized support vector regression, the optimal solutions also
show some sparsity.

1.3 Comparison of the Numerical Weight Density under Primal- and Dual-based Solvers

We use Newton to solve the primal problem and CDdual to solve the dual. Both methods are developed by
Ho and Lin| (2012) and implemented in LIBLINEAR (Fan et al. 2008). We consider two regression data sets,
E2006-tfidf and E2006-loglp, and a binary classification data set, kdd2012. We treat the classification data set as
a regression data set because we cannot find many large sparse regression sets. The data statistics are given in
Table and all sets can be downloaded from “LIBSVM Data Sets.’ﬁ We apply the same experimental setup
for support vector classification in the main paper to SVR. Since the losses in and involve one more

Yhttps://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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parameter €, we select ¢ = 0.3 for all SVR experiments. Empirically, we observe that e significantly affects the
number of zeros in the returned @ and the density of .

The results shown in Table [20] are quite similar to the classification case. Newton always returns fully dense
solutions, while CDdual gives sparse solutions.
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