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Abstract

Structured Kernel Interpolation (SKI) (Wilson &
Nickisch, 2015) scales Gaussian Processes (GPs)
by approximating the kernel matrix via induc-
ing point interpolation, achieving linear compu-
tational complexity. However, it lacks rigorous
theoretical error analysis. This paper bridges this
gap by proving error bounds for the SKI Gram ma-
trix and examining their effect on hyperparameter
estimation and posterior inference. We further
provide a practical guide to selecting the num-
ber of inducing points under convolutional cubic
interpolation: they should grow as n%/3 for spec-
tral norm error control. Crucially, we identify
two dimensionality regimes for the SKI Gram ma-
trix spectral norm error vs. complexity trade-off.
For d < 3, any error tolerance can achieve lin-
ear time for sufficiently large sample size. For
d > 3, the error must increase with sample size
for our guarantees to hold. Our analysis provides
key insights into SKI’s scalability-accuracy trade-
offs, establishing precise conditions for achieving
linear-time GP inference with controlled error.

1. Introduction

Gaussian Processes (GPs) (Rasmussen & Williams, 2006)
are vital stochastic processes in machine learning and statis-
tics, with applications including spatial data analysis (Liu &
Onnela, 2021), time series forecasting (Girard et al., 2002),
bioinformatics (Huang et al., 2023), and Bayesian optimiza-
tion (Frazier, 2018). GPs provide a non-parametric frame-
work for modeling distributions over functions, offering
flexibility and uncertainty quantification. Their ability to
incorporate prior knowledge via kernel choice makes GPs
effective for regression and classification.

However, GPs face substantial O(n?) (sample size n) com-
putational and O(n?) memory bottlenecks, as training and
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inference require inverse Gram matrix computations and log-
determinant calculations. These issues necessitate scalable
approximations for larger datasets.

Structured Kernel Interpolation (SKI) (Wilson & Nickisch,
2015) scales GPs by approximating the kernel matrix via
inducing point interpolation. For stationary kernels, it
achieves O(n + mlogm) (m inducing points) complex-
ity by expressing the kernel via interpolation functions and
an inducing point kernel matrix. Despite its effectiveness
and popularity (> 600 citations; (Gardner et al., 2018) has
3.5k GitHub stars), SKI lacks theoretical analysis. Key ques-
tions include: for a fixed SKI Gram matrix error using cubic
convolutional interpolation, how many inducing points are
needed? If m is a function of n, when does O(n +m logm)
complexity remain linear? What are the implications for
hyperparameter estimation and posterior inference?

This paper bridges SKI’s practice-theory gap with: 1) The
first error analysis for the SKI kernel, Gram matrix (spec-
tral norm), and related quantities, yielding guidelines for
selecting inducing points (m oc n%? for spectral norm error
control). 2) SKI hyperparameter estimation analysis. 3) SKI
inference analysis. Key findings are: a) Two dimension-
ality regimes link SKI Gram matrix error and complexity:
for d < 3, any fixed spectral error is achievable in lin-
ear time (sufficient n); for d > 3, the error must increase
with n for our linear time guarantee. b) For p-smooth log-
likelihoods, SKI-based gradient ascent approaches a true
stationary point’s neighborhood at an O(1/K) rate; neigh-
borhood size depends on SKI score function error (ignoring
responses, it scales linearly with n if m oc n%/3). This lever-
ages Stonyakin et al. (2023)’s results on inexact gradient
descent (d’ Aspremont, 2008; Devolder et al., 2014).

Sec. 2 reviews related work and Sec. 3 gives SKI back-
ground. Sec. 4 bounds key SKI errors (kernel, Gram, cross-
kernel matrices). Sec. 5 analyzes SKI MLE and posterior
errors. Sec. 6 presents empirical validation. Sec. 7 con-
cludes with results, limitations, and future work.

2. Related Work

Related works fall into three main groups: theoretical analy-
ses of Gaussian process regression or kernel methods using
approximate kernels, SKI and its extensions, and papers
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Quantity Bound
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Table 1. Summary of SKI error bounds with convolutional cubic interpolation. Variables: n, T (train/test sizes), d (dimensionality), m
(inducing points), p (hyperparameters), ¢ > 0 (constant). Key: Gram matrix error is O(andm_3/ 4.

developing techniques we leverage. In the first group, Burt
et al. (2019; 2020) analyzed the sparse variational GP frame-
work (Titsias, 2009; Hensman et al., 2013), deriving KL
divergence bounds between true and variational approxi-
mate posteriors. Moreno et al. (2023) gave bounds on SKI
Gram matrix approximation error for univariate features,
comparing to Nystrom, but did not analyze downstream ef-
fects on approximate MLE or GP posteriors. Also, Wynne &
Wild (2022); Wild et al. (2021) respectively gave a Banach
space view of sparse variational GPs and Nystrém connec-
tions. Finally, Modell provide entry-wise error bounds for
low-rank kernel matrix approximations; our approach also
uses entry-wise bounds, but theirs target the best low-rank
approximation, while ours are for the SKI Gram matrix.
Only Moreno et al. (2023) treated SKI specifically, and only
in a very special case setting. Our work gives an end-to-
end theory of SKI from elementwise to spectral error to
estimation and posterior inference.

In the second group, Wilson & Nickisch (2015)’s founda-
tional work, which we analyze, introduced SKI for scalable
large-scale GP inference. Kapoor et al. (2021) extended
SKI to high dimensions via the permutohedral lattice. Ya-
dav et al. (2022) developed a sparse grid kernel interpolation
approach to address dimensionality. Most recently, Ban et al.
(2024) proposed flexible SKI adjusting grid points based on
kernel hyperparameters. We focus our analysis on the orig-
inal (Wilson & Nickisch, 2015) technique, though future
work could extend to these latter papers’ settings.

Relevant too are papers whose results or proof techniques
we leverage or extend. We derive a required multivariate
extension to Keys (1981)’s error analysis for convolutional
cubic interpolation. We also use a recent result from the
inexact gradient descent literature (Stonyakin et al., 2023)
to analyze gradient ascent on the SKI log-likelihood versus
the true log-likelihood. Finally, we adapt a proof technique
(Bach, 2013; Musco & Musco, 2017), common for approxi-
mate kernel ridge regression in-sample error, to bound test
SKI mean function error.

3. Gaussian Processes, Structured Kernel
Interpolation and Convolutional Cubic
Interpolation

This section provides background on Gaussian Processes
(GPs) and two key techniques for enabling scalable infer-
ence: Structured Kernel Interpolation (SKI) and Convolu-
tional Cubic Interpolation. SKI (Wilson & Nickisch, 2015)
addresses GPs scalability issue by approximating the kernel
matrix through interpolation on a set of inducing points,
leveraging the efficiency of convolutional kernels. In partic-
ular, cubic convolutional kernels, as detailed in Keys (1981),
provide a smooth and accurate interpolation scheme that
forms the foundation of the SKI framework. In this paper,
we focus on this cubic case as it is used by SKI. Future
work may extend this to study higher-order interpolation
methods. Here, we formally define these concepts and lay
the groundwork for the subsequent error analysis.

3.1. Gaussian Processes

A Gaussian process £ ~ GP(v, k) is a stochastic process
{&(x) }xex such that any finite subcollection {£(x;)}1; is
multivariate Gaussian distributed. We assume that we have
index locations x; € R? and observations y; € R for a set
of training points ¢ = 1, ..., n such that

yi = &(x;) + €5, € ~ N(0,07).

where v : X — R, kg : X x X — R are the prior mean
and covariance functions, respectively, with & a positive
semi-definite (PSD) kernel with hyperparameters 6. Given
{xi,y; }7, or alternatively X € R"*4y € R", we wish
to: 1) estimate hyperparameters 8 € © C RP? of kernel ky
(e.g. RBF kernel) 2) do Bayesian inference for the posterior
mean p(-) € R” and covariance (-) € RT*7T at a set
of test points {x;}7_,. Assuming v = 0 (a mean-zero GP
prior), for 1), one maximizes the log-likelihood

1
L(0;X) = —in(K+ o’y

1
—5 log [K + o?I| — glog(27r) (1)
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to find @ € D C © where K € R™*" with entries K;; =
ko(x;,X;) is the Gram matrix for the training dataset. For 2),
given the kernel function, known observation variance 0% >
0 and matrix of kernel evaluations between test and training
points K. x € RT*", the posterior mean and covariance are

p()=K.x (K+o’T) 'y @)
() =K, .+ -Kx(K+o2) 'Kx.. (3

Intuitively, the GP prior represents our belief about all pos-
sible functions before seeing any data. When we observe
data points, the posterior represents our updated belief - it
gives higher probability to functions that fit our observations
while maintaining the smoothness properties encoded in the
kernel. The posterior mean can be viewed as a weighted
average of these functions, where the weights depend on
how well each function fits the data and satisfies the prior
assumptions. The posterior variance indicates our remaining
uncertainty - it is smaller near observed points where we
have more confidence, and larger in regions far from our
data.

A challenge is that, between the log-likelihood and the pos-
teriors, one first needs to compute the inverse regularized
Gram matrix times the response vector, (K + o2I) " ly. Sec-
ond, one needs to compute the log-determinant log |[K+o21|.
These are both O(n?) computationally and O(n?) memory.

3.2. Structured Kernel Interpolation

Structured kernel interpolation (Wilson & Nickisch, 2015)
or (SKI) addresses these computational and memory bot-
tlenecks by approximating the original kernel function
kg : X x X — R, X C R? by interpolating kernel val-
ues at a chosen set of inducing points

c Rmxd

The approximate kernel k:X x X — Ris then:
k(x,x") = w(x) Kyw(x)

where Ky € R™*"™ is the inducing point kernel matrix,
and w(x), w(x') € R™ are vectors of interpolation weights
using (usually cubic) convolutional kernel v : R — R
for the points x and X, respectively. One then forms the
SKI Gram matrix K = WKyW " with W a sparse matrix
of L interpolation weights per row for a polynomial of
degree L'/® — 1. By exploiting the sparsity of each row, for
stationary kernels this leads to a computational complexity
of O(nL + mlogm) and a memory complexity of O(nL).

To learn kernel hyperparameters, one maximizes the SKI
log-likelihood approximation (henceforth the SKI log-
likelihood)

1 -
£(0:X) = 5y (R o)y
1 ~
—5 log |[K 4 oI — glog(27r)

Given the SKI kernel k : X x X — R with learned hy-
perparameters, one can do posterior inference of the SKI
approximations to the mean fi(-) and covariance 3(-) at a
set of T’ test points - as

N . oL
o) =K. x (K +o I) y
3() =K. + 0% - K.x(K+0%I) 'Ky,

where K. x € RT*" is the matrix of SKI kernels between
test points and training points and K € RT*T is the SKI
Gram matrix for the test points. Going forward, we may
write £(6) and £(8), dropping the explicit dependence on
the data but implying it.

3.3. Convolutional Cubic Interpolation

Convolutional cubic interpolation (Keys, 1981) gives a con-
tinuously differentiable interpolation of a function given its
values on a regular grid, where its cubic convolutional kernel
is a piecewise polynomial function that ensures continuous
differentiability. We formalize this using the definitions
of the cubic convolutional interpolation kernel and tensor-
product cubic convolutional function below. We also define
an upper bound for the sum of weights for each dimension,
which will be a useful constant going forward.

Definition 3.1. The cubic convolutional interpolation kernel
u : R — Ris given by

%‘8‘3_%|5|2+1a 0§|S|<17

u(s) =

—21sP+ 3]s —4ls|+2, 1<]s| <2,
0, Is| > 2.

Definition 3.2. Let x = (21,%2,...,24) € R? be a d-

dimensional point and f : R? — R a function defined
on a regular grid with spacing & in each dimension. Let cx
denote the grid point closest to x. The tensor-product cubic

convolutional interpolation function g : R? — R is:

gx)= Y

ke{-1,0,1,2}4d

fow sty [T (2= =10

where w is the cubic convolutional interpolation kernel and
k = (kq,...,kq) is a vector of integer indices.
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Definition 3.3 (Bound on interpolation weights). Let U C
R be the (uniform) inducing grid with spacing A > 0, and
let u : R — R be the 1-D interpolation kernel. Define

c = sup Z ‘u(gj;z)‘ < 0o0.

zeR
zeU:u( %52 ) #0

For cubic interpolation » has compact support (only the four

nearest grid points per dimension have nonzero weights), so

¢ < 0. In d dimensions with tensor-product weights w(x)

over U?, note that each row has at most I = 4¢ nonzeros

and

[wx)|; <c¢?  forallx € R%.

Going forward, we always assume that we use tensor prod-
uct convolutional cubic polynomial interpolation, so that
L = 4% asin (Wilson & Nickisch, 2015), but that we may
vary the number of inducing points m. In particular, we will
analyze how the number of inducing points affects error for
different terms of interest, and how to choose the number of
inducing points.

4. Important Quantities

This section derives bounds for key quantities in Structured
Kernel Interpolation (SKI). Section 4.1.1 provides a bound
on the elementwise error between the true kernel and its
SKI approximation. In Section 4.1.2, we extend this to
the spectral norm error of the SKI approximation for the
training Gram matrix and train-test kernel matrix. Finally, in
section 4.2 we present conditions on the number of inducing
points for achieving specific error tolerance € > 0 and error
needed to guarantee linear time complexity, noting linear
time always holds for d < 3 with sufficiently large samples.

4.1. Error Bounds for the SKI Kernel

This subsection analyzes the error introduced by the SKI
approximation of any symmetric kernel function. We start
by extending the analysis of Keys (1981) to the multivariate
setting, deriving error bounds for multivariate cubic convolu-
tional polynomial interpolation. We then use these to derive
the elementwise error for the SKI approximation /~€(X, x')
to a symmetric kernel, which may not be positive (semi)-
definite. We next apply these elementwise bounds to derive
spectral norm error bounds for SKI kernel matrices, which
will be crucial for understanding the downstream effects of
the SKI approximation on Gaussian process hyperparameter
estimation and posterior inference.

4.1.1. ELEMENTWISE

Our first lemma shows that multivariate tensor-product cubic
convolutional interpolation retains error cubic in the grid
spacing of Keys (1981), which is equivalent to m~3/% decay

with the number of inducing points m, but may exhibit
exponential error growth with increasing dimensions.

Its proof proceeds by induction on the dimension d. The
base case for d = 1 relies on the known univariate cubic
convolution interpolation error bound from Keys (1981).
The inductive step then demonstrates how this error bound
accumulates, approximately multiplicatively with the con-
stant ¢ for each added dimension, when extending to the
tensor-product case.

Lemma 4.1. The uniform error bound over a compact do-
main X C R? for tensor-product cubic convolutional in-
terpolation of a thrice continuously differentiable function
f: R4 = R by its interpolant g : R* — R is

sup |f(z) — g(z)| = O(c’h?)
TEX
or equivalently O (chd/d)

Proof. See Appendix B.1.1. O

The following Lemma allows us to bound the absolute dif-
ference between the true and SKI kernels uniformly with the
same big-O error as for the underlying interpolation itself.
The proof uses the the triangle inequality to decompose the
error into two parts: the first is from a single interpolation,
while the second from nested interpolations.

Lemma 4.2. Let §,, 1, denote the uniform error bound of
tensor-product cubic convolutional interpolation (Lemma
4.1) for m inducing points and interpolation degree L'/® —1
(hence LY% = 4 for cubic interpolation, as used in SKI).
The SKI kernel k : X x X — R approximating a thrice
continuously differentiable (not necessarily PSD) kernel
k: X xX — R with uniform grid spacing h in each
dimension has error

[k, %) = k(X)) < Gt + ot

-0 (Czd> .
m3/d
Proof. See Appendix B.1.3 O

4.1.2. SPECTRAL NORM ERROR

We now transition from elementwise error bounds to spec-
tral norm bounds for the SKI gram matrix’s approximation
error, finding that it grows linearly with the sample size, ex-
ponentially with the dimension, and decays as m ~3/¢ with
the number of inducing points. This is not only of indepen-
dent interest but also important for nearly all downstream
estimation and inference analysis. We also provide a bound
on the spectral norms of the SKI train/test kernel matrix’s
approximation error. This is useful when analyzing the GP
posterior parameter error.
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For this next lemma we will express it both in the general
interpolation setting and again give the specific big-O for
convolutional cubic interpolation, but going forward we
sometimes only show the latter setting in the main paper
and derive the general settings in the proof. In particular,
whenever we use big O-notation we are assuming convolu-
tional cubic interpolation.

Proposition 4.3. For the SKI approximation K of the true
Gram matrix K, we have

|K—K|2 <n (6, + Cd5m,L)

= 'Yn,m,L
_ O < nfjd >
m3/d
Proof. See Appendix B.1.4 O

Its proof leverages the previous elementwise error bounds.
Since the error K — K is symmetric, its spectral norm is
bounded by its maximum absolute row sum (|| - || norm).
Each row sum involves n terms, each bounded by the ele-
mentwise error: this gives n - (elementwise error) structure.
The next bound uses the property [|Allz < /||All1]|A]lcos
which simplifies to |A ||z < max(||A[|1, ||All) for poten-
tially non-square matrices. The maximum absolute col-
umn sum (|| - ||1) and row sum (|| - || o) of the error matrix
K. x — K. x are bounded using the elementwise error from
Lemma 4.2, scaled by T" and n respectively.

Lemma 4.4. Let K.y € RT*" be the matrix of kernel
evaluations between T test points and n training points, and
let K. x € RT*" be the corresponding SKI approximation.
Then

N max(n, T')c??
K. x — K x[2 =0 <ms/d

Proof. See Appendix B.1.5. O

4.2. Achieving Errors in Linear Time

Here, we show how many inducing points m are sufficient
to achieve a desired error tolerance € > 0 for the SKI Gram
matrix when using cubic convolutional interpolation. Based
on the Theorem, we should grow the number of inducing
points at an n%/3 rate. We then show corollaries describing
1) how € and ™ must grow to maintain linear time 2) how
the dimension affects whether the error must grow with the
sample size to ensure linear time SKI.

The following theorem shows the number of inducing points
that will control Gram matrix error. It says that the number
of inducing points should grow as n%/3 to achieve a fixed
error. The proof starts by lower bounding the desired spec-
tral norm error with the upper bound on the actual spectral

norm error derived in Proposition 4.3: this is a sufficient
condition for the desired spectral norm error to hold. It then
relates the number of inducing points to the grid spacing in
the SKI approximation, assuming a regular grid with equal
spacing in each dimension. By substituting this relationship
into the sufficient condition, the proof derives the sufficient
number of inducing points to control error.

Theorem 4.5. If the domain is [—D, D)%, then to achieve
a spectral norm error of ||K — K||2 < €, it is sufficient to
choose the number of inducing points m such that:

d/3
m = (@(1 n cd)K'(8c2dD3))
€

for some constant K' that depends only on the kernel func-
tion and the interpolation scheme.

Proof. See Appendix B.2.1. O

The number of inducing points should thus grow:

 Sub-linearly with the sample size and decrease in error
for d < 3, linearly for d = 3 and super-linearly for
d > 3. Thus, as we want a tighter error tolerance
or have more observations we need more inducing
points, but at very different rates depending on the
dimensionality.

* Linearly with the volume of the domain (2D)%. Thus,
if our observations are concentrated in a small region
and we select an appropriately sized domain to cover
it we need fewer inducing points.

« Exponentially with d?, as we have a c>? term taken to
the power d/3. However, our empirical results suggest
that this is quite pessimistic.

The next Corollary establishes a condition on the spectral
norm error, €, that ensures linear-time O(n) computational
complexity for SKI. The core idea is that € should be such
that if we choose m based on the previous Theorem, m =
O(n/logn) and thus mlogm = O(n).

Corollary 4.6. If

(1+cHK'8c*?D?  n(logn)3/?
= O3/d ’ n3/d )

€

for some constants K',C' > 0 that depend on the kernel
function and the interpolation scheme and we choose m > 0
based on the previous theorem, then we have both |K —
K||2 < € and SKI computational complexity of O(n).

Proof. See Appendix B.2.2. O
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Interestingly, the previous Theorem and Corollary im-
ply a fundamental difference between two dimensionality
regimes. For d < 3, the choice of m required for a fixed e
grows more slowly than n/log n. This means that for any
fixed ¢ > 0, SKI with cubic interpolation is guaranteed to
be a linear-time algorithm for sufficiently large n. In con-
trast, for d > 3, the choice of m required for a fixed € > 0
eventually grows faster than n/logn. Thus, to maintain
linear-time complexity for d > 3 and the guarantees from
Theorem 4.5, we must allow the error € to increase with n.
This demonstrates that the curse of dimensionality impacts
the scalability of SKI, making it challenging to guarantee
both high accuracy and linear-time complexity in higher
dimensions. The next corollary formalizes this.

Corollary 4.7. For d < 3, for any € > 0, Corollary 4.6
holds for any n sufficiently large, so that choosing m based
on Theorem 4.5 is sufficient to achieve linear complexity.
For d > 3, € must grow with the sample size to guarantee
linear complexity using Theorem 4.5.

Proof. For d < 3, the RHS of Eqn. 4 decreases with n with
limit O and thus for sufficiently large sample size will be < e,
satisfying the conditions to guarantee small error and linear
time. For d > 3, the RHS of Eqn. 4 grows with n, so that €
must grow to satisfy the conditions for the guarantee. [

5. Gaussian Processes Applications

In this section, we address how SKI affects Gaussian Pro-
cesses Applications. In Section 5.1 we address how using
the SKI kernel and log-likelihood affect hyperparameter
estimation, showing that gradient ascent on the SKI log-
likelihood approaches a ball around a stationary point of the
true log-likelihood. In section 5.2 we describe how using
SKI affects the accuracy of posterior inference.

5.1. Kernel Hyperparameter Estimation

Here we show that, for a u-smooth log-likelihood, an iterate
of gradient ascent on the SKI log-likelihood approaches a
neighborhood of a stationary point of the true log-likelihood
at an O (&) rate, with k& = 1,..., K the iterations and
with the neighborhood size determined by the SKI score
function’s error. To show this, we leverage a recent result for
non-convex inexact gradient ascent (Stonyakin et al., 2023),
which requires an upper bound on the SKI score function’s
error. This requires bounding the spectral norm error of the
SKI Gram matrix’s partial derivatives. In order to obtain
this, we note that for many symmetric kernels, under weak
assumptions, the partial derivatives are also (not necessarily
PSD) symmetric kernels, and thus we can reuse the previous
results directly on the partial derivatives.

Note that Stonyakin et al. (2023) does not actually imply

convergence to a neighborhood of a critical point, only that
at least one iterate will approach it. Given the challenges
of non-concave optimization and the fact that we leverage a
fairly recent result, we leave stronger results to future work.

Let D C O be a compact subset that we wish to optimize
over. In the most precise setting we would analyze projected
gradient ascent, but for simplicity we analyze gradient as-
cent. Let kg : X x X — R be the SKI approximation of
kg : X x X — R using m inducing points and interpolation
degree L — 1. We are interested in the convergence proper-
ties of inexact gradient ascent using the SKI log-likelihood,

e.g.
011 = 05 +nVL(Oy),

where ) € R is the learning rate and V£ (8},) is the SKI
score function (gradient of its log-likelihood). We assume:
1) a pu-smooth log-likelihood. If we optimize on a bounded
domain, then for infinitely differentiable kernels (e.g. RBF)
this will immediately hold. 2) that the kernel’s partial deriva-
tives are themselves symmmetric (not necessarily PSD) ker-
nels.

Assumption 5.1 (u-smooth-log-likelihood). The true log-
likelihood is yi-smooth over D. That is, for all 8,8’ € D,

IVL(O) = VLO)|| < pll6 — ¢

Assumption 5.2. (Kernel Partials) For each ! € {1, ..., p},
the partial derivative of ky with respect to a hyperparam-
eter 6; € R, denoted as kél (x,2') = %;’I), is also a

symmetric (not necessarily positive semi-definite) kernel.

We next state results leading to our SKI score function error
bound. We argue that we can apply the same elementwise
error we derived previously to the SKI partial derivatives.
Lemma 5.3. [Bound on Derivative of SKI Kernel Error
using Kernel Property of Derivative] Let l;:(’,l (z,2') be the
SKI approximation of kél (x,2"), using the same inducing
points and interpolation scheme as kg. Then, Jorall x,x' €
X and all 0 € ©, the following inequality holds:

kt/% (xv IL‘/) - I%é’ (CE, :,C/)

Okg(x,2") Oko(z, 1) B
06, 06, N

<01+ cdéin’L
(&)
m3/d

where 5;n7L is an upper bound on the error of the SKI ap-
proximation of the kernel ky, (x, ") with m inducing points

and interpolation degree L'/® — 1, as defined in Lemma 4.2.

Proof. See Appendix C.1.1 O
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We then use the elementwise bound to bound the spectral
norm of the SKI gram matrix’s partial derivative error. This
again leverages Proposition 4.3, noting these partial deriva-
tives of the Gram matrices are themselves Gram matrices.

Lemma 5.4. [Partial Derivative Gram Matrix Difference
Bound] Foranyl € {1,...,p},

0K 0K

- <A
80[ 891 = ’yngm,L,l

2
ned
=0 ()

where !, .., is the bound on the spectral norm difference
between the kernel matrices corresponding to k‘gl and its

SKI approximation l~c(’,l (analogous to Proposition 4.3, but
for the kernel ky ).

Proof. See Section C.1.2. O

We now bound the SKI score function. The key insight
to the proof is that the partial derivatives of the difference
between regularized gram matrix inverses is in fact a dif-
ference between two quadratic forms. We can then use
standard techniques (Horn & Johnson, 2012) for bounding
the difference between quadratic forms to obtain our result.
The result says that, aside from the response vector’s norm,
the error grows quadratically in the sample size, at a square
root rate in the number of hyperparameters and exponen-
tially in the dimensionality. It further decays at an m rate
in the number of inducing points. Noting that to maintain
Gram matrix error, m should grow at an n%/3 rate, we have
that if ||y[|s = O(y/n), the = normalized score function
error can grow linearly with the sample size when choosing
the number of inducing points based on Theorem 4.5. To
control it, we actually want m = n2d/3,

Lemma 5.5. [Score Function Bound (Final Version)] Let
VoL(0) and VyL() be the true and SKI log-likelihood
gradients. Assume the kernel is sufficiently regular such that
its partial derivatives are bounded by ||g—éf [l2 < C,, fora
constant C,, = O(n). '

Then the spectral norm of the score function error is
bounded as:

I¥6£0) = Tl = 0 (57 (Il +1%))

Furthermore, under the common assumption that ||y||3 =
O(n), the *-normalized error is bounded as:

ma/d

2
L0 (®) - Vol ®))la = 0 (czd D1 )

Proof. See Section C.1.3. O

We apply Stonyakin et al. (2023) below: the result is the
same as in their paper (and assumes p-smoothness as we did
on L), but using gradient ascent instead of descent and using
the score function error above. It says that at an O (%) rate,
at least one iterate of gradient ascent has its squared gradient
norm approach a neighborhood proportional to the squared
SKI score function’s spectral norm error.

Theorem 5.6. (Stonyakin et al., 2023) For inexact gradient

ascent on L with additively inexact gradients satisfying
IVL(O) — VL(O)| < eg4 we have:

: 2 2:“(5* C(GO)) €<21
\V4 < -~ 7 —7
:OI,I}.I,I]lV—l || £<9k)” K 2[1 (5)

where L* is the value at a stationary point, L(0q) is the
initial, function value, K is the number of iterations and ¢,
is the gradient error bound in the previous Lemma.

5.2. Posterior Inference

Finally, we treat posterior inference. As our hyperparameter
optimization results only say that some iterate approaches a
stationary point, we will focus on the error when the SKI and
true kernel hyperparameter match. We add an assumption

Assumption 5.7. (Bounded Kernel) Assume that the true
kernel satisfies the condition that |k(x,x’)| < M for all
x,x € X.

Now we bound the spectral error for the SKI mean func-
tion evaluated at a set of test points. The proof follows a
standard strategy commonly used for approximate kernel
ridge regression. See Bach (2013); Musco & Musco (2017)
for examples. The result says that the {2 error may grow
exponentially in the dimensionality, super-linearly in the
training sample size and at worst linearly in the test sample
size. It decays at an m rate in the number of inducing
points. For controlled error we want m = n2%/3,

Lemma 5.8. (SKI Posterior Mean Error) Let pu(-) be the

GP posterior mean at a set of test points - € RT*% and fu(-)
be the SKI posterior mean at those points. Then the SKI
posterior mean 12 error is bounded by:

() = ()2
2d /TnM
< m\/ﬁO (maX(T, n) + #)
Proof. See Appendix C.2.1. O

We now derive the spectral error bound for the test SKI
covariance matrix. The proof involves noticing that a key
term is a difference between two quadratic forms, and using
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standard techniques for bounding such a difference. The
result shows that the error grows at worst super-linearly but
subquadratically in the number of test points, quadratically
in the training sample size and exponentially in the dimen-
sion. The error scales with the number of inducing points at
an m'—3/% rate, so that it decays if d < 3. If we select the
number of inducing points to be proportional to n%/3, then
the error grows at rate nitd/3 for d < 3, so that we do not
have error control for the covariance, despite having it for
the Gram matrix. A future question is whether this bound
can be improved.

Lemma 5.9. [SKI Posterior Covariance Error] Let 3(-) be
the GP posterior covariance matrix at a set of test points
- € RT*4 and 33(-) be its SKI approximation. Then

I=C) =202

VTn
< Yrm,L + 2

maX(,YT,m,LfYn,m,L)

,m, L
+ %%TnmCQdM2
o

Tnmc2@ M
+ T HlaX(’YT,m,La ’Yﬂym»L)'
Tn?mc*® + vTnme*® max(T,n)
=0 3/d '
m

where Y1, 1, is defined as in Proposition 4.3.

Proof. See Appendix C.2.2

6. Empirical Analysis

To empirically investigate derived theoretical error bounds
for the Structured Kernel Interpolation (SKI) Gram ma-
trix approximation, we conducted numerical experiments.
Experiments focused on spectral norm error || K — K||5 be-
havior as a function of data points (n), total inducing points
(Mtotar), and dimensionality (d).

6.1. Experimental Setup

Experiments used synthetic datasets with input points z; €
R¢ drawn uniformly from [0,1]?. We employed a stan-
dard Radial Basis Function (RBF) kernel for all tests. SKI
used cubic convolutional interpolation, consistent with our
theoretical focus. All computations were performed using
PyTorch and GPyTorch.

Two primary sets of experiments were run for dimensionali-

tiesd € {1,2,3}:

1. Error vs. my.:q (Fixed n): For fixed n (1000 for
d =1, 500 for d = 2, 250 for d = 3), we varied total

inducing points M4y (With my,q per dimension, so
Miotal = mgd) and measured ||K — K]||o.

2. Error vs. n (Scaled my,q;): We varied n (50 to
1000) and scaled myorq; = k - n%3 (k = 1.0), setting
mpq = max(4, round(k/9n'/3)). We then measured
IK — K]l

6.2. Results and Discussion

The results are presented in Figure 1.

6.2.1. ERROR SCALING WITH NUMBER OF INDUCING
POINTS (miotar)

Figure 1(a) displays spectral norm error vs. my¢q; (log-log
scale, fixed n).

e For d = 1,2,3, error shows clear power-law decay
with my.eq; (linear trends in log-log plot).

* Observed decay rates (slopes) are consistently steeper
than the predicted O(m;%ld): for d = 1, slope
~ —b.11 (expected —3.00); for d = 2, =~ —2.83 (ex-
pected —1.50); for d = 3, = —2.05 (expected —1.00).
This suggests the |[|[K — K| = O(nczd/mfo/gll)
bound, while holding, may be pessimistic for smooth
RBF kernels and uniform data, where actual error de-

cay is faster.

e Error magnitude clearly increases with d for fixed
Miotal (€.8., At Myorqr = 64, errord = 3 > d =
2 > d = 1). This aligns with the ¢?? term in the
bound, highlighting increased approximation challenge
in higher d for constant ;-

6.2.2. ERROR SCALING WITH SAMPLE SIZE (n) AND
Miotar < n%/3

Figure 1(b) shows spectral norm error vs. n with myotq; ~
d/3
n?.

e For d = 1,2,3, error decreases with increasing n
when my,q; 1s scaled thusly—a favorable finding. The-
ory (substituting m>/ o n into the O(ncd/m>/ )
bound) suggests error stabilization around O(c2?) (con-
stant w.r.t. n). The observed decrease indicates better

practical performance of this scaling.

* Though higher d (e.g., d = 3) show larger error for
smaller n, errors for d = 1, 2, 3 converge to similar low
values as n — 1000. This noteworthy convergence
implies the recommended 1., scaling effectively
mitigates initial error penalties from higher d, enabling
comparable accuracy for larger datasets.
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SKI Gram Matrix Error vs. mees (Fixed n)

102 —e— d=1(n=1000, Slope: -5.11, Exp: -3.00)
d=2 (n=500, Slope: -2.83, Exp: -1.50)
—e— d=3 (n=250, Slope: -2.05, Exp: -1.00)

Spectral Norm Error ||K —K]|,

10t 102
‘Total Number of Inducing Points (Meotai)

(a) Error vs. myotq; (Fixed n)

SKI Gram Matrix Error vs. n (with miots = n%3)

—o— d=1 (Mepea= 1.0 -n¥3)
4=2 (Mggegr= 1.0-n23)

—o— d=3 (Mporgy= 1.0 -n*3)

Spectral Norm Error ||K —K||,

200 400 600 800 1000
Number of Data Points (n)

(b) Error vs. n (with muotar o< n%?)

Figure 1. Empirical SKI Gram matrix spectral norm error || K — K [|2. (a) Error vs. myotq: (Fixed n): Error decay as myotq: increases
(fixed n: 1000 for d = 1, 500 for d = 2, 250 for d = 3). Log-log slopes (e.g., =& —5.11 ford = 1, =& —2.83 for d = 2, = —2.05 for
d = 3) are steeper than theoretical —3/d (—3.00, —1.50, —1.00 resp.), suggesting faster practical RBF error decay. Error magnitude

increases with d for given myotai- (b) Error vs. n (miotar x nd/3): Error as n varies, with miota; =~ n/3 (Mpa = n

/3 so

Miotar ~ n%3). For d = 1,2, 3, error decreases as n increases. Error levels for different d converge for larger n (e.g., n =~ 1000),

showing scaling effectiveness against dimensionality impact.

6.3. Summary of Empirical Findings

Empirical results largely support our theoretical framework.
SKI Gram matrix approximation error is consistent with
identified dependencies on n, my.tq;, and d. Scaling induc-
ing points as myorq; x n%3 is highly effective, controlling
and actively reducing approximation error as n grows across
tested dimensions. Observed my,q; error decay rates for
RBF kernels (which are entire, the highest level of smooth-
ness) are faster than theoretical bounds suggest, indicat-
ing conservative bounds and SKI’s strong performance for
smooth kernels. Error level convergence across dimensions
for myppa; o< N3 scaling at larger n is particularly encour-
aging for practical SKI application.

7. Discussion

In this paper, we provided the first rigorous theoretical anal-
ysis for structured kernel interpolation. A key practical
takeaway is that to control the SKI Gram matrix’s spec-
tral norm error, the number of inducing points should grow
as n%/3. Additionally, we showed the spectral norm error
of the SKI gram and cross-kernel matrices, and how this
impacts achieving a specific error in linear time. We then
analyzed kernel hyperparameter estimation, showing that
gradient ascent has an iterate approach a ball around a sta-
tionary point, where the ball’s radius depends on the spectral
error of the SKI score function. We showed that m = n?4/3
sufficies to control the % normalized score function error.
We concluded with analysis of the error of the SKI posterior
mean and variance, where m = n24/3 controls error for the
mean function. For practitioners, the takeaway is to use SKI

with d < 3 somewhat freely, but to use more care in the
accuracy/speed tradeoff for d > 3.

This work could be extended by analyzing the error of SKI
with other interpolation schemes e.g. Lagrange interpo-
lation (Stoer et al., 1980), using potentially higher order
polynomials. We could then analyze how to vary m and L
jointly. Further, we could extend to the setting where hy-
perparameters (e.g. lengthscale) vary with the sample size
n. Additionally, one could analyze the error of SKI in more
complex settings, such as when the inducing points are not
placed on a regular grid (Snelson & Ghahramani, 2006) or
for non-stationary kernel functions, in which case the com-
putational complexity would no longer be O(nL+mlogm).
Further, we analyze the optimization properties under gra-
dient ascent: it would be interesting to analyze it under
stochastic gradient ascent, analogous to Lin et al. (2024),
but now using inexact noisy SKI gradients. Finally, one
could analyze the methods for extending SKI to higher di-
mensions (Kapoor et al., 2021; Yadav et al., 2022) and for
faster SKI inference (Yadav et al., 2021).

This paper used reasoning LLMs, particularly Gemini Pro
2.0. The authors contributed the paper idea and early kernel
and spectral norm error analysis. LLMs helped outline the
statements to be made, turn initial rough descriptions into
more formal language, and make proof attempts. In general,
LLM proof attempts were wrong, but could drive insights
into a working proof strategy. We also used versions with in-
ternet access to help bring up relevant papers: hallucination
rates were moderate.
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Impact Statement

This work contributes to a deeper theoretical understanding
Structured Kernel Interpolation (SKI) (Wilson & Nickisch,
2015) for Gaussian Processes (GPs). By establishing error
bounds and analyzing the impact of SKI on hyperparameter
estimation and posterior inference, this research can lead
to more confident use of approximate Gaussian Processes.
These models have broad applications in various domains,
including those mentioned in the introduction as well as
robotics (Deisenroth et al., 2015), environmental model-
ing (Desai et al., 2023), and healthcare (Alaa & van der
Schaar, 2017). Improved Gaussian Process models can en-
hance prediction accuracy and decision-making, potentially
leading to advancements in robotics, more accurate envi-
ronmental predictions, and better healthcare outcomes. It is
important to acknowledge that the application of Gaussian
Process models also carries potential risks. For instance, in
healthcare, inaccurate predictions or biased models can lead
to misdiagnosis or inappropriate treatment (Morley et al.,
2020). Therefore, understanding potential sources of error
when using approximations can be crucial to understanding
how reliable we can expect them to be.
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A. Auxiliary Technical Results

Lemma A.l. Given a function f : RY — R of the form f(x1,,...,2q) = H;l:l fi(z;), where each f; : R — R. Let

G =G x G? x ... x GD be a fixed d-dimensional grid, where each GUY9) = {p(J),p(QJ), ,an)} is a finite set of n;
grid points along the j-th dimension for j = 1,2, ..., d. Then the following equality holds:

ni

S ST =TT 3 he)

ki=1ko=1 kg=1j=1 j=1 \k;=1

Proof. This is essentially a repeated application of the distributive property.
By Induction on d (the number of dimensions):
Base Case (d =1):

When d = 1, the statement becomes:

S A =3 ALY

ki1=1 ki=1

This is trivially true.
Inductive Hypothesis:

Assume the statement holds for d = m, i.e.,

Nm M

SDINS OB | FXT LR 1Y PRI
ki=lka=1 kp=1j=1 j=1 \k;=1

Inductive Step:

‘We need to show that the statement holds for d = m + 1. Consider the left-hand side for d = m + 1:

ni no Nm+1 m+1

> > I 4w

ki=1ko=1 kpmy1=1 j=1

‘We can rewrite this as:

ni MNom, Nm+41

ZZ RS Hfg )] fner (1)

k)l 1/62 1 nL*l k7n+1:1 7 1

Notice that the inner sum (over k,, 1) does not depend on k1, ko, ..., kn,. Thus, for any fixed values of k1, ko, ..., ky,, we
can treat [, f; (pgj)) as a constant. Let C(k1, ..., kn) = [[}2, fj( (J)) Then we have:

Nom Nm+41
z : z : z : z : (m+1)
O(kla'"a f7n+1 pkm+1 )

ki1=1ko=1 m+1 1

Now, the inner sum szillzl frma1 (pgc L )) is a constant with respect to &, ..., k. Let’s call this constant S,,1 1. So we

have:

12
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N ny Tn

ZZ 3" Okt ooy k) S = m+1ZZ ZHfJ 0)

ki=1ko=1 kpn=1 ki=1ko=1 kp,=1j5=1

By the inductive hypothesis, we can replace the nested sums with a product:

Nm+1 m nj
+1)
Sm+1 H Z fi(p (J) = Z fmt1( Pimﬂ H Z fi(p (j)
=1 \k;=1 Emy1=1 =1 \k;=1
Rearranging the terms, we get:
m n; MNm 41 m+1 U
j +1

H Z fj(pl(cjj)) Z Jma( PSZH)) = H Z fi(p (J)

=1 \k;=1 Emt1=1 j=1 \k;=1

This is the right-hand side of the statement for d = m + 1. Thus, the statement holds for d = m + 1.
Conclusion:

By induction, the statement holds for all d > 1. Therefore,

ni no d 'ILJ
DRI ZHfJPk =11 X nei)
ki=1ko=1 kq=1j=1 j=1 \k;=1

O

Claim 1. Given a convex combination C = oA + (1 — a)B, where « € [0, 1], and A and B are symmetric matrices, the
eigenvalues of C lie in the interval [min (A, (A), A, (B)), max (A1 (A), A1 (B))].

Proof. First, recall that for a symmetric matrix A, the Rayleigh quotient R(A,x) = *+- _Ax

largest eigenvalues of A:

is bounded by the smallest and
An(A) < R(A,x) <A1 (A)
Consider the Rayleigh quotient for the matrix C:

x"(aA + (1 — a)B)x

xTx

R(C,x) = =aR(A,x)+ (1 — a)R(B, x)

Since R(A,x) and R(B, x) are bounded by their respective eigenvalues, we have:
R(C,x) < ari(A)+ (1 — o)A (B)

which implies:
R(C,z) < max(A1(A), A\1(B))

Similarly,
R(C,x) > min(A,(A), \,(B))

Thus, the eigenvalues of C = «A + (1 — «)B are bounded by:

min(Ap(A), A\ (B)) < A(C) < max(A1(A), A1 (B))

13
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B. Proofs Related to Important Quantities
B.1. Proofs Related to Ski Kernel Error Bounds
B.1.1. PROOF OF LEMMA 4.1

Lemma 4.1. The uniform error bound over a compact domain X C R? for tensor-product cubic convolutional interpolation
of a thrice continuously differentiable function f : R® — R by its interpolant g : R — R is

sup | f(x) — g(x)| = O(c*h%)

rzeX

or equivalently O (m%d/d)

Proof. We define a sequence of intermediate interpolation functions. Let go(x) = f(x) be the original function. For
i=1,...,d, we recursively define g;(x) as the function obtained by interpolating g;_; along the i-th dimension using the
cubic convolution kernel u:

2

gi(x) = D gim1 (x+ ((ex)i = zi + kh)ei) u <x(c"h)kh> .

k=-1

Here, cx is the grid point closest to x, and e; is the i-th standard basis vector. Thus, g; (x) interpolates f along the first
dimension, g2(x) interpolates g; along the second dimension, and so on, until g4(x) = g(x) is the final tensor-product
interpolated function.

We analyze the error accumulation across multiple dimensions using induction. Using (Keys, 1981), the error introduced
by interpolating a thrice continuous differentiable function along a single dimension with the cubic convolution kernel is
uniformly bounded over the interval domain by K h3 for some constant K > 0, provided the grid spacing h is sufficiently
small. This gives us the base case:

191(x) — go(x)| < Kh®.

For the inductive step, assume that for some 7 = k the error is uniformly bounded by

lgr (%) — gp_1(x)| < LKA,

14
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We want to show that this bound also holds for i = k 4+ 1. We can express the difference gi+1(x) — gr(x) as follows:

x —(Cx)k 7k' h
Grt1(X) — gr(x) k1 — (Cx)k+1 — K1 >

1 (x4 (0o = s + bpalersn)u s

I
NE

2 2
= Y lz g1 (x+ ((ex)k — o + kih)er + (Cx)kt1 — Thp1 + kir1h)er )
k

k}k_*_l:fl r=—1
xp — (Cx)k — kkh)] ($k+1 — (Cx)kt1 — kk+1h)
“ h “ h
2
v — (cx)k — kih
- > glc—l(X—I—((Cx)k—$k+kkh)ek)u( C h)k k )
j—
2
_ Z w <$k — (Cx)k — kk-h>
h
kk:—l
2
X D g (x4 ((ex)k — zk + krh)er + ((Gx)ri1 — Trpr + kryr1h)ersr)
kpy1=—1
T — (cx — kpy1h
u( k1 — ( )}lz+1 k+1 ) gt (e () — 78 —l—kkh)ek)} .

Denote by I; the one—dimensional cubic interpolation operator acting in coordinate ¢:
2 z; — (cx)i — th
Lh)(x) = hix+ ((cx); — ;i +th)e;) u| =—222 "),
(1)) = 37 hoe+ ((ex) Jor) u SN

With this notation ¢g; = I;g;_1 and go = f.

The inner term in the last expression is the interpolation error of g;_; along the (k+1)-st variable, evaluated at yy, :=
X + ((Cx)k — Tk + k‘kh)ekl

2
k1=

T — (cx — kr+1h
9#1(3’1% + ((Cx)k+1 — Tp41 + kk+1h)ek+1) “< 41— );ZH et >_9k1(3’kk) = ((IkJrl_Id)gkfl)(y’vk)-
1

|grt1(x) — gr(x)] < Z

kr=—1

T — (Cx )k — kkh
u BB s (1~ 1)) )
y
By the definition of ¢ (uniform ¢; bound on the weights), the sum of absolute weights is < ¢, so

|gs+1(%) = g (¥)| < ¢+ |(Te1 — 1) gg—1|oo-

We now apply the 1-D cubic interpolation error in the (k+1)-st variable to gx—;. Since previous interpolations act on
coordinates 1, ..., k only, g5 remains C®in Tp41 With

102, , gk-1lloe = 111+~ Tu1(85, ., Flloo < Milloosoe - IHr—tlloomsoe 185, flloo < €* 71105, flloo:

Thk+1

Thus there exists a constant { > 0 (depending on |\a§k+1 flloo but not on k) such that

[(Tit1 — 1d)gr—1 |00 < K F71H3,
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and therefore
|grt1(x) — gr(x)| <c- K" hd = FKhs.
This completes the inductive step.
Finally, we bound the total error |g(x) — f(x)| = |g4(x) — go(x)| by summing the errors introduced at each interpolation

step:

d

d d—1
l9(x) = F) < D 19:(x) = gima ( Z KR = KR
i=1 =0

1 cd

The last sum is a geometric series, which evaluates to K h? . For a fixed ¢ > 1 (independent of d), this expression is

O(c?) when d is large. Therefore, tensor-product cubic convolutlonal interpolation has O(c?h?) error. Finally, noticing that
h=0 ( T /d) gives us the desired result. O

B.1.2. CURSE OF DIMENSIONALITY FOR KERNEL REGRESSION

The next lemma shows that when using a product kernel for d-dimensional kernel regression (where cubic convolutional
interpolation is a special case), the sum of weights suffers from the curse of dimensionality. The proof strategy involves
expressing the multi-dimensional sum as a product of sums over each individual dimension, leveraging the initial condition
on the one-dimensional bound for each dimension, and taking advantage of the structure of the Cartesian grid.

Lemma B.1. Let u : R — R be a one-dimensional kernel function with constant ¢ > 0 defined as in 3.3. Let ug : R* — R
be a d-dimensional product kernel defined as:

o d G) _ ..()
T —x; T x;

where x = (21, 2 . 2D ¢ R? and x; = (xgl), mz(?), . wgd)) € R? are d-dimensional points. Assume the data points
{:}11 (n may differ from the univariate case) lie on a fixed d-dimensional grid G = G x G? x ... x G, where

each GUY) = {p(j),pgj), . ,an)} is a finite set of n; grid points along the j-th dzmenszonfor] =1,2,. d. Then, for any
x € R, the sum of weights in the d-dimensional kernel regression is bounded by c?

(5=

Proof. Let the fixed d-dimensional grid be defined by the Cartesian product of d sets of 1-dimensional grid points:
G=GW xG? x ... x G¥ where GU) = {p(J),pgj), . ,p%j])} is the set of grid points along the j-th dimension.

(x(J (])> |

Since the data points lie on the fixed grid G, we can rewrite the outer sum as a nested sum over the grid points in each
dimension:

n

D

i=1

We start with the sum of weights in the d-dimensional case:

n

>

=1

()£

1=1j=1

n d

2 11

i=1 j=1

x(]) _ ]({j‘)

()RS

Ei=1ko=1 kg=1j=1
Now we can change the order of summation and product, as proven in Lemma A.1:

16
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ni s ng d 20 _pl(cj») d n; 20 _ plgj_)
u| ——= || = u| ——=

By the assumption of the lemma, we know that for each dimension j, the sum of weights is bounded by c. Note that
{pg,-)}Zjﬂ is simply a set of points in R, thus:
20) — piy)

u | ——= <c
h =

Therefore, we have:

<
Il
—
o
|
—
<
Il
—

Thus, we have shown that:

B.1.3. PROOF OF LEMMA 4.2

Lemma 4.2. Let 0,,, 1, denote the uniform error bound of tensor-product cubic convolutional interpolation (Lemma 4.1) for
m inducing points and interpolation degree L'/® — 1 (hence L'/* = 4 for cubic interpolation, as used in SKI). The SKI
kernel k : X x X — R approximating a thrice continuously differentiable (not necessarily PSD) kernel k : X x X — R
with uniform grid spacing h in each dimension has error

|k(x,x") — k(x,x")| < 0.1 + om.1

ch
=0 (w) |

k(x,x') ~ k(x,x')

w(x) Kyw(x'),

Proof. Recall that SKI approximates the kernel as

Let Ky v € R™ be the vector of kernels between the inducing points and the vector x’

|k(x,x") — ];(X, x| = |k(x,x") — w(x)TKU,X/ + w(x)TKU’Xz —w(x) Kyw(x')]
< Jk(x,x") — w(x)TKU)X/| + |w(x)TKU7xz — w(X)TKUw(X’)|
< O,z + |w(x) Ky v — w(x) T Kyw(x')|
since |k(x,x’) — w(x) Ky v/ is a single polynomial interpolation (6)

Now note that w(z) € R™ is a sparse matrix with at most L non-zero entries. Thus, letting w(x) € R be the non-zero
entries of w(x) and similarly Ky y € R” be the entries of Ky x in the dimensions corresponding to non-zero entries of

17
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w(z) € R™, while Ky € RY*™ is the analogous matrix for Ky, we have

[w(x) " Kux —w(x) Kyw(x')| = [W(x) Kyx — w(x) Kow(x')]
< W) 11Ky — Kuw(x')]|oo
< | Kyy — Kyw(x')||oo Lemma B.1

<1 (7

where the last line follows as each element of Kyw(x’) is a polynomial interpolation approximating each element of Ky .
Plugging Eqn. 7 into Eqn. 6 gives us the desired initial result of

k(x,x') — k(x,X')| < 8,z + 1
and Lemma 4.1 gives us the result when the convolutional kernel is cubic. O

B.1.4. PROOF OF PROPOSITION 4.3

Proposition 4.3. For the SKI approximation K of the true Gram matrix K, we have

|K—K|2 <n (6, + Cd5m,L)

= Yn,m,L
2d
nc
° ()
m3/d

Proof. Recall that for any matrix A, [|All2 < /[|A][1]|A]ls. Since K — K is symmetric, we have

1K — K> < \/HK*KHlIIK*KIIm = [IK ~ K|l

Furthermore, ||[K — I~(||OO is the maximum absolute row sum of K — K. Since there are n rows and, by Lemma 4.2, each
element of K — K is bounded by 6,,, 1, + cd5m7 1, in absolute value, we have

K- KHOC <n (5m,L + Cdava) = Tn,m,L-
Therefore, |K — K|la < Ypm L. .

B.1.5. PROOF OF LEMMA 4.4

Lemma 4.4. Let K. x € RTX"™ be the matrix of kernel evaluations between T test points and n training points, and let
K. x € RT*" pe the corresponding SKI approximation. Then

- max(n, T')c?
K. x — K xl2=0 <m3/d

Proof. Using the same reasoning as in Proposition 4.3, we have

IK.x — K xllz < /IK.x = K x]l1[K x — K xl
< max (|[K. x — K x[1, [[K.x = K x[|«) -

Now, |K. x — IN(A,XHl is the maximum absolute column sum, which is less than or equal to T'(0,, 1, + cdém’L) = YT m,L-
Similarly, |K. x — K,XHOO is the maximum absolute row sum, which is upper bounded by n(6,,, . + cdém,L) = Yn,m,L-
Therefore,

IK x — K. x

|2 < maX(’YT,m,[n 'Yn,TmL)'

18
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B.1.6. ADDITIONAL SPECTRAL NORM BOUNDS

Lemma B.2. Let K. x € RT*" be cross kernel matrix between T test points and n training points, where the SKI
approximation uses m inducing points. If the kernel function k is bounded such that |k(x,x")| < M for all x,x' € X, then:

HK,,X”Q § V TnM

Proof.

1K xll2 < /K x| [[K- x]|oo

< VTnM

O

Lemma B.3. Let INQX € RT*" be the matrix of SKI kernel evaluations between T test points and n training points, where
the SKI approximation uses m inducing points. Let W(-) € RT*™ and W(X) € R™™ be the matrices of interpolation
weights for the test points and training points, respectively. Assume that the interpolation scheme is such that the sum of the
absolute values of the interpolation weights for any point is bounded by c?, where ¢ > 0 is a constant. Let Ky € R™*™
be the kernel matrix evaluated at the inducing points. If the kernel function k is bounded such that |k(x,x")| < M for all
x,x' € X, then:

K. x||2 < VTnmc* M

Proof. By the definition of the SKI approximation and the submultiplicativity of the spectral norm, we have:
K. x|z = [[W()Ke(W(X)) "2 < W) 2] Kull2[WX)]|2

‘We now bound each term.

1. Bounding ||[W(-)||2 and ||W(X)||2: Since the spectral norm is induced by the Euclidean norm, and using the assumption
that the sum of absolute values of interpolation weights for any point is bounded by ¢?, we have

IWEllz < VIWOIRTWO oo < Vel - ed = VT,

Similarly, [|[W(X)]|2 < /nc?.

2. Bounding ||Kyl|2: Since Ky is symmetric, | Ky||2 < ||Ku||eo- Each entry of Ky is bounded by M (by the boundedness
of k), and each row has m entries, so ||Ky||oo < mM. Thus, ||Kyl|l2 < mM.

Combining these bounds, we get:
IK. x|l2 < (VTeh)(mM)(vne?) = VTnme** M
as required. [

Lemma B.4. Let K be the SKI approximation of the kernel matrix K, and 0> > 0 be the observation variance. Assume
that K, K are PSD. The spectral error of the regularized inverse can be bounded as follows:

Yn,m,L
ol

<

H (K+ 021)_1 — (K+0%1) " 2

Proof. Note that
~ -1 _ ~ -1 ~ _
(R+02) = (K+o2)" = (R+0%)  (K-K)(K+oT)"
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Taking the spectral norm, we have

H (K + 0—21)71 — (K+0%1) "

- ~1
< H (K + 021)
2

IK - K| H (K + 021)*1H
9 2

(f( + 02I> o

< Yn,m,L H (K + 021)_1 H2 by Proposition 4.3
2
Yn,m,L

ok

B.2. Proofs Related to Linear Time Analysis
B.2.1. PROOF OF THEOREM 4.5

Theorem 4.5. If the domain is [—D, D%, then to achieve a spectral norm error of |K — K|| < €, it is sufficient to choose
the number of inducing points m such that:

a/3
m = (ﬁ(l + cd)K’(8c2dD3))
€
for some constant K' that depends only on the kernel function and the interpolation scheme.

Proof. We want to choose m such that the spectral norm error |[K — K||2 < e. From Proposition 4.3, we have the bound:
IK =Kz < n(l+ D)oL
For cubic interpolation, from Lemma 4.1, we have the scaling for the elementwise error:
Sm.r < K'c*h?

where K’ is a constant that depends only on the kernel function and the interpolation scheme. Therefore, a sufficient
condition to ensure | K — K|z < €is:

n(l+ cd)K’CZth <e )

The inducing points are placed on a regular grid with spacing h in each dimension over the domain [—D, D]%. The number
of inducing points m is related to h by:
2D
=

Substituting this into the sufficient condition (8), we get:

2D \*
n(1+ ¢ K'c* <m1/d> <e

Rearranging to isolate m, we obtain:

m3/d > 2(1 + ) K 2(8D3)
€

/3
m > (3(1 + cd)K’(sc2dD3))
€
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B.2.2. PROOF OF COROLLARY 4.6

Corollary 4.6. If
(1+cHK'8c*D?  n(logn)3/?
€= C3/d T3/

“

for some constants K', C' > 0 that depend on the kernel function and the interpolation scheme and we choose m > 0 based
on the previous theorem, then we have both | K — K||2 < € and SKI computational complexity of O(n).

Proof. Assume that
S (1+2c¢H)K'8c2¢D?  n(logn)>/?
€= C3/d TR

Rearranging this we obtain

n

n d/3
(14 2¢HK' (824 D? < .
( € (14 25K (8 )) Clogn

o)
logn

d/3
m = (2(1 + cd)K’(SCQdD3))

Now taking

we have that m = O <L> and by Theorem 4.5, | K — K||5 < . Now plugging in — into m log m we obtain

_n_
logn log

O (mlogm) =0 o log o
logn logn

—o(-2 logn — r loglogn
logn logn
= O(n)

as desired. O

C. Proofs Related to Gaussian Process Applications
C.1. Proofs Related to Hyperparameter Estimation
C.1.1. PROOF OF LEMMA 5.3

Lemma 5.3. [Bound on Derivative of SKI Kernel Error using Kernel Property of Derivative] Let l%l (z,2") be the SKI

approximation of ky, (z,z"), using the same inducing points and interpolation scheme as kg. Then, for all z,2' € X and all
0 € O, the following inequality holds:

Okg(x, ") Okg(z, z")
20, 00,

k(/h (:E, xl) - ];(,9 (:C, :C/)

<1+ cdéin’L
2d
o(2)
m3/d
where 8, 1 is an upper bound on the error of the SKI approximation of the kernel ky (v, x") with m inducing points and
interpolation degree LY/% — 1, as defined in Lemma 4.2.
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Bkg(w z') .

Proof. By assumption, ky (z,2') = is a symmetric kernel. The SKI approximation of kj (, ") using the same

inducing points and interpolation scheme as kg (x, ') is given by kj(z, z'). For the kernel ky, (z,2"), we have:

kéi(l'7x/)—]~€0( ) <5mL7

where §;,, ; is the upper bound on the error of the SKI approximation of k_(z, ') as defined in Lemma 4.2.

Now, we need to show that M = kj)(x,2"). Recall that the SKI approximation kg (, z') is a linear combination of
kernel evaluations at inducing pomts with weights that depend on x and z':

k@(xa I/) =

NE
NE

wii(x, ) ko (uz,ur)

<
Il
i
~
Il
—

where w;;(z, z") are the interpolation weights. Taking the partial derivative with respect to 6;, we get:

8%0 (xa ‘r/)
00,

/ ak j 5
wji (@, x )79(312 w)

NE
NE

<
Il
i
~
Il
—

I
NE
NE

wii(z, " )kp, (wj, w).
1

~

1

<.
Il

This is precisely the SKI approximation of the kernel kj (,x") using the same inducing points and weights:

mom

Ky (z, 2 ZZwﬂxaj Ky, (uj, up).

j=11=1

Therefore, %gt/) = k) (x, ").

Substituting this into our inequality, we get:

Okg(z, ') Okg(z, z')
06, 00,

| = ‘kéz(xax,) - %(:c,x')

< 5;n,L + Cd(s;n,L

C.1.2. PROOF OF LEMMA 5.4

Lemma 5.4. [Partial Derivative Gram Matrix Difference Bound] Foranyl € {1,...,p},

OK 0K

< /
80[ 891 = ’Yngm,L,l

ned
=0 (Gam)

where 7y, .. 1, is the bound on the spectral norm difference between the kernel matrices corresponding to ky, and its SKI

approximation I%L (analogous to Proposition 4.3, but for the kernel k:gl ).
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Proof. Let Ky, be the kernel matrix corresponding to the kernel kp ,(z, 2") = % and let K 9.1 be the kernel matrix
corresponding to its SKI approximation k(,’ [z, 2.
From Lemma 5.3, we have:
Okg(x, x ~
\80) — Byula) ©
Therefore:
0K 0K .
=Ky, — K, 10
o6, 06, 0 0! {10

By Proposition 4.3, we have a bound on the spectral norm difference between a kernel matrix and its SKI approximation.
Let 'y;l’m’ 1, be the corresponding bound for the kernel ké, ; and its SKI approximation ké, ;- Then:

| Kg, — Ré,lHQ < Vmom.Ll (1D

Thus,

H agl 80l = ||Ké,l - Ké,lHQ < 7;17m,L7l

This completes the proof. O

C.1.3. PROOF OF LEMMA 5.5

Lemma 5.5. [Score Function Bound (Final Version)] Let Vo L(0) and ng(@) be the true and SKI log-likelihood gradients.
Assume the kernel is sufficiently regular such that its partial derivatives are bounded by H H2 < C}, for a constant

C,, = O(n).

Then the spectral norm of the score function error is bounded as:

I¥0£(0) - Vo (0)ls = O (X (" + 7))

Furthermore, under the common assumption that ||y||3 = O(n), the L-normalized error is bounded as:

1 ~
L 1w - V@l =0 (220
Proof. We start with the expressions for the gradients:

1 1
VLEO) =V <—2yT(K + 0?1ty — 5 log |[K + 01| — Zlog(Qﬂ')) .

. 1 o - 1 )
VL) =V <—2yT(K + 0T ly — 5 log K + 01| — Zlog(27r)> :

Thus, the difference is:
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- 1
IVLO) —VLO) 2 = ||V (—yT(K +0°T) "ty — 5 log |K + 021|>

1
2
1 ~ 1 ~
-V (—2}’T(K +o’I) 7y — B} log |K + 021|)
2

2

<|\\V <;yT ((K +o2)7 ! — (K + 021)71> y>

Th

1 -
+ H2V (log K + o*I| — log |[K + 0'2I|>

2

T>

We will bound 77 and 7% separately.
Bounding 77:

9 > a1y =1 21\ —1
891y ((K—i—UI) (K +0°1) )y

1
5\/71I21a<p

We will then bound ’ 50, ((K +0)7 — (K + o%I)~ y‘ Using the following equality -o- X=X (g;f)X L

we can express this derivative as a quadratic form as a difference between two quadratic forms and apply standard techniques
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for bounding differences between quadratic forms.

%YT ((K+021)_1 - (K+ 021)_1) )"
<iyl3 9 ((f{ + o) — (K + UQI)_l) CS inequality
0, ,
o / -
= yl3 {5 (K+o*D)~" — (K+o2T)"
1315 | 7, (K +°D~! = (K +o°071) |
& ot (2 R) & ot (ko) (DK (& o)
891 891 9
- g 0 ) .
=|yl3lIl-(K+* D) K- —K+ —K | (K+7I)"!
13 R ) (R - g ) (R %D
+(K+021)‘1iK(K+a2I)‘1
a0, ,
- o 0 _
_ 20 21 ¥ Y 21\ —1
= |lyll5 |- (K + ¢°T) (391K 891K>(K+0 I
—(K +0%1)71 (8K> (K+0?1)™t + (K +o%1)7! <8K) (K + 0’17 !
891 801 9
- o 0 ~
< 2 21 ¥ Y 21\ —1
< 3 | i+ o711 (k- ) (Ko7 2
(@)
- ) B
21y —1 an-1) ( 9 21y —1
+|(K+0*D)" = (K +0%T) )((%lK)(K—kUI) 2
®)
o -
+ ||[(K + 211(K> K+o) ™' — (K+0%T)7!
K+ 5K ) (K+D7 = (K+o'D )|

(e)

We now explicitly bound (a), (b), and (c).

0 - 0

() <[ R+ oD | 5K - K ZH(KJrgal)_lHQ
<& +o2m a%f{*a% 2
Lo 0.
<o |oa® ~ s X,
1

IN

~Vm,r, (Using Lemma 5.4)
o4 Tnm.L,

(0) < K+~ = (K + D)~ |2

0 N
—K| [(K+sT)"
K 10+ 0

. B o
< SIE+ oD — (K402 76, %|,
< ’)’n;Z,L %K i (Using Lemma B.4)
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where we are able to apply the last line since K, K are GP kernels and thus PSD. Then

Yn,m,L a
b) < 2|l —K
( ) - o6 895 9
<C, ’Yn i by assumption
and finally
8 - _ _
(€) < (K +o’D) 72 891 (K +0°D)~" = (K+0’T) 7|2
2
LI + 0™t — (K + o)y | 2
= o2 > 106,
< Jnm.L iK (Using Lemma B.4)
- o 00, 9 & ’
TYn,m,L

Combining these, we obtain

1 2
< a2V s (m s+ Zmm s

Bounding the Trace Term Error (75):

To bound the error in the trace term of the gradient, we begin with the standard identity for the gradient of a log-determinant
with respect to a parameter 6; (see e.g. (Petersen et al., 2008)):

P L OK(0)
o [(0 >|=Tr(K<e> 2 )

The term Ty = H%V (log K + 021| — log |K + 021|) H represents the L2 norm of the gradient error vector for the
2

log-determinant. We first analyze the magnitude of its {-th component, which we denote (7%);:

= ({0 ) 1 25))

By applying the triangle inequality to the trace, we can decompose the error:
0K 0K
K+o2)™ | = — ==

We bound each of the two resulting parts using the property |Tr(AB)| < n||All2||B||2. Let A, = (K + ¢%I) and
A (K + 021)

1
|(To)i] < 3 Tr

(((K +o’ )7 = (K+0%1)7! )ZZ)’ 41

1. The first part is bounded using [|A; ! — A !||, < 2=2:L from Lemma B.4:

~ 0K
T ((agt - A0 5 ) < nllagt - A

0K

n,m,L
- : Cn
39l =0

ok

2. For the second part, since K is positive semi-definite by construction, we have ||A;1 |l < 1/02. This yields:

Tr(A,;l(aK—aKN nll A, || 2K _ 2K

E

1

A
891 801 ) = n0'2 Yn,m,L,1
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2 ’
N"Yn,m,L + "’Yn,m,L,l)

Combining these gives the bound for a single component: |(7%);| = O ( = -

Combining the Bounds:

The total error is the L2 norm of the error vector, which can be bounded by ,/p times the maximum component-wise error.

IVoL(0) — VoL (0)]|2 < \/ﬁllgfg(pﬂ(TlM + [(T2)1])

Ml\.’:

We combine our bound for (75); with the bound for the quadratic term error, |(77);| = O (HZH (nYn,m, L + 02 Yoo l)) ,

to arrive at the final expression:

||y||%7;L,m,L n2"}/n,rn,L n’y;L,m,L
o

2
~ n n,m
IV0L(8) ~ VoL(6)]> = O (ﬁ ('“2 LA

o6 ot o

Assuming ||y||3 = O(n) and substituting the known bounds for v and ~/, the dominant terms yield the simplified scaling
relationship:

3
~ p-n
IVoL(8) — VoL(0)]l2 = O <02d 3/ )

C.2. Proofs Related to Posterior Inference

C.2.1. PROOF OF LEMMA 5.8

Lemma 5.8. (SKI Posterior Mean Error) Let u(-) be the GP posterior mean at a set of test points - € RT*? and fi(-) be
the SKI posterior mean at those points. Then the SKI posterior mean 12 error is bounded by:

() = ()2
vnO (max(T, n) +

o2m3/d

VTnMn
o2

Proof. We start by expressing the difference between the true and SKI posterior means:

~ 1

HKX (K+0°1) 'y -Kx (K+o°1) 'y

2

y -
_ H (Kx-Kox)(K+ ) v+ K. x {(f{ + 021)_1 — (K + 021)1] y

2
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Applying the triangle inequality and submultiplicative property gives:

1 -
< ;||YH2||K-,X - K x|z + [IK. x|

” o) 21\~ 1
(K+02) - (K+0%) H Iyl
2

max m.Ls Yn.m > -t -
< BOL g by, 4 e | (R o2T) = (K +0%1) | e Lemma b
2
/ , ~ -1 _
< maX(WT"Z’QL”Y"’m’L)Hy2—|—\/TinMH(K+UZI) - (K+0_21) 1 ||Y||2 Lemma B.2
2
max m.Ls Yn.m VTnM
< (fYT, 72L Tn, 7L)||yH2+ 74’}/n,m,L||yH2 Lemma B.4
o g
1 vVInM
= = |Iyll2 | max (vr,m, L+ Yn,m,2) + ——5—Vnm,L
o o
c2d VTnMn
= WHY”QO max(T, n) + T

C.2.2. PROOF OF LEMMA 5.9

Proof. First, note that

IZ() =202 < K. — K. .||
+ K. x(K+0°I) 'Ky, — K. x(K+ 0°I) 'Kx_ |2
<yrm, + K. x(K+0°I) 'Ky, — K. x(K+ 0°I)"'Kx, |2,

where we used Proposition 4.3 and the fact that |K.. — K. .||z < y7m.L.

Now, we bound the second term, which is a different between two quadratic forms:

|K x(K+0?T)"'Kx . — K x(K+ 0?I)"'Kx .|

<K x(K+ 0?I)'Kx. — K x(K+ 0*I) " 'Kx_.||2

+ K. x(K+ 0*I) 'Kx,. — K. x(K+ 0*I) " 'Kx,.||2

<K x(K+01) 7 (Kx,. —Kx )2 + (K x(K+0*1) 7' =K x(K+ 1) 7)Kx |2

<K xl2l|(K+ 0217 2 Kx,. — Kx, |l2 + [|K. x(K+ 0%1) 7" = K x(K+ 0”1)~"[|2|Kx..

2

1 . I I
< S IK xll2[Kx. = K [l2 + K x(K+0*1) 7" = K x(K+0°1) 7 [l2[Kx, [,

where we used the fact that (K + 027)~! < L 1.

- 52

Next, we bound the term ||K. x(K + ¢%1)~! — K. x(K + 1)~ 2:

K. x(K+ 0?17 =K x(K+o?I) 7|2

=K x(K+0o?)"' =K x(K+ o) ' + K x(K+ ¢*I) ™' — K x(K+ %) 7|2
<K x(K+ 02N K x(K+ 0?7 Yo + |K x(K+ 0?17 — K x(K+ 02I) 72
= K x[(K+0*1)"" = (K+ 1) 2 + [|(K.x — K. x)(K+0°1) 72

< K. x|l2|(K+ 0?17 — (K4 0°1) 7|2 + K. x — K x|l2l|(K+ o 1) 7|,

Yn,m,L - 1
|2 n(;z JrHK,X*K‘,XHz?,

<[K x
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where we used Lemma B.4 in the last inequality. Substituting this back into the main inequality, we get:
K. (K + 021 'Kx. - K x(K+ %) 'Kx |2
’Yn m, L 1 iad
<IIK M K = Kol s ) R

77Lm L

X, —Kx

HK x — K. x[[2[[Kx,.||2-

K. xl2]|Kx..

Using Lemma 4.4 and the fact that ||[Kx . — IN(Xy. ll2 < max(yrm.L, Yn,m,z) and that K. x = K;_, we have | K. x|z =

|Kx.. |2 Also, by assumption, ||Kx.|l2 < vTnM. Using Lemma B.3, we have ||Kx..||2 < vTnmc**M. Substituting
these bounds, we get:

IK. x(K+0I)"'Kx, — K. x(K+0%I)"'Kx, |2

VTnM Jn,m,L

= T2 max (Y7, m, L, Yn,m,L) + 04

_ VTnM Onym,L
o2 o

max(Yr,m,r, Yn,m,L) +

1
(VTnM)(V Tnmc2dM) + o max(Yr,m, L, Yn,m,L)(V TnchdM)
VTnmc@

2d 2 4
Trnmc**M — Q2 max(Yrm,L, Yn,m,L)-

Finally, substituting this back into the original inequality, we obtain the desired bound:

~ vITnM
HE() - Z3()”2 S YT, m,L + 0_2 maX(’YT,m,L; 'Y'rL,m,L)

Tnmc24 M

’Yn m, L
0_2 maX(PYT,m,Lv 7n,m,L)~

Trnmc**M? +

=0

Tn?*mc*d M? + VTrnmc*e M max(T,n)
m3/d :
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