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ABSTRACT

Chain-of-thought (CoT) prompting enhances the reasoning of large language
models (LLMs) but increases autoregressive latency; speculative decoding (SD)
mitigates this via a small-drafter—large-verifier pipeline whose efficiency hinges
on drafted-token acceptance. We show that training-based SD methods (e.g., EA-
GLE) suffer from catastrophic forgetting and distribution shift under naive CoT
supervision, and we propose a CoT-aware mixed training framework that raises
acceptance without altering decoding hyperparameters by combining (i) process-
level CoT distillation with feature regression to reduce forward KL divergence and
improve step-wise acceptance, and (ii) SURPRISERATIO (SR), a data-selection
metric that anchors the distribution and prevents forgetting using minimal open-
domain samples. A two-stage mixed-training schedule further balances task align-
ment and generalization.Experiments on two target models show that our methods
achieve wall-clock speedups of 3.04x—4.55X across three datasets, while increas-
ing the average acceptance length by2.76 x—5.62x.

1 INTRODUCTION

Large language models (LLMs) have demonstrated robust performance across a wide range of nat-
ural language tasks, including machine translation, summarization, code generation, and dialogue,
thereby establishing themselves as versatile tools for both understanding and generation (OpenAl,
2023). Chain-of-thought (CoT) prompting further enhances complex reasoning by eliciting the
model to and generate intermediate problem-solving steps, proving particularly effective in mathe-
matical reasoning, logical inference, and multi-step problem solving. However, the autoregressive
nature of LLMs introduces significant computational cost and latency (Huang et al.l 2025)), and the
generation of additional tokens via CoT exacerbates this overhead. This bottleneck severely limits
the deployment of such models in real-time, large-scale systems where efficiency is critical.

Recent efforts have introduced speculative decoding (SD) algorithms to mitigate the computational
and latency costs associated with autoregressive decoding (Hong, 2025). SD emplots a smaller,
faster draft model to propose token sequences, which are verified in parallel by a larger target model.
Accepted candidate tokens are retained; otherwise, remaining tokens are resampled. As a result, the
effectiveness of SD depends directly on the candidate token acceptance rate: higher acceptance
yields greater speedup.

Existing SD approaches can be categorized into two groups: training-free methods, which use pre-
trained models directly as draft models, and training-based methods, which fine-tune or retrain draft
models to better align with target model output distributions. Compared to training-free approaches,
training-based SD generally achieves better distribution alignment, leading to longer accepted to-
ken sequences and higher speed-ups (Gautam et al., |2025).The most straightforward method to
adapt SD algorithms such as EAGLE for CoT contexts can be two-step pipeline: pre-training
on open-domain corpora followed by fine-tuning with CoT trajectories via supervised fine-tuning
(SFT).Unfortunately, this simple approach has proven ineffective in practice, even underperforming
the original model.

This finding suggest that merely applying SFT with CoT data to a generally pre-trained draft
model is insufficient. Previous work indicates that the fundamental limitation of conventional
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SFT in CoT settings is catastrophic forgetting (Kotha et al., 2024): task-specific or domain-
specific (in-distribution/narrow-domain) alignment tends to degrade the model’s general (out-of-
distribution/open-domain) capabilities. While mixed-data training offers a direct remedy, the vast
scale of open-domain data makes it prohibitively expensive and introduces significant distributional
noise when applied broadly across CoT tasks.

Recent studies (Elhady et al.| [2025) suggest that continued exposure to a curated subset of open-
domain data during narrow-domain learning can effectively suppress parameter drift toward a
single subdomain, thereby preserving general capabilities and improving generalization. This, in
turn, raises a natural question: Can draft models perform self-directed open-domain data mining to
acquire the knowledge they lack?

Motivated by this question, we depart from the conventional sequential “pretrain-then-fine-tune”
pipeline. Instead, we adopt a training scheme that couples targeted CoT supervision with SR-
metric—guided self-mining. This design enables the draft model to acquire missing open-domain
knowledge while preserving task-specific competence, thereby adapting SD algorithms to CoT sce-
narios (Objective I) and mitigating catastrophic forgetting (Objective II). In doing so, it balances
task-specific alignment with general-purpose capability.

For Objective I, we perform process-level distillation with CoT hard labels, treating EAGLE training
as driving the draft distribution toward the target distribution. Using a CoT trigger (e.g., “Let’s think
step by step”), we offline-generate complete CoT trajectories with the target model, then apply
process-supervised training via teacher-forced maximum likelihood estimation (MLE) combined
with feature regression. This directly aligns distributions along the trajectory, explicitly reduces
per-step Kullback—Leibler(KL) divergence and Total Variation Distance (TVD), and increases the
acceptance rate ; and accepted length 7.

For Objective II, we introduce a mixed training strategy guided by SurpriseRatio (SR) for open-
domain data selection. Recognizing that SD efficiency hinges on draft—target interactions, we first
train a draft model on CoT data, then use the draft model to identify missing open-domain knowledge
via the SR metric—tokens the large model would accept but the small model has not yet learned.
We compute token-level signals s; on the ShareGPT dataset and apply SR-based adaptability filter-
ing, which lowers supervision cost, preserves broad knowledge, and prevents convergence toward
narrow-domain bias.

Contributions.

* Process-distillation analysis and implementation from a distribution-alignment view. We
provide a complete mathematical proof that, in speculative decoding, training the draft model
on target-model—distilled labels is sound and effective. We show that teacher-trajectory CoT
conditional MLE (with EAGLE) lowers the forward-KL under teacher context, thereby shrink-
ing TVD, increasing acceptance (3;, and supplying an alignment-centric interpretation of SD
which is better suited to CoT scenarios.

Interaction-driven, SR-guided data selection. We define the SurpriseRatio as a token-to-
sample-level adoptability prior. This yields a lower-cost, supervision-light way to curate data
that contains richer open-domain knowledge (which the current model lacks) and is more
likely to be accepted by the target, thereby improving SD efficiency.

¢ Mixed training scheme and empirical validation. Instead of a purely serial “general-pretrain
then fine-tune” pipeline, we adopt full CoT + SR mixed training. Compared to vanilla EA-
GLE, our method consistently achieves higher speed-up ratios and longer average accepted
lengths across varying temperature settings. Moreover, our approach matches the performance
of methods trained on the full mixed open-domain dataset while using significantly less data.

2 RELATED WORK

2.1 SPECULATIVE DECODING

The primary latency bottleneck in LLM inference arises from the sequential nature of autoregressive
decoding, where memory-bound operations dominate (Pope et al., [2022). Speculative decoding
(SD) (Leviathan et al.l [2022; |Chen et al.| [2023) mitigates this by introducing a lightweight draft
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model to propose multiple tokens per step, which are then verified in parallel by a larger target
model. Earlier parallel decoding approaches—such as block-parallel sampling (Stern et al., [2018])
and aggressive decoding—struggled with issues like prediction drift, input constraints, or limited
stochasticity. Recent variants of SD optimize the interaction between the draft and target models
and incorporate tree-structured verification (Sun et al., |2023} Miao et al., |2023} |(Cai et al., |2024)).
EAGLE (L1 et all [2024a) further rethinks SD by performing autoregression over hidden features
with shifted-token conditioning, improving draft accuracy. Its successors, such as EAGLE-2 and
EAGLE-3 (Li et al.,|2024b;2025), introduce dynamic tree structures and multi-layer feature fusion,
achieving up to 6.5x speedup without quality loss.

While EAGLE relies on the full ShareGPT corpus, we propose a SurpriseRatio (SR) strategy that
combines filtered ShareGPT data with a task-specific dataset. This approach reduces the scale of
data required while maintaining—and in some cases even improving—downstream performance.
Our results demonstrate that careful task-aware data selection enhances both computational and
modeling efficiency.

2.2 DATA SELECTION

Selecting high-utility data subsets from large-scale corpora is critical for both general and task-
specific large LLM training, with the core objective of improving data efficiency and model per-
formance (Zhao et al., 2023). Existing strategies generally follow two directions: one focuses on
enhancing data diversity through clustering and embedding-based sampling (Sorscher et al., 2022}
Tirumala et al., |2023; Wu et al., 2023); the other aims to improve data quality via instruction filter-
ing and difficulty estimation (Xu et al., 2023; Wang et al., 2023). Recent research pipelines further
integrate both approaches to balance diversity and quality, thereby achieving more efficient model
training (Zhou et al.,[2023a)).

2.3 KNOWLEDGE DISTILLATION

Knowledge distillation (KD) (Hinton et al.,2015) trains compact student models under the guidance
of larger teacher models, reducing inference cost while preserving performance. Early KD methods
for LLMs operated primarily in a black-box setting, relying solely on teacher outputs. The rise of
open-source models (Zhang et al.l 2022; [Touvron et al.} 2023) enabled white-box KD, leveraging
richer internal signals for distillation. While prior work integrated KD into decoding to improve
sampling or acceptance rates, these approaches typically targeted general scenarios rather than tai-
loring student models for domain-specific reasoning. In this work, we repurpose KD not for model
compression, but to enhance SD: task-specific data are distilled using hard labels generated by a large
teacher model, then mixed with a filtered open-domain subset for retraining. This hybrid approach
significantly improves task alignment and SD efficiency under constrained data and computational
budgets.

3 PRELIMINARIES

3.1 SPECULATIVE DECODING FRAMEWORK

SD accelerates autoregressive language model inference by leveraging a smaller draft model M (%)
to generate candidate tokens, which are then verified in parallel by the target model M®). Given
context p = {x,y<}, the process operates in three stages: (1) draft generation of L candidate to-
kens using M (*); (2) parallel evaluation by M®) to compute acceptance probabilities; (3) rejection
sampling to maintain the target distribution while accepting verified tokens.

The key efficiency metric is the acceptance rate, defined as the expected proportion of draft tokens
retained per generation step. Higher alignment between the draft and target distributions leads to
improved acceptance rates and greater overall speedup.

EAGLE as a notable framework in SD areas constructs a regression objective that aligns draft fea-
tures with target hidden representations, enabling more accurate candidate generation and higher
acceptance rates compared to traditional independent draft models.
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3.2 CHAIN-OF-THOUGHT UNDER SPECULATIVE DECODING: REASONING, ALIGNMENT,
AND FORGETTING

CoT prompting improves complex reasoning by making intermediate steps explicit, but it also
lengthens sequences and increases inference costs. In SD setting, these effects intensify: the fast
draft model must align with the high-accuracy target not only on final answers but along entire rea-
soning trajectories to maintain acceptance rates and overall efficiency. The core challenge is the
tension between distributional alignment and forgetting. Let ¢(-) denote the draft distribution
and p(-) the target distribution. Effective SD requires g & p across diverse contexts and over the full
sequence of CoT tokens. Yet fine-tuning the draft on task-specific CoT data often over-specializes it
to particular reasoning patterns, shifting it away from general-domain behavior and inducing catas-
trophic forgetting. In CoT adaptation, such misalignment compounds along long reasoning chains,
lowering acceptance rates, increasing fallback costs, and ultimately reducing SD efficiency.

We therefore pose the objective as maximizing performance subject to alignment and stability
constraints. This formulation makes explicit the defining trade-off in CoT under SD—improving
speedup ratios versus preserving draft-to-target alignment—and motivates process-token metrics.

4 METHODOLOGY

We aim to adapt SD to CoT-centric reasoning while preserving the draft model’s general capabilities.
Our method couples (1) process-level CoT distillation that aligns the draft to the target distribu-
tion along teacher trajectories, with (2) SurpriseRatio-guided open-domain selection that curates
interaction-friendly supervision from large general corpora. We then train with a mixed scheme that
interleaves both signals under a fixed decoding setup (identical to EAGLE’s verifier and search hy-
perparameters). This section formalizes the objectives, clarifies why they improve token acceptance
in SD, and details the training procedure.

4.1 PROCESS-LEVEL COT DISTILLATION

Setting. Let the target model be p(- | ;) and the draft be ¢(- | z<+). We elicit CoT traces with
a fixed prompting policy and collect sequences Dcor = {x1.7} comprising intermediate reasoning
and final answers. For each prefix x - generated by the tearcher model, the draft is supervised using
hard labels x; provided by the teacher, along with EAGLE-style feature regression applied to the
hidden states.

Objective. The token loss is defined as the conditional NLL averaged over teacher contexts:
‘CNLL = Ew<t~p, zt~p(-\x<t)[_ log q(-rt | ~r<t)] = Em<¢~p[H(p(' | x<t)7 q( | ~r<t))] ’ (1)

which, by identity, can be expressed as E,_,,[H (p(- | <¢)) + KL(p || ¢)]. This loss is combined
with a feature regression loss between the target and draft hidden states (denoting the target feature

as f; and the draft prediction as f; :

Efeat = EfE<th Hft - ft”%a (2)

which contracts the logit discrepancy when the output layer is linear z; = W f; + b, since
2e = Zilla < IWI1fe = fillas 3)
and stabilizes (- | z;) under the softmax mapping. Equivalently, this contracts the stu-

dent—teacher gap from two complementary perspectives—features (representation) and probabilities
(NLL)—Ileading to smoother and more controlled forward-KL convergence on teacher CoT prefixes,
enlarging the overlap through min{p(- | <), q(- | <+)}, and thus increasing the acceptance rate.

Implications for SD acceptance. In rejection-based SD with verifier p, the token-wise acceptance
at step ¢ is

By = Zmin{p(w | 2<t), q(x | w<t)} = 1 =TVD(p(- | 7<), (- | 7<t)) - )
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Figure 1: Overall training pipeline of our method. In-domain datasets (e.g., GSM8K, ASDiv) are
distilled with process-level CoT supervision, contrasting with conventional distillation that only
transfers final answers. For open-domain datasets (e.g., ShareGPT), we apply our SurpriseRatio-
guided selection to select a high-quality subset. The distilled in-domain data and SR-selected open-
domain data are then mixed and jointly trained under the EAGLE framework, producing an effi-
cient draft model for speculative decoding.

We supervise the draft on teacher CoT prefixes using conditional MLE, which equals minimizing
the forward KL under teacher contexts via the identity given in equation[I] This reduces the dis-
crepancy between the conditional distributions of the verifier and the draft along every prefix where

verification occurs. Pinsker’s inequality yields TVD(p, q) < /4 KL(p || q), shrinking the forward

KL on these contexts tightens a Pinsker bound on TVD in equation ] thereby increasing the ex-
1—a”

1
1o for

pected acceptance rate o« = E[3;]. This, in turn, raises the expected accepted length 7 =
a block size 7.

Meanwhile, training on step-wise hard labels derived from teacher CoTs exposes the draft model
to low-entropy, process-structured distributions (“First..., Then..., Finally...”), providing explicit in-
termediate guidance that better aligns the draft with the verifier’s probability mass in regions where
actual reasoning occurs.

Takeway. Long CoT sequences are prone to error accumulation. Step-wise supervision localizes
credit assignment: by ensuring that forward KL(p || ¢) does not increase—preferably decreases—on
each teacher prefix, the average TVD is reduced via Pinsker’s inequality, which monotonically in-
creases o and hence 7 .

4.2 SURPRISERATIO-GUIDED OPEN-DOMAIN SELECTION

Motivation. Training a draft model solely on pure CoT supervision risks over-specialization and
poor generalization. To mitigate this challenge, a natural fix is to incorporate broad conversational
corpora such as ShareGPT, but naively ingesting all such data is inefficient and increases the cost of
adapting to new CoT domains. This motivates the question of whether curated general-corpus data,
when mixed with dedicated CoT data, can more effectively train the draft model. So in practice, we
propose a targeted alternative: first pretrain the draft model on a specialized CoT set, then allow the
model to guide the retrieval of examples from a general corpus, selecting only those predicted to
best compensate for its current weaknesses.

Concretely, we introduce SR, a token-level agreement metric that compares the draft model’s sur-
prisal with that of a target model on the same continuation. Intuitively, when the target assigns high
probability to a token, the draft should also do the same, SR quantifies this alignment.
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Definition. For a prefix 2 and draft distribution ¢, let Ny (x <) be the top-k candidate set under
q(- | x<¢) and define Gy (z<¢) = % Eze]\/k(:r<t) q(z | x<¢). Given a supervised token z; (obtained
from teacher CoT traces or high-quality references) that the target model is likely to accept, the
SurpriseRatio at step t is defined as:

(2 | 33<t)_

SR(z¢;2<4) = 1 Gn(@-2) )

When SR is high, the draft model demonstrates a strong preference for the supervised token com-
pared to local alternatives. This increases the likelihood that g(e | x:) overlaps with the high-
probability region of the verifier’s distribution, leading to higher acceptance according to Eq. equa-
tion 4] A high SR arises when ¢(x; | x<;) is large—indicating the draft model strongly favors
the teacher-provided token—and the gi(z<+) is small—indicating that the token already occupies
substantial probability mass in the draft model’s distribution. Under SD, this alignment narrows the
gap between the draft and target distributions, thereby increasing token acceptance probability.

A sequence score aggregates token scores, e.g.,

1

S(arr) = > 1[SR(zsi2<s) > k] - (6)

t=1

Selecting samples with high S(x1.7) thus prioritizes data that (i) reinforce regions where the draft
and target already interact smoothly, and (ii) encourage longer accepted spans under SD. In addition,
we enable the draft model to mine large open-domain corpora for information that may be under-
represented due to CoT task-specific supervision: by comparing its open-domain confidence to its
supervised preferences, the draft identifies tokens and states where its coverage is sparse or biases
are over-amplified, such cases are then up-weighted during selection.

Practical computation. We compute SR on open-domain logs by: (1) running the small draft to
obtain ¢(- | <¢), (2) extracting top-k mass and q(x; | ;) for the provided continuation token x;
(from the log), and (3) retaining sequences whose S(z1.7) exceeds a threshold. Thresholds and &
are tuned once on a held-out split and then fixed.(Not clear)

4.3 MIXED TRAINING SCHEME

Dataset composition. Let Dgg be the SR-filtered subset from ShareGPT and D;,,q a small random
subset (regularizer). Training is performed on the mixed dataset:

Dmix = DCoT U DSR U Dranda

with sampling ratios (1 : A : €), where A controls the open-domain proportion and £ < A helps
prevent overfitting to SR-selected modes.

Loss and schedule. The final objective is
L =X LniL(Duix) + 4 Liear, (7

with fixed verifier/decoding hyperparameters inherited from EAGLE. We adopt a simple two-stage
schedule found to be robust: first warm up on D¢,y to stabilize feature autoregression, then incor-
porate Dgr at ratio A while maintaining a small proportion ¢ of random samples. This strategy
preserves a distributional anchor and mitigates catastrophic forgetting without requiring verifier re-
training.

Discussion. The framework is complementary to other KD/SD refinements (e.g., diver-
gence (Zhou et al.l |2023b))- or ranking-aware losses, harmonized context alignment (Zhang et al.,
2024)). These can be layered on top of our objectives without altering the mixed data policy, thereby
offering a path to further improvements while preserving the core acceptance rationale.
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5 EXPERIMENT

5.1 EXPERIMENTAL SETUP

We evaluate training strategies for EAGLE drafts under lossless speculative decoding. We maintain
the same parameter Settings as eagle, targets are frozen with NVIDIA RTX4090D GPU, and we
report efficiency only: wall-time speedup and average acceptance length 7.

Targets. Two frozen target LLMs: Vicuna-7B and Llama-3-8B-Instruct. Targets are used (i) to
generate CoT hard labels offline and (ii) as verifiers during speculative decoding. No fine-tuning
is applied to targets. Prompt sets. Efficiency is measured on GSM8K, AQuA-RAT, and ASDiv
problem sets used as prompts. Prompt templates and answer extractors are in Appendix B.

Training corpora (data policy).

* CoT hard labels (full). For each target, we build a full corpus of teacher-generated CoT traces
(intermediate reasoning + final answer) under a fixed decoding policy; whenever CoT supervi-
sion is used, this full corpus is included.

* Open-domain (ShareGPT, partial). We construct a SurpriseRatio-selected subset to comple-
ment CoT supervision. For control experiments we also use a random-matched subset with
identical size/domain mix. SR hyperparameters (threshold, top-k) are tuned once on a small
held-out split and then fixed across datasets.

Metrics.

¢ Speedup Ratio a:: The actual test speedup ratio relative to vanilla auto-regressive decoding.

* Average acceptance length 7 (expected number of consecutive draft tokens accepted per ver-
ification step).

Scope of comparisons. Main comparisons focus on training strategies for EAGLE under a mixed
data policy (full CoT + partial ShareGPT).Vanilla EAGLE where the draft model is trained exclu-
sively on the complete ShareGPT and we simultaneously process the data distillation strategy and
the data selection strategy. Cross-paper KD variants are not part of the core comparison to avoid
data/policy confounds.

Table 1: Speedup Ratios of Ours vs. EAGLE on GSM8K, ASDiv, and Aqua-RAT under Different
Temperatures.

Temperature = 0 Temperature = 1
GSMS8K ASDiv  Aqua Mean GSMSK ASDiv Aqua Mean

EAGLE 288X 3.01X 3.02X 297X 253X 269X 277X 2.66X

Llama3 8B CoT Distill  3.94X 3.59X 3.83X 3.79X 346X 3.33X 348X 342X
Gold Answer 247X 0.82X 248X 1.92X 234X 0.80X 230X 1.81X

Ours 405X 3.83X 3.92X 393X 3.67X 351X 3.58X 3.59X

EAGLE 349X 346X 3.62X 3.52X 296X 277X 293X 2.88X

Vicuna 7B CoT Distill  3.72X  2.76X 4.53X 3.67X 299X 1.86X 3.10X 2.65X
Gold Answer 3.15X 1.03X 3.74X 2.64X 243X 096X 295X 2.78X

Ours 411X 354X 455X 4.06X 3.07X 279X 3.26X 3.04X

Model Method

5.2 ABLATION

We further analyze the contribution of supervision granularity, SurpriseRatio-based data selection,
and robustness to seeds and target models, under the same decoding setup as described in Sec-

tions B.11

Supervision granularity. We compare three levels of supervision: ground-truth outcomes, open-
domain Corpus, and template-based CoT traces. As we can see in Figure 2] ground-truth outcomes
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serve as a lower bound, since EAGLE decoding is lossless with respect to the frozen targets.By
contrast, process-level supervision with teacher CoT traces consistently improves both efficiency
metrics, indicating that explicit trajectory supervision stabilizes draft acceptance and enhances data
efficiency.
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Figure 2: Effect of Supervision Granularity: Process-Level Chain-of-Thought Distillation Yields the
Largest Efficiency Gains

SurpriseRatio selection. We compare SR-selected subsets against size-matched random baselines
and we also use some common metric such as PPL as a reference. Results show that SR filtering
yields longer acceptance spans, while achieving higher speedUp ratio. This suggests that targeted
curation reduces redundancy without sacrificing effectiveness. In all cases, SR-selected models
outperform random baselines, and their acceptance lengths remain stable across GSM8SK, AQuA-
RAT, and ASDiv prompts.

The improvements therefore cannot be attributed to a specific seed or dataset, but reflect systematic
benefits of combining process-level supervision with selective data filtering.

Table 2: Comparison of metrics between Ours and baselines.

Metric Speedup Ratio Acceptance Length Data Scale

EAGLE 3.02X 4.17 650G

1% ShareGPT(Perplexity) 1.72X 2.22 7G

1% ShareGPT(SurpriseRatio) 1.90X 2.56 7G

1% ShareGPT(Random) 1.66X 2.32 7G

GSMBS8K + 1% ShareGPT(SurpriseRatio) 3.00X 4.27 73G
GSMSK + 1% ShareGPT(Perplexity) 2.83X 3.97 73G
GSMS8K + 1% ShareGPT(Random) 291X 4.13 73G
ALPACA + 1% ShareGPT(SurpriseRatio) 2.83X 3.22 100G
ALPACA + 1% ShareGPT(Random) 271X 3.11 100G

5.3 EFFECTIVENESS AND DATA EFFICIENCY

Firstly, we examine the role of SurpriseRatio-based filtering when combining open-domain
ShareGPT data with teacher traces.By varying the retention ratio r, the result is shown in Fig-
ure 2,even incorporating a very small proportion (e.g., 1-5%) of SR-selected ShareGPT data into
the in-domain CoT distillation corpus yields substantial gains in both speedup ratio and accepted
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length, while further increases bring diminishing returns. Consequently, in our main experiments we
report results at the optimal trade-off point, demonstrating that strong performance can be achieved
without relying on large amounts of open-domain supervision.
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Figure 3: Performance of draft models on GSM8K when mixing in different proportions of
ShareGPT data selected by our SurpriseRatio (SR) method. (a) Speedup ratio improves signifi-
cantly with only a small proportion (e.g., 1%—5%), but saturates as more data are included. (b)
Accepted length exhibits a similar trend, with early gains followed by diminishing returns.

We next evaluate the effectiveness and data efficiency of different training strategies for EAGLE
drafts, addressing two key questions: (i) can a draft trained on a smaller, task-specific corpus
(full CoT + partial SR-selected ShareGPT) match or surpass a draft trained on the full ShareGPT?
and (ii) within task-specific supervision, does process-level distillation (CoT) outperform outcome-
only distillation (answers)? We can see the result in sec5.1 across all datasets (GSM8K, AQuA-
RAT, ASDiv), ours achieves comparable or superior speedup relative to vanilla eagle while using a
smaller training corpus in terms of data size (GB). This demonstrates that task-specific CoT super-
vision can effectively replace a large portion of generic open-domain data when training an EAGLE
draft,highlighting its improved data efficiency.

Table 3: Acceptance length of Ours vs. EAGLE on GSMS8K, ASDiv, and Aqua-RAT under Different
Temperatures.

Temperature = 0 Temperature = 1
GSM8K ASDiv Aqua Mean GSM8SKASDiv Aqua Mean

EAGLE 422 419 428 423 400 408 4.3 4.07

Llama3 8B  CoT Distill ~ 6.03 536  5.48 562 5.63 5.13 520 532
Gold Answer  3.59 .16 352 276 346 1.15 344  2.68

Ours 572 5.63 560 276 556 544 539 5.46

EAGLE 522 517 542 527 424 415 4.21 4.20

Vicuna 7B CoT Distill ~ 5.54  4.15 5.81 516 433 3.06 4.27 3.88
Gold Answer  4.38 1.45 549  3.77 3.53 1.35 432  3.07

Ours 5.73 5.33 5.81 562 427 413 502 447

Model Method

6 CONCLUSION

We introduce a CoT-aware, SR-guided mixed-training framework for SD. It aligns the drafter with
the target via process-level CoT distillation and uses SR-based data selection to focus supervision
where divergence is highest. On GSMS8K, AQUA-RAT, and ASD1v with Vicuna-7B and Llama-3-
8B-Instruct verifiers, it delivers 3.04 x—4.55x wall-clock speedups and longer accepted spans than
EAGLE; ablations attribute the gains to process-level supervision and SR-guided curation, with
only 1-5% SR-selected data capturing most of the improvement.
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proposed training strategies and restructure the evaluation/testing suite accordingly. We will provide
an anonymous repository containing the full codebase, configuration files, and scripts to reproduce
all results: (https://anonymous.4open.science/r/CoT_SR-DF00). The repository in-
cludes an environment . yml for exact dependency pinning.

Data used in this paper are public (GSM8K, ASDiv, Aqua-RAT); preprocessing scripts are provided
under ge_data/. We also include the hard-label generation utilities (paths documented in the
repository) to fully reproduce label creation. Training and evaluation follow the original EAGLE
settings, with our refactored training files and evaluation scripts enabling one-click reproduction of
all tables and figures.

Experiments were run on an RTX 4090D GPU; seeds, run commands, and configuration files are
provided in the anonymous repository. There are no components that we are unable to release.
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A APPENDIX

APPENDIX CONTENTS

[Process-level CoT Distillation (for §4.1)]. .. ..ottt e e @

|Catastrophic Forgetting: Token-level Evidence and Theory|............... ... ... i i, 4

DISCLOSURE OF LLM USAGE

During manuscript preparation, we used a general-purpose large language model tool only for minor copyedit-
ing (instruction-based rewriting for grammar and clarity). The tool was not used to generate scientific content,
results, code, or citations. All technical statements, method designs, and empirical conclusions were produced
by the authors and verified by us; we take full responsibility for the content. No confidential, unpublished, or
review-related materials were shared with the tool.

A.1 PROCESS-LEVEL COT DISTILLATION (FOR §4.1)

This subsection provides full derivations underlying the theory in §4.1 of the main text, including the NLL—
forward- Dk, equivalence, the link between acceptance rate and total variation distance, Pinsker-type propaga-
tion to acceptance, and how feature regression controls post-softmax distributional perturbations. We start with
notation and the training objective.

Notation and setup. Let Dcor denote CoT trajectories generated by the teacher/verifier p. At step ¢,
define the conditional distributions under the teacher prefix x«¢:

pt(') = p(- \ 9C<t), Qt(') = CI(' \ 9C<t)7

for teacher and student, respectively. Let f; be the teacher’s intermediate feature and ft the student’s regressed
feature.

Training objective. We consider conditional negative log-likelihood (NLL) and a feature-regression
(EAGLE-style) loss:

Lnir = Eo_ymp, It"‘pt[ —log g(z: | "E<t)] = Ez<t~P[H(pt7 qt)]’ ®
2
Lfeat :E1<t~p ft _fo' (9)

The total objective is
L=NLxrr + 1 Licas.- (10)

[NLL equals forward D] For any fixed prefix @<;, H (pt, q:) = H(p:) + Dxv(pt||q¢). Therefore,

Lxin = Eoymp [ H(pt) + Dxi(pella:)] - (11)
In particular, Lnr1, attains its minimum in ¢ iff ¢; = p: (almost surely w.r.t. x<; ~ p).

Use the identity H (pt, q:) = H (p:) + DkL(p||¢), then take expectation over z<¢ ~ p to obtain equation[T1}
Convexity and Gibbs’ inequality yield the unique minimizer q: = px.

[Per-step acceptance rate] In the SD rejection-sampling framework, the token-level acceptance rate at step ¢ is

Bt = Zmin{pt(m), q+(x)}. (12)

Let « := E[3;] be its expectation over steps.

[Acceptance rate equals one minus TVD] Let (pt, g:) := 2 > |p¢(2) — q+(z)|. Then

B = 1—(pe,qu)- (13)

Using min{a, b} = %‘G_b‘ and Y pi(x) =>, q(x) =1,

Br=15 Y (p(@) + ar(@) = lpe(x) = q(@)]) = 1= 5 Y [pe(@) — ae(@)| = 1 — (pr, ).

13
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[From Dk, to acceptance via Pinsker] For each ¢, Pinsker’s inequality yields (p¢, q:) < /% Dk (pellgr).-
Combining with [section A.T]and taking expectation over ¢, we get

a=E[g] > 1—/3E[Dku(ptllq:)] - (14

Apply Pinsker and Jensen (since +/- is concave): E[] < E [\/ 1DxL] < \/ 1 E[Dxv]). Combine with 3; = 1—
to obtain equation [T4]

[Expected accepted streak vs. block size] Suppose each draft block proposes r tokens, which are then verified
sequentially, and approximate per-step acceptance as independent with E[3;] = «. Then the expected number
of consecutively accepted tokens in one verification is

+1

o= Zai — l7 15)
i=0

l-«
and 7 is strictly increasing in o for 0 < o < 1.
Geometric series summation. Monotonicity follows from 97/0a > 0 for 0 < a < 1.

[Linear output head and softmax] Assume a linear output head z; = W f;+b for the teacher, and 2, = W ft +b
for the student; let o(-) denote the softmax.

[Logits contraction induced by feature regression] Under[section A.1]
2= 2 < Wafi — fug (16)

Immediate from the operator norm definition and Cauchy—Schwarz.

[From feature error to distributional perturbation] The softmax Jacobian J = Diag(p) — pp | satisfies Jo < %
Under|section A.I|and[section A.1Il

A
N[= =

2= 2 < 3Wa fi— fig, (17)
o(z) —o(2), < 2VVWafi— fio, (18)

o(z) —0(2), <
(pty Qz) =

where V' is the vocabulary size.
A Lipschitz upper bound for softmax on the probability simplex follows from Jo < %; combine with

t0 get equation Then apply -1 < v/V-2 to obtain equation

[Two-channel convergence: probabilities and features] Together, equation |'1;1'| and equation rl;gl imply: mini-
mizing Lnrr, directly shrinks Dkt (pt||g: ), which, by raises the average acceptance «; in parallel,
minimizing Leat controls an upper bound on (pe, g+ ), indirectly improving ; and 7 (see[section A.1).

[Why forward Dxr,?] Conditional MLE on the teacher context naturally corresponds to Dkr.(p||q), encourag-
ing the student to cover the teacher’s high-probability mass and thus to maximize ) min{p, ¢} (section A.I]|

In contrast, reverse Dkr,(¢||p) is mode-seeking rather than coverage-oriented.

Summary. establishes the “NLL = forward Dk~ equivalence; connect
“Dkr == a 17 characterizes the expected accepted streak 7 versus block size r; and

shows how feature regression, via the linear head and softmax Lipschitzness, controls distributional
perturbations. Consequently, process-level supervision locally corrects errors along long CoT trajectories, curb-
ing error accumulation and improving SD throughput and accepted-span length.

A.2 CATASTROPHIC FORGETTING: TOKEN-LEVEL EVIDENCE AND THEORY

This subsection elaborates on the catastrophic forgetting phenomenon discussed in the main text, with token-
level evidence and a simple theoretical account that connects distribution shift, forward-Dxr,, and the SD
acceptance/rejection dynamics defined in §A-T]

Setup. Let P denote a general/open-domain distribution (e.g., ShareGPT-like) and M denote a marth-
reasoning distribution (e.g., GSM8K-style). We train two student models:
gen,

e ¢*": fine-tuned on P only;

o g™ fine-tuned on M only.

14
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At step ¢ under teacher prefix x <+, define p:(-) as the teacher conditional and ¢.(-) as the student conditional.

Following the per-step acceptance mass is 8¢ = > min{p¢(z),q:(z)} = 1 — (pt, g:). For a token
group G C V (e.g., math symbols or function words), define the group acceptance mass

Be(Q) = Z min{p:(z),¢:(z)}, and the group rejection mass p;(G) := Z [q¢(z)—min{p:(x), ¢: (z)}]-
z€G zeG
19)

By construction, >, p:(G) = 1 — B¢, and p;(G) measures how much of the student’s probability mass in G
is not aligned with the teacher at step ¢.

Empirical observations. We evaluate token-level rejections in SD verification:

gen @ ow_»

1. When testing ¢*" on math reasoning (GSM8K), math-centric tokens (e.g., “, , numerals, “find”,

math )

2. Symmetrically, when testing ¢™" on general scenarios, common linguistic structures (e.g., “the”,
“of”, sentence punctuation) show higher rejection counts; see ?? and the token cloud in ??.

Both effects are consistent with task-specific fine-tuning harming performance on out-of-domain knowledge
(classical catastrophic forgetting).

Why fine-tuning on M (or P) forgets P (or M)? Recall from §A.1|that minimizing conditional NLL
equals minimizing the forward-Dxr,: L, = Eg <tND[H (pt) + DKL(pt HQtﬂ for the training distribution
D. If we optimize only on M, we specifically reduce E; _,~ar[Dxr(pe||g¢)], but the evaluation criterion on
P depends on Eq_,~p[Dxr(pt]|¢¢)]. Under distribution shift P # M, the latter need not decrease; indeed, it
can increase.

A useful decomposition is the importance-weighting identity:

P
Eooynp [DrL(pPellge)] = Eaeymn[w(@<:) Dxr(pellgr)] , w(r<t) = jﬁ(xq} (20)

Pure M -risk minimization ignores the weights w; if the updates preferentially reduce Dki, where w is small
and leave (or even increase) Dki, where w is large, then the P-risk can worsen.

[First-order forgetting via gradient conflict] Let Fp(6) := Eo_,~p[Dxw(ptllge0)]. A gradient step 8" =
6 —nV Fas () induces the first-order change Fp(0') ~ Fp(0) —n (VFp(0), VEuy(0)). I (VFp, VFy) <0
(negative cosine similarity), then Fp increases, i.e., performance on P degrades to first order.

First-order Taylor expansion of F'p around 6.

From increased Dy, to token-level rejections. By Pinsker and 8; = 1 — (ps, ¢+) (see §A.1),

(pt,qr) < /3 Dxu(pellgr) = B¢ > 1— /2 Dxu(pellqr)- @2n

Hence any increase in E, _,~p[DkL(p¢]|g¢)] (orin Ex_,~ns[-]) leads to a decrease in expected acceptance on
that domain and, correspondingly, an increase in rejection mass. Specializing equation[I9]to a token group G,

pi(G) = [q(x) — min{pi(2), i(2)}] = > max{q(x) — pi(z), 0} T as (pr,q) 1,  (22)
zeG zeG
so groups where ¢; over-allocates mass relative to p; become rejection hotspots. For ¢*" evaluated on math,
these hotspots concentrate on math symbols/numerals; for ¢™" on general, they shift to function words and
punctuation—precisely what the plots show.

gen

A measurement recipe (reproducibility). To quantify forgetting in practice:

1. Partition the vocabulary into semantically meaningful groups G1, ..., Gk (e.g., math symbols, nu-
merals, function words, punctuation).

2. For each step ¢ in evaluation traces, accumulate per-token rejections; aggregate to group rejection
counts R(Gx) =3, >, c¢, 1{candidate x rejected at }.

3. Normalize either by candidate frequency or by teacher mass in group G, to obtain comparable rates.

math ,

€ and ¢™"; use paired tests (e.g., Wilcoxon) and report effect

4. Compare R(G};) (or rates) across ¢
sizes.

Takeaways. Task-specific fine-tuning reduces forward-Dx1, on the training domain but can increase it on
other domains due to gradient conflict and distribution shift equation 20). Via the Dk, —— 8
chain (equation [21)), this manifests as lower acceptance and higher rejection mass, concentrated on domain-
specific token groups (equation 22). Our token-level analyses and figures provide concrete evidence of this
mechanism on GSM8K (math) versus general-language scenarios.
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