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Abstract

Parametric manifold optimization problems frequently arise in various machine learning tasks, where
state functions are defined on infinite-dimensional manifolds. We propose a unified accelerated natural
gradient descent (ANGD) framework to address these problems. By incorporating a Hessian-driven
damping term into the manifold update, we derive an accelerated Riemannian gradient (ARG) flow
that mitigates oscillations. An equivalent first-order system is further presented for the ARG flow,
enabling a unified discretization scheme that leads to the ANGD method. In our discrete update, our
framework considers various advanced techniques, including least squares approximation of the update
direction, projected momentum to accelerate convergence, and efficient approximation methods through
the Kronecker product. It accommodates various metrics, including H?®, Fisher-Rao, and Wasserstein-2
metrics, providing a computationally efficient solution for large-scale parameter spaces. We establish
a convergence rate for the ARG flow under geodesic convexity assumptions. Numerical experiments
demonstrate that ANGD outperforms standard NGD, underscoring its effectiveness across diverse deep
learning tasks.

Keywords— Natural gradient, Parametric manifold, Riemannian optimization, Accelerated flow, Ma-
chine learning

1 Introduction

We focus on the parametric optimization problem of the form

in L 1
min L(ps), (1)

where p(.) : © — M is a mapping from the parameter space © C R” to the state space M, which inherently
exhibits the structure of an infinite-dimensional Riemannian manifold. The loss functional is given as L(-) :
M — R. Classical Riemannian optimization treats 6 as residing on a specific manifold, while in parametric
manifold optimization, p lies on the manifold M and is parameterized by 6. Typically, py is produced by a
deep neural network with input € R? and parameters # € RP. This framework encompasses a wide range of
machine learning and data analysis problems, where M can be specialized to function spaces such as Sobolev
spaces H*® or probability measures P(RP). Two classic examples of this problem are the physics-informed
neural networks (PINNs) [22] 23] and variational Monte Carlo (VMC) methods [21] for solving Schrédinger
equations.
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1.1 Literature Review

Gradient flow is helpful in the analysis and design of accelerated optimization algorithms. The con-
tinuous limit of the Nesterov’s acceleration method [I9] is known as the accelerated gradient flow [26]. A
Hessian-driven damping term is incorporated into high-resolution ODE in [25]. A convergence analysis of
accelerated ODE with Hessian-driven damping is provided in [5]. The extension of accelerated gradient
flow on Riemannian manifolds has been extensively studied. Gradient flow on the manifold is introduced to
analyze the Riemannian Nesterov accelerated gradient method in [I]. Accelerated information gradient flow
[29] extends it to infinite-dimensional Riemannian manifolds. Minimization of the KL divergence using the
Nesterov acceleration method from a continuous perspective is explored in [I4]. The Wasserstein-2 gradient
flow and its parametrization are studied in [12] B30].

Implementing the traditional gradient descent method for high-dimensional nonconvex problems (/1)) is a
significant challenge. For PDE-based optimization problems, traditional gradient descent algorithms suffer
from pathologies [28],24]. Natural gradient methods are often used to enhance the performance of the gradient
descent algorithm by incorporating local curvature information, leading to faster convergence [15] [32],[6]. The
natural gradient method pulls back the curvature of 6 to the manifold [2]. This adjustment allows for more
efficient search directions, overcoming some of the limitations of traditional gradient descent algorithm,
such as slow convergence or getting stuck in local minima. Several modifications of the natural gradient
method have been explored. The adaptively regularized natural gradient method [31] introduces an adaptive
damping term. General natural gradient descent methods for PDE-based problems are discussed in [20],
which formulates least squares problems for general metrics. The energy natural gradient method [I7] is
proposed to accelerate the PINNs training from the perspective of an energy metric.

Recent advancements in natural gradient methods for probability distributions have largely focused on
the Fisher-Rao and Wasserstein-2 metrics. The computation of the natural gradient direction for the Fisher-
Rao metric is reformulated as a least squares problem in [8]. This approach is enhanced by incorporating
the projected momentum [9] (also known as the Kaczmarz method) to refine the solution. In the realm of
Wasserstein-2 natural gradient methods, a computationally efficient modification of the Wasserstein infor-
mation matrix is introduced by [12]. Additionally, Arbel et al. estimate the natural gradient by solving
a regularized mini-max problem [3], whereas the KL divergence is used to approximate the Wasserstein-2
natural gradient [I8], thereby avoiding the intractable computation of the Wasserstein information matrix.

Various approximation methods have been proposed to reduce the computational cost of the natural
gradient methods. KFAC [16, 0] approximates the layer-wise information matrix using the Kronecker
decomposition, allowing its inverse to be computed efficiently as the product of the inverses of these smaller
matrices. Sketch-based methods [33] reduce the computational cost of matrix multiplication and inversion by
sampling rows or columns, enabling efficient approximations of natural gradient. The quasi-natural gradient
method [II] integrates LBFGS with natural gradient descent method to improve efficiency in statistical
learning problems. Layer-wise block-diagonal approximations [6] are used to approximate the information
matrix.

1.2 Owur Contributions

In this paper, we propose a new accelerated natural gradient method to solve . Our main contributions
are as follows.

e We derive the natural gradient descent algorithm from a novel two-stage optimization process. The
first stage identifies an update flow on the manifold, while the second projects this flow onto the
parameter space for a discrete update scheme. This separation allows for distinct designs of the
natural gradient method in the manifold and parameter space. Though taking the metric of the
manifold into consideration [15], traditional natural gradient methods do not seek acceleration for the
first stage. We introduce an accelerated Riemannian gradient (ARG) flow to address this. A Hessian-
driven damping term, designed to mitigate oscillations and accelerate convergence, is incorporated into
the analysis of manifold-accelerated gradient flows for the first time. This ODE generalizes different
first-order acceleration methods with different choices of hyper-parameters. Theoretical analysis shows
that the ARG flow achieves a convergence rate of O(t~2) under geodesic convexity, strictly generalizing
Euclidean acceleration mechanisms while maintaining their characteristic decay properties.



e We present a novel algorithmic framework that unifies projection across different metric spaces in the
second stage. This framework discretizes the update quantity of the ARG flow in the tangent space of
the manifold and maps it to the parameter space, resulting in a unified accelerated natural gradient
descent (ANGD) method. Consequently, the ANGD method achieves faster convergence compared
to traditional natural gradient descent methods [20]. Our approach generalizes several established
methods, including the least squares approximation [33], projected momentum [9], and KFAC [I6].
These methods provide increased flexibility in selecting preconditioners and eliminate the need to
estimate metric-specific information matrices, thus improving computational efficiency, particularly for
metrics with intractable information matrices, such as the H® metric (for s < 0) and the Wasserstein-2
metric. Numerical experiments demonstrate the substantial acceleration of the ANGD method over
non-accelerated natural gradient methods.

1.3 Notation

We use (-,-) to denote the inner product in Euclidean space. The spatial and parameter gradients are
represented by V and 3Jy, respectively. For a time-varying map and input, we abbreviate O ft(x)‘m:m as
O¢ ft(x4). The divergence of a vector-valued function F' is written as V - F.. The symbol o is used to indicate
the composition of two maps. In integrals, we omit the differential notation dx when there is no risk of
ambiguity. We utilize x[i] to refer to the i-th coordinate of the vector z. Given a vector v € R™, its center
value is denoted by o =wv — Y " | v[i]/n, where the subtraction is applied element-wise.

1.4 Organization

The rest of this paper is organized as follows. In Section [2 we introduce the ARG flow with Hessian
drive damping. The general discretization scheme and approximation methods on the parameter space are
discussed in Section [3] Four kinds of specific metrics are considered in Section @] In Section [5] we give the
convergence analysis for the ARG flow. Finally, we show the performance of the ANGD algorithms with
different numerical experiments in Section [6]

2 A Continuous-time Model for Accelerating NGD

In this section, we derive an accelerated gradient flow featuring Hessian-driven damping on the manifold
M. The trajectory of this flow exhibits a faster convergence rate and improved convergence properties com-
pared with gradient flow. This continuous-time model serves as an ideal template for developing accelerated
natural gradient descent methods on manifolds. Before proceeding, we provide a brief review of some basic
concepts related to the Riemannian metric.

2.1 Background on Riemannian metric

We begin by outlining the definition of Riemannian metrics on an (infinitely dimensional) Riemannian
manifold. Let M be a set of functions that are defined on (2, a region in R%. The tangent space of M at
p(x) € M is defined as

TyM = {0pe(x)]t=0 : pr(z) : (—1,1) x Q@ — R is a smooth curve in M and py = p}.

In this section, we omit the variable x of the p function when there is no risk of ambiguity. The cotangent
space T M is the dual space of T, M, consisting of linear functionals acting on T, M defined via the L?
inner product. The metric tensor G(p) : T)M — T, M is an invertible and Hermitian linear operator. It
satisfies the following properties: 1) [ 01G(p)oada = [ 02G(p)ordx for all 01,09 € T,M; 2) [oG(p)odz >0
for all o € T, M, with equality holding if and only if o = 0. We then define the Riemannian metric on 7,M
as

gp(Jl,Ug) = /Jlg(p)agdx = /@1Q(p)_1<132dx7 VUl,O'Q S TPM,



where ®; = G(p)o;. Given a metric, we can define the Riemannian distance between two elements pg, p1 € M
as dist(pg, p1)? = inf fol Gp, (Orpt, Oppr)dt, where the infimum is taken over all smooth curves p; : [0,1] — M
connecting py and p;.

Then we extend the concept of the Riemannian gradient from finite-dimensional Riemannian manifolds to
the infinite-dimensional case following [7]. We introduce some basic notation about calculus variations. The
L? first variation for a functional L( ) : L? — R with respect to p is as % which is defined as the function

L

such that liH(l) M = a holds for any o € L?. For any given py € L?, we denote 2L by 5o
€E—>

5p
=Po
when there ib no ambiguity The first order variation with respect to a function h(p)(z) : L? x Rd — R is
given as 5/) (z,y) f h(y y)dy, where 0 is the Dirac delta function. We denote the canonical action

of a tangent field h( )( ) to a Smooth functional L(p) as ho L(p) = [ ‘?g (z) - h(p)(z)dx.

Further, we define the directional variational derivative of a smooth linear mapping A(p) : T,M — ;M.

For any o € T, M, the directional variational derivative %ﬁp) 0 TpM — Ty M is defined as [%ﬁp) . a} T=

lim,_,o ALHDT=ART £ any fixed T € T, M. This definition can be naturally extended to smooth linear

€
mappings A(p) : Ty M — T, M. The Riemannian gradient of a smooth functional L(p) on M is given as
grad L(p) = G(p) 1
The objects p in tfus paper fall into two types, with their tangent and cotangent spaces exhibiting different
properties.

1. p as a PDE-based model. In this case, we primarily consider p € H*(Q)) (with s being an integer),
where € is a bounded open domain or the entire Euclidean space R?. The Sobolev space M = H*(£2)
is a Hilbert space, with the tangent space T, M = H*(f2) and the cotangent space T, M = L2(Q).

2. p as a probability distribution. Define the set of smooth probability densities on 2 as M =
P(Q) = {p €C®(Q): [,pdx =1, p > 0}, where Q is an open set in R?. Here, C°°( ) denotes the
set of smooth functions defined on Q. In this case, it holds that T,M = {0 € C=(Q) : [ odz = 0},
TyM = C>(Q2)/R. For this case, we mainly consider the Fisher- Rao and Wasserstem 2 metric.

2.2 Accelerated Gradient Flow in Riemannian Manifolds

We start with an optimization problem in finite-dimensional Euclidean space:

min £(e), (2)
where ¢ is a differentiable function. The gradient descent method updates p by following the steepest
update direction, with the continuous counterpart described by ¢; + V€(9;) = 0. Nesterov proposed an
accelerated method (NAG) to improve the efficiency of gradient descent method for convex functions [19].
A second-order ODE has been proposed to elucidate the acceleration mechanism corresponding to NAG in
[26] as 0: + az0r + VE(0:) = 0. A Hessian-driven damping term is introduced to the continuous Nesterov
acceleration ODE by [4], B], which takes the form:

Ot + cor + BV 04) 00 + 7 VE(0r) = 0, (3)

where a, f¢,7: are non-negative functions only depending on t. The Hessian-driven damping term V2¢(g;)d;
facilitates faster convergence and reduces oscillations.

We extend these concepts to Riemannian manifolds. The Riemannian gradient flow of the target func-
tional L on Riemannian manifold M is defined as

1L

Orpy = —gradL(p:) = —G(p)~ 5p’

(4)
where p; : [tg, 00) — M is a smooth curve on the manifold. For the accelerated gradient flow on Riemannian
manifolds, note that g; = %%gt in the accelerated gradient flow represents taking directional derivatives
of 4 71 0t along <4 270¢- It holds for the damping term that V2f(or)or = %V f(ot). Hence, by replacing the
second order term dt%gt and %V f(o+) with the Levi-Civita connection and the Riemannian gradient as



Va,p.Ocpe and Vp,,, grad L(p:), we obtain the accelerated Riemannian gradient flow with Hessian-driven
damping:
Vo, O¢pt + it Ospr + BtVa,p, grad L(p¢) + e grad L(p;) = 0. (5)

Note that Levi-Civita connection in is not straightforward to discrete with respect to time ¢. To derive
the appropriate first order ODE formulation for numerical discretization, which only contains first order
derivative to time and space, we apply the following transformation.

Proposition 1. Define &, = ¥, — Btg—th and the Riemannian correction term

10 _ Bt (G(p)™) -1 oL
=—- — d 1®, d = —_— . Dy —.
R, 2 5p {/ +G(p) t 9:} . + 5 G(pt) { Oy G(pt) t 3on
The second-order accelerated Riemannian gradient flow is equivalent to
_ oL
ot —Glp) ™! (‘I/t - Bté) =0, (6)
Pt
. oL
0¥y + oWy + Ry + (’Yt — B — Oltﬁt) S0 0, (7)
Pt

with initial values py and Wy = Fo2L 5o

The proof of this proposition can be found in Section

By incorporating the specific metric G into equation @ and , we can derive the accelerated flow
corresponding to each concrete metric. We refer the reader to [20] and [29] for foundational information on
the metrics.

Example 1 (L? ARG flow). Note that L? = H? is a special case of H* space. Since in L? space, G(p;) = Id,
the ARG flow for (ps, U¢) in (6)) can be greatly simplified as:

8tpt = \Dt - Bt%a (8)
OV + Wy — (B — v + Bt)(;pt =0.

Example 2 (H*® (s > 0) ARG flow). H® (s >0) ARG flow satisfies

{ Oupe — [Li_o(~A)] " (W — ik %) =0
Oy + oWy — (B — v + Bt) 0.

opt

Example 3 (H*® (s < 0) ARG flow). H® (s <0) ARG flow satisfies
dupr = Lo (-a) (W, m@) = o)
OV + oWy — (B — v + 5t)5pt =0.

Example 4 (Fisher-Rao ARG flow). Fisher-Rao ARG flow satisfies

0L oL
Orpt — <‘I’t — Bi=— — E,, {\Ijt - 515]) pt =0,

1 oL
O+ ¥y + 5 (B = B, [0]) (%1 — By, [91) = (enfl =31+ B) 52 = .
Example 5 (Wasserstein ARG flow). Wasserstein ARG flow satisfies

{ i+ Y (09 (W0 - Bi2L)) =0,

Ve +ayVy + 4 IV, + %wt — (B — 1 + Be) L =0,

5Pt

where wy 1s a solution of V - ( V(;po ptit> =0 with hy =V - (0, VPy).



3 A Discretization Scheme on the Parameter Space

Along the trajectory of the ARG flow , L converges to its minimum. However, the discrete updates
are performed in terms of the parameters # € ©. Therefore, we need to map the iterations from the manifold
back to the parameters. For some complicated metrics, we transform the original ODE of 9;p;(x) in @ as
follows

O A(pe)(w) = we(), (13)
where A is a metric-specific map with function output, us(x) is obtained based on A and the original
G( pt)71 (\I/t — B é%) in @ The purpose of this transformation is to adapt to various problem structures.

For example, when dealing with a normalized probability density p;(z) = v (z)/ [ ¢(x)dz, the quantity
Olog pi(z) = Oy log ¥ (x) — E,, [0;log 1] can be easily estimated, while 0;p.(z) is not directly accessible.
Specific examples of are provided in Table

Metric G(pe) '@, A(py) S(pe) B(py) uy a

Fisher-Rao (P¢ — [ Ppedx) pe | log py log p¢ log py — (@ — [ ypyda) Pt

Wasserstein-2 =V - (V) log p¢ log pt logp: | — (Vlogp:, V&) — AD, | py
H (se€N) | [Si(-A)] "0 | o | [io(-2)]p | D% | = [Lio(-A)] @ | Leb.
e (sez) | [ZE-ar]e, | p pr po | = [Sio(-A)] @ | Leb.

Table 1: Examples of metric-specific transformed ARG flow . Leb. denotes the Lebesgue measure in
Euclidean spaces.

3.1 A Unified Discretization Scheme

In this subsection, we discuss a unified discretization scheme for and . To clarify the notation,
we use t as a subscript for continuous-time variables, k as a subscript for discrete-time variables. The core
procedure is as follows. We obtain the first-order system corresponding to O:p:(z) in and 0,V (x)
in (7). Introducing parameters 6 into the update of pi(z), it yields a parameterized ODE where py, ()
approximates p;(z). We denote the update direction for 0 at the k-th iteration as dj, which can be seen as
an approximation of continuous parameter update 0,0, at time ;. Denote the step size at the k-th iteration
as hi. The update rule for 6; is given as

0k+1 =0y + hpdg. (14)

Sampling both sides of the parameterized ODE for pyg, () produces a linear system for the update direction
di. Moreover, we derive the update rule for ¥;(z) from a direct discretization, which is used to update the
right-hand side of the linear system. We summarize the associated notations in Table

We next discuss how to form a linear system to get di. By the chain rule, it yields

0eA(po,)(x) = (99 Alpo, ) (x)) " D104, (15)

where 99.A(pg, )(x) = [Dp11]A(pa, ) (), , Dpjp) Alps, ) ()] T are p functions on the tangent space. Hence, we
construct the following parameterized ODE:

(89A(p9t)(1'))—r8t0t = Ut(fE), V T e Rd. (16)



Continuous Time | Parametrized | Discrete Time
Parameters not occurred 0 0
Update Direction not occurred 040 dp,
p-manifold (@) po. (@) por (@)
U-momentum U, (x) not used Uy (x)
Riemannian correction term Ry(x) not used Ry (x)

Table 2: Different notations used for the discretized scheme.

Equation shows that two functions are equal at the tangent space. We can only take a finite set of
sample pomts {z k}"_l to approximate these functlons with matrices and vectors. Therefore, based on these
samples, we build a linear system approximating ([16) to find a suitable update direction di. It can also be
seen as the discretization of 0;0; at the k-th 1terat10n The right-hand side of (16| . ) becomes a real number for
a specific sample. For the left-hand side, the function vector 8@A(p9t)($k) turns into a vector in RP. Given
the complexity of our networks, we can assume that the number of parameters p exceeds the sample size n.
This leads to an underdetermined system as follows:

(G0 A(po,)(27.)) T dy, = up(23), V1<j<s (17)
For specific problems, the samples {xk}
following notations:

", may be either fixed or changeable. For simplicity, we denote the

O, = [09.A(po, ) (21,), - 39A(P0k)(95k)] € R™P,
be = [uk(2y), ,uk(:cZ)} € R™*1,
The system can be rewritten as
Oydi, = by,. (].8)

The method of solving system varies depending on the metric and the optimization problem. We
summarize some general approaches in Section [3.2]

Now we focus on the update rule for \I/k(mk) which is used to update by,. Since ¥, (x) serves as an auxiliary
variable in the ODEs @ and (| . we approximate 0;W.(z) at the k-th step using a forward difference over
the time interval h; at sample points as follows

- Uy (z]) — Uy 1(%) (19)

8,5\1115 ‘Tk ‘t te hk

For terms in which are not related to the time derivative, we simply use their values at ¢;. This gives us
the update for Wy (a7,) as follows:

Uy (2]) = V-1 (x}) — hy, (Rk(xi) + (% - B — akﬁk) 565 (JUJ)> ; (20)

where pur = 1 — hiyay. The update scheme for \I/k(xfﬁ) may vary between different metrics, which will be
thoroughly discussed when considering specific metrics.

In each iteration, Wy () is computed using , which in turn determines b;. We then solve equation
for the update direction dj, and update the parameters according to equation . The general method
of solving is discussed in Section For some cases, by in is hard to get. We discuss methods to
deal with these cases in Section [3.3l

3.2 Direct Methods for Solving

As an underdetermined system, directly solving the pseudo-inverse of Oy for by singular value
decomposition is time-consuming. Without loss of generality, suppose that Of has full row rank. We
propose three different algorithms to solve this system. We can multiply O,I on both sides of the system



. Since O,IO;C is a positive semidefinite matrix, it can be inverted by adding a damping term. The
direction is given as

d = (07 04)1O] b (21)
From the singular value decomposition, the update is also equivalent to
d, = O} (0xOf )by (22)

However, as the norm of the solution in increases with the number of samples, directly selection leads
to significant errors, especially for small sample sizes. To address this issue, we can incorporate momentum
by projecting the historical solution onto the solution set. The parameter update direction dj is computed
iteratively as:

d, = O] (0O )~ Yby, 4+ n(I — Of (0O} ) 2O )di_1, (23)
where 0 < 1 < 1 is the decay rate, and I — O,;'—(OO,;'—)*IO;C is the projection to the null space of Oy. By

projecting the momentum onto the subspace, we can effectively reduce the error in estimating the true
solution.

3.3 Handling the Unavailability of b,

In some cases, the target function L involves high-order derivatives. Computing %(x{c) of @k(zi) in
k

U (xfc) requires these derivatives, which are often challenging to evaluate directly. Hence, the update (22)
and can not be used here since we can not get the value of by. To address the unavailability of by,
we leverage an indirect approach. Although ug(z) cannot be computed directly, it can be approximated
through a composition involving another quantity, S(pg, (x)), enabling its subsequent use in computations.
We define
Sk = [06S(po,)(wh), -, 08 (po, ) (a})] | € R™

and assume it has full row rank. Consequently, for any dj € RP*1, holds if and only if the following
equation holds

1.+ 1 .+

nSk Ordi, = nSk by (24)
This equivalence enables us to reformulate the problem and solve (|18)). However, the non-symmetric form of
the precondition matrix on the left-hand side may lead to numerical instability. To address this, we assume
the existence of an equivalent transformation that reformulates the original integral into a semi-definite

form. Assume our samples {xi} are generated from the distribution g (z) (see Table |1| for more examples).
Therefore, the summation over samples S,:Ok can be viewed as an expectation as

5] Ok M 5y [0 (90, ) (2)05 A0, ) () ] (25)

Assume that through integral by parts, the right hand side of can be reformulated into a semi-definite
form using a function-valued map B(pp, ) as:

Eong(z) (008 (00,) ()80 A(p0,)(2) "] = Epngy () [06B(p0, ) ()86 B(po, ) (x) "] -

Denote By = [0sB(pe,,)(z}), ...,898(p9k)(x2)]T as the discretization of 9pB(pg, ) on samples. It yields the
following approximation

1
EBIIBk ~ Borge (o) [06B(po, ) (x)99B(pa, ) ()] .

Consequently, we can use B] By to approximate S, Oy in (24).

A similar approach is also used to estimate the right hand side of as vg. Further details of practical
methods for certain metric can be found in Table [I| and the following sections. Hence, the remaining task is
to compute the update direction

;
1
dy = (nB’;er) Vg, (26)



where various methods, such as KFAC, can be employed to efficiently handle the matrix-inverse-vector
product.

Remark 1. In most cases, we take S = A directly with By = Oy. The update (26) can be seen as a least
squares solution of the original problem .

3.4 Approximation Algorithms

Directly calculating (O] O)T € RP*P in and (B,—CFB;C)T in is complicated due to the huge matrix
size. In this subsection, an approximation technique using the Kronecker decomposition is introduced to
reduce the calculation overhead. We focus on the k-th iteration, and omit the subscript for simplicity.

Consider the state variable py € M is parameterized by a feedforward network with K layers with a
collection of the weight matrices for each layer 6 = (vec(Wy)T, - ,vec(VVK)T)T € R?. We omit the bias
term since it can be incorporated into the weight matrix. Let 81 = vec(W;) € R™™~1, b; = dyuy A(pywy ) (2*)
and G; = % Dy bib;'—. The preconditioner in , , and can be approximated as a block diagonal
matrix Diag{G1,Ga, - ,Gk}. For certain input z’, we denote the input of the I-th layer by a! ,, and
st = Wia}_,. It follows that

AA(pew))(z?) T) . 8A(Pe<l>)($i)_

Aoy Alpg ) (a") = vec (aséall dsi (27)

Assuming that a;_; and %;’l(”) are independent with respect to the sample distribution, we can approxi-
mate G; by
1 P IA(pgw)(z") ~ OA(pgw)(2*)
G == i % T ) )
1= ;(al—l(al—l) ) ® < Ds] E
n n T .
~ (LS a ()T ) e (LS 2A)@) 0L @) (28)
n P 1—1\%—1 n p 88} as; .
Ay S

It yields G;r ~ (A @ 9) = A;r_l ® SlT . This approximation efficiently reduces the computation overhead
for the matrix inverse from O((nni—1)?%) to O(n} +n}_,).

4 Accelerated Natural Gradient Methods with Specific Metrics

4.1 [L? Metric

The L? metric mainly serves for PDE-based optimization problems, where the functional mapping .A(p)
and metric tensor G(p) are both the identity. In this case, we focus on working with fixed sampled points,
thus omitting the subscripts for the samples. We have

b = K\I’k — Bk 5(;1; ) (1), s <‘I’k — Bk 5(;1; ) (xn)}T~

k k

From and (20), the update rule for each Wy (27) is given as

Up(a2?) = V-1 (27) — hy, (’Yk — Br — akﬂk) ;L (27). (29)

Ok

In this case, by is not available since calculating (S‘E)—g(mj ) involves high order derivatives, which are difficult
k
to obtain. Hence, we apply with By, = Oy, to get dj, for L? metric. For vy, = O,;rbk in (26)), the following



equation holds

ve = Ofbx =Y Bopo, (27) - W(27) =B Y _ Dppo, (27) - (7). (30)

j=1

(4) (B)

We cannot obtain the (A) and (B) parts in equation through direct multiplication. However, notice
that by the chain rule, it holds

oL

o (&), (31)

L (p0) = [ Oupa, (@ =

k

1 & 6L
(z)dz ~ ~ ;%Pek COR
J:

The approximation arises from the correlation between the continuous integral in the inner product and the
discrete summation over the samples. From , we directly use dgL(pg,) to calculate (B) in (30). The
calculation of dyL(pg,) can be done by automatic differentiation and is easy to get. For (A) i, we
introduce an iterative approximation technique to establish an iterative update rule for vy from vg_; and
the gradient towards 6 of the target function L. From and , it yields

03

ol =3 Anapn (&) (s Wiae?) = i+ o = ) (@) ) (32

For the last line in (32)), we can only approximate > i—1 091y pe,_, (27)Wg_1(27) from the last vy,;. Assuming
that the discrete step size is small enough on the manifold, pg, and pg, , are not far away on the tangent
space. Hence, we can approximate 0y, pp, _, with 89“] po,.- We employ the following approximation

> Bppiypo, (@)W1 (27) =Y g pe,, (27) Up_r ().

j=1 j=1
Further we can get the following equation:

oL

570 (z).

> Ogypo_, (@) Wk _1(27) = vk_ali] + Y Be-10p(p6,_, ()

j=1 j=1 k-1

From this approximation, taking into consideration, the following update rule holds for the vector wy
to approximate the original vy:

wi = pi (Wr—1 +nBe-1VeL(py,_,)) — 1 (Nkﬁk + (e — /Bk)) VoL(pe,)- (33)

Finally, we can derive the accelerated L? gradient descent method as Algorithm

Algorithm 1 Accelerated L? Natural Gradient Descent
Input: Initial parameters 6y, step sizes hy, decay rates {ax}, {8t }, {7x}
Output: Updated parameters 61
1: for k=1,...,T—1do
2. Update wy, according to (33).
3. Calculate (O] Oy)' through samples.
4:  Calculate update direction dj = (O;Ok)ka.
5
6:

Update model parameters 041 = 0y + hydy.
end for

10



4.2 H° Metric

The H* metric is a generalization of the basic L? metric. According to Table [1} the quantities Oy and
b, in are given as:
Ok = [aeka (ml)a ceey 89p9k (xn)]T’
*TVS\ — 6L S\*TVS\— 6L n !
b= (@D (0= 52 ) (@), (D) (= i ) @)

Ok Gk

where D®0 is a vector consisting of all derivatives of o up to order s. In this case, the term b, is computa-
tionally intractable due to the existence of high-order (positive or negative) derivatives. To overcome this
difficulty, we follow the approach outlined in Section by selecting S(p) as given in Table|l] The treatment
of the equivalent system depends on whether s is positive or negative.

Case 1: s >0 We first introduce the following definitions:
S = [05((D*)*D*)po, (z"), ..., % ((D*)*D*)po, (z")] " € R™P,
BY = [09Dpe, (z"),...,00Dpg, (z")]T € R"*P, D e D",

T
2k = |:(\I/k — ﬁk(;;i) (1’1), ceey <\I/k — ﬁk(fpﬁ) (lL’n):| S RPX1,

Integration by parts then shows that:

1
5700 [ 30D D*)pu, (2)00p (2)

1 (34)
_ / 04 po, (2)0 " po, () T = - 3 (BP)TBP.
DeDs
It also holds that
1 T S\*T\S s\kys\—1 6L
Z5T b~ [ 90((D*) D)o, (2)(D)* DY) (W, — B ) (2)da
n dpe,, (35)

:/89p9k(x) (‘I’k — ﬁk oL > (x)da: ~ lO,Izk

n

The approximation is given through the connection between integral of functions and the summation over
samples. Thus, the update direction dj, is given by:

4 - (,ﬁ > (BE)WBE)T (20ra). (36)

DeDs

It is worth noting that the term O;—zk coincides with v, from the L? case. Hence, its update can be
approximated by that of wy.

Case 2: s < 0 Similar to and (35)), we employ integration by parts to redistribute the high-order
derivatives to other terms, thereby alleviating the computational complexity of handling b;. To be specific,
we take S = Oy and

BP = [09Dpg, (x1), ..., 09Dpe, (z™)] " € R™*P, D e DI,

5L\ ( JL
D[, —
o) @)D (- i

.
2P = {D (\I/k — Bi ) (x”)] eRP*! De Db

k O

11



It yields the approximation:

%Sz;rbk %/%Pek (z)((D®)"D?) <‘I’k = B 7 ) ()dx

s s oL 1 DN\T D (37)
:/89D po, (z)D® [ Uy — By (z)dz =~ — Z (By) 'z -
509k n
DeD*
Furthermore, analogous to , each sz can be computed via the iterative update:

) ) . oL .

D\Ilk(xj) = /J,k’D\I/kfl(l']) + hkfl (’Yk — ﬁk — akﬁk> D5p9 (LU])7 k > 1. (38)
k

4.3 Fisher-Rao metric

Beyond PDE-based models, we now consider py as a parameterized probability density function. The
p-trajectory in the Fisher-Rao ARG flow can be reformulated as 9; log p; — (& — E,, [®¢]) = 0, where
o, =T, — 6,5(‘%. By defining

Ok = (90 10g(pa, )} .., Do log(pa, ) ()] T € RM,
b = [Br(wh), s Br(ap)] T € R,

we provide the explicit form of the linear system previously introduced in .

Next we discretize W-trajectory for updating the cotangent variable. To estimate E,, [®;] at the k-th
iteration, it is necessary to update samples {z%}" ; ~ py, and evaluate @) at these points. However, a
fundamental challenge arises: storing a function state variable ®; for each z € R? is intractable. To address
this, we use the solution of the previous linear system, di_1, to estimate centered values of ®; at samples
{xi}" | in the k-iteration as follows:

3 iy 2 i
Pr_1(xy) = (g log pg, _, (x}.),dk—1) -
Specifically, we discretize the W-trajectory as:

U (28) — U (zt _ - 1— o ) . 0L
e@h) = Ve @) _ T () - 2B () T () — O — ) 2 (e,
hy 2 6p0k

where Uy _q(2%) = ®p_1(2h) + Be—1 Jp‘zif“(x};). Here we use the centralized cotangent variable over samples
k—1

since centralization does not influence the iteration update. Consequently, the update for the cotangent
variable is derived as:

_ _ ) hi — L .
Ty, (zh) =(1 — hyaw)Bp—1(a}) — = Bp () Tp1 (2})

2
. oL . oL ) (40)
+ (B — hifr — hk%)(;pe (7}) — Br—1 500 (z})-
k k—1

Based on the above discussion, we are ready to present the ANGD method in Algorithm [2] for the
Fisher-Rao metric.

4.4 Wasserstein-2 metric

The evolution of probability density can equivalently be interpreted as the movement of particles. From
the perspective of the continuity equation, explicitly defines the velocity of each particle x; ~ p; as
¢y = VOu(x¢), where &, = U, — Btg—Lt. Substituting this into the evolution of ¥y in and taking the
spatial gradient, we obtain the particfe—wise velocity evolution:

d oL 1

— [VU(2)] = —, VT V?—=Vo, — -Vuw v

a (VU ()] VY + By < 3on £t 5 t) +1
Wi

oL

opt

12



Algorithm 2 Accelerated Fisher-Rao Natural Gradient Descent
Input: Initial model parameters 6y, step sizes {hy}, decay rates {ar}, {Bc}, {Vr}-
Output: Updated model parameters 0.

1: Initialize &g = 0 € R™.

iy Gid.

2: Sample {z{}7; "~ pg,-

3 for k=0,1,...,K —1do

4:  Estimate @k,l(x};) = <(’99 logpgkfl(m};),dk,ﬁ forl1 <i<n.
5 Update the cotangent variable by][i] = Py (xh) according to for1 <i<n.
6 Compute the update direction dj, by solving Oydy = by.
7. Update model parameters 0;1 = 0y, + hydy.
8
9

. Update samples x};_H based on x}c via sampling methods for 1 < ¢ < n.
: end for

Note that the evolution of log p; given by is O¢log pr + (Vlog py, V®;) + AP, = 0, which also involves
second-order derivatives of ®; (or ¥;). To capture these dynamics, we further examine the evolution of the
spatial Hessian at time-varying samples:

d oL 1 oL
7 V204 (24)] = —, V2T, + By (v?’éptwt - 2V2wt> —[V2®,)% + ntv257t.
Wa ¢
Thus the full particle-density evolution system is summarized as follows:
at(Et — Vq)t(xt) = O,
O log pi(z) + (VP (x), Viog pe(x)) + Ady(z) =0, (fixed x)
d oL
— V()] + V¥ (2r) = BWrg — iV (1) =0,
dt 5Pt
d oL
pr [VQ\IJt(xt)} + VW (20) — BWay + [V2 Oy ()] — Utvzéfpt(xt) =0,

where &, = U, + ﬁt%. Unlike the Fisher-Rao metric, which requires tracking updates of the cotangent

variable at all spatial points in R%, the current framework for Wasserstein-2 metric only needs updates at
sample points, making it suitable for practical applications. However, a computational challenge arises in

evaluating Vw; and V?w;. The condition V - (htv% - ptit> = 0 does not implies p;Vw; = htv%,

as %V% is generally not curl-free and therefore can not guaranteed to be a gradient. To simplify, we
approximate Vw,; and V2w, as zero, or set 8; = 0 for computational efficiency.
Now we focus on the case where 8; = 0, which implies ®; = W;. The linear system is specified by
taking:
Oy = [80 IOg(ka)(xllc)’ -, Op log(pgk)(a:Z)]T € R™P,

) _{V«pakwk)(w%@) V-(pekww(ocmr gt
k= . ey — € :
PGk(xk) POk(l‘k)

Despite this simplification, additional challenges persist. Estimating by is computationally intractable due
to the difficulty of directly computing or storing the spatial Hessian in most practical scenarios. This aligns
with the case discussed in Section [3:3] To address this, we apply integration by parts, yielding the following
identity:

Evmpo, [WW% log <x>} ey, (00 (Y 1og po, (x), VO(2))]
PO, (’1})

where the right-hand side can be efficiently estimated by sampling and automatic differentiation. Thus we
can estimate dj by solving

1 1< . .
<n020k> di = — > 09 (Vlog pg, (},), VPk(})) -

=1
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This approach requires only the computation of first-order derivatives, eliminating the need for second-order
derivatives.

Synthesizing all the above insights, we can now formulate the ANGD method for Wasserstein-2 metric
in Algorithm To address discretization errors, we usually incorporate additional sampling steps (e.g.,
MCMC) for z, + h Vi, , ensuring that z} (1 < i < n) tend to follow py, .

Algorithm 3 Accelerated Wasserstein-2 Natural Gradient Descent
Input: Initial parameters 0y, step sizes {hy}, decay rates {ay}, {8k}, {7V}
Output: Updated model parameters 6.

: Initialize Voi =0ecRifor1<i<n.
iid.

—_

2: Sample {z)}7, "~ py,.
3: for k=0,1,..., K —1do
4:  Update cotangent gradients Vj/, ; = (1 — ahy) V)i — hkv%(m};) for 1 <i<n.
k
5:  Solve the parameter update direction dj from
lOTO;C di = l if)g <V10gp9 (:L”) 7 >
n k n p k\YEk/) VE+1/ -
6:  Update model parameters 011 = 0 + hidg.
7. Update samples x| based on z + hi Vi | for 1 <i<n.
8: end for

5 Theoretical Analysis

In this section, we present a theoretical analysis of the ARG flow . First, we rigorously establish the
equivalence between (5)) and the system composed of coupled ODEs @7 through the proof of Proposition
Subsequently, we derive convergence guarantees for the ARG flow under the geodesic convexity
assumption.

5.1 Proof of Proposition

Proof. In the following proof, for notational convenience, we assume that any smooth tangent field defined
on curve p; possesses a local extension, which does not impact the final conclusion. We begin by computing
V,p,0¢pt using the Koszul formula. For any tangent field h; along py, it holds:

d 1
9p: (vatptatpta ht) = 729 (atpta ht) —5 hi o 9p: (&tpt, 6t,0t)
N————

Cdt
o5 (B) (41)

+ Yp¢ (8tpt7 [ht7 atpt]) )

where [, -] denotes Lie brackets. Define ®; = G(p;)0;p; € T,, M, the components on the right side of
can be evaluated using calculus rules:

(A) = %/(I)thtda: = /at@thtdx—&-/q’tathtdﬂ?- (42)

Besides for component (B), it yields

(B) :/5(9“ (aét/it’atpt))htd:z:+2/g(pt)8tpt(z)/;m@tpt(z,y)ht(y)dydz. (43)

14



Then we compute [ht, Oypt]. For any smooth functional F(p), it holds

(
e, Bupe Elpr) = hy o L E(py) / Vhed
ts OtPt pPt) = Ng o dt Pt dt 5t Pt tax

/gi( ) (/ Tmatpt(%y)ht(y)dy - 8tht(z)> dz,

where the last equality holds due to 5p LE(p) = %%E(pt). It implies:
[ht, Orpe](x / Oepi(x,y)he(y)dy — Ophe ().
Substituting , 7 and into , it gives:

1 (6 Ospt, O
s (Vatptat/)t,ht) :/8t(pthtdl'*§/ (gm( tPt tPt))

dpt

htdI.

Consequently, we have

19
g(pt)vazptatpt = 0;P; — B 5 [gpt (O¢pi, Orpy)) -

(45)

(46)

Next we analyze the expression for Vs, ,, grad L using the Koszul formula again. For any smooth tangent

field h; along the curve p;, it holds that:

29,,(Vo,p, grad L, hy)
=0pt © gp, (grad L, hy) + grad L o g,, (Orpr, i) — he © g, (grad L, dypr)
() (D) (E)
+ gp, ([0spe, grad L], he) + g, ([, Orpe], grad L) + g, ([he, grad L], Orpy) -
(F) (G) (H)

Calculating the terms using the chain rule gives:

(€)= (E)+(G)
=0¢pt o (hy o grad L) — hy o (Oypy o grad L) + [hy, Oypi] 0 grad L = 0,

and it holds for (D) that
(D) =grad L o /(’)tptg(pt)ht
-/ / (2, y) grad L(y)dy - G(p0)Oypo(x)da
+ // g(wvy) grad L(y)dy - G(p:)0rp(x)dz
t
oG 5
+ [ Ope | =—grad L | hudz | G(pi)he(z) | —Oipi(z,y) grad L(y)dydx.
8pt 51015
For (F) and (H), we use a test functional E(p):
d [ oL
[Otpr,grad L] o E = — / —grad L — grad L o O, E(p;)
dt (Spt

oL
= /gatgradlf(pt)_ /5 Oepi(,y) grad L(y)dydz,
t

5pt

where the last equality hold due to the self-adjoint property of ‘;27’;“. This leads to:
[O¢p+, grad L](x) = Oy grad L(x /5 Ope(x,y) grad L(y)dy.

15
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Similarly, we obtain:
(s, grad LI (@) = / s erad Lz, ha(o)dy — [ 5l ) grad L)y, (51)
Substituting (48] , . and (| into gives
48))
205, (Vo,p, grad L. hy) (D) +(F) + (H)
— [ (916(p1) - grad L + 26(p)0r grad L(p0) b
oL
:/ (atép + G(pt)0; grad L(pt)> hy.
¢

Thus, the conclusion follows:

1

G(pt)Va,p, grad L = 2(% 5 g(pt)at grad L(p;). (52)
Pt
With and substituted into (5]), we arrive at:
0y Py + @y — (/ 0¢pieG(pe)Oipi dx)
5L 5L (53)
& 8t— + = B g(pt)at grad L(p:) +v¢— 5 =0.
Pt
)
To compute (I), the following expansion is applied:
oL oL oL
I) = -1 _ -1\ 7= Rttt
(1) =600 (900 5 ) = G000 (010 ™) 5+ 015

d(G(p)™1) 5L L (54)

—_—_— . _1 E— JE—
G(pe) [ Dy Gpt) (I)t‘| 3 + O 5Pt.

We ultimately establish the conclusion by making transformation ¥U; = ®; + Btg—th, and employing

5% (] 010G (p)Oip dx)‘ = - % (J 2.G(p)~ @, dx)‘ . This equality is proved in Section A.2 of [29].
p=p: p=pt

O

rpr=G(pr) ' Py

5.2 Analysis of ODE-flow

In this subsection, we aim to prove the convergence of the ODE trajectory with a; = «a/t. We first
provide a technical lemma that analyzes two quantities related to the metrics.

Lemma 1. Let T; = log,, p* denote the exponential map from p; to p*. For the H® (s € Z) metric,
Fisher-Rao metric, and Wasserstein-2 metric, the following inequality holds:

g(atpty VatptTt + 3tpt) > 0. (55)

For the H® (s € Z) metric and Fisher-Rao metric, we further have:

g(grad F(pt), Va,p, Tt + 0¢pi) > g(grad F(pt), Orpt) — || grad F(pe)llg - [10pellg- (56)

Proof. H® metrics. The proof is straightforward, as the Riemannian manifold is flat. We have T; = p* — py,
and Vo, ,, Ty = 0,1y = —0;py. This immediately gives the desired conclusion and .

Fisher-Rao metric. According to Proposition 10 in [29], the geodesic connecting 79 and 7 for any
T, T1 € M is given by

m(z) = [sin(Ht) T(x) + sin(H(1 — 1)) To(x)}z, 0<t<1,

sin® H
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where H = cos™ f V71o(z)m (2)dx) . This leads to the expression:

_2H, _ 2H, cos(Hy)
L= sin(Hy) pep sin(Hy) pe
where Hy = cos™ ([ \/p(z)p*(z)dz) . We denote [f],, = f — E,,[f]. It yields:

Oy = QSlnHt / V p atpt de = 7251nH / prpu®
smH H cosH
T, = Lt t </\/p pe[® ) [\/p} Pt
sin® H, Pt ,,

H, 2Ht cos Hy
v (D], d — P .
+ sin 1, (\/ / P*pe[Pe] 96) sin H, (D], pt

Thus for any f € T;, M, we have:

sin H; — H; cos H; / p* /[ p*
0T, =— — (0] d — d
[oiis,. — ( [ mL[ I ) o] Ul ds

[ VFmdfly do = 222 (04, flpn da

sin Ht

t
sin Ht

The Cauchy-Schwarz inequality implies that:

(/1VZ) i) (], )

2

(VT ) ()’ (Jrzo)

l 1

= sin® H, (/ ptdx> (/[f]itptdx) °

Since tan H; > H; for all H; € [0, §), substituting (60) into (59) yields:

(NI

in H, — H, cos H, : :
J oty o = - I [0 o) ( [112 o)

o [ VPR e~ Z T [0, e
We now consider the expression in :
(8tpt7 Voo, Tt + Ocpt)
d 9(0upt, Ty) — 9(Vo,p,0tpt: Tt) + g(Orpr, Orpr)
/ (0,2 Ty + [D4],,0¢T1)dx — / <3t<1>t - ;W) Tidx + g(Oipt, Orpt)
g_ sin Hy — H; cos Hy /[ } ptd$+7/\/m dw-&-/[‘I’t]itpth?

sin H;

2H; cos H, / 9 1 / 9 2H, 2H, cos(Hy)
SO 112 pda — = [ [@2 [ -t — ER L ) 4
sng, ) [Pdepdr =5 [0, sin(H,) sin(H,) 1)

|
O

17
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A similar approach is applied to handle , which gives
g(grad F(pt)a Vatpf, Tt + 3tpt)

d
:£9(gra’dF(pt)aTt) — 9(Va,p, grad F(py), Ty) + g(grad F'(p;), O pr)
1
3

(61)  sin H, — H; cos H, 3 SF1?
> ¢~ He t (/[q)t]itptdx> (/ [] ptd$>
sin H; 0p¢ ot
H; oF 2H; cos H; oF
o [ o il bt 2 1 o
T, /\/p 2t @il p, [ML dx S E, /[ tlpe Lpt]pt prdx
1 oF 2Ht ,Dtp* 2Ht COSHt / oF
1 e VO 3], | 2| pd
2/[%},%[ 4’”( sin H swH, ")t e |5, W

o (fon)’ (/5] me)  foe 3] o

where the last inequality uses Cauchy-Schwarz inequality. Thus, the conclusion and holds for

Fisher-Rao metric.

Wasserstein-2 metric. Suppose that P, is the optimal transport mapping from p; to p*. Hence, we
have P, p, = p*. By Brenier’s Theorem [27], there exists a strictly convex function ¢; : R? — R such that
P, = Ve;, and consequently, VP, = V2¢; is symmetric. Then according to the continuity equation, the

exponential map is expressed as Ty = —V - (p(P; — id)).
Next, we compute the time derivative of P;. Noting that

0=0,(P " oP)=0,(P ") o P+ V(P ") 0,1,
and I; = V(P ' o P) = V(P ') - VP, we can deduce
8tpt($) = —VPt(if)Ut(.’E),

where u; = 8t(P[1) o P;. Given that P; is the optimal transport mapping, the distribution of y, = P,~

is py for yo ~ p*. Its velocity is given by Oyy: = u:(y:). By the continuity equation, we have
V- (Ptut) =V (ptvq)t) = —0spt.
Based on the preceding discussion, we now proceed with the term ¢(0;ps, Vi, p, Tt + Orpt) as follows:

69(Ocpt, Orpr) Ty
09 Ope: 00 Tt 1 o Bupe)
5pt 2

®).63) / (V(V®,, P, — ) ,V®,) prda — (V®y, V Pus) pedae

46))
g(atptvvatptTt +atpt) /(I)tatTtd.’E+/

1
+5 (VIIV®|?, P, — z) prda + / [|V®||?prda
:/ <V(I)t, VPtVCDf> pfdl' - / (V@t, VPt’U,t> ptdIZ?,
where (a), (b) use integration by parts. The equations and imply that:

/<V¢t — Ug, VPtut> Pt = — / <V(I)t — ut,atht> Pt = /V . (pt(V(Pt - ut))atct =0.

(62)

(63)

l(yo)

(64)

Substituting it into and using the semi-definiteness of VP, = V2¢;, we obtain the following inequality:

g(@tpt, VBtptTt + 3tpt) = / <V(I)t — U, th(V‘I)t — ut)> ptdﬂf Z 0.

Thus, the proof is complete.
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Before presenting the convergence theorem, we define w; = vt—Bt—Bt/t and 6; = t2 (’yt + (a—3)B:/(2t) — 5t>

Theorem 1. Assume that the target function L is geodesically convexr towards p on the manifold M, and
L attains its minimum at p*. Let p : [to,+00) = M (tg > 0) be a solution trajectory of , Suppose that
ar = a/t with a > 1, and v, > 0. Then if wy > 0 and 8; < 2tw; (o — 1) hold for the H® (s € Z) metric and
the Fisher-Rao metric, or B; = 0 holds for the Wasserstein-2 metric, we have

1
tzwt

Lip) — L(p") = O ( ) as t— 0. (66)

Proof. For notational convenience, we use a dot over a variable to denote its derivative with respect to time.
Consider the following Lyapunov function

Ey =6, (L(p) — L(p*)) + 1g(vmvt) + -

5 5—9(log,, (p"). log,, (p7)), (67)

where v; = —(a — 1)log,, (p*) + 2t(p: + By grad L(p:)). Since p; is the trajectory of the ODE ), we can
calculate the derivative of v; as

V0 = (@ — 1)(=V, log,, (") = pr) — (@ — 1)pr — 20wy grad L(py). (68)

It gives

g - 0e(L(pe) — L(p")) + 2wy (c = 1)g(log,, (p*), grad L(py))

dt
(A)
— 4t*Bi6,9(grad L(p,), grad L(p)) — (o — 1)*g(log,, (p*), =V, log,, (0*) — pr)
(B)
= 2t(a — 1)g(p, pe)? + 2t(a — 1)g(pe + Be grad L(p:), =V, log,, (0) = pr) -
(©)

Since the target function L is geodesically convex, we have for part (A):

(4) < (8 = 20w = 1)) (Lip) = L(p")) < 0.

For (B), we have the following equation

(a—1)2d

g *\ 2 (O{— 1)2 d
5 g st(oe p7)" +

— 7 Jia *2:
(B) = - dist(pr, ) = 0.

One more term occurs different from the Euclidean case is (C). By Lemma [l for H*, Fisher-Rao and
Wasserstein-2 metrics (8; = 0), it yields

d . .
— By < — 42B;0|| grad L(py) |5 — 2t(a = 1)llpell5 + 4t (e — 1) 8]l grad Lipe) [ o162 g

dt
= —2t(a — 1)(|pelly — Bl grad L(pe) [ 4)*
= 2t5,(2t5; — fe(e — 1)) grad L(ps) | < 0.
The convergence rate follows from the monotonic decreasing property of Ej. O

6 Numerical Experiments

In this section, we give some numerical examples to show how machine learning problems can be fitted

in form . Our method exhibits superior numerical performance on these examples.
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6.1 The Burgers’ Equation

This subsection addresses the Burgers’ equation, which is known for its challenges associated with shock
waves and discontinuities. The equation, supplemented with boundary data h(z), is formalized as follows:

0.01
U + Uty — —ug, =0, x€[-1,1], te]0,1],
T
uw(0,z) = h(z), wu(t,—1)=u(t1)=0.

Let © = [—1,1] x [0, 1] and define 082, = {—1,1} x [0,1] U [—1,1] x {0}. A neural network ug is employed
to approximate the solution with six hidden layers with (20, 50, 80, 80, 50, 20) neurons. The associated PDE
and boundary loss for ug are:

(69)

0.01
L(ug) = [[(uo)e + wo(uo)e = ——(uo)a |2 (0) + Alluo = 9117200, (70)

where the function g(z,t) = h(x) for (z,t) € [-1,1] x {0} and g(x,t) = 0 for (x,t) € {—1,1} %[0, 1] represents
the initial and boundary conditions. Taking ug on the L? space, the training problem can be fitted into
M.

In our investigation, we evaluate the efficacy of the ANGD method, comparing against the stochastic
gradient descent (SGD) algorithm, Adam [13] and natural gradient method without acceleration (NGD). The
most important difference between the ANGD method and the NGD method is whether or not acceleration
is considered on the manifold. We employ a systematic grid search to identify hyper-parameters for several
algorithms. For Adam, we vary the initial learning rate among {0.001,0.005,0.01}, the parameters for the
momentum terms S € {0.9,0.99} and B2 € {0.99,0.999}, and the weight decay from the set {0, le-4,5e-5}.
Similarly, for SGD, ANGD and NGD, the optimal configurations are determined by grid searching across
the same ranges for the initial learning rate and weight decay. The ODE parameters oy and Sy are initially
set to the optimal values chosen from {0.01, 0.05, 0.1, 0.15} and subsequently decay linearly.

We examine two distinct boundary conditions h(x) = sin(rz) and h(z) = 1 — cos(2wz), each presenting
varying levels of training difficulty. The efficacy of ANGD is demonstrated in Figures [I] and We con-
sider the training loss and the testing loss versus iterations. ANGD demonstrates substantial convergence
improvements over NGD, while surpassing both Adam and SGD. The lowest loss is also attained by the
ANGD method. As a natural gradient method, ANGD consistently maintains a significantly lower testing
loss compared to Adam and SGD after acceleration.

1 Training Loss Versus the Iteration Testing Loss Versus the Iteration
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Figure 1: Numerical results for boundary condition h(z) = sin(wx)

6.2 The Euler Equations

In this subsection, we solve the following conservative hyperbolic PDE:
ou

S TV F=0. (71)
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Figure 2: Numerical results for boundary condition h(z) =1 — cos(27x)

A notable example is the Euler equations, which represent a complex fluid dynamics problem frequently
involving discontinuities. For the one-dimensional case of the Euler equations, the vectors U and F are
defined as U = (p, pu, E) € R?, F = (pu, pu® + p,u(E +p)) € R3. In the context of an ideal gas, p symbolizes
the density, u represents the velocity, p denotes the pressure, and E = %pu2 + 0% is the total energy. We
employ a neural network gy = (pg, ue, pe) with input (z,t) designed to simultaneously approximate p, u,
and p. Through this parametrization, we can get the value of vectors U and F' as Uy and Fy. The initial
condition is the same as the Sod problem, which has been extensively studied. It is a 1D Riemann problem
with the initial constant states in a tube with unit length formulated as

(1,-2,0.4) if0 <2 <0.5,
x’ O = ) u7 = .
9(z,0) = (o, p) { (1,2,04) if05<a<1.
We test the performance of the network at ¢ = 0.2s. To quantify the performance of our model, the loss
function on the area 2 = [0, 1] x [0, 0.2] is given as

Lipo,u0,p0) = |(Us)e + V- Fyll2a(cry + Alg — g, 0)]1%. (72)

Here we consider the manifold L?(2)®3, allowing to be fitted in the form of (). We evaluate the efficacy
of ANGD method using L? metric, comparing its performance against SGD, Adam, and non-accelerated
NGD. The hyper-parameters are set as described in Section[6.1] Figure [3]illustrates the evolution of training
and testing loss with respect to iterations. The ANGD method demonstrates a faster convergence rate in
terms of training loss compared with the conventional method and the non-accelerated NGD, highlighting
its efficiency in optimizing PINNs. Moreover, the ANGD method achieves a substantially lower testing loss,
indicating generalization and improved alignment between the network’s predictions and the ground truth.

6.3 Many-body quantum problem

We consider a many-body quantum system with N electrons x = {z1,...,zx} € R3*". The wavefunction
1y : © — R describing the quantum state of the system is typically parameterized using neural networks,
such as Ferminet [21I]. The goal is to solve for the ground state energy and wavefunction, which is formulated
as a variational problem:

| Joerow Yo (@) (o) (2)de _ pe(x)(Hy/pg)(x)dz £ Lips), (73)

fweRiSN Yo (w)?dx zER3N

s
fmeR3N wgdl

(?TLQ _ H\/\%T _ ”T? and 9 log pe(z) = 2(9pve(z) — E,, [Ost0e))-

where H is a Hamiltonian operator, and py := is a probability density. From this, we derive
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Figure 3: Numerical results for solving the Euler equations
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Figure 4: Numerical results of VMC on the molecules Be, Lis, Hig, No. We use “FR” and “W2” to denote
the Fisher-Rao and Wasserstein-2 metrics, respectively, for brevity.

Variational Monte Carlo (VMC) methods utilize Markov Chain Monte Carlo (MCMC) sampling to esti-
mate expectations with an unnormalized probability distribution. Using this approach, we conduct numerical
experiments on a small atom (Be), and three molecules (Lia, Hig, N2), to verify the acceleration effects of our
proposed ANGD algorithms on the Fisher-Rao metric using projected momentum discretization outlined in
, and the Wasserstein-2 metric with KFAC discretization. Notably, the non-accelerated NGD-Fisher-
Rao algorithm corresponds to the SPRING algorithm [J], while the non-accelerated NGD-Wasserstein-2
algorithm is essentially the WQMC algorithm [I8], differing primarily in numerical stability techniques.

The experimental setup is as follows. The sample size n is set to 2000 for the Fisher-Rao metric and
4000 for the Wasserstein-2 metric. The initial learning rate hg is searched in {0.001, 0.005, 0.01, 0.05, 0.1}
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for the baseline NGD algorithms, and in {\/0.0017 1/0.005, +/0.01, 1/0.02, \/0.05} for the ANGD algorithms.
Following the approach in [9], all algorithms employ a linear decay schedule hy = &ik with € = be-5 for
ANGD and € = 1le-4 for NGD (doubled due to the square root). We also impose linear decay on ay, B with
ag € {0.1/hg, 0.2/hg, 0.5/ho}, Bo € {0.0,0.01,0.05,0.1,0.15} for ANGD methods, and set x = 0 for ANGD-
Wasserstein-2. Other hyper-parameters including clipping, sampling steps, and the Ferminet architecture
follow [9].

Comparisons of the performance between the ANGD and NGD algorithms on the four benchmark par-
ticles are shown in Figure 4, We normalize the loss (energy) them by subtracting the physical lower bound
(reported in Hartrees to four decimal places). For both the Fisher-Rao and Wasserstein-2 metrics, the ANGD
methods demonstrate significantly faster convergence rates and attain lower final losses than the NGD meth-
ods. Remarkably, even the worst-performing ANGD variant outperforms the best NGD variant in terms of
final loss, highlighting the significant benefits of incorporating acceleration into the optimization process.

7 Conclusion

In this paper, we introduce a novel ANGD framework for solving parametrized manifold optimization
problems. An ARG flow is designed to characterize accelerated optimization on a manifold, incorporating
Hessian-driven damping. An equivalent system of first-order ODEs for several metrics is proposed. We
develop a discretization scheme to project the ODE flow onto the parameter space, leading to an efficient
solution of the accelerated direction. The convergence analysis of ARG flow under convexity assumptions is
also established. Numerical experiments show that ANGD accelerates the optimization process compared
to other methods.
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