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Abstract

The assumption that response and predictor be-
long to the same statistical unit may be violated
in practice. Unbiased estimation and recovery
of true label ordering based on unlabeled data
are challenging tasks and have attracted increas-
ing attentions in the recent literature. In this
paper, we present a relatively complete analy-
sis of label permutation problem for the gener-
alized linear model with multivariate responses.
The theory is established under different scenar-
ios, with knowledge of true parameters, with par-
tial knowledge of underlying label permutation
matrix and without any knowledge. Our results
remove the stringent conditions required by the
current literature and are further extended to the
missing observation setting which has never been
considered in the field of label permutation prob-
lem. On computational side, we propose two
methods, “maximum likelihood estimation” al-
gorithm and “two-step estimation” algorithm, to
accommodate for different settings. When the
proportion of permuted labels is moderate, both
methods work effectively. Multiple numerical ex-
periments are provided and corroborate our theo-
retical findings.

1. Introduction

A key assumption in regression problems is that response-
predictor pairs correspond to the same statistical unit.
In practice, this assumption may be violated when dif-
ferent subsets of variables are collected asynchronously
and are merged together with certain label disagreements.
That is, responses and predictors may not be perfectly
paired together so that the statistical inferences based
on such label-contaminated data sets could be inaccu-
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rate and biased. Research on the unlabeled problem has
a long history and can be traced back to 1970s under
the name “broken sample problem” (DeGroot et al., 1971;
Goel, 1975; DeGroot and Goel, 1976; 1980; Chan and Loh,
2001; Bai and Hsing, 2005; Slawski et al., 2020). In recent
years, we have witnessed a renaissance of this problem due
to its wide applications, such as data integration, privacy
protection, computer vision, robotics, sensor networks,
etc. See Unnikrishnan et al. (2015); Pananjady et al. (2018;
2017); Slawski and Ben-David (2019); Zhang et al. (2019);
Slawski et al. (2020); Zhang et al. (2022); Zhang and Li
(2023a) and the references therein for more explanations.

Important applications of label permutation include linkage
record, data de-anonymization, and header-free communi-
cation. In linkage record (Newcombe and Kennedy, 1962;
Fellegi and Sunter, 1969), people would like to integrate
multiple databases, where each contains different pieces of
information about the same identity, into one comprehen-
sive database. In this process, the biggest challenge is how
to find the matching across different databases. For data de-
anonymization (Nazarov et al., 2018), the task is to identify
the labels, which aims to preserve privacy, with public data.
It can be seen as the inverse problem of privacy protection.
For the header-free communication (Pananjady et al., 2017;
Shi and Shi, 2019), we have a sensor network where the
sensor identity is omitted during communication to reduce
the transmission cost and latency. In this scenario, recon-
struction of signal involves recovering the unknown corre-
spondence.

In the literature, for the sake of simplicity, linear mod-
els are often considered for studying the label permuta-
tion problem. However, the linear model assumption may
be violated when the error distribution is skewed or heavy
tailed. Additionally, linear models cannot capture the struc-
ture of count data which is another popular data type
and is becoming increasingly ubiquitous (e.g. survival
analysis (Fleming and Harrington, 2011), online stream-
ing services (Cugola and Margara, 2012), educational test-
ing (Templin and Henson, 2010), etc). With these in mind,
in this paper, we specifically adopt the formulation of gen-
eralized linear model (GLM) to take care of multivariate
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non-Gaussian responses. The problem is formulated as,
Y = IIfy#, (1)

where Y'* is the response matrix when the data are labeled
correctly. For each entry of Y, Y¥[i, I] admits the density

Jaly) = exp{yAa —v(Xa) +c(y)}

fori € [n] and I € [m] with \;; = xZTb?. Here, n is
the number of units/individuals, m is the number of ob-
servations for each unit/individual, )\;; refers to the natu-
ral parameter. c(y) is a nuisance function free of parame-
ter. (E.g. c(y) = exp{—y?/2}/v/2x for standard normal
density; c¢(y) = log(y!) for Poisson density.) Unobserved
II¥ € R™ ™ denotes an underlying row permutation ma-
trix. In other words, we only observe the response matrix
up to certain label permutations. X := (x;) € R™"*P rep-
resents the covariate/design matrix which is fully observed;
Bf = (b?) € RP*™ is the underlying true parameter co-
efficient matrix, which may be unknown. Our task is to re-
cover the label permutation matrix IT* based on permuted
data Y and design matrix X.

Related work. There is a rapidly growing body of lit-
erature on regression problems with unknown label per-
mutation, starting from Unnikrishnan et al. (2015; 2018);
Pananjady et al. (2018). Paper (Pananjady et al., 2018)
presents necessary and sufficient conditions for permu-
tation recovery for linear models with Gaussian de-
sign. Extensions to multivariate linear models are con-
sidered in Pananjady et al. (2017); Zhang et al. (2019);
Zhang and Li (2020); Zhang et al. (2022); Zhang and Li
(2023a). The papers (Abid et al., 2017; Hsu et al., 2017)
show that consistent estimation of the regression param-
eter is impossible without substantial additional assump-
tions. Tsakiris et al. (2018); Tsakiris (2018) have stud-
ied important theoretical aspects such as well-posedness
from an algebraic perspective, and have also put forth
practical computational schemes such as a branch-and-
bound algorithm (Emiya et al., 2014) and concave maxi-
mization (Peng and Tsakiris, 2020). An approximate EM
scheme with a Markov-Chain-Monte-Carlo (MCMC) ap-
proximation of the E-step is discussed in Abid and Zou
(2018). Additionally, approaches to linear and multivari-
ate linear regression with sparsely mismatched data are
studied in Slawski and Ben-David (2019); Slawski et al.
(2020; 2021; 2019). A tight analyses on sparse re-
gression problem is provided in Zhang and Li (2021;
2023b). Nevertheless, on the other hand, a rela-
tively small amount of papers have considered regres-
sion with unlabeled/permuted data outside the standard
linear model. The topics of those papers include spher-
ical regression (Shietal., 2020), univariate isotonic re-
gression and statistical seriation (Carpentier and Schlueter,
2016; Rigollet and Weed, 2019; Flammarion et al., 2019;

Ma et al., 2020; Balabdaoui et al., 2021), and binary regres-
sion (Wang et al., 2018).

The most related work is Wang et al. (2020), where they
consider a generalized linear regression models within ex-
ponential family. The difference is that they only consider
the case m = 1 and the corresponding theoretical analy-
ses are established when the true parameter B is assumed
to be known. The case m > 1 should be of independent
interest for the following reasons. First, in the context of
record linkage, it is natural to assume that both predictor
matrix X and response Y are multi-dimensional. Second,
the availability of multiple responses affected by the same
permutation is expected to facilitate estimation. Stronger
assumptions are required for label recovery when m = 1,
while such assumptions can be relaxed when m grows as
n grows. In addition, the estimation problem is more chal-
lenging when the true parameter B¥ is unknown. The the-
ory under unknown parameter settings is waiting to be de-
veloped. To be reader-friendly, Table | summarizes the key
differences of our setting from the existing ones.

Linear model GLM
Uni-dim Pananjady et al. (2018)
(m=1) Unnikrishnan et al. (2018) Wang et al. (2020)
. Zhang et al. (2019)
Multi-dim Zhang and Li (2020) Ours
(m>1) Slawski et al. (2020)

Table 1. A categorization summary of literature review.

Contributions. In this paper, we study the label permu-
tation problem under generalized linear model framework
which is different from the classical linear model in the fol-
lowing ways. The response could be discrete instead of con-
tinuous such that the resulting estimator does not admit a
nice closed form. In the linear model, the signal-to-noise ra-
tio (SNR) plays an important role in recovering the underly-
ing labels. In contrast, there is no such unified criteria in the
generalized linear model. The existing work of Wang et al.
2020 for generalized linear model only considers the case
of m = 1. When the regression parameter B is assumed
to be known, the sufficient condition for label permutation
recovery requires ming <;, i, <n ¥’ (i, ) — ¢’ (i, )| grows
as n grows. There are no theoretical guarantees under the
situation m > 1 or the situation when regression parameter
B is unknown. In this paper, we bridge this gap and show
the perfect label recovery results under different scenarios.
Moreover, we also consider the situation of missing obser-
vations, i.e., each entry in response Y may be missing com-
pletely at random with certain probability. The correspond-
ing theory has also been established in this paper. Such
missing observation case has not been studied yet in the lit-
erature for unlabeled regression problems. On the technical
side, we also want to point out the analysis of generalized
linear models is harder than that of linear models due to
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the existence of exponential function whose second order
derivative may not be bounded. Additionally, we need to
take special care of analyzing the maximum likelihood esti-
mator which admits no closed form and involves n! differ-
ent possible permutations. The results in current paper add
theoretical values in many applications, e.g., data integra-
tion, privacy protection, etc.

QOutline. The rest of paper is organized as follows. Sec-
tion 2 introduces the generalized linear model setting and
useful notations. Section 3 presents the permutation recov-
ery analysis when parameters are assumed to be known. In
Section 4, the main theory is established when parameters
are unknown and underlying permutation matrix is partially
known or unknown. Moreover, we further extend the re-
sults to the missing observation setting in Section 5. The
concluding remarks are given in Section 6. Numerical re-
sults and technical proofs are deferred to appendices.

2. Permutation Problem
2.1. Toy example

An illustrative example is shown in Table 2. On the left side,
it presents the personal information (i.e. salary and age) of
five individuals in the correct label order. On the right side,
information of salary and age is coupled in a wrong label
order due to the privacy reasons or errors caused by merg-
ing data from different sources. Obviously, salary and age
are impossible to follow Gaussian distributions. Our goal
is to recover the true label order given the permuted data
set and under certain model assumptions in the framework
of generalized linear model.

Table 2. A toy example of label permutation problem.

Original Permuted
Label Salary Age | Salary (Label) Age (Label)
1 6500 50 6500 (1) 45 (3)
2 4300 30 5000 (3) 30 (2)
3 5000 45 3200 (4) 50 (1)
4 3200 25 4300 (2) 25 4)
5 8000 55 8000 (5) 55(5)
2.2. Model

In this paper, we specifically study the generalized linear
model with label permutation. The problem can be written
in the following matrix form,

Y = IIfy#, (2)
where Y ~ f(X B*),i.e., Y¥[i,l] ~ fu(y) with

fu(y) = exp{yXi —v(Xa) +c(y)}, v = Xing

fori € [n] and I € [m]. Unobserved II* € R"*" de-
notes an underlying row permutation matrix (i.e. a bi-
nary matrix with each row/column containing one and only
one non-zero entry), X € R"*P represents the covari-
ate/design matrix, and B € RP*™ is the underlying true
parameter coefficient matrix. Here ¢(-) is a smooth uni-
variate convex function over R. When we take function
Y(x) = 22, then the density is a normal density. When
we take ¢(z) = exp{z}, then it becomes a Poisson distri-
bution. Our goal is to recover the underlying permutation
matrix TI* given mislabeled observations Y and X.

For a fixed permutation II, the log-likelihood function af-
ter removing the nuisance parts (the term not related to the
parameters) is given by

n m

Z Z {Y[i, l](xg(i)bl) - ¢(X€(i)bz)}

i=1 [=1

= (—¢(IIXB) +Y o IIXB). 3)

L(IL, B)

In the rest of paper, we consider to recover ITI# by maxi-
mizing the above log-likelihood function. When the true
parameter matrix B! is known, the estimator will be Il :=
arg maxyy L(IT, B¥). When the parameter matrix B is un-
known, the estimator will be

II := L(II, B).
arg max max (11, B)

Notation. We use f to denote the true value and use
a2 b(a <b)torepresent a > Kb (a < b/K) for some
sufficiently large constant K. ||al| and || A|| represent o
norm of vector a and spectral norm of matrix A, respec-
tively. For any S, its cardinality is denoted by |S|. For
two positive real numbers a and b, b = O(a),b = Q(a)
and b = O(a) indicate the relations, b < Cqa, b > a/C4
and a/Cy < b < Caa, correspondingly, where C1, Cy are
some constants. For random sequences, z,, = 0,(1) means
x,, converges to 0 in probability and z,, = O, (y,,) means
X /Yn is stochastically bounded as n — oo. For an arbi-
trary univariate function f, f(a) and f(A) are obtained via
applying f to vector a and matrix A elementwisely. We let
¥’(A\) and ¥"”(\) be the first and second order derivative
of ¥(X). Generic constants ¢, cg, ¢1, C, ¢y, may vary from
place to place. A complete notation list is given in Table 3.

3. Recovery Analysis when B* is known
3.1. Permutation Recovery

When B* is known, we only need to estimate IT by max-
imizing the likelihood function without estimating B. In

other words, the best estimator should be
I = arg max L(11, BY)

= arg ml_?x(—w(HXBﬁ) +Y oIIX BY).
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Table 3. Notation List.

Definition

n the number of individuals

m the number of observations for each individual
p the number of covariates/predictors

X the covariate/design matrix (n by p)
Y

yL

B

Notation

the observed/response matrix (n by m)
the response vector for individual ¢
the coefficient/parameter matrix

X; the ith row of X

b; the /th column of B

1T the row permutation matrix (n by n)

I the identity of row permutation matrix

TI(%) the permuted label for individual 4

d(I1y, I2) the Hamming distance, i.e., > | 1{II1(¢) # I2(4)}

T T p
A (x; b1,...,%x; b)), ie.,
K the vector of linear component for individual 7
(a) 1 (A) the sum of all entries in vector a / matrix A

a[l] the Ith element of vector a

Ali, 7] the element of matrix A in ith row and jth column
A[S,:]/A[:,S]  the sub-matrix of A with row/column indices from set S
Aj 0 Ay the Hadamard product of A; and Ao

K {1, ..., K} for any positive integer K.
[|x 7 ||| 1 £2-norm / £1 -norm for vector x.
1] the cardinality of set Q2.

Successful recovery of label permutation matrix (i.e. 1=
I1*) means that inequality

(= (TIXB*) + Y o IIX BY)
< (—y(IFXBY) +Y o II* X BY)
holds for any IT # ITf. In other words, we need to iden-

tify certain sufficient conditions to ensure that the follow-
ing probability

P( sup (—¢(IIXB) +Y o IIXB)
TTAIT!

> (—(IFXB) +Y o II* X B))
is vanishing as both n and m go to infinity in a suitable

asymptotic regime.

Before moving to our main results, we first introduce the
following row-wise quantities.

Information Gap For each pair of individuals ¢ and j, we
define

Aij = (' (Ni) o Xi = (i) = (W' (Ai) o Aj = (X)),

“4)
where A; = (x7b, ..., xTbt ) fori € [n].
Variance For each pair of individuals ¢ and j, we define

vij = (@A) o (i = A)?)

= DN =N ©)
=1

where 1)’ and 9" are the first and second order derivative
of function .

It can be checked that A;; and v;; are the expectation and
variance of (y; o A; — ¥(N\;)) — (yi © Aj — ¥(A;)), re-
spectively. We can show that all labels are distinguish-
able when A;; is relatively large compared with v;; for
all pairs of ¢ and j. In other words, min; jen Afj Vi
can be viewed as the counterpart of signal-to-noise ratio
(SNR, Pananjady et al. (2018)) in the linear models.

Theorem 3.1. Assume B* is known and suppose X, B!
and TI* satisfy that

A;; 2 1/ (logn)vi; and v;; Z logn Vi, j € [n]. (6)

We have the perfect label recovery with high probability,

P(IT # 1I%)
< n2rg?;(max{exp{—A?j/(élvij)}’exp{—vijc?p/él}}

— 0,

where cy, is a constant depending on function .

When each element of X are i.i.d. sub-Gaussian random
variables, it can be checked that both A;; = ©(m) and
v;; = ©(m). By simplifying requirements in (6), it suffices
to have m 2 log n to satisfy (6).

3.2. Examples

In this section, multiple examples are given to illustrate the
relationship between m and n (see Section D for more de-
tailed explanations) for perfect permutation recovery. Ex-
amples 3.2 - 3.5 given below describe four different data
generation mechanisms. We can observe that, in those
cases, it is impossible to recover IT¥ when m = 1. Hence,
the sufficient conditions,

min [1/(\,) = %/ (vi)| 2 v/Iog n (linear modet),

min [V (M) = V' (Miy)| 2 V/log n (poisson model)
11F12

given by Wang et al. (2020) are too restrictive.

Example 3.2. Consider the scenariop = 1,then X = xisa
vector. Assume x[i] ~ Uniform|ay, ag| for all ¢ and assume
each entry of B 1 is bounded between by and by (0 < by <
b2). Without loss of generality, a1, as, b1, by are all positive.
We define 2o, := ming j Tgapq; = min, ; [x[i] — x[j]|,
which is the minimum difference between any pair, x[i] and
x[j]. It is not hard to see that 244, = O, (). Moreover,
when m > n*logn, it is sufficient for recovery of II%.

Example 3.3. Consider the scenario p = loga(n) + 1 and
n = 2™ (n; is a positive integer) and the design matrix X
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is complete in the sense that it satisfies

1 00 --- 0
1 10 --- 0
x—|1 0 1 0
111 --- 1
For instance, in the educational test-

ing (Templin and Henson, 2010), each of n rows
corresponds to a student with certain skill sets. The
first column represents the intercept and rest of columns
represent p different skills. Entries are binary-valued
indicating the possess (1) or non-possess (0) of certain
skills for different students. Without loss of generality,
we assume that each entry of B* is generated from the
standard normal distribution. In this case, it suffices to
require m > logn for correctly estimating II* for any
strictly convex 1 with bounded second derivative.

Example 3.4. Consider the scenario p and n with C7 >
n. (C, is the sth coefficient in polynomial (1 + x)P) with
s being a fixed constant. The design matrix X is sparse
and bounded, that is, X satisfies that ||x;|lo < s for any
i € [n] and a; < |X| < ap. Bach entry of matrix B*
is generated by a standard normal distribution. We also
assume that each row of X has different support. Under
this setting, m = logn suffices for permutation recovery
for any strictly convex v with bounded second derivative.

Example 3.5. Consider the scenario that each entry of X
follows N (0,1/p) independently and entry of Bf is gener-
ated from N (0, 1) independently. Under this setting, it can
be shown that m 2 log n suffices for permutation recovery
for any strictly convex v with bounded second derivative.

3.3. On the lower bound of m

In this section, we discuss the minimum required number
of m for permutation recovery. In particular, it suffices to
consider the case that BY is known, which is an easier task
compared with the case when B* is unknown. To start with,
we recall the following Fano’s lemma (Assouad, 1996).

Lemma 3.6 (Fano’s Lemma). Let X be a random variable
following probability distribution f, where f is from set
{f1,. .-, fry1} which satisfies that

KL(fill f;) < B forall i # j.

Let (X)) € {1,...,r + 1} be an estimate of index of dis-
tribution. Then

log 2

i%fSQpP(l/)(X) #i)>1-— M.

logr @)

We consider the following n! models. For any permutation
matrix IT, (k = 1,...,n!), we define f, as the probability

distribution of Y = II,Y!. Therefore, the KL divergence
between fj, and f, is

KL(f’ﬂHf/m)
:Efk1 <Y o Akl - w(Ak1)> - Efkl <Y o Akz - w(Akz»
=Nk, (g, BY) — Ay, (i, BY), ®)

where A, := IL,XB!: We let A(X,Bf) :=
maxy, £k, { Ar, Ik, , BY) — Ay, (I, , B*)}. Therefore, by
Fano’s lemma, we have

A(X, B*) +log?2

infsup P(II #II;) > 1 — Tog(n)

IT 11

In particular, if A(X, B) < C'mn, we consequently have

Cmn +log2 S

inf sup P(IT # IT;,) > 1 — >1/2,  (9)

0 1, nlogn

when m < log n. In other words, m = log n is the minimal
number for perfect permutation recovery up to a multiplica-
tive constant in Example 3.5.

On the other hand, m 2 log n may not be tight under some
situations. For instance, in Example 1, we can see that there
exist i and iy such that |x;, — x;,| is ©(1/n?). We let
II; = I and set I15(i) = i for i # iy,io and My (1) = io
and II5(i3) = ¢;. Under such case, we have the following
result.

Corollary 3.7. By the constructions of 11 and 11y, we have

em/n* + log 2

PII#T) > 1—
(I # IIy) > log2

(10)

inf  sup
IT I e{II, 12}

Thus, the minimum requirement of m is at least of order n?
(> 1) in Example 3.2.

4. Recovery Analysis when B* is unknown

However, in practice, we have no prior knowledge of B and
need to estimate the parameter matrix B and permutation
matrix IT simultaneously. For a fixed I, we define B(II) to
be the best estimator maximizing the log-likelihood func-
tion, that is,

B(II) :argmBax<—1/J(HXB) +Y oIIXB). (11)

On the computational side, this is a concave optimization
and B(II) can be solved efficiently. On theoretical side,
B(IT) does not admit explicit form which makes analysis
harder. In the following, we discuss situations under which
the labels can be recovered perfectly.

First of all, we note that the model is not identifiable when
p > n and X has full row rank. This is because, there
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exists a p by n matrix P, such that I = X P,. We can find
that

I X B = II*IIIILX B* = (II*I1) X (P, 11X B).

Thus, the underlying IT* and B¥ are again not identifiable.
Such non-identifiability means that we have no chance to
recover the true label permutation matrix, since there ex-
ist multiple global optimal values. In Unnikrishnan et al.
(2015), it is further shown that n > 2p is a necessary
condition for perfect permutation recovery under the linear
model setting with m = 1 and zero noise.

In the rest of paper, we only consider the case that p < n for
the generalized linear model. Moreover, we only focus on
the situation that p is n® with a < 1/2 so that the estimator
has nice asymptotic properties even if we do not know the
true TI*.

We recall the definition of log-likelihood function
L(II, B) = (—¢y(IIXB) + Y o (IIX B)) and introduce its
corresponding population version,

A(TL, B) :=E(—¢(IIX B) + Y o (IIX B))

=(—¢(IIXB) + ¢'(I* X B*) o (ILX B)),
(12)

where the expectation is taken with respect to Y.

4.1. Scenario 1: d(I,TI*) is small

If we have the prior knowledge that the underlying permuta-
tion matrix I is close to I (i.e. d(I, II*) is small), we then
consider a “two-step estimation” computational method for
dealing such case. In the first step, “two-step” algorithm
aims to find a reasonable estimator of B* by treating IT = I.
In the second step, we plug in this estimator to the objective
and obtain the permutation matrix by maximizing the log-
likelihood function. The implementation details are given
in Algorithm 1.

Algorithm 1 Two-step Estimation.

Input: Observation matrix Y and design matrix X.
Output: Estimated permutation matrix IT and estimated
coefficient matrix B.

1. Solve B := arg maxp{(—¢)(XB) +Y o XB)}.

2. Solve IT := arg maxp{(—y(IIXB) + Y o IIX B)}.

In below, we provide a theoretical analysis of the proposed
two-step estimator. Under mild conditions, we show that
IT returned by Algorithm 1 perfectly matches IT* with high
probability. To start with, we first assume the following
assumptions on function v and design matrix, X.

A0 We assume that ¢”(-) is either monotonic or
bounded.

Al Each entry of X is bounded (i.e. |X
for universal constant Cj).

A2 There exist constants ¢; > 0, and 7y;,, (which may
depend on p) such that £{i : X[i,:]b > c1} > n/v,
and {7 : X[i,:]b < —c1} > n/v1p hold for any b
with ||b|| = 1.

Remark 4.1. Assumption A0 is satisfied by most general-
ized linear models. For examples, 1" is bounded for Gaus-
sian or Bernoulli distribution; )" is monotonic for Poisson
or Gamma distribution.

Remark 4.2. For a general n by p matrix X, its largest
singular value is bounded by +/n,/pmax; ;|X[i,j]| =
O(/np). For an n x p matrix X with each entry being
sampled from sub-Gaussian distribution, then its largest
singular value is Op,(v/n + /p). (Here we say Z is a sub-
Gaussian random variable if Eexp{tZ} < exp{t?c?/2}
holds for all ¢ > 0 and fixed constant ¢.)

Remark 4.3. 1t can be checked that Assumption A2 is satis-
fied with high probability when X is a matrix with i.i.d sub-
Gaussian random variables as its entries. Under such case,
v1p is reduced to some constant. Furthermore, A2 tells us
that the smallest singular value of X is bounded from be-

low. In fact, 0yin (X) > \/cIn/v1p = c1v/n//ip-

We further need 1ntroduce the following notations:
Tmaz = Max; || X, z/}maas = maXuW( Tbﬁ) 1/)Zm
= max;; ¢ (xI'b%) V 1, and ¥, %, = min; ;4" (x7b¥)
which represent the maximum expected value of Y;;’s,
maximum variance/minimum variance of Y;;’s respectively.
We also write wﬁb = w;,ﬁmz + w;;fax and define permutation-
wise variance term, Vi partial

= > Zw” e iy lL

T8 (1) A11(3)

Aoyl = gy [1)?

and minimum pairwise variance term vy, ;,,

m

= min 30" (I N[] = AS[)°
"=l

to quantify the differences between X’s rows.

Theorem 4.4. With the knowledge that d(I,TI*) < s
and assumptions A0 - A2, we also assume that p = O(n®)
(a < %) and hay S n/(py1plogn). Then it holds that

b — bl (13)
\/ Wi vV mam + wpb max IOg TL)
- p nw”ﬁ ’ylp)
=:6*
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forl € [m]. Furthermore, if

A(Hﬁv Bﬁ) - A(Hv Bﬁ) 2 vH,partial “V IOg n/“min (14)
and
A(TIF, BY) — A(TT, B¥) 2 md(IL, TT*)0F, 2mand®,  (15)

then it holds that P(IT # TI*) — 0.

Here, 0* defined in (13) is the estimation error for regres-
sion parameter. The first term can be viewed as the variance
term and the second term is the bias term. Conditions (14)
and (15) require that the information gap should dominate
the errors caused by variance and bias, respectively. The
requirement hy,q, < n/(py1plogn) restricts the number
of permuted labels. When p is fixed, then n/(log n) is sim-
ilar to the condition Apa. < cn/(log(n/hmas)) required
in Slawski et al. (2020) for linear models. The additional p
in the denominator appears since that we do not have the
access to the explicit form of B (TI) in generalized linear
model setting.

Particularly, when X is sub-Gaussian, we can find that
A(TTF, B¥) — A(IL, B*) is Q(md(IL,1I*)), v partiar is
O(md(I1, 1)) and vy = Q(m) when A¥[l] is bounded
and min; ; | A? — /\§.||1 is Q(m). Then condition (14) can
be simplified to

md(IL, 11%) > md(I1, I1*)\/log n/m,

which requires m > K logn for some large constant K.

This leads to the following corollary.

Corollary 4.5. Under the sub-Gaussian design matrix
X with knowledge that d(1,TI*) < hpae we assume
hmazp = n/logn, p = O(n%) (a < %), and m 2 logn.
We have

PII#T%) -0 asn — .

4.2. Scenario 2: no knowledge of d(I, IT%)

For general II¥, we also aim to recover the underlying per-
mutation matrix without any knowledge of d(I,II*) and
B!, To facilitate the theoretical analysis, we first define
B(II) := argmaxp A(II, B). Then it is straightforward to
check that B(II*) = B*. We also define

A(TD) := mng(H,B) = A(T1, B(II)). (16)
We additionally introduce the following permutation-wise

quantities.
Information Gap For each permutation II, we define
A(X,BTI,T1) = AT — A(ID).  (17)

This quantity can be interpreted as the information gap
between permutation IT* and II. It can be seen that
A(X, B* TI* TI) is always non-negative.

Variance For each fixed permutation I, we define

e = 3> ¢ Amll)

i=1 [=1

(A 1)?. (18)

It can be easily checked that vr p is the variance of
L(11, B).

Theorem 4.6. Under assumptions AO - A2 and with no
knowledge of B* and 1%, we assume that p = O(n®)
(a < % ) and there exists a constant cy such that

A(X, B*,TI* 1) > max{ \/(n + mp)mntntae2,,, logn,

(nlogn + mp)Tmazx } (19)

for any 11 satisfying d(I1, TI*) > ¢, m, and

A(IT*, BY) — A(IL, BY) > max{vm partial - V108 N/ Vmin,
md(IL, TIF )wcbacmazé*} (20)
for any 11 satisfying d(IT, TI*) < cq m. Then it holds
that
PIT#TF) = 0 2
71;,\/1)1!)&
bi| = Op(ﬁTmmb)fOV
alll € [m).

Based on Theorem 4.6, we have the following corollary.

Corollary 4.7. Without any knowledge of B* and TIF,
we assume that A(X, B, TI% 1) > c¢ymd(I1,11%) for
dILITE) > en and A(Hﬁ Bﬁ) ~ A(ILBY) >
comd(TL, T1%) for d(IT1,11%) < Sleen
versal constants) Then it holds that P(IT # II*) — 0, as
long as m/( Thae logn) — 00, y1p, = O(1) and p = n®
O<a< 2)

(co, €1, Co are uni-

4.3. On Computation of Maximum Likelihood
Estimator

We aim to compute the maximum likelihood estimator,

(I, B) = arg max(—y(IIXB) +Y o [IXB).  (22)

Unfortunately, when p > 1, the above optimization prob-
lem (even for the linear models) is NP-hard. We consider
a coordinate ascent method, i.e., alternatively maximizing
II given B and maximizing B given II. The method will
always converge to some stationary point, 11, B, satisfying
L(II1, B) > L(IT', B) for ¥ I’ # II and VBL(H B) =o0.

For the choice of a good initial permutation matrix II;,;,
we consider the following heuristic objective,

IL;,; = arg ml_z[iX(H, YY) XXT), (23)
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where Yy, = (¢/)71(Y + 1) be the inverse transformation
of the original data through link function +/’. The intuition
is that Yy, ~ 1 X B¥. It can be calculated that

(ILY, Y XXT) ~ (ILIFXBYI* X B*) " X XT)
= ||B%|1* (X, IEX) (ILX, IEX), (24)

when m = 1and p = 1. If term (X,I1*X) is positive,
then the maximum value of (24) is achieved when II =
II*. Such warm start computational scheme is presented in
Algorithm 2 and maximum likelihood estimation scheme is
given in Algorithm 3.

Algorithm 2 Warm start for maximum likelihood estima-
tion.

Input: Response matrix Y and design matrix X

Output: A good initial permutation matrix I1;,;.

1. Compute the matrix Yy, = (¢/) 71 (Y + 1).

2. Compute the matrix C' = Y¢Y$ XXxT,

3. Solve I1;,,; := arg maxp(IL, C).

4. Return II;,,; as the initial II.

Algorithm 3 Maximum likelihood (ML) estimation.
Input: Response matrix Y, design matrix X and initial
permutation matrix II;,;.

Output: Estimated permutation matrix II and estimated
coefficient matrix B.
Let ﬁ = Hznz
while the likelihood is not converged do
1. Solve B := argmaxp{(—(IIX B)+Y oIIX B)}.
2. Solve I1 := arg maxy { (—(ILX B)+Y oILX B)}.
end while
Return B and IT.

4.4. Remarks

The technical challenge in the generalized linear model set-
ting lies in the facts that the second derivative of likelihood
function is associated with ¢”'(-) functions which are not
bounded. To be more specific, the Hessian matrix can be
written as

V2L(I,b) = -XTDX,

with D = diag(ds,...,d,) and d; = " (x]'b) when
m = 1. For example, 1" (x) = exp{x} is obviously un-
bounded for Poisson model. Moreover, for any fixed II, the
maximizer,

b(Il) = arg max L(1I,b),

does not admit the closed form and it brings additional diffi-
culty. By contrast, there are no such afore-mentioned issues
in the standard linear models.

In Wang et al. (2020), their analysis only considers the case
when m = 1, d(I,TI*) is small and B* is known. Our re-
sults include the most general cases, i.e., we have no prior
knowledge of I1# and B®. Therefore, we need to take spe-
cial care of uniform bound over all possible permutations
in our analyses.

From the computational perspective, note that both “’two-
step estimation” and "ML” methods require computing
I := argmaxp{(—¢(IIXB) + Y o IIXB)}. Since the
number of candidates for the permutation matrix is n!,
we cannot directly solve this optimization problem. How-
ever, we can reformulate this problem into a linear assign-
ment problem which can be solved efficiently by special-
ized techniques such as Hungarian algorithm (Kuhn, 1955)
or the Auction algorithm (Bertsekas and Castaiién, 1992).
To be more specific, we define an n by n cost matrix
C = (Cli, j]), with

Cli,jl = (¥(x;B) —y;j o (x;B)).

Note that permutation matrix II has only one non-zero ele-
ment ”1” in each row and column. It is then equivalent to
solve the assignment problem,

min »  C[r(i), ],
i€[n]

where 7 is an one-to-one mapping from [n] to [n]. Hence
II can be solved via using Hungarian algorithm or Auction
algorithm.

Compared with Wang et al. (2020), they adopt an ¢; reg-
ularization framework for computing IT and B, while our
method does not. This is due to the fact that Wang et al.
(2020) assume a sparsely mismatch regime that d(I, II?) is
small. That is the reason they introduce ¢; regularizer to en-
courage recovering a sparse permutation. By contrast, we
do not necessarily need d(I, IT*) to be small in our theory.

5. Extension to Missing Observation Case

In many real applications, the observations are usu-
ally not fully observed (Rubin, 1976; Allison, 2001;
Little and Rubin, 2019). The data may be missing at ran-
dom during the collection process. Therefore, in this sec-
tion, we generalize our results to the situations when data
are not fully observed. To be specific, we consider the fol-
lowing model

Yiiss = EoY = Eo (II'Y?), (25)

where F is a binary matrix such that “1” means the entry is
observed and “0” means the entry is missing. The elements
in E are independent Bernoulli(¢) random variables and ¢
(0 < g < 1) is the observation rate.
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The log-likelihood function with missing observations can
be written as

L(II,B,E) = (Fo (Y o (IXB) — ¢(IIXB)))
and its expectation can be computed as

where the expectation is taken over both E and Y. We also
define

AL, q) := mng(l'L B,q) = q- A(ID).

5.1. When B! is known

In this scenario, we similarly define the following terms,
the row-wise information gap A, ;(¢) and the row-wise vari-
ance v;;(q). (See appendix for exact definition.)

Theorem 5.1. Assume B! is known and suppose X, B,
II* satisfy that

Aij(q) 2 4/ (logn)vij(q) and vij(q) Z logn Vi, j € [n],
then it holds that

P(IT # 1I%)
A% (q)
8uvi;(q)

< n? max max{exp{— b exp{—vij(g)c /8}},

fOF some constant Coppe

Remark 5.2. Especially when )\gl’s are bounded and
minivj Zle[m](Agl - )‘g'l)2 = Q(m)’ then ¢ > lon% is re-
quired for the perfect permutation recovery. In other words,
the number of required observations (m) for each individ-
ual is reciprocal to observation rate (q).

5.2. When B is unknown and d(I, IT¥) is small

Under this scenario, we further define the partial variance
term Vi, partial,q and minimum variance gap vp,in,q, Whose
detailed definitions are given in Appendix A. We also as-
sume the following assumptions on design matrix.

El. Entries of X are bounded by some constant Cj.

E2. LetS; = {i: Eli,l]] =1} (I =1,...,m). There exist
constants ¢ > 0 and 2, such that §{i : x/'b > c9,i €
St} = ISil/72p and £{i = xIb < —ca,i € S} > [Sil /72
hold for any b with ||b|| = 1.

Remark 5.3. Assumptions E/ and E2 are parallel to A/ and
A2. They put the restrictions on sub-design matrices X [S;, :
|’s. In particular, E2 holds by taking 2, = ©(1) with high
probability, when each entry of X follows i.i.d. standard
Normal distribution and gn 2 p.

Theorem 5.4. With the knowledge that d(I,T1*) < hya.

and assumptions A0, E1 and E2, we assume p = O((qn)®)

(a < %) and hpay S nq/(py2p logn). We then have that
b1 = bi |l = 0,(5;). 27)

where 6 equals

\/qu/v/%ﬁam +q(1 - Q)wg VN — hmaz + @Z’;ﬁazhmam logn
i/ (2p/P)

Furthermore, if

1 /
A(Hﬁv Bﬂ) - A(H, Bﬁ) Z 5vﬂ,partial,q : log n/vmz’n,q

and

q

1
A(Hﬁ7 Bu) - A(H7 Bﬁ) Z 7md(H7 Hu)djgbxmazé*
q

then it holds that
P(IT # TIF) — 0.

Remark 5.5. Under the setting of sub-Gaussian design, it
is sufficient to have m > logn/q for permutation recovery
when d(I, IT*) < ¢ Tloey for some constant co.

Remark 5.6. The permutation recovery result is also estab-
lished, when there is no any prior knowledge of B* and

d(I,11*). See Appendix A for explanations.

6. Conclusion

In this paper, we provide theoretical analyses of label per-
mutation problem for the generalized linear model. The
theory takes multivariate responses into account and is es-
tablished under three different scenarios, with knowledge
of B, with knowledge of d(I,11*) and without any knowl-
edge. Our results are more general and remove the stringent
conditions which are required by the case when m = 1.
A detailed comparisons with existing literature are also
provided to emphasize the technical challenges of consid-
ered setting. We also propose two computational methods,
“maximum likelihood estimation” algorithm with warm
start and “two-step estimation” algorithm. When the pro-
portion of permuted labels is not too large, both methods
work effectively under different settings of generating de-
sign matrix X. We further extend our results to the miss-
ing observation setting which has never been considered in
the literature of label permutation problem. Experimental
results match our theoretical findings. In practice, our com-
putational methods sometimes may fail to find the global
optimum when the proportion of permuted labels is large.
Developing more efficient estimation methods constitutes a
further promising direction.
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Appendices of ’Regression with Label Permutation in Generalized Linear Model”

The organization of appendix is given as followed. In Section A, we provide detailed explanations of permutation recovery
results when there exist missing data. In Section B, simulation results are given to help readers to understand our theory
better. A real data application is shown in Section C to illustrate the effectiveness of our proposed algorithm. Section D is
dedicated to explain the relationship between 1 and n for perfect permutation recovery. An explanation of A (X, B* II*, 1I)
is provided in Section E. All technical proofs are collected in Sections F - I. Finally, a remark on computational approach
for linear models is given in Section J.

A. Missing details under ’Missing Observation Case”
In this section, we provide more details of the case when there exist missing observations. The model becomes
Yiniss = EoY = Eo (IFY?), (28)

where F is a binary matrix such that “1” means the entry is observed and “0” means the entry is missing. The elements in
E are independent Bernoulli(¢) random variables and ¢ (0 < ¢ < 1) is the observation rate.

The log-likelihood function with missing observations can be written as

LOLB,E) = { Y Y[i,[(xhub) — ¥(xfb)}
i, Bli,l]=1
= (Eo (Y o(IIXB) — ¢(IIXB))) (29)

and its expectation can be computed as

AIL,B,q) = E{ > YI[i,[(xfub) — ¢0xhib)}
i LB =1
= q- A(H> B)v (30)

where the expectation is taken over both £ and Y. We also define

A, q) := mng(H, B,q) = q- A(II).

A.1. When B! is known

In this scenario, we can similarly define the following terms, the row-wise information gap,
Aiy(q) = EY BT, 1] = {0 NN — ¢(A1) — @ NEIDNE[ — (i [)}
1
= 0y _{W TN~ »NID) — @ N[ — $(X 1)} = 0y 3D
1

and the row-wise variance,

m

vijla) = q Y (NI — ALl
=1

+ (1 —q) Y@ NN = N — (L) = w(AS[)))? (32)
=1
which is the variance of var((E[IT*(i), ] o (y; o A} — (X)) — (E[IT(i), ] o (yi 0 Ak — p(AE)))).
Theorem A.1. [Restatement of Theorem 5.1] Assume B¥ is known and suppose X, BE, TI* satisfy that
Aij(q) 2 1/ (logn)vi;(q) and vij(q) Z logn Vi, j € [n], (33)

12
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then it holds that

AZ(q)
81},] (Q)

P(II£1T% <n mfjxmax{exp{— +exp{—v;;(q )Ci/S}}, (34)

fOF some constant Coppe

Remark A.2. Especially when \?,’s are bounded and min;_; Zle[m]( o )\ﬁ )2 = Q(m), then ¢ > °&™ s required for
the perfect permutation recovery. In other words, the number of required observatlons (m) for each individual is reciprocal
to observation rate (q).

A.2. When B is unknown and d(I, IT%) is small

Under this scenario, we further define the partial variance term

m

Ull,partial,g — 4 Z Z { ” )‘ﬂ >‘H(l) [l]ﬁ - A [l]ﬂ)Z

@:T1(4)AITE (i) =1
(= ) (0 Ol O 1 — M lF) — (N 1) + O[I))? }

and minimum variance gap

m

Vmin.g = min{q Y " NIDF = X109 + (1~ g) Xl = X 10F) = N[0 + (N 19)%
2] =1

=1

We also assume the following assumptions on design matrix.

E1 Entries of X are bounded by some constant Cj.

E2LetS; = {i: E[i,l] =1} (I = 1,...,m). There exist constants c2 > 0 and 72, such that #{i : x/ b > ca,i €
S} > |Sil/v2p and £{i : xI'b < —ca,i € S} > |S;|/v2p hold for any b with ||b|| = 1.

Remark A.3. Assumptions EI and E2 are parallel to A/ and A2. They put the restrictions on sub-design matrices X [S;, :]’s
In particular, E2 holds by taking 2, = ©(1) with high probability, when each entry of X follows i.i.d. standard Normal
distribution and gn 2 p.

Theorem A.4. [Restatement of Theorem 5.4] With the knowledge that d(I,TI*) < R4, and assumptions A0, E1 and E2,
we assume p = O((qn)®) (a < %) and humaz S nq/(py2plogn). We then have that

\/qwmax + Q(l - Q)w VN = hmaz + @/J;ﬁathaz log n))

qm/’mm/'72p
=6

b, — bf|| =

(35)

Furthermore, if

1 /
A(Huv Bﬁ) - A(Ha Bﬁ) Z gvﬂ,partial,q " 1Og n/vmin,q (36)

and

(37

A(IF, BY) = A(IL B) 2 qmd(H )5, Tmae 0y
then it holds that
P11 £ TE) = 0. (38)

Remark A.S. Under the setting of sub-Gaussian design, it is sufficient to have m > log n/q for permutation recovery when
d(L TI%) < CopTery for some constant co.

13
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A.3. Without knowledge of B* and d(I, IT*)

In this situation, we further assume the following conditions.

E2’ There exist constants c3 > 0 and 3, such that §{i : x!'b > c3,i € S} > qn/vs, and §{i : xI'b < —c3,i €
S} > gn/~sp hold for any b with ||b|| = 1 and S with |S| > ¢gn/2. (It is a modified and stronger version of E2.)

Additionally, we let A, (X, B, TI, IT#) := A(IT"*, q) — A(IT, ¢) which is equal to gA(X, Bf, IT, TT*), and define the follow-
ing variance-related quantity,

Va(q) = (qnbhap + (1 — )nt}) V(2 max))?.

Theorem A.6. Under assumptions A0, E1 and E2’, we assume that there exists cy such that

A, (X, B} TLTTF) > max{+/(nlogn + mplog(n))mVa(q), wgb(n log®n +mplogn)} (39)
holds for any TI with d(I1,TI*) > ¢ ZD’YS:{]Og —, and
1 1
A(IT, B¥) — A(IL, B*) 2 max{~vr,partiat.q - \/ 1081/ Vmin,q: ~md(IL ), 206} (40)
q q

holds for any TI with d(I1,TI*) < cq—"4 (6; is the same as defined in (35) in Theorem A.4.)

pysp logn”

Then it holds that
PII#TI*) = 0 (41)

as n — oo. Furthermore,

I b + (1 - q)zbﬁi))

by — bi|| = O, ( .
Y a3

(42)

foralll € Im].

Especially, when s, w,ﬁm, A wgb are O(1), and min;z; 3 e, |)\2j (1] — )\g [l]] = Q(m), it suffices to require

> (w(mmaz))z logn Lq> p(q/’(xmar))z logn

m q
q n

for exact permutation recovery.

A.4. ML Estimator with Missing Observations

The warm-start stage of ML estimation algorithm is modified in the missing observation setting. In particular, we use
Softlmpute (Hastie et al., 2015) method to impute the missing entries of the data matrix. The procedure is given as below
in Algorithm 4.
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Algorithm 4 ML estimation with warm start for missing observations.

Input: Observations with missing entries Y,,;ss, design matrix X
Output: A good initial permutation matrix IL;,;.
1. Compute the matrix Yy miss = (') ' (Yiniss + 1)-
2. Use Softlmpute method to complete the matrix, Yy miss, 10 g6t Yy comp-
3. Compute the matrix C' = Yy compYy compX X -
4. Solve I1;,,; := arg maxy (IT, C).
5. Set I1 = I1;,,; as the initial permutation matrix.
while The likelihood not converged do
6.a. Solve B := argmaxp{(—F o (lIXB) 4+ E 0 Y55 o [IXB)}.
6.b. Solve IT := arg maxy{(—E o Y (IIXB) + E o Y565 o IX B)}.
end while
7. Return B and IL.

A.5. Two-step Estimator with Missing Observations

Similarly, we introduce the two-step estimator under the missing observation setting. The procedure is given as follows in
Algorithm 5.

Algorithm 5 Two-step Estimation with missing observations.

Input: Observations with missing entries Y,,,;ss, indicator matrix £ and design matrix X
Output: Estimated permutation matrix IT and estimated coefficient matrix 5.

1. Solve B := argmaxp{(—F o (X B) + FE o Y55 0 XB)}.

2. Solve IT := arg maxy{(—E o (IIX B) + E 0 Yyiss 0 X B)}.

B. Simulation Studies

Setting 1 In the first simulation setting, we consider to evaluate the performance of maximum likelihood estimation method.
We set n to be 256 and 512 and let 25% or 33 % labels be permuted. We vary m from {log, n,2logs n, ..., 20log, n}
and set observation rate ¢ at different levels. For design matrix X, each row independently follows a multivariate Gaussian
distribution N (0, I,,/p) (p = 10). For coefficient matrix B, each element is i.i.d. standard Gaussian random variable. The
curves of probability for successful permutation recovery are plotted in Figure 1.
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Figure 1. The curves of label permutation recovery under different m, ¢ and h by using maximum likelihood estimation algorithm. Upper
left: n = 256, h = 0.25n; Upper right: n = 512, h = 0.25n; Bottom left: n = 256, h = 0.33n; Bottom right: n = 512, h = 0.33n.
Each point is the average of 500 replications.

Setting 2 In the second simulation setting, we illustrate the performance of two-step estimation method. We deliberately
permute the true label by some proportions (5%, 10%, ..., 100 %). We set n to be 256 / 512 and set m = 10logyn /
20log, n. The observation rate ¢ varies from 0.4 to 1.0. The design matrix and coefficient matrix remains the same as in
the first setting. The curves of probability for successful permutation recovery are plotted in Figure 2.

Setting 3 In the third simulation setting, we compare with the results by fitting a linear model directly to the original

data (“linear”) or to the log-transform of data (“log-trans”) under different generation schemes. (We use the ADMM-based
algorithm in Section J for implementation.)

1. For design matrix X, each row independently follows a multivariate Gaussian distribution N (0, I,,/p). For coefficient
matrix B, each element is i.i.d. standard Gaussian random variable. In this case, we set n = 256 and p = 10.

2. Matrix X is a complete design matrix . For coefficient matrix B, each element is i.i.d. uniform random variable on
U(0,2). In this case, n = 256, p = 1 + log, n.

3. For sparse design matrix X, each row has at most s non-zero entries and positions of non-zero elements are sampled

uniformly. For coefficient matrix B, each element is i.i.d. uniform random variable on U(0, 2). In this case, we set
n =256, p =20and s = 5.

Such comparisons under model mis-specification are shown in Figure 3.
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Figure 2. The curves of label permutation recovery under different n, m and h by using two-step estimation algorithm. Upper left:
n = 256, m = 80; Upper right: n = 512, m = 90; Bottom left: n = 256, m = 160; Bottom Right: n = 512, m = 180. Each point is
the average of 500 replications.

Setting 4 In the fourth simulation setting, we consider to evaluate the performance of maximum likelihood estimator when
p varies. We set n to be 256 and 512 and let 25% of labels be permuted. We vary m from {log, n, 2log, n, . .., 201logy n}.
For design matrix X, each row independently follows a multivariate Gaussian distribution N(0,1,/p) with p =
5,10,15,20 or 25. For coefficient matrix B, each element is i.i.d. standard Gaussian random variable. The curves of
probability for successful permutation recovery are shown in the bottom-right plot in Figure 3.

From Figure 1, we can see that the probability of successful label recovery increases as m increases. The probability
changes drastically from O to 1 when m ~ 10log, n. This matches our theory. In addition, we can see that m required for
perfect permutation recovery gets larger as observation rate ¢ decreases. From Figure 2, we can observe that the probability
of successful label recovery decreases as proportion of wrong label increases. The probability changes drastically from 1
to 0 when 20% of individuals are given with wrong labels. Additionally, as the observation rate decreases, the successful
recovery probability also decreases. From Figure 3, we can see that the recovery results will get worse if we fit the data
generated from log-linear model by using linear methods. Thus, model mis-specification (i.e. non-Gaussian setting) may
lead to bad recovery results. Furthermore, we can see that the value of p does not effect the recovery result when it is in
the suitable regime of n, i.e., p > logn and p < n'/2. This matches our findings in theory and Example 3.5.
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Figure 3. The top left, top right and bottom left plots show the curves of label permutation recovery under different design settings by
using different estimation methods. The bottom right plot shows the permutation recovery curves under different p.

C. Real Data Example

In this section we apply our methods to a real financial dataset. The Dow Jones Industrial Average is a stock market index
that measures the stock performance of 30 large companies listed on stock exchanges in the United States. The dataset
consists of weekly price for each of thirty stocks in the first half of year 2011. There are 13 data columns in total, including
open price, close price, volume, percent of change in price, percent of return of next dividend, etc.. Table 4 shows the data
of first 5 weeks in 2011 for American Airline (AA). We pre-processed the dataset to transform it into a suitable form. We
set n = 30 and m = 25 since there are 30 different stocks and 25 different dates. For each i € {1,...,30}, we let y;; be
the close price of ¢th on [th date (round to integer). We construct the design matrix by letting p = 4. We set X;; to be the
log of average open price for ith stock, set X5 to be the log of average volume for ith stock, set X;3 to be the the percent
of return of next dividend and set X;4 = 1 to incorporate the intercept term. We further scale columns X[, 1], X[:, 2] and
X[:, 3] to make them have mean 0 and standard deviation 1.

We set the different values of observation rates (i.e. ¢ = 0.4 — 1.0) and make different proportions of stocks assigned
with wrong labels (i.e h = d(I,11*) = 0,2,4,8,12). We fit the data by using Algorithm 4 and Algorithm 5 respectively.
The results are given in Table 5 and Table 6. As we can see, both maximum likelihood estimation algorithm and two-step
algorithm work well when the number of wrong labels is small and observation rate is 1. When the number of wrong
labels gets larger, the maximum likelihood estimation algorithm is more robust, while two-step algorithm has a vanishing
chance to recover the label permutation perfectly. On the other hand, when the observation rate decreases, the maximum
likelihood estimation algorithm becomes less competitive.
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Table 4. Ilustration of Dow Jones Industrial Average dataset.

stock date open close volume ... percent return next dividend
1 AA  1/7/2011 $15.82 $16.42 239655616 ... 0.182704
2 AA 17142011 $16.71 $15.97 242963398 ... 0.187852
3 AA 17212011  $16.19 $15.79 138428495 ... 0.189994
4 AA  1/28/2011 $15.87 $16.13 151379173 ... 0.185989
5

AA  2/4/2011 $16.18 $17.14 154387761 ... 0.175029

Table 5. Dow Jones Index Data: Permutation Recovery by Maximum Likelihood Estimation
q=04 ¢gq=05 ¢q=06 ¢g=07 ¢q=08 ¢g=09 ¢=1.0
0.06 0.24 0.39 0.43 0.52 0.50 1.00

0.08 0.19 0.33 0.43 0.54 0.61 0.80

0.03 0.17 0.26 0.38 0.52 0.50 0.55

0.01 0.07 0.17 0.21 0.31 0.36 0.35

2 0.01 0.04 0.09 0.12 0.16 0.16 0.16

Sz
Il
=00 B N O

Table 6. Dow Jones Index Data: Permutation Recovery by “Two-step” Algorithm
q=04 ¢q=05 ¢q=06 ¢g=07 ¢q=08 ¢g=09 ¢=1.0
0.83 0.90 0.94 0.99 0.98 0.99 1.00
0.54 0.57 0.66 0.67 0.70 0.73 0.72
0.12 0.13 0.19 0.22 0.26 0.26 0.29
0.00 0.00 0.00 0.00 0.01 0.01 0.03
2 0.00 0.00 0.00 0.00 0.00 0.00 0.01

Sl
|
=00 N O

D. Explanation of Four Examples

In this appendix, we provide detailed explanations for examples given in Section 3.

Example 3.2. In this case, by convexity of ¢, we find that

Agy = (/) 0 A = b)) — [0/ 0 X — () > g0 (@l B ] — a1 BN > T2, 7,
l

where K is the minimum )"’ () over the range of = 21 - zo with 21 € [a1, as] and 2z € [by, by]. We also have
vij = 3 _ " NG = Xll])? < mrab3al,,
=1

where £ is the maximum )"’ (x) over the range of & = 2z 29 with 21 € [a1,as] and 29 € [b1, bs).

Therefore, even with the knowledge of true parameter matrix B¥, we still need large m to ensure the recovery of II*. That
is,

mko 2 2 2.2
9 ‘rgap,ijbl Z/ (logn)mﬁlb2wgap,ij

for any pair of 7, j. By simplification, we require m > max; ; K logn  ~pd log n with some constant K.

gap,ij

Example 3.3. In this case, we define w; ;; := xI'b; — x?bl and d;; := >, 1{X[i, k] # X[j, k]} (di; > 1). We can find
that wj, ; /d;; has mean 1 and variance O(1). Then we have Y )", w7, = ©,(md;;).

Note that () is strictly convex, then there is a constant kg such that 1(y) > ¢(z) + ¢’ (2)(y — x) + % (y — x)? for any
x,y.
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By the same reason in Example 3.2, for any ¢ # j, we have

Ay = (') 0 X = D) — (/A o Ay = b(A)) = Y wt,

=1

held for some constant ¢ and also have

vig = Y NI = ND)? < kY iy
=1

Therefore, when the true parameter matrix B! is known, we need large m to ensure the recovery of IT¢. That is,

m m
0 w? 2
72 Lig 2 | (ogm)rn > iy,
1=1 =1
By simplification, we require

Zwl ij = logn

Using 3" ) wi;; = ©,(md;), it suffices to require m 2 max;; li’ii" = O(logn).

Example 3.4. In this case, by repeating the same procedure as in Example 3.3, we require

Zwl ij = logn

It suffices to find the lower bound of >, wl ;;- In this case, with high probability, w? ;; is lower bounded by caid;j,

where d;; = >, 1{X[i,l] — X[j,]] #0} > 1 accordlng to the assumption that each row of X has different support. Thus

>o/Ly wiy; is bounded below by ca%m. We hence require that m > log n for perfect recovery.

Example 3.5. Following the same reason in Example 3.3, we require

Zwl ij = logn

It also suffices to find the lower bound of 7" | w?,;. In this case, given fixed x;,X;, wi;, wi,;;/|xi — x;||* follows a
Chi-square distribution with degree 1 bounded by ca?d;;. With high probability, it holds ", wii ;= Op(m|[x; —x; %)
Therefore, it suffices to have m 2 max; ; Hxio—% = O,(logn).

E. Explanation of A(X, B¥ TI* 1I)

By the definition, we can see that there is no explicit form for A(X, B¥, TI*, II). In this appendix, we provide a discussion
on the lower bound of A(X, B* TI# II).

Note that we can always rewrite I’ X as X and treat IT(IT¥)~! as II. We then assume that IT# = I for the sake of simplicity.
Moreover, we only need to consider m = 1 by noticing that A(II, B) can be written as the separate function of each column
of B.

Take any IT # I and let h := d(I1,I). Here, without loss of generality, we assume that I1(i) = ¢ for any ¢ > h. By the
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definition that A(II) = maxp, A(II, b) = maxp Y, A;(II, b), and b is the true parameter, we then have that

AT) —A(I) = A(I,bﬁ)—mng(H,b)

- Zz:Ai(I,bﬂ) - mgxzn:l\i(ﬂ’ b)

i=1

n h n
(LBt — , ,
> ;Az(I,b) (mgxiz:;Az(H,b)+m§xxi:h¥lAz(H,b))
h (I, b¥) — h A;(TT, b)
> i:ZlAl(I,b) mgxizzl (11,
h
> mgn;{Ai(Lb") — Ai(TT,b)}
h
> )\Ombin;(X[i,:]bﬁ—X[H(i)7}b)2
> X mgndzap, 43)

where dgqp := ming | Xp,1b — X1b%|| with X7 := X[1: h,] and X111 = (IIX)[1 : h,] and Ao is equal to
min; {¢" (xI'b*), ¢" (xI'b(II))}. Moreover, d,q;, admits an explicit form, which is,

dgap = ||PXH,1X1bﬁ||7
where P, , = I — X1 (X{] , Xm1) ' X7 ).
When p = 1, we know that XEJXHJ is equal to || X171 ]|* . Thus

X [ = X5, X

I(Xh X)) ' XXl < IX X/ XmallP =1 - SN
(| Xl
~a- (| X1, (% — HX%,1X1||)
[ X1 (|7
([ Xm0 % = | X7 Xl + (1 X212 = ([ X Xl
= (1- )
2/| X ||?
X1 — X412
< a- [ X ;H )
2/| X |

Thus

_ X1 — X412
dyap = | X1bF — Xy (XE X)X, X9 2 e X =Xy,
G TN
Q(Vh)

e(1)
Therefore A(I) — A(IT) > ¢omd(I, II) for some constant ¢y which is related to the design matrix X.

When p > 1, there exists a rotation matrix W such that Wbt = e1||b¥|| (e; is a vector with all entries being zero but the
first entry being 1). Write X; = X;W. Then,

dgop = min | X1 b — Xy bf | = min | X1 b — Xye b7 = [b7] min | X1 b — Xye |
Thus, we have dg., = |[b*||[|(I — X'HJ(Xﬁl)N(HJ)_ngl)Xlel|| > co||bt||[|[ X1e1]] = coQV/h), where ¢ is the

distance from Xje; /|| X1e;]| to the space spanned by X7 1. Thus A(T) — A(IT) > ¢ymd(T, II) by adjusting the constant
-
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F. Proof of Results when B is Known: Theorem 3.1

In this section, we prove the results when B is known. We additionally use A[i,:]/A[:, j] to represent the ith row/jth
column of matrix A; diag(a) is the diagonal matrix with /th diagonal element being al[l]; || A||r is the Frobenius norm
of matrix A; || A]|cor := max; [|A[, 7115 Omin(A)/Tmaz (A) represents the minimum/maximum positive singular value of
matrix A. Note that the log-likelihood function is a separable function of each column of parameter matrix B, therefore
we sometimes also treat B as a column vector for notational simplicity.

To prove the result, we only need to show the following probability,

P(sup L(II, B) > L(II¥, B)), (44)
TTATT¢

goes to zero as n and m increase. The naive union bound will give an upper bound,
> P(L(IL, B) > L(II, B)).
TIAITE

Note that there are n! possible permutations. The above probability could be exponentially large.

Fortunately, we can find that log-likelihood L(I, B) = "7 | (—¢((IIX B)[i,:]) + Y o (ILX B)([i, :]) is an additive function
of X’s rows. Therefore, (44) is bounded by

< Pnax(=y((XB)[j.:]) + (V1ir:] o (XB)j:1)) 2 (= (XB)liy:]) + (Y o XB)li, :]))
< D PU=0((XB) ) + (YT o (XB)[,) = (—((XB)i,:]) + (Y o XB)[i,]))

J#i

Next vxie bound each term, P({(—((XB)[4,:]) + (Y[é,:] o (XB)[4,:])) > (=¥ ((XB)[i,:]) + (Y o X B)][i,:])), in above
Inequality.

Recall the definition of \;, we thus have

E(y: o Ai — ¥(Ai))
= (P'(Xi) o Xi —h(Ag)). (45)

It can be checked that
Ay = (@A) oXi —h(X)) — (' (Ni) o Aj —9(Ay)) >0 (46)

for any convex function .

For any ¢ # j, we next calculate the variance of (y; o A; — ¥(N;)) — (yi 0 Aj — ¥(A))).
var((yi o Ai = (i) — (yi o Aj — ¥(A))))

< N var(Y[i (A — A1)
=1

S WAl = A1) =: i (47)
=1

To characterize the difference between A;; and (Y'[i,:JoX; —9(A;)) — (Y[, ] o Aj —2(;)), we use the following lemma.

Lemma F.1. There exists a constant c,, (may depends on 1)) such that,
P(|(yio i =9(N)) = (yio Aj = ¥(Ng)) — Ayl > vyyx) < exp{—v;(min{z, ey })?/4}, (48)
holds for any x > 0.
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Proof of Lemma F.1. With some calculations, we know

P([(yioXi = ¥(X)) = (yio Aj —¥(Aj)) — Ayj| > viyz)
P([{(yi =9 (X)) o (A = Xj))| > vij)

< inf exp{—tv;;x}exp{v;; 2} (using MGF and Markov inequality) (49)
O<t<c;,
< exp{—v;;z?/4} (takingt = g), (50

where (49) utilizes the property of moment generating function of generalized linear model. That is, it is well known that
Elexp{tY'}] = exp{¢p(A +t) — ¥ (A\)}, where the density of random variable Y is proportional to exp{yX — ¥)(\)}.

By calculations, we know
exp{t((y: —¢' (X)) o (A — X))}

=TT epfeOulll + tll] = X5[0)) = w(Nill]) = e DNl = Az [0}
=1

[Texp{e” ) Nll] = A1)} (Vi satisfying %W’(M 1) > (" Al (Nll] = A [i)e)
=1

IN

m

= exp{t® > "Nl = N [0)%)

= exp{v;t*}.
In other words,
exp{t((yi — ¢¥'(Xi)) o (Ai = Xj))} < exp{u;t?}
holds for any 0 < ¢ < min; ;; wu/(éfﬁl)l‘()\/\;{%]lxj ap =: Cy- By taking ¢y, = 2c],, it completes the proof for any 0 < z < ¢y.

Finally, by noticing that the left hand side of (55) is decreasing function of z (z > 0). We have
P([{yi o Xi —0(Xi)) = (yi o Aj — (X)) — Agj| > viyz) < exp{—vy;c],/4}

for any x > cy. This concludes the proof. O

By taking x = A;; /v;; in (55), this gives
P{(—y((XB)[j,:]) + (Yi,:] o (XB)[4,:])) = (¢ ((XB)[i,:]) + (Y o XB)[i,]))
P({(—=y((XB)[j,:]) + (Y[i,:] o (XB)[4,:])) — (= ((XB)[i,:]) + (Y o XB)[i,:]) — Ayj| = Ayj)

<
< max{exp{—A?j/(élvij)},exp{—vijci/él}}. (5D
Finally, by union bound with summing over all possible pairs of ¢ and j, this completes the proof of Theorem 3.1.

G. Proof of Results with Knowledge that d(I, IT*) is Small: Theorem 4.4

In this section, we prove the results when we have the prior knowledge that d(I, II*) is small. For ease of presentation,
we treat IT¥ as I. (By doing this, it will not change the technical difficulty.) In order to prove the recovery consistency,

we need to control the quantity sup g, () {(L(I, B) — L(I, B)) — (A(I, B) — A(TI, B))} (where Bs(BY) := {B :

b — b?||2 < 8, 1 € [m]}) and identify a &, which is an upper bound of || B — B*||.,; (recalling the definition of norm
[[Allcor := max; [|A[:, 7][|.)

We first to derive the high probability bound of sup . 5_p:|..,<s {(L(I, B)—L(I1, B)) — (A(I, B) — A(1l, B))} through
the following three lemma. In the following, constants cy, c;, C, C" may vary from place to place.

23



Label Permutation

Lemma G.1. Define
DIFF(ILII,B) := (L(I,B) - L(II, B)) — (A(1, B) — A(II, B))
(52)

i:T1(4)#i
-> { — (x{ by) + ¢ (%] by)x{ by — (= (xg;ybr) + W(Xa(i)bl)xg(i)bﬂ}
U 4:T0(i)#i
It holds
|DIFF(1,11, B) — DIFF(I,11, B)|
(53)

< Z Z {2mmameaz5 + 2c¢xmaz6} < cymd (1,1 2000

U aTI(i)i

for some constants cy, ¢,, which depend on 1) and any B, B' satisfying || B — B'[|co1 < 9.

Proof of Lemma G.1. By (52), we know
|DIFF(I, 11, B) — DIFF(L, 11, B)
= 3 > VI (b= b)) — VI (b — b))}
U aTI(3)#i

D1
ST % LW T by — o (xTb))xT by — ¢ (xh sy br)xh b+ w'(xﬂ(i)bg)xﬂ(i)bi} . (54

U aTI(i)#i
D2

It is easy to get that D; < Zl Zi:l‘[(i) i 2% maz Ymaz0 by Cauchy-Schwartz inequality. For Do, we first observe that
[ (z1)21 — Y (22) 2| < SUPLepy, 210" (27)2" + 9" (2') 21 — 22| for any 21 < 22 € R. Moreover, we define
(" (22" + 4’ (2")}.

Cy = max sup
bl 2 e [xTby ~Tmawd,xT b+ Tuma ]

Therefore,
Dy < Z Z 2€y Tmaz0.
U &:TI(3) 6
Combining the upper bounds of D; and D, we get the desire result by adjusting constant c;b. O
Lemma G.2. There exists a constant cy, (may depends on 1)) such that,
P(|(L(L, B¥) — L(IL, B¥)) — (A(L, B¥) — A(IL, BY))| = vnpartiarz) < exp{—vn parsiar(min{z, s })*/4}, (55
holds for any x > 0
Proof of Lemma G.2. Proof is the same as that of Lemma F.1 by treating v1y partial as v;; there. O]
Lemma G.3. For any x and § such that c;bmd(I, D Zmazd < VI, partiai® and T < cy, it holds
P( sup |(L(I,B)— L(II,B)) — (A(1,B) — A(IL, B))| > 2v1 partiai)
BeBs(Bt)
(56)

1
< exp{_zvﬂ,partialxz}

Here constant cy, is the same as that in Lemma G.2 and cy, is the same as that in Lemma G.1.
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Proof of Lemma G.3.

P( sup |(L(I,B)— L(II, B)) — (A(1,B) — A(IL, B))| > 201 partiai®)
BeB;s(BY)

P(|(L(1, B*) — L(1L, BY)) — (A(L, BY) — A(IL, BY))| > vt partial®)
+P(|DIFF(L Ha B) - DIFF(L H7 B/)| > UH,partialx)

IA

1
Zvn,pamalﬁ}. (Use Lemma G.2 and the following fact.) (57)

The last inequality holds due to the fact that
|DIFF(L Ha B) - DIFF(L Ha B/)| S c;}md(l, H)-r'ma;ca < VI, partial T

< exp{-

leading to
P(|DIFF(L,II, B) — DIFF(LII, B')| > vr partiarz) = 0.
O

Main Idea of Proof: Suppose we have already known that the estimator B which is close to the truth B, i.e., in the
d-neighborhood of B!, Then by Lemma G.3, we know that

P( sup |(L(,B)— L(II,B)) — (A1, B) — A(IL, B))| > 2vm partiai®) (58)
BeBs(B?)

vanishes for any fixed II, where 6(= ¢*) is a sufficiently small constant which is determined later.
Hence, with straight forward calculations, we have

P(max sup |(L(I,B)— L(II,B)) — (A(I, B) — A(II, B))| > 2vm partiai®)
I BeBs(BY)

< Y P((L,B%) - L1, BY) — (A(T, B*) = A(TI, BY))| > vni partia) (union bound)
I1

< Z Z exp{—vn,pmtialajz/él} (Lemma G.2)
h ILd(IL,I)=h

< Z n!/(n — h)! - exp{—vn partiarz®/4}
h

<

Znh - exp{ —hvpminz?/4} (using fact: |{II : d(IL,I) = h}| < n!/(n — h)! < nh)
h

= Z exp{—h(Vminz?/4 —logn)}
h

exp{—2(Vminx?/4 — logn)}

1 — exp{—(vminx2/4 —logn)}’ 9
where vy, := min, ; 3, A, 1og2()\§l/)\§l).
By (59), we know that
L(IT, B) < L(I, B) — A(1, B) + A(TL, B) + 2 - vr1 partial (60)

via taking
z = Cv/log n/Vmin

(C'is some constant) with probability going to 1 as n — oo. This tells us that if we can show that
A1, B) — AL B) — = - vit partiar > 0 (61)
for any I with d(I,II) < h,,q. and B within d-neighborhood of Bf. Together with (60), it implies
L(II, B) < L(I, B)

with probability going to 1. Then we can conclude that IT = I which gives the desired result.

In the following subsections, we characterize the neighborhood radius § in G.1-G.2 and prove (61).
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G.1. First bound of HB — B[ 01

Since the likelihood function can be written as the sum of separate functions of by, ..., b,,, we only need to focus on
single b, for [ € [m] one by one. This reduces to the case: m = 1. Then the estimator b is

b = arg mgx{<fw(Xb) +Y o Xb)}. (62)

When d(I,11%) < hypae, We aim to show b is a consistent estimator of b,

For simplicity, we can assume I1#(7) = i for i > hy4. and let L(b) = (—1(Xb) 4+ Y o Xb). In the following, we aim to
find a §,, such that for any b with ||b — bf|| > §,, it holds L(b) < L(bF). By the definition that L(b) > L(b#), we will
arrive at ||b — b¥|| < 4,,.

Following curvature inequality technique (see (90)) described in Section H.1. We can specifically take

V Upt + wgnaz hmaz
721 = C’)’lp b 7
(n— hmaﬂc)wmin

with some large constant C' and v, := Y ;- 9" (/\g)(/\z(b))2 With this choice of d,,, we can easily check that

)

L(b*) — L(b) >0
for any b with ||b — b¥|| = 6, when p = O(n®) (a < %) and §,, = 0,(1). By the concavity of likelihood function, we then

know that the estimator b must lie in the ball {b : ||b — b¥|| < §,,}.

G.2. Second bound of || B — BY||.,;
The first bound of || B — B* |, implies that || B — B?||.o; = 0,(1). In this section, we can further improve this bound.
We consider the Taylor expansion of L(b) at value b¥. Then, it can be computed that

0 = VL(b) = VL(b*) + V2L(b)(b — b¥) (63)

where b is some point between b and b¥. By the formula V2L(b) = S " (xIb)x;x], we then know that

n

V2L(b?) — V2L(B)| = |3 ¢ (T bhxxl (1 — 9" (xI'B) /4" (x]' b))
=1
< 130D 0, (1) - xixF, (64)
=1

since ||b — b¥|| < ||b — b¥|| = 0,(1) according to the first bound result. Then we know that
Tmin(V2L(D)) = (1+ 0p(1))0min(VEL(DF)) > 0pmin (VZL(BF)) /2.

We thus have
2

L bl — 27 (b)) L # #
b —b*|| = [|(V7L(b))" " VL(b*)|| < UTW(VQL(M))HVL(b I (65)
For [-th (I = 1,...,p) element of VL(b#), we can find that
VLG = > VLY + > VLi(bH[] (66)
i<hmas i>hmas

The first term of (66) is bounded by

b= Y (Y] —¢'(x'bh) X [0, 1]},

i<hmaa
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which is order of logn ) ;) (it logn + bt )| X[i,1]|. Here we use the observation that, for sub-exponential
random variables, B

Y[Z’ ]] = OP( \/ w;;lﬁa?ﬂ log n + ’Qb;’gaw) = Op(w;‘:tﬁaw IOg n + ’(/);rumz) (67)

forall i € [n],j € [m]. In the following, without loss of generality, we treat all observed entries in Y~ are at most of order
log n.

V Li(b#)[I]) and the upper bound of var(}_,.,  VL;(b*)[l])

i>hmaz

The second term of (66) is bounded by C' \/ var()
can be computed explicitly, i.e.,

Vg 1= max Z " (xTb*) (X [i, 1])2.

l€[p] i
Putting all above together, we get
//u Nu ,ﬁ
N \/I)( T/)maz ||X||2700 + (wmam logn + wmaw)hmaa?)
b =Dl < VD05 +b5)/Tmin(VZL(DF)) = Oy o2 (X) )
Ilu — //ﬁ lu
\/23( ’(/} n hmaw + (wmam log n + wmaw)hmam) *
_ Op( mazV ’Ylp) = 6. (68)

n/wn?in
It is clear that the bound §* is tighter than the first bound, §,,.

Remark: Especially, when 7/’;;?%#/’;3171 and w;fmm are bounded and 7, is O(1), then §* can be simplified as
\/ﬁ( Vn—hmaz +(10g n)h'maz) .

G.3. Difference of A(I, B) — A(II, B)

Since A(1, B) is the separate function of each column of B, we can only focus on one column of B (denoted as b) in the
rest of this section.

By straightforward calculation, we get

A(Ia B) - A(Ha B)

> —dhmaeNaeTmazd” + AL bY) — A(IL, b), (69)

max

where the last inequality depends on the following fact

(A(Lb) = A(Lb%)) — (AT, b) — A(IL, b))
- { = U)X 4 0T — T T
§<d(I,IT)
+4 (x5 b) — ¢ (x] BF)xiy b — ¥(xfys) bF) + W(Xinu)Xg(i)bu}
< Z 41/);,%% * Tmazx * ||B - bﬁ” < 4d(17 H)d);gaxzmaxé*a (70)
§<d(L,IT)
where % = max; 1 (xT bf) and 2,4, = max; [|x;]|.

By (69) and summing over | € [m], we arrive at that
A1, B) — A(IL, B)
—Amd(LI) )t Zmand® + AL, BY) — A(IT, BY),

>
Z X * VI, partial » (7])
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when the conditions (14)-(15) are met, that is,
AT, B*) — A1, B*) Z 2 vn partia (72)
and
AL, BY) — A(TL, BY) > md(IL, T2, 2masd™ (73)
This completes the proof of Eq. (61) and Theorem 4.4 as well.
G.4.0n A(1, B*) — A(II, BY)
At the end of this section, we investigate the lower bound of A(I, B¥) — A(II, B*). By elementary calculations, we have

A

=
ey

!) = A(IL B)

= { — (xTb) + ¢ (xb})xT b}
l€[m] i<d(1,1I)

—((xE i) + ¢'<x?b§>x£@b?>}

1
DD U (] = i) )bi)”, (74)

1€[m] i<d(T,IT)

v

Under sub-Gaussian design, it is not hard to show =, (xI' - xJT)b?)2 is Q(m) for any pair of ¢, € [m] when
m > logn and p > logn. Thus, A(I, B¥) — A(II, B¥) is Q(md(I,1I)). Conditions (14)-(15) in Theorem 4.4 are easily
satisfied.

H. Proof of Results without any knowledge of B* and II*: Theorem 4.6

In this section, we provide the proof when we do not have any knowledge of B* and II*. For each fixed permutation II, we
recall the definition,

vns = YD Uy bf) (i br).
i=1 1=1
It can be easily checked that vyy g is the variance of L(II, B).

We first compute the high probability bound of deviation, |{L(IT, B) — A(II, B))|. Following the proof of Lemma F.1, the
moment generating function of (L(II, B) — A(II, B)) can be upper bounded via

Eexp{t{L(Il, B) — A(II, B))}
Eexp{t Y ((Y[i,:] = 4'(X)) o Ar,)}

(3

= [T eo{wOi +txifl)) — w(NE[1) =t/ (AL () Ax, [1]} (75)
1=11=1

< TITTexote” i) (m [1)%¢) (76)
1=110=1

= exp{?(O_ " (A [)?)} = exp{on, 5t} (77)

il
for any ¢t € (0, ¢y). Hence we have sub-Gaussian tail bound,
P((L(L, B) — A(IL, B))| > v, px)
< exp{—vn pr?/4} (78)
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for any € (0,2¢y). By applying Markov inequality to Elexp{¢(L(II, B) — A(IIl, B))}] with t = 1/Z,,4,, Where
Zmaz = CTmag for sufficiently large constant C' such that 1/Cpqq < ¢yp. On the other hand, we also have the following
sub-exponential tail bound,

P(|(L(IL, B) = A(IL, B))| = vi,p)
S exp{’UH,B/(jmam)2} exp{_vH,Bx/jmaa:} (79)
for any x.

Two situations In order to prove the results, we consider the following two situations, 1. d(II, II*) < h,. 2. d(I1,1I#) > h,

where h, = Coﬁ- For ease of presentation, we treat II* as I. (By doing this, it will not change the technical difficulty

since we can always treat II(IT*) ! as new II.)

H.1. Situation 1
We first show the difference between B(IT) and B*. By the definition of B(II), we know

B(II) = arg max A(11, B).

Note that A(II, B) is separable for each column of B, i.e.,

b;(I) = arg max Z{w’(xﬁu(i)bg)(xﬂ(i)b) — exp{xfy;yb}}-
i=1

Therefore, we wish to bound the difference between ||b; (II) — bg II-

By the optimality of b; (II), we then have that

n n

Z W(Xing)(Xg(i)bj(H)) - Tﬂ(l‘g(i)bj(n)) > Z ¢/(X1‘Tb§‘)(xg(i)b§) - ¢(Xﬁ(i)b§)

i=1 i=1
which can be written as

> {W(Xing-)(Xﬁ(i)bj(H)) — ¢(@fy by (D)) — (w’(X?bﬁ)(XE@bﬁ-) - ¢(Xﬁ(¢)b§-))}
i:T1(3)#i

> > {W(Xing-)(Xﬁ(i)bg-) - w(x&i)bﬁ-) - (¢/(X?b§)(xﬁ(i)bj(ﬂ)) - w(l’ﬁ(i)bj(ﬂ)))}-
@T1(3) =i

(80)
The right hand side of (80) is bounded below by
1 -
RHS > 3 Y ¢"(x[D)(x] (b} —b;(ID))*
4:I1(i)=1
1 1
> Jen/Tptyd b5 = b, @81)

where the last inequality depends on the curvature property which will be described later. The left hand side of (80) is
bounded above by

LHS < Y {zp'(x?bﬁ)(xfb?)—w<xfb§>—w’(x?bﬁ)(xﬁ(i)bﬁ)—w<x£<i>b§>>}
i:T1(4) 4
< > @ IDhxIbE — x| + max{y(x] ), (xfy; bEA) ). (82)
i:T1(4) 4
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Combining (81) and (82), we have

pd(L H) (w;gaw + wgnam)’ylp
//ﬁ b

min

Ib% — b, (I)|* < C (83)

n

by adjusting the constant C.

Given a fixed II, we next calculate the bound of || B(IT) — B(IT)||. By the definition (optimality) of B(IT) and convexity of
negative log-likelihood function, we have that

L(HaBﬁ) < L(va(n)) = L(HaBﬁ) + <VL(HvBﬁ)’B(H) - Bﬁ>
+%(B(H) — BYTVL(I1, B)(B(IT) — BY), (84)

which gives us that

(B(IT) — B¥)T'V2L,,.,(T1, B)(B(I) — B) < [(VL(1, B*), B(IT) — B)|

N |
IN

1 " o A
g(mlfnfm/%p)\\B(H) - B||? 1B(1) — B*[|VL(IL, B) | (85)

(o /T BAT) = BE|2 < Oy, + i) IIBD) — B||\/B(Chlogn + /nlogp)
(86)
Y1py/P(Chlogn + v/nlogp)

”B(H) - Bﬁ” < O(d’&naw + %fmx) ’I”Hﬁ”ﬁ )

(87)

where we define L,.4(II, B) = —L(II, B). This tells us that
IB(IT) — B(I)|| < || BAT) — B¥|| + | B(II) — B*|| = 0,(1)
as long as ph < n/(y1,logn) and p =n® (0 < a < 3).

Curvature Property: Here (85) depends on the following observations on the curvature of log-likelihood function. Recall
that Hessian matrix

V2 Lyey (1T, B) = (I1X) " diag (" (11X B))I1LX (88)
holds for any fixed permutation II. Then
(B(IT) = BY)TV2 Lyey (11, B)(B(I1) — B)
= (B(I1) — BHT(11X) diag(y" (11X B))IIX (B(1) — B*)T. (89)

Let 7 = || B(IT) — B!|| and b = B(II) — B*. For any monotonically increasing ¢/, by assumption A2, we have that the
cardinality of set Z = {i|x!'b > cy7} is greater than n/1,. For index i in Z, we can find that
W'(x] B) > min{y”(x] BD)), " (x] B)} (90)

= min{y"(x] (b + B%)), 0" (x{ B*)}

Z w;fin’
since B(II) takes form of ¢t B(IT) + (1 — ¢) BY. (Similarly, (90) also holds for monotonically decreasing or bounded ""’s.)
Thus, the right hand side of (89) can be lower bounded by
(B(II) — BY)T(I1X) " diag(+»(ITLX B))ILX (B(II) — BY)
cnwmﬁin/vlprz

ety /11| BIT) — B2, €2V

%

30



Label Permutation

Similarly, we have

B'V?L,.,(I1, B)B BT (11x)" diag(y"(IIX B))IIX B

en/yp || B2 (92)

v

forany Band B =t0+ (1 —t)B, (0 <t < 1).

We call (91) and (92) as curvature inequalities for log-likelihood at B = Bfand B = 0 correspondingly. The most
distinguished feature of curvature inequality is that the minimum eigenvalue of Hessian matrix V2L,,,/n has non-trivial
lower bound. That is, the eigenvalue is strictly greater than zero.

Inequality (86) comes from the following fact. For each [ € [p], we consider to compute the following bound, i.e.,

sup  [VLALBHU| < sup  {|VL(IL, B[] - VL(L, B[]} + [VL(L, B[]
ILd(ILI)<h H-d(H <h

by noticing that the entry of design matrix is bounded.

In situation 1, we are going to show that

L(L,B) > L(IL B(ID))
with probability going to 1 as n — oo. By noticing that L(I, B) > L(I, B(IT)), it suffices to show
L(1, B(I1)) > L(IL, B(IT))

for any IT with d(I,II) < h. with probability going to 1.
Uniform Bound of || B(IT) — B||.o

By (87), we then have
\[’Ylp( max IOgn + \ nlng)

//ﬁ

||B( ) B”COl < 2C(¢max wmam) =: 01
held for any IT with d(IT, IT¥) < h,,4. by adjusting the constant C.
Difference of |(L(I, B) — L(II, B)) — (A(I, B) — A(II, B))|

In the following, we treat IT# as I for the ease of presentation. By Lemma G.3,

P(|(L(L, B) = L(IL, B)) = (A(L, B) = A(IL, B))| = 2vn partiar)

1
< exp{_lvﬂ,partiale} (94)
for any B € B(B*,§) with § = §; and = < c,. By using this, we can further obtain the uniform inequality, i.e.,
1 A N A A
P( sup  ————|(L(I, B(II)) — L(II, B(IT))) — (A(L, B(II)) — A(IL, B(II)))| = 2z)

I:d(I,I1)<h. VI,partial

1
< Z eXp{_z’UH,partial$2} (union bound)
M:d(LI) <h,
he 1 )
= Z Z exp{_ivn,parn’alm }
h=211:d(I,II)=h
he 1
< Z nh exp{fihvmmxz} (using fact that v partial > R - Vmin)
h=2
-2 v |
< (Umina” — log 1) . (summation of geometric series) (95)

1 — exp{—(vminz? — logn)}
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On the other hand, we could compute the difference

(AL, E(H)) — A(IL B(ID)) — (AL, B(ID)) — A(IL, B(II)))].

> Z (xFb) (x!b; (I1)) — v(x] by (IT))) — (4 (x5 bh) (x b, (IT)) — (x5 by (I0)))
4:II(i)#1 J=1
- (w'(x?bﬁ-)(x?bj(m) — (xI'by(I1))) — (&' (xfy ;) bh) (x] by (1)) — w<xﬁ<i>bj<n>>>) \

m

< 2 > D (Whas + Uk en)Tmael 5 (1) — b (D). (96)

:T1(i)#4 j=1

Lastly, we can compute the lower bound of

A(T, B(IT)) — A(IL, B(IT))

)

= A(I,B*) — A(IL, BY) — (A(I, B¥) — A(11, B¥) — (A(I, B(IT)) — A(TI B(H))))

> ALBY) - A(ILBYH) -2 > Z (W + Vrban) Tmaslbh — by (ID)]|
2:I1(i)#3 j=1
> (AL BY) — AT, BY) ©7)

by using assumption that
A(TIF, B¥) — A(TL, BY) 2 md(IL, TTF) (¢f 00 + 1k 1) Emand ™.
Combining (95) with z taken as min{ (A(I, B(II)) — A(1I, B(H))) /2011 partial; Cy }» (96) and (97), we have

L(I, B(IT)) — L(IL, B(I)) > 0

with probability going to 1. This implies IM=1=TII.

H.2. Situation 2

In situation 2, for any fixed IT with d(IT,II#) > h.., we are going to bound the difference between L(II, B) and A(II, B)
uniformly over all permutation matrices and the restricted parameter space.

H.2.1. ON RESTRICTED SPACE B,

In this section, we will first determine the restricted parameter space Bo. First, we know that B (IT) is the maximizer of
L(II, B). We have that

(Y o (IIX B(I)) — ¢(IIX B(IT))) > (Y o (ILX0) — ¢ (I1X0)). (98)
By curvature property, we have
(Y o (ILX B(II)) — Y o (ILX0) — ¢(ILX 0) o (ILX 0))
> U BOD) 2y ©9)
This implies that with high probability, it holds

~ X
1B o < CZEL 5 (100)

//0
71P¢min

since each column of [|Y'|| is O,(y/n). (Remark: the o(X) is of order y/n in many common examples, therefore dy2 can
be usually treated as a constant.)
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Then the restricted parameter space 3y can be taken as
By :={B | [|Bllcor < dp2}-

In other words, we know that each column of the optimizer B has the norm at most Op2.

H.2.2. UPPER BOUND OF vy, B

For any column of B € By and i € [n], we consider to compute the upper bound of |x7 B|. In fact, by Cauchy-Schwartz
inequality, we have

x! Bl < |Ixi||| Bl| < Zmaz0p2- (101)

By the formula of vry, g, we have that

an )‘ﬁ X B) < nwmaz mafc(st - O(‘/Q) (102)

H.2.3. LOWER BOUND OF vy, g

We consider to obtain the lower bound of vry, g over the restricted parameter space By N B(0, dp1 )¢, where dp; is determined
in (106). By the formula of vy, g, we know that

5=y ')} B). (103)

According to assumption A2, we can see that there exist a constants ¢, and ¢; such that
T
tlillex, Bl = cllBI[} = n/y1p-
Thus, we can have that

vmp = Enfpll Bl > Enfrnpi b, (104)

H.2.4. BOUND OF L(IT, B(II)) — A(II, B(IT))

We consider two situations, HB(H) llcor < 01 (see (106)) and ||B(H) llcot > Op1. For the former one, we argue that
|L(IL, B(II)) — A(IL, B(IL))|/mn is not far away from zero via straightforward calculations. For the latter case, we prove
that | L(IT, B(II)) — A(IT, B(II))| /mn also vanishes with high probability via establishing uniform concentration inequality.

When || B(IT) | .1 < 651, we then know that
| L(IT, B(H)) A(H,B(H))l
= Z (AZID) ey Bo)|
il

< log(mn)ymn(i,f gy + ke ) /DO (105)

for any II. We then know that . .
|L(IT, B(IT)) — A(IT, B(I))| < K(nlogn + mp)

holds for some large constant K, when

8p1 = (nlogn +mp)/(log(mn)mn (i, 1y + Upfea)V/D)- (106)

When || B(IT)||co1 > 051, forany B, B' € By N B(0, 61 )¢ with | B — B'||co; < 8, we have that
| LI, B’) — A(IL, B') — (L(IL, B) — A(IL, B))|

= | Z /\ﬁ[l]))(Xﬁ@bi - Xg(i)blﬂ
< C’mn(log n)\/ﬁwgbé (using fact that z’s entry is bounded and Y’s entry is order of log n)
1
< 5 VLB, (107)
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where z in the last inequality is a fixed constant and § can be chosen to be sufficiently small such that the lower bound of
v, g dominates the term mn(log n)\/f)wgb5 . It happens whenever

§ < 8o = ahib b /(WF, (log n)/p). (108)

With (78), we then have the following sub-Gaussian uniform concentration inequality,

P( sup

I(L(L B) — A(IL, B))| = xu,)
BeBoNB(0,8,1)¢ VIL,B

= P(sup [(L(IL, B) = A(IL, B))| > #11,/2)
BeB, VI1,B
1
< P L(IL, B) — A(II, B))| > 2
< IBg\éneaé (UH)BK (II, B) = A(IL, B))| =z 1,5/2)
< |Bg\&%iexp{—vn,Bw%73/16}, (109)

where B, is the d-covering net of By N B(0, ;)¢ with § < dy. Here we consider infinity norm on parameter space for
constructing d-covering net. Similarly, with (79), we have the following sub-exponential uniform concentration inequality,

P( sup
BeByNB(0,8,)c VII,B

(L(L B) — A(I, B))| > #11,5)

< |By| max exp{vn, B/ (Fmaz)>} exp{—vm, 5T, B/Tmaz }- (110)

Then by straightforward calculation, the cardinality of B, is bounded by (C'%)™? with C' being some large constant.

Let z; 1= \/(n log n 4+ mplog n)vn, g, 2 := max{nlog nTmaz, MPTmas }» and Afp=C1 max{z1,x2} (Cq is some
large constant). From (109) and (110) by taking x5 = A’ﬁ) B / U1, B, We can obtain the uniform concentration inequality,

P(_max sup
I€Piarge BeB, VI1,B

n!(C%)mp max min{exp{—A%)B/mvn)B}, exp{vmg/(i‘mw)Q} exp{—Aﬁ)B/j}mm}},

[(L(L B) — A(IL, B))| > Aty p/vn,B)

IN

< exp{—C(nlogn+mplogn)}
0 (111)
with choice of § = n—lz in covering net and adjusting constant C.

In other words, (111) gives that

|L(IL, B(m)) — A(IL B(IL))| = Op(Af ). (112)

To summarize, whenever || B(II)||.o: is greater than 51 or not, we always have

L(I, B) — L(I1, B(IT)) > A(T) — A(IT) — O, (A} p)- (113)

Lastly, by condition that

A(X, B*, T1%, 11) > max{ \/(n + mp)mnipniaza2, . logn, (n1og n + mp)Tmas }

for any II satisfying d(IT,T1%) > 0571 Togm a2 ), we then have A(X, B! IIIT¢) >
max{zy,22}. Hence we get (113) is greater than O for all IT # T satisfying d(I,II) > h. with probability going to

one. We then have II # II for any IT with d(I,TI) > h.. This concludes the proof of Theorem 4.6.

and v p = O(mny
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H.2.5. ON ASSUMPTION A2

At the end of this appendix, we show that assumption A2 is automatically satisfied for sub-Gaussian design setting. For
simplicity, we take the Gaussian design for example, i.e., each entry of X is sampled from standard normal distribution
independently. Fix py > 1/2 and take any b with ||b|| = 1, find cg such that ®(cg) = pg, where ®(-) is the cumulative

distribution function of standard normal random variable. Therefore,

2nt?

P xin>c —pon| > nt) < 2exp{————

1.

Find e-cover of unit sphere, we then have that

n

#{|xi0b| < C1e} > n — &

for any ||0b|| < e. The size of e-cover is bounded by (2/¢ 4+ 1)P. We then have that

P(ﬁ{x?ﬂ > o — Cre} > pon —nt —n/Cr; VB) < (2/e+ 1)P2 exp{—i
po(1 —po)

We than can choose ¢, pg, C and € such that

plog(2/e+1) < 2nt?/(po(1 — po))
pon—nt—n/Cy > p
016 = 0(1)

Then we have that
#{il|wx,b] > co/2} > (po —t — 1/C1)n

1.

(114)

(115)
(116)
(117)

with probability going to 1 as n — oo. Thus, we can see that assumption A2 is satisfied by letting ¢; = ¢/2 and

’Ylp = Do —t— ]./Cl = @(1)
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I. Proof of Results in the Missing Observation Case

For the purpose of completeness, we provide proof under missing observation cases. The proof strategy is similar to that

of the previous setting, but computation is a bit more involved.

I.1. Size of S;

By the definition, we know that S; = {i : E[i,{] = 1}. Next, we give the upper and lower bound of S;. By Bernstein

inequality, we have that

2.2

P(1 Y Eli 1) - an| > na) < exp{—5——— )

2(nq(1 — ¢) + nx/3)

Thus

P(Y Bliol) — gnl > ng/2) < exp{~ 20},

In other words,

3
P(gn/2 < mlin S| < mlaX|Sl| <3qn/2) < mexp{—%}7

(118)

(119)

(120)

which means the sizes of \S)’s are around gn with high probability as ng/ log m — co. Hence, in the rest of proof, we treat

that |S;| = ©(gn).

1.2. When B* is known
We first establish the following concentration lemma.

Lemma L.1. There exists a constant cy, such that

P((ETE, ] o (yio Xi = 9(Xi))) = (Eli,:] o (yio Aj = (X)) — Aij(g)| = vij(a)z)

< max{exp{—goi ()} exp{—gos (@) }).

Proof of Lemma 1.1. We calculate the variance of (E[i,:] o (y; 0 A; — ¥(N\;))) — (Ei,:] o

var((E[i,:] o (yi o Ai = 9(Xi))) — (Blis:] o (yi 0 Aj = ¥(A)))))
= ¢y _var(Y[L, QNll] = X5[0) — (ll) = » (A1)
=1

m

+q(1— ) O EY [ N[l — A1) — ((Aill]) — (A1)

=1
— q2¢” - X[ +q1*qz
1=1
= Z{qu +q(1 = g) (i [1)*}

= Uv:j(fl),

where, for simplicity, we let xij,l[l] = @/JI(A,L[Z])(AZ[I] — >‘j [ZD — ('LZJ(AZ [l]) — w()\] m)) and 1'7;%2[1]
A;[1])2. We may also suppress subscript 4, j in ;5,1 or ;2 in the following calculations.
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The moment generating function of (E'[i,:] o (y; 0 A; — ¥(A;))) — (E[i,:] o (yio Aj — (X)) — Ayi(q) is
Eexp{t((Eli, ] (y: o i — o)) — (Eli. ] o (v 0 Ay — (A1) — Mgy (@)}
= [Eex {t(E[z‘, DOV DO = M) — (O — B(AT)) — Agy(a) m) }
=1

m

{((1 —q) + qBexp{t(Y[i, [(Aill] = A;[1]) — ((Xll]) = (A;[)))}) eXp{_tAij(Q)[l]}}

—= I

{((1 — @)+ qexp{ (N[l + t(Aill] = X; (1) — w(Nll]) — (A [l]) — D (A;[01)}) exp{_tAij(Q)[l]}}

Il
_

(1 + g1 [1]t + aqea[1]t? + bg(z1 [[]t + axa[1]t?)?) (1 — qa1 [I]t + c(qz1[I]t)?) (using fact-exp)

IA
s

Il
-

(1 + 2(aqza[l)t? + bgz3 (1]t + cq®22 1]t — ¢*22[1]t*)) (basic calculation)

IA
s

I
—

(1 + 2(agza[l]t* + bg(1 — q)23[l]t?)) (basic calculation)

IA
3 s

< Hexp{Q(qxg 1]+ q(1 — @)23[])t*} (using 1 + 2 < exp{x})
=1

= exp{2v;;(9)t*}, (124)

where we suppress symbols x;; 1, %;5,2 to 1 and x respectively. We also use the Taylor expansion for multiple times in
the above inequalities which depend on the following fact,

1 1
exp{z} <l+az+ (5 + gx)xQ (fact-exp)

for any |z| < 0.5. In (124), we specifically take a = 1, c = 1—b, b = 1 + 7 (g1t + qazat®) < 1. This choice is possible
and (124) holds for any ¢ S ¢}, := min; j, { min{1/X;[l],1/(qz1 (1)), 1/@}}
Thus we have

P(KE[i,:] o (yio Xi = ¥(A))) — (E[i,:] o (yi o Aj = 9(A;))) — Aij(q)] = viz(q)x)

< inf exp{ZUij(q)tQ} exp{—v;;(q)zt}
tG(O,c:#) ’
1 2 1 2
< maX{eXp{—gvij(Q)m }»GXP{—gvij(Q)%}},
with Cy = 201/,/. O

Similar to the non-missing case when B* is known, the rest of proof follows by taking the union bound over all possible
pairs ¢ and j to get the desired result.
Remark 1.2. Similar to no missing observation case, we can obtain that the requirement for permutation recovery is

Aij(g) 2 4/ (logn)vij(g) and vi;(q) 2 logn.

That is,
Nij(@)* Z ¢ " NI = M [0) + (1 = @) D DNl = A[1]) = (@(All]) — $(A[1)))* Z log n.
=1 =1

Especially, when )\gl’s are bounded and min; ; > c(,, ()\gl - )\g.l)2 = Q(m), the above inequality becomes
¢*m? > logn(gm + q(1 — ¢)m) and gm > logn.

Thus ¢ > 1"% is required for the perfect permutation recovery.
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1.3. With knowledge that d(I, IT*) is small

Again, in order to prove the recovery consistency, we need to control the following quantities, ||B — B*||.,; and
suppep,(pt) |L(L B, E) — L(I, B, E)) — (A(I, B,q) — A(Il, B, q)|. For ease of presentation, we still treat ¥ =1
here.

Suppose we have already known that the estimator B which is close to the truth B, i.e., in the §-neighborhood of BY.
Then we let Bs(B*) := {B : ||B — B||.o; < §} and § is a sufficiently small constant which will be determined later. By
simple modifications of Lemma G.3 and Lemma 1.1, for any fixed II, we have

P( sup |(L(I,B,E)— LI, B,E)) — (A(1,B,q) — A(IL, B,q))| > 2vn partial,q®)

BeBs(B*Y)
< P((L(,B* E)—L(I,B* E)) — (A1, B*,q) — AL, B*,q))| > vt partiat,e®)
1
< eXp{_Z’UH,partial,qu} 2

for xz < cy.

By calculations, we get
P(maX sup |(L(I7BvE) _L(H7B7E)) - (A(IaBaq) _A(H’B’q))| > QUH;PU«Tﬁalﬂx)
I BeBs(BY)

< > P BY) = L(IL B*)) — (AL, B¥) = A(IL BY))| = vmpartiare)
II

Z Z ’ eXp{_vH,partial,q$2/4}

h ILd(II,I)=h

Z n!/(n — h)! - exp{—vm partiarqr>/4} (basic calculation)
h

Z n" - exp{—hvmin 42> /4} (basic calculation)
h

IA

IN

= Z exp{_h(vmin,qu - IOg n)} (uSing UH,partial,q Z h . vmin,q)
h

exp{—2(vmm7qx2 —logn)}
1 — exp{—(vmin,qv? —logn)}’

where we recall that vy, ¢ = min; ; Y, {W”(Ag [)NE[] — N2 + (1 — @) (' (AL (AT — NE[L) — (b (AL[T]) —
VOR)? .

By (126), with probability going to 1, we have that L(IL, B, E) < L(L, B, E) — A(L, B, q) + A(IL, B, q) + = - vyy ps , with
x = min{C+/log n/vmn, ¢y } With C being some constant. This tells us that if we can show that

A1 B,q) — A(IL, B,q) — - v s 4 > 0. (127)
Then we can conclude that IT = I which leads to the desired result.

1.3.1. FIRST BOUND OF ||B — B¥||c0;

Again we first show that ||[B — B*||.,; = 0,(1). Column-wisely, we need to construct a d,, such that for any b with
b — bf|| > 4, it holds L(b) < L(b!). By the definition that L(b) > L(b!), we will arrive at ||b — b¥| < §,,.

Similar to the non-missing case, we can take

62 —C \/ Vbt q + qABnazhmal’
" q(n — hmaw))‘gm'n/'yb
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with some constant C' and

Vg = Y a8 AD(A:(B)* + a(1 — q) (&' (A)Ai(b) — ¥(Ai(b))) }.

i=1
With this choice of §,,, we can check that 6,, = 0,(1) and
L(b*) — L(b) > 0

holds for any b with ||b — bf|| = &,, when p?/q < n and phy,a. < n/logn. By the concavity of likelihood function, we
then know that ||b — b¥|| < §,.

1.3.2. SECOND BOUND OF ||B — B¥||co;

We do the Taylor expansion of L(b) at b = b¥. Then, it can be computed that
0 = VL(b) = VL(b*) + V2L(b)(b — b¥)
where b is some point between b and b. Again, by curvature inequality technique under assumption E2, we have

IV2L(b)(b — bH)]|

> cqnip i, [ vap b = b (128)
We thus have
b bl — ((V2L(B)) -1 g L f
b —b*|| = [[(V°L(b)) " VL(b")|| £ ——7——I|VL(b*)]|. (129)
anwmin/’}/?,ﬂ
For I-th element of VL(b*), we can find that
VLOHI = > vLHI+ > VLi(bHI.
i<hmaz:Eli]=1 i>hmaz: Eli]=1

The first term is bounded by
boi=| Y (Y[ —¢'(xb9) X [0, ]},

t1<hmae

which is order of (logn) 3, Yot |X[i,1]]. The second term is bounded by C', /var(3 VL;(b#)[l]) and the

i>hmax

upper bound of Valr(221.>hmw:E[i]:1 V L;(b%)[1]) can be computed explicitly, i.e.,
o 3 av I + a1 = 0 )X ) o)
Thus
BBl € BT+ o) et ) = Oy YIS Vel mas Yo7,

qan
ﬁ(\/ﬂﬁaz + Q(l - q)wgg vV — hmax + wﬁathMC log n)

qnwmﬁzn/’y2p

= Op(

) = 4. (130)

Thus the bound §* is tighter than d,,. Especially, when x! bf is bounded for all i and 2, = O(1), then 6* can be simplified

as VPV a(n—hmaz)+hmaz logn)
qn ’
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1.3.3. DIFFERENCE OF A(I, b, q) — A(I1, b, ¢)

By straightforward calculation, we get
A(LDb,q) — A1, b, q)
= q{(A(I, b) — AL, b%)) — (A(IL, b) — A(IT, b%)) + (A(I, b%) — A(II, bﬂ))}
> —Aqhmast Timard” + g(A(L,bY) — A(IL, b)), (131)

where the last inequality holds due to the same reason as explained in no-missing observation case. By (131) and summing
over | € [m], we have that

A(L, B,q) - A(I1, B, q)

> —dgmd(L, I, T maed™ + (AL b¥) — A(TT, b)),
2 TV partial,qs (132)
when
CI(A(L bu) - A(H, bﬁ)) 2 XTI, partial,q
and

AT, bF) — A(TL b*) = md(T, T, & mand™.

This completes the proof if we take x = /logn/Vpin ¢

I.4. With no knowledge of B and II*

We consider to compute the moment generating function of (L(II, B, E) — EA(II, B, E)). Similar to Lemma I.1, we can
obtain

Eexp{t(L(Il, B, E) — EA(II, B, E))}

HHEexp{ ( Y T Do 1) = 9o 1)) — (8 X A [0 —wn@[m))}

i=11=1
exp{2vm, 5 4t}

IN

IN

fort < rmaz\/zT)er”(xmz\/zT) =:1/g(n,p) (cis some small constant, g(n, p) is around of order wcb) where
vsg=qY_ Y VA Ane 1) + a1 =) > > @' NI All] — (A 1))
i=11=1 i=1 =1

Thus we have sub-Gaussian tail probability,

P(|(L(IL, B) — A(IL, B))| = vn,B,q%)
< exp{—vn737qx2/4}

for any x < ﬁ. We also have the following exponential tail probability,
P(|(L(IL, B) — A(IL B))| > vi1,5.47)
< exp{om,p,q/(9(n,p)*} exp{—vmBqz/9(n,p)}
for any .
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By the same logic, we still consider two situations, 1. d(IT,II¥) < h,. 2. d(II,II*) > h. where h, = cg We first

show the difference between B(II) and B*. By the definition of B(II), we know

PY3p log n’

B(II) = arg max A1, B, q).
Note that A(II, B, q) is also separable for each column of B, i.e.,
n
b (1) = ang g af 0/ e b) — vl ) .
i=1

Here we still assume IT* = I without loss of generality. Notice that that the maximizer of A(II, B, q) remains the same as
that of A(II, B). Thus, the difference ||b; (II) — bg» || has already been obtained as before.

1.4.1. SITUATION 1

For situation 1, we are going to show

with high probability. It suffices to show

for any IT with d(I,1I) < h..

Given II, we aim to calculate the bound of || B(IT) — B(II)||co;. By the definition of B(II) and convexity of negative
log-likelihood function, we have that

L(II, B, E) > L(II, B(I), E) = L(1I, B}, E) 4+ (JL(I1, B* E), B(II) — B*)
(B() — BY)"V2L(IL, B, E)(B(I) — B),
which gives us that

(B(11) - BYTV2L(IL, B, E)(B(II) - B)

IN

(VL(II, B*, E), B(IT) — BY)|

DN | =
IN

1 p . .
§(nqwrfm/73p)llB(H) - BY|? | B(IT) — BY||(VL(IL, BY, E)||

(nqt, o0 /3p) | BAT) = BH* < Ol | B(IT) — BY||/B(Chlogn + /nlog p)
(133)
N Chlogn + v/nqlogp
|Bn) - BF| < o, VECRIosR T Vialosp) (134
wmzan/’YBp
This tells us that . .
|B(I) — BAL)|| < [[BAL) — B¥|| + | B(L) - B¥|| = o(1)
as long as ph < qn/(7splogn) and p = (qn)*/?=°(),
Here, (133) comes from the following fact. For each [ € [p], we consider to compute the following bound, i.e.,
sup |VL(ILBYLE)I)| < sup  {|VL(IL B E)[l] - VL(L, B%, E){]|} + |VL(L, B*, E)[1]|
:d(TLI)<h I:d(TL,I)<h
< Cz/J Chlogn + v/nqlogp) (135)

by noticing that the entry of design matrix is bounded.

Uniform Bound of || B(II) — B||.,; By (134), we have
p(hlogn + v/nglogp)

1B1) - Blloa < 2094, Y28
wmznnq/’y?w

=:03
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by adjusting the constant.

Uniform Concentration Inequality Similar to non-missing case, we can obtain that
P((L(L,B,E) — L(II, B, E)) — (A1, B,q) — A(Il, B,q))| > UH,partial,qz)

1
< exp{_zvnpartiahqxz} (136)

for any fixed B € B(B*, %) and suitable x. By using this, we can further obtain the uniform inequality:

P( s o (L BN, E) — L B(T), B) — (AL B(T)q) ~ AL B, )| = 2

IA

1
2
E exp{_ZUH,partial,qx }
II:d(I,IT)<h.

he
Z Z eXp{ 'Ul_[,partzal,qaj }

h=2T1:d(1,II)=h

IN

IN

i h 1 2
Zn exp{—zhvmm’qa@ }

h=2
_Q(Umin,qu — IOg Tl)
1 — exp{—(Vmin,qx> —logn)}’

(137)

On the other hand, we calculate the difference
(AT, B(I), q) — A(T, B(IT), q) — (A(L, B(IT), q) — A(TT, B(1T), q))|

D@ (< b) (x] b (I1)) — (] by (1)) — (&' (xiygsy b (x] by (I1) — ¥y by (11)))

:II(3)#1 j=1

- (w’(x?bﬁ)(x?bxn» (T (1)) — (& (<G bE) (T (IT)) w<x£(i>bj<n>») \

IN

2¢ D> Y U TmanlB;(IT) — by(ID)]. (138)

T1(i) i j=1

IA

Moreover, we can compute the
A(Iv B(H)a Q) - A(Hv B(H)v Q)
— AL BY.q) — A(IL Bt q) - (A(I, B, q) — A(IL B, q) — (A(L B(II), q) — A(IL, B(II)), q>)
> ALBYq) —AILBYq) =2 Y > 0 wmaelbl — by(I)]

a:11(3)#1 =1
> C(A(I7Bu7Q) _A(H7Bu7Q)7' (139)

Combining (137), (138) with  taken as A(I, B(II), ¢) — A(II, B(II), ¢) /2vm partias,q and (139), we have
L(L, B(I), E) ~ L(IL, B(II), E) > e(A(L, B, q) = A(IL, B*, q)) > 0

with probability going to 1.
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1.4.2. SITUATION 2

In situation 2, for any IT with d(T1, TI*) > h. and parameter matrix B, we are going to show the high probability bound of
[(L(II, B, E) — A(Il, B, q))|. Then bound of |{L(II, B(IT), E) — A(II, B(II), q))| follows as well. The main proof strategy
is similar to that in non-missing observation setting.

On By In this part, we first determined the restricted parameter space By. First, we know that B(H) is the maximizer of
LI, B,E). Welet VL(II, B, E) = (IX)T(E oY) — (IIX)T(E o ¢/(IIX B)) and then know that

VL(IL, BI),E) = 0 (140)
and
VL(ILO0,E) = (IX)'(EoY) — (IIX)T(E oy (1)). (141)
By Talyor expansion of VL(II, B, E'), we have that

VL(II,0, E) = VL(II, B(I), E) + V2L(II, B(IT), E) B(II). (142)
By the formula that V2L(II, B, E) = 1T X Tdiag(E o " (I1X B))ILX, we can easily obtain that

IB(ID)|eot < Cv/Blog n)13p00%, [ (Tmaztnim) = Opa-

Then the restricted parameter space By is taken as

By = {B|[Bllcot < 812}

Upper bound of vy g ; We need to estimate the upper bound of v, g over the restricted parameter space. By the formula
of vy, B4, We have that

onpg = a3 0 0GB +a(l— ) S ) (<) B) — b(xh) B)
< qnw;;ﬂax (ITYLGZC 51/)2 ) 2

+2q(1 — Q)(w;gaxxmaw(sl/ﬂy +2q(1 — Q)(w(xmawél/ﬂ))2 = Va(q)
(143)

Lower bound of vr;, g , We consider to obtain the lower bound of vy, g 4 over the restricted parameter space By. By the
formula of v, g 4, we know that

VIL,B,q = qziﬁ/'()\g)(xﬁ(i)B)Q +4q(1—q) Z(l//()\g)(xﬁ(i)B) — (xfy(y B))* (144)

Let & := || B|| and we have Then we will have

1" 2
UILB,q = qC/VSpm/’muméb-

For any B with 6, < do/(Zmaee max{1,1.2 }) with dy satisfying |1(z)| > do/2 for any || < do, it then holds

m

YW D) (et B) — ¥ty B))? = ndg /4.

Therefore, v g > min{cqnw;ﬁméa/%p, q(1 — q)n/4} == vpp.q, where 8p1 == do/(Tmaz max{1, 4,5, }).
Bound of |(L(II, B, E) — A(IL, B, q))|
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Define Afj 5 , := C2 max{ v/ (nlog n + mplog(n))vn,g,q, (nlog n+mp)(logn)g(n, p)} with C being a large constant.
Similar to non-missing observation case, we can obtain the following uniform sub-Gaussian concentration inequality,

P(max sup
BeB,y VILB g

< Y exp{—Af 5 ,2%/16vn,5,4}, (145)
BeB,

|(L(IL, B, E) — A(T1, B, q))| > At 5.,/v11,B.q)

and also obtain the following uniform sub-exponential concentration inequality,

P(Hll_?X sSup |<L(H7 Bv E) - A(H7B7q)>| > AE,B,q/UHVBﬂI)

BeBy VII,B,q
< nl Y exp{on,pa/(9(n,p)’} exp{—Af 5 /9(n,p)}. (146)
BeBy
Here B, is again a §-covering set with § = 1/n?.
With straightforward calculations, the minimum probability of (145) and (146) goes to zero when n — oo.

Therefore, we have that

L(I, B, E) — L(II, B(TI), E)
> A(Lg) — A(L,q) — Oy(Afr 5 )

Finally, noting that g(n,p) = O(¢%,) and Viip, < Va(g), then it holds that Aq(X, BY, I, TI*) > x according to

~

Assumption (39). It then implies I # 11 for any IT with d(I,II) > h. with high probability. This completes the proof.
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J. ADMM Computational Approach

For self-completeness, in this section, we discuss the computational aspects of the problem in classical linear models. We
relax the ML estimation problem to a bi-convex problem and solve it via an ADMM algorithm proposed in Zhang et al.
(2019). A detailed description is given in the sequel.

ADMM formulation First, we are trying to solve

min |V~ TIXBJ3 = | Py Y[ (147)

where projection matrix Piky is defined as I —TIX (X7 X) ™" X7TI”. Note that we can decompose Y as P Y + Prix Y.
Since [|Y||Z = ||PixY||?> + ||PuxY||? can be treated as a constant, minimizing || PiY'||? is equivalent to maximizing
[Pax Y%

By introducing two redundant variables II; and Ils, we formulate (147) as

min —trace (I PxIL YYT) | st.0; =1I,, (148)

Iy, Iz

where Py := X (X7 X)~1XT. We propose to solve (148) with the ADMM Algorithm (Boyd et al., 2011) and present the
details of the algorithm in Algorithm 6.

Algorithm 6 ADMM algorithm for the recovery of II.

1: Input: Initial estimate for the permutation matrix T1(®) and create an 1 x 7, matrix P O o
2: For time ¢ + 1: Update Hgt+1)7 Hgt+1) as

I = argmin(ITy, —Y YT PL + 1@ — p11))
II;

Hg’ﬂ) = argmin(IIy, YYTHEtH)PX —u® - pH§t+1)>
11,

u(t+1) _ M(t) T (Hgtﬂ) _ H(2t+1)) .

(t+1)

3: Termination: Stop the ADMM algorithm once II; is identical to Hgﬂ).

Since ADMM may exhibit slow convergence (Boyd et al., 2011), it adopts a warm start strategy to accelerate the algorithm,
which consists of two steps:

+ Compute the average values X = 1% b X[ ).

+ Obtain a rough estimate II(°) by using Algorithm 7 or 8 with X = X.

Algorithm 7 Averaging estimator.

1: Compute the average L >~ Y, ).
2: Compute IT by maximizing ((m~' 7", Y[:, ], HX>)2.

Algorithm 8 Eigenvalue estimator.

I: Compute the principal eigenvector u of m~t (0 YY) T).
2: Recover II by maximizing ((u, I1X))?.
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