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Abstract

Bilevel optimization has emerged as a technique for addressing a wide range of
machine learning problems that involve an outer objective implicitly determined
by the minimizer of an inner problem. While prior works have primarily focused
on the parametric setting, a learning-theoretic foundation for bilevel optimization
in the nonparametric case remains relatively unexplored. In this paper, we take a
first step toward bridging this gap by studying Kernel Bilevel Optimization (KBO),
where the inner objective is optimized over a reproducing kernel Hilbert space.
This setting enables rich function approximation while providing a foundation
for rigorous theoretical analysis. In this context, we derive novel finite-sample
generalization bounds for KBO, leveraging tools from empirical process theory.
These bounds further allow us to assess the statistical accuracy of gradient-based
methods applied to the empirical discretization of KBO. We numerically illustrate
our theoretical findings on a synthetic instrumental variable regression task.

1 Introduction

Bilevel optimization involves a nested structure where one optimization problem, called outer-
level, is constrained by the solution of another one, called inner-level [19]. This formulation has
found applications in a broad spectrum of machine learning fields, including hyperparameter tuning
[43, 13, 28], meta-learning [14, 59], inverse problems [34], and reinforcement learning [35, 48],
making it a powerful tool in theoretical and practical contexts. Its widespread use naturally raises
fundamental questions about the generalization properties of models learned through this procedure
as the number of data samples increases. Several existing works have studied the generalization and
convergence of bilevel algorithms under the assumption that the inner-level problem is strongly convex
and that its parameters lie in a finite-dimensional space. These include analyses of the convergence
of stochastic bilevel optimization algorithms [3, 24, 29, 38] and approaches based on algorithmic
stability [7, 78]. The strong convexity assumption ensures a unique inner-level solution, which is
crucial for stability and convergence analysis in bilevel optimization. Moreover, restricting the inner-
level parameters to a finite-dimensional space does not cover possibly richer infinite-dimensional
spaces, as in kernel methods, where the parameter’s dimension may grow with the sample size.
This sample size dependence in nonparametric methods poses additional challenges as solutions
at different sample sizes are not directly comparable. In contrast, in the finite-dimensional setting,
generalization bounds can be derived by quantifying the convergence of inner-level finite-sample
solutions toward the infinite samples population solution limit, within a fixed Euclidean space.
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Albeit theoretically convenient, strong convexity and finite-dimensionality limit models expressive-
ness, restricting them to linear functions. Moving beyond linear models requires either relaxing the
strong convexity assumption to accommodate more expressive models, such as deep neural networks
[30], or considering nonparametric bilevel problems, where the inner-level variable lies in an expres-
sive infinite-dimensional function space, such as a Reproducing Kernel Hilbert Space (RKHS) [63].
Early works in bilevel optimization for machine learning followed the latter approach, developing
methods for hyperparameter selection in kernel-based models [39, 41]. These works leverage the
representer theorem [64] to transform the infinite-dimensional problem into a finite-dimensional
one, with dimension depending on the sample size. However, they do not address how sample size
impacts generalization. Another line of research instead focuses on relaxing the strong convexity
assumption, proposing bilevel algorithms in the absence of convexity [4, 42, 66]. Yet, non-convex
bilevel optimization is a very hard problem in general [47, 4, 17], and strong generalization guarantees
in this setting remain out of reach due to instabilities of the inner-level solutions. Overall, learning
theory for bilevel problems beyond the strongly convex parametric setting is essentially lacking.

In the present work, we take an initial step toward developing a learning theory that goes beyond
the finite-dimensional setting. Specifically, we propose to study Kernel Bilevel Optimization (KBO)
problems, where the inner objective Lin : Rd × H → R finds an optimal inner solution h⋆ω in an
RKHS H for a given parameter ω in Rd, while the outer objective Lout : Rd ×H → R optimizes the
parameter ω over a closed subset C of Rd, given the inner solution h⋆ω:

min
ω∈C

F(ω) := Lout(ω, h
⋆
ω) s.t. h⋆ω = argmin

h∈H
Lin(ω, h). (KBO)

In particular, we focus on objectives that are expectations of point-wise losses, a common setting in
learning theory. RKHS provides a natural framework to study learning-theoretic arguments, and has
been instrumental for many fruitful results in pattern recognition and machine learning. They allow to
describe very expressive non-linear models with simple and stable algorithms, while enabling a rich
statistical analysis and featuring adaptivity to the regularity of the population problem [65, 63, 33].
Our choice is also motivated by the relevance of kernel methods, even in the deep learning era.
They remain competitive for some prediction problems, such as those involving physics [26, 44].
Additionally, the mathematics of kernel methods are useful to describe the limiting behavior of
deep network training for very large models [37, 11]. In this limit, the problem becomes (strongly)
convex in an infinite-dimensional function space, simplifying the difficulties of non-convex model
parameterizations, a major bottleneck in the analysis of such models. This point of view was leveraged
by Petrulionytė et al. [58] who introduced functional bilevel optimization, and our setting can be seen
as a special case for which the underlying function space is an RKHS. From a practical perspective,
our setting is amenable to first-order methods using implicit differentiation techniques [31, 6, 15].

Contributions. We leverage empirical process theory and its extension to U -processes [67] to derive
uniform generalization bounds for the value function of (KBO), quantifying the discrepancy between
F and its plug-in estimator F̂ in terms of both their values and gradients. Classical empirical process
results [72] do not directly apply here, as our functional setting involves processes taking values in an
infinite-dimensional space rather than real numbers. To address this, we exploit the RKHS structure
to represent the resulting error terms as real-valued U -processes, enabling the use of results from
Sherman [67]. The control in terms of gradients is crucial to study first-order optimization methods,
since F̂ is typically non-convex and iterative methods seek to find approximate critical points where
∥∇F̂∥ is small. Our result relies on an equivalence we establish between ∇F̂ and a plug-in statistical
estimate of ∇F that is more amenable to a statistical analysis. We then use our uniform bounds to
provide generalization guarantees for gradient descent and projected gradient descent applied to F̂ .
Under specific assumptions, we show convergence rates for sub-optimality measures that depend
on the sample sizes and the number of algorithmic iterations. This illustrates the practical relevance
of our generalization bounds on simple bilevel algorithms. For a large number of steps, gradient
algorithms applied to the empirical (KBO) find approximate critical points of the population (KBO)
up to a statistical error which we control.

Organization of the paper. In Section 2, we describe (KBO), give two application examples, and
explain implicit differentiation in an RKHS. In Section 3, we present the empirical (KBO) and state
our first main result on the gradient of its value function. Section 4 provides uniform generalization
bounds for (KBO), with applications to bilevel gradient methods, as well as a sketch of the proof
of our main result. Finally, in Section 5, we illustrate our theoretical findings with experiments on
synthetic data for the instrumental variable regression problem.
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2 Kernel bilevel optimization

2.1 Problem formulation

We consider the (KBO) problem with an RKHS H, which is a space of real-valued functions defined
on a Borel input space X ⊂ Rp and associated with a reproducing kernel K : X × X → R. We
are interested, in particular, in (regularized) objectives expressed as expectations of point-wise loss
functions, a formulation widely adopted in machine learning as it allows the loss functions to represent
the average performance over some data distribution. Specifically, given two probability distributions
P and Q supported on X × Y for some target space Y ⊂ Rq , we consider objectives of the form:

Lout(ω, h) = EQ [ℓout(ω, h(x), y)] , Lin(ω, h) = EP [ℓin(ω, h(x), y)] +
λ

2
∥h∥2H,

where ℓin and ℓout : Rd × R × Rq → R represent the inner and outer point-wise loss functions,
λ > 0 is the regularization parameter which is fixed through this work, and ∥ · ∥H denotes the norm
in the RKHS H. The regularization term in Lin is often used in practice to prevent overfitting by
penalizing overly complex models. In our setting, it ensures strong convexity of h 7→ Lin(ω, h)
under mild assumptions on ℓin, which will be critical to leverage functional implicit differentiation.

Assumptions. Through the paper, we make the following five assumptions to derive generalization
bounds while retaining a simple and modular presentation.

(A) (Measurability of K). K is measurable on X × X .

(B) (Boundedness of K). There exists a constant κ > 0 such that K(x, x) ≤ κ, for any x ∈ X .

(C) (Compactness of Y). The subset Y of Rq is compact.

(D) (Regularity of ℓin and ℓout). The functions ℓin and ℓout are of class C3 jointly in their first two
arguments (ω, v), and their derivatives are jointly continuous in (ω, v, y).

(E) (Convexity of ℓin). For any (ω, y) ∈ Rd × Rq , the map v 7→ ℓin(ω, v, y) is convex.

Assumptions (A) and (B) on K hold for a wide class of kernels, such as the Gaussian, Laplacian, and
Matérn [61] kernels. They also hold if K is a Mercer kernel [50], i.e., a continuous, positive-definite
kernel on a compact domain X . Specifically, a kernel built using neural network features, e.g.,
neural tangent kernel [37], satisfies these assumptions on the space of images, which is compact
since the pixel values have a bounded range. Assumption (C) on Y is a mild assumption that holds
in most supervised learning applications, such as classification where Y is finite, or cases where
Y = [0, 1]q, enabling the representation of complex data, like images. Assumption (D) on the
point-wise objectives is a mild regularity assumption, which is met for the most commonly used loss
functions in practice, including the squared loss, logistic loss, cross-entropy loss, and KL divergence.
Finally, Assumption (E) is essential to ensure the existence and uniqueness of a smooth minimizer
h⋆ω . It is a relatively weak assumption that was recently considered in [58] in the context of functional
bilevel optimization, and that holds in many cases of interest, as discussed in Section 2.2.
Remark 2.1. Assumptions (B) to (D) can be relaxed at the expense of weaker yet more technical
assumptions, such as finite moment assumptions on P and Q, and suitable polynomial growth of the
kernel and some partial derivatives of ℓin and ℓout. It is also sufficient to require that Assumption (D)
holds on U × R× Rq where U is an open neighborhood of C, and that Assumption (E) holds for any
ω ∈ C and y ∈ Y . We prefer to keep these stronger yet simpler assumptions for clarity.

2.2 Examples of (KBO) in machine learning

To illustrate the relevance of (KBO), we consider two examples that highlight its applicability.

Hyperparameter selection under distribution shift. In this application, the aim is to select the best
hyperparameters for a machine learning model, e.g., regularization parameters, while accounting for
distribution shift between the training and test data, i.e., when the training and test data distributions
Dtrain and Dtest are different [57, 28]. This can be viewed as an instance of (KBO) when using models
in an RKHS. At the inner-level, the model h is trained to minimize the regularized training squared
error loss, with the hyperparameter ω > 0 representing the weight for the data fitting term. At the
outer-level, the task is to select the hyperparameter ω that maximizes the model’s performance on the
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distribution-shifted test data. Both inner and outer objectives can thus be formulated as:

Lout(ω, h) =
1

2
E(x,y)∼Dtest

[
|h(x)− y|2

]
, Lin(ω, h) =

ω

2
E(x,y)∼Dtrain

[
|h(x)− y|2

]
+
λ

2
∥h∥2H .

This formulation could be used for domain adaptation [12] or domain generalization [73] to choose
hyperparameters that perform well on the distribution-shifted test data.

Instrumental variable regression. It is a technique used to address endogeneity in statistical
modeling by leveraging instruments to estimate causal relationships [53]. The goal is to estimate
a function t 7→ fω(t) parameterized by a vector ω, that satisfies y = fω(t) + ϵ, where y ∈ R
is the observed outcome, t is the treatment, and ϵ is the error term. The key issue is that t is
endogenous, which means that it is correlated with ϵ, making direct regression inconsistent. Indeed,
such correlation leads to biased estimates of fω(t) as the assumption of exogeneity, i.e., independence
of t and ϵ, is violated. To resolve this, one can use an instrumental variable x, uncorrelated with ϵ but
correlated with t, to recover the relationship between y and t without being directly affected by the
bias introduced by ϵ, typically via two-stage least squares regression [68, 51]. As shown in [58], this
approach can be naturally expressed as a bilevel problem with inner and outer objectives of the form:

Lout(ω, h) =
1

2
Ex,y

[
|h(x)− y|2

]
, Lin(ω, h) =

1

2
Ex,t

[
|h(x)− fω(t)|2

]
+
λ

2
∥h∥2H ,

where h can be chosen to be in an RKHS to allow flexibility in the estimation while retaining
uniqueness of the solution h⋆ω , a key property in bilevel optimization.

2.3 Implicit differentiation in an RKHS

A stationarity measure in (KBO) is the gradient ∇F(ω) of the value function F . Computing ∇F(ω),
however, is challenging and will be addressed in this section. At a high level, our approach proceeds
in two steps. First, we derive an abstract, a priori intractable, expression for ∇F(ω) using implicit
differentiation in an RKHS, which is the main source of difficulty. Then, we leverage the structure of
our problem to reformulate the gradient in Proposition 2.2 using the solution of a regression problem
in the RKHS (the adjoint problem). This more concrete formulation can be approximated with finite
samples and will later serve as the foundation of our statistical analysis. Formally, evaluating the
gradient requires computing the Jacobian ∂ωh⋆ω, which can be viewed as a linear operator from H
to Rd. Indeed, h⋆ω depends implicitly on ω. A key ingredient for computing ∂ωh⋆ω is the implicit
function theorem [36], which guarantees the differentiability of the implicit function ω 7→ h⋆ω and
allows characterizing ∂ωh⋆ω as the unique solution of a linear system of the form:

∂2ω,hLin(ω, h
⋆
ω) + ∂ωh

⋆
ω∂

2
hLin(ω, h

⋆
ω) = 0, (1)

where ∂2hLin(ω, h
⋆
ω) is an operator from H to itself representing the Hessian of Lin w.r.t. h, while

∂2ω,hLin(ω, h
⋆
ω) is an operator from H to Rd representing the cross derivatives of Lin w.r.t. to ω

and h. Applying such result requires h 7→ Lin(ω, h) to be Fréchet differentiable with invertible
Hessian operator and jointly Fréchet differentiable gradient map (ω, h) 7→ ∂hLin(ω, h). All these
properties are satisfied in our setting under Assumptions (A) to (E) as shown in Propositions B.1
to B.3 of Appendix B.1. Furthermore, when Lout is Fréchet differentiable, which is our case under
Assumptions (A) to (D) (Proposition B.1 of Appendix B.1), then by composition with ω 7→ (ω, h⋆ω),
the map ω 7→ F(ω) must also be differentiable with gradient obtained using the chain rule:

∇F(ω) = ∂ωLout(ω, h
⋆
ω) + ∂ωh

⋆
ω∂hLout(ω, h

⋆
ω).

The above expression for the gradient is intractable as it involves abstract operators, namely the
derivatives ∂h, ∂2h, and ∂2ω,h, the last two of which arise when replacing ∂ωh⋆ω by its expression in
Equation (1). In Proposition 2.2 below, we derive an explicit expression for ∇F(ω) which exploits
the particular structure of the objectives Lin and Lout as expectations of point-wise losses.
Proposition 2.2 (Expression of the total gradient). Under Assumptions (A) to (E), F is differentiable
on Rd, with gradient ∇F(ω), for any ω ∈ Rd, given by:

∇F(ω) = EQ [∂ωℓout(ω, h
⋆
ω(x), y)] + EP

[
∂2ω,vℓin(ω, h

⋆
ω(x), y)a

⋆
ω(x)

]
, (2)

where the adjoint function a⋆ω ∈ H is the unique minimizer of a strongly convex quadratic objective
a 7→ Ladj(ω, a) defined on H as:

Ladj(ω,a) :=
1

2
EP
[
∂2vℓin (ω, h

⋆
ω(x), y) a

2(x)
]
+ EQ [∂vℓout (ω, h

⋆
ω(x), y) a(x)] +

λ

2
∥a∥2H , (3)
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where ∂ωℓout and ∂vℓout are the first-order partial derivatives of ℓout w.r.t. ω and v, while ∂2ω,vℓin
and ∂2vℓin denote the second-order partial derivatives of ℓin w.r.t. ω and v.

Proposition 2.2 is proved in Appendix B and relies essentially on proving Bochner’s integrability [25,
Definition 1, Chapter 2] of some suitable operators on H, and then applying Lebesgue’s dominated
convergence theorem for Bochner’s integral [25, Theorem 3, Chapter 2] to interchange derivatives
and expectations. The expression in Proposition 2.2 provides a natural way for approximating ∇F(ω)
by estimating all expectations using finite-sample averages, as we further discuss in Section 3.

3 Finite-sample approximation of (KBO)

F F̂

∇F ∇F̂

Plug-in estimation

∇: diff ∇: diff

Plug-in estimation

Figure 1: A commutative diagram illus-
trating that plug-in statistical estimation
and differentiation can be interchanged
for F and F̂ resulting in a single gradi-
ent estimator.

In this section, we consider an approximation of (KBO)
when only a finite number of i.i.d. samples (xi, yi)1≤i≤n

and (x̃j , ỹj)1≤j≤m from P and Q are available. This set-
ting is ubiquitous in machine learning as it allows finding
tractable approximate solutions to the original problem. As
we are interested in approximately solving (KBO) using
gradient methods, our focus here is to derive estimators
for both the value function F(ω) and its gradient ∇F(ω),
whose generalization properties will be studied in Section 4.

In Section 3.1, we follow a commonly used approach of
first deriving a plug-in estimator F̂ of the value function,
then considering its gradient ∇F̂(ω) as an approximation
to ∇F(ω). In Section 3.2, we show that this approximation is equivalent to a second estimator, more
amenable to a statistical analysis, obtained by directly computing a plug-in estimator of ∇F based
on its expression in Equation (2). Figure 1 summarizes such equivalence.

3.1 Value function: plug-in estimator and its gradient

A natural approach for finding approximate solutions to (KBO) is to consider an approximate problem
obtained after replacing the objectives Lin and Lout by their empirical approximations L̂in and L̂out:

L̂out (ω, h) =
1

m

m∑
j=1

ℓout(ω, h(x̃j), ỹj), L̂in (ω, h) =
1

n

n∑
i=1

ℓin(ω, h(xi), yi) +
λ

2
∥h∥2H.

A plug-in estimator ω 7→ F̂(ω) is then obtained by first finding a solution ĥω minimizing h 7→
L̂in(ω, h), that is meant to approximate the optimal inner solution h⋆ω , and subsequently plugging it
into L̂out. This procedure results in the following empirical version of (KBO):

min
ω∈C

F̂(ω) := L̂out(ω, ĥω) s.t. ĥω = argmin
h∈H

L̂in (ω, h) .

The inner problem still requires optimizing over a, potentially infinite-dimensional, RKHS. However,
its finite-sum structure allows equivalently expressing it as a finite-dimensional bilevel optimization,
by application of the so-called representer theorem [64]:

min
ω∈C

F̂(ω) :=
1

m

m∑
j=1

ℓout(ω,
(
K γ̂ω

)
j
, ỹj)

s.t. γ̂ω = argmin
γ∈Rn

1

n

n∑
i=1

ℓin(ω, (Kγ)i , yi) +
λ

2
γ⊤ Kγ .

(K̂BO)

Here, K ∈ Rn×n and K ∈ Rm×n are matrices containing the pairwise kernel similarities between the
data points, i.e., Kij := K(xi, xj) and Kij := K(x̃i, xj), while γ is a parameter vector in Rn repre-
senting the inner-level variables. The optimal solution γ̂ω enables recovering the prediction function
ĥω by linearly combining kernel evaluations at inner-level samples, i.e., ĥω =

∑n
i=1(γ̂ω)iK(xi, ·).

The formulation in (K̂BO) enables deriving an expression for the gradient ∇F̂(ω) in terms of
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the Jacobian ∂ωγ̂ω by direct application of the chain rule. Unlike ∂ωh⋆ω, which requires solving
the infinite-dimensional linear system in Equation (1), ∂ωγ̂ω can be obtained by solving a finite-
dimensional linear system using the implicit function theorem (see Proposition C.1 of Appendix C).
Hence, (K̂BO) falls into a class of optimization problems for which a rich body of literature has
proposed practical and scalable algorithms, leveraging the expression of ∇F̂(ω) [38, 3, 24]. Solving
(K̂BO) thus provides a practical way to approximate the solution of the original population problem
(KBO), as proposed by several prior works on bilevel optimization involving kernel methods [39, 41].

Non-applicability of existing results. Despite its practical advantages, the above approach yields
algorithms that are not directly amenable to a statistical analysis. The key challenge is to be able
to control the approximation error between the true gradient ∇F(ω) and its approximation ∇F̂(ω)
as the sample sizes n and m increase. Existing statistical analyses for bilevel optimization, such as
[7, 78], consider objectives that are expectations or finite sums of point-wise losses, as we do here.
While these results can be applied to our setting for each fixed n, they do not capture the generalization
behavior as n grows. In particular, they require both the inner- and outer-level parameters to lie
in spaces of fixed dimensions, that are independent of n and m. That is because these parameters
are expected to converge to some fixed vectors as n,m → +∞. In contrast, in our setting, the
inner-level parameter γ lies in Rn, so its dimension grows with n and is not expected to converge to
any well-defined object. Existing non-kernel generalization bounds are discussed in Appendix A.

Relation to instrumental variable regression. Our formulation is related to instrumental variable
regression, which is a special case, but differs in that we study regularized inner problems with a
fixed λ, independent of the sample sizes. In contrast, the instrumental variable regression literature
typically considers un-regularized population problems (λ = 0), for which a closed-form expression
of the inner minimizer is available [32, 68, 76, 45]. Our contribution lies in an orthogonal direction:
we handle more general inner objectives, for which even the analysis of regularized problems
raises new obstacles that had not been tackled before. Moreover, some prior works have provided
convergence rates in the instrumental variable regression setting [1, 2, 22, 23]. Yet, these studies
focus on asymptotic results with sieve estimators, meanwhile we leverage the RKHS structure to
provide finite-sample bounds. More recently, Meunier et al. [51] established minimax optimal rates
under source assumptions by exploiting bounds for vector-valued kernel ridge regression [46] via a
spectral filtering technique [52]. However, this approach is not applicable to our case, as it requires
the losses to be quadratic in ω, as further discussed in Appendix A.

Next, we provide an equivalent expression for ∇F̂(ω), essential for our analysis in Section 4.

3.2 Plug-in estimator of the total gradient

We now consider an a priori different approach for approximating the total gradient ∇F(ω) based
on direct plug-in estimation from Equation (2), and show that it recovers the previously introduced
estimator ∇F̂(ω). Such approach consists in replacing all expectations in Equation (2) by empirical
averages, then replacing h⋆ω and a⋆ω by their finite-sample estimates ĥω and âω. This yields the
following estimator of the total gradient:

∇̂F(ω) =
1

m

m∑
j=1

∂ωℓout(ω, ĥω(x̃j), ỹj) +
1

n

n∑
i=1

∂2ω,vℓin(ω, ĥω(xi), yi)âω(xi). (4)

Just as in Section 3.1, h⋆ω can be estimated by ĥω, the minimizer of the empirical objective h 7→
L̂in(ω, h). Similarly, a⋆ω can be approximated by âω , the minimizer of a 7→ L̂adj(ω, a) defined as:

L̂adj(ω, a) =
1

2n

n∑
i=1

∂2vℓin(ω, ĥω(xi), yi)a
2(xi) +

1

m

m∑
j=1

∂vℓout(ω, ĥω(x̃j), ỹj)a(x̃j) +
λ

2
∥a∥2H,

(5)
which serves as the empirical counterpart of the adjoint objective Ladj given in Equation (3). Both
functions ĥω and âω can be expressed as linear combinations of kernel evaluations with some given
parameter vectors whose dimensions increase with the sample size n (see Proposition C.1 for ĥω and
Lemma C.2 for âω , both in Appendix C). However, these parameters are not required to compute the
plug-in estimator ∇̂F(ω) in Equation (4), since only the function values of ĥω and âω are needed.
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This property is precisely what makes ∇̂F(ω) suitable for a statistical analysis. Indeed, its estimation
error depends on the approximation errors of ĥω and âω, which always belong to the same space
H regardless of the sample size, and are expected to approach their population counterparts. This
contrasts with ∇F̂(ω) obtained by implicit differentiation, whose analysis would need controlling
the behavior of the vector γ̂ω that resides in a growing-dimensional space as n→ +∞.

The next proposition establishes a link between practical applications and theoretical analysis by
demonstrating that, surprisingly, both estimators ∇F̂(ω) and ∇̂F(ω) are precisely equal.

Proposition 3.1. Under Assumptions (A) to (E), the gradient ∇F̂(ω) of the plug-in estimator F̂(ω)

of F(ω) defined in (K̂BO) is equal to the plug-in estimator ∇̂F(ω) of the total gradient ∇F(ω)
introduced in Equation (4).

Proposition 3.1 is proved in Appendix C and relies on an application of the representer theorem [64] to
provide explicit expressions for both estimators in terms of γ̂ω , kernel matrices K and K and partial
derivatives of the point-wise objectives ℓin and ℓout. Both expressions are then shown to be equal
using optimality conditions on the parameters defining âω. The result in Proposition 3.1 precisely
says that the operations of differentiation and plug-in estimation commute in the case of (KBO).
Such a commutativity property does not necessarily hold anymore if one considers spaces other than
an RKHS, such as L2 [58, Appendix F]. The main difficulty arises from the argmin constraint and
the use of implicit differentiation, which may introduce non-linear dependencies between inner- and
outer-level variables, making the exchange of differentiation and discretization nontrivial. Next, we
leverage the expression of the plug-in estimator ∇̂F(ω) to provide generalization bounds.

4 Generalization bounds for (KBO)

In this section, we present our main result: a maximal inequality that controls how well both F and
∇F are approximated by their empirical counterparts, uniformly over a compact subset Ω of Rd.

4.1 Maximal inequalities for (KBO)

The following theorem provides finite-sample bounds on the uniform approximation errors on the
objective and its gradient in expectation over both inner- and outer-level samples.

Theorem 4.1 (Maximal inequalities). Fix any compact subset Ω of Rd. Under Assumptions (A)
to (E), the following maximal inequalities hold:

E
[
sup
ω∈Ω

∣∣∣F(ω)− F̂(ω)
∣∣∣] ≤ C

(
1√
m

+
1√
n

)
,E
[
sup
ω∈Ω

∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥] ≤ C

(
1√
m

+
1√
n

)
where the expectation is taken over the finite samples, and C is a constant that depends only on Ω,
the dimension d, the regularization parameter λ, κ, and local upper bounds on ℓin, ℓout, and their
partial derivatives over suitable compact sets.

Theorem 4.1 states that the estimation error can be decomposed into two contributions each resulting
from finite-sample approximation of Lin and Lout with a parametric rate of 1/

√
m and 1/

√
n up to a

constant factor C. We provide a detailed expression for the constant in Theorem E.7 of Appendix E.
The restriction to a compact subset Ω instead of the whole space Rd allows controlling the complexity
of some function classes indexed by the parameter ω. Without further assumptions on the objectives,
we obtain a constant C that can grow with the diameter of the subset Ω.

Role of λ. The regularization parameter λ simultaneously controls the strong convexity of the inner
objective (see Proposition B.3 of Appendix B.1), the boundedness and Lipschitz continuity of the
inner solutions (see Appendix D.1), the smoothness of the outer objective (see Proposition D.4 of
Appendix D.2), the modulus of continuity of Lin, L̂in, Lout, L̂out and their partial derivatives (see
Appendix E.1), and maximal inequalities for certain processes (see Appendix E.2). Larger values of
λ yield smoother problems that are faster to optimize with larger step sizes, but introduce a larger
statistical bias, while smaller values of λ reduce bias but make optimization and generalization
more delicate, with the error tending to +∞ as λ → 0. Selecting λ therefore involves a trade-off
between bias (regularized vs un-regularized problems), variance (finite sample vs population, as
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done in our study), and optimization efficiency (step size). Under our assumptions, the dependence of
the constants on λ cannot be quantified, precluding generalization guarantees as λ → 0. Stronger
assumptions are required to obtain a quantitative control on λ.

Probabilistic and variance bounds. The most difficult quantity to control is the expectation of the
maximal differences, which we have established. Once this expectation is bounded, a high-probability
bound on the maximal differences can be derived via Markov’s inequality. Moreover, since these
differences are bounded (see Proposition E.4), we can also bound their variance. Indeed, let Z ∈ [0, z]
be a random variable representing the maximal difference between F or ∇F and their respective
plug-in estimators. Then, Var(Z/z) ≤ E[(Z/z)2] ≤ E[Z/z], which implies that Var(Z) ≤ zE[Z].
We outline the general proof strategy for Theorem 4.1 in the following section, with a full proof
provided in Appendix E.

4.2 General proof strategy for Theorem 4.1

The main strategy behind the proof of Theorem 4.1 in Appendix E consists of three steps: (step
1) obtaining a point-wise error decomposition of the errors into manageable error terms that holds
almost surely for any ω ∈ Ω, then applying maximal inequalities to suitable empirical processes (step
2) and some degenerate U -processes (step 3) to control each of these terms. The final error bounds
are obtained by combining all these bounds as shown in Appendix E.3.

Step 1: point-wise error decomposition. A main challenge in controlling the errors in Theorem 4.1 is
the non-linear dependence of both estimators F̂(ω) and ∇̂F(ω) on the empirical distributions, as they
are obtained via a plug-in procedure. We address this by breaking down the errors into components
based on the discrepancies between expected values and their empirical counterparts of individual
point-wise losses and their derivatives, all evaluated at the optimal solution h⋆ω . Specifically, we denote
by δoutω and δinω the errors on the objectives defined as δoutω := |Lout(ω, h

⋆
ω) − L̂out(ω, h

⋆
ω)| and

δinω := |Lin(ω, h
⋆
ω)− L̂in(ω, h

⋆
ω)|. Moreover, we quantify the errors between the partial derivatives

of these objectives and their empirical counterparts. To simplify our proof outline, we slightly abuse
notation by denoting ∂hδoutω , ∂hδinω , ∂ωδoutω , ∂2ω,hδ

in
ω , and ∂2hδ

in
ω to refer to these errors in terms of

partial derivatives. For instance, ∂hδoutω is defined as ∥∂hLout(ω, h
⋆
ω) − ∂hL̂out(ω, h

⋆
ω)∥H, with

similar definitions for the other terms (see Appendix E.1). We get |F(ω)−F̂(ω)| ≤ C(δoutω +∂hδ
in
ω )

and ∥∇F(ω) − ∇̂F(ω)∥ ≤ C(∂ωδ
out
ω + ∂hδ

out
ω + ∂2hδ

in
ω + ∂2ω,hδ

in
ω + ∂hδ

in
ω ). Proposition E.4

formalizes this step and includes the exact constants. The error terms in both decompositions are
amenable to a statistical analysis using empirical process theory as we discuss next.

Step 2: maximal inequalities for empirical processes. Some of the error terms, namely δoutω and
∂ωδ

out
ω , can be controlled directly using empirical process theory. For example, δoutω is associated to

the family of random functions
√
m(Lout(ω, h

⋆
ω)− L̂out(ω, h

⋆
ω))ω∈Ω, which defines an empirical

process, a scaled and centered empirical average of real-valued functions indexed by the parameter
ω. Thus, provided that suitable estimates of the class complexity are available (as measured by its
packing number in Proposition F.1 of Appendix F), which are easy to obtain in our setting, we show
in Proposition E.5 of Appendix E.2 that a maximal inequality of the following form follows from
classical results on empirical processes: EQ [supω∈Ω δ

out
ω ] ≤ C/

√
m.

Step 3: maximal inequalities for degenerate U-processes. Step 2 cannot be readily applied to the
remaining terms involving partial derivatives w.r.t. h (∂hδ

out
ω , ∂hδ

in
ω , ∂

2
ω,hδ

in
ω , ∂

2
hδ

in
ω ) =: Dh. These

are associated to processes that are not real-valued anymore, but take values in an infinite-dimensional
space. In fact, one could apply step 2 to get an error per dimension, but then summing the errors yields
a divergent sum. While the recent work in [56] develops an empirical process theory for functions
taking values in a vector space, the provided complexity estimates would result in an unfavorable
dependence on the sample size. Instead, we leverage the structure of the RKHS to control these errors
using maximal inequalities for suitable degenerate U -processes of order 2 indexed by the parameter
ω and for which such inequalities were provided in the seminal works of Sherman [67], Nolan and
Pollard [54]. U -processes of order 2 are generalization of empirical processes and involve empirical
averages of real-valued functions which depend on pairs of samples, instead of a single one as in
empirical processes. In our case, these functions arise when taking the square of any term in Dh and
exploiting the reproducing property of the RKHS. This approach, presented in Proposition E.6 of
Appendix E.2, allows us to obtain maximal inequalities for the terms in Dh. For example, it is of the
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following form for ∂hδoutω : EQ [supω∈Ω ∂hδ
out
ω ] ≤ C/

√
m. Combining the maximal inequalities from

steps 2 and 3 with the error decomposition from step 1 allows to obtain the result of Theorem 4.1.

Discussion. Alternative approaches to U -processes could be used to derive generalization bounds,
although these would result in a degraded sample dependence. Specifically, one could employ a
variational formulation of the RKHS norm appearing in some of the error terms, such as ∂hδoutω , to
express them as the error of some real-valued empirical process to which standard results could be
applied. However, this comes at the cost of considering processes indexed not only by the finite-
dimensional parameter ω, but also by functions in the unit RKHS ball. As a result, these families
have much larger complexities as measured by their covering/packing numbers [77, Lemma D.2],
which directly impacts the generalization rate. In contrast, our proposed approach bypasses this
challenge by using real-valued U -processes indexed by finite-dimensional parameters, at the expense
of employing a more general empirical process theory for degenerate U -processes [67].

To illustrate the implications of Theorem 4.1, we next provide convergence results for bilevel gradient
methods.

4.3 Applications to empirical bilevel gradient methods

A typical strategy to solve (KBO) is to obtain empirical samples and apply a bilevel optimization
algorithm to (K̂BO), for which our results offer statistical guarantees. Below, we present the
generalization error for bilevel gradient descent. Generalization results for the projected bilevel
gradient descent are directed to Appendix E.4.

Bilevel gradient descent. It is the simplest gradient-based method for solving the unconstrained
(KBO) problem, i.e., when C = Rd. It performs the update ωt+1 = ωt − η∇F̂(ωt) for all t ≥ 0,
where η > 0 is the step size. The algorithm requires access to the strongly convex inner-level solution
and its derivative, which can be obtained using implicit differentiation.
Corollary 4.2 (Generalization for bilevel gradient descent). Consider Assumptions (A) to (E) and
fix λ > 0. Assume further that K in (K̂BO) is almost surely definite, and that there exists c > 0

such that infω,v,y ℓout(ω, v, y)− c∥ω∥2 > −∞. Fix ω0 ∈ Rd and let ωt+1 = ωt − η∇F̂(ωt) for all
t ≥ 0, where η > 0 is the step size. Then, there exist constants η̄ > 0 and c̄ > 0 such that for any
0 < η < η̄ any t > 0, the following holds:

E
[

min
i=0,...,t

∥∇F(ωi)∥
]
≤ c̄

(
1√
m

+
1√
n
+

1√
t+ 1

)
,E
[
lim sup
i→∞

∥∇F(ωi)∥
]
≤ c̄

(
1√
m

+
1√
n

)
The additional assumption on ℓout serves as a device to ensure the almost sure boundedness of
the sequence a priori. It is rather mild, as it can be enforced by a small perturbation of the form
(ω, v, y) 7→ ℓout(ω, v, y) + c∥ω∥2, assuming ℓout ≥ 0, which is typical in applications. Any other
device that ensures a priori boundedness could also be considered. The assumption on K is satisfied
almost surely for most commonly used kernels. The proof of Corollary 4.2 follows from Theorem 4.1
and can be found in Appendix E.4. Corollary 4.2 also highlights a key algorithmic insight: the
convergence of the bilevel method requires striking a balance between data availability (sample sizes
n and m) and computational budget (number of gradient steps). This trade-off arises because the total
convergence error combines a statistical component, due to approximating the population gradient
from finite samples, and an optimization component, due to performing only a limited number of
(projected) gradient steps. Ensuring the right balance when designing practical algorithms prevents
either insufficient data or limited computation from dominating the overall error.

5 Numerical experiments

Setup. To empirically validate our theoretical results, we consider the instrumental variable regression
problem discussed in Section 2.2, in which we assume a linear dependence on ω for the function fω
of the form fω(t) = ω⊤ϕ(t), where ϕ(t) ∈ Rd denotes the feature map. We chose this particular
problem because it allows us to derive closed-form expressions of the exact value function and
its gradient, as well as their plug-in estimators, which are detailed in Appendix I.2. We use the
Gaussian kernel and follow the experimental setup of Singh et al. [68], generating synthetic data
that remain fixed across all runs. We vary n between 100 and 5,000, setting m = n. The case
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n ̸= m is analyzed separately in Appendix I.5. For the instrumental variable x, we consider two
distributions: a p-dimensional standard Gaussian and a p-dimensional Student’s t-distribution with
degrees of freedom ν ∈ {2.1, 2.5, 2.9}. Further details on the experimental setup are provided in
Appendix I.4. We optimize the outer loss in (K̂BO) using gradient descent, where the step size is
selected using backtracking line search and ω0 is randomly drawn from U(0, 1)d. The stopping
criterion is when ∥∇F̂(ωi)∥ ≤ 10−5, where i is the iteration index. Our code is available at
https://github.com/fareselkhoury/KBO.

Scalable approximations for F and ∇F . Since the expressions of F and ∇F involve expectations,
they are intractable to compute exactly. We approximate them accurately using their plug-in estimators
F̂ and ∇̂F , derived in Appendix I.2, and evaluate them using a large number of samples. To make
this computation scalable, we approximate the kernel using a random Fourier features approximation
[60], as detailed in Appendix I.3. Specifically, we use 1,000,000 samples and 26,000 random features,
and handle memory constraints via a block decomposition strategy with a block size of 1,000.

Results. The plots in Figure 2 show the generalization behavior as a function of the number of inner
samples n. (a) and (b) display the generalization error at initialization for the value function and the
gradient, respectively. (c) presents the generalization bound for the gradient norm at the final iteration,
while (d) shows the bound for the minimum gradient norm across all iterations. These results align
with our theoretical findings, as all curves closely follow the expected theoretical slope. Additionally,
Figure 3 of Appendix I.5 shows that balanced sample sizes lead to improved optimization behavior.
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Figure 2: Illustration of gradient descent on (K̂BO) for the instrumental variable regression task
using synthetic data. The plots are averaged over 50 runs and displayed on a log-log scale. The line
represents the mean across all runs, and the shaded region indicates the 95% confidence interval.

6 Conclusion and perspectives

Summary. In this work, we established the first generalization bounds for (KBO). These results are
crucial for understanding the generalization properties of algorithms for solving (KBO). They offer
rigorous guarantees on the algorithm’s performance on unseen data—a fundamental criterion for any
algorithmic design—and help control overfitting. Given that our bounds are of order O(1/

√
m+ 1/

√
n),

this highlights the equal importance of both outer- and inner-level sample sizes to the overall
generalization error. Our findings can impact current practices, particularly in hyperparameter
optimization, where the validation dataset is typically much smaller than the training set.

Limitations and future work. This paper takes a first step toward providing generalization results
for bilevel gradient-based methods in a nonparametric setting. While our theoretical analysis focused
on a full-batch bilevel setting with exact gradients, extending this framework to stochastic variants,
such as those in [3, 29, 21, 24], remains an open challenge. A promising direction would be to
consider approximate kernel representations, such as random Fourier features or neural tangent
kernels, which enable scalable learning using kernel methods while preserving useful theoretical
properties. Furthermore, the constants in our bounds are likely conservative; we did not investigate
their tightness or potential for improvement. A deeper analysis of their optimality could provide
valuable insights and constitutes an avenue worth exploring. Additionally, providing generalization
guarantees for the un-regularized problem, possibly in the form of minimax optimal rates for (KBO),
is a worthwhile future direction. This requires controlling the constants as λ→ 0, provided additional
source assumptions are made, as discussed in [69, 70]. Finally, broadening our framework to cover
non-smooth losses, such as the hinge loss in SVMs, is an interesting direction for future work.
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Appendices
Roadmap. In Appendix A, we review existing non-kernel generalization bounds in the bilevel
optimization literature and explain why minimax optimal rates cannot be obtained in our setting. We
begin the theoretical appendices by presenting and establishing regularity properties of the objective
functions in Appendix B. In Appendix C, we introduce the gradient estimators. Appendix D is
dedicated to proving the boundedness and Lipschitz continuity of h⋆ω and ĥω, along with local
boundedness and Lipschitz properties of ℓin, ℓout, and their derivatives. The generalization results are
provided in Appendix E. In Appendix F, we establish maximal inequalities for bounded and Lipschitz
families of functions. Differentiability properties of the objectives are studied in Appendix G.
Appendix H contains auxiliary technical lemmas used throughout the proofs. Finally, further details
on the experiments and additional numerical results are provided in Appendix I.

Notations. ∥ · ∥ denotes the Euclidean norm in Rd, ∥ · ∥H denotes the norm in the RKHS H, ∥ · ∥op
denotes the operator norm, and ∥ · ∥HS denotes the Hilbert-Schmidt norm. ⟨·, ·⟩H denotes the inner
product on H, and ⟨·, ·⟩HS denotes the Hilbert-Schmidt inner product. K(x, ·) denotes the feature
map, for any x ∈ X . For any two normed spaces E and F , L(E,F ) denotes the space of continuous
linear operators from E to F . For any two probability distributions P and Q, P ⊗ Q denotes the
product measure of P and Q. Given two Hilbert spaces (H1, ⟨·, ·⟩H1

) and (H2, ⟨·, ·⟩H2
), the tensor

product of u ∈ H1 and v ∈ H2, denoted by u ⊗ v, is an operator from H2 to H1 defined, for any
e ∈ H2, as (u⊗ v) e = u ⟨v, e⟩H2

. For any v1, . . . , vn ∈ R, diag(v1, . . . , vn) ∈ Rn×n denotes a
diagonal matrix of size n × n, where the diagonal entries are v1, . . . , vn and all the off-diagonal
entries are 0. 1m denotes a vector of size m where all entries are 1. 1n×n denotes the identity
matrix of size n. For any vector space V over R, IdV denotes the identity operator on V . Given a
compact set K, diam(K) denotes its diameter. v⊤ denotes the transpose of either a vector or a matrix,
depending on the context.
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A Further Discussion

Existing generalization bounds for the non-kernel case. Bao et al. [7] laid foundational work
towards understanding generalization in bilevel optimization by analyzing uniform stability in full-
batch bilevel optimization. Their generalization criterion compares the population outer loss evaluated
at the output of a randomized algorithm to the empirical outer loss evaluated using the same algorithm.
Given a number κ between 0 and 1, they obtain a decay at a rate of O(T

κ
/m) for unrolled optimization,

which decreases as 1/m in outer sample size, but increases with the number of outer iterations T
made. This criterion differs from ours, which instead compares the population outer objective at
the theoretically optimal inner solution h⋆ω to the empirical loss evaluated at the empirical solution
ĥω. Complementing this upper bound, Wang et al. [74] established lower bounds on the uniform
stability of gradient-based bilevel algorithms, demonstrating a rate of Ω(1/m). Building on [7], Zhang
et al. [78] extended the analysis to stochastic bilevel optimization, establishing on-average stability
bounds and deriving a generalization rate of O(1/

√
m) due to the presence of stochastic gradients. In a

related context, Oymak et al. [55] studied generalization in neural architecture search using a bilevel
formulation, showing that approximate inner solutions and Lipschitz continuity of the outer loss yield
a generalization bound of O(1/

√
m + 1/

√
n). Arora et al. [5] investigated representation learning for

imitation learning via bilevel optimization, offering generalization bounds of order O(1/
√
m) that

depend both on the size of the dataset and the stability of learned representations.

Difficulty of obtaining minimax rates in our setting. Although spectral filtering yields minimax
rates [51] in the kernel instrumental variable regression setting [68], it fundamentally relies on a
linear operator representation of the inner minimizer, typically characterized through the spectral
decomposition of a compact, self-adjoint covariance operator (see, e.g., [20, 8]). This formulation
allows one to apply functional calculus on the spectrum, with filter functions (such as Tikhonov
regularization and truncated SVD) controlling the contribution of small eigenvalues [27, 49]. Under
suitable source conditions, this enables the derivation of minimax optimal convergence rates for
kernel ridge regression and other problems involving quadratic losses. In our framework, however,
the inner objective is generally not quadratic in ω, and the mapping ω 7→ h⋆ω is nonlinear. Moreover,
we consider a fixed λ, in contrast to the vanishing-regularization regimes where spectral filtering is
most effective for minimax analysis. As a result, the source condition assumption and the spectral
filtering tools that underpin minimax guarantees in the quadratic case do not apply directly in our
setting.

B Regularity and Differentiability Results

B.1 Regularity of the objectives

The following propositions establish differentiability of considered objectives. We defer their proof
to Appendix G.
Proposition B.1 (Differentiability of Lin and Lout). Under Assumptions (A) to (D), for any (ω, h) ∈
Rd ×H, the functions Lin and Lout admit finite values at (ω, h), are jointly differentiable in (ω, h),
with gradients given by:

∂ωLout(ω, h) = EQ [∂ωℓout(ω, h(x), y)] ∈ Rd, ∂hLout(ω, h) = EQ [∂vℓout(ω, h(x), y)K(x, ·)]∈ H,
∂ωLin(ω, h) = EP [∂ωℓin(ω, h(x), y)] ∈ Rd, ∂hLin(ω, h) = EP [∂vℓin(ω, h(x), y)K(x, ·)] + λh ∈ H.
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Similarly, the empirical estimates L̂in and L̂out admit finite values, and are differentiable with
gradients admitting similar expressions as above with P and Q replaced by their empirical estimates
P̂n and Q̂m.
Proposition B.2 (Differentiability of ∂hLin). Under Assumptions (A) to (D), for any (ω, h) ∈ Rd×H,
the function (ω, h) 7→ ∂hLin(ω, h) is differentiable with partial derivatives given by:

∂2ω,hLin(ω, h) = EP
[
∂2ω,vℓin(ω, h(x), y)K(x, ·)

]
∈ L(H,Rd),

∂2hLin(ω, h) = EP
[
∂2vℓin(ω, h(x), y)K(x, ·)⊗K(x, ·)

]
+ λ IdH ∈ L(H,H).

Moreover, for any ω ∈ Rd and h ∈ H, the operators ∂2ω,hLin(ω, h) and ∂2hLin(ω, h)− λ IdH are
Hilbert-Schmidt, i.e., bounded operators with finite Hilbert-Schmidt norm. The same conclusions
hold for the empirical estimate (ω, h) 7→ ∂hL̂in(ω, h) with partial derivatives admitting similar
expressions as above with P replaced by its empirical estimate P̂n.
Proposition B.3 (Strong convexity of the inner objective in its second variable and invertibility of
the Hessians). Under Assumptions (A) to (E), h 7→ Lin(ω, h) and h 7→ L̂in(ω, h) are λ-strongly
convex for any ω ∈ Rd. Moreover, for any ω ∈ Rd and h ∈ H, the Hessian operators ∂2hLin(ω, h)

and ∂2hL̂in(ω, h) are invertible with their operator norm bounded by 1
λ .

Proof. By Assumption (E), we know that v 7→ ℓin(ω, v, y) is convex for any ω ∈ Rd and y ∈ Y .
Moreover, by Proposition B.1, (x, y) 7→ ℓin (ω, h(x), y) is integrable for any ω ∈ Rd and h ∈ H.
Consequently, by integration, we directly deduce that h 7→ EP [ℓin (ω, h(x), y)] is convex for any
ω ∈ Rd. Finally, h 7→ Lin(ω, h) := EP [ℓin (ω, h(x), y)] +

λ
2 ∥h∥2H must be λ-strongly convex, for

any ω ∈ Rd, as a sum of a convex function and a λ-strongly convex function. Similarly, we deduce
that h 7→ L̂in(ω, h) is λ-strongly convex, for any ω ∈ Rd. Invertibility follows from the expression
of the Hessian operator in Proposition B.2

B.2 Differentiability of the value function

Proposition B.4 (Total functional gradient ∇F). Assume Assumptions (A), (B), (D) and (E) hold.
For any ω ∈ Rd, the total functional gradient ∇F(ω) satisfies:

∇F(ω) = ∂ωLout(ω, h
⋆
ω) + ∂2ω,hLin(ω, h

⋆
ω)a

⋆
ω ∈ Rd, (6)

where a⋆ω is the unique minimizer of the following quadratic objective:

Ladj(ω, a) :=
1

2
⟨a,Hωa⟩H + ⟨a, dω⟩H , for any a ∈ H, (7)

with Hω := ∂2hLin(ω, h
⋆
ω) : H → H being the Hessian operator and dω := ∂hLout(ω, h

⋆
ω) ∈ H.

Proof. By applying Propositions B.1 and B.3, we know that h 7→ Lin(ω, h) has finite values, is
λ-strongly convex and Fréchet differentiable. Moreover, by Proposition B.2, ∂hLin is Fréchet
differentiable on Rd × H, and, a fortiori, Hadamard differentiable. Therefore, by the functional
implicit differentiation theorem [36, 58, Theorem 2.1], we deduce that the map ω 7→ h⋆ω is uniquely
defined and is Fréchet differentiable with Jacobian ∂ωh⋆ω solving the following linear system for any
ω ∈ Rd:

∂2ω,hLin(ω, h
⋆
ω) + ∂ωh

⋆
ω∂

2
hLin(ω, h

⋆
ω) = 0.

Using that ∂2hLin(ω, h
⋆
ω) is invertible by Proposition B.3, we can express ∂ωh⋆ω as:

∂ωh
⋆
ω = −∂2ω,hLin(ω, h

⋆
ω)
(
∂2hLin(ω, h

⋆
ω)
)−1

.

Furthermore, Lout is jointly Fréchet differentiable by application of Proposition B.1, so that ω 7→
F(ω) is also differentiable by composition of the functions (ω, h) 7→ Lout(ω, h) and ω 7→ (ω, h⋆ω).
For a given ω ∈ Rd, the gradient of F is then given by the chain rule:

∇F(ω) = ∂ωLout(ω, h
⋆
ω) + ∂ωh

⋆
ω∂hLout(ω, h

⋆
ω). (8)

Substituting the expression of ∂ωh⋆ω into Equation (8) yields:

∇F(ω) = ∂ωLout(ω, h
⋆
ω)− ∂2ω,hLin(ω, h

⋆
ω)
(
∂2hLin(ω, h

⋆
ω)
)−1

∂hLout(ω, h
⋆
ω).
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To conclude, it suffices to notice that the function a⋆ω appearing in Equation (6) must be equal to
−H−1

ω dω . Indeed, a⋆ω is defined as the minimizer of the quadratic objective Ladj(ω, a) in Equation (7)
which is strongly convex since the Hessian operator is lower-bounded by λ IdH. Consequently, the
minimizer a⋆ω exists and is uniquely characterized by the optimality condition:

Hωa
⋆
ω + dω = 0.

The above equation is a linear system in H whose solution is given by a⋆ω := −H−1
ω dω .

C Gradient Estimators

Proposition C.1 (Expression of ∇F̂(ω) by implicit differentiation). Under Assumptions (B) to (E),
for any ω ∈ Rd, the gradient ∇F̂(ω) of the discretized kernel bilevel optimization problem (K̂BO) is
given by:

∇F̂(ω) =
1

m
Dout

ω 1m − 1

m
Din

ω,v M
−1 u ∈ Rd,

where K and K are the Gram matrices in Rn×n and Rm×n with entries given by Kij := K(xi, xj)

and Kij := K(x̃i, xj), and M ∈ Rn×n, u ∈ Rn, Dout
v ∈ Rm, Dout

ω ∈ Rd×m, Din
v,v ∈ Rn×n, and

Din
ω,v ∈ Rd×n are defined as:

M := KDin
v,v +nλ1n×n, u := K

⊤
Dout

v ,

Dout
v :=

(
∂vℓout

(
ω, ĥω(x̃j), ỹj

))
1≤j≤m

, Dout
ω :=

(
∂ωℓout(ω, ĥω(x̃j), ỹj)

)
1≤j≤m

,

Din
v,v := diag

((
∂2vℓin(ω, ĥω(xi), yi)

)
1≤i≤n

)
, Din

ω,v :=
(
∂2ω,vℓin(ω, ĥω(xi), yi)

)
1≤i≤n

.

Proof. Let ω ∈ Rd. Recall the expression of F̂(ω):

F̂(ω) :=
1

m

m∑
j=1

ℓout

(
ω, ĥω(x̃j), ỹj

)
s.t. ĥω = argmin

h∈H
L̂in(ω, h) :=

1

n

n∑
i=1

ℓin (ω, h(xi), yi) +
λ

2
∥h∥2H .

By the representer theorem, it is easy to see that ĥω must be a linear combination of
K(x1, ·), . . . ,K(xn, ·):

ĥω =

n∑
i=1

(γ̂ω)iK(xi, ·). (9)

Hence, finding ĥω amounts to minimizing L̂in(ω, h) over the span of (K(x1, ·), . . . ,K(xn, ·)), i.e.,
over functions hγ of the form hγ =

∑n
i=1(γ)iK(xi, ·) for γ ∈ Rn. Restricting the objective to such

functions results in the following inner optimization problem which is finite-dimensional:

γ̂ω := argmin
γ∈Rn

1

n

n∑
i=1

ℓin (ω, (Kγ)i, yi) +
λ

2
γ⊤ Kγ,

where we used that (hγ(xi))1≤i≤n = Kγ and ∥hγ∥2H = γ⊤ Kγ. Similarly, using that
(hγ(x̃j))1≤j≤m = Kγ, we can express F̂(ω) as follows:

F̂(ω) =
1

m

m∑
j=1

ℓout
(
ω, (K γ̂ω)j , ỹj

)
.

Differentiating the above expression w.r.t. ω and applying the chain rule result in:

∇F̂(ω) =
1

m

m∑
j=1

∂ωℓout
(
ω, (K γ̂ω)j , ỹj

)
+

1

m

m∑
j=1

(∂ωγ̂ω K
⊤
)j∂vℓout

(
ω, (K γ̂ω)j , ỹj

)
,
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where ∂ωγ̂ω denotes the Jacobian of γ̂ω. We can further express the above equation in matrix form
to get:

∇F̂(ω) =
1

m
Dout

ω 1m +
1

m
∂ωγ̂ω K

⊤
Dout

v . (10)

Moreover, an application of the implicit function theorem2 allows to directly express the Jacobian
∂ωγ̂ω as a solution of the following linear system obtained by differentiating the optimality condition
for γ̂ω w.r.t. ω:

Din
ω,v K+(∂ωγ̂ω)

(
KDin

v,v +nλ1n×n

)︸ ︷︷ ︸
M

K = 0.

A solution of the form ∂ωγ̂ω = −Din
ω,v M

−1 always exists by invertibility of the matrix M. The
result follows after replacing ∂ωγ̂ω by −Din

ω,v M
−1 in Equation (10).

Lemma C.2 (Estimator of the total functional gradient). Let ω ∈ Rd. Consider the following
functional estimator:

∇̂F(ω) =
1

m

m∑
j=1

∂ωℓout(ω, ĥω(x̃j), ỹj) +
1

n

n∑
i=1

∂2ω,vℓin(ω, ĥω(xi), yi)âω(xi).

Then, under Assumptions (A) to (E), ∇̂F(ω) admits the following expression:

∇̂F(ω) =
1

m
Dout

ω 1m +
1

n
Din

ω,v [K u]

[
α̂ω

β̂ω

]
∈ Rd,

where Dout
v ,Din

v,v,D
out
ω , and Din

ω,v are the same matrices given in Proposition C.1, while α̂ω ∈ Rn

and β̂ω ∈ R are solutions to the linear system:[
MK Mu
u⊤ M p

] [
α̂ω

β̂ω

]
= − n

m

[
u
v

]
, (11)

where the vector u and matrix M are the same as in Proposition C.1, while p and v are non-negative
scalars.

Proof. Let ω ∈ Rd. We start by providing an expression of âω as a linear combination of the
kernel evaluated at the inner training points xi, i.e., K(xi, ·), and some element ξ ∈ H that we will
characterize shortly. From it, we will obtain the expression of ∇̂F(ω).

Expression of âω . Recall that âω is the unique minimizer of L̂adj in Equation (5), which admits, for
any a ∈ H, the following simple expression by the reproducing property:

L̂adj(ω, a) =
1

2n

n∑
i=1

∂2vℓin(ω, ĥω(xi), yi)a
2(xi)

+
1

m

〈
a,

ξ︷ ︸︸ ︷
m∑
j=1

∂vℓout(ω, ĥω(x̃j), ỹj)K(x̃j , ·)

〉
H

+
λ

2
∥a∥2H.

Hence, by application of the representer theorem, it follows that âω admits an expression of the form:

âω =

n∑
i=1

(α̂ω)iK(xi, ·) + β̂ωξ. (12)

Therefore, it is possible to recover âω by minimizing a 7→ Ladj(ω, a) over the span of
(ξ,K(x1, ·), . . . ,K(xn, ·)). Hence, to find the optimal coefficients α̂ω := ((α̂ω)i)1≤i≤n and β̂ω,

2In the case where the matrix K is non-invertible, one needs to restrict γ to the orthogonal complement of
the null space of K. Such a restriction is valid since the resulting solution ĥω will not depend on the component
belonging to the null space of K.
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we first need to express the objective Ladj in terms of the coefficients α ∈ Rn and β ∈ R for a
given aα,β ∈ H of the form aα,β =

∑n
i=1(α)iK(xi, ·) + βξ. To this end, note that the vector

(ξ(x1), . . . , ξ(xn)) is exactly equal to u = K
⊤
Dout

v as defined in Proposition C.1. Moreover, using
the reproducing property, we directly have:

(aα,β(xi))1≤i≤n = [K u]

[
α
β

]
, ⟨aα,β , ξ⟩H =

[
u⊤ ∥ξ∥2H

] [α
β

]
,

∥∥aα,β
∥∥2
H =

[
α⊤ β

] [K u

u⊤ ∥ξ∥2H

] [
α
β

]
.

We can therefore express the objective L̂adj as follows:

L̂adj(ω, a
α,β) =

1

2n

[
α⊤ β

] [K
u⊤

]
Din

v,v [K u]

[
α
β

]
+

1

m

[
u⊤ ∥ξ∥2H

] [α
β

]
+
λ

2

[
α⊤ β

] [K u

u⊤ ∥ξ∥2H

] [
α
β

]
.

Hence, the optimal coefficients α̂ω := ((α̂ω)i)1≤i≤n and β̂ω are those minimizing the above
quadratic form and are characterized by the following optimality condition:

M︷ ︸︸ ︷
(KDin

v,v +nλ1n×n)K

M︷ ︸︸ ︷
(KDin

v,v +nλ1n×n)u

u⊤ (KDin
v,v +nλ1n×n)︸ ︷︷ ︸

M

u⊤ Din
v,v u+ nλ ∥ξ∥2H︸ ︷︷ ︸

p≥0


[
α̂ω

β̂ω

]
= − n

m

 u

∥ξ∥2H︸ ︷︷ ︸
v≥0

 .
Expression of ∇̂F(ω). The result follows directly after expressing ∇̂F(ω) in vector form using the

notations Dout
ω and Din

ω,v from Proposition C.1 and recalling that (âω(xi))1≤i≤n = [K u]

[
α̂ω

β̂ω

]
.

Proof of Proposition 3.1. Let ω ∈ Rd. Define

∇̂F(ω) =
1

m

m∑
j=1

∂ωℓout(ω, ĥω(x̃j), ỹj) +
1

n

n∑
i=1

∂2ω,vℓin(ω, ĥω(xi), yi)âω(xi),

where ĥω and âω are given by Equations (9) and (12). We will show that ∇̂F(ω) = ∇F̂(ω). By
Proposition C.1 and Lemma C.2, we know that ∇F̂(ω) and ∇̂F(ω) admit the following expressions:

∇F̂(ω) =
1

m
Dout

ω 1m − 1

m
Din

ω,v M
−1 u

∇̂F(ω) =
1

m
Dout

ω 1m +
1

n
Din

ω,v [K u]

[
α̂ω

β̂ω

]
.

Taking the difference of the two estimators yields:

∇̂F(ω)−∇F̂(ω) =
1

m
Din

ω,v

(
M−1 u+

m

n
[K u]

[
α̂ω

β̂ω

])
=

1

m
Din

ω,v M
−1

(
u+

m

n
M [K u]

[
α̂ω

β̂ω

])
︸ ︷︷ ︸

=0

,

where the term u+ m
n (MK α̂ω + β̂ω Mu) is equal to 0 by definition of α̂ω and β̂ω as solutions of

the linear system (11) of Lemma C.2.

D Preliminary Results

In this section, Ω is an arbitrary compact subset of Rd with hull(Ω) denoting its convex hull, which
is also compact. We also consider an arbitrary fixed positive value Λ such that λ ≤ Λ as this would
allow us to simplify the dependence on λ of the boundedness and Lipschitz constants.
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D.1 Boundedness and Lipschitz continuity of h⋆ω and ĥω

Proposition D.1 (Boundedness of h⋆ω and ĥω). Under Assumptions (A) to (E), the func-
tions ω 7→ ∥h⋆ω∥H and ω 7→ ∥ĥω∥H are bounded over hull(Ω) by B

√
κ

λ , where B :=
supω∈hull(Ω),y∈Y |∂vℓin(ω, 0, y)| > 0. Moreover, for all ω ∈ hull(Ω) and x ∈ X , h⋆ω(x) and
ĥω(x) take value in the compact interval V :=

[
−Bκ

λ , Bκ
λ

]
⊂ R.

Proof. Boundedness of ∥h⋆ω∥H and
∥∥∥ĥω∥∥∥

H
. Let ω ∈ hull(Ω). Using Lemma H.2, we know, for any

h ∈ H, that:

∥h− h⋆ω∥H ≤ 1

λ
∥∂hLin(ω, h)∥H .

This is particularly valid for h = 0. Thus,

∥h⋆ω∥H ≤ 1

λ
∥∂hLin(ω, 0)∥H .

Using the expression of the partial derivative ∂hLin established in Proposition B.1, we obtain:

∥h⋆ω∥H ≤ 1

λ

∥∥EP [∂vℓin(ω, 0, y)K(x, ·)]
∥∥
H.

By Assumption (B), K is bounded by κ. Hence, Jensen’s inequality yields:

∥h⋆ω∥H ≤ 1

λ
EP

[
|∂vℓin(ω, 0, y)| ∥K(x, ·)∥H

]
≤

√
κ

λ
EP

[
|∂vℓin(ω, 0, y)|

]
.

By Assumption (C), Y is compact, which implies that hull(Ω)×Y is compact. From Assumption (D),
we know that the function (ω, y) 7→ ∂vℓin(ω, 0, y) is continuous. Given that every continuous
function on a compact space is bounded, we obtain:

∥h⋆ω∥H ≤ B
√
κ

λ
< +∞, where B := sup

ω∈hull(Ω),y∈Y
|∂vℓin(ω, 0, y)| > 0.

To prove that
∥∥∥ĥω∥∥∥

H
≤ B

√
κ

λ , we follow a similar approach to that of ∥h⋆ω∥H ≤ B
√
κ

λ . More

precisely, we investigate the case where the expectation is with respect to the empirical estimate P̂n

of P.

h⋆ω(x) and ĥω(x) belong to V . Let ω ∈ hull(Ω) and x ∈ X . By the reproducing property, the
Cauchy-Schwarz inequality, and Assumption (B), we have:

|h⋆ω(x)| ≤
√
κ ∥h⋆ω∥ and

∣∣∣ĥω(x)∣∣∣ ≤ √
κ
∥∥∥ĥω∥∥∥ .

Using the bound on ∥h⋆ω∥H and
∥∥∥ĥω∥∥∥

H
already proved in the first part of this proof, we get:

|h⋆ω(x)| ≤
Bκ

λ
and

∣∣∣ĥω(x)∣∣∣ ≤ Bκ

λ
.

This concludes the proof.

Proposition D.2 (Lipschitz continuity of ω 7→ h⋆ω). Under Assumptions (A) to (E), the function ω 7→
h⋆ω is L

√
κ

λ -Lipschitz continuous on hull(Ω), where L := supω∈hull(Ω),v∈V,y∈Y
∥∥∂2ω,vℓin(ω, v, y)

∥∥ >
0, and V is the compact interval introduced in Proposition D.1.

Proof. To prove this proposition, we adopt the strategy of finding an upper bound for the Jacobian,
which serves as the Lipschitz constant.

Let ω ∈ hull(Ω). Using Propositions B.1 and B.3, we know that h 7→ Lin(ω, h) is λ-strongly convex
and Fréchet differentiable. Also, by Proposition B.2, ∂hLin is Fréchet differentiable on Rd ×H, and,
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a fortiori, Hadamard differentiable. Then, by the functional implicit differentiation theorem [36, 58,
Theorem 2.1], the Jacobian ∂ωh⋆ω : H → Rd can be expressed as:

∂ωh
⋆
ω = −∂2ω,hLin(ω, h

⋆
ω)
(
∂2hLin(ω, h

⋆
ω)
)−1

.

We have:

∥∂ωh⋆ω∥op ≤
∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
op

∥∥∥(∂2hLin(ω, h
⋆
ω)
)−1
∥∥∥
op

≤

∥∥∥∂2ω,hLin(ω, h
⋆
ω)
∥∥∥
op

λ

=

∥∥∥EP
[
∂2ω,vℓin(ω, h

⋆
ω(x), y)K(x, ·)

] ∥∥∥
op

λ

≤
EP

[ ∥∥∂2ω,vℓin(ω, h
⋆
ω(x), y)

∥∥ ∥K(x, ·)∥H
]

λ

≤

√
κEP

[ ∥∥∂2ω,vℓin(ω, h
⋆
ω(x), y)

∥∥ ]
λ

, (13)

where the first line uses the sub-multiplicative property of the operator norm ∥ · ∥op, the second
line stems from the fact that h 7→ Lin(ω, h) is λ-strongly convex, for any ω ∈ Rd, as proved in
Proposition B.3, the third line follows from Proposition B.2, the fourth line uses Jensen’s inequality,
and the last line is a direct consequence of the boundedness of K by κ (Assumption (B)). According
to Proposition D.1, h⋆ω(x) ∈ V :=

[
−Bκ

λ , Bκ
λ

]
, which is a compact interval of R, where B :=

supω∈hull(Ω),y∈Y |∂vℓin(ω, 0, y)| > 0. By Assumption (C), Y is a compact set, hence hull(Ω)×V×Y
is compact. Besides, by Assumption (D), (ω, v, y) 7→ ∂vℓin(ω, v, y) is continuous over the domain
hull(Ω)× V × Y . Since every continuous function on a compact set is bounded, this leads to:

EP

[ ∥∥∂2ω,vℓin(ω, h
⋆
ω(x), y)

∥∥ ] ≤ L := sup
ω∈hull(Ω),v∈V,y∈Y

∥∥∂2ω,vℓin(ω, v, y)
∥∥ < +∞.

Substituting this bound into Equation (13) means that L
√
κ

λ is an upper bound on ∥∂ωh⋆ω∥op. Thus,
the result follows as desired.

D.2 Local boundedness and Lipschitz properties of ℓin, ℓout, and their derivatives

Proposition D.3 (Local boundedness). Under Assumptions (A) to (E), the functions (ω, x, y) 7→
ℓout(ω, h

⋆
ω(x), y), (ω, x, y) 7→ ∂ωℓout(ω, h

⋆
ω(x), y), and (ω, x, y) 7→ ∂vℓout(ω, h

⋆
ω(x), y) are

bounded over hull(Ω)×X ×Y by some positive constant Mout. Similarly, the functions (ω, x, y) 7→
∂vℓin(ω, h

⋆
ω(x), y), (ω, x, y) 7→ ∂2vℓin(ω, h

⋆
ω(x), y), and (ω, x, y) 7→ ∂2ω,vℓin(ω, h

⋆
ω(x), y) are

bounded over hull(Ω) × X × Y by some positive constant Min. The constants Mout and Min

are defined as:

Mout := sup
ω∈hull(Ω),v∈V,y∈Y

max (|ℓout(ω, v, y)| , ∥∂ωℓout(ω, v, y)∥ , |∂vℓout(ω, v, y)|) > 0,

Min := sup
ω∈hull(Ω),v∈V,y∈Y

max
(
|∂vℓin(ω, v, y)| ,

∣∣∂2vℓin(ω, v, y)∣∣ ,∥∥∂2ω,vℓin(ω, v, y)
∥∥) > 0,

where V ⊂ R is the compact interval defined in Proposition D.1.

Proof. By Proposition D.1, we have that h⋆ω(x) ∈ V :=
[
−Bκ

λ , Bκ
λ

]
⊂ R, for any x ∈ X . From

Assumption (D), we know that ℓin, ℓout, and their partial derivatives are all continuous on hull(Ω)×
V × Y . Also, Y is compact by Assumption (C). Thus, hull(Ω) × V × Y is compact. As every
continuous function defined over a compact space is bounded, we obtain that:

sup
ω∈hull(Ω),x∈X ,y∈Y

|ℓout(ω, h⋆ω(x), y)| ≤ sup
ω∈hull(Ω),v∈V,y∈Y

|ℓout(ω, v, y)| < +∞,

sup
ω∈hull(Ω),x∈X ,y∈Y

∥∂•ℓ◦(ω, h⋆ω(x), y)∥ ≤ sup
ω∈hull(Ω),v∈V,y∈Y

∥∂•ℓ◦(ω, v, y)∥ < +∞,

where • ∈ {{v}, {w}, {w, v}} and ◦ ∈ {in, out}. This implies the desired result.
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Proposition D.4 (Local Lipschitz continuity). Under Assumptions (A) to (E), there exists a positive
constant Lipout so that for any (x, y) in X × Y , the functions ω 7→ ℓout(ω, h

⋆
ω(x), y), ω 7→

∂ωℓout(ω, h
⋆
ω(x), y), and ω 7→ ∂vℓout(ω, h

⋆
ω(x), y) are locally Lipout

λ -Lipschitz continuous over
hull(Ω). Similarly, there exists a positive constant Lipin so that for any (x, y) in X ×Y , the functions
ω 7→ ∂vℓin(ω, h

⋆
ω(x), y), ω 7→ ∂2vℓin(ω, h

⋆
ω(x), y), and ω 7→ ∂2ω,vℓin(ω, h

⋆
ω(x), y) are locally Lipin

λ -
Lipschitz continuous over hull(Ω). The constants Lipout and Lipin are defined, for any 0 < λ ≤ Λ,
as:

Lipout := (Λ +Minκ)max
(
Mout, M̄out

)
> 0

Lipin := (Λ +Minκ)max
(
Min, M̄in

)
> 0,

where:

M̄out := sup
ω∈hull(Ω),v∈V,y∈Y

max
(∥∥∂2ωℓout(ω, v, y)∥∥op ,∥∥∂2ω,vℓout(ω, v, y)

∥∥ , ∣∣∂2vℓout(ω, v, y)∣∣) > 0,

M̄in := sup
ω∈hull(Ω),v∈V,y∈Y

max
(∥∥∂ω∂2vℓin(ω, v, y)∥∥ , ∣∣∂3vℓin(ω, v, y)∣∣ ,∥∥∂ω∂2ω,vℓin(ω, v, y)

∥∥) > 0,

with Mout and Min being the positive constants defined in Proposition D.3, and V ⊂ R is the
compact interval defined in Proposition D.1.

Proof. For any (ω, x, y) ∈ hull(Ω)×X × Y , we have:

∥∇ωℓout(ω, h
⋆
ω(x), y)∥ = ∥∂ωℓout(ω, h⋆ω(x), y) + ∂vℓout(ω, h

⋆
ω(x), y)∂ωh

⋆
ω(x)∥

≤ ∥∂ωℓout(ω, h⋆ω(x), y)∥+ |∂vℓout(ω, h⋆ω(x), y)| ∥∂ωh⋆ω∥op ∥K(x, ·)∥H

≤Mout

(
1 +

Minκ

λ

)
≤ Mout (Λ +Minκ)

λ
,

where the first line uses the chain rule, the second line applies the triangle inequality and the
reproducing property of the RKHS H, the third line follows from Proposition D.3 to bound the
derivatives of ℓout, from Proposition D.2, which states that the function ω 7→ h⋆ω is L

√
κ

λ -Lipschitz
continuous with L := supω∈hull(Ω),v∈V,y∈Y

∥∥∂2ω,vℓin(ω, v, y)
∥∥ < Min, to bound ∥∂ωh⋆ω∥op, and

from Assumption (B) to bound ∥K(x, ·)∥H, and the last line is a direct consequence of 0 < λ ≤ Λ.
In a similar way, we obtain:

∥∇ω∂ωℓout(ω, h
⋆
ω(x), y)∥op ≤ M̄out (Λ +Minκ)

λ
, ∥∇ω∂vℓout(ω, h

⋆
ω(x), y)∥ ≤ M̄out (Λ +Minκ)

λ
,

∥∇ω∂vℓin(ω, h
⋆
ω(x), y)∥ ≤ Min (Λ +Minκ)

λ
,
∥∥∇ω∂

2
vℓin(ω, h

⋆
ω(x), y)

∥∥ ≤ M̄in (Λ +Minκ)

λ
,∥∥∇ω∂

2
ω,vℓin(ω, h

⋆
ω(x), y)

∥∥
op

≤ M̄in (Λ +Minκ)

λ
.

Combining all these bounds concludes the proof.

E Generalization Properties

As before, let Ω be an arbitrary compact subset of Rd.

E.1 Point-wise estimates

We present a point-wise upper bound on the value error
∣∣∣F(ω)− F̂(ω)

∣∣∣ and gradient error∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥. To this end, we introduce the following notation for the error between the

inner and outer objectives and their empirical approximations evaluated at the optimal inner solution
h⋆ω:

δoutω :=
∣∣∣Lout(ω, h

⋆
ω)− L̂out(ω, h

⋆
ω)
∣∣∣ , δinω :=

∣∣∣Lin(ω, h
⋆
ω)− L̂in(ω, h

⋆
ω)
∣∣∣ .
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By abuse of notation, we introduce the following errors between partial derivatives of Lin and L̂in

(resp. Lout and L̂out), evaluated at (ω, h⋆ω), i.e.,

∂hδ
out
ω :=

∥∥∥∂hLout(ω, h
⋆
ω)− ∂hL̂out(ω, h

⋆
ω)
∥∥∥
H
, ∂ωδ

out
ω :=

∥∥∥∂ωLout(ω, h
⋆
ω)− ∂ωL̂out(ω, h

⋆
ω)
∥∥∥ ,

∂hδ
in
ω :=

∥∥∥∂hLin(ω, h
⋆
ω)− ∂hL̂in(ω, h

⋆
ω)
∥∥∥
H
, ∂ωδ

in
ω :=

∥∥∥∂ωLin(ω, h
⋆
ω)− ∂ωL̂in(ω, h

⋆
ω)
∥∥∥ ,

∂2hδ
in
ω :=

∥∥∥∂2hLin(ω, h
⋆
ω)− ∂2hL̂in(ω, h

⋆
ω)
∥∥∥
op
, ∂2ω,hδ

in
ω :=

∥∥∥∂2ω,hLin(ω, h
⋆
ω)− ∂2ω,hL̂in(ω, h

⋆
ω)
∥∥∥
op
.

Proposition E.1. Under Assumptions (A) to (E), the following holds for any ω ∈ Ω:∥∥∥h⋆ω − ĥω

∥∥∥
H

≤ 1

λ

∥∥∥∂hL̂in(ω, h
⋆
ω)
∥∥∥
H

=
1

λ
∂hδ

in
ω .

Proof. Let ω ∈ Ω. The function h 7→ L̂in(ω, h) is λ-strongly convex and Fréchet differentiable by
Propositions B.1 and B.3. Moreover, ĥω is the minimizer of h 7→ L̂in(ω, h) by definition. Therefore,
using Lemma H.2, we obtain a control on the distance in H to the optimum ĥω of h 7→ L̂in(ω, h) in
terms of the gradient ∂hL̂in(ω, h):∥∥∥h− ĥω

∥∥∥
H

≤ 1

λ

∥∥∥∂hL̂in(ω, h)
∥∥∥
H
, ∀h ∈ H.

In particular, choosing h = h⋆ω yields the inequality. The fact that
∥∥∥∂hL̂in(ω, h

⋆
ω)
∥∥∥
H

= ∂hδ
in
ω

follows from the optimality of h⋆ω which implies that ∂hLin(ω, h
⋆
ω) = 0.

Proposition E.2. Under Assumptions (A) to (E), the following inequalities hold for any ω ∈ Ω:

Eout
ω :=

∣∣∣L̂out(ω, h
⋆
ω)− L̂out(ω, ĥω)

∣∣∣ ≤ Cout

∥∥∥h⋆ω − ĥω

∥∥∥
H
,

∂hE
out
ω :=

∥∥∥∂hL̂out(ω, h
⋆
ω)− ∂hL̂out(ω, ĥω)

∥∥∥
H

≤ Cout

∥∥∥h⋆ω − ĥω

∥∥∥
H
,

∂ωE
out
ω :=

∥∥∥∂ωL̂out(ω, h
⋆
ω)− ∂ωL̂out(ω, ĥω)

∥∥∥ ≤ Cout

∥∥∥h⋆ω − ĥω

∥∥∥
H
,

∂2hE
in
ω :=

∥∥∥∂2hL̂in(ω, h
⋆
ω)− ∂2hL̂in(ω, ĥω)

∥∥∥
op

≤ Cin

∥∥∥h⋆ω − ĥω

∥∥∥
H
,

∂2ω,hE
in
ω :=

∥∥∥∂2ω,hL̂in(ω, h
⋆
ω)− ∂2ω,hL̂in(ω, ĥω)

∥∥∥
op

≤ Cin

∥∥∥h⋆ω − ĥω

∥∥∥
H
.

The positive constants Cout and Cin are defined as:

Cout := max
(
Mout

√
κ, M̄outκ, M̄out

√
κ
)
> 0,

Cin := max
(
M̄inκ

√
κ, M̄inκ,Min

√
dκ
)
> 0,

where Mout, M̄out, and M̄in are the positive constants defined in Propositions D.3 and D.4.

Proof. Lipschitz continuity of some functions of interest. Let ω ∈ Ω. According to Proposition D.1,
both h⋆ω(x) and ĥω(x) lie in the compact interval V :=

[
−Bκ

λ , Bκ
λ

]
⊂ R, for any x ∈ X , where

B := supω∈hull(Ω),y∈Y |∂vℓin(ω, 0, y)| > 0. By Assumption (C), Y is a compact set. Hence,
Ω × V × Y is a compact set as well. Furthermore, by Assumption (D), (ω, v, y) 7→ ℓin(ω, v, y),
(ω, v, y) 7→ ℓout(ω, v, y), and their derivatives are all continuous over the compact domain Ω×V×Y .
Therefore, these functions and their derivatives are bounded on this domain. In particular, this also
holds when v takes the specific values h⋆ω(x) or ĥω(x). Let v̄ be either h⋆ω(x) or ĥω(x), for any
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x ∈ X . For any ω ∈ Ω and y ∈ Y , we have:

|∂vℓout(ω, v̄, y)| ≤ sup
ω∈Ω,v∈V,y∈Y

|∂vℓout(ω, v, y)| ≤Mout < +∞,∣∣∂2vℓout(ω, v̄, y)∣∣ ≤ sup
ω∈Ω,v∈V,y∈Y

∣∣∂2vℓout(ω, v, y)∣∣ ≤ M̄out < +∞,∥∥∂2ω,vℓout(ω, v̄, y)
∥∥ ≤ sup

ω∈Ω,v∈V,y∈Y

∥∥∂2ω,vℓout(ω, v, y)
∥∥ ≤ M̄out < +∞,∣∣∂3vℓin(ω, v̄, y)∣∣ ≤ sup

ω∈Ω,v∈V,y∈Y

∣∣∂3vℓin(ω, v, y)∣∣ ≤ M̄in < +∞,∥∥∂v∂2ω,vℓin(ω, v̄, y)
∥∥
op

≤ sup
ω∈Ω,v∈V,y∈Y

∥∥∂ω∂2vℓin(ω, v, y)∥∥ ≤ M̄in < +∞.

This means that v ∈ V 7→ ℓout(ω, v, y), v ∈ V 7→ ∂vℓout(ω, v, y), v ∈ V 7→ ∂ωℓout(ω, v, y),
v ∈ V 7→ ∂2vℓin(ω, v, y), and v ∈ V 7→ ∂2ω,vℓin(ω, v, y) are Lipschitz continuous, with Lipschitz
constants Mout, M̄out, M̄out, M̄in, and M̄in, respectively, for any ω ∈ Ω and y ∈ Y .

Upper bounds. We have:

Eout
ω :=

∣∣∣L̂out(ω, h
⋆
ω)− L̂out(ω, ĥω)

∣∣∣ =
∣∣∣∣∣∣ 1m

m∑
j=1

ℓout(ω, h
⋆
ω(x̃j), ỹj)−

1

m

m∑
j=1

ℓout(ω, ĥω(x̃j), ỹj)

∣∣∣∣∣∣
≤ 1

m

m∑
j=1

∣∣∣ℓout(ω, h⋆ω(x̃j), ỹj)− ℓout(ω, ĥω(x̃j), ỹj)
∣∣∣

≤ Mout

m

m∑
j=1

∣∣∣h⋆ω(x̃j)− ĥω(x̃j)
∣∣∣

≤Mout

√
κ
∥∥∥h⋆ω − ĥω

∥∥∥
H
,

where the first line uses the definition of (ω, h) 7→ L̂out(ω, h), the second line applies the triangle
inequality, the third line leverages the fact that v 7→ ℓout(ω, v, y) is Mout-Lipschitz continuous,
for any ω ∈ Ω and y ∈ Y , and the last line follows from the reproducing property of the RKHS
H, Cauchy-Schwarz’s inequality, and Assumption (B) to bound ∥K(x, ·)∥H by

√
κ. Similarly, we

obtain:

∂hE
out
ω ≤ M̄outκ

∥∥∥h⋆ω − ĥω

∥∥∥
H
, ∂ωE

out
ω ≤ M̄out

√
κ
∥∥∥h⋆ω − ĥω

∥∥∥
H
,

∂2hE
in
ω ≤ M̄inκ

√
κ
∥∥∥h⋆ω − ĥω

∥∥∥
H
, ∂2ω,hE

in
ω ≤ M̄inκ

∥∥∥h⋆ω − ĥω

∥∥∥
H
.

Combining all the bounds finishes the proof.

Proposition E.3. Under Assumptions (A) to (E), the following inequalities hold for any ω ∈ Ω:

∥∂hLout(ω, h
⋆
ω)∥H ≤ Cout,

∥∥∂2ω,hLin(ω, h
⋆
ω)
∥∥
op

≤ Cin,
∥∥∥∂2ω,hL̂in(ω, ĥω)

∥∥∥
op

≤ Cin,

where Cout and Cin are the positive constants defined in Proposition E.2.

Proof. Let ω ∈ Ω.

Upper bound on ∥∂hLout(ω, h
⋆
ω)∥H. We have:

∥∂hLout(ω, h
⋆
ω)∥H =

∥∥∥EQ [∂vℓout(ω, h
⋆
ω(x), y)K(x, ·)]

∥∥∥
H

≤ EQ

[
|∂vℓout(ω, h⋆ω(x), y)| ∥K(x, ·)∥H

]
≤

√
κEQ

[
|∂vℓout(ω, h⋆ω(x), y)|

]
,

where the first line follows from Proposition B.1, the second line results from the triangle inequality,
and the last line uses Assumption (B) to bound ∥K(x, ·)∥H by

√
κ. Furthermore, we know by
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Proposition D.1 that (ω, h⋆ω(x), y) belongs to the compact subset Ω×V ×Y , and by Proposition D.3
that ∂vℓout(ω, h⋆ω(x), y) is bounded by a constant Mout on hull(Ω)× V × Y . Hence, it follows that:

∥∂hLout(ω, h
⋆
ω)∥H ≤

√
κMout ≤ Cout,

where Cout is defined in Proposition E.2.

Upper bound on
∥∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥∥
op

. According to Proposition B.2, ∂2ω,hLin(ω, h
⋆
ω) is a Hilbert-

Schmidt operator, which points to:

∥∥∂2ω,hLin(ω, h
⋆
ω)
∥∥
op

≤
∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
HS

=

√√√√ d∑
l=1

∥∥∥∂2ωl,h
Lin(ω, h⋆ω)

∥∥∥2
H
. (14)

This means that to find an upper bound on
∥∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥∥
op

, it suffices to establish an upper

bound on
∥∥∥∂2ωl,h

Lin(ω, h
⋆
ω)
∥∥∥2
H

for any l ∈ {1, . . . , d}. For a fixed l ∈ {1, . . . , d}, we have:

∥∥∂2ωl,h
Lin(ω, h

⋆
ω)
∥∥2
H =

∥∥∥EP
[
∂2ωl,v

ℓin(ω, h
⋆
ω(x), y)K(x, ·)

] ∥∥∥2
H

≤ EP

[∣∣∂2ωl,v
ℓin(ω, h

⋆
ω(x), y)

∣∣2 ∥K(x, ·)∥2H
]

≤ EP

[∥∥∂2ω,vℓin(ω, h
⋆
ω(x), y)

∥∥2]κ,
where the first line follows from Proposition B.2, the second line is a consequence of Jensen’s
inequality applied on the convex function ∥ · ∥2, and the last line applies Assumption (B) to bound
∥K(x, ·)∥2H by κ. Incorporating this upper bound into Equation (14) yields:∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
op

≤
√
EP

[∥∥∂2ω,vℓin(ω, h
⋆
ω(x), y)

∥∥2] dκ ≤Min

√
dκ ≤ Cin,

where we used Proposition D.3 to bound ∂2ω,vℓin(ω, h
⋆
ω(x), y) by the constant Min.

Upper bound on
∥∥∥∂2ω,hL̂in(ω, ĥω)

∥∥∥
op

. The derivation of this upper bound follows the same steps as

the previous one, with the only differences being the use of L̂in instead of Lin, and ĥω instead of h⋆ω .

Note that in the last step of each of the three upper bounds, we used the fact that the functions we are
dealing with are continuous by Assumption (D) on Ω×V×Y , which is compact because Ω is compact,
Y is compact by Assumption (C), and V is a compact interval of R defined in Proposition D.1. Hence,
those functions are bounded.

Proposition E.4 (Approximation bounds). Under Assumptions (A) to (E), the following holds for
any ω ∈ Ω: ∣∣∣F(ω)− F̂(ω)

∣∣∣ ≤ δoutω +
Cout

λ
∂hδ

in
ω ,∥∥∥∇F(ω)− ∇̂F(ω)

∥∥∥ ≤∂ωδoutω +
Cin

λ
∂hδ

out
ω +

CoutCin

λ2
∂2hδ

in
ω

+
Cout

λ
∂2ω,hδ

in
ω +

Cout

λ

(
1 + 2

Cin

λ
+
C2

in

λ2

)
∂hδ

in
ω ,

where the constants Cin and Cout are given in Proposition E.2.

Proof. In all what follows, we fix a value for ω in Ω. We start by controlling the value function, then
its gradient.

Control on the value function. By the triangle inequality, we have:∣∣∣F(ω)− F̂(ω)
∣∣∣ ≤ ∣∣∣Lout(ω, h

⋆
ω)− L̂out(ω, h

⋆
ω)
∣∣∣︸ ︷︷ ︸

δout
ω

+
∣∣∣L̂out(ω, h

⋆
ω)− L̂out(ω, ĥω)

∣∣∣︸ ︷︷ ︸
Eout

ω

. (15)
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According to Proposition E.2, the error term Eout
ω is controlled by the norm of the difference h⋆ω− ĥω ,

i.e., Eout
ω ≤ Cout

∥∥∥h⋆ω − ĥω

∥∥∥
H

. Moreover, by Proposition E.1, we know that
∥∥∥h⋆ω − ĥω

∥∥∥
H

≤
1
λ∂hδ

in
ω . Therefore, combining both bounds yields Eout

ω ≤ Cout

λ ∂hδ
in
ω . The upper bound on the

value function follows by substituting the previous inequality into Equation (15).

Control on the gradient. By Proposition B.4, we have the following expression for the total gradient
∇F :

∇F(ω) = ∂ωLout(ω, h
⋆
ω)− ∂2ω,hLin(ω, h

⋆
ω)
(
∂2hLin(ω, h

⋆
ω)
)−1

∂hLout(ω, h
⋆
ω).

Similarly, the gradient estimator ∇̂F is defined by replacing Lout and Lin by their empirical versions
L̂out and L̂in, and h⋆ω by ĥω := argminh∈H L̂in(ω, h) in the above expression, i.e.,

∇̂F(ω) = ∂ωL̂out(ω, ĥω)− ∂2ω,hL̂in(ω, ĥω)
(
∂2hL̂in(ω, ĥω)

)−1

∂hL̂out(ω, ĥω).

To simplify notations, for any h ∈ H, we introduce the following operators R(h), R̂(h) : H → Ω:

R(h) = ∂2ω,hLin(ω, h)
(
∂2hLin(ω, h)

)−1
and R̂(h) = ∂2ω,hL̂in(ω, h)

(
∂2hL̂in(ω, h)

)−1

.

The difference ∇F(ω)− ∇̂F(ω) can be decomposed as:

∇F(ω)− ∇̂F(ω)

=
(
∂ωLout(ω, h

⋆
ω)− ∂ωL̂out(ω, h

⋆
ω)
)
+
(
∂ωL̂out(ω, h

⋆
ω)− ∂ωL̂out(ω, ĥω)

)
− R̂(ĥω)

((
∂hLout(ω, h

⋆
ω)− ∂hL̂out(ω, h

⋆
ω)
)
+
(
∂hL̂out(ω, h

⋆
ω)− ∂hL̂out(ω, ĥω)

))
−
(
R(h⋆ω)− R̂(ĥω)

)
∂hLout(ω, h

⋆
ω).

By taking the norm of the above equality and using the triangle inequality, we obtain the following
upper bound:∥∥∥∇F(ω)− ∇̂F(ω)

∥∥∥
≤
∥∥∥∂ωLout(ω, h

⋆
ω)− ∂ωL̂out(ω, h

⋆
ω)
∥∥∥︸ ︷︷ ︸

∂ωδout
ω

+
∥∥∥∂ωL̂out(ω, h

⋆
ω)− ∂ωL̂out(ω, ĥω)

∥∥∥︸ ︷︷ ︸
∂ωEout

ω

+
∥∥∥R̂(ĥω)∥∥∥

op

∥∥∥∂hLout(ω, h
⋆
ω)− ∂hL̂out(ω, h

⋆
ω)
∥∥∥
H︸ ︷︷ ︸

∂hδout
ω

+
∥∥∥∂hL̂out(ω, h

⋆
ω)− ∂hL̂out(ω, ĥω)

∥∥∥
H︸ ︷︷ ︸

∂hEout
ω


+
∥∥∥R(h⋆ω)− R̂(ĥω)

∥∥∥
op

∥∂hLout(ω, h
⋆
ω)∥H . (16)

Next, we provide upper bounds on
∥∥∥R(h⋆ω)− R̂(ĥω)

∥∥∥
op

and
∥∥∥R̂(ĥω)∥∥∥

op
in terms of derivatives of

Lin and L̂in.

Upper bounds on
∥∥∥R(h⋆ω)− R̂(ĥω)

∥∥∥
op

and
∥∥∥R̂(ĥω)∥∥∥

op
. By application of Propositions B.2

and B.3, we deduce that ∂2ω,hLin(ω, h
⋆
ω), ∂

2
hLin(ω, h

⋆
ω), ∂

2
ω,hL̂in(ω, ĥω), and ∂2hL̂in(ω, ĥω) are

all bounded operators. Moreover, since Lin and L̂in are λ-strongly convex in their second argument
by Proposition B.3, it follows that ∂2hLin(ω, h

⋆
ω) ≥ λ IdH and ∂2hL̂in(ω, ĥω) ≥ λ IdH. We can

therefore apply Lemma H.1 which yields the following inequalities:∥∥∥R(h⋆ω)− R̂(ĥω)
∥∥∥
op

≤ 1

λ2
∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
op

∥∥∥∂2hLin(ω, h
⋆
ω)− ∂2hL̂in(ω, ĥω)

∥∥∥
op

+
1

λ

∥∥∥∂2ω,hLin(ω, h
⋆
ω)− ∂2ω,hL̂in(ω, ĥω)

∥∥∥
op
,∥∥∥R̂(ĥω)∥∥∥

op
≤ 1

λ

∥∥∥∂2ω,hL̂in(ω, ĥω)
∥∥∥
op
.

28



By applying the triangle inequality to both terms of the first inequality above, we obtain:∥∥∥R(h⋆ω)− R̂(ĥω)
∥∥∥
op

≤ 1

λ2
∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
op

∥∥∥∂2hLin(ω, h
⋆
ω)− ∂2hL̂in(ω, h

⋆
ω)
∥∥∥
op︸ ︷︷ ︸

∂2
hδ

in
ω

+
∥∥∥∂2hL̂in(ω, h

⋆
ω)− ∂2hL̂in(ω, ĥω)

∥∥∥
op︸ ︷︷ ︸

∂2
hE

in
ω



+
1

λ

∥∥∥∂2ω,hLin(ω, h
⋆
ω)− ∂2ω,hL̂in(ω, h

⋆
ω)
∥∥∥
op︸ ︷︷ ︸

∂2
ω,hδ

in
ω

+
∥∥∥∂2ω,hL̂in(ω, h

⋆
ω)− ∂2ω,hL̂in(ω, ĥω)

∥∥∥
op︸ ︷︷ ︸

∂2
ω,hE

in
ω

 .

Final bound. We can now substitute the above bounds on
∥∥∥R(h⋆ω)− R̂(ĥω)

∥∥∥
op

and
∥∥∥R̂(ĥω)∥∥∥

op

into Equation (16) to obtain the following upper bound on the gradient error:∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥

≤∂ωδoutω + ∂ωE
out
ω +

1

λ

∥∥∥∂2ω,hL̂in(ω, ĥω)
∥∥∥
op

(
∂hδ

out
ω + ∂hE

out
ω

)
+ ∥∂hLout(ω, h

⋆
ω)∥H

(
1

λ2
∥∥∂2ω,hLin(ω, h

⋆
ω)
∥∥
op

(
∂2hδ

in
ω + ∂2hE

in
ω

)
+

1

λ

(
∂2ω,hδ

in
ω + ∂2ω,hE

in
ω

))
.

(17)
Furthermore, by Proposition E.3, we have the following upper bounds on the derivatives of Lin and
Lout:

∥∂hLout(ω, h
⋆
ω)∥H ≤ Cout,

∥∥∂2ω,hLin(ω, h
⋆
ω)
∥∥
op

≤ Cin,
∥∥∥∂2ω,hL̂in(ω, ĥω)

∥∥∥
op

≤ Cin.

Incorporating the above bounds into Equation (17), we further get:∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥ ≤∂ωδoutω + ∂ωE

out
ω +

Cin

λ

(
∂hδ

out
ω + ∂hE

out
ω

)
+ Cout

(
Cin

λ2
(
∂2hδ

in
ω + ∂2hE

in
ω

)
+

1

λ

(
∂2ω,hδ

in
ω + ∂2ω,hE

in
ω

))
.

By Proposition E.2, we can upper-bound the error terms ∂ωEout
ω and ∂hEout

ω by Cout

∥∥∥h⋆ω − ĥω

∥∥∥
H

,

and ∂2hE
in
ω and ∂2ω,hE

in
ω by Cin

∥∥∥h⋆ω − ĥω

∥∥∥
H

. Furthermore, since
∥∥∥h⋆ω − ĥω

∥∥∥
H

≤ 1
λ∂hδ

in
ω by

Proposition E.1, we can further show that the gradient error satisfies the desired bound:∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥ ≤∂ωδoutω +

Cin

λ
∂hδ

out
ω + Cout

(
Cin

λ2
∂2hδ

in
ω +

1

λ
∂2ω,hδ

in
ω

)
+
Cout

λ

(
1 + 2

Cin

λ
+
C2

in

λ2

)
∂hδ

in
ω .

E.2 Maximal inequalities

Proposition E.5 (Maximal inequalities for empirical processes). Let Λ be a positive constant. Under
Assumptions (A) to (E), the following maximal inequalities hold for any 0 < λ ≤ Λ:

EQ

[
sup
ω∈Ω

δoutω

]
≤
√

1

λ2m
c(Ω)max(MoutLipout diam(Ω),ΛM2

out),

EQ

[
sup
ω∈Ω

∂ωδ
out
ω

]
≤
√

d

λ2m
c(Ω)max(Mout Lipout diam(Ω),ΛM2

out),

where c(Ω) is a positive constant greater than 1 that depends only on Ω and d, while Lipout and
Mout are positive constants defined in Propositions D.3 and D.4.
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Proof. We will apply the result of Proposition F.3 which provides maximal inequalities for real-valued
empirical processes that are uniformly bounded and Lipschitz in their parameter. To this end, consider
the parametric families:

T out
l := {X × Y ∋ (x, y) 7→ ∂wl

ℓout(ω, h
⋆
ω(x), y) | ω ∈ Ω} , 1 ≤ l ≤ d

T out
0 := {X × Y ∋ (x, y) 7→ ℓout(ω, h

⋆
ω(x), y) | ω ∈ Ω} .

For any 0 ≤ l ≤ d, these real-valued functions are uniformly bounded by a positive constant Mout,
thanks to Proposition D.3. Moreover, by Proposition D.4, the functions ω 7→ ∂ωl

ℓout(ω, h
⋆
ω(x), y)

and ω 7→ ℓout(ω, h
⋆
ω(x), y) are all λ−1 Lipout-Lipschitz for any (x, y) ∈ X × Y . Hence, Proposi-

tion F.3 is applicable to each of these families, with D set to Q and Z set to X × Y . We treat both
δoutω and ∂ωδoutω separately.

A maximal inequality for δoutω . For l = 0, we readily apply Proposition F.3 with p = 1 to get the
following maximal inequality for δoutω :

EQ

[
sup
ω∈Ω

δoutω

]
:=EQ

sup
ω∈Ω

∣∣∣∣∣∣E(x,y)∼Q [ℓout(ω, h
⋆
ω(x), y)]−

1

m

m∑
j=1

ℓout(ω, h
⋆
ω(x̃j), ỹj)

∣∣∣∣∣∣


≤
√

1

λ2m
c(Ω)max(MoutLipout diam(Ω),ΛM2

out).

A maximal inequality for ∂ωδoutω . We now turn to ∂ωδoutω , which involves vector-valued processes
(as an error between the gradient and its estimate). While the maximal inequalities in Proposition F.3
hold for real-valued processes, we will first obtain maximal inequalities for each component appearing
in ∂ωδoutω and then sum these to control ∂ωδoutω . To this end, we first use the Cauchy-Schwarz

inequality which implies that EQ [supω∈Ω ∂ωδ
out
ω ] ≤ EQ

[
supω∈Ω(∂ωδ

out
ω )2

] 1
2 . Thus we only need

to control EQ
[
supω∈Ω(∂ωδ

out
ω )2

]
. Simple calculations show that:

EQ

[
sup
ω∈Ω

∂ωδ
out
ω

]2
≤EQ

[
sup
ω∈Ω

(∂ωδ
out
ω )2

]

≤
d∑

l=1

EQ

sup
ω∈Ω

∣∣∣∣∣∣E(x,y)∼Q [∂wl
ℓout(ω, h

⋆
ω(x), y)]−

1

m

m∑
j=1

∂ωl
ℓout (ω, h

⋆
ω(x̃j), ỹj)

∣∣∣∣∣∣
2


≤

(√
d

λ2m
c(Ω)max(Mout Lipout diam(Ω),ΛM2

out)

)2

,

where the last inequality follows by application of Proposition F.3 with p = 2 to each term in the
right-hand side of the first inequality for 1 ≤ l ≤ d. We get the desired bound on EQ [supω∈Ω ∂ωδ

out
ω ]

by taking the square root of the above inequality.

Proposition E.6 (Maximal inequalities for RKHS-valued empirical processes). Let Λ be a positive
constant. Under Assumptions (A) to (E), the following maximal inequalities hold for any 0 < λ ≤ Λ:

EQ

[
sup
ω∈Ω

∂hδ
out
ω

]
≤ λ−

1
4m− 1

2

(
c(Ω)max

(
M̃out,1L̃out,1 diam(Ω),ΛM̃2

out,1

)) 1
4

,

EP

[
sup
ω∈Ω

∂hδ
in
ω

]
≤ λ−

1
4n−

1
2

(
c(Ω)max

(
M̃in,1L̃in,1 diam(Ω),ΛM̃2

in,1

)) 1
4

,

EP

[
sup
ω∈Ω

∂2ω,hδ
in
ω

]
≤ λ−

1
4n−

1
2 d

1
2

(
c(Ω)max

(
M̃in,1L̃in,1 diam(Ω),ΛM̃2

in,1

)) 1
4

,

EP

[
sup
ω∈Ω

∂2hδ
in
ω

]
≤ λ−

1
4n−

1
2

(
c(Ω)max

(
M̃2

in,2L̃in,2 diam(Ω),ΛM̃2
in,2

)) 1
4

,
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where c(Ω) is a positive constant greater than 1 that depends only on Ω and d,
L̃out,1, L̃in,1, L̃in,2, M̃out,1, M̃in,1, and M̃in,2 are positive constants defined as:

L̃out,1 := 2LipoutMoutκ, L̃in,1 := 2LipinMinκ, L̃in,2 := 2LipinMinκ
2,

M̃out,1 :=M2
outκ, M̃in,1 :=M2

inκ, M̃in,2 :=M2
inκ

2,

and Lipout,Lipin,Mout, and Min are positive constants given in Propositions D.3 and D.4.

Proof. Consider parametric families of real-valued functions indexed by Ω of the form:

Ts,a := {tω : ((x, y), (x′, y′)) 7→ fs(ω, x, y)fs(ω, x
′, y′)Ka(x, x′) | ω ∈ Ω} ,

where a ∈ {1, 2}, s is an integer satisfying 0 ≤ s ≤ d+ 2, and fs(ω, x, y) are real-valued functions
given by:

f0 : (ω, x, y) 7→ ∂vℓout(ω, h
⋆
ω(x), y), f1 : (ω, x, y) 7→ ∂vℓin(ω, h

⋆
ω(x), y),

f2 : (ω, x, y) 7→ ∂2vℓin(ω, h
⋆
ω(x), y), f2+l : (ω, x, y) 7→ ∂2ωl,v

ℓin(ω, h
⋆
ω(x), y), 1 ≤ l ≤ d.

For any 1 ≤ s ≤ d+ 2, the real-valued functions fs are uniformly bounded by a positive constant
Min thanks to Proposition D.3. Moreover, since the kernelK is bounded by κ due to Assumption (B),
it follows that all elements tω of Ts,a are uniformly bounded by M̃in,a := M2

inκ
a. Moreover, for

1 ≤ s ≤ d + 2, the functions ω 7→ fs(ω, x, y) are λ−1 Lipin-Lipschitz for any (x, y) ∈ X × Y
by Proposition D.4. Hence, it follows that the map ω 7→ tω((x, y), (x

′, y′)) is λ−1L̃in,a-Lipschitz
with L̃in,a := 2LipinMinκ

a for any (x, y) and (x′, y′) in X × Y . Similarly, for s = 0, we get
the same properties, albeit, with different constants, i.e., the family T0,a is uniformly bounded by a
constant M̃out,a :=M2

outκ
a with Mout introduced in Proposition D.3, and is λ−1L̃out,a-Lipschitz in

its parameter with L̃out,a := 2LipoutMoutκ
a where Lipout is given in Proposition D.4. Hence, the

maximal inequality in Proposition F.4 is applicable to each of these families with Z set to X × Y ,
and D set either to P for 1 ≤ s ≤ d+ 2, or to Q for s = 0. For conciseness, in all what follows, we
will write z = (x, y) and zi = (xi, yi) and z̃j = (x̃j , ỹj) for 1 ≤ i ≤ n and 1 ≤ j ≤ m.

Maximal inequalities for ∂hδoutω and ∂hδinω . We control ∂hδoutω first as ∂hδinω will be dealt with
similarly. Using Cauchy-Schwarz inequality and standard calculus, we have that:

EQ

[
sup
ω∈Ω

∂hδ
out
ω

]2
≤EQ

[
sup
ω∈Ω

(∂hδ
out
ω )2

]

:=EQ

sup
ω∈Ω

∥∥∥∥∥∥E(x,y)∼Q [∂vℓout(ω, h
⋆
ω(x), y)K(x, ·)]− 1

m

m∑
j=1

∂vℓout(ω, h
⋆
ω(x̃j), ỹj)K(x̃j , ·)

∥∥∥∥∥∥
2

H


=EQ

sup
ω∈Ω

Ez,z′∼Q⊗Q [tω(z, z
′)] +

1

m2

m∑
i,j=1

tω(zi, zj)−
2

m

m∑
j=1

Ez∼Q [tω(z, z̃j)]

 ,
where tω(z, z′) := ∂vℓout(ω, h

⋆
ω(x), y)∂vℓout(ω, h

⋆
ω(x

′), y′)K(x, x′) ∈ T0,1. The last term is pre-
cisely what Proposition F.4 controls when applying it to the family T0,1 and choosing D to be Q.
Therefore, the following maximal inequality holds by application of Proposition F.4:

EQ

[
sup
ω∈Ω

∂hδ
out
ω

]
≤ λ−

1
4m− 1

2

(
c(Ω)max

(
M̃out,1L̃out,1 diam(Ω),ΛM̃2

out,1

)) 1
4

,

where c(Ω) is a positive constant greater than 1 that depends only on Ω and d. We obtain a similar
inequality for ∂hδinω by carrying out similar calculations, then applying Proposition F.4 to the family
T1,1 and choosing P for the probability distribution D. The resulting bound is then of the form:

EP

[
sup
ω∈Ω

∂hδ
in
ω

]
≤ λ−

1
4n−

1
2

(
c(Ω)max

(
M̃in,1L̃in,1 diam(Ω),ΛM̃2

in,1

)) 1
4

.
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A maximal inequality for ∂2ω,hδ
in
ω . We have:

EP

[
sup
ω∈Ω

∂2ω,hδ
in
ω

]2
(a)

≤EP

[
sup
ω∈Ω

(∂2ω,hδ
in
ω )2

]
(b)
:=EP

sup
ω∈Ω

∥∥∥∥∥E(x,y)∼P
[
∂2ω,vℓin(ω, h

⋆
ω(x), y)K(x, ·)

]
− 1

n

n∑
i=1

∂2ω,vℓin(ω, h
⋆
ω(xi), yi)K(xi, ·)

∥∥∥∥∥
2

op


(c)

≤EP

sup
ω∈Ω

∥∥∥∥∥E(x,y)∼P
[
∂2ω,vℓin(ω, h

⋆
ω(x), y)K(x, ·)

]
− 1

n

n∑
i=1

∂2ω,vℓin(ω, h
⋆
ω(xi), yi)K(xi, ·)

∥∥∥∥∥
2

HS


(d)
=

d∑
l=1

EP

sup
ω∈Ω

∥∥∥∥∥E(x,y)∼P
[
∂2ωl,v

ℓin(ω, h
⋆
ω(x), y)K(x, ·)

]
− 1

n

n∑
i=1

∂2ωl,v
ℓin(ω, h

⋆
ω(xi), yi)K(xi, ·)

∥∥∥∥∥
2

H


(e)
=

d∑
l=1

EP

sup
ω∈Ω

Ez,z′∼P⊗P [tω,l(z, z
′)] +

1

n2

n∑
i,j=1

tω,l(zi, zj)−
2

n

n∑
i=1

Ez∼P [tω,l(z, zi)]

 ,
where we introduced tω,l(z, z

′) := ∂2ωl,v
ℓin(ω, h

⋆
ω(x), y)∂

2
ωl,v

ℓin(ω, h
⋆
ω(x

′), y′)K(x, x′) ∈ T2+l,1.
Here, (a) follows from the Cauchy-Schwarz inequality, (b) is obtained by definition of ∂2ω,hδ

in
ω , while

(c) uses the general fact that the operator norm of an operator is upper-bounded by its Hilbert-Schmidt
norm which is finite in our case by application of Proposition B.2. Moreover, (d) further uses the
Hilbert-Schmidt norm of an operator in terms of the norm of its rows, while (e) simply expands the
squared RKHS norm and uses the reproducing property in the RKHS H. Each term in the last item
(e) is precisely what Proposition F.4 controls when applying it to the families T2+l,1 for 1 ≤ l ≤ d
and choosing D to be P. Therefore, the following maximal inequality holds by a direct application of
Proposition F.4:

EP

[
sup
ω∈Ω

∂2ω,hδ
in
ω

]
≤ λ−

1
4n−

1
2 d

1
2

(
c(Ω)max

(
M̃in,1L̃in,1 diam(Ω),ΛM̃2

in,1

)) 1
4

,

where c(Ω) is a positive constant greater than 1 that depends only on Ω and d.

A maximal inequality for ∂2hδinω . We will use a similar approach as for ∂2ω,hδ
in
ω . We have:

EP

[
sup
ω∈Ω

∂2hδ
in
ω

]2
(a)

≤EP

[
sup
ω∈Ω

(∂2hδ
in
ω )2

]
(b)
:=EP

[
sup
ω∈Ω

∥∥∥∥∥E(x,y)∼P
[
∂2vℓin(ω, h

⋆
ω(x), y)K(x, ·)⊗K(x, ·)

]
− 1

n

n∑
i=1

∂2vℓin(ω, h
⋆
ω(xi), yi)K(xi, ·)⊗K(xi, ·)

∥∥∥∥∥
2

op

]
(c)

≤EP

[
sup
ω∈Ω

∥∥∥∥∥E(x,y)∼P
[
∂2vℓin(ω, h

⋆
ω(x), y)K(x, ·)⊗K(x, ·)

]
− 1

n

n∑
i=1

∂2vℓin(ω, h
⋆
ω(xi), yi)K(xi, ·)⊗K(xi, ·)

∥∥∥∥∥
2

HS

]

(d)
=EP

sup
ω∈Ω

Ez,z′∼P⊗P [tω(z, z
′)] +

1

n2

n∑
i,j=1

tω(zi, zj)−
2

n

n∑
i=1

Ez∼P [tω(z, zi)]

 ,
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where we introduced tω(z, z′) := ∂2vℓin(ω, x, y)∂
2
vℓin(ω, x

′, y′)K2(x, x′) ∈ T2,2. Here, (a) follows
from the Cauchy-Schwarz inequality, (b) is obtained by definition of ∂2hδ

in
ω , while (c) uses the general

fact that the operator norm of an operator is upper-bounded by its Hilbert-Schmidt norm which
is finite in our case by application of Proposition B.2. Moreover, (d) further uses the identity in
Lemma H.3 for computing the Hilbert-Schmidt norm of sum/expectation of tensor-product operators.
The last item (d) is precisely what Proposition F.4 controls when applying it to the family T2,2 and
choosing D to be P. Therefore, the following maximal inequality holds by direct application of
Proposition F.4:

EP

[
sup
ω∈Ω

∂2hδ
in
ω

]
≤ λ−

1
4n−

1
2

(
c(Ω)max

(
M̃in,2L̃in,2 diam(Ω),ΛM̃2

in,2

)) 1
4

,

where c(Ω) is a positive constant greater than 1 that depends only on Ω and d.

E.3 Proof of Theorem 4.1

Theorem E.7 (Generalization bounds). The following holds under Assumptions (A) to (E):

E
[
sup
ω∈Ω

∣∣∣F(ω)− F̂(ω)
∣∣∣] ≲ 1

λm
1
2

+
Cout

λ
5
4n

1
2

,

E
[
sup
ω∈Ω

∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥] ≲ 1

λ

(
d

1
2 +

Cin

λ
1
4

)
1

m
1
2

+
Cout

λ
5
4

(
2 + 3

Cin

λ
+
C2

in

λ2

)
1

n
1
2

,

where the constants Cin and Cout are given in Proposition E.2.

Proof. Using the point-wise estimates in Proposition E.4 and taking their supremum over Ω followed
by the expectations over data, the following error bounds hold:

E
[
sup
ω∈Ω

∣∣∣F(ω)− F̂(ω)
∣∣∣] ≤EQ

[
sup
ω∈Ω

δoutω

]
+
Cout

λ
EP

[
sup
ω∈Ω

∂hδ
in
ω

]
,

E
[
sup
ω∈Ω

∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥] ≤EQ

[
sup
ω∈Ω

∂ωδ
out
ω

]
+
Cin

λ
EQ

[
sup
ω∈Ω

∂hδ
out
ω

]
+
Cout

λ

(
1 + 2

Cin

λ
+
C2

in

λ2

)
EP

[
sup
ω∈Ω

∂hδ
in
ω

]
+
CoutCin

λ2
EP

[
sup
ω∈Ω

∂2hδ
in
ω

]
+
Cout

λ
EP

[
sup
ω∈Ω

∂2ω,hδ
in
ω

]
.

Furthermore, we can use the maximal inequalities in Propositions E.5 and E.6 to control each term
appearing in the right-hand side of the above inequalities:

E
[
sup
ω∈Ω

∣∣∣F(ω)− F̂(ω)
∣∣∣] ≤R(m− 1

2λ−1 + Coutn
− 1

2λ−(1+ 1
4 )
)
,

E
[
sup
ω∈Ω

∥∥∥∇F(ω)− ∇̂F(ω)
∥∥∥] ≤R(m− 1

2λ−1d
1
2 + Cinm

− 1
2λ−(1+ 1

4 )

+ Coutn
− 1

2λ−(1+ 1
4 )

(
1 + 2

Cin

λ
+
C2

in

λ2

)
+ CoutCinn

− 1
2λ−(2+ 1

4 ) + Coutn
− 1

2λ−(1+ 1
4 )
)
,

where the constant R depends only on the Lipschitz constants Lipin and Lipout, the upper bounds
Min and Mout, the bound κ on the kernel, the set Ω, and the dimension d. Rearranging the obtained
upper bounds concludes the proof.

E.4 Generalization for bilevel gradient methods

Proof of Corollary 4.2. Consider that infω,v,y ℓout(ω, v, y) − c∥ω∥2 ≥ 0, which entails
ℓout(ω, v, y) ≥ c∥ω∥2 for all v, y. Using Proposition D.1 and setting B = supy∈Y |∂vℓin(ω0, 0, y)|,
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we have almost surely that:

F̂(ω0) ≤ max
|v|≤Bκ

λ ,y∈Y
ℓout(ω0, v, y) =: ℓ̄.

Therefore, for any ω such that F̂(ω) ≤ F̂(ω0), we have ∥ω∥2 ≤ ℓ̄/c. Define Ω as the ball of radius√
ℓ̄/c centered at 0. Using the fact that ∇̂F = ∇F̂ in Proposition 3.1 and the representation in

Equation (4), it is clear from Proposition D.2 and Assumption (D) that ∇F̂ is Lipschitz on Ω with a
deterministic constant L. It follows from standard results on gradient descent for nonconvex F̂ with
Lipschitz gradient (see, e.g., [9, Theorems 4.25, 4.26]) that if we take η̄ = 1/L, then almost surely:

• F̂(ωt) ≤ F̂(ω0) and ωt ∈ Ω for all t ≥ 0.

• ∇F̂(ωt) → 0 as t→ ∞.

• mini=0,...,t

∥∥∥∇F̂(ωi)
∥∥∥ ≤ c̄/

√
t+ 1 for all t ≥ 0, where c̄ is a deterministic constant.

The corollary then follows by combining Proposition 3.1 and the uniform bound in Theorem 4.1.

Bilevel projected gradient descent. Considering the constrained (KBO) problem and assuming that
C is convex and compact, the projected gradient descent initialized at ω0 ∈ C iterates the following
recursion ωt+1 = ΠC(ωt − η∇F̂(ωt)) for all t ≥ 0, where ΠC denotes the orthogonal projection
onto C and η > 0 is the step size. The algorithmic requirements are the same as the gradient descent
algorithm, with the additional cost of computing the projection, which is typically cheap for basic
sets such as balls. In the constrained setting, the optimality condition should take the constraints
into account. To this end, we consider the gradient mappings Ĝη : ω 7→ 1

η (ω −ΠC(ω − η∇F̂(ω)))

and Gη : ω 7→ 1
η (ω −ΠC(ω − η∇F(ω))) [10, Section 10.3]. This captures the stationarity of the

recursion, and any local minimum of F on C satisfies Gη = 0 for all η > 0.
Corollary E.8 (Generalization for bilevel projected gradient descent). Consider Assumptions (A)
to (E) and fix λ > 0. Assume further that K in (K̂BO) is almost surely definite, and that C is convex
and compact. Fix ω0 ∈ C and let ωt+1 = ΠC(ωt − η∇F̂(ωt)), where η > 0 is the step size and
t ≥ 0 is the iteration index. Then, there exist constants η̄ > 0 and c̄ > 0 such that for any 0 < η < η̄
and t > 0, the following holds:

E
[

min
i=0,...,t

∥Gη(ωi)∥
]
≤ c̄

(
1√
m

+
1√
n
+

1√
t+ 1

)
,E
[
lim sup
i→∞

∥Gη(ωi)∥
]
≤ c̄

(
1√
m

+
1√
n

)
.

Proof. We choose Ω = C. All iterates obviously remain in Ω. Similarly as in the proof of
Corollary 4.2, we know that ∇F̂ is Lipschitz and that F is bounded on Ω with deterministic
constants. It then follows from classical analysis on the nonconvex projected gradient algo-
rithm (see, e.g., [10, Theorem 10.15]), that for sufficiently small η, we have almost surely that
mini=0,...,t

∥∥∥Ĝη(ωi)
∥∥∥ ≤ c̄/

√
t+ 1 for a deterministic constant c̄ > 0, and that Ĝη(ωi) → 0 as

i→ ∞. Using the fact that the orthogonal projection is 1-Lipschitz, (see, e.g., [10, Theorem 6.42]),
we also have for all ω ∈ Ω:

∥Ĝη(ω)−Gη(ω)∥ ≤ ∥∇F̂(ω)−∇F(ω)∥.

The result follows by combining Proposition 3.1 and the uniform bound in Theorem 4.1.

F Maximal Inequalities for Bounded and Lipschitz Family of Functions

Let Z be a subset of a Euclidean space and Ω be a compact subset of Rd. Denote by ⊗kZ the k-th
tensor power of Z , for any k ≥ 1. Consider a parametric family T of real-valued functions defined
over Z and indexed by a parameter ω ∈ Ω, i.e.,

T := {Z ∋ z 7→ tω(z) ∈ R | ω ∈ Ω} . (18)
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For a given probability measure µ on Z , denote by L2(µ) the space of square µ-integrable real-

valued functions. We denote by ∥f∥D,2 := ED
[
f(z)2

] 1
2 the L2(µ)-norm of any function f ∈ L2(µ).

For any ϵ > 0, we denote by D (ϵ, T , L2(µ)) the ϵ-packing number of T w.r.t. L2(µ). The next
proposition provides a control on such a number under regularity conditions on the family T .
Proposition F.1 (Control on the packing number). Assume that Ω is a compact subset of Rd, that
the parametric family T defined in Equation (18) is uniformly bounded by a positive constant M ,
and that there exists a positive constant L so that, for any probability measure µ on Z , ω 7→ tω(z) is
L-Lipschitz for any z ∈ Z . Then, there exists a positive constant c(Ω) greater than 1 that depends
only on Ω and d so that, for any probability measure µ on Z , the following bound holds for any
0 < ϵ ≤M :

D (ϵ, T , L2(µ)) ≤ c(Ω)

(
max (Ldiam(Ω),M)

ϵ

)d

.

Proof. First using [40, Lemma 9.18] and [40, Paragraph 8.1.2], we know that the ϵ-packing number
D (ϵ, T , L2(µ)) is smaller than the ϵ

2 -bracketing number N[]

(
ϵ
2 , T , L2(µ)

)
. Hence, we only need to

control the bracketing number. To this end, we recall that the function ω 7→ tω(z) is L-Lipschitz for
any z ∈ Z , so that [71, Example 19.7] ensures the existence of a positive constant c(Ω) that depends
only on Ω for which the following inequality holds for any 0 < ϵ < Ldiam(Ω):

1 ≤ N[] (ϵ, T , L2(µ)) ≤ c(Ω)

(
Ldiam(Ω)

ϵ

)d

.

Moreover, since the ϵ-bracketing number is decreasing in ϵ, it holds that:

N[] (ϵ, T , L2(µ)) ≤ N[] (ϵ−, T , L2(µ)) ≤ c(Ω)

(
Ldiam(Ω)

ϵ−

)d

,

for any ϵ ≥ Ldiam(Ω) and ϵ− ≤ Ldiam(Ω). Taking the limit when ϵ− approaches Ldiam(Ω) yields
N[] (ϵ, T , L2(µ)) ≤ c(Ω) for any ϵ ≥ Ldiam(Ω). Hence, we have shown so far that for any ϵ > 0:

N[] (ϵ, T , L2(µ)) ≤ c(Ω)max

(
1,

(
Ldiam(Ω)

ϵ

)d
)
.

Moreover, by noticing that max(1, L diam(Ω)
ϵ ) ≤ max(M,L diam(Ω))

ϵ for any ϵ ≤M , we further have
that:

N[] (ϵ, T , L2(µ)) ≤ c(Ω)

(
max (M,L diam(Ω))

ϵ

)d

.

Finally, recalling that D (ϵ, T , L2(µ)) ≤ N[]

(
ϵ
2 , T , L2(µ)

)
, we get that D (ϵ, T , L2(µ)) ≤

2dc(Ω)
(

max(M,L diam(Ω))
ϵ

)d
. The desired bound follows after redefining c(Ω) to include the factor

2d (i.e., c(Ω) → 2dc(Ω)).

Theorem F.2 (Maximal inequality for degenerate, bounded, and Lipschitz
U -processes). Let k be either 1 or 2. Consider a parametric family T :={
⊗kZ ∋ (z1, . . . , zk) 7→ tω(z1, . . . , zk) ∈ R | ω ∈ Ω

}
of real-valued functions over ⊗kZ in-

dexed by a parameter ω ∈ Ω, where Ω is a compact subset of Rd. For a given probability distribution
D over Z , assume that all elements tω are degenerate w.r.t. D, meaning that:{

Ez̄∼D [tω(z̄)] = 0, if k = 1

Ez̄∼D [tω(z, z̄)] = Ez̄∼D [tω(z̄, z)] = 0, ∀z ∈ Z, if k = 2.

Furthermore, assume that all functions in T are uniformly bounded by a positive constant M
and that there exists a positive constant L so that ω 7→ tω(z1, . . . , zk) is L-Lipschitz for any
(z1, . . . , zk) ∈ ⊗kZ . Given i.i.d. samples (zi)1≤i≤n from D, consider the following U -statistic Uk

n :

Uk
ntω :=



1

n

n∑
i=1

tω(zi), if k = 1

1

n(n− 1)

n∑
i,j=1
i̸=j

tω(zi, zj), if k = 2.
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Then, there exists a universal positive constant c(Ω) greater than 1 that depends only on Ω and d
such that for any p ∈ {1, 2}:

ED

[
sup
ω∈Ω

∣∣Uk
ntω
∣∣p] 1

p

≤ n−
k
2 c(Ω)max

(
MLdiam(Ω),M2

) 1
2 .

Proof. Maximal inequality for degenerate U -processes. We will first apply the general result in
[67, Maximal inequality] which controls ED

[
supω∈Ω

∣∣Uk
ntω
∣∣] in terms of the packing number of

T . First note, by assumption, that the functions tω(z1, . . . , zk) are uniformly bounded by a positive
constant M . Therefore, the constant function T (z1, . . . , zk) := M is an envelope for T , i.e., T
satisfies T (z1, . . . , zk) ≥ supω∈Ω |tω(z1, . . . , zk)| for any (z1, . . . , zk) ∈ ⊗kZ . The envelope T is,
a fortiori, square µ-integrable for any probability measure µ on ⊗kZ . Hence, we can apply [67,
Maximal inequality] with the choice T for the envelope function and set the integer m appearing in
the result to m = d to get the following bound:

ED

[
sup
ω∈Ω

∣∣Uk
ntω
∣∣p] 1

p

≤ n−
k
2 ΓE

[
∥T∥µn,2

∫ δn

0

(
D
(
ϵ ∥T∥µn,2

, T , L2(µn)
)) 1

2dp

dϵ

]
, (19)

where Γ is a positive universal constant3 that depends only on d and that we choose to be greater than
1, while µn are suitably chosen probability measures on ⊗kZ that possibly depend on the samples
z1, . . . , zn and other random variables, and δn ∥T∥µn,2

:= supω∈Ω ∥tω∥µn,2
. Here, the expectation

symbol in the right-hand side is over all randomness on which µn might depend. Note that the
original result in [67, Maximal inequality] is stated using a slightly different definition of the packing
number but which is still equivalent to the statement above in our setting4.

In our setting, the envelope function is constant and equal to M , and by definition δn ≤ 1. Hence,
the inequality in Equation (19) further becomes:

ED

[
sup
ω∈Ω

∣∣Uk
ntω
∣∣p] 1

p

≤ n−
k
2MΓE

[∫ 1

0

(
D
(
ϵ ∥T∥µn,2

, T , L2(µn)
)) 1

2dp

dϵ

]
. (20)

We simply need to control the packing number D
(
ϵ ∥T∥µ,2 , T , L2(µ)

)
independently of the proba-

bility measure µ.

Control on the packing number. We have shown that the constant function T (z1, . . . , zk) := M
is an envelope for T which is, a fortiori, square µ-integrable for any probability measure µ with
∥T∥µ,2 = M < +∞. Moreover, the functions ω 7→ tω(z1, . . . , zk) are L-Lipschitz for any
(z1, . . . , zk) ∈ ⊗kZ . We can therefore apply Proposition F.1 which ensures the existence of a
positive constant c(Ω) greater than 1 and that depends only on Ω and d so that the following estimate
on the ϵ-packing number of the class T w.r.t. L2(µ) holds:

D
(
ϵ ∥T∥µ,2 , T , L2(µ)

)
≤ c(Ω)

(
max

(
Ldiam(Ω)

M
, 1

))d

︸ ︷︷ ︸
A

(
1

ϵ

)d

, ∀ϵ ∈ (0, 1]. (21)

Combining Equation (21) with Equation (20) yields:

ED

[
sup
ω∈Ω

∣∣Uk
ntω
∣∣p] 1

p

≤ n−
k
2MΓE

[∫ 1

0

(
Aϵ−d

) 1
2dp dϵ

]
= n−

k
2MΓA

1
2dp

∫ 1

0

ϵ−
1
2p dϵ︸ ︷︷ ︸

≤2

≤ 2n−
k
2 Γc(Ω)

1
2d max

(
Ldiam(Ω),M2

) 1
2 ,

3The constant Γ appearing in [67, Maximal inequality] depends only on k, p and m, i.e., Γ := g(k, p,m).
Since, we are only interested in k ≤ 2 and p ≤ 2 and m is fixed to d, we choose Γ to be max1≤k,p≤2 g(k, p, d)

1
p ,

so that it is the same in all our cases.
4In [67, Maximal inequality], the author considers a modified version of the ϵ-packing number (call

it D̃(ϵ, T , L2(µ))) associated to L2(µ) but endowed with a normalized version of the standard norm
on L2(µ): ∥f∥µ :=

∥f∥µ,2

∥T∥µ,2
. Both numbers are related by the following identity: D̃ (ϵ, T , L2(µ)) =

D(ϵ∥T∥µ,2, T , L2(µ)), thus making the statement (19) equivalent to the original statement in [67, Maximal
inequality].
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where, for the last inequality, we used that A
1

2dp ≤ A
1
2d = c(Ω)

1
2d max

(
L diam(Ω)

M , 1
) 1

2

since A

is greater than 1. The desired result follows after redefining c(Ω) as 2Γc(Ω)
1
2d which is a positive

constant that depends only on Ω and d.

The following two propositions are particular instances of Theorem F.2 and will be used to obtain the
main bounds.
Proposition F.3 (Maximal inequality for empirical processes). Consider a parametric family T :=
{Z ∋ z 7→ tω(z) ∈ R | ω ∈ Ω} of real-valued functions defined over a subset Z of a Euclidean
space and indexed by a parameter ω ∈ Ω, where Ω is a compact subset of Rd. Assume that all
functions in T are uniformly bounded by a positive constant M and that there exists a positive
constant L so that ω 7→ tω(z) is L-Lipschitz for any z ∈ Z . Consider a probability distribution D
over Z and let (zi)1≤i≤n be i.i.d. samples drawn from D, then there exists a positive constant c(Ω)
greater than 1 that depends only on Ω and d, such that for any integer p ∈ {1, 2}:

ED

[
sup
ω∈Ω

∣∣∣∣∣Ez∼D [tω(z)]−
1

n

n∑
i=1

tω(zi)

∣∣∣∣∣
p] 1

p

≤
√

1

n
c(Ω)max(ML diam(Ω),M2)

1
2 .

Proof. The upper bound is a direct consequence of Theorem F.2. Indeed consider the family S of
functions of the form sω(z) = tω(z) − Ez̄∼D [tω(z̄)], for any z ∈ Z . Then clearly, the process
U1
nsω := 1

n

∑n
i=1 sω(zi) is degenerate of order k = 1, and the family S is uniformly bounded by

2M and is 2L-Lipschitz. Hence, by Theorem F.2, the following maximal inequality holds:

ED

[
sup
ω∈Ω

∣∣U1
nsω

∣∣p] 1
p

≤ 2n−
1
2 c(Ω)max

(
ML diam(Ω),M2

) 1
2 .

We get the desired upper bound by redefining c(Ω) to contain the factor 2.

Proposition F.4 (Maximal inequality for U -processes of order 2). Consider a parametric family
T := {Z × Z ∋ (z, z′) 7→ tω(z, z

′) ∈ R | ω ∈ Ω} of real-valued functions indexed by a parameter
ω ∈ Ω, where Ω is a compact subset of Rd and Z is a subset of a Euclidean space. Assume that the
functions in T are symmetric in their arguments, i.e., tω(z, z′) = tω(z

′, z). Additionally, assume that
all functions in T are uniformly bounded by a positive constant M and that there exists a positive
constant L so that ω 7→ tω(z, z

′) is L-Lipschitz for any (z, z′) ∈ Z × Z . Consider a probability
distribution D over Z and let (zi)1≤i≤n be i.i.d. samples drawn from D, and define the following
statistic:

τω := Ez,z′∼D⊗D [tω(z, z
′)] +

1

n2

n∑
i,j=1

tω(zi, zj)−
2

n

n∑
i=1

Ez∼D [tω(z, zi)] .

Then there exists a universal positive constant c(Ω) greater than 1 that depends only on Ω and d such
that:

ED

[
sup
ω∈Ω

|τω|
]
≤ 1

n
c(Ω)max

(
ML diam(Ω),M2

) 1
2 .

Proof. The proof will proceed by first decomposing τω into a sum of a degenerate U -process and a
term of order O( 1n ). The maximal inequality for degenerate U -processes from [67] will be employed
to obtain the desired bound.

Decomposition of τω . Consider the following function defined over Z ×Z and indexed by elements
ω ∈ Ω:

sω(z, z
′) = tω(z, z

′)− Ez̄∼D [tω(z, z̄)]− Ez̄∼D [tω(z̄, z
′)] + Ez̄,z∼D⊗D [tω(z̄, z)] . (22)

By direct calculation, we decompose τω into two higher order terms and a third term, U2
nsω , involving

sω , which happens to be a U -statistic:

τω =

U2
nsω︷ ︸︸ ︷

1

n(n− 1)

n∑
i,j=1
i ̸=j

sω
(
zi, zj

)
− 1

n2(n− 1)

n∑
i,j=1
i ̸=j

tω(zi, zj) +
1

n2

n∑
i=1

tω(zi, zi).
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Using the triangle inequality in the above equality and recalling that, by assumption, tω(z, z′) is
uniformly bounded by a positive constant M , it follows that:

|τω| ≤
∣∣U2

nsω
∣∣+ 1

n2(n− 1)

n∑
i,j=1
i̸=j

|tω(zi, zj)|+
1

n2

n∑
i=1

|tω(zi, zi)| ≤
∣∣U2

nsω
∣∣+ 2M

n
.

Furthermore, taking the supremum over ω followed by the expectation over samples yields:

ED

[
sup
ω∈Ω

|τω|
]
≤ ED

[
sup
ω∈Ω

∣∣U2
nsω

∣∣]+ 2M

n
. (23)

Hence, it only remains to control the first term in the above inequality. To this end, we will use a
maximal inequality for degenerate U -processes due to [67].

Maximal inequality for degenerate U -processes. We will first check that U2
nsω is a degenerate

statistic for a given ω ∈ Ω. Simple calculations show that for any z in Z:

Ez̄∼D [sω(z, z̄)] = Ez̄∼D [sω(z̄, z)] = 0.

The above equalities precisely ensure that U2
nsω is a degenerate U -statistic for D. Consider now the

family S := {Z × Z ∋ (z, z′) 7→ sω(z, z
′) ∈ R | ω ∈ Ω}. We show that S is uniformly bounded

and Lipschitz which allows to directly apply the result stated in Theorem F.2, which is a special case
of the more general result in [67, Maximal inequality]. First note, by assumption, that the functions
tω(z, z

′) are uniformly bounded by a positive constant M . Hence, using Equation (22), it follows that
sω(z, z

′) is uniformly bounded by 4M . Moreover, the functions ω 7→ tω(z, z
′) are L-Lipschitz for

any z, z′ in Z . Hence, from Equation (22), we directly have that ω 7→ sω(z, z
′) is 4L-Lipschitz for

any z, z′ ∈ Z . We can directly apply Theorem F.2 with k = 2 and p = 1 to S and get the following
maximal inequality:

ED

[
sup
ω∈Ω

∣∣U2
nsω

∣∣] ≤ 4n−1c(Ω)max
(
ML diam(Ω),M2

) 1
2 .

We obtain an upper bound on ED [supω∈Ω |τω|] by combining the above inequality with Equation (23),
then noticing that 2M ≤ 2c(Ω)max (Ldiam(Ω),M) so that:

ED

[
sup
ω∈Ω

|τω|
]
≤ 6n−1c(Ω)max

(
MLdiam(Ω),M2

) 1
2 .

Finally, the desired result follows by redefining c(Ω) to include the factor 6 in the above inequality.

G Differentiability Results

The proofs of Propositions B.1 and B.2 are direct applications of the following more general result.

Proposition G.1. Let U be an open non-trivial subset of Rd. Consider a real-valued function
ℓ : (ω, v, y) 7→ ℓ(ω, v, y) defined on U × R × Y that is of class C3 jointly in (ω, v) and whose
derivatives are jointly continuous in (ω, v, y). For a given probability distribution D over X × Y ,
consider the following functional defined over U ×H:

L(ω, h) := ED [ℓ(ω, h(x), y)] .

Under Assumptions (A) to (C), the following properties hold for L:

• L admits finite values for any (ω, h) ∈ U ×H.

• (ω, h) 7→ L(ω, h) is Fréchet differentiable with partial derivatives ∂ωL(ω, h) and
∂hL(ω, h) at any point (ω, h) ∈ U ×H given by:

∂ωL(ω, h) = ED [∂ωℓ(ω, h(x), y)] ∈ Rd,

∂hL(ω, h) = ED [∂vℓ(ω, h(x), y)K(x, ·)] ∈ H.
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• The map (ω, h) 7→ ∂hL(ω, h) is differentiable. Moreover, for any (ω, h) ∈ U×H, its partial
derivatives ∂2ω,hL(ω, h) and ∂2hL(ω, h) at (ω, h) are Hilbert-Schmidt operators given by:

∂2ω,hL(ω, h) = ED
[
∂2ω,vℓ(ω, h(x), y)K(x, ·)

]
∈ L(H,Rd),

∂2hL(ω, h) = ED
[
∂2vℓ(ω, h(x), y)K(x, ·)⊗K(x, ·)

]
∈ L(H,H).

Proof. Finite values. Fix ω ∈ U and h ∈ H. We will first show that h is bounded on X . By the
reproducing property, we know that |h(x)| ≤ ∥h∥H

√
K(x, x) for any x ∈ X . Moreover, the kernel

K is bounded by a constant κ thanks to Assumption (B). Consequently, |h(x)| is upper-bounded by
∥h∥H

√
κ for any x ∈ X .

Denote by I the compact interval defined as I = [−∥h∥H
√
κ, ∥h∥H

√
κ]. By Assumption (C),

the set Y is compact so that I × Y is also compact. Moreover, we know, by assumption on ℓ, that
(ω, v, y) 7→ ℓ(ω, v, y) is continuous on U × R× Y . Therefore, (v, y) 7→ ℓ(ω, v, y) must be bounded
by some finite constantC on the compact set I×Y . This allows to deduce that (x, y) 7→ ℓ(ω, h(x), y)
is bounded by C for any (x, y) ∈ X × Y and a fortiori D-integrable, which shows that L(ω, h) is
finite.

Fréchet differentiability of L. Let (ω, h) ∈ U ×H. Consider (ωj , hj)j≥1 a sequence of elements
in U ×H converging to it, i.e., (ωj , hj) → (ω, h) with (ωj , hj) ̸= (ω, h) for any j ≥ 0. Define the
sequence of functions rj : X × Y → R for any (x, y) ∈ X × Y as follows:
rj(x, y) =

ℓ (ωj , hj(x), y)− ℓ (ω, h(x), y)− ⟨∂vℓ (ω, h(x), y)K(x, ·), hj − h⟩H − ⟨∂ωℓ(ω, h(x), y), ωj − ω⟩
∥(ωj , hj)− (ω, h)∥

.

(24)

We will first show that ED [|rj(x, y)|] converges to 0 by the dominated convergence theorem [62,
Theorem 1.34]. By the reproducing property, note that ℓ(ω, h(x), y) = ℓ(ω, ⟨h,K(x, ·)⟩H, y). Hence,
since ℓ is jointly differentiable in (ω, v) for any y, it follows that (ω, h) 7→ ℓ(ω, h(x), y) is also
differentiable for any (x, y) by composition with the evaluation map (ω, h) 7→ (ω, ⟨h,K(x, ·)⟩H
which is differentiable. Hence, the sequence rj(x, y) converges to 0 for any (x, y) ∈ X × Y .
Moreover, by the mean-value theorem, there exists 0 ≤ cj ≤ 1 such that:
rj(x, y) =〈(
∂vℓ

(
ω̄j , h̄j(x), y

)
− ∂vℓ (ω, h(x), y)

)
K(x, ·), hj − h

〉
H − ⟨∂ωℓ

(
ω̄j , h̄j(x), y

)
− ∂ωℓ (ω, h(x), y) , ωj − ω⟩

∥(ωj , hj)− (ω, h)∥
,

where (ω̄j , h̄j) := (1 − cj)(ω, h) + cj(ωj , hj). We will show that rj(x, y) is bounded for j large
enough. We first construct a compact set that will contain all elements of the form (ωj , hj(x), y) and
(ω̄j , h̄j(x), y) for all j large enough. Since ω is an element in the open set U , there exists a closed
ball B(ω,R) centered at ω and with some radius R small enough so that B(ω,R) is included in U .
For all j large enough, ωj and ω̄j belong to B(ω,R) as these sequences converge to ω. Moreover,
hj and h̄j are convergent sequences. Consequently, they must be bounded by some constant B. By
the reproducing property, and recalling that the kernel K is bounded by κ by Assumption (B), it
follows that max(|hj(x)| ,

∣∣h̄j(x)∣∣) ≤ Bκ. Consider now the set W := B(ω,R)× B1(0, Bκ)× Y
which is a product of compact sets (recalling that Y is compact by Assumption (C)), where B1(0, Bκ)
is the closed ball in R centered at 0 and of radius Bκ. For j large enough, we have established
that (ωj , hj(x), y) and (ω̄j , h̄j(x), y) belong to W for any (x, y) ∈ X × Y . Since, by assumption
on ℓ, ∂vℓ(ω, v, y) and ∂ωℓ(ω, v, y) are continuous, they must be bounded on the compact set W
by some constant C. This allows to deduce from the expression of rj(x, y) above that rj(x, y)
is bounded, and a fortiori dominated by an integrable function (a constant function). We then
deduce that ED [|rj(x, y)|] converges to 0 by application of the dominated convergence theorem [62,
Theorem 1.34].

Recalling Equation (24), ED [rj(x, y)] admits the following expression:
ED [rj(x, y)] =

L(ωj , hj)− L(ω, h)− ED
[
⟨∂vℓ (ω, h(x), y)K(x, ·), hj − h⟩H

]
− ⟨ED [∂ωℓ(ω, h(x), y)] , ωj − ω⟩

∥(ωj , hj)− (ω, h)∥
.

(25)
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The convergence to 0 of the above expression precisely means that L is differentiable at (ω, h)
provided that the linear form g 7→ ED [⟨∂vℓ (ω, h(x), y)K(x, ·), g⟩H] is bounded. To establish this
fact, consider the RKHS-valued function (x, y) 7→ ∂vℓ (ω, h(x), y)K(x, ·). This function is Bochner-
integrable in the sense that ED [∥∂vℓ (ω, h(x), y)K(x, ·)∥H] is finite [25, Definition 1, Chapter 2].
Indeed, we have the following:

ED [∥∂vℓ (ω, h(x), y)K(x, ·)∥H] := ED

[
|∂vℓ (ω, h(x), y)|

√
K(x, x)

]
≤

√
κED [|∂vℓ (ω, h(x), y)|] < +∞,

where, for the inequality, we used that (x, y) 7→ ∂vℓ(ω, h(x), y) is bounded as shown previously.
Consequently, ED [∂vℓ (ω, h(x), y)K(x, ·)] is an element in H satisfying:

⟨ED [∂vℓ (ω, h(x), y)K(x, ·)] , g⟩H = ED [⟨∂vℓ (ω, h(x), y)K(x, ·), g⟩H] ,∀g ∈ H.

The above property follows from [25, Theorem 6, Chapter 2] for Bochner-integrable functions that
allows exchanging the integral and the application of a continuous linear map (here the scalar product
with an element g). The above identity establishes that g 7→ ED [⟨∂vℓ (ω, h(x), y)K(x, ·), g⟩H] is
bounded and provides the desired expression for ∂hL(ω, h). The expression for ∂ωL(ω, h) directly
follows from the last term in Equation (25).

Fréchet differentiability of ∂hL. We use the same proof strategy as for the differentiability of L.

Let (ω, h) ∈ U × H. Consider (ωj , hj)j≥1 a sequence of elements in U × H converging to it,
i.e., (ωj , hj) → (ω, h) with (ωj , hj) ̸= (ω, h) for any j ≥ 0. Define the sequence of functions
sj : X × Y → H as follows:

∥(ωj , hj)− (ω, h)∥ sj(x, y) = (∂vℓ (ωj , hj(x), y)− ∂vℓ (ω, h(x), y))K(x, ·)
− ∂2vℓ (ω, h(x), y)K(x, ·)⊗K(x, ·) (hj − h)

− (ωj − ω)
⊤
∂2ω,vℓ(ω, h(x), y)K(x, ·).

(26)

We will first show that ED
[
∥sj(x, y)∥H

]
converges to 0 by the dominated convergence theorem

for Bochner-integrable functions [25, Theorem 3, Chapter 2]. By the reproducing property, note
that ∂vℓ(ω, h(x), y)K(x, ·) = ∂vℓ(ω, ⟨h,K(x, ·)⟩H, y)K(x, ·). Hence, since (ω, v) 7→ ∂vℓ(ω, v, y)
is jointly differentiable in (ω, v) for any y, it follows that (ω, h) 7→ ∂vℓ(ω, h(x), y)K(x, ·) is also
differentiable for any (x, y) by composition with the evaluation map (ω, h) 7→ (ω, ⟨h,K(x, ·)⟩H
which is differentiable. Hence, the sequence sj(x, y) converges to 0 for any (x, y) ∈ X × Y .
Moreover, by the mean-value theorem, there exists 0 ≤ cj ≤ 1 such that:

∥(ωj , hj)− (ω, h)∥ sj(x, y) =∂2vℓ
(
ω̄j , h̄j(x), y

)
K(x, ·)⊗K(x, ·) (hj − h)

+ (ωj − ω)
⊤
∂2ω,vℓ(ω̄j , h̄j(x), y)K(x, ·)

− ∂2vℓ (ω, h(x), y)K(x, ·)⊗K(x, ·) (hj − h)

− (ωj − ω)
⊤
∂2ω,vℓ(ω, h(x), y)K(x, ·),

where (ω̄j , h̄j) := (1 − cj)(ω, h) + cj(ωj , hj). Using the same construction as for the Fréchet
differentiability, we find a compact set W containing all elements (ωj , hj(x), y) and (ω̄j , h̄j(x), y)
for any (x, y) ∈ X × Y and all j large enough. On such set, ∂2vℓ(ω, v, y) and ∂2ω,vℓ(ω, v, y) are
bounded by some constant C. Consequently, we can write:

∥(ωj , hj)− (ω, h)∥ ∥sj(x, y)∥H ≤2C ∥K(x, ·)⊗K(x, ·) (hj − h)∥H + 2C ∥ωj − ω∥ ∥K(x, ·)∥H
≤2Cκ ∥hj − h∥H + 2C

√
κ ∥ωj − ω∥ .

This already establishes that sj(x, y) is bounded so that ED
[
∥sj(x, y)∥H

]
converges to 0 by appli-

cation of the dominated convergence theorem. Recalling Equation (26), ED [sj(x, y)] admits the
following expression:

∥(ωj , hj)− (ω, h)∥ED [sj(x, y)] =∂hL(ωj , hj)− ∂hL(ω, h)

− ED
[
∂2vℓ (ω, h(x), y)K(x, ·)⊗K(x, ·) (hj − h)

]
− (ωj − ω)

⊤ ED
[
∂2ω,vℓ(ω, h(x), y)K(x, ·)

]
.
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The convergence to 0 of the above expression precisely means that L is differentiable at (ω, h)
provided that: (1) ED

[
∂2ω,vℓ(ω, h(x), y)K(x, ·)

]
is an element in Hd, and (2) the linear map

g 7→ ED
[
∂2vℓ (ω, h(x), y) (K(x, ·)⊗K(x, ·))g

]
is bounded. Using the same strategy to estab-

lish Bochner’s integrability of (x, y) 7→ ∂vℓ (ω, h(x), y)K(x, ·), we can show that (x, y) 7→
∂2ω,vℓ (ω, h(x), y)K(x, ·) is also Bochner-integrable so that ED

[
∂2ω,vℓ(ω, h(x), y)K(x, ·)

]
is in-

deed an element in Hd. This also establishes the expression of ∂ω,hL(ω, h). Similarly, we consider
the operator-valued function ξ : (x, y) 7→ ∂2vℓ (ω, h(x), y)K(x, ·)⊗K(x, ·) with values in the space
of Hilbert-Schmidt operators on H. The Hilbert-Schmidt (HS) norm of such function satisfies the
following inequality:

ED
[∥∥∂2vℓ(ω, h(x), y)K(x, ·)⊗K(x, ·)

∥∥
HS

]
:= ED

[∣∣∂2vℓ(ω, h(x), y)∣∣K(x, x)
]
≤ κC < +∞.

Therefore, the function ξ is Bochner-integrable, so that ED
[
∂2vℓ(ω, h(x), y)K(x, ·)⊗K(x, ·)

]
is a

Hilbert-Schmidt operator satisfying:

ED
[
∂2vℓ(ω, h(x), y)K(x, ·)⊗K(x, ·)

]
g = ED

[
∂2vℓ (ω, h(x), y) (K(x, ·)⊗K(x, ·))g

]
,∀g ∈ H.

The above property follows from [25, Theorem 6, Chapter 2] for Bochner-integrable functions
that allows exchanging the integral and the application of a continuous linear map (here the scalar
product with an element g). Hence, from the above identity, we deduce the desired expression for
∂2hL(ω, h).

H Auxiliary Technical Lemmas

Lemma H.1. Let A and A′ be two bounded operators from H to Rd, and B and B′ be two bounded
and invertible operators from H to itself. Assume that B ≥ λ IdH and B′ ≥ λ IdH. Then, the
following inequalities hold:∥∥AB−1 −A′(B′)−1

∥∥
op

≤
∥A∥op
λ2

∥B −B′∥op +
1

λ
∥A−A′∥op ,∥∥AB−1

∥∥
op

≤ λ−1 ∥A∥op ,
∥∥A′(B′)−1

∥∥
op

≤ λ−1 ∥A′∥op .

Proof. By the triangle inequality and the sub-multiplicative property of the operator norm ∥ · ∥op, we
have:∥∥AB−1 −A′(B′)−1

∥∥
op

≤
∥∥AB−1 −A(B′)−1

∥∥
op

+
∥∥A(B′)−1 −A′(B′)−1

∥∥
op

=
∥∥A (B−1 − (B′)−1

)∥∥
op

+
∥∥(A−A′) (B′)−1

∥∥
op

≤ ∥A∥op
∥∥B−1 − (B′)−1

∥∥
op

+ ∥A−A′∥op
∥∥(B′)−1

∥∥
op

= ∥A∥op
∥∥B−1 (B′ −B) (B′)−1

∥∥
op

+ ∥A−A′∥op
∥∥(B′)−1

∥∥
op

≤ ∥A∥op
∥∥B−1

∥∥
op

∥B′ −B∥op
∥∥(B′)−1

∥∥
op

+ ∥A−A′∥op
∥∥(B′)−1

∥∥
op
.

(27)

Since B ≥ λ IdH and B′ ≥ λ IdH, we obtain:∥∥B−1
∥∥
op

≤ 1

λ
and

∥∥(B′)−1
∥∥
op

≤ 1

λ
.

Substituting these into Equation (27), we get:∥∥AB−1 −A′(B′)−1
∥∥
op

≤
∥A∥op
λ2

∥B −B′∥op +
1

λ
∥A−A′∥op .

This proves the first inequality. The remaining two inequalities follow directly from the sub-
multiplicative property of the operator norm ∥ · ∥op and the assumptions B ≥ λ IdH and
B′ ≥ λ IdH.

Lemma H.2. Let f : H → R be a λ-strongly convex and Fréchet differentiable function. Denote by
h⋆ ∈ H its minimizer. Then, for any h ∈ H, the following holds:

∥h− h⋆∥H ≤ 1

λ
∥∂hf(h)∥H .
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Proof. Let h ∈ H.

Case 1: h = h⋆. The proof is straightforward.

Case 2: h ̸= h⋆. Given that f is λ-strongly convex, we have:

f(h)− f(h⋆) ≥ ⟨∂hf(h⋆), h− h⋆⟩H +
λ

2
∥h− h⋆∥2H ,

and f(h⋆)− f(h) ≥ ⟨∂hf(h), h⋆ − h⟩H +
λ

2
∥h− h⋆∥2H .

After summing these two inequalities, noticing that ∂hf(h⋆) = 0, and rearranging the terms, we
obtain:

⟨∂hf(h), h− h⋆⟩H ≥ λ ∥h− h⋆∥2H .

After using the Cauchy-Schwarz inequality, we get:

∥∂hf(h)∥H ∥h− h⋆∥H ≥ λ ∥h− h⋆∥2H .

Dividing by λ ∥h− h⋆∥H ̸= 0 concludes the proof.

Lemma H.3. Let X be a subset of Rp, Y be a subset of Rq , and D be a probability distribution over
X × Y . Given i.i.d. samples (xi, yi)1≤i≤n drawn from D, consider a function g : X × Y → R of
class C1 such that the operator A : H → H defined as:

A := E(x,y)∼D [g(x, y)K(x, ·)⊗K(x, ·)]− 1

n

n∑
i=1

g(xi, yi)K(xi, ·)⊗K(xi, ·)

is Hilbert-Schmidt. Then, the following holds:

∥A∥2HS =E(x,y),(x′,y′)∼D⊗D

[
g(x, y)g(x′, y′)K2(x, x′)

]
+

1

n2

n∑
i,j=1

g(xi, yi)g(xj , yj)K
2(xi, xj)

− 2

n

n∑
i=1

E(x,y)∼D

[
g(xi, yi)g(x, y)K

2(x, xi)
]
.

Proof. Define s := E(x,y)∼D [g(x, y)K(x, ·)⊗K(x, ·)] and ŝ := 1
n

∑n
i=1 g(xi, yi)K(xi, ·) ⊗

K(xi, ·). We have:

∥A∥2HS = ∥s− ŝ∥2HS = ∥s∥2HS + ∥ŝ∥2HS − 2 ⟨s, ŝ⟩HS . (28)

42



Next, we compute each of the following quantities: ∥s∥2HS, ∥ŝ∥2HS, and ⟨s, ŝ⟩HS, separately. Simple
calculations yield:

∥s∥2HS =
∥∥E(x,y)∼D [g(x, y)K(x, ·)⊗K(x, ·)]

∥∥2
HS

=
〈
E(x,y)∼D [g(x, y)K(x, ·)⊗K(x, ·)] ,E(x′,y′)∼D [g(x′, y′)K(x′, ·)⊗K(x′, ·)]

〉
HS

= E(x,y),(x′,y′)∼D⊗D

[
g(x, y)g(x′, y′) ⟨K(x, ·)⊗K(x, ·),K(x′, ·)⊗K(x′, ·)⟩HS

]
= E(x,y),(x′,y′)∼D⊗D

[
g(x, y)g(x′, y′)K2(x, x′)

]
,

∥ŝ∥2HS =
1

n2

∥∥∥∥∥
n∑

i=1

g(xi, yi)K(xi, ·)⊗K(xi, ·)

∥∥∥∥∥
2

HS

=
1

n2

〈
n∑

i=1

g(xi, yi)K(xi, ·)⊗K(xi, ·),
n∑

j=1

g(xj , yj)K(xj , ·)⊗K(xj , ·)

〉
HS

=
1

n2

n∑
i,j=1

g(xi, yi)g(xj , yj) ⟨K(xi, ·)⊗K(xi, ·),K(xj , ·)⊗K(xj , ·)⟩HS

=
1

n2

n∑
i,j=1

g(xi, yi)g(xj , yj)K
2(xi, xj),

⟨s, ŝ⟩HS =

〈
E(x,y)∼D [g(x, y)K(x, ·)⊗K(x, ·)] , 1

n

n∑
i=1

g(xi, yi)K(xi, ·)⊗K(xi, ·)

〉
HS

=
1

n

n∑
i=1

E(x,y)∼D [g(xi, yi)g(x, y) ⟨K(x, ·)⊗K(x, ·),K(xi, ·)⊗K(xi, ·)⟩HS]

=
1

n

n∑
i=1

E(x,y)∼D

[
g(xi, yi)g(x, y)K

2(x, xi)
]
.

After substituting the obtained results into Equation (28) and rearranging, we obtain:

∥A∥2HS =E(x,y),(x′,y′)∼D⊗D

[
g(x, y)g(x′, y′)K2(x, x′)

]
+

1

n2

n∑
i,j=1

g(xi, yi)g(xj , yj)K
2(xi, xj)

− 2

n

n∑
i=1

E(x,y)∼D

[
g(xi, yi)g(x, y)K

2(x, xi)
]
.

I Details on Experiments and Additional Numerical Results

In this section, we provide details on the experimental setting used to obtain Figure 2 and include
additional numerical results in Appendix I.5. We recall the formulation of the instrumental variable
regression problem introduced in Section 2.2:

min
ω∈Rd

F(ω) := Lout(ω, h
⋆
ω) =

1

2
E(x,y)∼Q

[
|h⋆ω(x)− y|2

]
s.t. h⋆ω = argmin

h∈H
Lin(ω, h) =

1

2
E(x,t)∼P

[∣∣h(x)− ω⊤ϕ(t)
∣∣2]+ λ

2
∥h∥2H ,

where ϕ(t) = (ϕ1(t), . . . , ϕd(t))
⊤ ∈ Rd is the feature map. We begin by deriving a closed-form

expression for ĥω (the empirical counterpart of h⋆ω), which is key to obtaining closed-form expressions
for F̂(ω) and ∇̂F(ω), and thus accurate approximations of F(ω) and ∇F(ω).
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I.1 Closed-form expression for ĥω

Let ω ∈ Rd. By the first-order optimality condition, the gradient of L̂in with respect to its second
argument must vanish at ĥω, i.e., ∂hL̂in(ω, ĥω) = 0. Proposition B.1 implies that ĥω satisfies the
following equation:

1

n

n∑
i=1

[
(ĥω(xi)− ω⊤ϕ(ti))K(xi, ·)

]
+ λĥω = 0,

with (xi, ti)1≤i≤n being n samples drawn from the distribution P. After using the reproducing
property of the RKHS H and rearranging the terms, we arrive at the following closed-form expression
for ĥω:

ĥω = (Σ̂−1
λ Φ̂)⊤ω ∈ H,

where Σ̂λ = Σ̂ + λ IdH is an operator from H to H with Σ̂ = 1
n

∑n
i=1K(xi, ·) ⊗K(xi, ·) being

the empirical covariance operator and Φ̂ = 1
n

∑n
i=1 ϕ(ti)K(xi, ·) = (Φ̂1, . . . , Φ̂d)

⊤ ∈ Hd. Next,
we compute a closed-form expression for Σ̂−1

λ Φ̂, which can be determined as the solution b̂ =

(b̂1, . . . , b̂d)
⊤ ∈ Hd of the following minimization problem:

b̂l = argmin
bl∈H

1

2
b⊤l Σ̂λbl − b⊤l Φ̂l, for any 1 ≤ l ≤ d.

After expanding the terms and rearranging, this minimization problem is equivalent to:

b̂l = argmin
bl∈H

Ψl(bl(x1), . . . , bl(xn), ∥bl∥H), for any 1 ≤ l ≤ d,

where, for any e1, . . . , en, e ∈ R, Ψl(e1, . . . , en, e) =
1
2n

∑n
i=1 e

2
i − 1

n

∑n
i=1 ϕl(ti)ei +

λ
2 e

2. By
the representer theorem, for any 1 ≤ l ≤ d, b̂l can be expressed as:

b̂l =

n∑
i=1

ĉi,lK(xi, ·),

where ĉl = (ĉ1,l, . . . , ĉn,l)
⊤ ∈ Rn satisfies:

ĉl = argmin
cl∈Rn

Ψl

(
[Kcl]1, . . . , [Kcl]n, c

⊤
l Kcl

)
:=

1

2n
c⊤l K2 cl −

1

n
F⊤

l Kcl +
λ

2
c⊤l Kcl,

where Fl = (ϕl(t1), . . . , ϕl(tn))
⊤ ∈ Rn. By the first-order optimality condition, we have:

∇cl
Ψl

(
[Kĉl]1, . . . , [Kĉl]n, ĉ

⊤
l Kĉl

)
= 0, which results in ĉl = (K+nλ1n×n)

−1
Fl ∈ Rn.

Using this, we obtain:

b̂l = ĉ⊤l (K(x1, ·), . . . ,K(xn, ·))⊤, for any 1 ≤ l ≤ d, and thus: ĥω = b̂⊤ω.

Now that we have obtained a closed-form expression for ĥω, we can express F̂(ω) and ∇̂F(ω) in
closed-form, as we will see next.

I.2 Plug-in estimators for F(ω) and ∇F(ω)

Let (x̃j , ỹj)1≤j≤m be m samples drawn from Q and ω ∈ Rd. We have:

F̂(ω) =
1

2m

m∑
j=1

(
ĥω(x̃j)− ỹj

)2
=

1

2m

∥∥∥B̂ω − ỹ
∥∥∥2 ,

where B̂ = [b̂(x̃1), . . . , b̂(x̃m)]⊤ ∈ Rm×d and ỹ = (ỹ1, . . . , ỹm)⊤ ∈ Rm. For any 1 ≤ l ≤ d and
1 ≤ j ≤ m, we have:

b̂l(x̃j) = [Fl]
⊤
(K+nλ1n×n)

−1
[
K

⊤]
j
.
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As a consequence, we obtain:

b̂(x̃j) = (b̂1(x̃j), . . . , b̂d(x̃j))
⊤ = Ĉ

⊤ [
K

⊤]
j
∈ Rd,

where Ĉ = [ĉ1, . . . , ĉd] = (K+nλ1n×n)
−1

F ∈ Rn×d, with F = [F1, . . . ,Fd] ∈ Rn×d. This
implies that B̂ = KĈ ∈ Rm×d, and hence:

F̂(ω) =
1

2m

∥∥∥KĈω − ỹ
∥∥∥2 =

1

2m
ω⊤(KĈ)⊤ KĈω − 1

m
ỹ⊤ KĈω +

1

2m
∥ỹ∥2. (29)

On the other hand, using Appendix C, we get:

∇̂F(ω) =
1

m
Ĉ

⊤
K

⊤ (
KĈω − ỹ

)
=

1

m

[
(KĈ)⊤ KĈω − (KĈ)⊤ỹ

]
∈ Rd. (30)

The exact expressions of F(ω) and ∇F(ω) involve expectations and are therefore intractable to
compute analytically. A natural approach is to approximate these quantities using their plug-in
estimators F̂(ω) and ∇̂F(ω), evaluated with a very large number of inner and outer samples,
n and m. However, this approach quickly becomes computationally and memory-intensive. In
particular, storing the kernel matrices K and K requires O(n2) and O(nm) space, respectively.
Moreover, computing the inverse (K+nλ1n×n)

−1 incurs a cubic time complexity of O(n3), which
is prohibitive for large-scale applications. To alleviate these computational bottlenecks, potential
strategies rely on classical techniques in kernel methods such as Random Fourier Features (RFF),
which approximate kernel functions in a finite-dimensional feature space and enable more efficient
gradient computations [60], and Nyström approximations, which mitigate the computational burden
of full kernel matrices by using a low-rank approximation of the kernel [75]. In our experiments, we
leverage the closed-form expressions of the plug-in estimators, and replace the kernel evaluations
with their approximations via RFF. This enables us to construct efficient and scalable approximations
of F(ω) and ∇F(ω), while significantly reducing both the memory usage and the computational
cost. Our approach will be discussed in the following.

I.3 Scalable approximations for F(ω) and ∇F(ω) via random Fourier features

Random Fourier Features (RFF) provide a way to approximate shift-invariant kernels (i.e., kernels
that satisfy K(x, x′) = G(x − x′) for some function G : X → R) by mapping the data into a
randomized feature space. To avoid the high computational burden of building the full kernel matrix
from all pairwise kernel evaluations, RFF use a randomized feature map ψ : X → RD, with D being
the number of Fourier features, to approximate the kernel as follows:

K(x, x′) ≈ ψ(x)⊤ψ(x′), for any x, x′ ∈ X .

Now, we derive the expression of the feature map ψ. Let x, x′ ∈ X . By Bochner theorem [16], we
have that:

K(x, x′) =
1

(2π)p
Ew∼Ĝ(w)

[
eiw

⊤(x−x′)
]
=

1

(2π)p
Ew∼Ĝ(w)

[
cos(w⊤(x− x′))

]
, (31)

where Ĝ is the Fourier transform of G. For any b ∈ R, the following product-to-sum identity holds:

2 cos(w⊤ x+ b) cos(w⊤ x′ + b) = cos(2b+w⊤(x+ x′)) + cos(w⊤(x− x′)).

In particular, when b ∼ U(0, 2π) (the uniform distribution over [0, 2π]), we get:

Eb∼U(0,2π)

[
2 cos(w⊤ x+ b) cos(w⊤ x′ + b)

]
=Eb∼U(0,2π)

[
cos(2b+w⊤(x+ x′))

]
+ cos(w⊤(x− x′)).

However, we have:

Eb∼U(0,2π)

[
cos(2b+w⊤(x+ x′))

]
=

1

2π

∫ 2π

0

cos(2b+w⊤(x+ x′)) db

=
1

4π
[sin(2b+w⊤(x+ x′))]b=2π

b=0 = 0.

45



Thus:
Eb∼U(0,2π)

[
2 cos(w⊤ x+ b) cos(w⊤ x′ + b)

]
= cos(w⊤(x− x′)).

Substituting this back into Equation (31), we arrive at:

K(x, x′) = Ew∼ 1
(2π)p

Ĝ(w),b∼U(0,2π)

[√
2 cos(w⊤ x+ b)

√
2 cos(w⊤ x′ + b)

]
.

Using D samples w1, . . . ,wD ∼ 1
(2π)p Ĝ(w) and b1, . . . , bD ∼ U(0, 2π), we obtain by Monte Carlo

estimation:

K(x, x′) ≈
D∑
i=1

(√
2

D
cos(w⊤

i x+ bi)

)(√
2

D
cos(w⊤

i x
′ + bi)

)
.

This implies that:

ψ(x) =

√
2

D
cos(W x+b), where W = (w1, . . . ,wD)⊤ ∈ RD×p and b = (b1, . . . , bD)⊤ ∈ RD.

In practice, one typically chooses D ≪ n and D ≪ m, which reduces the space complexity of
storing K from O(n2) to O(nD), and that of storing K from O(nm) to O((n+m)D). This results
in significant computational and memory savings. Using the RFF approach, the two kernel matrices
K and K can then be approximated as:

K ≈ ΞΞ⊤ and K ≈ Ξ̃Ξ⊤,

where Ξ = [ψ(x1), . . . , ψ(xn)]
⊤ ∈ Rn×D and Ξ̃ = [ψ(x̃1), . . . , ψ(x̃m)]⊤ ∈ Rm×D. A common

term in Equations (29) and (30) is KĈ, which can be approximated using the push-through identity
as follows:

KĈ ≈ Ξ̃Ξ⊤ (ΞΞ⊤ + nλ1n×n

)−1
F = Ξ̃

(
Ξ⊤Ξ + nλ1D×D

)−1
Ξ⊤ F ∈ Rm×d.

Here, instead of inverting a matrix of size n × n, we invert a matrix of size D × D, which leads
to significant computational savings in time, especially when D ≪ n. Consequently, using this
approximation, we get:

F̂(ω) ≈ 1

2m
ω⊤ J⊤ Ξ̃⊤Ξ̃Jω − 1

m
ω⊤ J⊤ Ξ̃⊤ỹ +

1

2m
∥ỹ∥2,

∇̂F(ω) ≈ 1

m

[
J⊤ Ξ̃⊤Ξ̃Jω − J⊤ Ξ̃⊤ỹ

]
,

where J =
(
Ξ⊤Ξ + nλ1D×D

)−1
Ξ⊤ F ∈ RD×d. As mentioned earlier, a very large number of

samples n and m is required to obtain accurate approximations of F(ω) and ∇F(ω) using the
RFF approach. To cope with the issue of storing the two matrices Ξ ∈ Rn×D and Ξ̃ ∈ Rm×D in
memory, we implement this method in blocks. More precisely, we divide our data (xi, ti)1≤i≤n and
(x̃j , ỹj)1≤j≤m into blocks, then compute Ξ⊤Ξ, Ξ̃⊤Ξ̃, Ξ⊤ F, Ξ̃⊤ỹ, and ∥ỹ∥2 as follows:

Ξ⊤Ξ =

n∑
i=1

ψ(xi)ψ(xi)
⊤ =

∑
B∈B

∑
x∈B

ψ(x)ψ(x)⊤ =
∑
B∈B

Ξ⊤
BΞB ∈ RD×D,

Ξ̃⊤Ξ̃ =

m∑
j=1

ψ(x̃j)ψ(x̃j)
⊤ =

∑
B∈B

∑
x̃∈B

ψ(x̃)ψ(x̃)⊤ =
∑
B∈B

Ξ̃⊤
BΞ̃B ∈ RD×D,

Ξ⊤ F =

n∑
i=1

ψ(xi) [ϕ1(ti), . . . , ϕd(ti)] =
∑
B∈B

∑
(x,t)∈B

ψ(x) [ϕ1(t), . . . , ϕd(t)] =
∑
B∈B

Ξ⊤
B FB ∈ RD×d,

Ξ̃⊤ỹ =

m∑
j=1

ψ(x̃j)ỹj =
∑
B∈B

∑
(x̃,ỹ)∈B

ψ(x̃)ỹ =
∑
B∈B

Ξ̃⊤
BỹB ∈ RD,

∥ỹ∥2 =
∑
B∈B

∥ỹ∥2B ,

where B denotes the set of blocks, and the subscript B indicates that the corresponding quantity is
computed using only the data contained in block B. These block-wise computations make it possible
to precisely approximate F̂(ω) and ∇̂F(ω) in a scalable manner. As a result, we can efficiently
approximate both F(ω) and ∇F(ω) through their plug-in estimators when choosing large sample
sizes n and m.
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I.4 Additional details on the experimental setup

We use the JAX framework [18] to run our experiments on an NVIDIA RTX 6000 ADA GPU. The
experiments take approximately 15 hours to complete.

Choice of the kernel. In our experiments, we consider the Gaussian kernel defined, for any x, x′ ∈ X ,

as K(x, x′) = e−
∥x−x′∥2

2σ2 , where σ > 0 is the bandwidth parameter controlling the smoothness.
Since the Gaussian kernel is translation-invariant, Bochner’s theorem is applicable. In this case, using

the same notations as in Appendix I.3, we have G(z) = e−
∥z∥2

2σ2 , for any z ∈ X . Its Fourier transform

Ĝ is then given by Ĝ(w) =
(
2πσ2

) p
2 e−

σ2∥w ∥2
2 , for any w ∈ Rd. As a consequence, we obtain:

1

(2π)p
Ĝ(w) =

1

(2π)p
(
2πσ2

) p
2 e−

σ2∥w ∥2
2 =

(
2π

σ2

)− p
2

e−
σ2∥w ∥2

2 = N
(
0,

1

σ2
1p×p

)
,

which implies that w1, . . . ,wD ∼ N (0, 1
σ21p×p).

Choice of the statistical model and hyperparameters. We set p = 3, d = 4, λ = 0.01, and σ = 0.2.
We generate synthetic data as follows:

x ∼ Px, t = 2(1⊤
p x+ ϵ), y = ω⋆⊤ϕ(t) + ϵ,

where ϵ ∼ N (0, 0.025), ω⋆ ∼ U(0, 1)d, and ϕ(t) = (sin(t+ 1), . . . , sin(t+ d))⊤. We consider two
cases for the distribution Px of the instrumental variable x: (i) a p-dimensional standard Gaussian,
i.e., Px = N (0,1p×p), and (ii) a p-dimensional Student’s t-distribution with degrees of freedom
ν ∈ {2.1, 2.5, 2.9}. All random variables are fixed across runs for reproducibility.

I.5 Additional experimental results

Here, we retain the same experimental setup as in the main paper and extend the analysis by providing
additional experimental results in the scenario where both m and n vary simultaneously over the
range 100 to 5000. In Figure 3, we visualize the results using heatmaps for four key quantities:
|F(ω0) − F̂(ω0)|, ∥∇F(ω0) − ∇̂F(ω0)∥, ∥∇F(ωT )∥, and mini=0,...,T ∥∇F(ωi)∥, with n on the
x-axis and m on the y-axis. We report the results only for the case where the instrumental variable
x is sampled from a p-dimensional standard Gaussian, since the cases where x is sampled from a
p-dimensional Student’s t-distribution with degrees of freedom ν ∈ {2.1, 2.5, 2.9} exhibit similar
trends. From the heatmaps, we observe that the lowest errors across all four metrics occur along the
diagonal of the plots, i.e., when m = n. This pattern suggests that matching the number of samples in
the two dimensions leads to more accurate estimation of both the objective function and its gradient,
as well as improved convergence behavior during optimization.
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Distribution of the instrumental variable: standard Gaussian

Figure 3: Illustration of gradient descent on (K̂BO) for the instrumental variable regression task using
synthetic data, with an instrumental variable sampled from a standard Gaussian distribution. The logs
of the means of the four quantities across 50 runs are displayed.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The paper claims to provide new generalization bounds for bilevel optimization
using a kernel perspective. These contributions are thoroughly discussed and validated in
both the theoretical and experimental sections. The proofs are available in the appendix.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: The paper is of theoretical nature. We clearly explain and discuss the theoretical
assumptions under which the results are applicable. Additionally, we include a separate
"Limitations" section in the conclusion.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: We state all assumptions in the paper and include a proof sketch of our result
in the main text; complete proofs are provided in the appendix.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: We conduct experiments on the instrumental variable regression task using
synthetic data. All essential details needed to reproduce the experiments are provided in the
main text, with additional information available in the appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: We made our code available at https://github.com/fareselkhoury/KBO.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: The experimental setting is provided in the main, and additional details are
available in the appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: We run our experiments 50 times and report error bars.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.
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• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: We report these additional experimental details in the appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We have reviewed the NeurIPS Code of Ethics. The research conducted in our
paper conforms with it.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [NA]
Justification: There are no immediate societal impacts of our work given that it is mostly
theoretical.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
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• If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper does not involve data or models with high risk of misuse.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We cite the papers we used.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
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• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: We do not release new assets in this work.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This paper does not involve research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core methods of this research do not incorporate LLMs in any significant
or unusual way.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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