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Abstract

Auto-regressive models have emerged as power-
ful tools for sequential data, from language to
video. Understanding how and why these models
learn latent representations remains an open the-
oretical question. In this work, we demonstrate
that when trained by empirical risk minimization
on data from partially observed linear dynamical
systems, two-layer linear auto-regressive models
naturally learn to approximate Kalman filtering.
In particular, we show that the learned hidden rep-
resentation coincides, up to a similarity transfor-
mation, with the state estimates produced by the
optimal (Kalman) filter, even though the model
has no explicit knowledge of the underlying dy-
namics or state. The result follows from three
main insights. First, we establish that the Kalman
filter is well approximated by an auto-regressive
model with bounded truncation error. Second, we
show that despite non-convexity, the two-layer op-
timization landscape is benign, i.e., all stationary
points are either strict saddles or global minima.
Finally, as our main contributions, we provide
finite-sample guarantees on prediction error, pa-
rameter estimation error, and latent state recov-
ery. Numerical simulations support the theoretical
results and demonstrate that the latent represen-
tations of auto-regressive models recover state
estimates.

1. Introduction

Fueled by sequential data, auto-regressive models have
emerged as powerful general purpose tools. Examples range
from large language models (LLMs) trained on internet
scale text data to world models trained with robot video
streams. The prevailing approach for leveraging this data is
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to train models which predict the next element of a sequence
given past elements. Whether these capable models also
learn the deeper mechanisms underlying the data is an open
research question. Empirical findings on large foundation
models are mixed; there is evidence that LLMs represent the
board state when given a sequence of chess moves (Li et al.,
2023; Toshniwal et al., 2022), but also that they confuse
states which have equivalent sets of legal moves (Vafa et al.,
2025). The goal of learning good representations predates
the current moment. It has been a key challenge and motiva-
tion for deep learning since the beginning, with major suc-
cesses like word2vec for modeling language (Church, 2017)
and matrix factorization for movie recommendation (Funk,
2006; Koren et al., 2009).

The connection between observables (inputs and outputs)
and latent states has historically been the domain of dynam-
ical systems and control theory (Willems, 1989), especially
for time-indexed data. In particular, the field of system
identification has long investigated what system properties
can be distinguished from input-output data alone. Over
the last decade, this classical theory has been revisited and
modernized from a statistical learning perspective (Dean
et al., 2019; Simchowitz et al., 2018). Of particular rele-
vance is a line of work on finite-sample theory for learning
models of linear dynamical systems when the latent state
is only partially observed (Oymak & Ozay, 2019; Bakshi
et al., 2023; Sarkar et al., 2021). These works largely rely
on shallow (linear) models and, to go from observables to
latent states, they rely on classical approaches like the Ho-
Kalman factorization (Ho & Kalman, 1966) or nuclear norm
regularization (Recht et al., 2010; Sun et al., 2022). These
techniques directly search for the latent state or introduce
special-purpose regularization, which stands in contrast to
the end-to-end training paradigm dominant in deep learning.

In this paper, we unite the perspective of dynamical systems
theory with the standard end-to-end deep learning approach.
We draw on arich line of related work on finite-sample learn-
ing for linear dynamical systems and recent developments
in the theory of non-convex optimization for matrix factor-
ization, further discussed in Section 2. Our theory shows
that two-layer linear auto-regressive models naturally learn
to approximate Kalman filtering when trained by empirical
risk minimization on data from partially observed linear
dynamical systems. Our key contributions are as follows:
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* We formulate a novel two-layer auto-regressive model for
learning to estimate latent states of a partially observed
linear dynamical system (Section 3).

* We show that despite the non-convexity of the learning
objective, the optimization landscape is benign, i.e., all
stationary points are either strict saddles or global minima
(Section 4.2).

* We provide finite-sample guarantees (sample complexity,
and statistical error rates) on prediction error and parame-
ter estimation error (Section 4.3) and then show that these
imply latent state recovery (Section 4.4).

We conclude with numerical simulations which demonstrate
that auto-regressive models automatically represent latent
state estimates (Section 5) and a discussion of broader im-
plications and directions for future work (Section 6).

2. Related Work

We build on a line of work concerned with finite sample
identification of linear dynamical systems. The prevalent
strategy (when the state is not directly observed) is to first
learn a linear auto-regressive model, and then to use a classi-
cal factorization technique (Ho & Kédlman, 1966) to extract
the state space parameters. Oymak & Ozay (2021) present
a modern perturbation analysis of this approach. In contrast,
we do not separate learning a model from extracting infor-
mation about the latent state; we show that the latent state
estimate naturally arises in the activations of a two-layer
linear model.

Much of the prior work is focused on estimating the linear
parameters through regression: either predicting the next
output from previous inputs (Oymak & Ozay, 2019; Sun
et al., 2022; Sarkar et al., 2021) or, in true auto-regressive
fashion, predicting the next output from previous inputs
and outputs. The latter allows for consistent estimation
of marginally stable systems (i.e., those without decaying
memory) or uncontrolled systems (i.e., those without ob-
served inputs), but must handle more complex dependencies
in the covariates. For this setting, there are a range of esti-
mation techniques based on pre-filtering (Simchowitz et al.,
2019; Bakshi et al., 2023), spectral filtering (Dogariu et al.,
2025), or simple linear regression (Tsiamis & Pappas, 2019;
Lale et al., 2020; Lee & Lamperski, 2020). The last cat-
egory is most closely related to the present paper, since
we also consider an auto-regressive least-squares learning
objective. It is worth particularly highlighting Tsiamis &
Pappas (2019) who presented the first non-asymptotic anal-
ysis of the simple regression approach and, similar to us,
focus on Kalman filtering, rather than parameter estimation
or downstream control tasks. However, while all of the
aforementioned works follow the prevalent estimate-then-
decompose strategy, we propose and analyze a non-convex

learning procedure. For this, we leverage statistical tools
developed by (Ziemann et al., 2022; Ziemann & Tu, 2022)
for characterizing system identification errors at the global
optima of learning objectives, regardless of their convexity.

There are a handful of results on non-convex approaches for
learning linear dynamical systems, most of which do not
consider auto-regressive architectures. Hardt et al. (2018)
analyzed gradient descent on a recurrent linear model whose
parameters are exactly state space parameters. Tadipatri et al.
(2025) propose two nonconvex reformulations for low-order
system identification in terms of both state space parameters
and a factorized Hankel matrix. The latter bears similarity
to our learning objective, though while we show that our
optimization landscape is benign, Tadipatri et al. (2025)
focus on non-convex optimization algorithms. Umenberger
et al. (2022) analyze policy gradient methods for directly
learning the static gains of the Kalman filter without model
identification.

Auto-regressive policies have appeared in the literature in
the context of optimal linear control. For quadratic costs,
the optimal policy is the composition of a Kalman filter with
a linear state feedback controller. Both classical work (Skel-
ton & Shi, 1994) and more recent results (Al Makdah et al.,
2022; Guo et al., 2023) show how to represent Kalman filters
auto-regressively for control, but do not consider statistical
aspects. In policy learning, where explicit model identifica-
tion is not required, auto-regressive policies exhibit a more
benign optimization landscape than standard parametriza-
tion (Fallah et al., 2025; Zhao et al., 2023; Xie & Ni, 2024).
Like these works, we formulate an auto-regressive repre-
sentation of the Kalman filter, but unlike them, we use a
two-layer model and focus on state estimation rather than
control.

Finally, we share a similar spirit to some recent work which
makes connections between linear systems and modern ma-
chine learning practice, but which is otherwise quite differ-
ent in terms of goals and techniques. Inspired by “world
models” and representation learning techniques in reinforce-
ment learning, Tian et al. (2023a;b) use additional supervi-
sion from the cost signal to learn latent states in the context
of linear quadratic optimal control. In another vein, Goel
& Bartlett (2024) show that an auto-regressive Transformer
can approximate a Kalman filter for any given linear dynam-
ical system, while Du et al. (2023) investigate the ability of
Transformers to generalize across multiple linear systems.

3. Setting: Linear Dynamics and Filter

Consider a partially observed linear dynamical system with
the following state-space representation: for all £ > 0,

Ti11 = Axy + Bug + wy,
t+1 t ¢ t G.1)
yr = Cwy + vy,
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where at time ¢, x; € R"™ represents the latent state, u; € RP
is the observed control input, y; € R™ is the measured
output, w; € R™ is the unobserved process noise, and v, €
R™ is the unobserved measurement noise.

Assumption 1. During the training period, the noise pro-
cesses {wy }1>0, {vi}i>0 and the excitations {u;},>o are
sequences of independent, zero-mean, Gaussian random
vectors with covariance ¥,,>-0, ¥,>-0, and X,,>-0, respec-
tively.

Note that we do not assume knowledge of the matrices
A, B, C or the noise covariances Y,,, %,,. Given only a sin-
gle trajectory of input-output samples {(uy, y;) ;" from
the system (3.1) satisfying Assumption 1, our goal is to
directly learn the optimal filter, without explicitly learning

the system parameters A, B, C, and 2, 3J,,.

Before moving onto the filtering problem, we conclude
this section by reviewing a classic result of linear system
theory. Consider any invertible matrix .S, which we term a
similarity transform. Then there is an equivalence class of
state space representations which cannot be distinguished
from input/output data alone.

Remark 1. A system with parameters A, B, C, and ¥.,, %,
will produce identical input-output statistics to a system with
parameters SAS™', SB,CS™!, and S¥.,S ", %, for any
similarity transform S. If the first system has latent state .,
then the alternative representation will have latent state T =
Sz, and both are equally valid state space representations
of the same input-output behavior.

Notation: The ¢2-norm of a vector  is denoted by ||z|[,, -
The spectral radius, the spectral norm, and the Frobenius
norm of a matrix X are denoted by p(X), || X||, and || X|| s,
respectively. The largest and smallest eigenvalue of a square
matrix X are denoted by Apax(X) and Apin (X). 0;(X)
denotes the i-th singular value of a matrix X € R™*"
with o1 (X) being the largest and o,,(X) being the small-
est (when n<m). Given a sequence of vectors {x;}_,
we denote by z;..y%, the column-wise concatenation of
Ty, ...,Ti4+k. For a centered random vector z, we use
Y[z]=E[2z ] to denote its covariance matrix. ® denotes
the Kronecker product Lastly, O, < and > hide constants
and logarithmic terms involving the problem variables.

3.1. Kalman Filter

For a given dynamics model, the Kalman filter is the best
linear filter for predicting the latent states, and when the
noise processes are Gaussian, it is the optimal filter. Given
the system parameters A, B, C,%,,, 3, the steady-state
Kalman filter in its predictor form is given by

Z441 = AZy + Buy + Fyy,
t+1 Af t Yt (3.2)
Yo = Oy + ey,

_yt—l_
. Ut
s G G :
: Yt+H-1
| Ut—L | A
dg =mH

Figure 1. Two-layer auto-regressive model architecture

where Z; is the predicted state estimate at time ¢, and
A:=A—FC is the closed-loop estimator matrix. The
Kalman gain matrix F' depends on 3, the solution to a
discrete-time algebraic Riccati equation (Tian et al., 2023b),
and also the steady-state error covariance of the Kalman
filter. In general, depending on the initial state covariance
xo ~ N(0,%0), the Kalman gain matrix is time varying.
However, under standard conditions, it converges exponen-
tially fast to the static gain F' (Komaroff, 2002). We there-
fore consider only the steady-state Kalman filter. This is
common in the literature (Tsiamis & Pappas, 2019; Lale
et al., 2020). It corresponds to assuming that the initial state
covariance ¥p=2X is the solution to the Riccati equation.
Under Assumption 1, at steady state the so-called innova-
tion term e, is distributed as {e; }715" N (0,%.), where
Y.=CXCT+3, (Anderson & Moore, 2005).

3.2. Auto-regressive Model

With the objective of learning the Kalman filter directly
from the data, we train a two-layer linear auto-regressive
model on a single trajectory { (us,y;)} "¢ of (3.1). Specif-
ically, for a selected history length L>0, we construct the
covariates {2;}1_; as follows,

Zp = [yp—q - inL U;—A U;EL]T eR®, (33

which are inputs to our auto-regressive model. Here we set
dz:=(m-+p)L, and use {us }r<—1={ys }1<—1=0. Similarly,
for a fixed future horizon H > 0, the output prediction of
the auto-regressive model is 44,4171 € R4, where we set
dy:=mH. These covariates and predictions define the input
and output dimensions of the auto-regressive model. We fur-
thermore consider two-layer models with hidden dimension
h, as illustrated in Figure 1. Formally, the function class

F:={f(2)=G2G1Z : (G1,G2) € G(h)} is defined by

g(h) ::{(G17G2): Gl 6 Rth27 G2 6 Rdgx}l?
max{[|G1||%, [|Gal[%} < co}-



Linear Auto-Regressive Models Estimate Latent States

We train this model on the constructed covariate-output pairs
{(Zt, Ye:4+ 1)}, with a squared loss:

T
1
Lr(G1,G2) == o7 E Yt:t+ 11 — G2G15t||?2 (3.4)
t=1

The training objective is the following empirical risk mini-
mization (ERM) problem,
(1, G1,G2) € Lr(G1,G2)

argmin

h<r,(G1,G2)€G(h) (3.5)

We solve the non-convex ERM problem (3.5) by perform-
ing: (i) architecture search over the hidden state dimension
h, and (ii) gradient descent over G1, and G5, for each fixed
h. We will discuss the optimization landscape in more de-
tail in Section 4.2. We remark on the connections between
this objective and deep learning practice. The optimization
over (G; and G corresponds to training a two layer linear
network, where the weights are bounded (due to the norm
bound in the definition of G(h)). Solving an optimization
problem with bounded parameters is equivalent to solving
one with a regularized objective, where the regularization
penalty corresponds to some cy (Hastie et al., 2009). In
deep learning practice, it is common to implement the regu-
larization as “weight decay” in the optimization algorithm.
Hence, in practice, the inner optimization of (3.5) can be
implemented by training a two layer network with linear ac-
tivations and weight decay. We will discuss the optimization
landscape of (3.5) in more detail in Section 4.2.

4. Main Results

In this section, we state our key positive result that a two
layer network trained auto-regressively learns to perform
Kalman filtering. First, we introduce some conditions re-
quired for our results to hold. These conditions are very stan-
dard in subspace identification literature (Knudsen, 2001).

Definition 1. The matrix pair (A, C)e(R™*™ R™*™) is
observable if [CT (CA)T -+ (CA"Y)YT|T has full col-
umn rank. The matrix pair (A, B)e(R™*™ R™*P) is con-
trollable if [B AB --- A" 'B] has full row rank. Lastly,
the pair (A, B) is stabilizable if there exists a matrix K
such that p(A — BK) < 1.

Assumption 2. (a) The system (3.1) is non-explosive, i.e.,
p(A) < 1; (b) The pair (A, 2111}/2) is stabilizable, and the
pair (A, C) is observable.

Assumption 2(a) ensures that covariates will not become
poorly conditioned due to large outputs, whereas 2(b) guar-
antees that a steady-state Kalman filter for the system (3.1)
exists, and furthermore that the filter is stable p(A— FC)<1.
Stability of the filter closed loop A = A — FC plays
a crucial role in our truncation argument. Recall that,

by Gelfand’s formula, for all p > p(A), the quantity
Cpi=Supyeyz, (||A*]|/p*) is finite, and it is known to be

C, > 1. Hence, if p(A)<1, then for all p€(p(A), 1), we
can bound the powers || A*||<C,p* for all k€Z,.

The following statement summarizes our main results on
the auto-regressive learning of Kalman filtering from data
in Theorem 4.

Theorem 1 (Main result — Informal). Let (Gl, ég) be the
global minimizer of the ERM problem (3.5). Suppose As-
sumptions 1, 2 hold. For any new sequence of observed
inputs-outputs {(u,,y, )}k, let @; be the Kalman filter
estimate, and Z; be the covariate. Then, there exists a simi-

larity transform S, and a scalar B> 0, such that choosing

and, T 2 L(dz+1log(T/9)),

with probability at least 1 — 0, we have

> H TN . o
| S (e og (5)) B,

Theorem 1 shows that a two-layer auto regressive model
approximately performs Kalman filtering at the hidden layer.
In other words, a linear auto-regressive model trained only
on input-output data automatically approximates the esti-
mates of the best linear filter which knows the underlying
model. The gap between the Kalman filter estimate &, and
5G4 % decays with the size of training data as O(1/v/T).
In the remainder of this section, we will state some inter-
mediate results, leading to our main result on latent state
recovery.

i — SGh 7

4.1. Filter Approximation Results

In this section, we show that under Assumption 2, the true
Kalman filter can be approximated by a linear function of
L > 0 past inputs and outputs. The approximation error
depends on the history length L and the spectral radius of A,
i.e. the filter stability. Specifically, expanding the Kalman
Filtering predictor form (3.2), we can express the estimated
state in terms of the covariate z; as follows,

iy =Cz + A3y, 4.1
The matrix C € R"*("+P)L ig the extended controllability
matrix, defined as

Cy:=[F AF AR,
C.:=[B AB AL=1B],
C:=1[C, Cul.

This matrix maps the effects of inputs and outputs on the
estimated state.
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Proposition 1. Fix a time index t > L, and a failure prob-
ability 6 € (0,1). Then, under Assumption 2, we have
I3 — Czl7, < C2p*E||S[a4]|| (n + log(1/6)) with prob-
ability at least 1 — 6.

The proof of Proposition 1 is straightforward, and is deferred
to Appendix E. Note that | X[#;]|| can grow polynomially
in ¢ due to marginal stability. However, we can show that
there exists a 8 > 0, such that choosing L=/ log(T), the
upper bound in Proposition 1 can be made as small as we
want (Ziemann et al., 2023). Another important observation
is that, while the true Kalman filter algorithm has a small
number of parameters and small memory footprint, the auto-
regressive approximation has a larger number of parameters
and requires a large memory. Hence, the computational
properties of our model differs from that of true Kalman
filtering. Nonetheless, its input-output behavior is similar to
that of the Kalman filter.

We now further show how to write the H future outputs
Y.t H—1 in terms of the covariate Z;.

YprrH—1 = OT4+E& = OCZt+OALi’t_L+ft, “4.2)
where & 1= Tyus.ty—2 + Teest4 p—1 maps future inputs
and future innovations to the future outputs, and is treated as
a noise term when predicting y;.;4 y—1 from z;. The matri-
ces T,, € RMHxp(H-1) anq 7, ¢ RM™HxmH Jenote input
Toeplitz matrix and innovation Toeplitz matrix, respectively.

0 0 0 0
CB 0 0 0
T..— | CAB CB 0 0
(CAT=2B CAH-3B CAM4B ... CB
[T 0 0 0
CF I 0 0
T..— | CAF CF I 0
(CAH=2F CAH-3F CAH-AR ... ]

The matrix O € R™7*" jg the extended observability ma-
trix, defined as

CA

0= 4.3)

CA}{fl

This matrix maps the latent state to future outputs. Taken
together, (4.1) and (4.2) justify the approximation Z; ~ CZz,
and ys.4+ -1 ~ OCZ;, revealing an underlying structure
very similar to that posited by our auto-regressive model.

4.2. Optimization Results

In this section, we establish, that for any fixed h < r, the op-
timization problem min (g, ¢,)eg(n) L=r(G1, G2), despite
being non-convex, has a nice structure favorable for gradi-
ent descent. When the input-output samples {(uy, y;)} 1
are generated according to (3.1), the loss landscape of L
possesses properties that are often used to establish global
convergence of gradient descent. In order to make this
precise, we state the following definition.

Definition 2. X is a local minimum of L if VL(X) =
0 and Amin(V2L(X)) > 0. X is a critical point of £
if VL(X) = 0. X is a strict-saddle point if in addition
Amin(V2L(X)) < 0.

The proposition below makes this precise.

Proposition 2. Let 6 € (0,1). Suppose Assumptions
1 and 2 hold. Additionally, suppose we choose L 2
Blog (C,T||C||V/C:Cz) /(1 = p) for a scalar >0, where
we set Cy:=d;(||CE[27]CT+Zc||+||Zull), and Cz =
n||Z[Z7]|l. Suppose the trajectory length satisfies,

T>L (dz log (?%) + log(1/5)> :

Then, the loss landscape of Lx satisfies, with probability at
least 1 — §: (i) any local minimum is a global minimum, (ii)
any saddle point is a strict-saddle point.

The proof of Proposition 2 can be found in Appendix F.
It follows from Theorem 3 of (Zhu et al., 2020), and cer-
tain persistence of excitation properties of the input-output
training data { (us, y¢)} i

In general, when a loss function is smooth and satisfies the
properties (i) and (47) stated in Proposition 2, then (per-
turbed) gradient descent with random initialization is guar-
anteed to converge to a global minimum (Ge et al., 2015;
Lee et al., 2016; Jin et al., 2017). This convergence is only
shown to be guaranteed for unconstrained problems which
is not the case for our problem. Extending such a result to
constrained problems (e.g., via perturbed projected gradient
descent) remains an open problem that we leave for future
work. Nonetheless, our empirical results in Section 5 sug-
gest that first order optimization methods perform well on
our learning objective in practice.

4.3. Statistical Results

In this section, we will present our key statistical results.
Recall from Section 4.1 that the covariates z; can be approx-
imately mapped to the outputs ¥;..4 r—1 via the Hankel ma-
trix H:=OC. Our first key result shows that the in-sample
prediction error of our model is bounded at global optima
of the training loss.
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Theorem 2 (In-sample prediction error). Letr (Gy,Gs)
be the global minimizer of the ERM problem (3.5).
Suppose Assumptions 1, 2 hold. Let X&) =

LU ARBY,BT(ATYE 4 ST ARES FT(AT)E de-
note the covariance of the predicted state T, and let
Y[¢] = Tu(Zu @ DT, +Te(2e®1)T," denote the covari-
ance of the offset term &. Suppose, max{||(’)||§, ) HCH%} <
co. Choose the history length L 2 Ly, where

Ly = Blog (CRTION IS/ IISlEl) /(1 = p),

for a scalar B > 0. Define A = coC;C¢, where
Ce:=dy|| 2], and Cs:=d:(||CE[27]CT+Ze ||+ Zul)-
Then, on the training data {(Z¢, Yt.c+ 1 —1) }1—1, with proba-
bility at least 1 — §, we have

L5 (o)

[M]=

4.4)
1

IZ[a] |1 H
T (T

~
I

N

(dy + dz) log (TA) + log (?)) ‘

The proof of Theorem 2 is deferred to Appendix B.
Since the solution to the ERM problem (3.5) does
not have a closed form, we upper bounded the in-
sample prediction error in (4.4) with the supremum
of the stochastic process ZtT:l 4(&, (GG — OC)z) —
23:1 |(G2G1 — OC)ZtHZ over the function class G. This
can be viewed as a self-normalized version of the Gaussian
complexity of G — {(C, O)} (Ziemann et al., 2022). This
technique is crucial for the analysis of in-sample prediction
error, in particular, when dealing with the challenges of cor-
related data and structured function classes. Note that, we
get near-optimal dependence on the trajectory length 7", and
the dimensionality (dz + dz) of the function class G(h) in
(3.4).

Theorem 2 shows that, in the case of unknown dynamics,
the prediction from our trained model §;.; 1 1 = G’gé 124
is close to the output prediction .4+ y—1 = OCZ; with
known dynamics. Combining this with the filter approxi-
mation result, we get ||.7Qt:t+H—1_yt:t+H—1||?2 <O(1/T).
Note that Theorem 2 gives prediction error bound over
the training data. In order to generalize to unseen data,
we seek to bound the parameter error. To do so, we
need to show that the covariates z; are able to persis-
tently excite all the modes of the Hankel matrix H=OC.
In other words, we require the training data to satisfy

Amin (Zthl ZtZtT) Z@()\min (X[zL]) T). Our next result
states that it indeed holds under Assumptions 1, 2, and we
get near-optimal generalization guarantee.

Theorem 3 (Parameter Estimation Error). Consider the
same setting of Theorem 2. Additionally, choose the history

length L 2 max{Ly, Lo}, where
Ly == Blog (C,T|CIIVC:C3) /(1 - p),

for a scalar B>0. Suppose the trajectory length satisfies,

T> L (dg log (%) 4 1og(1/5)> .

Then, with probability at least 1 — §, we have

661 - o, = 5. 2T

<7~ (dy + dz) log (TA) + log (?)) ,

The proof of Theorem 3 is deferred to Appendix D. Note that
Assumptions 1, 2 also guarantee that Ay, (3[Z1]) = 0 (see
Theorem 5.4 in Ziemann et al. (2023)), and its lower bound
can be estimated in terms of Apin (24)  Amin (Z0) 5 Tu, Te
etc. Note that the term A contains ||X[Zr]||, which can
grow polynomially in 7" when the system (3.1) is marginally
stable. However, this does not degrade our bound as A
appears inside logarithm in our results. Also, note that the
term ||X[£;]]] is fixed and does not grow with 7.

4.4. Latent Recovery Result

Finally, we are ready to present the formal statement of our
main result previewed in Theorem 1. So far, the parame-
ter error bound only guarantees generalization in terms of
model outputs. Now, we show that it furthermore implies
latent state estimation, up to similarity transform.

Theorem 4 (Latent state recovery). Consider the same
settings of Theorems 2, and 3. Additionally, assume that
the extended observability matrix O has full column rank,
and the extended controllability matrix C has full row rank.
Suppose the robustness condition holds, that is, we have

2626 - oc|| < min{o, (00T) ,0u (CCT)} =0
F

For any new sequence of observed inputs and outputs

{(ur,yr) Yot let &y be the Kalman filter estimate, and

construct the covariate z;. Choose L 2 max{Lq, Lo, L3},
where

g (i (S T G el o/ 12117,
3 = .
L—p

Then, there is a similarity transform S such that, with prob-
ability at least 1 — §, we have

> |slallH

£ ™ Amin (Z[Z1)) 00T
(7’ (dy + dz) log (TA) + log <:§>) .

Ha?t _5Ch %

— 12
1zl
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The proof of Theorem 4 is presented in Appendix E. We
remark that the rank conditions on O and C are implied
by Assumption 2 as long as H > n and L > n, respec-
tively. Note that, if we choose H to be smaller than n, the
extended observability matrix O in (4.3) does not have full
column rank, and we might not be able to recover the latent
state. On the other hand, if we increase H beyond n, the
error bound in Theorem 4 becomes loose due to polynomial
growth of ||X[&;]|| in H. This shows a trade-off between
the length of the predicted outputs and the accuracy latent
state recovery. Theorem 4 implies that when O and C are
full rank, and the size of training data T’ is sufficiently large

(such that 2 Hégél—OCH <o, holds), the weights of our
F

trained auto-regressive model (G1, G) are close to (C, ©)
up to a similarity transform. More specifically, we can com-
bine Theorems 3 and 4 to get the robustness condition in
terms of a requirement on the trajectory length 7" as fol-
lows: T 2 A|[S[& || H(r(dy + d=) log(TA) + log(T/5))
/(Amin(X[21])02). We remark that, such robustness guar-
antees are established for classical approaches like the Ho-
Kalman factorization (Oymak & Ozay, 2019), which in-
volves performing an SVD of the Hankel matrix. Our auto-
regressive model, on the other hand, does not require any
additional procedure to guarantee robustness.

5. Numerical Experiments
5.1. Experimental Setup

We evaluate whether a two-layer linear neural network can
learn a latent state. We consider two types of linear dynam-
ical systems: randomly generated synthetic systems and
benchmark systems from ControlGym (Zhang et al., 2024).

For the synthetic experiments, we generate data from the
system (3.1) with n = 4, p = 2, and m = 3. The dy-
namics matrix A is constructed by sampling i.i.d. A/(0,1)
entries and rescaled so that p(A) = 1. The matrices B
and C' are generated with i.i.d N'(0,1/p) entries and i.i.d.
N(0,1/m) entries, respectively. We ensure that the system
is observable. We set the process and measurement noise
covariance to Y, = anIn and X, = a%j]m, respectively,
with 02 = 0.05 and 02 = 0.1.

For the ControlGym experiments, we use two linear dynam-
ical systems from ControlGym (Zhang et al., 2024): the
underwater vehicle environment (ID: umv) and the aircraft
environment (ID: ac6). The state dimensions are n = 8 for
umv and n = 10 for acé6.

For each system, a single trajectory {(us,y;)}ignt

is sampled from the system where u; N (0,%,)
with ¥, = %Ip, and we form a training dataset

{(Z¢, Yt:t+H—1) }fgz‘n from the trajectory.

We train a two-layer linear network whose hidden di-
mension equals to some i € Z,, learning the weights
G € R*(m+p)L gand Gy € R™A*h gych that

Yerra—1 ~ Go2G1%. 5.D

The weights are obtained by minimizing mean-squared error
over the training trajectory. We optimize this objective using
Adam, a standard adaptive first-order gradient method, with
learning rate 7; and weight decay 10~ in lieu of explicit
regularization or parameter constraints. Implementation
details and pseudocode are provided in Appendix H.

5.1.1. ARCHITECTURE SEARCH ON SYNTHETIC
SYSTEMS

In this experiment, we find an optimal hidden dimension
h that returns the smallest training loss on the synthetic
systems. We repeat the training with N = 10 independently
generated trajectories and report the smallest average of
training losses. We choose L = 10, H = 5, and T} ain =
10%. The learning rate 7; is initialized at 0.01 and decays
exponentially by a factor v = 0.9 every epoch.

5.1.2. LATENT STATE RECOVERY

In this experiment, we set the hidden dimension A to the
state dimension n. We evaluate latent state recovery on
both synthetic systems and ControlGym systems. We con-
sider multiple values of L, H, and Ti,i,. Let G‘l and
G> be the learned weights. We sample another trajectory
{(ue, ye) } et applying nonrandom inputs

27t
n 1
(Tperiod > P

where 1, denotes the all-ones vector in RP, and we set
Theriod = 90, Tiest = 103, and ¢ = 2. From the trajectory,
collect the feature vectors z; and the activations {G 1 ét}tT:z“
as well as the predicted state estimates {i;}1t5' T using
the steady-state Kalman filter predictor form. To handle the
non-uniqueness of the state space representation, we fit a

linear map S € R™*" such that

c(t+1)
U+ =
‘ Ttest

Ttest
S = argmin g
SGRan =L

& — SG1z:|7,- (5.2)

The learning rate 7 is initialized at 0.05 and decays expo-
nentially by a factor v = 0.9 every two epochs.

5.2. Architecture Search on Synthetic Systems

Table 1 reports the results of a grid search over the hid-
den dimension h of the two-layer linear model. For each
h € {1,...,10}, we trained the model on N = 10 inde-
pendently generated training trajectories with fixed L = 10,
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H =5, and Ty,yain = 10*. For each trajectory, we record the
minimum training loss over epochs, and then report the sam-
ple mean and sample standard deviation of these N = 10
values.

Table 1. Training loss for different hidden dimension of the auto-
regressive model over N = 10 trials.

HIDDEN DIM.  TRAINING LOSS (MEAN =+ STD)
1 309.5980 + 167.9855
2 0.6661 + 0.0473
3 0.7204 + 0.0565
4 0.6179 + 0.0408
5 0.6921 + 0.0586
6 0.6525 + 0.0482
7 0.6212 + 0.0434
8 0.6234 4+ 0.0453
9 0.6372 + 0.0452
10 0.6456 + 0.0518

The results show that h = 1 is under-parameterized, yield-
ing larger loss than the others. Among the grid search values,
h = 4 attains the lowest average training loss, which is equal
to the true state dimension n = 4.

5.3. Latent State Recovery

We first evaluate latent state recovery on the randomly gen-
erated synthetic systems. In order to check whether the
learned activations SG 12 are aligned with the Kalman filter-
based predicted state estimates &, we plot the first coordi-
nate of &, against the corresponding coordinate of SG1z
across time t. Here, we use L = 10 and Tiyain = 10* for
both H = 1 and H = 5. The alignment between the two
states is illustrated as scatter plots in Figure 2.

Learned Activations
Learned Activations

re Nt

"
0 /

e 3 0 1
Kalman Filter Predicted State Estimate

(b)H =5

Kalmé‘:\ FiI:clér Pr:édict:ed Stsate El;timlaste
(a) H=1

Figure 2. Alignment between the predicted state estimates and

learned activations. We plot the first coordinate of the predicted

state ; against the first coordinate of the learned state SG17,
respectively. Each point corresponds to one time index.

Figure 2 shows that the points concentrate tightly around
the linear line which implies strong alignment between two
values. Similar behavior is observed for the other coordi-
nates (not shown), suggesting that the auto-regressive model
can learn the latent states.

We also evaluate latent state recovery using coordinate-wise

R? statistics. This gives a complementary measure of align-
ment between the Kalman filter state estimates and the lin-
early transformed learned activations. Table 2 reports the
coordinate-wise and mean R? statistics for the randomly
generated synthetic system and the ControlGym systems.

For the synthetic system, the R? results are consistent with
the scatter plots in Figure 2. The learned activations achieve
very high alignment with the Kalman filter state estimates,
with mean R? = 0.999 for H = 1 and mean R? = 0.998
for H = 5. All coordinate-wise R? values are above 0.995,
further supporting that the hidden representation recovers
the latent state estimate up to a linear transformation.

To test whether this latent state recovery phenomenon ex-
tends beyond randomly generated systems, we repeat the
same procedure on the ControlGym systems described in
Section 5.1. For these systems, the learned activations also
remain strongly aligned with the Kalman filter state esti-
mates. For the underwater vehicle system umv, the learned
activations achieve mean R? = 0.995 when H = 1 and
mean R? = 0.994 when H = 5. For the aircraft system
ac6, the learned activations achieve mean R? = 0.979
when H = 1 and mean R? = 0.980 when H = 5. Most
state coordinates have R? values close to one. The tenth
coordinate of the aircraft system has the lowest R? values,
which are 0.821 for H = 1 and 0.836 for H = 5, but the
average alignment remains high.

These results show that the learned activations remain
strongly aligned with Kalman filter state estimates on both
randomly generated synthetic systems and ControlGym sys-
tems. Thus, the latent state recovery phenomenon observed
in the synthetic experiments is not limited to the specific ran-
dom construction, but also appears in more realistic bench-
mark dynamical systems.

5.4. Sample Complexity of Latent State Recovery on
Synthetic Systems

We next verify that the model learns better as the amount
of training data increases. Figure 3 shows the average (o
error between the Kalman filter predictor state 2, and the
transformed learned activation 5”@1 Z4 as Tipain increases,
for different history lengths L with fixed future window
length H.

The recovery error decreases as Ti,in increases for both
H =1 and H = 5. This qualitative trend is consistent with
the finite-sample latent recovery guarantee in Theorem 4:
as the training trajectory becomes longer, the bound on the
latent recovery error decreases. While the experiment is not
intended as a direct rate verification, it empirically supports
the predicted sample-complexity behavior.
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Table 2. Latent state recovery results on the randomly generated synthetic system and ControlGym systems. We report the coordinate-wise
and mean R? statistics between the Kalman filter predicted state estimates and the linearly transformed learned activations.

SYSTEM H S1 S92 S3 S4 S5 S6 S7 S8 S9 S10 MEAN R2
Ranpomu 1 0.998 0.998 0.999 0.999 - - - - - - 0.999
RanpoM 5 0.996 0.998 1.000 0.999 - - - - - - 0.998
UMV 1 1.000 0.981 1.000 1.000 0.980 1.000 1.000 1.000 - - 0.995
UMV 5 1.000 0.974 1.000 1.000 0.974 1.000 1.000 1.000 - - 0.994
AC6 1 1.000 0.992 0.996 0.992 0.997 0.997 0.998 0.999 0.998 0.821 0.979
AC6 5 1.000 0.991 0.996 0.991 0.996 0.995 0.997 0.998 0.997 0.836 0.980
= 5.1 There are several interesting direction for future work. One
107 L=5, H=1 is to consider partially observed linear systems driven by
0s] T :ZSH:; non-Gaussian noise. Though the Kalman filter is no longer
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(a) Sample complexity plot by varying the history length L
with fixed future window length H = 1.
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Figure 3. Sample complexity of latent state recovery. Average {2
error between Z; and SG 12 from the test trajectory versus the
length of training trajectory Tirain for different history length L
with fixed future window length H. The lines and the shaded re-
gions indicate the sample mean and 1 sample standard deviation,
respectively, over 5 trials.

6. Conclusion & Discussion

In this work, we theoretically characterized when two-layer
linear auto-regressive models naturally learn to approximate
Kalman filtering. In particular, we show that the learned
hidden representation coincides, up to a similarity transfor-
mation, with the state estimates produced by the optimal
(Kalman) filter. This occurs simply due to training by em-
pirical risk minimization on a single trajectory, where the
model has no explicit knowledge of the underlying dynam-
ics or state.

the optimal estimator, it remains the best linear filter. How-
ever, this leads to correlated filter errors, which complicates
the statistical analysis. This issue appears in the “shallow”
setting as well, and has been noted by Ghai et al. (2020).

Another broad direction is to investigate under which deep
learning paradigms latent states naturally emerge for linear
systems. For example, recurrent architectures (Hardt et al.,
2018) or over-parametrized (deeper) networks. Finally, an
impressive capability of LLMs is “in-context learning”, a
form of meta-learning wherein the model specializes to
patterns present in the model inputs. In the context of this
work, this would correspond to training a high capacity
model on data from many distinct linear dynamical systems,
and showing that the model could generalize (and predict
latent states) for new systems given sufficiently long input
sequences.
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A. Preliminaries

Expanding the Kalman Filtering predictor form (3.2), we can express H future outputs y;..4 —1 in terms of past inputs and
output z;, defined in (3.3), as follows,

YeurH-—1 = OCZ + OAY %, 1+ TuteirH—2 + TeCpityH-1, (A.1)

where O € R™H*" ig the observability matrix, C € R"*("+P)L 5 the closed-loop controllability matrix, 7, €
R™H>xp(H=1) j5 a Toeplitz matrix associated with future inputs, and 7. € R™H#*™H js a Toeplitz matrix associated
with future innovations, given by

C
CA _ _ _ _
0:= . |. c¢=[F AF ... A"'F B AB ... A''B], (A2)
CA}i—l
I 0 0 0 0
CB 0 0 0
T..— | CAB CB 0 0| (A3)
_CAH—QB CAH=3B CAH-4B ... CB
[ I 0 0 0
CF I 0 - 0
T..— | CAF CF I e 0f (Ad)
|CAP=2F  CAP=3F CAM4F ... ]

With these definitions, given the input-output samples { (s, y+) ;‘F;[)H generated from a single trajectory of (3.1), we want to

learn an auto-regressive model by solving the following empirical risk minimization (ERM) problem,

T

. 1 i

1, G, Go = arg E [yets -1 — G2G1Z|[5 . (A.5)
t=1

min =
h<r,(G1,G2)eG(h) 2T —

B. In-Sample Prediction Error (Proof of Theorem 2)

Theorem 2 (Detailed version). Suppose (G 1 Gg) is the global minimizer of the ERM problem (A.S). Suppose Assumptions 1,
2 hold. Let X[#¢] := E [#8] ] = ',;_:10 ABY, BT (AT)F + ZZ;B A*FY FT(AT)* denote the covariance of the
predicted state 7, and let X[&;] = E[6£] = To (2w @ DT, + To(Ze @ I)T." denote the covariance of the offset term &;.
Suppose, maX{HOH% , ||C||§,} < co, and choose the history length L > Ly := (log (C’gTH(’)H IS[@]/11ZEl) /(1= p).
Define,

Ce(0) := ||IZ[&]ll (mH + log(2T'/5)) ,

C:(8) := (ICB[Er]CT + Bl + 1Zull) ((m + p) L + log(27/5))

(B.1)
A@) = (6\/05<6>cz<5>T+ 2cocz(6>T) JEH|SE)
Then, with probability at least 1 — §, we have
Lo 2 S[e I H T
% 3 H (GgGl - oc) a, S % (r (mH + (m + p)L) log (CoA(8)) + log (5» (B.2)
t=1 2

B.1. Prediction error decomposition
To begin, using the global optimality of G1, G, we have
T
1
7

T
NS 1 9
a+H—1 — G2G1Z <—§ arH—1 — OCZ|;, .
Yet+H—1 212 e = 2T 2 Yt:t+m-1 Ztng

13
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Next, from (A.1), we have yp.p—1 = OCZ + OAY &1 + & = OCZ; + ¢, where, we define
Goi= OA 8 1+ &, &= Tatayn—2+ Te€rip -1, (B-3)

denotes the residual/error terms. Using (B.3) along-with the assumption that max{||(’)||§; ,Ic ||f,} < ¢g, We get,

T o 9 T o
>o|[(oc= i) a| <> 2( (Ga6i-0c)z). (B4)
t=1 L O

Adding the positive difference to the right of (B.4), we get the following offset inequality,

iH (66— 0¢) 2| < 324(G (66— 0¢) 5) - 32 (00 - a6 =
6 (G (Gacn — 0¢) 3) — Y2 | (0 - 62 =

T T
< sup {26 (&.0z) =Y ||ezt||i} :
t=1

[M]=

<

2

~
Il
—
~
Il
-

[M]=

<

~
Il
-
~
Il
-

@eg {&*} =1
T 3 T
sup Z 6 OALi't—La @2t> - Z ||@2t||?2 )
@Eg {@* t=1 t=1
T
< sup {ZG &, ©%) Z@Eti}
ecg t=1

Martingale offset complexity

T —1/21|2
+9 (ZO Ti_ th> <Zzt2t> (B.5)

= F

Truncation bias
where we get the last inequality by maximizing the second term over all © € R"™H*(m+p)L "and we define the sets,

G—{0"}:= {0 - 0* ¢ R™MIXMHD)L: 1ank(©) < r; O] < o}, (B.6)
C G :={0 e R™EX(MFP)L: 1ank(0) < 2r; [|0©]p < 2c0}, (B.7)

and ©* := OC is the true Hankel matrix. In the following, we will upper bound each term in (B.5) separately to get an

upper bound on (1/7T) Zle H (G‘gél - C’)C) Zt ’

2

B.2. Martingale offset complexity

Theorem 5 (Martingale offset complexity). Under the same setup of Theorem 2, with probability at least 1 — 6§, we have,

0cg

T
sup{zast,@zt Zn@ztni}swm[a]n (vt + Gt Dy ox Cod@) 4108 (). @
t=1

where we define, A(0) := 61/C¢(0 0T + 2¢oC5(0)T/ (cH||Z[&1]

B.2.1. PROOF OF THEOREM 5 (SUPPORTING RESULTS)

), for some constant cq > 0.

We first discretion the set G in (B.7), using e-covering argument as follows.

14



Linear Auto-Regressive Models Estimate Latent States

Lemma 1 (e-covering). Let N := N(G, ¢, ||| ) be an e-net of G defined in (B.7). Then, with probability at least 1 — §, we
have

sup{z( st,@zan@ztn[)}ma {i( (&, 0z1) ”@Zt”f)}

0€g | =1 t=1
€ (6\/05(5)Cz(5)T + QCOCZ(é)T> ) (B.9)
where C¢(0), and C5(8) are as defined in (B.1).

Proof. To begin, denote for all © € G, Xo as

T T
_ _ 2
X@ = 625;@2} — Z H@’ZtHfg
t=1 t=1
Then, note that for all ©, 0’ € G, we have

|Xo — Xeo| < Gth ©-0)% , (0Te-0"70)z

t=1

. T

()

<|e-o 6\/<Z ||£t||§2> (Z llzt||§2> +200 Y IIZ7, | - (B.10)
t=1 t=1 t=1

where we used triangular inequality, followed by Cauchy-Schwarz inequality to obtain (B.10). Finally combining this with
Lemma 8, and observing that for every © € G, there exists ©' € N(G, ¢, ||-|| ) such that |© — ©'[| . < &, we get the
statement of Lemma 1. O

Next, to get a high probability upper bound on the quantity maxeear {Zthl (6 (&,0z) — |0z ||§2) }, we derive the
following intermediate result.

Lemma 2 (Self-normalized offset bound). Suppose Assumptions 2, 1 hold. Then, for any © € N(G,e,|||»), and
Ae 0,1/ (18H|Tu(Sw © DT, + Te(Ze @ I)T."[])], we have

T
lexp< Z( (&,07) — |@5t|§2>>] <L (B.11)

Proof. Recall from (B.3) that £ = Tyupsrg—2 + Teer.t+m—1. For the ease of notation, and without loss of generality
suppose N := T'/H is an integer. Then we have

T H—-1N-1
26 (€, 02) — HG@HZ Z Z 6 (§14it+7, OF1im+r) — ||621+LH+T||A€2
t=1 =0 =0
H-1N-1
=D > 6{607) — 19zl (B.12)

—0

7=0

N

where the subscript (7, ¢) denotes the time index ¢t = iH+7+1. Applying Holder’s inequality, we have

T H—1N-1
E [exp </\26 (&,07) — ||@zt||§2> E |exp <>\ DD 6(&0.0%) — ||@zm||,?2>] ,

t=1 7=0 i=0

H-1 N—-1 1/H
<] (E lexp (AH 6(£r0,0%:) — 1Oz, 2)]) . (B.13)
=0

=0
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To proceed, let { F; }+>_1 be an increasing filtration (c-algebra) with all randomness up till time ¢—1. Let (7, ¢) := iH+7+1
denote a time index, parameterized by 7 € [0, H — 1], and ¢ € [0, N — 1]. Then, we have

N—-1
exp <>\H Z 6 gTzaGZTl - ||@Z”'1||E )] ’

N—-2
exp ()\H Z 6 (§ri, OZri) — ||®ZT7i||52>
=0

E {GXP ()\H (6 §rN-1,0Z N_1) — \|@57,N—1||Z)) ’.7:7,N—1} }

N-2
<E lexp ( H>  6(&.,0%,) — |@zT,i||jz> (B.14)
=0
where we obtained (B.14) as follows,
_ _ 2
E {GXP (6/\H (§rN-1,0Z, Nv_1) — AH ||®ZT,N—1||[2) |~7:T,N—1:|

= exp <—)\H ||@27-,N71||52) E [exp (6AH (&rn—-1, 0% n-1)) | Frn-1],

< exp (—AH [0zrx 1l ) exp (180 H2 (| Tu(Z0 & DT + Te(Se © DT ) 10208117, )

= exp ((18VH? (| Tu(S0 @ DT + To(Se @ DT |) = AH) [02,5-117,)

<1, (B.15)

where we obtained the last inequality by choosing A € [0,1/ (18H||To,(2, ® )T, + Te(Ee ® I)T."||)]. Repeating the
same argument by conditioning on the filtration F y_2, Fr N—3, ..., Fr0 in (B.14), we find that

N-1
[exp( H Z 6 (¢ 4,07, ) — @zﬂi)] <1, (B.16)

for A € [0,1/ (18H||Tu(Xu @ T, + Te(Xe @ I)T."||)]. Combining (B.16) with (B.13), we have

T H-1 N-1 1/H
E |exp (AZG@,@@ |@2t|§2> < ( [exp( HY  6(&,0%) — 3)])
t=1 7=0 =0
<1 B.17)
This completes the proof. O

The result in Lemma 2 immediately leads to the following useful result on the tail of supremum.

Lemma 3 (Maximal inequality). Let N := N(G, ¢, |-||») be an e-net of G defined in (B.7). Let (&) = E[&€]] =
Tu(E0w @ DT, + Te(Ze @ I)T.T denote the covariance of &;. Then, there exist a universal constant ¢ > 0, such that

P (maﬁ{z (6(¢.07) - ||(~>Zt||32)} < cH|[Z[& ]| (log (|V) +log(1/6)>> >1-4 (B.18)

oc
t=1

Proof. The proof of lemma 3 uses similar arguments, as used in the proof of Lemma 9 in Ziemann et al. (2022). By jensen’s
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exp ()\ r@naji% {
t

inequality and monotonicity of the exponential, we have

T
exp (AE ma {Z (6 (€, 0%) — ||@2t||§2) }D <E

M=

(646, 02) — |21, })

max exp <)\{ 6 (&,02) — ||®2t||32) })

< Z E lexp (A{ 6 (&,0%) — ||®Zt||52)}>
oeN t=1

< exp (log (IN])), (B.19)

Il
N

Mﬂ

.
Il

1

Mﬂ

where we get the last inequality by choosing A = 1/ (18H || To,(S, ® I)T, + Te(Ee ® I)7."||), and applying Lemma 2.
Combining this with the Chernoff bound, we get

P (gea; {Z (6 (6, 02) - ||ezt||§2)} ~ Llog (A7) > n)

T
<P <exp (Amax{z (6607 - ||@zt||i)} —log(lNl)> > exp we)) ,

t=1

T
exp <)\ max {Z ( (&, Oz) — |92t|[%2>} - log(/\/|)>] exp (—Ak),

t=1
<exp(—XAk), (B.20)

E

IN

where we get the last inequality by choosing A = 1/ (18H||7.,(2, ® I)T,” + Te(Ec @ I)7."||), and using (B.19). Finally,
choosing x = + log(1/§), we get the statement of the lemma. O

Next, to upper bound the cardinality of the e-covering set N'(G, ¢, ||| ), we use a slightly modified version of Lemma 4.5.

in Recht et al. (2010), states as follows,

Lemma 4 (Cardinality of N). Lete € (0,1). Let N(G, ¢, ||-|| ) be an e-net of G with respect to ||-|| ;» of minimal cardinality.
Then, we have

C r(mH+(m+p)L—2r)
V| < ( 60) (B.21)

B.2.2. FINALIZING THE PROOF OF THEOREM 5

To finalize the proof of Theorem 5, we first combine Lemma 3 with Lemma 4 to obtain,

P (M{i (64602 - ||@zt||z)} < cHlIElal] (r om + (m + p)2)tog () + log (;))) >1-4

Combining this with Lemma 1, with probability at least 1 — J, we have

;g_{é (66 02) - ||@z«t||2)} < cHZlal) (vt + -+ )1 1o (2 ) + 102 5) )
te (6, [Ce(8)CL(8)T + 20005(6)T> . (B.22)

cH|x[&]| , we get the statement of Theorem 5.

6+/Ce(6)C=(8)T+2coC=(8)T

Finally choosing € =
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B.3. Truncation bias

Lemma 5 (Truncation bias). Suppose Assumptions 1, 2 hold, and we choose the history length L >
Blog (C2TON|S[E]I/IIE[El) /(L — p). Then, there exist a universal constant ¢ > 0 such that, with probability
at least 1 — 6, we have

—1/212
(Z OALe, 17, > (Z ZtZ, ) < c||Z&]|l (n +1og(T/0)), (B.23)

F

Proof.

~

(Sora) ($a7) | ctonr|(Sa) (£) T

t=1

F F
T
<lolC;p* Y lae-rllz, - (B.24)
t=1
Hence, using Lemma 8, with probability at least 1 — 4, we have
—1/2|2
(Z OA a1z ) (Z ZZy ) < c|OlCHP*ETISlar]l| (n +log(T/9))
F
©)
< c|[Z[&]ll (n +10g(T/4)) , (B.25)
where we obtained (i) by using the argument that, there exists a 8 > 0 such that,
Cop O[]l < IIE[G]ll <= L > Blog (CoTIOIZ[E7]II/ 1=l /(1 = p). (B.26)
This completes the proof. O

B.4. Finalizing the Proof of Theorem 2

To finalize the proof of Theorem 2, we combine Theorem 5, Lemma 5, and (B.5) to get the following result: Choosing
L > Blog (C2T O[22l /IZ[&]]l) /(1 — p), with probability at least 1 — &, we have

;i H (égél - (’)C) Z Z < w (r (mH + (m + p)L) log (CoA(6)) + log (;))
+ B ) o).
< CH”? Sill (r (mH + (m + p)L) log (CoA(5)) + log (?)) , B.27)
where we obtained the last inequality by the choosing the regularization parameter,
A< %ﬁ}”' <7" (mH + (m + p)L) log (CoA(5)) + log (?)) . (B.28)

This completes the proof of Theorem 2.

C. Persistence of excitation

Theorem 6 (Persistence of excitation). Fix a failure probability § € (0, 1), and suppose Assumptions 1, 2 hold. For any
t € [1,T), let X[z] := E[%2/ ], and ©[#;) := E[#42, ]. Define,

C3(8) := [|B[i7]|| (n +log(2T/8)),  C(8) := (ICE[ET]CT + Bell + [Sull) ((m + p)L +log(2T/3)),  (C.1)
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and choose L 2, Ly := Blog (CpTHC”\/Cg((S)C_i (5)/clog(T)) /(1 — p). Suppose the trajectory length satisfies,

T2>L <(m +p)L log (%) + log(1/5)> .

Then, we have
d T
P (Z %7z = 182[&]) >1-96, and ¥[zr)=E[z 2] > 0. (C2)
t=1

Proof. The proof of Theorem 6 follows similar arguments (with certain modifications) as used in the proof of Theorem 5.2
in Ziemann et al. (2023). First, recall that z; = [ytT_l e ytT_L ul - utT_L] i e Rm+P)L To apply Theorem
5.2 in Ziemann et al. (2023), we need to write the evolution of the covariates z; for ¢ > 1 in terms of the covariates of an
ARX model (after subtracting the truncation bias at each time step). Using (3.2), we can easily show that

Ziy1 = Az + Bog + by, (C.3)
where, we define
A [ A Ap € RM+P)Lx(m+p)L
_OpLXmL »A22
[CF CAF ... CAL—2F CAL-1F
1, 0 0 0
-’411 = 0 Im 0 0 ERmLxmL
| 0 0 I, 0
[CB CAB --- CAY 2B CAL-'B
0 0 S 0 0
A = 0 0 S 0 0 c RMLxpL
0 0 0 0
0 0 0 O
I, 0 0 O
Agg 1= 0 I, 0 0| ¢ gpLxpL
10 0 I, 0
[n2 0
0 0
L T CALQA'thL L 28_1/26)5
Bi= 1ja| € ROMDEX(ntD) [ } I T
0 Eu 0(m+p)L—m Zu Ut
- O 0 -

For the matrix 3, only the blocks at (1, 1) and (L + 1, 2) are Identity, and the rest is zero. Note that, Theorem 5.2 in Ziemann
et al. (2023) requires pQAll) < 1, so that the associated ARX model is non-explosive. In our case, due to Assumption 2, we

have p(A) < 1 and p(A) < 1. As aresult our system (3.1) is non-explosive. Hence, we do not need additional assumption
on A;;. Expanding (C.3), we have

t—1
Ziy1 = Az + By + by = 7 = Z AT1R(Boy, + by). (C.4)
k=0
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Hence, the vector z;.7 of all covariates satisfies the following causal linear relation,

z B 0 0 - 0][®m I 0 0 - 0][h
% AB B 0 - 0] ®m A T 0 o 0] b
Z3| — A?B AB B - 0 U3 + A2 A I 0 b3 (C.5)
ZT ATﬁlB .ATizB ATﬁ?’B ... B Ur_1 AT71 AT72 .AT73 I ET—l
evolution of excitations evolution of bias
From (C.5), it is easy to see that,
t—1 t—1
ZtZt = Z Z.At 1= k(B’Uk + bk)(BUl + bl) (AT)tilil,
k=0 1=0
t—1 t—1 t—1t—1 )
_ ZzAt—l—kB,Dk@lTBT(AT)t—l—l +ZZ-At_1_kBﬁkblT(AT)t_l_l7
k=0 1=0 k=0 1=0
t—1t—1 t—1t—1
+ZZAt 1— kb —TBTATt 1— I+ZZAt 1— kb bT AT)t 1— l
k=0 1=0 k=0 1=0
t—1t—1 t—1t—1 B
ZZAt_l_kBEk@;—BT(AT)t_l_Z +ZZAt_1_k8’Dkbl—r(AT)t_l_l7
k=0 =0 k=0 1=0
—1t—1
+ AR BT (AT (C.6)
k=0 1=0
Therefore, using Weyl’s inequality, we have
T T t—1t—1
Amin (Z m]) = Amin (ZZZAH’“B%@?BT(AT)“l>
t=1 t=1 k=0 1=0
t—1t—1
_ Z QAt_l_kBkT}lTBT(.AT)t_l_l
t=1 k=0 1=0
T T
= )\min <Z 2£2£T> -2 Zzil‘b;—r (C7)
t=1 t=1
where we define, for all ¢ > 1
zZy =7z — b, =Az,_ + Bo,_y, and b, = Ab,_, (C.8)

The first term in (C.7) can be lower bounded by directly applying Theorem 5.2 in Ziemann et al. (2023) with 7 = L. To
upper bound the second term in (C.7), we use a similar argument as used in the proof of Lemma 5. Using Cauchy-Schwarz
inequality along-with Lemma 8, with probability at least 1 — §, we have

T T
< \/ (Z ||zz||?2> (Z |b;|?2> < ||C|Copt T/ C(8)C(6) < clog(T). (C.9)
t=1 t=1

7/b;T

where we define,
Ci(8) = |Zlar]l| (n +10g(2T/6)),  C:(8) := (|CE[27]CT + S| + [IZull) ((m + p) L +10g(2T/6)),  (C.10)
and we obtained the last inequality by choosing L > 0 such that
IC(ICop" TV C=(5)C2(5) < clog(T)
— L= Blog (C,TICIVC=(0)C50)/elog(T)) /(1 - p).
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Combining (C.9), and the result of Theorem 5.2 applied to upper bound the first term in (C.7), we get the first statement of
Theorem 6. The second statement that X[z] > 0 follows readily from combing Assumptions 1, 2 with Theorem 5.4 in
Ziemann et al. (2023). This completes the proof. O

D. Parameter Estimation Error (Proof of Theorem 3)
Theorem 3 (Detailed version). Under the setting of Theorems 2, 6, with probability at least 1 — §, we have

s o] 5 IZlalIA

o GEDT (r (mH + (m + p)L) log (CoA(8)) + log <T>) O

4]

Proof. Theorem 3 follows directly from combining Theorems 2 and 6. To begin, we observe that,
T 5 T T
A A ~ _ (A A N A ~
; H (G2G1 Oc) thb ; tr (zt (G2G1 oc) (0201 Oc) zt) ,

_ <(62c§1 - oc)T (Gzél - oc) éztth ) , (D.2)

Combining this with Theorem 2, with probability at least 1 — , we have

A A 2 b)) H T
HGgGl - OCH < [5;]” <r (mH + (m + p)L) log (CoA(8)) + log <5)> , (D.3)
F Amin (Zt:l thg)
which is then combined with Theorem 6 to get the statement of Theorem 3. O

E. Latent State Recovery (Proof of Theorem 4)

Theorem 4 (Detailed version). Consider the same settings of Theorems 2, 6. Additionally, assume that the extended
observability matrix O has full column rank, and the extended controllability matrix C has full row rank. Suppose the
robustness condition 2||G3G1 — OC|| < min {O’n ((’)OT) ,On (CCT)} =: 0,, holds. For any new sequence of observed

inputs-outputs {(u, yT)}tT;lo, let T; be the Kalman filter estimate and zZ; be the constructed covaraite. Suppose we choose
L 2 max{Ly, Lo, L3}, where

Amin (B[20)) T C2 |21 |[7, on a
ISIEIH (r (mH + (m + p)L)log (CoA(9)) +log (§)) I,
Then, there is a similarity transform S such that, with probability at least 1 — 0, we have

> _ |l

2~ Amin (E[EL]) o T

-p) "

L3 = Blog <

H:ﬁt — S5G1%

(ot + -4 )2 o (Con )+ 10g (5 ) ) e,

E.1. Robustness of Parameter Estimation

Before we state a supporting lemma to prove Theorem 4, we introduce the following notation, to denote the distance between
two matrices of appropriate dimensions up to a similarity transform

dist (X7 X) = min
SeRrRn*xn:STS=],

X—SXHF (E.1)

The following lemma is adapted from Tu et al. (2016), and is used to connect parameter estimation guarantee to the latent
State recovery guarantee.

Lemma 6. Let O € R’:‘HAX", and C € R W+mL be nwo rank n matrices. Given two matrices Gy, G of appropriate
dimensions such that ||G2G1 — OC|| < 3 min {0, (0OT) 0, (CCT)}. Then, we have

o 2
aist ([2] . [22]) < -2 HGQGl _ OCHF (E.2)
C'"|GT]) — V2= 1min{o, (OOT),s, (CCT)} '
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Proof. We have

crot o GIG 0
71 @ GQ o éz Til @ GZ @ G2 ! (E.3)
C2cT -G [cT —Gf 2|-cT G| |-¢T Gf '
Furthermore,
O GI[ O G [ 00T +GuG  —0C+ Gl
—cT Gl [-cT GI] |-CTOT+GTG] cCT+GiG |’
_ [00T +GyGy 0 N 0 GGy — OC E4)
N 0 CCT + G1GT GiGy —cToT 0 ’ '
Applying Weyl’s inequality on the matrix decomposition in (E.4), we have
. 0 Gl[o G\ _, ([00T+G:G] 0
A\ |l-cT G&T||-cT &f] |7 0 cCT +GLGT
B 0 G2Gy — OC
GiGy —cToT 0 ’
_ g ([OOT + GyGy 0
- 0 cct +GhGT
— |G2G1 - O,
00T 0 A A
> 02 ([ 0 CCT}) — [|G2G1 — OC||,
1
> 5 min {o, (007, 0, (CCT)} (E.5)

Applying Tu et al. (2016, Lemma 5.4) to the matrices [ 0 Gz } , and [ 0 GQ] , and utilizing (E.3) and (E.5), we

cT —-GT -7 Gf
have
. 2
cT —GlT "=CT GlT ~ V2 - 1min{c, (00T),0, (CCT)} '

The proof completes by following similar arguments as used by the proof of Lemma 5.14 in Tu et al. (2016), to show that,

. o G o G . ol [G&
we((& S8 &) -ee (1)

O

E.2. Finalizing the Proof of Theorem 4

Under the setting of Lemma 6, there exists a similarity transform matrix S such that,

PN 2
> @6 o,

73— 1 min (o, (00T, o (CCTI} E8)

s
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This implies that, for any new sequence of observed inputs-outputs {(u,, yT)}i_:lo, let z; be the Kalman filter estimate.

Then there is a similarity transform .S such that, with probability at least 1 — §, we have

N 2 R 2
’ 3 — Szl < ‘ B —C5 4+ Cz — SChz|
[2 22
R 2
<2 & - Cz?, +2 H (c - SG1> A (E.9)
———— 2
approximation error estimation error
Note that, under the assumptions made in the statement of Theorem 4, we have
A ) TL 2 T . 2
12 = Czilly, = [|A*@e—rll,, < IAM1? 1Ze-Lll7, »
. 2
< cCp* (|- Llly, - (E.10)
Combining this with (E.9), we have
o A = 2 2 2L || 4 2 Ik -2
&= SGiz||, < eCp™ [1Bi-rlly, +||C = SGu|| N1z,
2
.. 2
2 oL 2 2 HGQGl - OCHF 2
<cC Ty Z
<ot 75 in o, ©07), 0, (ceTy 17
. 2
1w |eb-od,
l12¢1l5, » (E.11)

= Va—1min {0, (007),, (CCT)}
where we obtained the last inequality by choosing L > 0 such that
(X OCH2
O fir-ull, € e e e Al
cC? ||z |7, min {0, (00T o, (CCT)}
| —oc] =12,

<~ L>flog (1—p)~t

. 2
plugging in the upper bounds on ||GoG1 — OC HF and ||z ||?2 from Theorem 3, and Lemma 8 gives us the statement of

Theorem 4 and completes the proof.

Remark 2. If additionally, Assumption I also holds for the new sequence of observed inputs-outputs {(u,,y,)}:_t, then
from (E.10), with probability at least 1 — §, we have
N _ TL A 2 .
I — A, = A% ]2, < cC2H|Sfadl | (n +log(t/5)) ©12)

where we get the last inequality by applying Lemma 8. This gives us the statement of Proposition 1. Hence, for such a

sequence we have,

A 2
Y < 2P Sl (n + log(t/8)) + —— |6:6: — oc], 172
o = e t & /2 — 1 min {oy, (OOTY, o, (CCT)} 1ZHe

& — SGhZ

PN 2
L e,

= V2 —1min{o, (0O0T), 0, (CCT)} (E.13)

~ 112
1Zllz, »
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where we obtained the last inequality by choosing L > 0 such that
o 2
o
- [l
V2 — 1min{o, (OO0T) 0, (CCT)} b2

cCop* || B[] (n + log(t/9)) <

cCEHZ[;ﬁt]H (n + log(t/4)) min {o,, (OOT) 0, (CCT)}

<~ L > flog — 5
([eAreheyerd e

(1-ph

o 2
plugging in the upper bounds on HGgGl — OCH Sfrom Theorem 3, and ||z HZ from Lemma 8, we obtain (a modified) state-
F

ment of Theorem 4 with ||:%t,L||?2 replaced by ||X[Z4]|| (n + log(t/d)), and ||2t|\§2 replaced by (|CE[2:]CT + S || +
(IZu]]) ((m + p)L +1og(2t/5)), when Assumption 1 also holds for the new sequence of observed inputs-outputs
-1

{(u‘m yr)}f—:O'

F. Optimization Landscape (Proof of Proposition 2)

Proof. The proof of Proposition 2 relies on Theorem 3 of Zhu et al. (2020) which requires that Zthl %z, has full rank.
Recall that, Theorem 6 ensures that choosing L 2> [ log (CPTHCH\/05(5)0@(5)/clog(T)) /(1 —p), and

T>1L ((m +p)L log (355}112([;7&”) + 10g(1/(5)> ,

the event £ := {ZtT:l z;z, > 0} holds with probability at least 1 — §. Thus, under the event £, applying Theorem 3 of
(Zhu et al., 2020) gives us immediately the desired statements of Proposition 2. O

G. Supporting Lemmas

In this section, we provide a list of auxiliary lemmas that will be useful to derive our main results.
Lemma 7 (Sub-exponential tail). Suppose x ~ N(0,%,) with ¥, € R%>_ For any p > (3 + 2v/2)d,, we have

2 _
Pz, = 3l1%zllp) < e

Proof. From (Hsu et al., 2012, Proposition 1), we have for any p > 0,

P(ll2], = tw(E,) + 2/(S2)p + 2Sallp) < e,
which implies
P(|z]|7, > dy|| e + 2v/d |2 2L, llp) < e ”
(Izllg, = dol[Zall + 2v/ da [ Zallv/p + 2[|Z2p) < €77
We can see that when p > (34-2v/2)d,,, we have d,,+2+/d;\/p < p, which further implies that d, || S, || +2v/d, [|Zz ||\ /p <
|IXz||p. Therefore, we have IP)(HxH?2 > 3||2z]lp) < e P O

Using Lemma 7, we can upper bound the squared Euclidean norm of {#,}7_,, {2z }2_,, {& 1, as follows.
Lemma 8 (Bounded States). Fix a failure probability 6 > 0. Suppose Assumption 1 holds, and let ¥.[i;] := E [fctfc;r ] =

Z;t A*BY, BT (AT)F + Zz;lo APEY FT(AT)* denote the covariance of the predicted state &; given by (3.2). There
exists universal constant ¢ > 0 such that,

il
'

P (ﬂ {llall7, < ellSlar)l (n+ log<T/6>>}> >1-4,

t=1

DL

{1212, < ICTREDICT + el + IZul) <<m+p>L+1og<2T/6>>}> >1-3,

Il
—

DL

{Igl, < el Tu(Eue DT + TS © DT || (mH + 1og<2T/6>>}> >1-4. (G.1)

<
Il
-

24



Linear Auto-Regressive Models Estimate Latent States

Proof. Recall from (3.2) that,

t—1
#y41 = AZy + Bug + Fey = &y = ZAt*I*k(Buk + Fey) (G.2)
k=0

Therefore, under Assumption 1, for all ¢ > 0, we have E[Z;] = 0 and

t—1 t—1
Sliy] :=E [#d] | =Y A*BL,BT(AT)F + > AFFR FT(AT) (G.3)
k=0 k=0

Hence, using Lemma 7, together with union bound over all ¢ € [1, T, and for any p > (3 + 2\/§)n, we have

T
P (ﬂ {llall7, < 3||E[fct]||p}> >1-Te™” G4

t=1

Choosing p = (3 + 2v/2)n + log(T/4§), we have,

T
P (ﬂ {1227, < 312121 (3 + 2v2)n + 10g(1/9)) }) >1-4. (G.5)
t=1
Noting that X[#;41] = X[#4] for all ¢ > 0, we have
T
P (ﬂ {12017, < 312 le]ll ((3+2v2)n +log(T/3)) }) >1-4, (G.6)
t=1
Using similar argument as in (G.6), it is easy to show that,
T
P (ﬂ {Ihally, < 31%u] (<3+2f2>p+1og<T/6>)}> >1-5 G.7)
t=1
T
P (ﬂ {lwl, < 3ICEErICT + £ (3 + 2vBm + og(T/6)) }) >14 G8)
t=1
To upper bound the Euclidean norm of z; = [y, --- v/, u/ ; --- u/ ;]T, note that, ||zt||§2 = Z:_:lt_L ||yT||§2 +

Zt;:iL |uT||?2 Combining this with (G.7) and (G.38), we get

T
P (ﬂ {1201, <30IC2LErICT + Sl + 12l (3 +2v2)(m + )L + 1og<2T/6>)}> >1-4.  (G9)

t=1

Using similar line of reasoning, for &, = T, us.t4m—2 + Te€tt4+1—1, We have

T
P (ﬂ {I&l, <3ITu(Eu & DT + TS0 DT | (<3+M>mH+1og<zT/6>)}> >1-4 (G10)

t=1

This completes the proof. ]

H. Experimental Details

In this section, we describe the hyperparameter details and Python/PyTorch pseudocode of experiments in Section 5.
The code can be found in https://github.com/sdean-group/linear—ar—kf. The following describes a
pseudocode of training the auto-regressive model.
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# train model

torch.manual_seed (torch_seed)
model = TwolayerLinearAR((m+p)+*L, n, m*H)

criterion = nn.MSELoss ()
optimizer = optim.Adam(model.parameters (), lr=1lr, weight_decay=weight_decay)
scheduler = SteplR(optimizer, step_size=step_size, gamma=gamma)

model.train ()
for epoch in range (epochs):
for batch_inputs, batch_outputs in train_loader:
outputs = model (batch_inputs)
loss = criterion (outputs, batch_outputs)

optimizer.zero_grad()
loss.backward ()

optimizer.step ()

scheduler.step ()

H.1. Architecture Search on Synthetic Systems

For architecture search over the hidden dimension, we use L = 10, H = 5, Tirain = 104, Tiest = 103, epochs= 150,
batch_size= 64, 1r= 0.01, step_size= 1, gamma= 0.9, and weight _decay= 1073.

H.2. Latent State Recovery

For training the two-layer neural network to generate the scatter plot in Figure 2, we use L = 10, H = 5, Tiain = 104,
Tiest = 103, epochs= 150, batch_size= 64, 1r= 0.05, step_size= 2, gamma= 0.9, and weight_decay=
10~3. Figure 2 is generated with the pairs (x_kf, transformed_activated_states) where the variables are defined
in the pseudocode below.

# Check Alignment

Gl = model.linearl.weight.detach () .numpy ()
activated_states = inputs_from_test_trajectory @ G1.T
x_kf = KF_predicted_state_estimates_from_test_trajectory

coeff, _, _, = np.linalg.lstsqg(activated_states, X_kf, rcond=None)

transformed_activated_states = activated_states @ coeff
We also compute R? values coordinate-wise in Table 2. For each coordinate i € {1,...,n}, R? value is computed as
T . 2
test Lol ~
) =1 (1}77‘, — SGlzt,i) - 1 Ttest
Ri=1- T e Where Fi=——pmg )
=L ((L‘tﬂ — .1?1) test =T

The mean R? is computed as + 3" | RZ.

H.3. ControlGym Experiments

For the hyperparameters in this experiment, they are the same as in the synthetic experiments. We use two benchmark
environments from ControlGym (Zhang et al., 2024): the underwater vehicle environment (ID: umv) and the aircraft
environment (ID: ac6). Noise processes {w; }+>o and {v;};>¢ are also defined in the environment. We note that, for
the underwater vehicle environment (ID: umv), the measurement-noise covariance is zero. For the aircraft environment
(ID: ac6), both process noise and measurement noise are nonzero and independent of each other. In this experiment, the
covariance is rescaled by multiplying 0.05.
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