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Abstract
Heterophily in graphs is a key challenge for Graph Neural Net-
works (GNNs). By proposing various homophily measures, recent
work has provided insights into how heterophily affects node clas-
sification. However, while both graph homophily and heterophily
can be further refined into diverse connection patterns, previous
work has largely overlooked the role of connection pattern in-
consistency. In this paper, we delve deeper into heterophily and
homophily by shifting from coarse-grained heterophily ratios to
a unified, fine-grained formulation based on connection patterns,
and we further reveal an uneven distribution and a train–test gap
of these patterns. Empirical studies indicate that this inconsistency
leads to severe performance disparity. To address this issue, we
propose a novel two-stage method named IVQ-GNN. In the pre-
training phase, IVQ-GNN encodes diverse connection patterns into
a codebook that serves as an orthogonal basis for the representa-
tion space. In the fine-tuning phase, a self-attention module linearly
combines these orthogonal bases to expand the learned token space
of connection patterns, thereby improving adaptation to rare and
out-of-distribution (OOD) patterns. Experimental results on mul-
tiple datasets demonstrate that IVQ-GNN significantly improves
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model performance and validate that the proposed method effec-
tively addresses the connection pattern inconsistency. Our code is
available at https://github.com/Duyx5149/IVQ-GNN.
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1 Introduction
Graph Neural Networks (GNNs) have emerged as powerful mod-
els for processing graph-structured data. By leveraging message-
passing mechanisms, GNNs can effectively capture the topological
structure of graphs and have achieved remarkable success in a wide
range of domains, including social network analysis[11], recom-
mendation systems[14, 28], molecular property prediction[8, 18],
and knowledge graphs[25]. However, from the perspective of graph
signal processing, classical GNNs can be theoretically interpreted as
low-pass filters, which smooth node representations by aggregating
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features from neighboring nodes. This mechanism implicitly relies
on the homophily assumption in the graph—that is, connected nodes
are likely to belong to the same class. While this assumption holds
for many real-world graphs, it fails in heterophilic graphs, where
nodes are often connected to others of different classes. In such
cases, the performance of traditional GNNs degrades significantly.

To better understand how heterophily affects the performance
of GNNs, an increasing body of research has focused on character-
izing and quantifying heterophilic structures in graphs[30, 32]. A
commonly used metric is the homophily ratio, which measures the
proportion of edges connecting nodes of different classes. Based on
this metric, many insightful findings have been uncovered regard-
ing how varying levels of homophily influence GNN performance.
For example, Luan et al. [16] identified the mid-homophily pitfall—a
phenomenon in which graphs with a moderate level of homophily
can lead to even worse performance than those with extremely low
or high heterophily. In parallel, a number of methods have been pro-
posed to address the challenges posed by heterophily. These existing
approaches can be broadly categorized into two types. The first
adopts a spectral perspective, designing more flexible filters that
go beyond simple low-pass filtering to capture graph signals across
a wider range of frequencies (e.g., BernNet[10], ACM-GNN[15],
GPR-GNN[6]). The second takes a spatial perspective, focusing on
modifying the message-passing mechanism to better accommodate
heterophilic structures (e.g., H2GCN[33], Geom-GCN[21]).

However, since links between a node and neighbors from differ-
ent classes are all categorized as heterophilic edges, it is challenging
to explore the impact of these specific connection patterns on node
classification tasks solely relying on the homophily ratio. Recently,
several works have studied heterophily from a finer-grained per-
spective, focusing on the various connection patterns. For instance,
Luan et al. [16] observed that nodes of the same class may have dif-
ferent neighborhood distributions. Wang et al. [24] pointed out that
perturbations in intra-class connection patterns lead to a decrease
in node separability.

In this paper, we extend the understanding of heterophily from
the perspective of connection patterns. Building upon prior work
[19] that suggests an inconsistency in the distribution of homophilic
and heterophilic patterns contributes to performance discrepancies,
we empirically observe that real-world graphs exhibit substantial
distributional imbalance and a clear train–test gap across different
connection patterns. We further verify that these inconsistencies
degrade the predictive performance of nodes associated with the
affected patterns. To address this issue, we formulate CSBM-CP,
which theoretically demonstrates that the representation space of a
GNN is essentially a low-dimensional image space of the underlying
connection-pattern space. Building upon this insight, we propose a
two-stage method called IVQ-GNN (resolve graph connection pat-
tern Inconsistency via Vector Quantization). Specifically, leverag-
ing the VQ-VAE [22] framework, IVQ-GNN first explicitly captures
the embeddings of the graph’s dominating connection patterns
in the codebook via Feature and Topology Reconstruction in the
pre-training stage. Sequentially, in the fine-tuning stage, IVQ-GNN
utilizes and fine-tunes a new cross-attention module that linearly
combines primary connection patterns encoded in the codebook,
thereby achieving better adaptation of inconsistent patterns. Exper-
imental results across different datasets demonstrate the superiority

of IVQ-GNN and validate that it assigns more effective embeddings
to minority patterns, thereby improving GNN performance.

We highlight our contribution as follows:
• Insight:We reveal that connection patterns in graphs exhibit
significant inconsistencies, characterized by an uneven distri-
bution across connection patterns and a noticeable train–test
gap. These inconsistencies cause nodes associated with the
affected connection patterns to struggle in learning effec-
tive representations, ultimately leading to degraded GNN
performance.

• Method: Building upon this observation, we leverageCSBM-
CP to theoretically demonstrate that the representation
space of a GNN is essentially a low-dimensional image of the
underlying connection-pattern space. Guided by this insight,
we further propose a two-stage method named IVQ-GNN.
Through Connection Pattern Codebook Pre-training and
Downstream Code-Attention Fine-tuning, IVQ-GNN assigns
more effective embeddings for inconsistent patterns with
well-learned ones, thereby improving GNN performance.

• Empirical Validation: Experimental results demonstrate
the superior performance of IVQ-GNN and show that it effec-
tively mitigates the challenges posed by Graph Connection
Pattern Inconsistency.

2 Preliminaries
We denote an undirected, connected graph as G = (V, E), where
V is the set of 𝑁 = |V| nodes and E is the set of edges. The
graph is represented by an adjacency matrix A ∈ R𝑁×𝑁 , where
𝐴𝑢,𝑣 = 1 indicates an edge between nodes 𝑢 and 𝑣 , and 𝐴𝑢,𝑣 = 0
otherwise. The degree matrix D ∈ R𝑁×𝑁 is diagonal with entries
𝐷𝑢,𝑢 =

∑
𝑣 𝐴𝑢,𝑣 . The normalized adjacency matrix is defined as

Ã = D−1/2AD−1/2. Each node 𝑢 ∈ V has a feature vector x𝑢 ∈ R𝑑 ,
and the node feature matrix is X ∈ R𝑁×𝑑 . The set of node 𝑢’s
neighbors is denoted by N(𝑢) = {𝑣 ∈ V | 𝐴𝑢,𝑣 = 1}. We use C
to denote the number of node classes. The node classification task
aims to predict the label vector Y ∈ R𝑁 using both X and Ã.

Graph Neural Networks Graph Neural Networks (GNNs),
such as GCN[12], GAT[23], and GraphSAGE[9], are powerful frame-
works for learning over graph-structured data by aggregating infor-
mation from local neighborhoods. At each layer, node embeddings
are updated based on their own features and the features of neigh-
boring nodes. Formally, the representation h′

𝑖
of node 𝑣𝑖 in the next

layer is computed as:

h′𝑖 = 𝑓𝜃
(
h𝑖 ,AGGREGATE

(
{h𝑗 | (𝑣𝑖 , 𝑣 𝑗 ) ∈ E}

) )
, (1)

where 𝑓𝜃 (·) is a trainable function, and AGGREGATE(·) is a per-
mutation invariant function (e.g., mean, sum, or attention-based)
that combines messages from neighboring nodes.

Heterophily and Connection Patterns Previous studies
have typically quantified the level of heterophily with homophily ra-
tio. Themost representative one is:H(G) = 1

𝑛

∑
𝑖∈[𝑛]

∑
𝑗 ∈Γ𝑖 (𝑦𝑖=𝑦 𝑗 )

𝐷𝑖𝑖

[21]. However, recent studies have suggested that homophily ratio
may fail to accurately reflect the impact of heterophily on node
classification performance. For instance, Mao et al. [19] observed
that real-world graphs often contain an imbalanced mixture of ho-
mophilic and heterophilic nodes, resulting in structural disparities
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Figure 1: Demonstration for Graph Connection Pattern Inconsistency. Training graphs induce a prior connection-pattern space
with imbalanced frequencies. The target space for evaluation comprises primary (frequent), rare (infrequent), and OOD (unseen)
patterns, revealing a train–test gap. Many rare/OOD instances can be represented as linear mixtures of primary patterns, yet
models fitted to the prior typically succeed on primary patterns and fail on rare/OOD ones.

that lead to performance gaps between majority and minority pat-
terns. Furthermore, Wang et al. [24] pointed out that inconsistency
in intra-class connection patterns has a detrimental effect on the
separability of node representations.

Inspired by these works, we seek to explore whether connection
patterns exhibit distributional imbalance, and how this imbalance
impacts GNN performance. To facilitate this study, we begin by
formalizing the concept of a node’s connection pattern.

Definition 2.1 (Normalized Node Connection Pattern). Given a
node labeling function𝑦 : V → {1, 2, . . . ,𝐶} that assigns each node
to one of 𝐶 classes, we define the normalized connection pattern
of a node 𝑣 ∈ V as a vector p𝑣 ∈ [0, 1]𝐶 , where the 𝑖-th entry is
computed as:

[p𝑣]𝑖 =
|{𝑢 ∈ N (𝑣) | 𝑦 (𝑢) = 𝑖}|

|N (𝑣) | . (2)

Based on the definition, p𝑣 represents the class-wise distribution
of 𝑣 ’s neighbors, normalized to form a probability vector. It is evi-
dent that p𝑣 can be seen as a more general concept compared to
homophily ratios. In this work, we focus on exploring the role of
this concept in the context of homophilic or heterophilic graph.

Vector Quantization The core idea of Vector Quantization
(VQ) is to compress high-dimensional continuous data by training a
discrete codebook. VQ-VAE [22] represents a pioneering application
of VQ techniques in deep learning, combining a discrete latent space
with a continuous encoder. This design significantly improves detail
fidelity in image generation tasks. Due to its strong capacity for
data compression and discrete representation learning, VQ has been
widely adopted in various domains [26, 27]. In the field of graph
machine learning, VQGraph [29] adapts the VQ-VAE framework to
capture local topological patterns. In the context of this paper, it
effectively encodes different connection patterns, thereby enabling
efficient knowledge distillation from GNNs to MLPs. Following
VQGraph, we propose a variant of VQ-VAE that explicitly models
and encodes diverse connection pattern representations, aiming to

further address the issue of connection pattern imbalance in graph
data.

Specifically, VQ-VAE adopts an auto-encoder architecture. First,
the input is encoded into a continuous latent representation via
an encoder: h𝑑 = 𝐸 (x). This latent vector is then quantized by
replacing it with the nearest codebook entry: quantize(𝐸 (x)) =

e𝑘 ,where 𝑘 = argmin𝑗 ∥𝐸 (x) − e𝑗 ∥. The quantized vector is fed
into the decoder for reconstruction. To train the model, gradients
from the reconstruction loss are propagated through the decoder,
and the encoder is updated via a straight-through estimator[3]. In
addition to reconstruction loss, VQ-VAE introduces a codebook loss
to pull code vectors toward encoder outputs, and a commitment
loss to encourage encoder outputs to stay close to the selected codes.
The overall objective combines these terms to jointly update the
encoder, decoder, and codebook:

L(x, 𝐷 (e)) = | |x−𝐷 (e) | |22+||sg[𝐸 (x)]−e| |
2
2+𝜂 | |sg[e]−𝐸 (x) | |

2
2, (3)

where sg[·] denotes the stop-gradient operator, and 𝜂 is a hyperpa-
rameter balancing the commitment cost.

3 Connection Pattern Inconsistencies lead to
Performance Disparity

As highlighted in [19], the distribution of homophily/heterophily
patterns in graphs is often inherently inconsistent. This naturally
raises an important question when we further refine homophily/
heterophily into diverse connection patterns:What specific incon-
sistencies arise among different connection patterns, and how these
inconsistencies affect node classification performance.

To intuitively answer the question, we present a toy example in
the schematic diagram shown in Figure 1. As shown in the figure,
when we enumerate every distinct connection pattern around a
node (center and its neighbors, indicated here by solid and dashed
lines), we observe a highly uneven frequency distribution: Pattern 1
occurs 4 times, Pattern 3 occurs 3 times, but Patterns 2 and 4 appear
only once each. If we train a standard GNN on this graph, the vast
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Figure 2: Performance Disparity of Inconsistent Connection Patterns. a–b: Squirrel (one-hot), c–d: Chameleon. Panels (a, c) show
the relationship between pattern frequency and accuracy on the training set, while panels (b, d) report the corresponding results
on the test set, grouped by their training frequencies and including unseen patterns (denoted as Unseen, with the number of
instances n annotated within each bar). The training patterns exhibit a clear long-tailed distribution, where high-frequency
patterns achieve higher accuracy. In contrast, test accuracy drops markedly for low-frequency and unseen patterns.

majority of its representation capacity will be devoted to fitting the
four or three examples of Pattern 1 and Pattern 3, while the solitary
instances of Patterns 2 and 4 are effectively ignored. Moreover, in
the test data we may encounter connection patterns that never ap-
pear in the training set, such as pattern 5. This observation suggests
not only inconsistencies in the distribution of connection patterns
within the training set, but also discrepancies between training and
testing distributions. Consequently, nodes whose local neighbor-
hoods correspond to such rare or out-of-distribution (ood) patterns
are more likely to be misclassified during node classification.

To verify whether the inconsistency of connection patterns leads
to performance degradation on certain patterns, we conduct a vali-
dation experiment on the Squirrel and Chameleon datasets using
GCN as the base model. Fixing a target class 𝑐 , we consider only
nodes 𝑣 with 𝑦 (𝑣) = 𝑐 . For each node, we define its connection pat-
tern as the normalized neighbor-label count vector over all classes
following the definition 2.1. We first compute the frequency dis-
tribution of these patterns in the training set, then evaluate test
accuracy by grouping nodes according to the frequency of their cor-
responding patterns observed during training, with an additional
group for unseen patterns that do not appear in the training data.
To eliminate the potential influence of the original feature distribu-
tion, we replace node features in Squirrel with synthetic one-hot
vectors derived directly from ground-truth labels: for each node,
we assign a 𝐶-dimensional one-hot vector corresponding to its la-
bel, thereby isolating the analysis from feature-side variations and
focusing purely on structural pattern distribution and its train–test
discrepancy. We then repeat the same procedure on Chameleon
using real features to examine whether the phenomenon persists
under realistic conditions.

As shown in Figure 2, both datasets exhibit a pronounced long-
tailed distribution of connection patterns, where high-frequency
patterns achieve substantially better classification accuracy than
low-frequency ones. Moreover, test accuracy is positively correlated
with the training frequency, while unseen patterns suffer from a
further drop in performance. These observations indicate that the
core challenge of homophily and heterophily lies in the imbalanced
distribution of connection patterns and the gap between training
and testing distributions, which jointly cause generalization degra-
dation on inconsistent connection patterns.

While the above analysis reveals how connection-pattern in-
consistency affects performance, what makes this inconsistency
particularly noteworthy is the observation that the under-trained
Patterns (2, 4, and 5) in Figure 1 are not entirely novel or struc-
turally independent from the primary Patterns 1 and 3. This can
be illustrated by Pattern 2, which shares its central node and two
neighbor types with Pattern 1, while its remaining neighbor re-
sembles that in Pattern 3. Consequently, inconsistent patterns in
the figure can be seen as intermediate forms—essentially linear
interpolations between these dominant patterns. This observation
naturally motivates the idea of leveraging linear combinations of
a few dominant patterns to generalize across diverse inconsistent
ones.

Therefore, rather than treating connection patterns as isolated
and discrete entities, we propose to view them as points embed-
ded in a latent representation space, where smooth interpolation
between patterns becomes possible. If we can learn meaningful
embeddings of several base connection patterns that capture their
structural and semantic characteristics, it becomes feasible to syn-
thesize plausible representations for under-represented patterns
by linearly combining the embeddings of high-frequency patterns.
In this way, the performance gap induced by connection-pattern
inconsistency can be alleviated, allowing GNNs to better generalize
to rare or out-of-distribution yet structurally related patterns. In the
next subsection, we further validate the feasibility of this intuition
through a mathematical analysis.

4 Mathematical Analysis of Embedding Space
of Connection Patterns (CSBM-CP)

To theoretically justify this intuition of learning and linearly com-
bining a set of primary connectivity pattern encodings to gener-
alize to rare or inconsistent patterns, we introduce a variant of
the Contextual Stochastic Block Model with diverse node-level
Connection Patterns(CSBM-CP).

Definition 4.1 (CSBM-CP (𝜇1, 𝜇2, . . . , 𝜇𝐶 , 𝜎21 𝐼 , . . . , 𝜎
2
𝐶
𝐼 , P)). The gen-

erated graph consists of 𝐶 classes. For a node 𝑣 ∈ 𝐶𝑖 in class 𝑖 , its
feature vector x𝑣 is drawn from a multivariate normal distribution
N(𝜇𝑖 , 𝜎2𝑖 𝐼 ), where 𝜇𝑖 ∈ R𝑑 is the class center and 𝜎2

𝑖
controls the
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intra-class variance. Additionally, each node 𝑣 samples a normal-
ized connection pattern p𝑣 ∼ P, where p𝑣 ∈ R𝐶 represents the
probabilities of node 𝑣 connecting to nodes in each of the𝐶 classes.
Specifically, the 𝑖-th entry of p𝑣 represents the probability of node 𝑣
being connected to nodes in class 𝑖 . It follows that:

∑𝐶
𝑖=1 [p𝑣]𝑖 = 1.

This formulation allows us to formalize how connection pat-
terns determine the aggregated node representations, and to verify
that the representation space derived from message passing can
indeed be expressed as a linear combination of a few basis patterns.
According to the definition of the CSBM-CP, the neighborhood
structure of the nodes is no longer solely determined by fixed het-
erophilic/homophilic connection probabilities, but is instead mod-
eled through a connection pattern vector associated with each node.
Subsequently, we perform first-order message passing to obtain the
aggregated representation of each node: h𝑣 = 1

|N (𝑣) |
∑
𝑢∈N(𝑣) x𝑢 .

It is straightforward to observe that the aggregated node repre-
sentation still follows a Gaussian distribution, with its expected
value given by: E[h𝑣] =

∑𝐶
𝑖=1 [p𝑣]𝑖 𝜇𝑖 . Let the feature matrix before

aggregation be defined as: 𝑀 = [𝜇1, 𝜇2, . . . , 𝜇𝐶 ] ∈ R𝐶×𝑑 , then the
aggregated representation can be further written as:

E[h𝑣] = p𝑣𝑀. (4)

Thus, the space of the aggregated representations is essentially
the image space of the connection pattern vector space, and the
rank of this representation space satisfies:

𝑟 = rank(𝑀) ≤ min(𝑑,𝐶). (5)

Assuming the feature dimension𝑑 ≫ 𝐶 and that the class centers
{𝜇𝑖 } are linearly independent, we have rank(𝑀) ≤ 𝐶 , indicating
that the aggregated representation space forms a low-dimensional
image space of at most𝐶 dimensions. Therefore, at most𝐶 basis vec-
tors corresponding to distinct connection patterns are sufficient to
linearly represent all other vectors in the aggregated representation
space.

The analysis further provides the theoretical grounding for our
proposedmodel design: if connection patterns span a low-dimensional
subspace, it is sufficient to learn a compact set of prototype embed-
dings (via vector quantization) and generalize to unseen or incon-
sistent ones through interpolation mechanisms such as code-level
attention.

5 IVQ-GNN
The primary motivation behind IVQ-GNN for mitigating Connec-
tion Pattern Inconsistency is to assign more reliable representations
to inconsistent patterns by leveraging well-represented ones. To
achieve this, IVQ-GNN first explicitly encodes the primary connec-
tion patterns into a discrete codebook via Vector Quantization (VQ),
where the codes are learned through a self-supervised pretraining
objective. These quantized codes serve as prototypical embeddings
that capture the most representative connection patterns learned
from data. Building upon this codebook, IVQ-GNN further intro-
duces a code-level cross-attention module during downstream node
classification. This module adaptively generates representations
for inconsistent or under-represented patterns by linearly combin-
ing the embeddings of well-learned codes according to the learned
attention weights. In this way, IVQ-GNN effectively expands the

representation space and enhances the model’s generalization abil-
ity to rare or out-of-distribution connection patterns.

The overall architecture of IVQ-GNN is illustrated in Figure 3. In
the following, we elaborate on its two key stages in detail: Connec-
tion Pattern-Aware Codebook Pretraining and Downstream
Code-Attention Fine-tuning.

5.1 Connection Pattern-Aware Codebook
Pretraining

Inspired by VQGraph, we adopt a variant of VQ-VAE as a tokenizer
to encode node connection patterns. This tokenizer consists of
a GNN-based encoder, a learnable codebook of size 𝑀 : E =

[e1, e2, · · · , e𝑀 ] ∈ R𝑀×𝑑 and a learnable projection layer W.
The encoder, codebook and projection layer are randomly initialized
and optimized during pre-training. Concretely, given an input graph
with adjacency matrix A and feature matrix 𝑋 , the tokenizer first
employs a GNN encoder to generate initial node embeddings: H =

{h1, h2, . . . , h𝑁 }. Each embedding h𝑖 is then quantized by finding
the index of the closest code in the codebook.

It is worth noting that this quantization strategy follows the clas-
sical hard indexing paradigm widely used in vector quantization
(VQ) methods, which enables explicit retrieval of the dominant con-
nection pattern codes from the codebook. However, such VQ-based
paradigms are prone to the well-known codebook collapse problem,
where only a small subset of codes are effectively utilized while oth-
ers remain inactive, leading to low codebook utilization. This phe-
nomenon potentially undermines our goal of using the codebook
to explicitly encode the primary connection patterns as orthogonal
bases in the representation space. To mitigate this issue, we incorpo-
rate the codebook regularization strategy proposed in SimVQ [34],
which applies a learnable linear transformation before quantiza-
tion. This transformation improves code usage during training and
prevents the collapse of the learned dictionary. The quantization
process can thus be formulated as: 𝑧𝑖 = argmin𝑗 ∥h𝑖 − e′

𝑗
∥2, where

e′
𝑗
= e𝑗W. In this way, we obtain the discrete encoding of the input

graph structure:
{
e′𝑧1 , e

′
𝑧2 , · · · , e

′
𝑧𝑁

}
.

To ensure that the codes in the codebook represent the desired
connection patterns, we use two linear decoders, along with two
associated self-supervised tasks: node feature reconstruction
and edge reconstruction. The losses for these tasks are defined as
follows:

L𝑅𝑒𝑐 =
1
𝑁

𝑁∑︁
𝑖=1

(
1 − 𝒙𝑖𝑇 𝒙̂𝑖

∥𝒙𝑖 ∥ · ∥𝒙̂𝑖 ∥

)𝛾
︸                            ︷︷                            ︸

node reconstruction

+



𝑨 − 𝜎 (𝑺̂ · 𝑺̂𝑇 )




2
2
,︸                ︷︷                ︸

edge reconstruction

(6)

where 𝒙̂ ∈ R𝑑 denotes node features reconstructed by the Feature
Decoder and 𝑺̂ ∈ R𝑁×𝑑 denotes the output of the Structure Decoder.
Here, 𝜎 represents the sigmoid function. And 𝛾 is the scaling factor.

Furthermore, combined with the optimization objective 3 of VQ-
VAE, we derive the overall training objective during pre-training:

L𝑃𝑟𝑒−𝑡𝑟𝑎𝑖𝑛 = L𝑅𝑒𝑐 +
1
𝑁

𝑁∑︁
𝑖=1

∥sg[ℎ𝑖 ]−𝒆′𝑧𝑖 ∥
2
2+

𝜂

𝑁

𝑁∑︁
𝑖=1

∥sg[𝒆′𝑧𝑖 ]−ℎ𝑖 ∥
2
2,

(7)
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Figure 3: Overview of IVQ-GNN. Stage 1 (Codebook Pre-Train): A GNN encoder maps a graph to node embeddings ℎ, which are
vector-quantized to tokens 𝑧′. A codebook is learned to represent primary connection patterns via reconstruction objectives
(feature and structure). Stage 2 (Downstream Fine-Tuning): The pretrained codebook is reused; a cross-attention module
composes patterns by taking the encoder output as queries (𝑄) and codebook entries as keys/values (𝐾,𝑉 ), and a linear decoder
performs node classification. Composing codebook entries expands the token space, improving adaptation to rare and OOD
connection patterns.

where sg[·] stands for the stop-gradient operator and 𝜂 is a hyper-
parameter set to 0.25 in our experiments.

The proposed pretraining objective naturally drives the model
to capture diverse connection patterns as defined in Definition 2.1.
Specifically, the node reconstruction term ensures that each quan-
tized code retains sufficient semantic information about node at-
tributes, while the edge reconstruction term enforces that nodes
quantized to similar codes can accurately reconstruct their observed
connectivity. Together with the VQ-VAE commitment and embed-
ding losses in Eq. 3, the optimization process aligns the encoder and
codebook such that each code specializes in representing a distinct
structural pattern frequently observed in the graph. Consequently,
nodes with similar neighborhood compositions are quantized to
similar codes, allowing the learned codebook to discretely parti-
tion the connection pattern space and effectively encode various
structural motifs present in the data.

6 Downstream Code-Attention Fine-tuning
Motivated by the observations illustrated in Figure 1, we utilize a
codebook attention mechanism to address the generalization
challenge arising from the inconsistent distribution of connection
patterns in heterophilic graphs. This mechanism generates diverse
and adaptive node representations, thereby enhancing the model’s
ability to adapt to under-represented and inconsistent patterns.

Building on the pretrained connection pattern codebook, IVQ-
GNN performs downstream fine-tuning to further generalize to
rare or out-of-distribution connection patterns. In this stage, we
reuse the connection pattern codebook and the graph encoder
obtained from the pretraining phase. On top of them, we use a

code-level cross-attention module and a classification head
to enable end-to-end learning for node classification. During fine-
tuning, the codebook is frozen to preserve the learned connection-
pattern prototypes, while the graph encoder, attention module, and
classifier are trainable. The parameters of the attention module and
classifier are newly initialized before fine-tuning.

Given an input graph, the encoder first produces node represen-
tations h𝑖 . Each node embedding is projected into a query vector
with residual enhancement:

q𝑖 = h𝑖W𝑞 + h𝑖 . (8)

The frozen codebook entries {e𝑘 }𝑀𝑘=1 are mapped into key and
value vectors in a similar way:

k𝑘 = e𝑘W𝑘 + e𝑘 , v𝑘 = e𝑘W𝑣 + e𝑘 . (9)

Further, SoftVQ [7] is adapted, and all codebook entries serve
as global key–value tokens, allowing each node to perform cross-
attention over the learned connection-pattern prototypes:

𝜶 𝑖 = Softmax
(
q𝑖K⊤
√
𝑑

)
, o𝑖 =

𝑀∑︁
𝑘=1

𝛼𝑖𝑘v𝑘 . (10)

The outputs are refined through a feed-forward layer to obtain
enhanced representations:

h̃𝑖 = FFN(o𝑖 ). (11)

The enhanced representations h̃𝑖 are then passed to a newly
initialized decoderWclf, which is trained from scratch for the down-
stream classification task:

ŷ𝑖 = Softmax(h̃𝑖Wclf), (12)
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Table 1: Performance comparison of different models across heterophily/homophily datasets. The best results are highlighted
in bold, and the second-best results are underlined.

Datasets Cora Citeseer Pubmed Chameleon Squirrel Roman-Empire Minesweeper

GCN 88.23±1.75 75.01±0.91 87.30±0.45 43.38±4.71 38.74±1.29 46.23±1.23 79.80±0.25
SAGE 87.97±1.20 75.40±0.92 88.51±0.21 43.60±3.79 37.48±1.11 72.41±0.64 85.11±0.69
GAT 88.93±1.23 75.88±0.94 87.22±0.27 43.26±1.95 37.26±2.78 64.78±0.92 79.66±0.28
GCNII 87.90±1.35 75.50±1.28 86.32±0.23 38.88±3.30 35.60±2.25 57.52±0.42 80.78±0.59
APPNP 86.90±1.27 76.46±1.56 84.81±0.59 38.31±3.60 35.01±2.07 49.97±1.08 79.81±0.28

Half-Hop 87.08±0.94 75.86±1.36 88.62±0.26 38.88±1.68 33.18±0.65 66.76±0.63 79.72±0.30
ACM-GNN 88.16±1.10 76.32±1.17 89.74±0.34 38.35±1.66 35.38±1.71 67.88±0.30 84.43±0.75
GPR-GNN 88.93±1.28 76.23±0.62 87.58±0.27 39.66±3.00 36.26±2.01 63.62±0.74 80.47±0.55
FAGCN 89.00±1.14 76.24±1.07 89.25±0.33 40.00±2.08 37.71±1.59 65.76±0.55 79.80±0.64
FSGNN 87.20±0.76 75.29±1.17 89.41±0.37 43.09±3.06 39.01±1.45 71.08±2.39 82.94±0.67
BernNet 88.30±1.55 76.33±0.68 87.13±0.70 39.46±0.24 38.16±2.18 64.43±0.76 79.93±0.23

IVQ-GNN(Ours) 89.23±1.18 76.49±1.16 87.22±0.34 43.71±2.47 39.19±2.75 72.99±0.79 85.74±0.54

Chameleon Squirrel
0.0

0.1

0.2

0.3

0.4
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cu

ra
cy
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0.3847

0.4371

0.3919

Quantization Comparison on Chameleon and Squirrel

Figure 4: Quantization comparison on Chameleon and Squir-
rel datasets. Green bars represent our proposed IVQ-GNN,
while blue bars denote its hard-indexing variant.

and the model is optimized with a cross-entropy loss over the
labeled nodes.

Through this design, each node dynamically aggregates struc-
tural knowledge from the pretrained codebook. Rather than treat-
ing connection patterns as static or isolated, the attention mech-
anism linearly combines multiple well-learned prototype embed-
dings to synthesize new representations for inconsistent or under-
represented patterns. Consequently, IVQ-GNN effectively expands
the representational capacity of GNNs and enhances generalization
to long-tail and out-of-distribution connection patterns.

7 Experiments
In this section, we present comprehensive experiments to evaluate
the effectiveness of IVQ-GNN. Specifically, we aim to answer the
following research questions: RQ1: Can IVQ-GNN consistently
outperform existing baselines on both heterophilic and homophilic
graph benchmarks? RQ2: Does the Code-Attention mechanism
provide more effective representations for under-represented or

Figure 5: Accuracy vs. codebook size onChameleon and Squir-
rel datasets.

inconsistent connection patterns? RQ3: How does the number of
codes in the codebook affect the performance of IVQ-GNN?

7.1 Evaluation on Heterophilic/Homophilic
Graphs

In this experiment, we compare IVQ-GNN with various baseline
methods on both heterophilic and homophilic graph datasets and
answer RQ1.

Dataset and Evaluation We evaluate our proposed model
on a diverse collection of benchmark datasets, including both ho-
mophilic and heterophilic graphs. For the heterophilic setting, we
adopt four recently proposed datasets [17]: Squirrel, Chameleon,
Roman-Empire, Minesweeper. For the homophilic setting, we use
standard citation graphs [17] including Cora, CiteSeer, PubMed.
We follow standard node classification settings and report node-
level classification accuracy. For each dataset, we report the mean
and standard deviation of accuracy over 5 random splits. Detailed
dataset statistics and split strategies are provided in Appendix A.1.

Setup For a fair comparison, we benchmark IVQ-GNN against
classical GNNs (GCN [12], GraphSAGE [9], GAT [23]) and strong
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graph filters / heterophily-oriented baselines: Half-Hop [2], ACM-
GNN [15], GPR-GNN [6], FAGCN [4], FSGNN [20], BernNet [10],
APPNP [13], and GCNII [5]. All methods follow the same train/
validation/test splits per dataset; results are averaged over 5 random
splits and reported as mean ± standard deviation. For our method,
we adopt a 2-layer GAT as the GNN encoder, which is shared across
all datasets. All models are trained until convergence using early
stopping on the validation set. The results on homophilic and het-
erophilic datasets are reported in Table 1. Detailed hyperparameter
settings for both our method and the baselines can be found in
Appendix A.2.

Results From the results from Table 1, we observe that the
proposed IVQ-GNN consistently outperforms other baseline meth-
ods across most datasets. Notably, it achieves significant accu-
racy improvements of 0.58% on Roman-Empire and 0.63% on
Minesweeper, which highlights its effectiveness. In the following
experiment, we further investigate whether this framework can
provide better representations for infrequent connection patterns.

7.2 Ablation Study
To answer RQ2—whether the proposed codebook cross-attention
improves adaptation to under-represented connection patterns—we
compare IVQ-GNN with an ablated variant that replaces cross-
attention in fine-tuning with hard indexing, i.e., the same nearest-
code assignment used during pretraining.

Variant (w/o Code-Attention) After the shared pretrain-
ing stage, we freeze the learned codebook and encoder. During
fine-tuning, each node embedding selects its single nearest code
via argmin Euclidean distance (hard index); the selected code em-
bedding is fed directly to the classifier (no attention mixing across
codes). All other components, including the classifier head and
optimization protocol, match IVQ-GNN.

Datasets and Metric We use two representative benchmarks
in Experiment 7.1: Chameleon, Squirrel. We report node-level accu-
racy (%). Both models (IVQ-GNN and the hard-index variant) use
the same backbone, identical pretraining, identical codebook size,
and identical train/validation/test splits. We average results over 5
random splits and report mean ± standard deviation. Training uses
early stopping on the validation set. Hyperparameters are selected
on the validation split within the same ranges as Experiment 7.1.
The result is reported in Figure 4

Result Based on the result in Figure 4, on Chameleon, IVQ-
GNN attains 43.71% accuracy vs. 43.26% for hard indexing (+0.45
points). While on Squirrel, IVQ-GNN reaches 39.19% vs. 38.47%
(+0.72 points). Under identical pretraining, backbones, and code-
book size, these consistent gains indicate that the cross-attention
module over codebook entries yields more expressive node repre-
sentations at fine-tuning time. This supports our hypothesis that
linearly mixing learned connection pattern prototypes helps the
model adapt to under-represented connection patterns, aligning
with our analysis.

7.3 Analysis of Codebook Size
To investigate RQ3 and validate the theoretical analysis on the
intrinsic dimensionality of the GNN embedding space (Section 4),
we study how the codebook size affects classification performance
of IVQ-GNN.

Datasets and Feature Treatment We use Chameleon and
Squirrel. To avoid confounding effects from the original feature
distributions and isolate the role of connection-pattern, we replace
all node features on both datasets with one-hot vectors derived from
ground-truth labels: for each node, a 𝐶-dimensional one-hot vector
is assigned with the 𝑦-th entry set to 1.

Setup We keep the architecture, optimizer, and training pro-
tocol fixed, and vary the codebook size 𝑀 ∈ {1, 3, 5, 7}. The full
IVQ-GNN (with cross-attention in fine-tuning) is used in all cases;
only the number of codes differs. Pretraining and fine-tuning fol-
low the identical objectives as in Experiment 7.1. We use the same
train/validation/test splits as Experiment 7.1, and report node-level
accuracy (%). Results are averaged over 5 random splits and reported.
Early stopping is applied on the validation set. Hyperparameters
(excluding 𝑀) are selected on the validation split using the same
search ranges as Experiment 7.1. The result is plotted in Figure 5.

Result From the result in Figure 5, we observe a clear increasing-
then-saturating trend on both datasets: from𝑀=1 to𝑀=3, accuracy
jumps sharply (Chameleon: 24.04%→ 80.79%; Squirrel: 35.51%→
76.94%). Further increasing to 𝑀=5 yields substantial but smaller
gains (Chameleon: 91.69%; Squirrel: 89.30%), while moving from
𝑀=5 to 𝑀=7 provides only marginal improvements (Chameleon:
93.48%; Squirrel: 92.63%).

Notably, both datasets have𝐶=5 classes. Our analysis (Section 4)
reveals that the aggregated GNN embedding space is an image of the
connection-pattern space with rank at most𝐶 , i.e., requiring at most
𝐶 orthogonal bases. Empirically, 𝑀=5 is exactly the knee point:
accuracy growth slows markedly beyond this size. This alignment
between the observed elbow at 𝑀=5 and the theoretical upper
bound on the basis size provides direct evidence that enlarging the
codebook improves performance up to the intrinsic dimensionality
of the embedding space, after which returns diminish.

8 Conclusion
In this work, we investigated the inconsistencies of connection
patterns in both homophilic and heterophilic graphs, characterized
by their uneven distribution and train–test gap, and revealed their
negative impact on node classification. To address this issue, we
theoretically justified that the message-passing embedding space
is a low-dimensional image of the underlying connection-pattern
space with rank at most the number of classes, implying that a com-
pact set of basis patterns is sufficient to represent and generalize to
inconsistent ones. Guided by this insight, we proposed IVQ-GNN, a
novel framework that enhances the representations of inconsistent
connection patterns by connection pattern codebook pre-training
and code-level attention fine-tuning. Through various experiments,
we demonstrate the effectiveness of IVQ-GNN in improving node
classification performance, particularly for inconsistent connec-
tion patterns. These findings offer insightful implications for future
research in graph quantization and graph heterophily.
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A Experimental Setup
A.1 Dataset Statistics and Splitting
We evaluate our model on a variety of widely-used benchmark
datasets, including both homophilic and heterophilic graphs. Ta-
ble 2 summarizes the key statistics. For each dataset, we use 5
random splits with fixed train/validation/test ratios (60%/20%/20%)
following standard setting used in [17]. Apart from the dataset split-
ting, all other dataset-related operations are based on the official
DGL implementation.

Table 2: Dataset statistics.

Dataset #Nodes #Edges #Classes #Features

Cora 2,708 10,556 7 1,433
Citeseer 3,327 9,228 6 3,703
Pubmed 19,717 88,651 3 500
Chameleon 2,277 36,101 5 2,325
Squirrel 5,201 217,073 5 2,089
Roman-Empire 22,662 65,854 18 300
Minesweeper 10,000 78,804 2 7

A.2 Model Architecture and Hyperparameters
The encoder of our method is a 2-layer GAT with 8 attention heads
per layer and 64 hidden dimensions per head. The model integrates
a vector quantization module with one codebook of embedding
dimension 64.

Other key configurations:
• Codebook size: [4, 8, 16]
• Commitment cost: 0.25
• Dropout: [0.1, 0.3, 0.5, 0.7]

For all baseline methods, we ran experiments using the default
parameter settings provided in the official code release.

A.3 Training Procedure
The training consists of two sequential phases:

Pre-training Phase. In the pretraining stage, we optimize the
quantized representation by minimizing a joint reconstruction loss
that includes:

• Vector quantization loss
• Feature reconstruction loss
• Edge reconstruction loss

The optimizer is Adam with a learning rate of 0.001. Models are
trained for 1000 epochs with early stopping disabled in pretraining.

Classification Phase. After pretraining, the model switches to
node classification mode. Only classification-related parameters are
updated using cross-entropy loss on labeled nodes. The optimizer
is Adam with:

• Learning rate: [1e-3, 5e-4, 1e-4]
• Weight decay: [0, 5e-4]

Validation accuracy is monitored, and the best model is selected
according to the highest validation performance.

Evaluation. Final performance is measured on the test set using
the best validation checkpoint. The test accuracy is averaged over
5 random splits, and we report mean and standard deviation.

A.4 Implementation and Hardware Details
All experiments are implemented with Deep Graph Library (DGL)
and Pytorch Geometric (PyG), and run on a server with the follow-
ing configuration:

• CPU: Intel Xeon Platinum 8358 @ 2.60GHz
• GPU: Tesla V100 SXM2 32GB
• Environment: Ubuntu 20.04, Python 3.9

We will release our source code and data splits upon publication
to ensure full reproducibility.

B Related Work
To address the problem of heterophily, numerousworks have emerged
recently. Mixhop [1] proposes to mix representations from multi-
hop neighborhoods to get more information. Geom-GCN [21] iden-
tifies and aggregates nearby and distant nodes with similarity to the
target node in a constructed hidden space to address heterophily;
H2GCN [33] proposes several designs including ego and neighbor
embedding separation, higher-order neighborhood aggregation,
and combination of intermediate representations to enhance the
performance of GNNs on heterophilic graphs; GPR-GNN [6] intro-
duces a novel Generalized PageRank (GPR) GNN architecture, as-
signing each feature propagation step a learnable weight to address
heterophily and oversmoothing issues; CPGNN [31] introduces
an interpretable compatibility matrix to model heterophily or ho-
mophily levels in the graph, enabling the generalization of GNNs for
graphs with either homophily or heterophily; FAGCN [4] proposes
a self-gating mechanism to adaptively integrate low-frequency
signals, high-frequency signals, and raw features, enhancing adapt-
ability without requiring knowledge of network types; ACM-GNN
[15] improves GNN performance by allowing adaptive exploitation
of aggregation, diversification, and identity channels based on a
post-aggregation node similarity matrix.
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