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Abstract

As model sizes in deep learning continue to expand, memory-efficient optimizers
are increasingly critical to manage the substantial memory demands of popular
algorithms like Adam and AdamW. Among these, Adafactor has emerged as one
of the widely adopted choices for training deep learning tasks, particularly large
language models. However, despite its practical success, there is limited theoretical
analysis on Adafactor’s convergence. This paper presents a comprehensive analysis
on Adafactor in a non-convex smooth setting, demonstrating its convergence to find
a stationary point at a rate of O(1/+/T). We find that the default hyper-parameter
setting results in a sub-optimal rate in our framework, and propose an alternative
setting that could theoretically achieve optimal convergence rate. This finding
is further supported by some experimental results. We also prove that Adafactor
with a suitable time-varying clipping threshold could also converge, achieving
performance in experiments comparable to that of the standard constant setting.

1 Introduction

The adaptive gradient-based methods, such as the well-known AdaGrad [9, 29], RMSProp [30],
Adadelta [35]], Adam [15] and AdamW [22]], have become the preferred approaches in solving the
following unconstrained stochastic optimization problem in deep learning fields:

min f(X) =Ezep[l(X; Z)], (D

X ERnxm

where the object function f is non-convex and P denotes a probability distribution. During the
training process, these adaptive methods require to store the historical gradients’ information so as
to adaptively tune their step-sizes. For example, both Adam and AdamW maintain the exponential
average of gradients and squared gradients, and AdaGrad stores the cumulative of squared gradients.
Despite their effectiveness, these algorithms pose substantial memory challenges for GPUs to save
these additional gradients’ information, especially when training large language models (LLMs),
such as GPT-3 [5]], which contains over 175 billion parameters.

To address memory constraints, several memory-efficient optimization algorithms have been devel-
oped, e.g., [26, 1}, 23, [17]. One of the most popular optimizers is Adafactor [26] which employs
a rank-1 matrix factorization to approximate the second moment matrix in Adam. For an n X m
weight matrices, this technique reduces memory usage from O(mn) to O(m + n) by only tracking
the moving averages of the row and column sums of the squared gradients matrix. Additionally,
Adafactor eliminates the first-order momentum used in Adam and incorporates update clipping to
enhance training stability.

The empirical results reveal that Adafactor achieves comparable performance to Adam in training
Transformer models [26] . In real applications, several LLMs including PaLLM [6] and T5 [24] have
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applied Adafactor as their main optimizers [38]. In spite of Adafactor’s widely usage, there is still
limited understanding on its convergence in theory, especially the effect of the matrix approximation
and update clipping, and the explanation for its hyper-parameter setting in experiments.

In this paper, we take a closer look on Adafactor’s convergence under non-convex smooth optimization
problems, considering the typical bounded gradient setting as those for AdaGrad [19, 32] and Adam
[34]. We aim to provide a convergence rate for Adafactor and explain the influence of the hyper-
parameters for the convergence speed. We also prove in theory why the default parameter setting is
effective in practical scenarios. The analysis to Adafactor is non-trivial compared to other adaptive
methods such as AdaGrad and Adam due to the unique matrix factorization and update clipping
mechanisms. Based on a new proxy step-size construction and some new compositions as well as
estimations, we analyze the additional error terms in the Descent Lemma introduced by the matrix
approximation and update clipping. Our main contributions are summarized as follows.

Contributions

* We provide a convergence analysis for the full-batch Adafactor considering bounded gradients
and a broader range of parameter setting which covers the default one in [26]. The result shows
that Adafactor could converge to find a stationary point with a rate of O(1/+v/T) where T
denotes the total iteration number.

* We further investigate the more realistic stochastic Adafactor. It’s found that a simple variant of
Adafactor, which drops the update clipping, could attain the best convergence rate of @(1 / \/T)
when the second moment decay rate is 1 — 1/k. We also verify that the default decay rate
1 — 1/k%8 could lead to a sub-optimal convergence rate in our framework. To illustrate this
finding, we provide some empirical results, showing that the potential best hyper-parameter
setting in theory could perform better than the default one used in experiments.

* We extend our study to include a time-varying clipping threshold. Our analysis implies that
with proper selections of clipping threshold and hyper-parameters, Adafactor could also achieve
the best convergence rate of (7)(1 /VT). We also do some experiments to show that the new
clipping threshold scheme achieves comparable performance and training stability to the original
constant threshold setting.

The rest of the paper is organized as follows. The next section provides some most relevant works.
Section [3] presents some necessary notations definitions and problem setup. Section [] reviews
Adafactor and introduces its essential mechanism. In Section [5|and Section [6] we separately provide
convergence bounds for full-batch Adafactor and stochastic Adafactor without update clipping. We
further discuss the hyper-parameters’ dependency. In Section[7] we investigate Adafactor using a
time-increasing update clipping threshold. Section [ provides experimental results to support our
theory. All the detailed proof could be found in the appendix.

2 Related work

In this paper, we mainly investigate the theoretical convergence of Adafactor. Although there is
limited works on Adafactor in theory, it’s necessary to briefly discuss related works on the convergence
of other adaptive methods, particularly on non-convex smooth optimization. Here, we briefly list
some of the most related works.

Convergence of adaptive methods Several studies address the convergence of AdaGrad in non-
convex settings. For example, [[19]] considered a simple variant with delayed step-size, while [32]]
and [39] assumed bounded stochastic gradients. Other works [14} (10, 21} 3 31} 27} 33]] derived
convergence bounds under more relaxed assumptions. Another line of research has investigated the
convergence of Adam. For instance, [34} [7, 139, 11} 8] assumed bounded gradients. [28| 36, 31]
considered more relaxed noise assumptions without relying on bounded gradients. Additionally, [18]]
derived convergence bounds for Adam under generalized smooth conditions.

Overall, the convergence analysis of optimizers typically starts with standard assumptions, such as
bounded gradients and smooth objective functions. In subsequent studies, these assumptions are
gradually relaxed to investigate the convergence properties of the optimizers under less stringent
conditions.
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Memory efficient algorithms As large models are increasingly used in deep learning, memory
constraints have become a central issue during training. Consequently, several memory-efficient
optimizers have been developed to address this challenge.

One approach to save memory involves applying matrix factorization to oeptimization algorithms.
For instance, [25] used matrix factorization in the second moment estimator of gradients in Adam,
similar to the concept behind Adafactor. [23] introduced CAME, a variant of Adafactor, which
incorporates a confidence-guided strategy to mitigate instability caused by erroneous updates. [|37]]
proposed Adapprox, leveraging randomized low-rank matrix approximation for Adam’s second
moment estimator, demonstrating superior performance and reduced memory usage compared to
AdamW.

There are some other techniques to save the memory. For example, [[12] relied on a “Shampoo”
technique to reduce the storage requirement of full-matrix preconditioning methods. Notably, their
method could be further extended to the more realistic tensor case. [1] presented a memory-saved
version of AdaGrad, called SM3, by maintaining & sets gradient accumulator. They proved the
convergence guarantee of SM3 on online convex optimization and the effectiveness in experiments.
Recently, [17] built a 4-bit Adam using quantization techniques to compress the first and second
moment estimators in Adam, also reducing memory usage.

In summary, many existing optimizers, particularly adaptive methods like AdaGrad and Adam, face
memory overhead. In response, the discussed works have designed memory-efficient optimizers that
aim to achieve comparable performance to these existing methods while achieving memory benefits.

3 Problem setup
To start with, we introduce some necessary notations.

Notations For any two matrices X = (x;5)i;, Y = (v45)i; € R"*™, we define (X,Y) =
Dy Z;“:l ziyij. X ®Y, X/Y and VX denote the coordinate-wise product, quotient and
squared root respectively. 0,, and 1,, denote the zero and one n-dimensional vector respectively,
and 1, ., denotes the one n x m-dimensional matrix. The index set [n] denotes {1,2,--- ,n}.

. iy b
|| - || » denotes the Frobenius norm. For a positive sequence {c;};>1, we define >, a; = 0 and

Hi’: . @i = Lif a > b. The operator RMS(-) denotes
1 n m

RMS(X) =, | — 2.

X0\ &

=1 j=1

We consider unconstrained stochastic optimization () over R™*™ with the Frobenius norm. The
objective function f : R"*™ — R is differentiable. Given an n. x m matrix X, we assume a gradient
oracle that returns a random matrix g(X, Z) € R"*™ dependent by the random sample Z. The
deterministic gradient of f at X is denoted by V f(X) € R™*™,

Assumptions We make the following standard assumptions throughout the paper.

* (A1) L-smoothness: Forany X,Y € R"*™ |Vf(Y) - Vf(X)||r < L|Y — X||F;
* (A2) Bounded below: There exists f* > —oo such that f(X) > f*,VX € R**™;

* (A3) Unbiased estimator: The gradient oracle provides an unbiased estimator of V f(X), i.e.,
Ez[9(X,Z)] = Vf(X),¥X € R™*™;

* (A4) Almost surely bounded stochastic gradient: for any X € R"*™, ||g(X, Z)||r < G, as..

Combining (A3) and (A4), it’s easy to verify that |V f(X)| < G,VX € R™ ™. Assumptions
(A1)-(A3) are standard in the non-convex smooth convergence analysis. Although Assumption (A4)
is a bit strong since it requires an almost surely bounded stochastic gradients instead of an expected
one, it’s still commonly used to derive the high probability convergence bound, see e.g., [32, [14],
which is a stronger result than an expected convergence. In coordinate-wise algorithm, another
standard assumption is /.-bounded gradient where ||g(X, Z)|lcoc < Gwo, see e.g., [8]]. These two
types of assumption are equivalent up to dimension factors.
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4 Review of Adafactor

In this section, we briefly discuss Adafactor based on the reference [26]. The pseudocode for
Adafactor is presented in Algorithm|I]

Algorithm 1 Adafactor

Input: Initialization point X; € R"*™ Ry = 0,,,, Cy = 0, , relative step-sizes {py, }x>1, decay
rate {32 1 }x>1 € [0, 1), regularization constants €1, €2 > 0, clipping threshold d.
fork=1,--- ,Tdo

G = 9( Xk, Zy);

Ry = Bo i Ri—1+ (1 — Boi) (G © Gy + €11,1) ) 1,5

Cr = B21Cr-1+ (1 — Bop)1}) (Gr © G + €11, 1,));

Wi = (RxCy)/1,, Ri;

Ui = Gi./vVWg;

N = max{es, RMS(X})}pr/ max{1l, RMS(Uy)/d};

Xpy1 = X — e - Gr/VWh;
end for

Matrix factorization Adafactor could be severed as a saved-memory version of Adam. Throughout
the training process, Adam maintain two n X m matrices M}, and V}, using exponential moving
average update,

M, = 1M1+ (1 = f1k)Gr, Vi = BokVi—1 + (1 — fo1)Gi © G, (2)

where 1 i, B2, € (0,1), thereby tripling the memory usage. The innovation in Adafactor lies
in its method of approximating V}, by factoring it into two rank-1 matrices, specifically the row
sums and column sums of V. This approximation is guided by maintaining a minimal general
Kullback-Leibler (KL) divergence as follows,

n m

XGRH@QRIXm;;d((Vk)ij,(XY)ij), st (X)i20,(Y); 20,¥i € [n],j € [m],

where d(p, q¢) = plog(p/q) — p + ¢. The choice of KL-divergence over the more typical Frobenius
norm allows for an analytical solution to be derived, specifically given by

X =Viln, Y =1'Vi/(11Vily).

Therefore, Adafactor only requires to maintain two vectors Ry = Vi 1,,, Cy = 1; Vi, sufficiently
reducing the memory from 2mn to m + n. Although this factorization sacrifices some information
of the squared gradients, Adafactor still delivers performance comparable to Adam in many real
application tasks, making it a practical choice where memory is a constraint.

Increasing decay rate In Adam, corrective terms are introduced into M} and Vi, resulting in two
increasing-to-one decay rates. Theoretically, it has been demonstrated that a value closed to one for
B2, would ensure the convergence, e.g., [8L[39136]. Inspired by this observation, Adafactor used an
increasing second moment decay rate 32 , = 1 — 1/k°, ¢ > 0, and the empirical default setting is
c = 0.8. As pointed out by [26], this setting allows for enjoying the stability of a low 33 j, at the early
stage of training and the insurance of convergence from a high /3, j, as the run progresses. Moreover,
it also leverages the bias correction.

Update clipping Adafactor modifies the update process by discarding the first-order moment M},
and instead applies an update clipping technique inside the step-size 1. This involves dividing
the root-mean-square of the update Uy, denoted as RMS(U},), when it exceeds a threshold d.
This mechanism helps to calibrate the second moment estimator W}, when it’s larger-than-desired
G, © G. Empirical findings in [26]] indicated that implementing update clipping leads to significant
performance improvements when the warm-up technique is not used.

Relative step-sizes Adafactor incorporates a step-size proportional to scale of X, denoted by
RMS(X},), which is shown in experiments more resilient to the more naive parameter initialization
and scaling schemes [26].
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5 Convergence result for full-batch Adafactor

We first provide the convergence bound for full-batch Adafactor. At each iteration, full-batch
Adafactor obtains the deterministic gradient V f(X},) and then updates Ry, Cj, using V f(Xk)
instead of G, in Algorithm|[T]

Theorem 5.1. Let { X} }i,>1 be generated by Algorithm[l|with g( X, Zy) = V f(Xy),Vk > 1. If
Assumptions (Al) and (A2) hold, |V f(Xy)||lr < G,Vk > 1, Bo1 = % and

pr=po/Vk, 0<Bap<1, Vk>1, 3)
for some positive constant pg, then for any T > 1,
logT
in |[Vf(Xn)|% <0 . 4
Iin V(X < (ﬁ> ©)

The result indicates that full-batch Adafactor could find a stationary point at a rate of O(log T/+/T)
under the non-convex smooth case, which is similar to gradient descent but with a sub-optimal rate
compared to O(1/T') [4]. The hyper-parameter setting in (3) only requires 82 5, € (0, 1), denoting
a much wider range including the default one which requires 3 j, to increase to one. The detailed
version for the above result can be found in Theorem [A.T|from the appendix.

6 Stochastic Adafactor without update clipping

In the stochastic case, we start from the simple scenario of
Nk = max{eg,RMS(Xk)}pk (5)
without considering the update clipping 1/ max{1, RMS(Uy)/d)} in Algorithm[I| where the main

reasons are as follows.

» As pointed out in the experiments from [26], Adafactor’s performance shows little difference
with and without update clipping when implementing learning rate warm-up. Since the warm-up
technique is a popular method in deep learning [38]], it’s reasonable to drop the update clipping.

* In stochastic Adafactor, the correlation between G, and 7, would be more complex if the update
clipping is involved. The proof would be simpler when dropping the update clipping, which
could help to better understand the analysis for Adafactor.

We now present the probabilistic convergence bound for Adafactor without update clipping as follows,
where we summarize different convergence rate with respect to the factor ¢ from 8 ), = 1—1/k¢,c €
[1/2,1].

Theorem 6.1. Let { X} },>1 be generated by Algorithmwithout update clipping where ny, is given
by @) for each k > 1. If Assumptions (Al)-(A4) hold, and

/82,1 = 1/27 P1 = Po,
Bog=1—1/k°, pp=po/Vk, Vk>2,

Sfor some constants 1/2 < ¢ < 1,pg > 0, then for any T > 1,6 € (0,1), with probability at least
1-19,

(6)

. ) 1 T
min [V5(X01 < 0 (7208 (5 ) )

The above result indicates that with appropriate hyper-parameters, Adafactor without update clipping
could approximately find a stationary point. When the decay rate 33 1, is 1 — 1/k, the convergence

rate could attain to O (log T'/+/T'), matching the rate of stochastic gradient descent [4] and the lower
rate in [2] up to only a logarithm factor. The hyper-parameter setting in (6] covers the experimental
default setting where ¢ = 0.8. The result shows a sub-optimal rate of O(log T/T°-3) under the
default setting. This finding is further complemented by the coming numerical experiments in Section
The detailed version of the above results can be found in Theorem [B.T|from the appendix.
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6.1 Discussion of the hyper-parameter dependency

In this section, we discuss the dependency of several important hyper-parameters in Theorem
and the detailed version in Theorem [B.1]in the appendix. It’s worthy to mention that the dominated
order in our convergence bound is determined by the total iteration number 7', whereas other hyper-
parameters could be regarded as constants. However, we hope to improve the dependency of these
hyper-parameters as much as possible to make the convergence bound tight.

Discussion of ¢ and the optimal rate The convergence bound in Theorem [6.T|reveals that when
c=1,p2r=1—1/kand p, = po/ Vk, the convergence rate attains the optimal rate matching
the lower bound. In addition, when c is closed to 1/2, the convergence rate deteriorates. This
phenomenon somehow explains that a small decay rate /35 j (c is low) may harm the convergence
speed, as 3, should be closed enough to 1 to ensure the convergence, which has been pointed out
similarly for Adam in [8} 39, 36].

The theoretical best parameter setting remains a small gap to the default one of ¢ = 0.8. To verify our
theoretical finding, we provide some empirical evidence in Section showing that B2, =1 — 1/k
performs even better than the default one and the performance would be better when c increases from
1/2to 1.

Dependency to mn It’s clear to see that the convergence bounds in Theorem [A.T|and Theorem
are free of the curse of the dimension factor mn as mn only appears on the denominator in each
coefficient. We think that solving the curse of dimension is vital since the applied range for Adafactor
includes many deep learning tasks where mn are comparable large to 7T'.

Dependency toe;,e2  The convergence bounds in and from Theorem[B.T]has a dependency
of O(e; ' log(1/€;)) on 61 Although the polynomial dependency to €; is a bit worse since €;
ususally takes a small value in experiments, e.g., the default setting is 1073, it’s still common in
some theoretical convergence results, e.g., [34} [18]. We also perform some experiments to show
that a relatively large €1, roughly 10~3, makes no observable effect on the performance. Thereby,
€1 could be regarded as a constant in comparison to 7" and the influence brought by 1/¢; could be
somehow acceptable.

Since the default value of €5 is 10~3 in experiments, it could also be regarded as a constant compared
to T'. Therefore, the dependency O(1/e2) on €2 shows little effect on convergence bounds given the
sufficiently large 7.

Dependency to the scale of parameters. The convergence bounds in Theorem contain a
O(Onmax) factor where ©,,,, denotes the maximum values of || X ||~ along the training process.
It’s reasonable to assume that O,,,,, < G for a comparable large constant G in practice.

7 Convergence of Adafactor with update clipping

In this section, we take a closer look on the comprehensive Adafactor with both matrix factorization
and update clipping. We slightly change the update clipping threshold d in Algorithm[I]to a time-
varying threshold dy. The step-size 7, then becomes

max{ez, RMS(X})} o
max{1,RMS(Uy)/d;}

U N

Then, we present the following convergence bound.
Theorem 7.1. Let { X}, }ix>1 be generated by Algorithmwith N given by () for each k > 1. If
Assumptions (Al)-(A4) hold, and

di =1, B21=1/2, p1=po,

c 8
dy = k=0, Bop=1-1/k° pp=po/Vk, Vk>2, ®

'The detailed calculation could be found in (@3] and [@8) in the appendix.
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Jor some constants o > 1,1/2 < ¢ < 1,pg > 0, then for any T > 1,4 € (0,1), with probability at
least 1 — 0,

| ) 1 T
i V501 < 0 (7708 (5 ) )

Discussion of Theorem The convergence result indicates that with a proper selection of the
clipping threshold, along with the commonly used step-size p;, and decay rate 33 ;,, Adafactor can
find a stationary point when 7T is sufficiently large. The dependency of convergence bound on ¢
remains consistent with Theorem achieving the optimal order when ¢ = 1. In addition, the
convergence bound can still avoid the curse of dimension, which is shown in the detailed version
Theorem [C.I]from the appendix.

The additional hyper-parameter « primarily influences the dependency on e€;, specifically as
O (€7 “log(1/e1)). Thus, our convergence bound may deteriorate as « increases, possibly due
to the limitation of our proof framework. This dependency could be potentially improved to
@ (efl log(1/€1)) when mn is comparable to 1/€;, which is practical when implementing a large-
size modelE] In our experiments, we tested different values of o and found that suitably small values,
such as o = 4,6, 7, 8 can lead to performance and training stability comparable to the default setting,
even without implementing the warm-up technique. This finding suggests that our new threshold
setting plays a similar role in enhancing training stability as the default one, which is also the main
motivation of update clipping. Since €; can be set to a relatively large value, e.g., 1073, a dependency
like O(e;* log(1/€1)) is somewhat acceptable for sufficiently large 7.

The time-increasing dj, provides the following intuition: As shown in [26l Figure 1], during the
early stages of training, a high decay rate 3, j can cause larger-than-desired updates and training
instability. Therefore, we set a low threshold dj, to ensure that the update clipping mechanism
effectively calibrates these larger-than-desired updates. As training progresses, the sequences and
updates become more stable, and the second moment estimator W}, becomes more accurate in
estimating the squared gradients, which is also shown in [26, Figure 1]. Consequently, there is
less need for update clipping, corresponding to a relatively large di. We have also verified through
experiments that our setting can achieve performance comparable to the default setting of d = 1.

8 Experiments

In this section, we will report our experimental results based on the insights obtained in our theory.
We will mainly provide the following three experiments:

* We test Adafactor without update clipping under different decay rate parameters c, aiming to
demonstrate performance improvement as c increases from 0.5 to 1 with optimal performance at
¢ = 1, as indicated in Theorem [6.1]and Theorem

* We evaluate the sensitivity of Adafactor to different values of €1, particularly showing that a
relatively large €; does not significantly impact performance.

e We assess the performance of Adafactor with a time-increasing dj, setting, as described in
Theorem [7.1] and compare it to the default constant setting.

8.1 Experiment setup

In all experiments, the initialization is Ry = 0,, and Cy = O,TL . We use a learning rate with the
warm-up technique as described in [26], specifically pr, = min{10~% - k, 1/v/k} for all experiments
unless otherwise specified. The batch size is set to 256, and the total number of epochs is 400 by
default. Our models are ResNet-20 and ResNet-110 [13]], and we use the CIFAR-10 and CIFAR-100
datasets [16] without any data augmentation. The experiments are conducted using the PyTorch
implementation of Adafactor on a single NVIDIA GeForce RTX 4090 GPU.
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Figure 1: Average test accuracy and standard deviation (shallow blue region) under different decay
rate parameters c.
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Figure 2: Training loss vs. steps using Adafactor without update clipping under different €;. The
step-size 7, decay rate 3 1., and learning rate warm-up are set by default.

8.2 Report on Experiment 1

We test Adafactor without update clipping using decay rate parameter c ranging from 0.5 to 1.0 in
increments of 0.05, while keeping other hyper-parameters at their default values. Each experiment is
run 10 times with 100 epochs, and we plot the average test accuracy and standard deviation (shallow
blue region) in Figure[I] The results indicate that ¢ = 1.0 yields better performance and stability
compared to ¢ < 1.0 on different models and datasets, corresponding to the highest test accuracy and
thinner shallow blue band. These performances show a noticeable improving trend as c increases
from 0.5 to 1.0, aligning roughly with the results in Theorem 6.1}

8.3 Report on Experiment 2

In the second experiment, we test Adafactor without update clipping under different €; values. We
plot the training loss against the step ¢ on different models and datasets in Figure 2] The performance
for e; = 107% and ¢; = 107° is nearly identical to that for ¢; = 10~3°. Moreover, even a larger
value of 10~ achieves comparable training performance, though with a slower decrease in loss.
Notably, €; = 1073 requires approximately the same number of steps (t ~ 20000) as e; = 1073° to
achieve near-zero training loss. We conclude that Adafactor is not sensitive to the choice of €;, and a
relatively large ¢; can still lead to convergence, making the polynomial dependency O(1/¢;) in our
convergence bounds acceptable.

8.4 Report on Experiment 3

In this experiment, we explore the appropriate values of o in Theorem [/.1|to achieve performance
comparable to the default setting of d = 1. As indicated by Theorem [/.1} a relatively small « is
desirable for better dependency on €;. We train models with « set to 4, 6, 7, 8, and 9, keeping other
hyper-parameters at their default values. We also train models with the default d = 1 setting as the
baseline. We plot the training loss against the steps in Figures [3] without step-size warm-up and 4]
with step-size warm-up.

’The detailed calculation could be found in (@3) from the appendix.
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technique and test under different a.
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(a) ResNet-20 on CIFAR-10 (b) ResNet-20 on CIFAR-100 (c) ResNet-110 on CIFAR-100

Figure 4: Training loss vs. steps on different models and datasets. We use step-size with warm-up
technique by default and test under different «.

The results indicate that, for these values of «, Adafactor achieves comparable or even better
convergence speed compared to the default threshold (represented by "Baseline"). The comparable
results to the "Baseline" in Figure[3further suggest that the time-increasing dj, in Theorem [7.1]plays a
role similar to that of the default setting, enhancing training stability even when the step-size warm-up
is turned off.

9 Conclusions

In this paper, we investigate the convergence behavior of Adafactor on non-convex smooth landscapes,
considering bounded stochastic gradients. We introduce a new proxy step-size to decouple the
stochastic gradients from the unique adaptive step-size. Additionally, we use new estimations to
control the errors introduced by matrix factorization and update clipping in Adafactor.

Our findings reveal that full-batch Adafactor is capable of finding a stationary point, requiring
only a step-size ny ~ O(1/vk) and a second moment decay rate 32 5 € (0, 1), denoting a wide
range including the default setup. In the case of stochastic Adafactor without update clipping, the
convergence rate can achieve the optimal order O(1/+/T) when 2, = 1 — 1/k¢, ¢ = 1. However,
performance deteriorates as ¢ decreases. This finding is supported by experimental results. We also
explore Adafactor with a time-increasing clipping threshold and derive similar convergence results.
The empirical results demonstrate that the new clipping threshold provides performance comparable
to the default constant setting.

Limitations There are several limitations in our work that warrant further investigation. First,
the polynomial dependency on €; in our convergence bounds may be further improved to a better
dependency, such as log(1/¢1). Second, although we provide convergence results for several variants
of Adafactor and demonstrate comparable performance to the original one in experiments, the
convergence bound for stochastic vanilla Adafactor remains unknown. Finally, our experimental
results primarily focus on traditional deep learning tasks due to our GPU limitations. It would be
beneficial to test the scalability of our theoretical results, e.g., on large language models.
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A Proof detail for full-batch case

We first provide the full-batch Adafactor as follows. The only difference to Algorithm (T)) is the
replacement of stochastic gradient by deterministic gradient V f(X},) at each iteration.

Algorithm 2 Full-batch Adafactor

Input: Initialization point X; € R"*™ Ry =0,,Cy = 0;, relative step-sizes {py }r>1, decay
rate {527k}k21 € [0,1), regularization constants €1, €3 > 0, clipping threshold d.
for k=1,---,Tdo
Vf(Xk) - ~

Rk —BQkRk 1+ (1= B2k)(Gr © G + €11, 1" )lm

Cr = B2k Cr1 + (1 = o)1, (G © G + €11,1,,);

Wk = (chk)/l;l;Rk,

Ui = G/ vV Wi; )

M, = max{ez, RMS(X})}pr/ max{1l, RMS(Uy})/d};

Xit1 = X — M - G /V Wi
end for

Then, we provide the detailed version of Theorem 5.1|as follows.
Theorem A.l. Let {X}i>1 be generated by Algorithm E] If Assumptions (Al), (A2) hold,
IVf(Xp)llr <G, Vk >1and
pr=po/Vk, 0<Por<l, Vk>1,
for some positive constant p, then for any T' > 1,
Ao AL (f(X1) — f* + AZlog T + A2)

in [|[VF( X% <
krrelg]ll F(Xp)l% <

- | ©)
. A AL (f(X1) — "+ Aflog T + AJ)
min ||Vf(X)[% < L 0 o
i [V (X0} < 7
where we define
Omin = min HXk”om Omax = max ||Xk||007 G= G? + mney, (10)
ke[T) ke[T]

and the other constant parameters are given by
Ld*mn(ez + Omax)?p3
2 )

max {1 cav

LG*G(€2 + Omax)?pd

A2 =
0 2mned (1 — fBo1)%

Az =

Ay = > dermn(1—P2,1) }7141 — \/G4 + G2(m + n)el 4 mne%, (11)

Po max{eg, emin}

/ G* 2
Al =4/2 +G%+e ).
mney

A.1 Preliminary

We first denote the auxiliary matrix G‘iﬁ = G}, ® Gy + €11,1, . In addition, we define V}, =
(17(k)) as follows
i)y )

‘70 = 0n><m7 W = ﬁQ,k‘Vk—l + (1 - BZ,k)éi,eﬂ k > 1. (12)

To simplify the notation, we let G = (gfp) e R%Z, C’%) and S‘-,k be the i-th row sum, j-th column

sum and the coordinate sum of V, respectively. The same definition principal is applied to the
notation R(G)Z and ng . We also use w( ), vz(]k), 4" to denote the coordinates of Wi, Vi, Up,
in Algonthmlrespectwely We also define values Gy, 92 G as follows:

G =G? + meq, QQ—G2+n61, G = G? + mne;. (13)
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A.2  Technical lemmas
Following the descent lemma for a L-smooth objective function f, we derive that
L
JY) < JX)+(VAX),Y = X) + SIIY = X[}, VX, Y eR™™. (14)
In the following, we will provide some necessary technical lemmas.
Lemma A.1. Let 35}, € (0,1) and 'y, be defined by
Io=0, T'p=psklk—1+1Q—pok), Vk>1.
Then, (1 — ﬂgﬁl) S Fk S 1,V/€ 2 1.

Proof. We could prove the result by induction. Since I'g = 0, it’s easy to derive that (1 — 821) =
I’y < 1. Suppose that for any j € [k — 1], (1 — S2,1) <T'; < 1. Then

Tp > Bop(l—P21)+ (1 —Por)>1—021, Tp<PBor+(1—p5%) <1
The induction is then complete. O
Lemma A.2. Let Vi, be defined in @ For any k > 0, it holds that
R, =Vil,, C,=1Vi, Sy =1 R,=1,V;1,,.
As a consequence,

Ry :52,,@R§_§Ll+(1—52,k)3g% : cg::52,,60%>A+(1—52’,€)0g% NGE)

Proof. Note that Ro =Vl, =0,and Cyp = 1]V} = Suppose that for any j < k — 1,
R; =V;1,,,C; = 1, V;. Then using the updated rule in Algorlthml 2|and (T2),
R, = /BQ,kRk—l + (1= Bok)GE e, Lm = (Bok Vi1 + (1 = B2) Gy o)) L = Vili, 16)
Ci = B4 Cr_1 + (1 — 52,k)1zéi751 =1, (B2 Vi1 + (1 — Bok)Gie,) = 1) Vi
Since SVk represents the coordinate sum of V., we could derive that
m
sz(k) =1'R, =1 Vil,,. (17)

=1 j=1

Since R%Z denotes the i-th row sum of Vj, it’s the i-th coordinate of Ry,. Hence, for each coordinate
of Ry, using (T6),

RY =B kRS + (1= Bai) R

koeq
Similarly, we could derive the results related to Cgk) O

Lemma A.3. Following the parameter setting in (3), for any i € [n],j € [m],k > 1, it holds that

RY) € [me(1-B21),G1], Cf) € [nea(1 = B21),G], Sy € [mner (1 — B21),G).

Proof. Recalling the definition of Vj, in (I2) and ||V f(X)||r < G, Vk > 1, we derive that

n

RIS 9 WL (T eI B N

i=1j5=1 i=1 j=1p=1 l=p+1
k k
<> (1= Bap) | TI B2t | IGolI% + Tamner < G°Ty +mney <G, (18)
p=1 l=p+1
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where the last inequality comes from Lemma[AT] Following (I8) and Lemma[AT] we also derive
that

Sy, > mne L'y, > mner (1 — B21).

We also derive the upper bounds for R%Z and C%) as follows,

k k
R(l Zv(k) <D (=82 | II Bt | Gl +Tamer < G°Ty +mer < Gy,
p=1 l=p+1
k k
cy) = Zv““) <Y (1=82p) | I B2 | 1G5 + Taner < G°Ty +ney < Go. (19)
p=1 I=p+1

Similarly, the lower bound could be derived by

R%z > mer L'y, > mer(1 — B21), C‘(;jv: > nel'y > ner(l— Baq).

A.3 Proof of Theorem[A.Tl

Now we move to prove the main result. Using (T4) and the updated rule in Algorithm[2]
-~ L
F(Xh1) < f(Xp) + (G X — Xi) + 5[ Xr — X%
_ _ 2
Gy, > L Lig || Gk
VWil 2 [ VW,
We then re-arrange the order, sum up both sides over k € [t] and apply f(X¢11) > f* from
Assumption (A2) to get,

= f(Xk) — Mk <G_k7

L G,
<FX) = 4Ty || (20)

(a) (b)

Since Onin < | Xk|loo < Omax, We have O < RMS(X;) < Opax for any k& > 1. Hence, using
)i, defined in Algorithm 2}

. max{ea, RMS(Xy) o ) { d\/mn}
= < (€2 + Omax)pr min< 1, — . 21
= max {1, [ U | 7/ (dv/mn) } < (e ok U]l 7

Using @I), Uy = G./\/ Wi, Ag in (TT) and py, = po/V'k, we thus derive that
t

Ld?>mn(eg + Omax)? U2 ‘1
o IUE P

To lower bound (a), we first discuss the maximum operator inside 7). Let
={k €[] | |Ullr = dvmn}, E»={ke[t]||Ullr < dvmn}.
When k € El, since || Xk ||oo = Omin, it derives that
dv/mnmax{es, Onin o
HUkHF '

Using Lemma we first derive that u?l(j) (R(Z / Sy, . Then, applying Lemma and
IVFf(Xk)|F < G, we could upper bound | Uy ||% as follows,

e > (23)

) _
(a5 ) Ve G3g GG
U = I < . 24
1G] = ;; R(Z C(“ - mne?(l —B2,1)% ~ mnet(1 — fa1)? 29
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Hence, combining with (23)) and (24), we have

2 2

Gy Gy
Z nk > d\/ nmax{eg, mln} Z =
keE: VWil keE: ”U’“”F VWil
_ 2
deymn(1 — By1) max{es, Omin } Gy
> : D k| (25)
GVG kE€E; VWi F
When k € E5, we obtain that 7, = max{es, RMS(X})}pr > max{ea, Omin } px and thus
2 _ 2
G,
Z 77k > maX{€2; emin} Z Pk = (26)
kEE, a.z F kEE, VWi F
Combining with (23)) and (26), we derive that
d
(a) > max{ez, Opin } min {1, elmn ﬁQ ! } Pk 27
k=1 k r

We also derive from Lemmal[A.2]and Lemma that for any i € [n], j € [m],

R(l)C(ﬂ R(l
(k) _ RY
By = —o ) < /Ry CY) < VG (28)

(2 R(

Using (28), we have

2
o () | 16 _ 16
VWil IS f(k \/9192 Ay
where A; has been defined in (TT). Plugging (29) into (27), we derive that
min . d
(a)ZHm{j;@}mm{l,M}zkakp (30)
Plugging (22) and (30) into ([20), and using px = po/\'k, we thus derive that
t t ~ t
—_ 1 il Gl 1
Gl — < CRE < AgA X))~ f*+ A =
?&%H kHF;\/Ef; o = Ao f(Xq) ="+ O,;k ;
where A is given in (TT). Moreover, we have the following results,
t 1 t 1 t 1
- <1 —dr =1+logt — > Vi 31
- < +/1xx +og,§:\/ﬁff 31)
k=1 k=1
We thus derive the first desired result in (9) as follows,
AoAy 2 2
min ||G X1)— "+ A+ Aflogt) . 32
re ] [ lc||F \/i (f( 1) f 0 0108 ) (32)

Avoiding the curse of dimension To derive a free-dimension numerator bound, we first derive
from 1) and @4) with pj, = po/V'k that

t t

L(EQ @max)2 207 112 LG g E2 Gmmx :
by —————~ E U E E
(b) = 2 k_lpkH Kl < 2m ne (1—21)2 — —

(33)

w\»—‘

where A has been defined in (TT). In addition, we derive from Lemma[A.2] Lemmal[A.3|and (T3)
that

() oY
w1y vj'k < 269 _ <G4

w . =
i < <
J SVk mney mne;

+G?+ €1> = (A})?, (34)
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510

where we use m + n < mn and A} in (TI). Thereby, we have

(k) _
(g” ) o Gk 1z
ZZ 7(k) = All £

F =1 j=1 7.]

Combining with (27), we thus derive that

7@min . d
@ > m{j,}mm{l,w}zpknam (39)
1

Plugging (33) and (33) into (20), and using px. = po/v/k, we derive that

t t t
Loyl o1
2 FPRIMEIE * 2
min |Gl 3 77 < 32 BTE < dody (106 - 1+ 8337 ).

eV k=1
where Ag has been defined in (I1). Using (31)), we derive the second desired result in (9).

min ||G||% < Aoty (f(Xl) — [+ A2+ A2 logt) : (36)
ket F > \/Z 0 0

B Proof detail for stochastic Adafactor without update clipping

We first provide the detailed version of Theorem 6.1}

Theorem B.1 (Formal statement of Theorem. Let { X}, }1>1 be generated by Algorzthmlwzthout
update clipping where 1y, is given by ) for each k > 1. If Assumptions (Al )-(A4) hold, and

/8271 = 1/27 P1 = po,
lgzvkzl_l/kca pk:p()/\/Ev Vk227

for some constants 1/2 < ¢ < 1,pg > 0, then forany T > 1,5 € (0,1), we have the following
results.
When ¢ = 1, with probability at least 1 — 9,

Co T
gmn IGrl% < T <01 log <5> 4+ CologT + Cy + C’3> , (37
mln IGelF < % <Cl log <T> +(Ch+ C%) log T + C +C§) . (38)
kelT] VT J
When 1/2 < ¢ < 1, with probability at least 1 — 6,
Co T Cs
< == 1 A
mnin Gkl T <C1 og(5> + +Cz+03) 39)
Co T 2C:
< 2 1 =22 .7l 4 Cllog T + C £ 4
,?elf%”Gk”F \/><Cl Og<5>+lc + C3log +02—|—03) (40)

Here, © in, Omax and G are as in (10), and
24G2(62 + @max)pO

Cy = f(X1)— f + 41
1= f(X1) — f NG (4D
The Cy, Cy, C3 are constants defined as
2v/2 2G?
Co = O =g (2429,
Lo maX{GQa emin} 4 €1
C, — 32mnG2 (e2 + Omax )P0 N 4LmnG ey + @max)2p(2). @)

max{m,n}e max{m,n}e
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526

527

528

529

530

The C{,, Ch, CY are positive constants (that could be further upper bounded by constants independent
Jfrom m,n), defined by

2\/ 2 ( +G+ 61) -
mneL LGS(GQ + G)max) Lo
/ = ! = 4 ! =
Co o max{ca, Omm] , Oy = 4G3(G1 + G2)(€2 + Omax)po, C3 5 ;
(43)
and G1, G4, Gs are given by
4 Vel 2
Gl\/6< G +G2+€1)7 Gy = UG+ GPmner)
mne; mney
G3 2G?
=2 VE 44
G2 (mnel £/ nel v/ m +G+ ) ( )

Calculation of hyper-parameter dependency To derive a free dimension bound, we shall use the
convergence bounds in (38) and (@0). From {@3)), it’s easy to show that m, n could only exist in the
denominator of C{), C%, C, which could avoid the curse of dimension.

To calculate the dependency of €1, we first show that its dependency in coefficients Cy, C, Cs, C5 as
follows, based on the assumption that 0 < ¢; < 1,

CQNO(l), ClNO(l/\/a), CQNO(l/Gl), CgNO(Cglog(l/el)). (45)
Thereby, with the convergence bounds in and (B39), it’s easy to show that

min IGLlI7 < O (e1 ' log(1/e1)) - (46)

Proposition B.1. Following the same assumptions and settings in Theorem[6.1} then with probability

at least 1 — 6,
mm HG HF<—C Cilo + C g
k [ k /; 1 g 2 kc b

and with probability at least 1 — 0,

C/ T 1 1
G / !
kInEn H k” < /m (Cll g( 5) CQ ]; 1: kc/2+1/2 CS E : k) )

k=1

where all constants are given as in Theorem[B.1]
B.1 Preliminary

We first follow the notations of G, = (gfﬁ) ~and G,G1,G, in (I3). Let G = (gf?) ~and
1] 3

&: = G, — Gj. We also define G,C o = =GLO0GL + ellnll and V,, = ( Z(J)) ~ as follows,
ij
Vo =0nxm, Vi=0PiVic1+ (1 —PBap)Gi,,, k>1 47)

We also define R@ , C’g: and Sy, as the i-th row sum, j-th column sum and coordinate sum of V,

respectively. R( ) and ng represent the same definitions with respect to G5 .,- Then, using a
A €1 ke ’

similar deduction in Lemma we also obtain that for all £ > 1,
Ry) = B2iRy)_, + (1= Bor)Ghelms Oy = BoaCy)  + (1= Bo)1 GL,,. (48)
As a consequence of (@8), each coordinate of W, satisfies that
N (4) €) ©)
(k) R&;ZC\(/J';C) _ (52 kRVk 1 + (1 - ﬂQ»k)RG?q) <527kCVk1 + (1 - 527]“)06%761)
i Sv;, B2,kSvi_y + (1- Bka)SGi‘q

(49)
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541

542

543

544

545

546
547

548
549

550

551

Next, we introduce a proxy step-size matrix Ay = (aEP) ~such that
ij

L) _ (52 kRVk (1= 52,k)g1) (52,]@61\(271 +(1- ﬁz,k)gz)
i Bo,kSv,_, + (1 — P2k)G '

The proxy step-size technique is a standard way in the convergence analysis of adaptive methods,
e.g., [321[8]]. We provide a new proxy step-size in (30) to handle the matrix factorization in Adafactor.
This construction satisfies two properties. First, it’s independent from Zj, in order to disrupt the
correlation of stochastic gradients and adaptive step-sizes. Second, it needs to remain sufficiently

(50)

close to the original adaptive step-size w(k) to avoid generating divergent terms.

B.2 Technical lemmas

In the following, we first provide some more necessary technical lemmas. We introduce a concentra-
tion inequality for the martingale difference sequence, see [20] for a proof.

Lemma B.1. Suppose that { Z} ;c[r) is a martingale difference sequence with respect to G1,--- , (7.
Assume that for each s € [T, o5 is a random variable dependent on (1, - - ,(s—1 and satisfies that

2fon () 160 6] <o

Then for any \ > 0, and for any 6 € (0,1), it holds that

<ZZ > — log< )+ /\ZO’)
Lemma B.2. Following the parameter setting in (6), for any i € [n],j € [m], k > 1, it holds that
Rg%q,Rgg € [me1/2,G1), CY) 61,083 € [ne1/2,G2), Saz s Sv, € [mnei/2,].
Proof. First, using Assumption (A4), we derive that

mner /2 < Sge

Koer ZZ ((gzj ) +€1> = |Gyl|F + mne; <G,

=1 j=1
m 2
me1/2 < R 1) = ((gif)) +61) < ||GillF + mer < Gy,
J=1
G) ([ (1) 2
ney/2 < CGi,el => (gij ) +e1 | < |[|Gellp +ner < Ga.
1=1

Using the similar deduction for Lemma L we could show that me; (1 — B21) < R&Z < G;. Since

B2.1 = 1/2 from (6, we then obtain the desired result. The bounds for C(J ) , Sv, could be also
derived by using similar arguments. O

We have the following lemma to upper bound each coordinate of the proxy step-size matrix Ay
defined in (30) .

Lemma B.3. For any k > 1, it holds that

2
Ba k(1 — Bag)er < a( ) < 2m1n{g G
mne;

+G+€1}, Vi € [n],j € [m].

Proof. We first have

(4)
BarRy. 4+ (1= B2x)G1 - Ba kRVk (1= Bar)G <2, 51
BokSvi,  +(1—=P2k)G ~ BorSvi, (1—pax)G
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563
564
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566

567

Then, recalling the definition of a )in (30) and Lemma it derives that C{J ) < G5 and thereby
52,1«03,3 . + (1= P2k)G2 < G < G. Then combining with (31), we derive a( < 2G. We also
derive a free dimension bound from Lemma for ag j) as follows,

2 2 2
o) < 26162 _ 2(G7+ Glm+n)er + mnej) <2< - +G+61>

G- = mne; mne; mne;

where we use m +n < mn when m,n > 2 and 82 1Sy, _, + (1 — B2,%x)G > mne1 /2. To lower
bound a( ) , we derive from Lemmathat B2.xSv;,_, + (1 — B21)G < G. Thereby,

*) Bo.k(1 — Bax) (R%q% + C’%L%)
aj; > G > Bo (1 — Bak) -
[(m + n)G? + 2mnei e

2(G? 4+ mney)

(mGa + nG1)ex
2G

= Boi(1 = Pak) -

> Bok(1— Bax)er

O

Lemma B.4. Let W), and Vi, be defined in Algorithm[I|without update clipping where ny, is given by
() and @&T)) respectively. For any k > 1, it holds that

H G | 2G G
VWi |lp ~ max{m,n}er ||/Vi|p

Proof. Recalling (@9), fu(k) < R&,) U (Jk) < C’(] ) and Lemma | one could verify that

(gl(]k)) (Ql(f)) Sv, 3 2 (fo))Qg (91-(;))2 ) (ggﬂ))? Sv, 3 2 (gfjk)) G

wz(jk) R&ZC"(%B N nelvx-c) 7 wl(]k) R%C’gj B melvl(f) ’
which leads to the desired result that
vl = | o e W |G|
wllp — max{m,n}ter ||VVi|lp

O

The following lemma is inspired by [8, Lemma 5.2] where they considered a constant 33 ;.. Here, we
generalize the result to the case of time-varying (2 ;, and provide the proof detail.

Lemma B.5. Foranyt > 1, zfﬂzk are as in @, then it holds that

t 2 t
Z 1—Pak) <mnlog <(G1+61)) +4ng(1—ﬁ27k).
k=1

k=1

Proof. Recalling the definition of V}, and since Vi = 0,,%.,,, we have that for any & > 1,

vt = Baguly Y+ (1 Bag) {(91(])) +51}

=i<1—ﬁg,p> [(gﬁ;”)ﬁq} 11 5.

p=1 l=p+1

Then, we have

(k)
(95 ) wy
1= Boy) - - , 52
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577
578

579
580

582

583

584
585

where we set yg = 0,60y = 0 and

k

zp = (1— Ba) (91(])) ;o Yk = Z(l — PBa,p) (gl(f)) ﬁ B2 ]

p=1 l=p+1

k k
=€ Z(l = B2,p) H Pau |, Vk=1
p=1

l=p+1

Then we have y,, — x = B2 rYr—1,Vk > 1. Moreover, since y;, > xj, we could use logz >
1—1/z,Vx > 1 to derive that

< log(yr + k) — log(yr + Ok — xx) = log(yx + Ok) — log(B2,xYk—1 + Ok)

Yr + Ok ) ( Yk—1 + Or—1 )
=log| ————— ) +log| ———-—-].
8 (Zl/kr + 01 & Bo,kYr—1 + Ok
Noting that 8, = 53 0k—1 + (1 — B2, )€1, which leads to Sz 0,1 < 0). Hence, we further have
Ty Yr + Ok > ( Yr—1 + Op—1 > ( Yr + O )

<lopg| ———— | +1o =log| —— ) -1lo ..

Yi + Ok & (ykl + 0,1 & B,k (Yr—1 + Or—1) & Yk—1 + Ok—1 8 ek
(53)

Hence, summing up on both sides of (32) and (53] over k € [t], and noting that 21 = y;, we obtain
that

Tk
Yk + O

¢ (Z(Jk)) ¢
;1_5“ o) y1+91+zyk+€k

ij k=2

+ 0
<1+1 ¢ § 1 54
Og(y1+9> og 32, k- (54)

Note that y; + 61 > (1 — Ba.1)e1 = €1/2. Moreover, using Lemma[A.T|and Assumption (A4), we
have §; = T'ye; < €; and y; < I',G? < G2. We then derive that

yr + 0, < 2(G* 4 €1)

y1+601 €1 .
Noting that for k > 2, c € [1/2,1], o > Bao=1—1/2°>1— 1/4/2, we then derive that
— Ba.k < V2(1 = Bag)
Bak V2-1

Finally, plugging (33), (36) into (34), and then summing (34) up over i € [n], j € [m], we obtain the
desired result. O

(55)

1
—log Bax < < A4(1 = Pag). (56)

Next, we have the following probabilistic result relying on the property of the martingale difference
sequence which is commonly used in the analysis of adaptive methods.

Lemma B.6. Following the parameter setting in (6), for any T > 1 and X\ > 0, with probability at
least 1 — 6, Vit € [T,

Fulon o)< iEn &

2

24G2(62 + @max)po log <§) '

NG -

Proof. Let (x, = —ny <Gk, > and the filtration F, = o (Z1, - - , Zx) where o(+) denotes the

o-algebra. Note that 7, G and Ay, are dependent by { X, -, X;_1} and thereby Fj_1. Since
&, is dependent by Fy,, we could prove that {(j. },>1 is a martingale difference sequence since

E [ | fk1]> o,

E[Ce | Fr-1] = =k <ék, A,
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595
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600

where we apply that E [€), | Fr—1] = Ez, [€x] = 0 from Assumption (A3). Then, using Assumption
(A3) and Assumption (A4), we have

IGellr = Bz [Gillr <Ez Gllr <G, |&kllr = |Gk — GilF < 2G.

Let wr = 2Gny, H % HF We thus derive from the Cauchy-Schwarz inequality that

E [exp <Ck> | -7:1@—1} <E |exp

Wi

- 2
G
S| el

_ 2
2 G
4G H—;

| Fre1| <exp(l).

Then, using LemmaB-1] it leads to that for any A > 0, with probability at least 1 — 4,
t 2 N 1 | (1)
“log (=
oA 4]

—an<Gk,r><3)\GQZ ;
:3/\G2Z§:§:ﬁ (ﬂ (1> (57)

G,
VA

k=1
k=1 i=1 j=1

Meanwhile, when O i, < || Xk |loo < Omax, pr = po/\/E, we have

max{€ez, Omin }P0 (€2 + Omax)po
< ~c o/t

@min S RMS(Xk) S Gmax; \/% = Mk é \/E (58)
Combining with Lemma[B.3] we derive that
M Mk (2 + Omax)po k/? (59)
1/al(,;?) TV Bak(l=PBar)er /P VEk
emax 2 emax
(€2 + Jpo __ 2(e2+ )Po (60)

T /min{Ba1,Bapter T Ver

where we use 321 = 1/2, 825 =1—1/2°>1—1/+/2,c € [1/2,1] from (@) in the last inequality.
Hence, plugging into (37) and then re-scaling the &, we found that with probability at least 1 — 4,

forall ¢t € [T7,
t t 2
= ék > 6)\G2(62 + Gmax)po Gy 1 (T>
B G, < == +t~log|—< |-
,;’7’“< VAL Ve 2| 7, 3
Setting A = /e1/(24G? (€5 + Omax)po), We derive the desired result. O

The following key lemma provides an upper bound for the error brought by the proxy step-size agf) ,
illustrating the error is controllable.

Lemma B.7. Forany k > 1,i € [n],j € [m], it holds that
‘ (k) _ (k)

Ji(k)” < /1= Bapmin{4VG, Gy + G}, ©61)
a;;

where G is as in @) and G1,G4 are as in (]Z_ZI)

Proof. To simplify the notation, we let

X = BogRy) , +(1=Bei)RG . AX =(1-B24) (G — Rg ),
2€1 €1

Y = GOy + (1= Bea)CE , AY = (1= )G —C& ),
Z=PorpSviy + (1= Box)Sq2 » AZ=(1=Pox)(G—Scz ) (62)
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601 Then we have

‘w(]m —a®| =

XY (X +AX)(Y +AY)| |XYAZ - XZAY - YZAX - Z(AXAY)
A Z+AZ B Z(Z +AZ) '
02 Applying Lemma[B.2] we could verify that X, Y, Z > 0 and
0<AX <(1—=P2r)Gi, 0<SAY <(1—P2x)G2, 0<AZ<(1—pox)G.  (63)

603 Hence, we derive that

wff) - agf)’ | XYAZ - XZAY - YZAX — Z(AXAY)|
\/aTj) ZJ(X+AX)(Y + AY)(Z + AZ)
| XAY + YAX + (AXAY)] N XYAZ
T VX FAX) Y A Z +AZ) Z X+ AX)(Y FAY)(Z +AZ)
ey (IT)
(64)
604 Since XY > 0 from (@]), Term (I) could be bounded as
1) < | XAY + YAX + (AXAY)] < XAY +YAX + (AXAY) O 65)
V(XAY + YAX + (AXAY))(Z + AZ) Z+AZ

605 Recalling the definition, we have R&Zil < Sv,_,, Og:,l < Sy, _, forany i € [n], j € [m]. Further,

s06 applying Lemma[B.2]and (63)), we derive that

(i) RY

XAY Ry, G2,

NG < S:k L4 gk"l AY <2(1 = B2k)Go.
k—1
, )

YAX of)  Ce

< Bl AX <2(1—
717 =\ 5y, + G <2(1 - B2x)0n,

AXAY _ AX(1 - Ba)G
Z+AZ = (1= P2k)G
607 We then derive from (63)), G; < G and G2 < G that

(I < \/m (66)

e08 To derive a free dimension bound, we could obtain from Lemma and G > mne; /2 that
609 7 + AZ > mney /2. Hence,

XAY < 2(1 = B2,£)G1G2 YAX < 2(1 = B2,5)G1G2 AXAY < 2(1 = B2.,k)G1G2
Z+NANZ — mne; T Z+4+AZ mne; T Z+AZ mne; '
610 We then derive that

0 < \/6(1—52,,€)glg2 _ \/6(1 — BG4 Gl )t ) _ g

< (1—fak)G1-

mne; mne;

(67)

611 where we used m + n < mn, and G is defined in (@4). Then, combining with (66) and (67)), we
612 have

(I) < /1 = Bo, min{V/5G, G }, (68)

613 where we applied that m + n < mn when m,n > 2. Then we move to bound (II). Recalling the
14 definitions in (62), we have X < Z,Y < Z. Applying (63), we have

XYAZ vVXYAZ
(1) < < <VAZ <
INXYNANZ Z

(1= B21)G.
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619

620
621

622

623

624

625

626

Similarly, we derive from Lemma[B.2)that Z > mne; /2, X < G1,Y < G,. Hence,
VXYAZ - 2/ (1 = B2,£)G1G20G

Z - mne;

G? 2G? G
1— ik T L Ja ) < Ga/1 -
Pr (mnel + Jmnep ot vmn + 61) <G Pz,

where G5 has been defined in (@4). We thus derive that

(I1) <

(II) < /1 — By min{V/G, G2} (69)
Combining (68) with (69), we then derive the desired result. O

B.3 Proof of Proposition B.1]
Using the inequality in (T4)), we have
- L
F(Xi1) < F(X5) + (Grey Xior = Xp) + 5| Xier = X[

= Gk > LT]k Gk
<SS Xe) =k ( Gry == ) + .
H(Xe) nk< ¥ v Wi 2 |[VWillp

Introducing the proxy step-size matrix Ay in (30) and then summing up both sides over k € [t], we
derive that

f(Xi1) < f(X) an<Gk’ﬁ>

2

A
t t 2
1 Lnt || G
+ G, G ©® ( ) > —= (70)
> A w)) e [l
B c
Estimation for A We first introduce £ L into A,
2
~ &
A= Mk Mk <Gk> . (71)
I = R SR A
Then, using Lemma with probablllty at least 1 — 6, forall ¢t € [T1,
t 2
3 24G2(62 + Omax)P0 (T>
- log [ — 72)
1 kzz:l Mk NG g3 (

Estimation for B Term B is essentially the error brought by the proxy step-size Ay. We will first

calculate the gap of 1/4/ wff) and 1/4/ agf) as follows,
1 _ 1 / ) / L)
o m| om Lm |V "
w,; a;; w;; ) a;;

We then apply (73) and Young’s inequality,

af’?) (73)

* ey

n m k; k 1 1
k=11:=1 5=1 \/wij \/aij
_(k k
79|

S22 W
- - L_] l_]
1 t n m (gi] ) t n m ‘ z(jk) (f) g(k) 2
13
< 1 Z , an : B +4Z Z 4 Ul 5 . @ . (74)




627 Thus, plugging (61)) in Lemma@mto (74), we derive that

628
629

630

631
632

633
634

635

636

637

638

639

Gy, 2
4 1-—
E Nk VA || + \/gg M/ B2,k \/Wk .
1 Gk € + @max)po Gk ?
]Gl ey et O g
1= VA | Tk 261 W |
¢ ~ 2 ¢ 2
1 G Gy,
< - 4 1—
< 4’;771@ VA F+ \/§k§:1(62+9max)Po( B2,k) il (75)

where we used (58) in the second inequality and 1/vk < 1/k/?, ¢ € [1/2, 1]. Furthermore, using
Lemma|[B.4]and Lemma|[B.3] we derive that

t 2 3 t
1 Gy, 8mnGz (€3 + Omax)Po 2G?
< - g 1 24+ — 4 E 1-— )| - (76
! kzlnk VAL g + max{m,n}e g\t €1 * k:l( Par) |- (70)
Estimating C  Using the similar deduction in (73)) and (76), we derive that

2 2 2 !
C S Lmng(ez + ®nlax) Po [log <2 + 25) + 42(1 - ﬂQ,k’)
1

max{m,n}e; =

(77)

Putting together We first re-arrange the order in (70) and use f(X;4+1) > f* in Assumption (A2)
to derive that

0< f(X1))—f*+A+B+C. (78)
We then plug (72), (76), (77) into (78) and set t = T', which leads to that with probability at least
1

s

T 2 T
1 T
— <Ci1 — C 1-— C 79
2;% VA, = 10g(5>+ 2;( Bak) + Cs, (79)
where C', C, C3 are as in Theorem [B.1] Moreover, using Lemma [B.3]and (58)), we have
T = 12 T |/~ (12

1 e ||Grlly pomax{es, Omin} x—~ |Gl

S m > > 2 min] §° . (80)
2 k=1 F k=1 2max; ; 1/@5?) 2v2G

Combining with (80) and (79), and using 3", _, 1/v/k > /T, we derive that

C T d
min IGk* < \/% (Cl log (5> +Co Y (1= fag) + 03> : (81)

k=1

2 T

where Cj has already been defined in (#2). We then derive the first desired result that

mmin 1Gk? < 7F <01 log( ) +OQZ ot ) .

Free dimension bound We follow the similar deduction in (73) and use Lemma|[B.7]to derive that

t 2 2

1 ék : 1 G},
B<- —|| +4G1+G + Omax — s || = 82
*4,;77'“ VAL p (1 + Ga)les )pokz::lkc/%l/? VWil ®2
Recalling the definition of wz(]k) in @9) and Lemma we derive that
R ) 2
(k) ch‘;k > mne% ”G‘"k”2 < 4G2g <Qq (83)
W Sv, - ( ) = mnez =
F mml W 1
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where G'5 is as in (#4)). We thus derive from (82) and (83) that

2 t 1

¢
1
<3 kz_: | +H4G3(G1+ Ga)(ea + Ol kz_l Fy (84)
Using (38) and (83), we derive that
t 2 t
LG3(eg + @max 1
Z ;7 < 3(e2 Z Z- (85)
F k=1

Plugging the unchanged estimation for A in (72)), (84) and (83) into (70), we have that with probability
atleast 1 — §, forall ¢t € [T7,

1¢ 2 T Lo ‘1
k=1 k=1

where C, C} are given as in (#3) and C1 is as in (@I). Further, using Lemma|[B.3|and the similar
deduction for (80),

k

1y G |° o mllGillz 1[G
5 Nk > —_—— 2 = , &7)
2 kzzl VAl p k=1 2max; ; @ C(/) /; Vk

where C} is as in @3). Combining with (86) and (87), and setting t = T, we derive the second
desired result in Proposition [B.T] that

c T T 1 £l 1
G 2 < 0 1 _ ! _— 4 - 1.
kHEllg] 1Gl” < JT <C1 0g <5> + 5 ]?:1: e/2riz T Cs ; k)

B.4 Proof of Theorem [B.1]

Now based on the result in Proposition[B.T] we could further derive the final convergence rate. Noting
that when ¢ = 1, we could bound that

"1 T
f§1+/ —dr <1+logT. (88)
k T
k=1 1
Then, we obtain that
min |G < <90 (criog (L) 4 Chtog T+ o+ C
reim EllF = \/T 1108 5 2 10g 2 3]s
min |G| 06 C1log r + (CL+Cy)logT + CH+ C5 ) .
kE[T F \/T 5 2 3 2 3

When 1/2 < ¢ < 1, we have

T l1—c
1 T
§—<1+/ —dr <1+ ,
x° 1—c¢c
T T
1 1 T(l c)/2
Z pe/2H1z = =1 +/1 wc/2+1/2d$ <1+ T (89)

Then, we obtain that

Co T C e
knelf;l] IGx|IF < T (Cl log <5> + li_zc T+ Co+ CS) )
C’ T 204 e
knelfg] |Gl ﬁ <C1 log <5> -1-17_2C T —i—CélogT-i—Cé-i—Cé) .
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C Proof detail for stochastic Adafactor with update clipping

We first provide the detailed version of Theorem [7.1]as follows.

Theorem C.1. Let { X }i>1 be the sequence generated by Algorithm (I\with (7). If Assumptions
(Al) -(A4) hold, and

c

pi = po/Vk, dy=kTTD, Vk>1,
B21=1/2, Par=1-1/k°Vk>2.
When ¢ = 1, with probability at least 1 — 9,

. A D T
krrelf;l] |Grl% < \/—% (01 log (6) + (Ca+ Di(a))logT + Cy + D1(a) + 03) , (90)
. ~ 12 Dy T i / / /
mnin IGl7 < Wis C log 5)t (C3+C54 Di(a)logT + Cy 4+ C5 + Di(a) ). (91)
When 1/2 < ¢ < 1, with probability at least 1 — 0,
A D T Cy 4+ D1 (o) _
2 <22 (Cylog | = | + 222 L ptee D 2
mip Gl < 20 (cvtog (5 ) + 2121 F Ot Dy(0) +C5) ©2)
L= D T 2(CH 4+ Di()) 1=
2 < 20 (crlog (= Mog T 4+ 2222 T Z1Y) pis 'Ol 4 D
l?el%]HGkHF_ \/T(Cl g + C5log T + T +Cy+ C + Di(a) |,
(93)
where Cy,Cs,Cs,CY, CY are as in Theoremand
GG /G (€3 + Omax)po mney
De = mi ’ D _ 4 max _ . 4
o = min{Co, Cp}, 1(a) N , Gy 3G 94)

Calculation of hyper-parameters’ dependency We first calculate the dependency on m,n, €1, «
in the additional coefficient D; («) as follows,

a—1
Di(a)~ O ((VH’””Q) L4 1) 7 95)
mney mne? €

which is free of the curse of dimension since mn exists in the denominator. Recalling the definitions
of Cy,C1, Ch, C4 in @) and @J), it’s easy to verify that these coefficients are also free of the
curse of dimension factor m, n since m, n exist in the denominator. Thereby, we also derive a free
dimension bound selecting (91) and (©3).

To calculate the dependency on €7, we could combine with (@3] and (93)) to derive that
CoDi(a) ~ O (1), Coly~ O (1/6;1/2) . CoCs ~ O (e log(1/e1)) .
Thereby, selecting the bounds in (90) and (92) and noting that o > 1, we derive that the order on €, is

@) (1a log (1>) . (96)
€1 €1

Moreover, it’s clear to reveal that there exist mn in denominator, which could improve the dependency
on ¢;. If we suppose that mn is comparable to €1, then we derive that Co D1 (a) ~ (’)(efl/ %) and the

order on €7 is
@ <1log <1)> . 97)
€1 €1

C.1 Proof of Theorem [C.1]

We define
_— Gy
max{1, |Ug||r/(drv/mn)}’

pr. = max{ea, RMS(X})}pk. (98)
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674 Since RMS(Uy) = |Ug||r/v/mn, Omin < RMS(X}) < Omax, we derive that

. G
X1 =X — pk\/iwiv
k
maxq € ;Gmin N €2 + @max
fez <2 W0, < (2&)’“ < (64 Omadoy/T—Fopr  (99)

675 where we applied that 1/v/k < 1/k%2,c € [1/2,1] and B x = 1 —1/k® in the last inequality. Using
676 the inequalities in (T4) and (@9), we have

_ L
[(Xky1) < f(Xk) + (Gr, Xpp1 — Xi) + §||Xk+1 - Xil%

A2
< F(X0) - <Gk, ﬁ%> + 2

2
Gy,
VW5 »

677 Summing up both sides over k € [t] and using f(X¢41) > f* from Assumption (A2), we derive that

2

0<f(X1)—f*+§t:—ﬁk<ék ék>+§t:m’% Gy (100)
a k=1 VWi k=1 2 VWi F

D E

678 Introducing Ay, in (30), we further have the following decomposition,

. _
-/ A~ Gk
f§' (G, =2

k_1pk< ’ VA’“>

2

e (i ohe) %)

D.1

t

==

k=1

! ék ék ¢ Gk ék
Y e {Gry—==—Ez, |—==| )+ > mm{(Gr,———= —Ez, |—=| ). @01
kz_:lpk< k A z [ A > kz_:lpk< k A z [ le]> (101)

D.2 D.3

G

— D1
414]~C F+

679 Estimating E Hence, using (98), (99), Lemma[B.4]and Lemma [B.5] we derive that

t t 2
L (62 + @max 2/) ‘ Gy
~ S — Pak)
2wl el
L Ormax) P} 26 t
max{m,n}e; €1 po
es0 To avoid the curse of dimension, we drive from and that
2
G 1 Gy |’ G |’
k — H k < H k < Gs. (103)
VWi (max{1, |Uk||r/(dx/mn)}) VWellp
es1  Then, using (99) and (103, we derive that
LGs(ex + @max ~1
E< — 104
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es2  Estimating D.1 We could follow the similar deduction in and (74) to derive that

t m
D1 <Y 3 S o) s -
1j=1 U ,Lj

< iiﬁk \gw 9w w® — o®

n m . ‘ 1,] 2]
+4 § E D . . (105)
k=11i=1 j=1 \/ (k =1 j= \a; (k (k)
=l1=175= k=1i=1 j= Wy

683 Using Lemma[B.7)and (103)), we further derive that

t
D1<- Zpk +4\/§Zﬁkm

2
_*Zpk +4\/§Zpk\/1—ﬁzk
s+ Using (99), Lemma@]and Lemma@ we further have
G |°
4 Ak

Gk2

Tk
Wi

G |I?

VW

k

F

2

D1<

1
=7 Pk
k=1

t
+4f€2+enlax pOZ 1_/82k2
k=1

Gr_
VWil g

G || 8mng 2 (€2 4 Omax)P0 2G?
log 2+ — 4 (1- .
VA p * max{m,n}e; os =t + kz:l Bak)

< Pk

1 t
4
k=1
(106)
ess To avoid the curse of dimension, we apply Lemma- (©9) and (83) to derive that
1 G | G
. k X k
D1< - +4(G1+G 1-
_4];% VA (Gy 2);%\/ B2,k il
1 ¢ G :
. k
*Zpk 2 +4(G1+G2) 52+@max poz -
ta Apllr il kel24172
_ 2 t

t
1 R G
< Zzpk 4Ak +4G3(G1 +G2)(62+®max)poz
k=1 k

k=1
ess Estimating D.2 Since Ay is independent from Zy, it further leads to

p2- -3 i Fh Guma [a])

es7 Then, the deduction for estimating D.2 follows the similar idea as in Lemma [B.€] relying on a
ess martingale difference sequence.

2

1 2

2+1/2

Gr_
VWi

IN

F

1
ke/2+1/2°

(107)

F

689 Letusset pr = —pr <\/G_7Lk, Gy — Ez, {ékb and the filtration F, = o (Z1, - - - , Z},). Noting that

690 Pk, G and Ay, are dependent by Fi_;. Since &, is dependent by Fy, we could prove that {¢y }x>1
691 is a martingale difference sequence by showing that

E[px | Fr-1] = —pr <\/GAL Ez, [ék —Egz, [G‘k]}> =0.

692 In addition, using Assumptions (A3), (A4) and Jensen’s inequality, we have

IGullp = e
’ max{1, |Ug||/(dx/mn)

; <||Gillr <G, |Ez[Gilllr < Ez,||Gkllr <G.
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695

696

697
698
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701
702

703

704

Therefore, we derive that
|Gk = Ez, [GilllF < |Gilr + |Ez, [G]llr < 2G. (108)

Let wj, = 2Gpy,

G;fk . We thus derive from the Cauchy-Schwarz inequality and (T08) that
F

|Gk — Ez, |Gl

E [exp( i ) |]:k1} <E |exp Hm | Fr—1| <exp(1).

(Wk)

Then, using Lemma B.T] it leads to that for any A > 0, with probability at least 1 — 4,

t t 2
1 1
D2= <3NG?Y i —~log (=
S <06ty it +50x ()

g Sl ()

Since { 2,1 }x>2 is non-decreasing, we could apply Lemma B.3]to derive that

— 2
2 &
4G HvAk F

1 < 1 < ' 1 < 2
/al(_;_C) T\ Bek(l = Bax)er — \ min{B21,B22}(1 — Bax)er — /(1 - Bag)er

Then, we apply (@9), and re-scale § to obtain that for any A > 0, with probability at least 1 — §, for

all ¢ € [T7],
ol (T
tyesls )

D2 < < 6)\G2P0 62 + Gmax zt:

Setting A = \/a/(24G2,00(62 + @max)), we derive that

D.2< i [) fzk ) 24G2p°(:g Omax) 1 (?) (109)
Estimating D.3  First, since Ay, is independent from Z; and Ez, [G}] = G}, we have
~ [ Ez[Gi]  EgGh
Z< ) 5ai6)
= G’“ NEz, [G - Gr (110)
~ max{1, [|Ux||r/(dr/mn)}
Q P

We define the random variable S, ](Cl), S ,9) and S ](Cl) using the indicator function x and G4 in (94) as
follows,

(1 _ (2) _ (1) _
Sk = X(IUlle>devmny Sk = X{Ukllr<duvma Ok = X{|Grllr>diGa}-
From (83)), we derive that
2\/?
e
Hence, S ,(C <8, (1) VEk > 1. Note that when S, (2) _ 1, it’s equivalent to 2, = 0. Then, we derive
that

|UkllF < |GkllF -

Bz, [%]ll = HEzk [%SW] + Bz, (252 H — H]Ezk Q8 ]HF

<Eg,

ka’(“ )HF <Ez HQkS’(Cl)’ F

<Egz,

G806t @Gy, am
'
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706 Furthermore, we use Assumption (A4) and Lemma to derive a lower bound for al(-f) where

2
s 1Guly__ 261G 1
Y / vmney
707 Combining with (99), (TT0), (TT1)) and (T12), we thus derive that
261Gy Omax)Po x~ 1
D.3< i “VG(er t )P0 3 (113)

Ve, o dr VR

708 Putting together Both E and D.1 are bounded with two estimations, one of which owns a better
709 dependency to 1/¢; and the other avoids the curse of the dimension. We thereby derive two results.

710 Plugging (T06), (T09) and (TT3) into (TOT) and then combining with (T02Z) and (T00), we then derive
711 that with probability at least 1 — 4, for all ¢ € [T,
¢ 2

1 Gy T 1

AN <Cilog (=) +CoS (1= Bor) +Cs+ D .

3 27 | = O (5) FO Q=B Cot D)) Gy
712 where Cy, Cy, Cs are as in Theo and D1 () is as in (94). Plugging (T07), (T09) and (TT3)

104

713 into (TOI)), then combining with (104) and (T00), we then derive that with probability at least 1 — ¢,
na forallt € [T,

1 t
5D P
k=1

t t
(114)

_ 2 t 1 t 1

Gy 1
—| <(C;l - |+ g g 7 :
VA= Ci log <§> Cy kc/2+1/2 k Z dg—l\/g

k=1
(115)

715 where C4, C} are as in Theorem- Moreover, using (99), we reveal that the lower bound for py, is
716 the same the one for 7, in (38). Thereby, following the same deduction in (80) and (86), we derive
717 that

1 T
§Zﬁk
k=1

718 where Dy = min{Cj, C{;} that has been defined in (94). Setting ¢ = T on (I14) and (TT3])), and then
719 using (T16)), we then derive that

G oy Gl oty Ligg e
2) o ——=272_ 7 IGklp>
Alle 3 2 max; ; agf) Do = vk !

Dy (T> : Lo
G|t < ——2— (Cylog [ =) +C2> (1= Box) + Cs+ D )
Dq T ! ‘1 Lo
ggl;l]HG o7 < ST VR (Cllog (5>+szk<c+n/z ;::E kz:ldg*\/E '

720 Then, using the results in (88) and (89), we could derive the desired result in Theorem [C1]
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading “NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: [NA|
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: [NA|
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769 Guidelines:

770 * The answer NA means that the paper has no limitation while the answer No means that
771 the paper has limitations, but those are not discussed in the paper.

772 * The authors are encouraged to create a separate "Limitations" section in their paper.
773 * The paper should point out any strong assumptions and how robust the results are to
774 violations of these assumptions (e.g., independence assumptions, noiseless settings,
775 model well-specification, asymptotic approximations only holding locally). The authors
776 should reflect on how these assumptions might be violated in practice and what the
777 implications would be.

778 * The authors should reflect on the scope of the claims made, e.g., if the approach was
779 only tested on a few datasets or with a few runs. In general, empirical results often
780 depend on implicit assumptions, which should be articulated.

781 * The authors should reflect on the factors that influence the performance of the approach.
782 For example, a facial recognition algorithm may perform poorly when image resolution
783 is low or images are taken in low lighting. Or a speech-to-text system might not be
784 used reliably to provide closed captions for online lectures because it fails to handle
785 technical jargon.

786 * The authors should discuss the computational efficiency of the proposed algorithms
787 and how they scale with dataset size.

788 * If applicable, the authors should discuss possible limitations of their approach to
789 address problems of privacy and fairness.

790 * While the authors might fear that complete honesty about limitations might be used by
791 reviewers as grounds for rejection, a worse outcome might be that reviewers discover
792 limitations that aren’t acknowledged in the paper. The authors should use their best
793 judgment and recognize that individual actions in favor of transparency play an impor-
794 tant role in developing norms that preserve the integrity of the community. Reviewers
795 will be specifically instructed to not penalize honesty concerning limitations.

796 3. Theory Assumptions and Proofs

797 Question: For each theoretical result, does the paper provide the full set of assumptions and
798 a complete (and correct) proof?

799 Answer: [Yes]

800 Justification: [NA]

801 Guidelines:

802 » The answer NA means that the paper does not include theoretical results.

803 * All the theorems, formulas, and proofs in the paper should be numbered and cross-
804 referenced.

805 * All assumptions should be clearly stated or referenced in the statement of any theorems.
806 * The proofs can either appear in the main paper or the supplemental material, but if
807 they appear in the supplemental material, the authors are encouraged to provide a short
808 proof sketch to provide intuition.

809 * Inversely, any informal proof provided in the core of the paper should be complemented
810 by formal proofs provided in appendix or supplemental material.

811 * Theorems and Lemmas that the proof relies upon should be properly referenced.

812 4. Experimental Result Reproducibility

813 Question: Does the paper fully disclose all the information needed to reproduce the main ex-
814 perimental results of the paper to the extent that it affects the main claims and/or conclusions
815 of the paper (regardless of whether the code and data are provided or not)?

816 Answer: [Yes]

817 Justification: [NA]

818 Guidelines:

819 » The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer:

Justification: Our code is based on Pytorch package which is standard. In addition, we
have clarified the detailed experimental setup in our paper and the experiments are easy to
reproduce.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: [NA]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: [NA|
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: [NA]
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: [NA|
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA]
Guidelines:

* The answer NA means that the paper poses no such risks.
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* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA|
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1029 Guidelines:

1030 * The answer NA means that the paper does not involve crowdsourcing nor research with
1031 human subjects.

1032 * Including this information in the supplemental material is fine, but if the main contribu-
1033 tion of the paper involves human subjects, then as much detail as possible should be
1034 included in the main paper.

1035 * According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
1036 or other labor should be paid at least the minimum wage in the country of the data
1037 collector.

1038 15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
1039 Subjects

1040 Question: Does the paper describe potential risks incurred by study participants, whether
1041 such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
1042 approvals (or an equivalent approval/review based on the requirements of your country or
1043 institution) were obtained?

1044 Answer: [NA]

1045 Justification: [NA|

1046 Guidelines:

1047 * The answer NA means that the paper does not involve crowdsourcing nor research with
1048 human subjects.

1049 * Depending on the country in which research is conducted, IRB approval (or equivalent)
1050 may be required for any human subjects research. If you obtained IRB approval, you
1051 should clearly state this in the paper.

1052 * We recognize that the procedures for this may vary significantly between institutions
1053 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
1054 guidelines for their institution.

1055 * For initial submissions, do not include any information that would break anonymity (if
1056 applicable), such as the institution conducting the review.
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