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ABSTRACT

Contextual multi-armed bandit is a fundamental learning framework for making a
sequence of decisions, e.g., advertising recommendations for a sequence of arriv-
ing users. Recent works have shown that clustering these users based on the simi-
larity of their learned preferences can accelerate the learning. However, prior work
has primarily focused on the online setting, which requires continually collecting
user data, ignoring the offline data widely available in many applications. To
tackle these limitations, we study the offline clustering of bandits (Off-ClusBand)
problem, which studies how to use the offline dataset to learn cluster properties
and improve decision-making. The key challenge in Off-ClusBand arises from
data insufficiency for users: unlike the online case where we continually learn
from online data, in the offline case, we have a fixed, limited dataset to work from
and thus must determine whether we have enough data to confidently cluster users
together. To address this challenge, we propose two algorithms: Off-C?LUB,
which we show analytically and experimentally outperforms existing methods un-
der limited offline user data, and Off-CLUB, which may incur bias when data is
sparse but performs well and nearly matches the lower bound when data is suffi-
cient. We experimentally validate these results on both real and synthetic datasets.

1 INTRODUCTION

Contextual bandits (Chu et al,, [2011; |Agrawal & Devanur, 2016)) extend the fundamental multi-
armed bandit (MAB) framework (Robbins, [1952; [Lai & Robbins| [1985; |Auer et al., [2002)) for opti-
mizing online decision-making to settings where rewards depend on given contexts, often through
a linear function. Recent works have proposed to accelerate the learning in contextual MAB by
taking advantage of the clustered structure in many real-world applications, e.g., social network-
ing (Delporte et al., 2013} Bitaghsir et al., [2019) and advertisement recommendation (Yan et al.,
2022;|Aramayo et al.}2023)). This framework assumes that a given set of users arrives at the system
in sequence; users generally arrive multiple times within the sequence (e.g., users visiting a website
multiple times and being shown an ad at each visit). These users can be partitioned into clusters
that share the same or similar preferences. The learning agent adaptively clusters users into groups
based on their observed responses to the actions taken, leveraging the preference similarities within
these groups to improve its decisions. This online clustering approach enables more efficient and
personalized decision-making, which has been extensively studied across diverse settings (Gentile
et al.,[2014; L1 et al., 2019; Ban et al.,|[2024). Detailed related works can be found in Appendix @

Despite the significant progress in clustering-based bandit frameworks, prior work has largely over-
looked scenarios where offline data plays a crucial role in learning. For example, advertisement
platforms often accumulate extensive historical data on the effectiveness of given ads across dif-
ferent users. This data can be used to pre-compute user clusters, enabling more informed and
efficient future recommendations. MAB approaches have also been applied to choosing medical
treatments (Komorowski et al., 2018} [Zhou et al., 2019), for which patients with similar physiolog-
ical profiles often exhibit comparable responses. However, ethical and practical constraints make it
infeasible to directly experiment with treatments on patients. Instead, learning must be conducted
using preexisting historical treatment data. To address this gap, we introduce, to the best of our
knowledge, the first algorithms for offline clustered bandits. Our approach leverages offline data to
identify clusters and optimize decision-making in settings where online exploration is constrained
or infeasible, paving the way for broader applications of MAB-based decision-making.
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Extending bandit clustering algorithms from the online to the offline setting poses a fundamentally
new challenge: unlike in the online setting, where data continually arrives during algorithm execu-
tion, the offline setting relies on a fixed offline dataset. The continual arrival of new data in the online
setting allows the algorithm to iteratively refine its understanding of the clustering structure; indeed,
over T rounds, only O(log(T")) rounds are needed to accurately identify clusters. However, in the
offline setting, the number of samples per user is inherently limited. For instance, some users may
have sparse historical data due to infrequent activity, or data on certain treatments or actions may
be scarce. This limitation creates significant challenges in accurately estimating the preferences of
users with limited data and thus in clustering users with similar preferences. We thus develop cri-
teria to confidently identify similar users, and then account for potential clustering errors—caused
by limited or noisy data—in algorithm design and analysis. Unlike standard offline statistical learn-
ing (Zhang & Zhang, 2014} |Cai & Guol [2017; [Duan & Wang, 2023)), which focuses on parameter
estimation, our setting also requires structural decisions, including grouping users and action selec-
tions. Moreover, multi-task statistical learning (Duan & Wang, |2023) considers related tasks, but it
does not address the challenge of sparse and different amounts of heterogeneous data among users.
In contrast, our algorithms leverage these differences to distinguish users and guide clustering.

To address this challenge, we introduce the Offline Clustering of Bandits (Off-ClusBand) problem.
In Off-ClusBand, there are U users represented by the set I/, each associated with a preference vec-
tor. The users are partitioned into J clusters, with all users in a cluster sharing the same preference
vector (Gentile et al., 2014; |Li1 & Zhang, |2018; |L1 et al.| [2019; Wang et al., 2025} L1 et al., [2025)).
However, the partition, the number of clusters, and the preference vectors themselves are unknown
to the algorithm. An input dataset D is provided, containing historical samples of the actions taken
and rewards received for each user, assumed to be a linear function of user actions and preference
vectors. The objective is to identify users with similar preferences to aggregate their offline data,
and design an algorithm that minimizes the suboptimality gap—the difference between the reward
achieved by the algorithm and the optimal reward achievable in hindsight—for any given test user
Uest € U and an arbitrary action set A, Which may not have been observed in the offline dataset.
fContrl'butlons. (i) In Section |2, we Table 1: Recommended Algorithms in Different Scenarios (vy
ormalize the Off-ClusBand prob- . L ..

lem. We then design the Off-C>LUB is the minimum gap between users in different clusters).

algorithm (Algorithm [I)) in Section

[3l which addresses the challenge of Dataset v Known Unknown
inaccurate clustering due to limited Sufficient Equivalent Of-CLUB
user data by introducing a parame- Tnsufficient Off-C’LUB Off-C’LUB

ter 7 that thresholds similar users. In
Theorem we upper bound Off-C2LUB’s suboptimality gap, accounting for two types of error.
The noise decreases as more users’ samples are aggregated, and this reduction accelerates with an
increase in 4. Conversely, the bias, which comes from aggregating data from users with distinct
preferences, may increase with 4. By selecting 4 < -y, where +y is the minimum gap between any
two users from different clusters, the algorithm incurs zero bias but higher noise. We analyze the
influence of 4 and provide policies for selecting it under different scenarios, nearly matching the
lower bound of the suboptimality gap that we derive in Section[4.3]

(ii) We then present the Off-CLUB algorithm (Algorithm [2) in Section[4, which does not require 4.
Assuming sufficient user data for accurate clustering, we upper bound Off-CLUB’s suboptimality in
Theoremd.2] However, Off-CLUB struggles when the dataset is sparse or lacks sufficient samples.
The recommended algorithms based on different data conditions is provided in Table

(iii) Finally, in Section[5] we validate our algorithms through synthetic and real-world experiments.
These experiments demonstrate the strong performance of Off-C?LUB with different amounts of
data, especially with our proposed 4-selection policies. Off-C2LUB reduces the suboptimality gap
by over 60% compared to traditional clustering algorithms. Moreover, they confirm the effectiveness
of Off-CLUB under sufficient data and highlight its limitations when data is insufficient.

2 PROBLEM FORMULATION

In this section, we introduce the setting for the “Offline Clustering of Bandits (Off-ClusBand)”
problem. We consider U users, represented astf = {1, --- ,U}, where each user u is associated with
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a preference vector 6,. To capture the heterogeneity within the user population, users are grouped
into J(< U) disjoint clusters, with all users in the same cluster sharing an identical preference
vector. Precisely, we define i = U;.Izl V(j), where V(j) denotes the set of users within cluster j,
hence V(5) N V(j') = 0 for j # j'. Additionally, 8, = 6., if and only if there exists a j € [J] such
that {u, v’} C V(j). The cluster to which user u belongs is denoted by j,,, and the shared preference
vector for users in cluster V(3) is denoted as 7. Notably, both the actual partition of clusters and
the number of clusters remain unknown to the algorithm. For user u, we refer to users in the same
cluster as homogeneous users, and those in different clusters as heterogeneous users.

In the offline setting, we are given a dataset D = {D;,--- ,Dy} comprising offline samples col-
lected from U users. For each user u, we observe N,, samples, forming D,, = {(a %) iv:“l, where

{a@}iv:’“l represents the N,, given actions, and {r?, f\;“l denotes the corresponding rewards, inde-
pendently drawn as 7!, ~ R(a’). Here, R(a!)) is a 1-subgaussian reward distribution associated
with the action a!,, and E[r!| = (0, a’)) represents the mean reward for user v under action a’,.
We also denote the total number of samples for a set of users S by Ng = > cs Ny. Addition-
ally, we make the following standard action regularity assumption common in clustering of bandits
literature (Gentile et al.| 2014 Wang et al.,[2023a} [Dai et al.,[2024a; [Wang et al.| [2025).

Assumption 2.1 (Action Regularity). Let p be a distribution over {a € R? : ||a|lz < 1} whose
covariance matrix E4~,[aa '] is full rank with minimum eigenvalue \, > 0. For any fixed unit
vector @ € R, the random variable (0Ta)2, with @ ~ p, has sub-Gaussian tails with variance
upper bounded by o2. For each dataset D, each action a!, is selected from a finite candidate set

S! with size |S!| < S for any i € [N, ], where the actions in S’ are independently drawn from p.
. < Na _Qa=m? 8
Moreover, we assume the smoothed regularity parameter \, = fo (1 —e 202 ) dx is known

to the algorithm.

Remark 2.2 (Discussion on Assumption [2.I). Assumption [2.1] adapted from [Wang et al. (2023a))
and widely used in recent clustering of bandits studies (Dai et al.,|2024a; Wang et al.,[2025)), ensures
sufficient coverage of the action space so that information is available along every dimension of the
preference vector—a key requirement for distinguishing users across clusters. This assumption is
particularly suitable when offline actions are drawn from a finite action space with size bounded by .S
(e.g. in datasets generated by online logging policies with finite action sets per round). Experiments
in Section [5 and Appendix [F] further validate the effectiveness of our algorithms on offline data
generated under different distributions and logging policies. For completeness, we defer discussion
of alternative forms of the regularity assumption, such as cases where offline samples are drawn
independently from an infinite distribution p, to Appendix [B]

Let 7 denote an algorithm that selects an action from an action set Agws C R for any given user
uest € U. The goal in this setting is to design an algorithm 7 that minimizes the suboptimality gap
for an incoming user u to be served, defined as (Jin et al., 2021} Li et al., [2022):

SUbOpt(utCSta T, AtSSt) = <0ule>[’ a’t*est> - <0U[e.~n a’7r(ules[)>a
where ag and a, () denote the optimal action in Ay and the action selected by 7, respectively.

3  ALGORITHM FOR GENERAL CASES: OFF-C2LUB

This section introduces our first algorithm: Offline Connection-based Clustering of Bandits Algo-
rithm (Off-C2LUB) and the theoretical results on its suboptimality.

3.1 ALGORITHM[I} OFF-C2LUB

Compared to the online clustering of bandits problem, the core challenge in Off-ClusBand lies in
data insufficiency. In the online setting, algorithms start with a complete graph over all users, where
each node represents a user and each edge encodes a tentative assumption that the connected users
are thought to be in the same cluster (Gentile et al.,[2014; [Li & Zhang| [2018) and iteratively delete
edges to separate users into clusters (i.e., remaining connected subgraphs). With abundant online
data, this process accurately removes incorrect connecting edges. However, in the offline setting,
limited data makes it difficult to precisely remove edges, often leading to the inclusion of hetero-
geneous users within the same cluster, which introduces bias and reduces decision quality. There-
fore, building on the challenges described above, the core idea behind Off-C2LUB is to prevent
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users with significantly different preference vectors from being clustered. Specifically, the algo-
rithm treats users with few samples independently, while leveraging the clustering property only for
those with a sufficient dataset D,,. The workflow of the proposed Off-C?LUB successfully avoids
clustering largely heterogeneous users by ensuring that predictions are made solely using data from
users who share the same (or similar) preference vector as yes;. Algorlthml [T]shows the pseudo-code
for Off-C2LUB which consists a Cluster Phase and a Decision Phase.

Algorithm 1 Off-C2LUB
1: Input: User wy, action set A, dataset D, parameters o > 1, A > 0, 6 > 0 and ’Ay >0
2: Initialization: Construct a null graph G = (V,0)) where V = U, set Nipin = {5 log (SU d)

X2s

and compute M,,, b,, CI,, as in Equation and éu =DM, 1p,, for each user u € Z/I
\\Cluster Phase
for any two users u1, uz € V do

Connect (u1, uz) if conditions in Equation (2)) are satisfied
end for
Let G5 = (V, &) denote the graph afterwards
for each user u € V do

Aggregate data and compute statistics:

Du = Upwyee, 1(@ls7}) € Do} UDy, iy =143, oy T{(u,0) € &)
Mu =, -1+ Z(a,T)E'ﬁu aaT’ Nu = |2~)u’7 b, = Z(a,r)eﬁ

10: end for
11: \\Decision Phase

12: Select @ = argmax (Hu[ La—Bllal ;-1 ) 8= \/d log (1 + utes! ) +2log (2V) + VA
aeAles( Utest

R A S

Input and Initialization. Algorithmﬂ]takes as input the test user wes € U, the action set Ay, the
dataset D and several parameters (Line , which will be discussed later. The algorithm initializes
the following (Line|2)) for each user u:

\/dlog 1+ )+ 21og (22) + VA

N,
M, =X+ ai, (a Zruam CIl, = . (D)
=1

ANy /2

Here, M, denotes the Gramian matrix regularized by A, b,, is the moment matrix of the response
variable, éu is the ridge regression estimate of 6, for user u, and CI, represents the confidence
interval bound. The algorithm also defines N,,;, as the minimum number of samples required for
each user during clustering. These quantities play a central role in both phases of the algorithm.

Cluster Phase. Instead of starting with a complete graph as in the online setting, Algorithm
initializes a null graph G with only vertices but no edges. During the Cluster Phase, the algorithm
iterates over all user pairs %1 and us in V), connecting them if the following condition holds:

< 4 — a(Cl, + Cl,,) and min {N,,, Ny, } > Npin. 2)

6., — 6.,

The condition in Equation @ ensures that the difference between the true preference vectors 8,,,
and @,,, is no greater than 4 (see Lemma 3.2|for a detailed explanation). By only connecting users
with similar estimated preference vectors, the algorithm prevents the introduction of bias that arises
when users with highly divergent preference vectors are connected. Therefore, the choice of 4 sig-
nificantly affects the algorithm’s performance. As discussed in Section a smaller 4 helps to
reduce bias from heterogeneous users of ug, but may also limit access to samples from homoge-
neous users. In contrast, a larger 4 includes more samples to reduce noise, but risks introducing
bias from heterogeneous users. We further discuss strategies for selecting 4 in Section[3.3] Once all
users in V' have been checked, the graph is updated to G5, reflecting these new connections.

Next, for each user u, the algorithm aggregates data from the user and its neighbors in G5 to form a
new dataset D,, (Line @), which represents the samples from users who are likely to have the same
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preference vector as the test user. Unlike traditional online algorithms that aggregate data from the
entire connected component containing u, our approach aggregates only from one-hop neighbors.
We retain the term “clustering” in our algorithm’s name to stay consistent with the problem setting
and prior works. This conservative strategy reduces uncontrolled bias from highly heterogeneous
users (Wang et al., [2023a; Dai et al., [2024a) and is better suited to offline scenarios where data is
limited, as discussed in detail in Appendix [G] The algorithm then computes the necessary statistics
for the decision phase. These statistics, similar to those defined in Equation (T]), encompass a broader
set of users with similar preferences as ug, enhancing the algorithm’s decision-making capability.

Decision Phase. Finally, the algorithm selects a for the test user uy based on the statistics Mum(

and GNUM (Line @), following a pessimistic estimate of the preference vector 8,,., (Jin et al., {2021}
Rashidinejad et al.} 2021} L1 et al., 2022), ensuring robust decision-making with offline data.

3.2 UPPER BOUND FOR OFF-C2LUB

We analyze the upper bound on the suboptimality of Algorithm [T} with detailed proofs provided in
Appendix[D.T|and[D.2] Since the algorithm aggregates user data based on the graph G5 constructed
in Line[7] we define V5 (u), R (u) and W5 (u) as Table[2]

Table 2: Summary of neighbor set notations.

Notation Definition Interpretation

Vs (u) {u} U {U | (u, 1}) S &Y} Set of user u together with all its neighbors in graph G5,

e X _ Set of u and its homogeneous neighbors, i.e., users in V5 (u) with same preference vectors.
R'Y(u) {vfve Vs (), 6y = 6,} Their data can be safely aggregated with u’s without introducing bias.

3 . X Set of u’s heterogeneous neighbors, i.e., users in Vs (u) with different preference vectors.
Wi(u)  {v|v € Vs(u), 0, # 6y} Aggregating their data with u’s may introduce bias and thus should be controlled.

Thus V5 (u) = R4 (u) UWs(u) and R5(uw) N W5 (u) = 0 hold. To formalize cluster separation, we
introduce the heterogeneity gap (Gentile et al.| 2014; Li et al., [2019}[2025; [Wang et al.| 2025) as:

Definition 3.1 (Heterogeneity Gap). The preference vectors of users from different clusters are
separated by at least +y; that is, for any u and v in different clusters, |8, — 0], > v > 0.

In Algorithm |1} the choice of 4 influences both R4 () and W (u), and thus directly impacts both

performance and theoretical guarantees. The following lemma formalizes these effects, while The-

orem [3.4]establishes the resulting suboptimality bound.

Lemma 3.2 (Estimations of sets R5(u) and W5 (u)). For inputs « > 1, A > 0, and § € (0,1)

satisfying A < dlog (1 + %) + 2log (2¥) and § < WIJJ\I}/()@)’ there exist some
Vs Vi ) and o, € (O7 L} such that sets

ar € |:4(a+1)\/log(2U/6) max{2,d}’ 2a4/log(2U/5) 2(a—1)4/log(2U/6)
R (u) and Wy (u) defined in Table[2|can be represented as:

IfNuZNmin:R’y(U/):{u}U{v‘auzeva \/11\/'7_‘_ }Vv Sar’% NUZNmin}v

Wi(w) = {v]7 < 160 = Bull2 <7, Zh= + A= < @we, No > Nuin

v

ﬁ

Otherwise : R+ (u) = {u}, W5(u) = 0,
with probability at least 1 — 6, where Nyiy, is as defined in Line 2 of Algorithm[Ijand € = % — 7.

Remark 3.3 (Interpretation of Lemma 3.2)). As defined in Table 2| set R4 (u) contains user v and
its homogeneous neighbors while W5 (u) represents u’s heterogeneous neighbors. In Lemma
the distinction between the two cases (whether NV, > Ny,;,) follows directly from the cluster con-
dition in Equation (). Specifically, when u does not meet the minimum data requirement Nyin,
no connections are formed, and the algorithm defaults to using only u’s own data. This threshold
ensures sufficient coverage of R? under Assumption providing essential information along each
dimension for preference estimation. When N,, > Ny, the constraints on 1/v/N,, + 1/+/N, for
both R (u) and W (u) reflect the principle that only users with sufficient data and reliable estimates
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should contribute to decision-making. Increasing 4 (and thus ¢) relaxes these constraints, potentially
incorporating more homogeneous samples but at the risk of introducing larger bias. Moreover, the
constraint y < ||, — 6,]|2 < 4 ensures that W5 (u) only includes users with relatively similar
preferences where 4 is a tunable input. A larger 4 increases such bias and enlarges W (u).

Theorem 3.4. With the same conditions as Lemma the suboptimality for Off-C2LUB satisfies:

2 d 5 (Utest )
SubOPL(ttese, OFf-C2LUB, Ay) < O [ /= IRLICERR 3)
)\</LZ\7V:Y (Wiest) )\a
~ W (w)| A+ Ny (u
with probability at least 1 — 25, where O omits logarithmic terms and nyy, (v) = M\%i())

denotes the fraction of heterogeneous samples over all utilized samples for u.

Remark 3.5 (Analysis of Theorem [3.4). The terms in Theorem reflect both noise and bias.
The first term, caused by the limited number of aggregated samples, represents the noise from all
neighbors of s in Vs (uest). This noise decreases as the total number of samples in V5 (test) grows,
which can be achieved by selecting a larger 4. The second term reflects the bias from including
samples of heterogeneous neighbors, which scales with both 4 and the fraction of heterogeneous
samples 7y, (u,,)- As noted in Remark [3.3 enlarging 4 expands Wj (ues) and thus potentially
increases nyy. (u,,)- Therefore, controlling 7 is key to balancing two competing effects: expanding

Vs (Urest) to reduce noise, and restricting Wi (wes ) to limit bias. The dependence on Na highlights the

link between suboptimality and action regularity: a larger )\, implies more information per sample
and hence smaller suboptimality. Importantly, the form of Theorem [3.4] reflects the fundamental
limited-data challenge of the offline setting: unlike online scenarios, where additional samples can
be collected to reduce noise and accurately estimate user preferences to avoid bias, the offline setting
enforces a crucial tradeoff between noise and bias, making the choice of 4 particularly critical.
Remark 3.6 (Discussions on «,. and o). The parameters o, and a, in Lemmaare not fixed con-
stants but are bounded within setting-dependent ranges. This design reflects the practical difficulty
of determining each user’s exact neighbors during our theoretical analysis due to the uncertainty
and noise in offline datasets, while still ensuring that the cardinalities of R+ (u) and W5 (u) can be
estimated reliably. These parameters therefore play a critical role in ensuring the generality of our
results. Intuitively, by choosing «, at the lower end of its range to conservatively approximate a sub-
set of homogeneous neighbors and ., at the upper end of its range to conservatively approximate
a superset of heterogeneous neighbors, we can establish a concrete bound that remains parameter-
fixed under uncertainty. We defer the refinement of these parameters, along with the derivation of a
fixed parameter form of Theorem 3.4] to Appendix due to space constraints.

3.3 STRATEGIES FOR CHOOSING &

As demonstrated in Theorem [3.4] the perfor- more homogeneous neighbors included  overestimation of ~
mance of Algorithm|I|critically depends on the - —L . — )
choice of 4 where a carefully chosen % balances | S / L -
noise and bias. Below we outline strategies for UNUCE nderetimagionof = more hterogencous neighbors included
selecting 4 under different scenarios. Figure

shows the influence of different choices for 4. Figure 1: Influence of Different 4.

Case 1: Exact Information of v. We set 4 = v when the exact value of v is known. This ensures
€ = 0 in Theorem [32], so that only users from the same true cluster as wuy are included, i.e.,
MW, (uey) = 0. The resulting suboptimality is formalized in Corollary

Corollary 3.7 (Theorem [3.4|for Accurate ). With the same notations as Theorem ify =~in
Algorithm[l} the suboptimality gap satisfies:

- d
SubOpt(test, OFf-C2LUB, Apey ) < O < ) .

>\ a NV-Y (u(es( )

Remark 3.8 (Analysis of Corollary 3.7). Corollary [3.7 implies that Algorithm [T] achieves subop-
timality only with noise. This is because no users from outside wug’s true cluster are included,
eliminating bias entirely. Furthermore, Algorithm [I] only connects homogeneous users based on
similar preference vectors, avoiding the biased inclusion of heterogeneous users. Note that choosing
4 <~ can also yield a bias-free suboptimality as in Corollary 3.7}
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Case 2: No Prior Information on y. The more general and challenging case arises when no prior
knowledge of v is available, requiring 4 to be estimated directly from data. To guide this estimation,
we define the following statistics:

T(u,v) = \ 6, — 6,|| —a(Cl, +CL), T(u,v) = ‘ 6, — 6,
2

M(u) ={veV\{u}|(u,v) >0},
where CI, is as defined in Equation (I). Since I'(u,v) < [0, — 6,2 for a > 1, it serves as a
lower bound on the true preference gap. If I'(u,v) < 0, u and v are either in the same cluster or
lack sufficient data to be distinguished. Hence M (u) contains users from different clusters, while

those outside are either homogeneous or uncertain. When M (us) = 0, it is natural to set 4 = 0,
reducing Algorithm[I|to LinUCB (Abbasi-Yadkori et al.,[2011) based solely on D,

+ a(CI, + CL,), 4)
2

Below, we propose two policies for choosing 4: the underestimation policy selects a smaller value to
limit bias but at the cost of more noise, while the overestimation policy makes the opposite trade-off:
{H{M (tiest) 7 O} - minye pr(ue) Dtes, v),  (Underestimation Policy),

g ®)
I{ M (test) 7 0} - ming e pr () I'(test, v),  (Overestimation Policy),
Remark 3.9 (Suitable Scenarios for Both Policies). The key difference between the two policies lies
in whether we underestimate (I'(u,v)) or overestimate (I'(u, v)) the preference gap between two
users. Intuitively, the underestimation policy selects a relatively small 4, which reduces bias but in-
creases noise according to Lemma[3.2] while the overestimation policy makes the opposite tradeoff.
Therefore, the underestimation policy is more suitable when avoiding bias is more critical, making it
particularly valuable in safety-critical applications such as medical treatment or financial decision-
making, where even small biases could lead to harmful outcomes. By contrast, the overestimation
policy is preferable when aggregating large, diverse data is essential. For example, in recommender
systems with high-dimensional user preferences, pooling additional data helps stabilize estimates
and improves accuracy, even at the cost of introducing moderate bias. Detailed theoretical analysis
and further discussion of both policies are deferred to Appendix [C.2]due to space constraints.

4  ALGORITHM FOR SUFFICIENT DATASET: OFF-CLUB

When + is unknown, Off-C2LUB faces a trade-off: a quite small 4 increases noise, while a large one
introduces bias, as shown in Section[3.3] This motivates us to propose Offline Clustering of Bandits
(Off-CLUB) that avoids estimating y and achieves strong performance under sufficient data.

4.1 ALGORITHM[2: OFF-CLUB

Off-CLUB shares the same two-phase structure as Off-C?LUB, consisting of a Cluster Phase and a
Decision Phase. Due to space constraints, full details and pseudo-code (Algorithm [2) are deferred
to Appendix [Gl The main difference lies in graph construction: Off-CLUB starts with a complete
graph and removes edges between users with dissimilar preferences, whereas Off-C>LUB begins
with an empty graph and adds edges only when sufficient similarity is detected.

The algorithm takes similar inputs to Algorithm [I|but does not require 4. During the Cluster Phase,
it iterates through all edges (u1,uz2) € € and removes those that satisfying:

164, — 0us]], > @ (CL, +CL,,), (6)
indicating that users u; and uz belong to different clusters with high probability. After edge removal,
the resulting graph G correctly clusters users with sharing preference vectors, provided that all users

have sufficient samples as discussed in Section 4.2} Finally, the subsequent steps, including data
aggregation, computation of statistics, and the Decision Phase, are the same to those in Off-C2LUB.

4.2 UPPER BOUND FOR OFF-CLUB UNDER SUFFICIENT DATA

The effectiveness of Off-CLUB relies on accurately removing edges between users in different clus-
ters, requiring CL,, to be sufficiently small. This is typically satisfied when users have many samples,
while users with few samples may remain incorrectly connected, grouping heterogeneous users to-
gether. We therefore formalize the data sufficiency condition for the success of Off-CLUB:
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Assumption 4.1 (-Sufficient Dataset). The dataset D,, is called d-sufficient for user u if N, >

max {;\—g log (SX‘%L(;) , i%?\i log (%)} for some 0 € (0,1). Furthermore, we assume that the full

dataset D = {D, }"_, is completely J-sufficient, i.c., each user’s dataset D,, is -sufficient.

Assumption [.1] guarantees data sufficiency to estimate preferences and cluster accurately. Theo-
rem [4.2] (proof in Appendix [D.3) guarantees the performance for Off-CLUB under this assumption.

Theorem 4.2 (Upper Bound for Off-CLUB). For any § € (0,3), assume D is completely §-
sufficient. Then for « = 1, A > 0, with probability at least 1 — 20, the suboptimality gap satisfies

~ d
SubOpt(ulest, Off—CLUB7 Atest) S 0] = | .
)\a NV (j“lcsl )

Remark 4.3 (Analysis of Theorem [4.2). A key requirement for achieving this bound is the suffi-
ciency of data for each user (Assumption [4.I). When this assumption is violated, Off-CLUB may
incorporate samples from highly biased users with preference vectors largely different with g,
degrading performance. In contrast, as shown in Theorem Off-C2LUB mitigates this issue by
restricting heterogeneous neighbors to a much smaller set W5 (), controlled by 4. Thus, while
Off-CLUB performs well with sufficient data, Off-C2LUB remains a more robust algorithm in gen-
eral scenarios where Assumption .1 does not hold. We validate this with experiments in Section [5}

4.3 LOWER BOUND FOR OFF-CLUSBAND PROBLEM AND OPTIMALITY

To facilitate further comparison between Off-CLUB’s and Off-C2LUB’s performance, we derive a
theoretical lower bound for the Off-ClusBand problem. The proof is in Appendix

Theorem 4.4 (Off-ClusBand Lower Bound). Given any test user wes, € U, consider the set of Off-
) _1

= {(D,0,R) ||| (MVue)) "> a;"estH2 < 2v/2, Ris l-subgaussian},

where © = {0, }uey, ay is the optimal action for user Uy, and MY Uwes) = ZueV(juw) M,. If

the dataset satisfies N, > 8d, the following lower bound holds:

test —

inf QSI%p E[SubOth(u[est, ™, Atesl)] Z \/ 8d/Nv(ju[eS[) .
T Qe

Utest

ClusBand instances: T,

Utest

Remark 4.5 (Comparison Between Upper and Lower Bounds). The lower bound in Theorem
shows that the optimal strategy for Off-ClusBand is to use only samples from users in the same
cluster as s While excluding heterogeneous users. Recall that under Assumption[d.1] Theorem[d.2]
gives a bound scaling with 1/, /Ny (j,..)- Under the same assumption, Algorithm (Off-C?LUB)
with 4 = ~ achieves the same result as Theorem by only connecting all homogeneous users
(as shown in Lemma [3.2) with v = 1). This matches the lower bound up to logarithmic factors in
terms of the total number of utilized samples NV(J’uws;)’ demonstrating near-optimal performance
of both algorithms under Assumption4.T] When data 1s sparse, however, Off-CLUB often clusters
highly heterogeneous users and introduces bias, whereas Off-C>LUB reduces this risk by restricting
heterogeneous neighbors to W (e ), explaining the strength of Off-C2LUB with insufficient data.

5 EXPERIMENTS

Experimental Setup. We evaluate on both synthetic and real-world datasets, including Yelp (yel,
2023)) and MovieLens (Harper & Konstan, [2015). We fix U = 1k users with preference dimension
d = 20, and consider dataset sizes from 5k—100k (insufficient data) and 0.2M-1M (sufficient data),
splitting each dataset evenly for training and evaluation. Synthetic users are divided into J = 10
clusters under two sampling schemes: Equal Distribution (uniform over users) and Semi-Random
Distribution (uniform within clusters, non-uniform across clusters). For real-world data, we keep
the top 1,000 users and items by rating count and derive preference vectors via SVD (Li et al.| 2019).
All results are averaged over 10 random runs. Baselines include bandit methods (LinUCB (Abbasi-
Yadkori et al., | 2011), CLUB (Gentile et al.,[2014), SCLUB (Li et al.,|2019)) and clustering methods
(DBSCAN (Schubert et al., 2017), XMeans (Pelleg et al., [2000), ARMUL (Duan & Wang, |2023)),
adapted to the offline setting. Offline data is generated either by random selection (Figure [2) or
LinUCB-based item selection (Appendix [E.3). Further details are given in Appendices
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Figure 2: Comparisons of our algorithms with baselines under different user distributions and
datasets. Off-C2LUB and its variants consistently outperform Off-CLUB and other baselines.
DS e -CLU - OECLUL S OICLUR 0L Unsiman < 0L Orsimain Table 3: Comparisons under sufficient data
show Off-CLUB and Off-C2LUB reach near-
zero suboptimality, outperforming baselines.
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estimation or underestimation strategies.

Performance with Insufficient Dataset. To illustrate the performance under insufficient data, we
report the average suboptimality gap across user distributions and dataset sizes (Figure [2). For
Off-C2LUB, # is optimized under the equal distribution scenario and applied to the semi-random
distribution. With |D| € [20k, 100k], both Off-C2LUB variants significantly reduce the suboptimal-
ity gap. On the synthetic dataset, Off-C2LUB_Overestimation improves over Off-CLUB by 44.2%
and over other baselines by at least 77.5%, while Off-C2LUB_Underestimation achieves 34.0% and
73.3%, respectively. On Yelp, the corresponding improvements are 19.8% and 73.9% for Overesti-
mation, and 17.9% and 73.3% for Underestimation. On MovieLens, they are 8.6% and 67.9% for
Overestimation, and 9.3% and 68.0% for Underestimation. Overall, Off-C2LUB achieves the best
performance, while Off-CLUB, though less effective, still outperforms classical clustering baselines.

Performance with Sufficient Data. Table 3] reports the performance of different algorithms under
sufficient data. The bold values mark the optimal suboptimal gaps (rounded to six decimals) for each
dataset size. Our proposed Off-CLUB and Off-C?>LUB consistently outperform all other baselines
in this regime, with the 4 selection strategies for Off-C2LUB also guarantee near optimal perfor-
mances. This experiment shows that with sufficient data, both Off-CLUB and Off-C2LUB approach
to near-zero suboptimality as more offline data is provided, outperforming existing methods.

Improvement with Estimated 4. We evaluate various strategies under insufficient data using syn-
thetic and Yelp datasets (Figure with |D| = 30k. The results highlight that the suboptimality gap
of Off-C%2LUB increases when # is set either too small or too large, which aligns with our theoretical
analysis of the noise—bias tradeoff in Lemma[3.2] Theorem[4.2] and Figure[I] On both the synthetic
and Yelp datasets, the proposed overestimation and underestimation strategies achieve near-optimal
performance. Additional experiments are provided in Appendix |[F| where we further examine the
robustness of our methods to varying dataset sizes and datasets.

6 CONCLUSION

In this paper, we address the offline clustering of bandits (Off-ClusBand) problem, proposing two
algorithms: Off-C2LUB, effective in general scenarios, and Off-CLUB, which excels with sufficient
data. We analyze the influence of 4 on Off-C2LUB, offering policies for cases where  is known or
unknown. Additionally, we establish a theoretical lower bound for Off-ClusBand. Experiments on
synthetic and real-world datasets validate the robustness and efficiency of our methods. Future work
may explore more general reward structures beyond linear models that this paper does not cover,
such as nonlinear or nonparametric formulations. It is also promising to consider hybrid settings
that combine offline data with online interaction for improved adaptability in real-world scenarios.
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A RELATED WORKS

Offline Bandits. Offline multi-armed bandits (MAB), introduced by |Shivaswamy & Joachims
(2012), are a specialized variant of offline reinforcement learning (RL) that utilize pre-collected data
for decision-making based on confidence balls for regression problems (Javanmard & Montanari,
2014; Zhang & Zhang, |[2014; Cai & Guo, [2017; |Duan & Wangl 2023) where |Duan & Wang| (2023)
also considers parameter estimation with heterogeneous data. These methods have been applied in
domains such as robotics (Kumar et al.| |2020), autonomous driving (Yurtsever et al., |2020), and
education (Singla et al} 2021). Some offline MAB studies consider scenarios where the offline
distribution remains consistent with the online rewards (Bu et al.l [2020; |Banerjee et al., |2022),
while others address settings with reward distribution shifts (Zhang et al.| [2019; Cheung & Lyu,
2024])). Research has also explored offline data provided sequentially (Gur & Momeni, |2022) or in
distinct groups (Bouneffouf et al.,[2019; Ye et al., |2020; Tennenholtz et al.;|2021). Among these,
Li et al.|(2022)); Wang et al.| (2024)) focus on offline contextual linear bandits, which are most closely
aligned with our work. Recent works have explored offline RL with homogeneous agents (Woo
et al., 2023} 12024)), as well as settings involving heterogeneous agents (Zhou et al., 2024), where
each agent serves a heterogeneous user, or heterogeneous data resources (Wang et al; [Shi et al.,
2023)). Our work addresses offline bandits with multiple data resources for heterogeneous users and
introduces a technique to identify and merge similar datasets for more accurate predictions, setting
it apart from previous studies.

Online Clustering of Bandits. Online clustering of bandits have been extensively studied across
various settings and applications, beginning with |Gentile et al.| (2014) and including studies link-
ing clusters to items for recommendations (Li et al.l |2016azbj |Gentile et al., 2017 and exploring
non-linear reward functions (Nguyen et al., 2020; Ban et al., 2024). Distributed bandit clustering
has been a focus in (Korda et all 2016} |Cherkaoui et al., [2023)), while extensions to dependent
arms were explored in (Wang et al.| 2019). Several works focus on the way to simplify the basic
assumptions (Li et al., 2019; 2025). Applications range from recommendation systems (Yang &
Toni, 2018} [Yan et al., 2022)) to vehicular edge computing and dynamic pricing (Lin et al., 2022}
Miao et al.}[2022)). Recent studies have also addressed privacy concerns (Liu et al.l[2022)), dynamic
cluster switching (Nguyen & Lauw,|[2014), unified clustering with non-stationary bandits (Li et al.,
2021)), corrupted user detection (Wang et al.,|2023b)) and conversational (Wu et al., 2021} |Li et al.,
2023} Dai et al.| |2024alb). In contrast to the online setting, where infinite samples can be drawn from
unlimited online data, a key challenge in our setting lies in addressing scenarios with limited offline
data. To the best of our knowledge, this is the first work to explore clustering bandits specifically in
the offline bandit learning setting.

B ADDITIONAL DISCUSSIONS ON ACTION REGULARITY ASSUMPTIONS

In this appendix, we provide a detailed discussion of Assumption [2.1] This assumption is standard
in the clustering of bandits literature (Gentile et al.l [2014; |[L1 & Zhang] [2018; |Li et al.l [2019; |[Liu
et al., [2022; |Wang et al.| |2023aj |Dai et al., [2024a; Li et al., 2025; [Wang et al.| 2025), although the
precise formulation varies some across works. The version we adopt in this paper—where each
offline action is drawn from a candidate set S of bounded size S and the algorithm is assumed to
know the smoothed regularity parameter A,—follows the most recent line of research (Wang et al.,
2023a; [Dai et al.| 2024a; Wang et al., |2025). To highlight the differences, we first introduce an
alternative assumption that can remove the finite candidate set requirement or the need for A, at the
cost of stronger independence or bounded-variance conditions. We then discuss how our analysis
extends to cases where no regularity assumption is imposed.

Assumption B.1 (Action Regularity (Alternative Form)). Let p be a distribution over {a € R? :
llalls < 1} such that Eq~,[aa ] is full rank with minimum eigenvalue A, > 0. Each action a’, in
dataset D,, is either: (i) independently and identically drawn from p, or (ii) selected from a candidate
set S, where actions in S’ are independently drawn from p and, for any unit vector 8 € RY, the
random variable (8 " a)? has sub-Gaussian tails with variance 02 < \2/(8log(4|S’|)). We assume
Aq is known to the algorithm.

One crucial distinction between Assumption and Assumption lies in the prior knowledge
required: the former requires \,, whereas the latter uses the smoothed regularity parameter \,,.
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Table 4: Summary of Notations for Off-ClusBand

Notation Description
u={1,...,U} Set of all users; U is the total number of users
0, € R? Preference vector of user u
1% Set of vertices in the user graph (same as /)
V(j) Set of users in cluster j; clusters are disjoint
J Total number of (unknown) clusters
Ju Cluster index to which user u belongs
6’ Shared preference vector of users in cluster j
D, = {(a’, )N Offline dataset for user w, containing N,, samples
al, e R? Action taken in the 4-th sample of user u, with ||a’ || < 1
ri ~ R(al) Reward corresponding to action a’,, drawn from a 1-subgaussian distribution
E[rl] = (0.,al) Expected reward of user u on action a’,
p Distribution over the action set, supported on ||a||2 < 1
Aa Minimum eigenvalue of E4~.,[aa "] (action regularity)
Aeest C R? Action set available for the test-time decision
Uest Test user to be served
T Algorithm that selects actions for users
Qr(u) Action selected by algorithm 7 for user u
Qg Optimal action in Aes for west
SubOpt(test, 7, Atest) Suboptimality gap: difference between optimal and chosen reward for ey
M, Gramian matrix for user u regularized by the input parameter A
b, Moment matrix of regressand by regressors for user u
ClL, Confidence interval for user u
R (u) User w itself and its homogeneous neighbors
W (u) User u’s heterogeneous neighbors
Ws (u) Fraction of samples from heterogeneous neighbors of u

When Assumption does not hold but Assumption does, all our theoretical claims (such as
Theorem and Theorem remain valid after replacing every occurrence of A\, with A, in the
pseudo-code and analysis of Algorithms [T]and[2] according to Lemma[E.2]and [E.3]

Interpretation of the Alternative Form. Assumption[B.T|accommodates two ways of generating
offline data:

(1) The i.i.d. action model. Each action is drawn i.i.d. from p, as motivated by the online explo-
ration phase proposed by algorithms in recent online clustering of bandits work (Li et al.| |2025),
and widely adopted in offline RL/bandits literature (Rashidinejad et al., 2021} |Liu et al., 2025)). This
setting is appropriate when offline data are sampled randomly from a continuous or otherwise infi-
nite action space. However, it does not capture cases where actions are selected by a logging policy
(e.g., LinUCB (Abbasi-Yadkori et al., 2011)) which is common in real-world offline datasets and
introduces dependencies, since a logging policy may violate the independency requirement.

(2) Dependent actions with bounded variance. Following early clustering works (Gentile et al.,
20145 |Li & Zhang, 2018; |Li et al., 2019; [Liu et al., [2022), this model allows dependencies among
actions but requires an additional bounded-variance condition. This assumption still relies on finite
candidate sets Sft but depends directly on A\, rather than 5\(1. However, as argued in [Wang et al.
(2023b), bounded-variance assumptions may be unrealistically strong in practice and sometimes
conflict with realistic data-generation processes.

Why We Adopt Assumption 2.1)in the Main Body. To remain consistent with state-of-the-art
clustering of bandits work (Wang et al.| [2023aj Dai et al., |2024a; [Wang et al., |2025) and to better
model realistic offline data (e.g., those generated by logging policies that induce dependencies or
violate bounded-variance conditions), we adopt Assumption [2.1]in the main body. This assumption
provides an interpretable and practical balance: it requires finite candidate sets (a natural fit for
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recommendation systems and ranking tasks) and makes use of the smoothed parameter \,, which
better captures the effective coverage of the action space under dependent samples. Importantly,
our theoretical guarantees remain robust: they also hold under Assumption with only minor
substitutions in the analysis. This illustrates the generality of our framework.

Remark B.2 (Beyond Regularity Assumptions). Finally, we consider scenarios where neither As-
sumption nor Assumption holds. In our proofs (see Appendix [D), the purpose of the regu-
larity assumption is to ensure a lower bound on the minimum eigenvalue of the information matrix
M, defined in Equation (1)) (i.e. Amin (M, )), so that the confidence interval CI,, can be controlled in
terms of N,,, the number of samples, as represented in Lemma[E.2] Without regularity, the denomi-
nator of CI,, must instead depend directly on \/Amin (M), as shown in Equation . In this case,
all performance bounds would explicitly depend on A, (M) rather than sample size. While this
generalization is conceptually straightforward, in order to keep consistent with the standard assump-
tions used throughout the clustering of bandits literature (Gentile et al., 2014; L1 & Zhang, |2018}; |L1
et al.,2019; Liu et al.|[2022; |Wang et al.,[2023a; Dai et al.| |2024a; L1 et al.| | 2025; |Wang et al.,|2025),
we still adopt Assumption in the main body and leave detailed analysis of non-regular settings
as a promising direction for future work.

C ADDITIONAL THEORETICAL RESULTS

C.1 FIXED-PARAMETER FORM FOR THEOREM [3.4]

By refining the role of ., and cv,,, we can derive an upper bound for Theorem [3.4] with fixed param-
eters. Specifically, we replace Ny, (4,.,) With Nz () in the denominator of the first term, select cv,

at the lower end of its range (to conservatively estimate a subset of R+ (uest)), and e, at the upper
end (to conservatively estimate a superset of W5 (s )). This yields the concrete form presented in

Corollary [C.T]
Corollary C.1 (Concrete Form of Theorem . Define Rs(u) and W5 (u) as the concrete in-

. ; ; _ A
stances of R+ (u) and W5 (u) in Lemma 3.2} obtained by setting o, = PRI Ty Ty
Xa N |Wﬁ(“)‘>‘+Nw4{(u)

and o, = PYPREYW FeTCTII N Let V5 (u) = Ry (u) UW5 (u) and define s (u) =

Then, with probability at least 1 — 26, the suboptimality of Off-C?>LUB satisfies

n}’v(u)‘)‘JFN\‘;;’(u) '

A d hw, Ugest ’3/
SubOPt(tyest, OFF-C2LUB, Aes) < O | [ = 4 D) T 7
)\a’Nﬁ& (Urexr) )\a

C.2 ADDITIONAL DISCUSSIONS ON 4 SELECTION POLICIES

Theorem C.2 (Effect of Underestimation Policy). With 4 chosen according to the underestima-

;o Ve

W 4(at1)4/1og(2U/8) max{2,d}’
neighbor set W (Uest) of Lemmaalso satisfies ﬁ + ﬁ > oy [|0u,, — 0yl -

tion policy in Equation and « any user v in the heterogeneous

Remark C.3 (Interpretation of Underestimation Policy). Since I'(u,v) < ||@, — 0,]|2, all users in
M (uest) must belong to clusters different from s By taking the minimum over these values, the
underestimation policy enforces a small 4, which substantially limits the size of W (uws). This
prevents the inclusion of highly biased heterogeneous samples, thereby reducing systematic bias
in estimation. The additional sample-complexity condition in Theorem [C.2] further guarantees that
only heterogeneous users with insufficient data can enter Wj (tt ), minimizing their overall impact.
However, this conservative choice of 4 also restricts the homogeneous set R 5 (wes ), leaving fewer
samples available for aggregation and thus amplifying noise. The underestimation policy is there-
fore most suitable for safety-critical applications where bias is more damaging than noise, such as
personalized medicine or risk-sensitive decision making.

Theorem C.4 (Effect of Overestimation Policy). With 4 chosen according to the overestimation
policy in Equation @), if M () # 0, then 4 > .
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Remark C.5 (Interpretation of Overestimation Policy). By construction, the overestimation policy
ensures 4 > . This guarantees that more homogeneous users of wu With sufficient data will be
included in V:y(utest) under the looser requirement of sample size as represented in Lemma As
a result, the aggregated dataset becomes significantly larger, which decreases variance and reduces
noise in preference estimation. The drawback, however, is that this looser threshold also admits
some heterogeneous users into W:Y(utest), thereby introducing additional bias. The overestimation
policy is thus well-suited for data-rich environments where variance dominates bias—for example,
recommender systems with high-dimensional preference vectors, where aggregating large amounts
of diverse data is essential for stable learning.

D DETAILED PROOFS

D.1 PROOF OF LEMMA [3.2]

We first define several events to bound the estimates. Let f(S,0) =
dlog (1+%) + 2log (%) + /|S|A for any set S. We begin by defining the

following confidence event for each user w:

OR

0, — 0,

BET (OIS

where

N, Ny,
MS=XS[- T+ > al(al)", 5= riai, 6°5= (%)%,

u€S i=1 u€S i=1

By Lemma we have P[F)(§)] > 1 — % for each v € Y. Therefore, applying the union bound

over all users yields:
P | | F )| >1-—.

veU

(o9

Furthermore, for both R+ (u) and W5 (u), the clustering condition in Equation (2) requires that a

user v can be included in either set only if both N, and N, are at least }\—S log (SdU). Hence,

X265
under the case where N,, < % log (%‘ég), the sets R4 (u) = {u} and W5 (u) = 0 since the cluster
condition in Equation (2 does not hold for any user v.
For the non-trivial case where N,, > )}\—S log (8{%), we apply Assumption Lemma J.1 in|Wang

et al.| (2023a), Lemma 7 in L1 & Zha(;lg (201_§) and the union bound to obtain that for any v €
R4 (u) U Wy (u), with probability at least 1 — 34, the following inequality holds:

6,0,
’ S ‘ ]\/['u S B({fli}7 5) S CI»U.
2 )\min(Mv) 1/)\+)\an/2

Here, since 4 > 0, for any pair of connected users (u, us), we have:
[0y — Ousllz = [0y — Ouy + 04y — By + 0y — 04,12
<1y = Ouy [l + 118, = Ous 12 + [0, — Bus |12
< Cly, + [10u, — Buy|l2 + Cl, <4,

where the last inequality follows from the connection condition in Algorithm|1| Therefore, R+ ()
includes users that share the same preference vector as user u, while W; () includes users whose
preference vectors differ from that of u by at most y = v + €.

6,—0,

Next, we prove Lemma beginning with the representation of R+ (u) and then proceeding to that
of W5 (u). Throughout, we focus on the case where Ny, > Npip.
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Proof of R (u). We begin by analyzing the set R5(u). Specifically, it suffices to show: With

Aa
4(a+1)\/10g(2U/(5) max{2,d}’
1/VNy, + 1/v/N, < a;19, and N, > Nyiy is included in R4 (u) when N, > Npin; (ii) for

probability at least 1 — 24, (i) for a,.; = any user v with 8, = 0,,

_ Vs - N .
Oy = 2o s any user v with 8,, # 0,, or 1//N,, + 1/v/N, > 2%, or N, < Npin

cannot be included in R4 (u).

Proof of (i). Note that the condition 1/v/N,, + 1/v/N, < a,.1% implies

2(a+ 1)\/4 max{2,d}log(%)  2(a+ 1)\/4 max{2, d}log(%Y)
AoV, ! AN,

(a+1)(CL, +CL,) <

<%
under the parameter selections for A and § such that

ming, { Ny, } 20U max,,{ Ny } 2U
< _— — —— | < — .
)\_dlog(1+ d )+210g<5>, log(l—l— d < log 5

Given that 8,, = 8,,, we further observe:
4> (a+ 1)(CIL, + CL,)
= «a(CL, +CL,) + ||0,, — 6,]|2 + CL, + CL,
> |6 — 6,]|2 + a(CL, + CIL,),

with probability at least 1 — 2. This directly implies that the connection condition in Algorithm I
is satisfied, and therefore user v is included in R+ (u).

Proof of (ii). If user v satisfies either 6,, # 6, or N, < Ny, it is straightforward that v ¢ R+ (u).
We therefore focus on showing that the condition 1/v/N,+1/v/N, > a,2% also implies v ¢ R+ (u).

Note that the condition that 1/4/N,, + 1/v/N,, > ;.2 implies

2U 2U
a(CI, + ClI,) > 2« \/lo~g( v) +\/lo~g( g )) > 4.
Ao Ny ANy

Hence the connecting condition in Equation does not hold due to the positive value of
‘ and v ¢ R (u) holds.
2

Proof of W5 (w). First it is trivial that c,, > 0 holds. As we have proved that for any v € W5 ()
it holds that v < |0, — 0,||2 < 4, therefore it suffices to show that if 1/v/N,, + 1//N, >
eV and ||6,, — 8,]|2 > ~, then user v is not included in W5 (u) with probability at

2(a—1)4/log(2U/6)
least 1 — 26 when min{N,, N, } > Npin.

6., — 6.,

. V3 T
Observe that the condition 1/v/N,, + 1/v/N,, > N D)\/0sGTTD) implies:

4log (%) wog (%)

Ao N, Ao N,

(o — 1)(CI, +CL,) > (a — 1) \/

>e 24— |0y — 0,2

Therefore, we can deduce that:
‘ 6, — 6, +a(CL, +CL) > a(ClL, +CL,) + |6, — 8,2 — Cl, — CL,
2
> 7,

which means that the connection condition in Equation (Z) does not hold. Consequently, user v is
not connected to u, and therefore not included in W5 (u) with probability at least 1 — 2§, provided

that o, € (0, 2(a—1)4/log(2U/8) )
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D.2 PROOF OF THEOREM[3.4]

Proof of Theorem To prove Theorem|3.4] we first recall and several key notations and introduce
some new notations in Table
Table 5: Notations in Proofs

Notation | Description

Vs (u) Set consisting of user u and its neighbors in the graph G5 .

R4 (u) Set of users in V5 (u) that share the same preference vector as user .

W (u) | Setof users in V5 (u) that do not share the same preference vector as user .
W (u) | Setof users in W5 (u) who belong to cluster V(5).

T3 (u) Set of indices of distinct clusters represented in W (u).

To characterize the contributions of different types of neighbors in the estimation process, we define
the weighted fraction of samples from R 5 (u) relative to Vs (u) as:

. ~R5(w) A+ Nr ()
Rs(u) — .
7() Vs (u) A+ Ny, ()

Here, ) is the regularization parameter used in constructing each user’s matrix M,. Analogous
definitions apply to myy. () and 7, (u)? and by construction, we have:
v

MR+ (w) + s (w) = 1,

since Vs (u) = R4 (u) U W5 (u) and the two sets are disjoint.

We now turn to bounding the suboptimality term SubOpt(u, 7w, Awest) = (Ou,al) — (0u, Qest)-
Firstly, the case where V,, < Ny, is trivial since the problem can be simplified to an offline linear
contextual bandit problem in (Li et al.} 2022) as the algorithm only makes use of the data from user
w itself. For the non-trivial case where N,, > Ny,y, recall that in Appendix we proved that
‘ 01} - ev

any connected users (u1, us).

< CI,, for any user v with probability at least 1 — 2§, and |6, — 6., ||, < % holds for
2

For notational simplicity, we let:
V=Viu), R=Rs(u), W=Wsu), W =W, J=UJI@u).
Moreover, for a user set S, we define the following aggregated statistics:
N, Ny
MS = \S|I + Z Zai(az)T, bS = Z Zriai, 0% = (MS)~1b%.
ues i=1 ues i=1
Recall that b = bf + 3. ;6" and MV = M® + 3. M’ we can decompose 6" as:

oV — (MV)—le _ (MV)—I(bR + waj)

jeJ
_ (MV)—lMR(MR)—le + Z(MV)—lMWj (MWj)—lij
jej
_ (MV)AMRéR + Z(MV)AMWJ'@WJ"

jed

ﬁet gl =1 — 0, al denote the error for the sample (a’,r!) € D, where i € [N,]. Hence, we
ave:

(6" = 0uaiea) = <<MV)—1MRéR +3 V)Y — e, a> ®)

jeJ
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)TIMEOF —0,) + > (M) MV 0V - 8,), a>
jeg

jeJ

< 1]\4R au)7a[est> + <Z(MV)_1MWj (éWj - Bu)va’les‘>

)7L o — MEe, + Y (Y — M eY) 7am>
jeJ

+ <Z(MV)_1MWj (67 — 0u),a[est>

jeJ

= < ZZEU v;atest> B <(MV)_1)\ ‘R|0u+Z|WJ|0j 7atest>

veV i=1 jeJ
+ <Z(MV)1MW" (07 - eu),am> )
jeJ

Applying the Cauchy—Schwarz inequality, we obtain from Equation ©):

|z yaa

<éV — 0y, atest> H MV at st

veV i=1 (MV)-1
+ [ AY) T RO+ YW ||| - (el
jeJ 9
+ IS )M (07 - 0,)|| - [lael (10)
jeJ 9

We now bound each term using matrix norm properties and known results from Equation (I0):
j BV, 9) AVIE | Amax(W)
8V~ 0., e ) < —— + :
< b )\min(v) Amin (V) )\min(v) 7

’ LW sy (12)
)\aNV Aa]\/vV )\a

Y

with probability at least 1 — 24.

Here, Equation (8) follows from the decomposition M"Y = M* + 37, ; M W, Equation @) uses

the fact that M = ANS|I + 3, cs ZZ Lai(al)" and the definition of reward n01se et - Equa-
tion (10) is due to the Cauchy—Schwarz 1nequahty The first inequality in Equation (12} uses eigen-
value bounds and Theorem 1 in (Abbasi-Yadkori et al. |2011), while the second 1nequahty follows
from bounding eigenvalues via the number of samples and applying Assumption 2.1] Lemma J.1
in|Wang et al.[(2023a) and Lemma 7 in|Li & Zhang| (2018)).

Therefore, we obtain:
(0, ) <V = (07 a1 )
Recall that the selected action a. satisfies the confidence bound:
(0) @~ BV lallarvy = (87) " at = BV fadll v .
Hence, we can derive the following bound for the suboptimality:
SubOpt(u, 7, Aest) = (u, al) — (0, Qrest)
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S <0u7 az> - <0AV7 atest> + \IJ

< (0. — 8", a) + BV9) (el arvy-r — lavesllarvy-1) + ¥

<2V¥ 4+ \/EB(V’ %)
Amin(]\4v)

<o 4 LU0
)\aNV

with probability at least 1 — 2§. By omitting the logarithmic and constant terms in the above in-
equality we complete the proof of Theorem (3.4 O

D.3 PRrROOF oF LEMMA[C.2]
Proof of Lemma Recall that we define

’3/ = H{M(utest) # @} . min F(u[est, U), (13)
VEM (Wiest)

where M (us) is the set of users for which the computed value T'(ues, v) is positive.

Let s = argming,y, {I'(wes,v) > 0}, which corresponds to the user achieving the minimum
positive value and hence defines 4. Then, for any other user v, we must have either T"(uegs, v) < 0
or I (e, v) > 4.

We will show that any user included in W5 (ues), as represented in Lemma also satisfies the
condition in Lemma|C.2] For simplicity, we denote u = g in the rest of the proof.

We first consider the case where I'(u, v) < 0. This implies:
6., —6,|| —a(CL, +CI,) <0. (14)
2

By the triangle inequality, we have:

||0u - 01}”2 S éu - év

9 + Héu - 0u||2 + ”év - 01}“2

<

0, — 0, 2+CIu+CIU
< (a+1)(CI, +CL,).

Furthermore, using the definition of CI,, and CI,,, we obtain:

4(a+1)/log(2U/6) max{2,d} [ 1 1

Heu - 0v||2 <

VN, /N,
This implies that
Lo VA
VNu  VNy — 4(a+1)/log(2U/5) max{2, d}
Vi
4(a+1)y/max{2,d} log(2U/4)
1 1
VN. VN,

Then for the second case that T (wes, v) > ¥, it can be proved that

Heu _01)“2-

Thus, by letting o], = , we obtain the desired result:

> aiuHau — 6,]f2.

16— 6., = ||6.. .

|~ (CL +CL) > 4.

Thus v ¢ W5 (u) holds. This ends the proof of Theorem [C.2] O
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D.4 PROOF oF LEMMA [C4]

Proof of Lemma[C.4] The proof of Lemma [C.4] follows from the fact that for all v € M (ues), as
M (uest) denotes the users belong to different clusters of wey. By combining Equation @) we have

F(utestav) > ||0 - 0UH2 > .

Utest

Therefore, as long as M (ues) # 0, the optimistic estimation ensures that ¥ is at least . O

D.5 PROOF OF THEOREM [4.2]

Proof of Theoremd.2] Let B(n,8) = \/d log (14 %) +2log (%) + VA, and let j, denote the
cluster index of user  in the clustering output G. We denote by f)( j) the j-th cluster in G.

We first introduce the following events:

&= {All clusters are correctly identified, i.e., V(j,) = V(j,) forall u € V} ,

a@:{]

6, -0,

u

< ﬁ(Nu,5>}, vuev,

7.0 ={ .-,

< 5(Nu,5)}, Yu € V. (15)

u

We first verify that event £ holds with high probability. According to Lemma [EI] the event
F(6/(2U)) holds for all u € V with probability at least 1 — 3. Under this event, we have:
ou - gu

6. -e.],,
‘ 2 )\min(Mu)
< BNy, 6/(2U))
YA+ (2 aia)T)
. \/dlog (1 + %) + 2log (%) +VA

A+ ANy /2

gaChgg, (16)

éu_au

with probability at least 1 — %5 , for any w such that

512d 2U 16 8dU
N, > max —log | — |, =log| =— ;.
Y2 Aa 4 A2 A2

The last inequality in Equation (T6) follows from Lemma

Now consider the connection rule in Algorithm [2] specifically the separation condition in Equa-
tion (6). For any users u1,us € V, the algorithm distinguishes them into different clusters if

a(CL,, + CL,) < ‘ 0., — 0.,
From the triangle inequality, we have:
‘ 011,1 - 0'(1,2 9 S ||0u1 - 01L2H2 + ‘ 0u1 - eul 9 + ‘ 011,2 - 0'11,2 9

< ||0u, — Oy, ||y + - CL,, + a - CL,,.

Therefore, combining both bounds gives:

a(ClL,, +Cly,) < |0y, — 0u, |y + a(CL,, + Cl,,),

22



Under review as a conference paper at ICLR 2026

which implies |8, — 0., ]|, > 0, and since the true cluster gap is at least -y, we conclude:
Heul - 0u2||2 > v

i.e., u; and ug belong to different clusters. This confirms that the algorithm correctly separates
users from different clusters with high probability, and hence event £ holds with probability at least
1-36.

2

On the other hand, for users w1, us that do not satisfy the separation condition, we have:

v > 2a(CL,, +Cl,,) > ‘ 6., — 6.,

,+a(ClL, +CL,)

6,, — 6,

Z ‘ 0u1 - eug 9”2 - éug

+

|
2

9 > Hgm - 9'u2||2-

2

This implies that u; and uo must belong to the same cluster. Therefore, the clustering result satisfies
event £ with probability at least 1 — 4.

Furthermore, due to the homogeneity of users within each cluster V(5), the event F7.(§/(2U)) also
holds for all u € V with probability at least 1 — 6.

We now analyze the suboptimality of Off-CLUB. Recall that:

SUbOPt(Utesn Off—CLUB, Atest) = <0u; a:;s1> - <0u7 atest> .

When event F,,(5/(2U)) holds for all u € V, by the Cauchy—Schwarz inequality we have:
(6. =0 au) < 8 (Nu6/U)) - el -

Therefore,

- <0uaatesl> < - éuva’lest + ﬁ (Nuaé/(ZU)) ' Ha'leStHJ\;I;l

<~ (Ous i) + B8 (Nus8/QU)) - Nlagell i+ a7)
Then, it follows that
~\ T . ~ .
SubOpt(u, 7, Aest) < (0u - ou) Qg + B (Nm 6/(2(])) ’ ”a'testHJ\?[;1
< Nl | 4B (N 8/ 20)) Nl

<28 (Nuyd/ @) - il

éu_eu

where the second inequality uses Cauchy—Schwarz, and the last follows from the definition of event

Fuld/(20)).
Note that

T yr— “r— T
Ha’l*estHM,fl =V (afy) My lal*est = \/<Mu 17at*esl (ais) >a

and by definition M,, = A\ + > (a,r)eD, aa’.

From Assumption Lemma J.1 in[Wang et al.| (2023a) and Lemma 7 in [Li & Zhang| (2018)), we
know

~ )\aN )
)\min(Mu) 2 )\ _|_ %7
and thus
* 1
”a’testHN[;l < = )
A+ AalNy(,)/2
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Combining this with the definition of 3, we conclude:

\/dlog (1 =5 ) + 2108 (%) + VA
Subopt(utesn Off—CLUB’ 'AleSt) < )
\/)\ + ANy /2

which holds with probability at least 1 — 26. Using the order O to denote Equation ends our
proof. O

) (18)

D.6 PROOF OF THEOREM [4.4]

Proof of Theorem[{.4] Note that within the dataset D, only the samples collected from users in the
same cluster V(j,,) are homogeneous with the test user. Therefore, the total number of homoge-
neous samples available for ueg is

MGy = D N
V€V Gunes)

By applying Theorem 2 from Li et al. (2022) with parameters A = 21/2, p = ¢ = 2, and confidence
bound term CB,(A) = Z,,,, we directly obtain Theorem This completes the proof.

O
E TECHNICAL LEMMAS
We introduce several lemmas which are used in our proof.
Lemma E.1. Suppose (a1, R),...,(a,, rnw), ... are generated sequentially from a linear model

such that ||as||, < 1 forall s, E[rs|as] = 0" as for fixed but unknown 6, and {rs — 0" as}s—12,...
have R-sub-Gaussian tails. Let M,, = X + >_"_ asa/l, b, = >"_ rsas and § > 0. Let
0, = M ‘b, is the ridge regression estimator of 0. Then

] 0, —GHM" < R\/dlog (1 n 3) +2log (;) +VA

Ad
holds with probability at least 1 — 0.

Lemma E.2. Let ag for s € [n] be samples generated under Assumption and M, =
S asa.. Then event

1+ 16 8d
Amin(]\4n) Z 5)\(1”7 VTL Z ;\73 log <~>

holds with probability at least 1 — 0.

Lemma E.3. Ler as for s € [n] be samples generated under Assumption and M, =
Sory asa.. Then event

Aunin (M) > <ma _ %\/1811/1(5) TAG)? - ;A(5)>

holds with probability at least 1 — § for n > 0 where A(n,d) = log (w). Furthermore,

1 16 8d
Amin (M) > 2Aan > 5)\(171, Vn > )\—3 log ()\(21(5)
holds with probability at least 1 — 0.
LemmaE4. Ifa,b > 0and ab > e, then Vit > 2alog(ab), we have t > alog(bt) holds.

Lemma E.5. When n > i;—?\i log(2Y) and X\ < dlog(1 + 14) + 2log (%),

\/dlog(l +14) + 210g(%) +VA _

Ao + S\Qn/2

12
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The proofs of the above lemmas can be found in|Li & Zhang|(2018)) and|Wang et al.|(2025)). Specifi-
cally, Lemma [E.T| corresponds to Lemma 1, Lemma|E.4|to Lemma 9, and Lemma|E.5|to Lemma 10
in|Li & Zhang| (2018). Furthermore, Lemma [E.2] comes from combining Assumption [2.1] Lemma
J.1 inWang et al.[(2023a) and Lemma 7 in|Li & Zhang| (2018)), while Lemma is from Lemma 2
in|L1 et al.| (2025), Lemma 7 in |Li & Zhang (2018)) and Lemma B.2 in|Wang et al.| (2025)).

F ADDITIONAL EXPERIMENTS

F.1 BASIC SETUP AND DATASET DESCRIPTION

Dataset. We fix the number of users at U = 1k and the preference vector dimension at d = 20.
The dataset size |D| ranges from 5k to 100k in the insufficient-data setting and from 0.2M to 1M
in the sufficient-data setting. For each experiment, the first half of |D| is used for offline training
and the second half for evaluation. All experiments are repeated 10 times with random seeds, with
parameters fixed as A = 0.5, &« = 0.1, and § = 0.01. For ARMUL, we set the learning rate = 0.01,
the number of iterations Tjeraion = 10, and performed an ng,)q = 2 uniform split of the dataset.

(1) Synthetic Dataset: User preference vectors 8, and item feature vectors a’, lie in a d = 20-
dimensional space, with entries drawn from a standard Gaussian distribution and normalized to unit
norm. Users are uniformly partitioned into J = 10 clusters. For each user, the candidate action set
A, contains 20 items, whose feature vectors are sampled independently from a Gaussian distribution
and normalized. Rewards are simulated as

i i i
Ty = <9u’ au> + €us
where €/, is zero-mean sub-Gaussian noise with variance parameter o = 0.05.

(2) Real-World Datasets: We select the top 1,000 users and items by interaction frequency and
construct the user—item feedback matrix. User preference vectors are extracted via Singular Value
Decomposition (SVD) following|Li et al|(2019), i.e.,

RU><M = @SXT, 6= (0u>u6u7 X = (a?j)je[M].

In this setting, user preferences are scattered and exhibit clustering behavior, which differs from the
synthetic assumption. Each user’s candidate action set .A,, again contains 20 items, generated by
sampling sub-Gaussian feature vectors and normalizing them to unit norm.

User Probability Distribution. To allocate the dataset size across users, we consider two sampling
strategies:

* Equal Distribution: Each user is sampled with equal probability, i.e.,

D

E[D.) = 1D

* Semi-Random Distribution: Sampling is uniform within each cluster, but probabilities
differ across clusters. Let j,, denote the cluster index of user u, and V(j,,) the set of users
in cluster j,,. Then

J
D
BlIDul) = i P 2= o1sepsl Xopi =1 8 20
u j=1

F.2 BENCHMARK METHODS AND THEIR DESCRIPTIONS

To ensure fairness, we simulate online algorithms (e.g., CLUB) in the offline setting by treating the
dataset as a one-shot interaction stream. Each algorithm runs its original policy to make predictions
without further exploration. Clustering is done once before the evaluation stage, avoiding dynamic
updates and preserving the offline nature. It is important to note that, without modification, the
original method may lead to meaningless updates during offline training. Specifically, in the case
of CLUB, removing edges under insufficient information can cause irreversible loss of structural
information.
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Figure 4: Comparison of clustering strategies under |D| = 30k across three datasets.

Baseline Algorithms. To ensure comprehensive and fair comparisons, we select the following base-
line algorithms from existing studies. We adapt several online learning algorithms to the offline
setting, modifying them as necessary to work effectively with offline datasets. Additionally, we
propose enhanced versions of DBSCAN (Schubert et al., |2017), specifically tailored to our exper-
imental environment. For these multi-armed bandit (MAB) methods, we first use offline training
data to update model parameters, such as the preference vector 8. We then refine the graph or set
structure based on the updated parameters.

For offline clustering algorithms. We incorporate DBSCAN_Improve and XMeans_Improve to re-
place the clustering mechanism in CLUB. Furthermore, we uniformly augment all compared meth-
ods by introducing an upper confidence bound (UCB) term to ensure fair comparison. The evaluated
baseline methods include:

* LinUCB_Ind (Abbasi-Yadkori et al., 2011): An independent variant of LinUCB that op-
erates without leveraging any clustering information. This method applies the LinUCB
approach independently to each user.

* CLUB (Gentile et al.,[2014)): A cluster-based multi-armed bandit method that groups users
from a complete graph according to their characteristics to improve model selection.

* DBSCAN _Improve (Schubert et al.l [2017): A variant of CLUB that replaces its original
clustering mechanism with the DBSCAN algorithm.

* XMeans_Improve (Pelleg et al.,|2000): A variant of CLUB that replaces its original clus-
tering mechanism with the X-Means algorithm.

* SCLUB (Li et al., 2019): A method that employs a hierarchical clustering structure to
model users and enhances learning efficiency by optimizing cluster centers.

* Off-CLUB (Algorithm 2): A cluster-based multi-armed bandit method that groups users
from a complete graph according to their characteristics to improve model selection. It
utilizes a Lower Confidence Bound (LCB) exploration strategy and performs aggregation
through neighbor information.

» Off-C2LUB (Algorithm : A cluster-based multi-armed bandit method that groups users
from a null graph based on their characteristics to enhance model selection. It employs an
LCB exploration term and aggregates feedback via neighboring nodes. The # is selected to
be approximate to the optimal value.

« Off-C2LUB_Underestimation: A variant of Off-C2LUB that uses an underestimation-
based estimation policy to compute 4.

+ Off-C?LUB_Overestimation: A variant of Off-C2LUB that employs an overestimation-
based estimation policy to determine 4.

* ARMUL (Duan & Wang, 2023): A framework named Adaptive and Robust MUIti-task
Learning (ARMUL) addresses the multi-task learning problem. Use a regularization term
to balance the similarity and differences between tasks.
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Figure 5: Comparison of clustering strategies under |D| = 35k across three datasets.
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Figure 6: Comparison of clustering strategies under |D| = 40k across three datasets.

F.3 OFFLINE DATA DISTRIBUTION (DETAILED ANALYSIS)

The offline dataset is influenced by the user’s strategy during the sampling phase. For each data point
in the dataset D,,, a subset of 20 items (A,,) is generated for sampling. We consider two selection
strategies:
* Random Selection: The user randomly selects one item from A,, denoted as az ~
Uniform(.A,). Figure |2 shows the experimental results.

* LinUCB Selection: During the offline phase, each user independently applies the Lin-
UCB method (Abbasi-Yadkori et all 2011) to select one item from A,, denoted as

a!, = argmax(0,, a) + avaT M, 'a. Figureshows the experimental results.
acA,

When data is collected randomly, it suggests that users are choosing items without demonstrating
explicit preferences. In this case, the collected data covers all feature dimensions in a relatively
uniform manner, ensuring broad coverage but lacking targeted exploration. In contrast, a more
informed collection strategy, such as LinUCB, enables the system to identify and focus on more
informative dimensions. Although this process still relies on item—reward pairs from different arms,
it guides the exploration of the feature space in a more deliberate way. As a result, the algorithm
achieves tighter confidence intervals and improved estimation accuracy.

In summary, while random selection guarantees comprehensive coverage of the feature space, Lin-
UCB offers more targeted exploration, ultimately enhancing algorithmic performance. From a prac-
tical perspective, if a recommendation system has already been operating under LinUCB, it can
seamlessly transition to the Off-C2LUB algorithm while reusing previously collected data. Con-
versely, if a newly designed algorithm requires uniformly distributed data, it may be necessary to
re-run the system to gather data consistent with such assumptions.

F.4 PERFORMANCE ANALYSIS

Performance with Insufficient Dataset. To illustrate the performance under insufficient data with
LinUCB selection, we report the average suboptimality gap across user distributions and dataset
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Figure 7: Suboptimality Gap under Different User Probability Distributions and LinUCB Sampling
Strategy with Insufficient Data.

Table 6: Impact of Increased Data on Subopti-  Table 7: Impact of Increased Data on Subopti-

mality gap under Yelp Dataset. mality gap under MovieLens Dataset.

- Datasetsize [ ooy [ 04n | 0.6M | 08M | 1M Datasetsize [ ooy [ 04an | 0.6M | 0.8M | 1M
Algorithm - - e o B Algorithm - - o o ’
DBSCAN_Improve 0.146616 | 0.069673 | 0.033521 | 0.018761 | 0.011276 DBSCAN_Improve 0.150422 | 0.071688 | 0.031250 | 0.016067 | 0.009879
XMeans_Improve 0.178563 | 0.138018 | 0.103209 | 0.089212 | 0.086906 XMeans_Improve 0.202409 | 0.190408 | 0.178008 | 0.168371 | 0.160795
CLUB 0.144821 | 0.066241 | 0.028270 | 0.013642 | 0.007569 CLUB 0.144998 | 0.066608 | 0.028231 | 0.013636 | 0.007575
Off-CLUB 0.007643 | 0.002359 | 0.001360 | 0.000968 | 0.000751 Off-CLUB 0.010777 | 0.002992 | 0.001580 | 0.001077 | 0.000818
LinUCB_IND 0.144928 | 0.066318 | 0.028251 | 0.013649 | 0.007584 LinUCB_IND 0.145213 | 0.066277 | 0.028228 | 0.013666 | 0.007573
SCLUB 0.097121 | 0.045636 | 0.020032 | 0.010014 | 0.005680 SCLUB 0.140205 | 0.064720 | 0.027545 | 0.013374 | 0.007443
ARMUL 0.137016 | 0.112671 | 0.095382 | 0.085142 | 0.070668 ARMUL 0.119995 | 0.089696 | 0.091467 | 0.078193 | 0.057992
Off-C2LUB 0.010966 | 0.009098 | 0.008366 | 0.003407 | 0.000778 Off-C2LUB 0.016508 | 0.014446 | 0.013647 | 0.013440 | 0.013294
Off-C?LUB_Underestimation 0.007720 | 0.002684 | 0.001758 | 0.001340 | 0.001126 Off-C?LUB_Underestimation 0.011465 | 0.004185 | 0.002810 | 0.002353 | 0.002099
Off-C2LUB_O¢ i i 0.007579 | 0.002353 | 0.001345 | 0.000950 | 0.000751 Off-C2LUB_O i i 0.010776 | 0.002980 | 0.001589 | 0.001081 | 0.000821

sizes (Figure[7). All results are averaged over 10 random runs, and the error bars are computed using
standard errors. For Off-C2LUB, # is optimized under the equal distribution scenario and applied
to the semi-random distribution. With [D| € [20k, 100k], both Off-C?>LUB variants significantly
reduce the suboptimality gap. On the synthetic dataset, Off-C2LUB_Overestimation improves over
Off-CLUB by 45.4% and over other baselines by at least 76.3%, while Off-C2LUB _Underestimation
achieves 33.7% and 71.3%, respectively. On Yelp, the corresponding improvements are 27.2% and
76.5% for Overestimation, and 21.4% and 74.6% for Underestimation. On MovieLens, they are
17.2% and 75.3% for Overestimation, and 14.4% and 63.4% for Underestimation. Overall, Off-
C?LUB achieves the best performance, while Off-CLUB, though less effective, still outperforms
classical clustering baselines.

Performance with Sufficient Data. Table[6|and Table[7|further report the convergence performance
in the real dataset under sufficient data. The bold values mark the optimal suboptimal gaps (rounded
to six decimals) for each dataset size. Our proposed Off-CLUB and Off-C?LUB consistently outper-
form all other baselines. Compared to classical methods such as CLUB and SCLUB, our approaches
converge faster and consistently maintain a much smaller suboptimality gap, underscoring their ef-
ficiency and robustness.

Improvement with Estimated 4. We evaluate different strategies under limited data conditions
using the synthetic, Yelp, and MovieLens datasets with |D| = 30k (Figure[d), |D| = 35k (Figure[5),
and |D| = 40k (Figure |§|) Solid lines denote methods using 4, and dashed lines those without.
Consistent with the main text, our algorithm achieves near-optimal performance compared to the
Off-C2LUB lower bound. This result holds across different dataset scales and domains, regard-
less of the /4 estimation method, demonstrating that both estimation strategies maintain stable and
competitive performance.

G FURTHER DISCUSSIONS ON OFF-CLUB

G.1 DETAILED ALGORITHM: OFF-CLUB

The pseudo-code of Off-C2LUB is shown in Algorithm [2| The algorithm takes similar inputs to
Algorithm|[T] except that it does not require 4. It starts with a complete graph G and iterates through

, > o (Cl,, +CIL,,)
holds, the algorithm concludes that users u; and us do not share the same preference vector and

all edges (u1,uz2) € &€ during the Cluster Phase. If the condition Héul — 0.,
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removes the edge between them (Line . After processing all edges, the resulting graph G separates
users with different preference vectors into distinct clusters, provided that each user has sufficient
samples to ensure a low confidence interval. However, if a user v has fewer samples in D,,, the
resulting higher confidence interval CI,, reduces the likelihood of satisfying condition (6), potentially
leading to the inclusion of heterogeneous users in the same cluster. The conditions necessary to
ensure the algorithm’s correctness are discussed in detail in Section[d.2]

Algorithm 2 Off-CLUB

1: Input: User wyg, action set A, dataset D, parameters a, A > 1 and § > 0
2: Initialization: Construct a complete graph G = (V, £) where V = U is the set of all users, and
compute M, b, éu, and CI,, as in for each user u € V
\\Cluster Phase
for each edge (u1,usz) € € do
Remove edge (uq, uz) if condition (6) is satisfied
end for ~
Let G = (V, &) denote the updated graph
for each user u € V do
Aggregate data:

VRN h®

D, = U {(af},rf}) €Dy} UD,,
(u,v)€€

10:  Compute cluster statistics:

Mu =\ + Z aaT, N, = ‘ﬁu
(a,r)ED, (a,r)€Dy

11: end for
12: \\Decision Phase
13: Select the action:

~ T
Qest = argmax <(0umt) a— 6 ”aH(Mux )_1>

a€ Apest

where 3 = \/dlog (1+ %) +2log (%) +V

Similar to Algorithm |1 this algorithm aggregates data from each user and its neighbors in G to
form a new dataset and computes the necessary statistics (Lines 9] and [T0). It is important to note
that this data aggregation strategy, like that in Algorithm [I] differs from the online version of the
CLUB algorithm introduced in (Gentile et al., 2014}, where data from all users within the same
connected component of the graph is utilized. For instance, consider a scenario where (u,v) € &
and (v, w) € &, but (u,w) ¢ &. In this case, samples from D,, are excluded from D,, in Algorithm
whereas the online version includes them in D,,. The restricted aggregation in Algorithm 2| is
crucial in the offline setting: since users that are no longer neighbors of u are guaranteed not to share
the same preference vector, including their data in D,, would introduce bias. In the online setting,
however, such bias is not a concern because infinite online data ensures that all edges between users
with different preference vectors are reliably removed. This distinction highlights the importance of
careful data selection in the offline setting to maintain prediction accuracy.

Finally, the Decision Phase is performed in a manner analogous to Algorithm[2] using a pessimistic
estimate to select as. This pessimistic strategy differs from the optimistic approaches used in prior
online clustering of bandits (Gentile et al., 2014} |L1 & Zhang| 2018} |L1 et al., 2019; [Wang et al.,
2025} |Li et al., [2025)), which balance the exploration—exploitation tradeoff. Instead, it follows the
pessimism principle widely adopted in offline bandits and RL (Jin et al.| 2021} [Li et al., 2022} |[Liu
et al., [20235)), avoiding over-reliance on poorly represented dimensions.
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G.2 ADDITIONAL REMARKS

Remark G.1 (Asymptotic Properties). In the special case where V(j,,.,) = {Uwest} (i-€., the test user
is distinct from all other users in V), the result reduces to the standard bound for linear bandits,

4 d . ~ .
0 Vo ) . Conversely, when V(j,,,) = V (i.e., most users share the same preference vector),
a =¥ Utes

Algorithm [2] effectively aggregates data from nearly all users, leveraging the large sample size to
make more accurate predictions.

Remark G.2 (Intuition of Assumption[4.T). The key assumption underlying Theorem[4.2]is data suf-
ficiency. As defined in Assumption@ complete data sufficiency comprises two main components.
The first component depends on 1/\2, which ensures sufficient information about each dimension of
the preference vector for each user. Without this level of data, the algorithm cannot reliably estimate
each dimension, making accurate predictions infeasible. The second component in Assumption .|
depends on 1/~2, which is the main part of the data sufficiency requirement. This term guarantees
that the true cluster of each user can be accurately identified. Insufficient data in this regard prevents
the algorithm from correctly assigning users to their respective clusters, potentially leading to the in-
clusion of users with different preference vectors and introducing bias into the predictions. Notably,
a smaller v corresponds to a stricter data sufficiency requirement.
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