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Abstract

Sound and complete algorithms have been pro-
posed to compute identifiable causal queries using
the causal structure and data. However, most of
these algorithms assume accurate estimation of
the data distribution, which is impractical for high-
dimensional variables such as images. On the
other hand, modern deep generative architectures
can be trained to sample from high-dimensional
distributions. However, training these networks
are typically very costly. Thus, it is desirable
to leverage pre-trained models to answer causal
queries using such high-dimensional data. To ad-
dress this, we propose modular training of deep
causal generative models that not only makes
learning more efficient, but also allows us to uti-
lize large, pre-trained conditional generative mod-
els. To the best of our knowledge, our algorithm,
Modular-DCM is the first algorithm that, given
the causal structure, uses adversarial training to
learn the network weights, and can make use of
pre-trained models to provably sample from any
identifiable causal query in the presence of la-
tent confounders. With extensive experiments
on the Colored-MNIST dataset, we demonstrate
that our algorithm outperforms the baselines. We
also show our algorithm’s convergence on the
COVIDx dataset and its utility with a causal in-
variant prediction problem on CelebA-HQ.

1. Introduction
Evaluating the causal effect of an intervention on a system
of interest is one of the fundamental questions that arise
across disciplines. Pearl’s structural causal models (SCMs)
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Figure 1. Causal graph for the XrayImg example (top) and its
deep causal generative model (bottom). For each variable, an NN
(GC ,GX ,GN ) is trained to mimic the true mechanism.

provide a principled approach to answering such queries
from data. Using SCMs, today we have a clear understand-
ing of which causal queries can be answered from data,
and which cannot without further assumptions (Pearl, 1995;
Shpitser & Pearl, 2008; Huang & Valtorta, 2012; Barein-
boim & Pearl, 2012b). These identification algorithms find
a closed-form expression for an interventional distribution
using only observational data, by making use of the causal
structure via do-calculus rules (Pearl, 1995). Today, most
of our datasets contain high-dimensional variables, such
as images. Modern deep learning architectures can handle
high-dimensional data and solve non-causal machine learn-
ing problems such as classification, detection or generation.
The existing causal inference algorithms can answer any
identifiable causal question, but they cannot handle high-
dimensional variables as they require access to the joint
distribution, which is not practical with image data.

As an example, consider a healthcare dataset of Covid symp-
toms (C), Pneumonia diagnosis (N ) and chest X-rays (X)
of patients from hospitals in two cities with different socio-
economic status, which we do not observe to ensure patient
privacy. Then, hospital location acts as a latent confounder
for both C and N since it might have effect on how likely pa-
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tients are getting sick on average and if they have access to
better trained doctors. In this scenario, the data-generating
process can be summarized by the causal graph in Figure 1.
We would like to understand how likely an average person
across the two cities is to be diagnosed with pneumonia if
they have Covid symptoms, i.e., the causal effect of Covid
symptoms on pneumonia diagnosis, PC(N). The causal
effect can be computed from the observational distribution
as

R
x;c0

p(x|c)p(n|x, c0)p(c0) through the front-door adjust-
ment (Pearl, 2009). However, it is not possible to reliably es-
timate P (x|c) or marginalize over all possible XrayImage
due to its high dimensionality. To the best of our knowledge,
no existing algorithm can address this problem.

Although the use of such structured deep generative mod-
els has been explored recently, existing solutions either
assume no unobserved confounders (Kocaoglu et al., 2018;
Pawlowski et al., 2020), consider specific graphs (Louizos
et al., 2017; Zhang et al., 2021) or are effective for low-
dimensional variables (Xia et al., 2021; 2023) due to the
challenge of learning high-dimensional joint distribution.
Furthermore, these methods do not have the flexibility to
use pre-trained models without affecting their weights. This
is useful since state-of-the-art deep models, such as large
image generators, can only be successfully trained by a few
industrial research labs with expensive resources.

In this paper, we propose a modular, sampling-based solu-
tion to address the high-dimensionality challenge the exist-
ing algorithms face while learning deep causal generative
models. Our solution uses deep learning architectures that
mimic the causal structure of the system such as in Figure
1b. We offer efficient and flexible training facilitated by
our key contribution: the ability to identify which parts
of the deep causal generative models can be trained sepa-
rately (such as {GX} in Figure 1b), and which parts should
be trained together ({GS , GD}). We show that after this
modularization, there is a correct training order for each
sub-network (ex:{GX} → {GS , GD}). Our algorithm fol-
lows such an order to train the sub-networks while freezing
weights of already trained ones in the previous steps. After
training, our method can be used to obtain samples from the
interventional distribution (ex: PC(N)), which is implicitly
modeled. Thus the modularity in our method enables the
flexibility to plug in pre-trained generative networks, and
paves the way to utilize large pre-trained models for causal
inference. The following are our main contributions.

• We propose an adversarial learning algorithm for
training deep causal generative models with latent
confounders for high-dimensional variables. We
show that, after convergence, our model can produce
high-dimensional samples according to interventional
queries that are identifiable from the data distributions.

• To the best of our knowledge, ours is the first algorithm

that can modularize the training process in the pres-
ence of latent confounders while preserving their the-
oretical guarantees, thereby enabling the use of large
pre-trained models for causal effect estimation.

• With extensive experiments on Colored-MNIST, we
demonstrate that Modular-DCM converges better com-
pared to the closest baselines and can correctly gen-
erate interventional samples. We also show our con-
vergence on COVIDx CXR-3 and solve an invariant
prediciton problem on CelebA-HQ.

2. Related Works
In recent years, a variety of neural causal methods have
been developed in the literature to answer interventional
queries (Gao et al., 2022; Jerzak et al., 2022; Dash et al.,
2022; Qin et al., 2021; Castro et al., 2020). Shalit et al.
(2017); Louizos et al. (2017); Nemirovsky et al. (2020) offer
to solve the causal inference problem using deep generative
models. Yet, they do not offer theoretical guarantees of
causal estimation in general, but for some special cases.

Researchers have recently focused on imposing causal struc-
tures within neural network architectures. Particularly, Ko-
caoglu et al. (2018) introduced a deep causal model that
produces interventional image samples after training on
observational data. Chao et al. (2023) offer similar contri-
bution with diffusion-based (Song et al., 2020) approaches.
Pawlowski et al. (2020); Ribeiro et al. (2023) apply normal-
izing flows and variational inference to predict exogenous
noise for counterfactual inference. Dash et al. (2022) use
an encoder and a generator to produce counterfactual im-
ages in order to train a fair classifier. A major limitation
of these works is the causal sufficiency assumption, i.e.,
each variable is caused by independent unobserved vari-
ables. Semi-Markovian models (Tian et al., 2006) which
allow unobserved confounders affect pairs is more practical.

For semi-Markovian models, Xia et al. (2021); Bal-
azadeh Meresht et al. (2022); Xia et al. (2023) follow a
similar approach as Kocaoglu et al. (2018) to arrange neural
models as a causal graph. They propose a minimization-
maximization method to identify and estimate causal effects.
Xia et al. (2023) extend these to identify and estimate coun-
terfactual queries.

Most of the existing methods described above can handle
only discrete or low-dimensional (Bica et al., 2020; Yang
et al., 2021) variables and it is not clear how to extend
their results to continuous high-dimensional image data.
Moreover, if these methods are given a pre-trained neural
network model, they do not have the ability to incorporate
them in their training. To the best of our knowledge, our
approach is the first to address this problem in the presence
of unobserved confounders, unlocking the potential of large
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pre-trained models for causal inference.

3. Background

De�nition 3.1 (Structural causal model (SCM) (Pearl,
2009)). An SCM M is a5-tupleM = ( V; N ; U; F ; P(:)) ,
where each observed variableVi 2 V is realized as an eval-
uation of the functionf i 2 F which looks at a subset of
the remaining observed variablesPai � V , an unobserved
exogenous noise variableE i 2 N , and an unobserved con-
founding (latent) variableUi 2 U. P(:) is a product joint
distribution over all unobserved variablesN [ U .

Each SCM induces a directed graph called thecausal graph,
or acyclic directed mixed graph (ADMG) withV as the
vertex set. The directed edges are determined by which
variables directly affect which other variable by appearing
explicitly in that variable's function. Thus the causal graph
is G = ( V; E) whereVi ! Vj iff Vi 2 Paj . The setPaj

is called the parent set ofVj . We assume this directed graph
is acyclic (DAG). Under the semi-Markovian assumption,
each unobserved confounder can appear in the equation of
exactly two observed variables. We represent the existence
of an unobserved confounder betweenX; Y in the SCM by
adding a bidirected edgeX $ Y to the causal graph. These
graphs are no longer DAGs although still acyclic.

Vi is called an ancestor forVj if there is a directed path
from Vi to Vj . ThenVj is said to be a descendant ofVi .
The set of ancestors ofVi in graphG is shown byAn G (Vi ).
A do-interventiondo(vi ) replaces the functional equation
of Vi with Vi = vi without affecting other equations. The
distribution induced on the observed variables after such an
intervention is called an interventional distribution, shown
by Pv i (V). P; (V) = P(V) is called the observational dis-
tribution. In this paper, we useL 1 andL 2 as notation for
observational and interventional distributions, respectively.
De�nition 3.2 (c-components). A subset of nodes is called
a c-component if it is a maximal set of nodes inG that are
connected by bi-directed paths.

4. Deep Causal Generative Model with Latents

Suppose the ground truth data-generating SCM is made up
of functionsX i = f i (Pai ; E i ). If we have these equations,
we can simulate an intervention on, sayX 5 = 1 , by eval-
uating the remaining equations. However, we can never
hope to learn the true functions and unobserved noise terms
from data. The fundamental observation of Pearl is that
even then there are some causal queries that can be uniquely
identi�ed as somedeterministic functionof the causal graph
and the joint distribution between observed variables, e.g.,
p(njdo(c)) = � (G; p(c; x; n)) in Figure 1a for some de-
terministic� . This means that, if we can, somehow, train
a causal model made up of neural networks that �ts the

data � p(v ), and has the same causal graph, then it has
to induce the same interventional distributionp(djdo(s)) as
the ground truth SCM,irrespective of what functions the
neural network uses. This is a very strong idea that allows
mimicing the causal structure, and opens up the possibility
of using deep learning algorithms for performing causal
inference through sampling even with high-dimensional
variables. This is the basic idea behind (Kocaoglu et al.,
2018) without latents. Motivated by their work, we de�ne
adeep causal generative modelfor semi-Markovian model
and show identi�ability1 results. Now, we formalize the
above simple observations.

De�nition 4.1 (DCM). A neural net architectureG is called
a deep causal generative model (DCM) for an ADMGG =
(V; E) if it is composed of a collection of neural nets, oneGi

for eachVi 2 V such that i)eachGi accepts a suf�ciently
high-dimensional noise vectorN i , ii) the output ofGj is
input toGi iff Vj 2 PaG (Vi ), iii) N i = N j iff Vi $ Vj .

We de�neQ as the distribution induced by the DCM. Noise
vectorsN i replace both the exogenous noises and the unob-
served confounders in the true SCM. They are of suf�ciently
high dimension to induce the observed distribution. We say
that a DCM isrepresentative enough for an SCMif the neu-
ral networks have suf�ciently many parameters to induce
the observed distribution induced by the SCM. For the neu-
ral architectures of variables in the same c-component, we
can consider conditional GANs (Mirza & Osindero, 2014),
as they are effective in matching the joint distribution by
feeding the same prior noiseN i = N j (as confounders) into
multiple generators. For variables that are not confounded
(N i 6= N j ), we can use conditional models such as diffusion
models (Ho & Salimans, 2022). With De�ntion4.1, we have
the following, similar to (Xia et al., 2021):

Theorem 4.2. Consider any SCM M =
(G; N ; U; F ; P(:)) . A DCM G for G entails the same
identi�able interventional distributions as the SCMM if it
entails the same observational distribution.

Thus, even with high-dimensional variables in the true SCM,
given a causal graph, in principle, any identi�able interven-
tional query can be sampled from, with a DCM that �ts
the observational distribution. However, to learn the DCM,
(Kocaoglu et al., 2018; Xia et al., 2021) suggest training
all neural netsG in the DCM together. Such an approach
to match the joint distribution containing all low and high-
dimensional variables is empirically challenging in terms
of convergence. Any modularization not only is expected
to help train more ef�ciently for better solution quality, but
also allow the �exibility to use pre-trained image generative
models. Now, we focus on uncovering how to achieve such
modularization and how it contributes along the two aspects.

1Identi�ability here refers to our ability to uniquely sample
from an interventional distribution. See De�nition C.1 for details.
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4.1. Modular-DCM Intuitive Explanation

Consider the graphG in Figure 2a. Suppose, we have an
observational datasetD � P(V). Based on Theorem 4.2,
we can to sample from differentL 2 distributions such as
P(x2jdo(x1)) andP(z2jdo(x1)) by training a DCMG that
is consistent withG and �ts the observational dataP(V).
The DCM will contain one feed-forward neural net per
observed variable, i.e.,G = f GZ 1 ; GZ 2 ; GZ 3 ; GX 1 ; GX 2 g.
If we follow the naive way and jointly train all networks inG
together, we have to matchP(x1; x2; z1; z2; z3) containing
all low and high dimensional variables in a single training
phase. Matching this joint distribution by training all models
at the same time could be dif�cult, since we are attempting
to minimize a very complicated loss function. Thus, the
question we are interested in is, which neural nets can be
trained separately, and which need to be trained togetherto
be able to �t the joint distribution.

Suppose we �rst train the causal generative modelGZ 1 , i.e.,
learn a mapping that can sample fromP(z1jz3; x1). Even if
we provide the unobserved confounderN1 (De�nition 4.1),
which also affectsZ2 andZ3, the neural network might
learn a mapping that later makes it impossible to induce the
correct dependence betweenZ1; Z2, or Z1; Z3 no matter
howGZ 2 or GZ 3 are trained later. This is because �tting the
conditionalP(Z1jZ3; X 1) does not provide any incentive
for the modelGZ 1 to induce the correct confounding depen-
dency (through the latent variables) withZ2 andZ3. If the
model ignores the confounding dependence, it cannot in-
duce the dependence betweenZ3 andZ2 conditioned onZ1

(Z3 6?? Z2jZ1). This observation suggests that the causal
mechanisms of variables that are in the same c-component
should be trained together. Therefore, we have to train
[GZ 1 ; GZ 2 ; GZ 3 ] together; similarly[GX 1 ; GX 2 ] together.

To match the jointP(V) for semi-Markovian models while
preserving the integrity of c-components, we propose using
Tian's factorization (Tian & Pearl, 2002). It factorizesP(V)

into c-factors: the joint distributions of each c-component
Cj intervened on their parents, i.e.,Ppa(cj ) (cj ).

P(v) = P(x1; x2jdo(z1))P(z1; z2; z3jdo(x1)) (1)

Due to this factorization, �ttingP(V) is equivalent to �tting
each of the c-factors. If we had access to theL 2 distribu-
tions fromdo(z1) anddo(x1); 8z1x1, we could intervene
on GZ 1 andGX 1 in the DCM to obtaindo(z1) anddo(x1)
samples and train the models to match theseL 2 distributions.
However, we only have access to theP(V) dataset.

Note that it is very dif�cult toconditionin feedforward mod-
els during training, which is the case in a DCM. To sample
from Q(x2jz1) it is not suf�cient to feedz1 to the network
GX 2 . In fact, observe that this is exactly the intervention
operation, and would give us a sample fromQ(x2jdo(z1)) .
It is trivial to intervene on the inputs to a neural network,
but highly non-trivial to condition since feedforward models
cannot easily be used to correctly update the posterior via
backdoor paths. Thus, we need to �nd some interventional
distribution such that the DCM can generate samples for
this distribution and can be trained by comparing them with
some equivalent true observational samples.

Our key idea is toleverage the do-calculus rule-2 (Pearl,
1995) to use observational samples and pretend that they
are from theseL 2 distributions. This gives us a handle on
how to modularize the training process of c-components.
For example, in Figure 2a, c-factorP(z1; z2; z3jdo(x1)) =
P(z1; z2; z3jx1) since do-calculus rule-2 applies, i.e., inter-
vening onX 1 is equivalent to conditioning onX 1. We can
then use the conditional distribution as a proxy/alternative
to the c-factor to learnQ(z1; z2; z3jdo(x1)) with the DCM.
However,P(x1; x2jdo(z1)) 6= P(x1; x2jz1). To overcome
this issue, we seek to �t a joint distribution that implies
this c-factor, i.e., we �nd a superset ofX 1; X 2 on which
rule-2 applies. We can includeZ1 into the joint distribution
that needs to be matched together withX 1; X 2 and check if
the parent set off X 1; X 2; Z1g satisfy rule-2. We continue
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including variables until we reach the jointP(x1; x2; z1; z3)
to be the alternative distribution forf X 1; X 2g's c-factor.

After identifying which sub-networks of the DCM can
be trained separately, we need to decidea valid or-
der in which they should be trained. For the same
example, we can �rst train[GZ 1 ; GZ 2 ; GZ 3 ] together
to induce Q(z1; z2; z3jdo(x1)) = P(z1; z2; z3jx1) =
P(z1; z2; z3jdo(x1)) . This is shown in step (2/3) in Fig-
ure 2a: We can produce samples from the mechanisms
of Z1; Z2; Z3 by intervening on their parentX 1 with real
observations from datasetD . Thus, we do not needGX 1

to be pre-trained. Now, we train mechanisms of the next
c-component[GX 1 ; GX 2 ] in our training order (step 3/3).
As discussed, we need to ensureQ(x1; x2; z1; z3jdo(; )) =
P(x1; x2; z1; z3jdo(; )) = P(x1; x2; z1; z3j; ). Since mech-
anisms ofZ1; Z3 were trained in the previous step, we can
freeze the network weights of[GZ 1 ; GZ 3 ]. These are used to
correctly sample fromZ1 givenX 1, and feed this correctly
sampled value into the network ofX 2. In Appendix D.1, we
show that the c-factors in Equation 1 will correctly match
the true c-factors after �tting these two conditional prob-
abilities in this order. Therefore, DCM matches the joint
distributionP(V) as well. On the other hand, if we �rst
trained the networks[GX 1 ; GX 2 ], it would not be possible
to match the jointP(x1; x2; z1; z3) as the mechanisms of
Z1; Z3 are not yet trained. Thus, this order would not work.

4.2. Training Algorithm for Modular-DCM

In this section, we generalize the discussed ideas, into a
modular algorithm that has mainly two phases: 1) arranging
the c-components in a valid training order and 2) training
(sets of) c-components to match their c-factors.

Arranging the c-components: Consider a c-componentCt .
When should a c-componentCs be trained beforeCt ? Since
we need rule2 of do-calculus to hold on the parents ofCt

for training, if Cs contains some parents ofCt that are
located on the backdoor paths between any two variables
in Ct , thenCs must be pre-trained beforeCt . Conditioning
and intervening on those parents ofCt is not the same, i.e.,
P(Ct jdo(pa(Ct ) \ Cs) 6= P(Ct jpa(Ct ) \ Cs). Thus we
includepa(Ct ) \ Cs in the joint distribution that we want to
match forCt , which requires those parents inCs to be pre-
trained. For the front-door graph in Figure 2b, we observe
that P(X; Y jdo(Z )) 6= P(X; Y jZ ). Thus, we trainGX ,
GZ , GY in [CZ : f GZ g] ! [CXY : f GX ; GY g] order.

To obtain a partial order among all c-components, we con-
struct a directed graph structure calledH-graph that contains
c-components as nodes. While adding edges, if any cycle
is formed, we merge c-components on that cycle into a
single h-node indicating that they will need to be trained
jointly. Thus some h-nodes may contain more than one
c-component. The �nal structure is a DAG and gives us a

Algorithm 1 Modular Training(G; D )

1: Input: Causal GraphG, DatasetD .
2: Initialize DCMG
3: H  Construct Hgraph(G)
4: for eachH k 2 H in partial order do
5: InitializeA k  ;
6: while IsRule2(H k ; A k ) = 0 do
7: A k  P aG (H k ; A k )
8: GH k  TrainModule( GH k ; G; H k ; A k ; D )
9: Return: G

valid partial orderT for modular training (Proposition D.14).
Formally, anH-graph is de�ned as:

De�nition 4.3 (H-graph). Given a causal graphG with c-
componentsC = f C1; : : : Cn g, let f H k gk be some partition
of C. The directed graph(VH ; EH ) whereVH = f H k gk

and H s ! H t 2 EH iff P(H t jdo(paG (H t ) \ H s)) 6=
P(H t jpaG (H t ) \ H s), is called anH-graph forG if acyclic.

We run Algorithm 7:Contruct Hgraph() to build anH-
graph by checking the edge condition on line 5. In Fig-
ure 2 and Appendix E.1, we provide some examples of
H-graphs. Note that we only use theH-graph to obtain
a partial training order of h-nodes. For any h-nodeH k ,
An(H k ) and Pa(H k ) below refer to ancestors and par-
ents in the causal graphG, not in theH-graph. Train-
ing c-components: We follow H-graph's topological order
and train the c-components in an h-nodeH k . If we can
matchPpa(H k ) (H k ), it will ensure that the DCM will learn
their corresponding c-factorsPpa(C j ) (Cj ); 8Cj 2 H k as
well. As mentioned earlier, we can generate fake interven-
tional samples fromQpa(H k ) (H k ) induced by the DCM,
but they cannot be used to trainGH k as we do not have
access to real data samples from the interventional distri-
butionPpa(H k ) (H k ). Thus, we trainGH k to learn a larger
joint distribution that can be obtained from the observa-
tional dataset as an alternative to its c-factors. We search
for a setA k that can be added to the joint withH k such
thatPP a(H k ;A k ) (H k ; A k ) = P(H k ; A k jPa(H k ; A k )) , i.e.,
true interventional and conditional distribution are the same.
This enables us to take conditional samples from the in-
put dataset and use them as true interventional samples to
match them with the DCM-generated fake interventional
samples fromQP a(H k ;A k ) (H k ; A k ) and trainGH k . The
above condition is generalized as amodularity condition :

De�nition 4.4. Let H k be an h-node in theH-graph. A set
A k � An G (H k ) n H k satis�es the modularity condition if
it is the smallest set withP(H k ; A k jdo(Pa(H k ; A k ))) =
P(H k ; A k jPa(H k ; A k )) .

As mentioned earlier, suchL 1 andL 2 distributional equiva-
lence holds when the do-calculus rule-2 applies:

PP a(H k ;A k ) (H k ; A k ) = P(H k ; A k jPa(H k ; A k )) ;

if (H k ; A k ?? Pa(H k ; A k ))GP a ( H k ; A k )

(2)
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This suggests a graphical criterion to �nd such a setA k

and we apply it at line 6 in Algorithm 1. Intuitively, if the
outgoing edges ofPa(H k ; A k ) are deleted (GP a(H k ;A k ) )
and they become d-separated fromf H k ; A k g, then there
exists no backdoor path fromPa(H k ; A k ) to f H k ; A k g in
G. Therefore, for a speci�cH k , we start withA k = ; and
check ifPa(H k ; A k ) satis�es the conditions of the rule-2
for f H k ; A k g. If not, we add parents off H k ; A k g to A k .
We include ancestors, since only they can affectH k 's mech-
anisms from outside of the c-component. We continue the
process untilPa(H k ; A k ) satis�es rule-2. Finally, �nding
a setA k satisfying the modularity condition implies that we
can trainGH k by matching:

Qpa(H k ;A k ) (H k ; A k ) = P(H k ; A k jPa(H k ; A k ))

; Now training:H k , Pre-trained:A k
(3)

We utilize adversarial training to train the generators inGH k

on observational datasetD to match the above. This is done
by Algorithm 3: TrainModule() called in line 8. More
precisely, this sub-routine uses all mechanisms inf H k ; A k g
to produce samples but only updates the mechanisms in
GH k corresponding to the current h-node and returns those
models after convergence. Even though we will train only
GH k i.e., GV ; 8V 2 H k , A k appears together withH k in
the joint distribution that we need to match. Thus, we use
pre-trained causal mechanisms ofA k , i.e.,GV ; 8V 2 A k

here. The partial order ofH-graph ensures that we have
already trainedA k beforeH k .

TrainingGH k to match the distribution in Equation 3, is suf-
�cient to learn the c-factorsPP a(C j ) (Cj ); 8Cj 2 H k . After
training eachGH k according to the partial order ofH -graph,
Modular-DCM will learn a DCM that inducesQ(V)= P(V).
Finally, the trained DCM can sample from interventionalL 2

distributions identi�able fromP(V). These are formalized
in Theorem 4.5. Proofs are in Appendix D.6.

Assumptions: 1. The true ADMG is known. 2. The causal
model is semi-Markovian. 3. The data distribution is strictly
positive. 4. Each conditional generative modelGi ; 8i in the
DCM can correctly learn the target conditional distribution.

Theorem 4.5. Consider any SCM M =
(G; N ; U; F ; P(:)) . Suppose Assumptions 1-4 hold.
Algorithm 1 on(G; D ) returns a DCMG that entailsi )
the same observational distribution, andii ) the same
identi�able interventional distributions as the SCMM .

5. Experimental Evaluation

We present Modular-DCM performance on two semi-
synthetic Colored-MNIST experiments and training con-
vergence on a real-world COVIDx CXR-3 dataset provided
in Appendix F.5. We also propose a solution to an invari-
ant prediction problem for classi�cation in CelebA-HQ.

For distributions and image quality comparison, we use
metrics such as the total variation distance (TVD), the KL-
divergence, and the Frechet Inception Distance (FID). We
share our implementation athttps://github.com/
Musfiqshohan/Modular-DCM .

5.1. Semi-Synthetic Colored-MNIST Experiments

MNIST frontdoor graph: We constructed a synthetic SCM
that induces the graph in Figure 4a. Image variableI shows
an image of the digit value ofDigit (D ). We pick some
random projection of the image asAttribute (A) such that
P(Ajdo(D = 0)) 6= P(Ajdo(D = 1)) holds, ensuring a
strong causal effect. A hidden variableU affects bothD
andA such thatP(Ajdo(D)) 6= P(AjD ). Suppose we are
given a datasetD sampled fromP(D; A; I ). Our goal is
to estimate the causal effectP(Ajdo(D)) . We can use the
backdoor criterion (Pearl, 1993), to measure the ground
truthP(Ajdo(D)) =

R
U P(AjD; U )P(U).

To estimateP(Ajdo(D)) by training on the observational
datasetD[D; A; I ], we construct the Modular-DCM archi-
tecture with a neural networkGD having fully connected
layers to produceD, a CNN-based generatorGI to generate
images, and a classi�erGA to classify MNIST images into
variableA such thatD andA are confounded. Now, if we
can train all mechanisms in the DCM to matchP(D; A; I ),
we can produce correct samples fromP(Ajdo(D)) . For this
graph, the correspondingH-graph is[I ] ! [D; A ]. Thus,
we �rst train GI by matchingP(I jD ). Instead of training
GI , we can also employ a pre-trained generative model
that takes digitsD as input and produces an MNIST image
showingD digit in it. Next, we freezeGI and trainGD and
GA , to match the joint distributionP(D; A; I ) sincef I g is
ancestor setA for c-componentf D; A g. Convergence of
generative models becomes dif�cult using the loss of this
joint distribution since the losses generated by both low and
high dimensional variables are non-trivial to compare and re-
weight (see Appendix F.3). Thus, we map samples ofI to a
low-dimensional representation,RI with a trained encoder
and matchP(D; A; RI ) instead of the jointP(D; A; I ).

Evaluation: In Figure 3, we compare our method with (Xia
et al., 2023): NCM and a version of our method: DCM-
Rep that does not use modular training (to serve as abla-
tion study). First, we evaluate how each method matches
the L 1 and L 2 distributions in Figure 3b. Since NCM
trains all mechanisms with the same loss function involving
both low and high-dimensional variables, it learns marginal
distribution P(I ) but does not fully converge to match
P(Ajdo(D = 0)) �nishing with TVD = 0 :43 at epoch
300. DCM-Rep uses a low-dim representation of images:
RI and matches the joint distributionP(D; A; RI ) as a
proxy toP(D; A; I ) without modularization. We observe
DCM-Rep to converge slower (TVD= 0 :36 at epoch 300
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(a) Generated Images

(b) TVD for frontdoor graph
Total Variation Distance (TVD)# P (D; A ) P (A jdo(D = 0)) P (A jdo(D = 1))

Epochs 25 150 300 25 150 300 25 150 300
NCM 0.14 0.16 0.17 0.48 0.42 0.43 0.08 0.11 0.11

DCM-Rep 0.38 0.17 0.16 0.36 0.45 0.36 0.22 0.1 0.11
DCM (Ours) 0.27 0.17 0.08 0.43 0.36 0.13 0.14 0.1 0.04

(c) FID for frontdoor graph
Frechet Inception Distance (FID)#

Epochs 25 150 300
NCM 61.40 59.28 59.59
NCM

Pre-trained 26.60 184.40 192.27

DCM-Rep 151.41 78.69 80.65
DCM (Ours) 27.02 27.37 27.20

(d) FID for Diamond graph
Frechet Inception Distance FID(I 1 ) #

Epochs 25 150 300
NCM 101.00 67.82 80.54

DCM (Ours) 79.96 35.74 32.88
Frechet Inception Distance FID(I 2 ) #

NCM 112.61 67.56 65.17
DCM (Ours) 22.22 15.47 11.80

Figure 3.For the frontdoor graph in Figure 4a, NCM produces good images but not consistent withdo(D ). Modular-DCM without modular
training (DCM-rep) produces consistent but low-quality images. Our modular approach (DCM) with training order:f I g ! f D; A g
produces consistent, good images and converges faster (as shown in Figure 3a, 3b, 3c). In Figure 3d, we show our performance for the
graph in Figure 4b that contains two image variables.

for P(Ajdo(D = 0)) ) compared to the original Modular-
DCM. Finally, Modular-DCM matchesP(D; A; RI ) and
converges faster with TVD= 0 :08for P(D; A ) and0:13for
P(Ajdo(D = 0)) . In Figure 3a, we show generated images
of each method fordo(D = 0) (top) anddo(D = 1) (bottom)
and evaluate their quality with FID scores in Figure 3c.
We observe that NCM produces good-quality images (Fig-
ure 3a left, FID= 59:59 at epoch 300) but is inconsistent
with do(D) intervention since it learns only marginalP(I ).
DCM-Rep generates consistent but low-quality images (Fig-
ure 3a middle, FID= 80:65). Modular-DCM equipped with
a pre-trained model produces good-quality (FID= 27:20),
consistentP(I jdo(D)) images (Figure 3a right). To justify
the necessity of modularity, we add another method (NCM
Pre-trained) in our ablation study, where we equip it with
a pre-trained model but have to match the original joint by
training all mechanisms together, the same as NCM. Note
that it starts with a low FID (26:60) but ends up worsening
the image quality with FID= 192:27 (Figure 3c, row 2).

For a more rigorous evaluation, we use the effectiveness
metric proposed in (Monteiro et al., 2023) and employ a clas-
si�er to map all images generated according toP(I jdo(D))
back to discrete digitsD . Next, we compute the exact like-
lihoods and compare with the true uniform intervention
do(D) : [0:5; 0:5] that we perform forP(I jdo(D)) . We
observe that the results are consistent with Figure 3a. NCM
generated images are classi�ed as[0:19; 0:81], implying that
NCM learns only marginalP(I ). On the other hand, DCM-
Rep and DCM generated images are classi�ed as uniform
distribution with98%and99%accuracy.

MNIST diamond graph: We illustrate our performance
with a second synthetic SCM for the graph in Figure 4b. It
contains multiple image nodesf I 1; I 2g and discrete vari-
ablesDigit (D ) andColor(C). We consider a hidden con-

Digit I

U

Att

(a) Frontdoor graph
I 1

Digit Color

I 2

(b) Diamond graph (c) Largest number of networks need to be
trained together for different number of nodes.

Figure 4.Modular DCM on speci�c and arbitrary graphs.

founders betweenf I 1; Cg and one betweenf D; C g. Base-
line NCM matchesP(I 1; D; I 2; C) by training mechanisms
of all variables at the same time. Whereas we utilize the
modularity offered by c-componentsf I 1; D; C g andf I 2g.
We i) �rst train I 2 to matchP(I 2jD ) and then ii) train
I 1; D; C to matchP(I 1; D; I 2; C) while freezing weights of
I 2. At the �rst step,I 2 trains well. In the 2nd step, since we
don't have to trainI 2 anymore, we optimize a less complex
loss function compared to NCM. In Figure 3d, we compare
the FID scores ofI 1 andI 2 generated by Modular-DCM
and NCM. We observe that while both matchesP(D; C )
(thus TVD omitted), DCM achieves FID(I 1) = 32 :88and
FID(I 2) = 11 :80 while NCM achieves FID(I 1) = 80 :54
and FID(I 2) = 65 :17after running for 300 epochs.

Arbitrary graphs: In this experiment, we showcase the
bene�t of modularization over a random ensemble of graphs.
We numerically visualize the largest number of mechanisms
we have to update and train together compared to the full
training of existing works. We sample random DAGs with a
varying number of nodes (N 2 [15� 50]) keeping the arc
ratio and the number of latents equal toN=3. We call Al-
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gorithm 7: ConstructH-graph(.) to �nd the largest training
component. We took the average of �ve runs and plot it in
Figure 4c. This plot demonstrates the number of networks
that are trained together in a single training phase.

We observe that the number of models NCM trains together
increases linearly with respect toN whereas the growth in
our method is relatively smaller since it does not depend on
the number of nodes, but rather on the number of latents.
For a graph ofN = 50 variables, NCM updates the50
networks corresponding to the mechanisms of all variables
with a common loss function. Whereas, we train the same
set of neural networks but modularly c-component by c-
component with average max size of20 (for the setting in
Figure 4c). We achieve better convergence since we min-
imize a less complex loss function at each training phase.
We experience such convergence for Colored-MNIST with
a low total variation distance compared to NCM (Figure 3c).
We discuss complexity evaluation of our algorithm in Ap-
pendix F.2.

5.2. Invariant Prediction on CelebA-HQ

In this section, we design a causal invariant classi�erf
for the high-dimensional image dataset, CelebA-HQ (Lee
et al., 2020) such that its speci�c attribute classi�cation
Eyeglass = f (Image); does not experience low accuracy
with domain shift.

Motivation: Among all attributes of CelebA-HQ, some
attributes, such asSex andEyeglass have spurious cor-
relations between them (Shen et al., 2020) (men are more
likely to wear eyeglasses, correlation coef�cient 0.47). A
classi�er trained on this dataset might consider the facial
features of a male as an indicator to predict the presence
of eyeglasses. As a result, if there is a shift in the sex dis-
tribution in the test domain, i.e.,P(Sexjdomain = test)
6= P(Sexjdomain = train ) (Figure 5a), and the classi�er
has to predict more images of females, it might have low
eyeglass accuracy. For example, in Figure 5b (row-1), the
accuracy for such a classi�er in theSex = 0 ; Eyeglass = 1
sub-population is 0.81 (comparatively lower). We model
the above scenario with the causal graph in Figure 5a (top-
left). We assume Eyeglass and Sex attributes determine how
the Image variable would look like (shown with directed
edges). The spurious correlation between the attributes is
represented with a bi-directed edge. We re�ect the distri-
bution shift inP(Sex), with an edge from theDomain
variable.

To make the CelebA-HQ attribute classi�cation independent
of the domain shift, we employ causal invariant prediction.
Causal invariant prediction refers to the problem of learning
a predictive model which is invariant to speci�c distribution
shifts. According to (Subbaswamy et al., 2019; Lee et al.,
2023), to build a causal invariant predictor, we need to train

it on an interventional dataset where the target attribute is
independent of spuriously correlated/sensitive attributes due
to the intervention performed. In our context, we need inter-
ventional samples from the high-dimensional interventional
distributionP(Eyeglass; Imagejdo(Sex)) to train the in-
variant classi�er, since the connection betweenDomain
andEyeglass is cut off bydo(Sex). The �rst step to ob-
tain these interventional samples is to train a deep causal
generative model and learn the observational distribution
P(Sex; Eyeglass; Image). For this purpose, we utilize
our algorithm Modular-DCM.

Dataset: The original CelebA-HQ dataset contains 1468
images ofEyeglasses= 1 . We distribute these samples
among 5380 train samples and 1280 test samples maintain-
ing the joint distribution in Figure 5a such that the distribu-
tion shift inP(Sex) is re�ected across domains.

Training: Here we discuss three classi�ers that we trained.
TrainDomain : This classi�er is trained on the train-
ing dataset. Intervention : According to (Sub-
baswamy et al., 2019), if we can generate a dataset
D[Eyeglass; Image] � P(Eyeglass; Imagejdo(Sex))
and train a classi�er on this dataset, its prediction will be in-
variant to theDomain andSex, since intervention onSex
removes their in�uence. To generate this high-dimensional
interventional dataset, Modular-DCM employs neural net-
works (GEyeglass ; GSex ; GI ) for each ofEyeglass; Sex
andImage and connects them according to the causal graph
in Figure 5a. First, we trainf GEyeglass ; GSex g together
(same c-component). Now, forGI , Modular-DCM's �exi-
bility to incorporate pre-trained networks in its causal gener-
ative models allows us to utilize InterFaceGAN (Shen et al.,
2020), that uses StyleGAN (Karras et al., 2019) under the
hood to produce realistic human faces. This pre-trained
model plays an important role for a classi�er since it needs
to see realistic images and training a model from scratch to
match the trueP(I jEyeglass; Sex) will be costly. Next,
we uniformly intervene onSex = 0 andSex = 1 and push
forward through the trained models to generate 10k samples
D � P(Eyeglass; Imagejdo(Sex)) of both females and
males. Finally, we train a new classi�erIntervention
on this dataset for eyeglass prediction.Augmented : To
obtain the bene�ts of both classi�ers, we create an aug-
mented dataset by combining the training dataset and the
interventional dataset generated by Modular-DCM. We train
a new classi�erAugmented on it.

Evaluation: We evaluate the accuracy of the classi�ers in
the test domain (Figure 5b). SinceTrainDomain (row-1)
learns theMale-Eyeglassbias, it achieves accuracy= 0.90
in theSex = 1 ; Eyeglass = 1 sub-population but it per-
forms badly forSex = 0 ; Eyeglass = 1 (accuracy 0.81).
Intervention (row-3) is trained on images generated
by InterFaceGAN, but due to the large support of the im-
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Domain

Sex Eyeglass

Image

Train
EG=0 EG=1

Sex=0 0.60 0.018
Sex=1 0.18 0.20

Test
Sex=0 0.31 0.14
Sex=1 0.47 0.08

(a) Train & Test distribution

Classi�er/
Accuracy" Sex=0 Sex=1 Eyeglass=0 Eyeglass=1

Sex=0
Eyeglass=0

Sex=0
Eyeglass=1

Sex=1
Eyeglass=0

Sex=1
Eyeglass=1

TrainDomain 0.948 0.946 0.971 0.847 0.998 0.810 0.953 0.90
IRM 0.880 0.866 0.918 0.681 0.980 0.600 0.877 0.800
Intvention
(Ours) 0.913 0.944 0.993 0.674 1.000 0.669 0.988 0.68

Augmented
(Ours) 0.970 0.981 0.994 0.905 0.995 0.901 0.993 0.91

(b) Image samples and classi�er accuracy for different sub-population

Figure 5.(Top-Left): Invariant prediction causal graph. (Top-right) Images generated by InterFaceGAN fromP(I jSex; Eyeglass = 1) .
(Bottom-left): Joint distribution ofP (Sex; Eyeglass). (Bottom-right): Eyeglass prediction accuracy of 3 classi�ers in different sub-
populations. Three classi�ers are trained on the training dataset, the interventional dataset, and the augmented dataset (combined both).
Note that theAugmented has better accuracy in theSex = 0 ; Eyeglass = 1 sub-population which was our target to achieve.

age manifold, samples generated by InterFaceGAN from
P(ImagejEyeglass; Sex) might not represent all types of
images that are present in the original CelebA-HQ dataset.
For example, CelebA-HQ contains more variety of sun-
glasses compared to the InterFaceGAN generated images
(Figure 22 vs 21). As a result,Intervention does not
perform very well in theEyeglass = 1 sub-population
(0.67). However, the generated interventional dataset con-
tains images of bothSex = 0 ; 1 wearing eyeglasses which
are free from the training dataset bias. Thus, when we
combine both datasets, samples from the training dataset
introduce theAugmented classi�er (row-4) to different
varieties ofEyeglass = 1 images and samples from the
interventional dataset enforce it to focus on only eyeglass
property in an image. We observe thatAugmented im-
proves accuracy in the three sub-populations (bolded in
Figure 5b) : i)f Sex = 0g : 0:948! 0:97 ii) f Eyeglass =
1g : 0:847 ! 0:905 and iii)f Sex = 0 ; Eyeglass = 1g :
0:810! 0:901. Thus, even though we have access to only
the biased observational dataset, Modular-DCM offered a
bias-free interventional dataset and enabled us to train a
domain invariant classi�er.

Note that we also evaluate the Invariant Risk Minimization
(IRM) (Arjovsky et al., 2019) method for this speci�c exper-
iment although the problem setup of IRM and our proposed
method are different. We train IRM on data from two envi-
ronments:Sex = 0 andSex = 1 . We provide its accuracy
in Figure 5b (row-2) and show that the classi�ers trained
according to our approach outperform it in most cases.

6. Conclusion

We propose a modular adversarial training algorithm for
learning deep causal generative models and estimate causal
effects with high-dimensional variables in the presence of
confounders. After convergence, Modular-DCM can gen-

erate high-dimensional samples from identi�able interven-
tional distributions. We assume the causal model to be semi-
Markovian which aim to relax in our future work. Some
potential application of our algorithm includes: continual
learning (Busch et al., 2023) of deep causal generative mod-
els or high-dimensional interventional sampling in federated
setting (Vo et al., 2022).
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Our proposed algorithm Modular-DCM, can sample from
high-dimensional observational and interventional distribu-
tions. As a result, it can be used to explore different creative
directions such as producing realistic interventional images
that we can not observe in real world. We can train Modular-
DCM models on datasets and perform an intervention on
sensitive attributes to detect any bias towards them or any
unfairness against them (Xu et al., 2019; van Breugel et al.,
2021). However, an adversary might apply our method to
produce realistic images that are causal. As a result, it will
be harder to detect fake data generated by DCM.
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A. Limitations and Future work

Similar to most causal inference algorithms, we had to make the assumption of having a fully speci�ed causal graph
with latents, as prior. We also assume each confounder to cause only two observed variables, which is considered as
semi-Markovian in the literature. Another limitation of our work is that same as our close baselines, we do not consider
conditional sampling. Modular-DCM can perform rejection sampling, which is practical if the evidence variables are
low-dimensional. With the advancements in causal discovery with latents, it might be possible to reliably learn part of the
structure and leverage the partial identi�ability results from the literature. Indeed, this would be one of the future directions
we are interested in. We aim to extend our work for non-Markovian causal models where confounders can cause any number
of observed variables. We aim to resolve these limitations in our future work.

B. Modular-DCM Training on Interventional Datasets

Although Theorem 4.5 focuses training on observational data and sampling from interventional distributions, it can
trivially be generalized to z-identi�ability (Bareinboim & Pearl, 2012b). That is we can generate samples from other
interventional distributions that are non-identi�able from only observational data but are identi�able from a combination of
both observational and interventional data. This can be trivially done by expanding the notion of identi�ability to use a
given collection of interventional distributions, and requiring Modular-DCM to entail the same interventional distributions
for the said collection. Thus in the appendix we provide proofs for both setups.

C. Appendix: Modular-DCM: Adversarial Training of Deep Causal Generative Models

De�nition C.1 (Identi�ability (Shpitser & Pearl, 2007)). Given a causal graph,G, let M be the set of all causal models that
induceG and objects� and� are computable from each model inM. We de�ne that� is � -identi�able in G, if there exists a
deterministic functiongG determined by the graph structure, such that� can be uniquely computable as� = gG (� ) in any
M 2 M.

De�nition C.2 (Causal Effects z-Identi�ability). Let X,Y,Z be disjoint sets of variables in the causal graphG. If � = Px(y)
is the causal effect of the actiondo(X=x) on the variables inY, and� containsP(V ) and interventional distributions
P(V n Z0jdo(Z0)) , for all Z0 � Z, where� and� satis�es the de�nition of Identi�ability, we de�ne it as z-identi�abililty.
(Bareinboim & Pearl, 2012a) proposes a z-identi�cation algorithm to derivegG for these� and�

C.1. Modular-DCM Interventional Sampling after Training

After Modular-DCM training, to perform hard intervention and produce samples accordingly, we manually set values
of the intervened variables instead of using their neural network. Then, we feed forward those values into its children's
mechanisms and generate rest of the variable like as usual. Figure 6(b) is the Modular-DCM network for the causal graph in
Figure 6(a). Now, in Figure 6(c), we performeddo(X = x). Exogenous variablesU1 andnX are not affectingX anymore
as we manually setX = x.

Figure 6.(a) Causal Graph with latents. (b), (c) DCM before and after intervention.

12
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C.2. Modular-DCM: Adversarial Training of Deep Causal Generative Models (Full Training)

Full training of the DCM indicates the setup when we update all mechanisms in the causal graph with the same common
loss. In this section, we prove that a trained DCM can sample from identi�able causal queries from any causal layer. We
assumeM 1 as true SCM andM 2 as DCM of Modular-DCM.

Theorem C.3. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) be an SCM. If a causal queryKM 1 (V) is identi�able from
a collection of observational and/or interventional distributionsf Pi (V)gi 2 [m ] for graph G, then any SCMM 2 =
(G; N 0; U0; F 0; Q(:)) entails the same answer to the causal query if it entails the same input distributions. Therefore,
for any identi�able queryK, if f Pi (V)gi 2 [m ]

?

KM 1 (V) andPi (V) = Qi (V); 8i 2 [m], thenKM 1 (V) = KM 2 (V).

Proof. By de�nition of identi�ability, we have thatKM 1 = gG (f Pi (V)gi 2 [m ]) for some deterministic functiongG that is
determined by the graph structure. SinceM 2 has the same causal graph, the queryKM 2 is also identi�able and through the
same functiongG , i.e.,KM 2 = gG (f Qi (V) i 2 [m ]g). Thus, the query has the same answer in both SCMs, if they entail the
same input distributions over the observed variables, i.e.,Pi (V) = Qi (V); 8i .

(a) Front-door graph (b) f P (V), Px 1 (V)g

?

Px 1 ;x 2 (Y jx0
1 ; x0

2) (c) f P (V), Pz (X; Y )g

?

Px (Y )

Figure 7.Causal graphs with latents and respective identi�able causal queries.� identi�es � :�

?

�

Corollary C.4. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) and M 2 = ( G; N 0; U0; F 0; Q(:)) be two SCMs. If
f P(V)g

?

Px (Y ) for X; Y � V , X \ Y = ; andP(V) = Q(V) thenPx (Y ) = Qx (Y )

For example, in Figure 7(b), the interventional queryPx 1 ;x 2 (W ) is identi�able fromP(V). According to the Corollary C.4,
after training onP(V) dataset, Modular-DCM will produce correct interventional sample fromPx 1 ;x 2 (W ) and along with
other queries inL 2(P(V)) .

(Bareinboim & Pearl, 2012b) showed that we can identify someL 2-queries with other surrogate interventions andL 1-
distributions. Similarly, we can apply Theorem C.3:

Corollary C.5. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) and M 2 = ( G; N 0; U0; F 0; Q(:)) be two SCMs andX; Y
be disjoint, andf Si gi arbitrary subsets of variables. Ifi )f P(V); Ps1 (V); Ps2 (V) : : :g

?

Px (Y ), ii )P(V) = Q(V) and
iii )Psi (V) = Qsi (V), 8i; s i thenPx (Y ) = Qx (Y ).

In Figure 7(c), the interventional queryPx (Y ) is identi�able fromP(V) andPz (X; Y ). Therefore, after being trained on
datasets sampled from these distributions, Modular-DCM will produce correct interventional sample fromPx (Y ) and all
other queries inL 2(P(V), Pz (X; Y )) .

C.3. Training with Multiple Datasets

We propose a method in Algorithm 2 for training Modular-DCM with bothL 1 andL 2 datasets. We use Wasserstein
GAN with penalized gradients (WGAN-GP) (Gulrajani et al., 2017) for adversarial training. We can also use more recent
generative models such as diffusion models when variables are not in any c-component.G is the DCM, a set of generators
andf Dx gX 2 I are a set of discriminators for each intervention value combinations. The objective function of a two-player
minimax game would be

min
G

X

x

max
Dx

L(Dx ; G);

L (Dx ; G) = E
v� Pr

x

[Dx (v )] � E
z� PZ ;u � PU

[Dx (G(x ) (z; u))]
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Algorithm 2 Modular-DCM Training on Multiple Datasets

1: Input: Causal GraphG = ( V, E), Interventional datasets=(I ; D), DCM G, Critic D, Parameters=� 1 ; : : : ; � n , � = 10
2: while � 1 ; : : : ; � n has not convergeddo
3: for each (X; D ) 2 (I ; D) do
4: compare var = V
5: Sample real datav r

x � D following the distributionPr
x with interventionX .

6: x  X:values //X =(keys; values)
7: v f

x = RunGAN(G; G; X; compare var; ; )
8: v̂ x = � v r

x + (1 � � )v f
x

9: L x = Dw x (v f
x ) � Dw x (v r

x ) � � (kr v̂ x Dw x (v̂ x )k2 � 1)2

10: Gloss = Gloss + Dw x (v f
x )

11: wx = Adam (r w x
1
m

P m
j =1 L Dx ; wx ; �; � 1 ; � 2)

12: for � 2 � 1 ; : : : � n do
13: � = Adam (r � � Gloss ; �; �; � 1 ; � 2)
14: Return: � 1 ; : : : � n

Here, for interventiondo(X = x); X 2 I , G(x ) (z; u) are generated samples andv � Pr
x are realL 1 or L 2 samples. We

train our models by iterating over all datasets and learnL 1 andL 2 distributions (line 3). We produce generated interventional
samples by intervening on the corresponding node of our architecture. For this purpose, we call Algorithm 9 RunGAN(), at
line 7. We compare the generated samples with the inputL 1 or L 2 datasets. For each different combination of the intervened
variablesx, Dx will have different losses,L X = x from each discriminator (line 9). At line 10, we calculate and accumulate
the generator loss over each dataset. If we haveV1; : : : ; Vn 2 V , then we update each variable's model weights based on the
accumulated loss (line 13). This will ensure that after convergence, Modular-DCM models will learn distributions of all
the available datasets and according to Theorem C.3, it will be able to produce samples from same or higher causal layers
queries that are identi�able from these input distributions. Following this approach, Modular-DCM Training in Algorithm 2,
will �nd a DCM solution that matches to all the input distributions, mimicking the true SCM. Finally, we describe sampling
method for Modular-DCM after training convergence in Appendix C.1.

Proposition C.6. LetM 1 be the true SCM and Algorithm 2:Modular-DCM Training converges after being trained on
datasets:D = fD i gi , outputs the DCMM 2. If for any causal queryKM 1 (V) identi�able fromD thenKM 1 (V) = KM 2(V)

Proof. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) be the true SCM andM 2 = ( G; N 0; U0; F 0; Q(:)) be the deep causal
generative model represented by Modular-DCM. Modular-DCM Training converges implies thatQi (V) = Pi (V); 8i 2 [m]
for all input distributions. Therefore, according to Theorem C.3, Modular-DCM is capable of producing samples from
correct interventional distributions that are identi�able from the input distributions.

C.4. Non-Markovianity

Note that, one can convert a non-Markovian causal modelM 1 to a semi-Markovian causal modelM 2 by taking the common
confounder among the observed variables and splitting it into new confounders for each pair. Now, for a causal query to
be unidenti�able in a semi-Markovian modelM 2, we can apply the Identi�cation algorithm (Shpitser & Pearl, 2008) and
check if there exists a hedge. The unidenti�ability of the causal query does not depend on the confounder distribution. Thus,
if the causal query is unidenti�able in the transformed semi-Markovian modelM 2, it will be unidenti�able in the original
non-Markovian modelM 1 as well.

Besides Semi-Markovian, Theorem 4.2 and Theorem C.3 holds for Non-Markovian models, with latents appearing anywhere
in the graph and thus can be learned by Modular-DCM training. (Jaber et al., 2019) performs causal effect identi�cation on
equivalence class of causal diagrams, a partial ancestral graph (PAG) that can be learned from observational data. Therefore,
we can apply their method to check if an interventional query is identi�able from observational data in a Non-Markovian
causal model and express the query in terms of observations and obtain the same result as Theorem C.3. We aim to explore
these directions in more detail in our future work.

D. Appendix: Modular-DCM Modular Training

D.1. Tian's Factorization for Modular Training

In Figure 8(a), We apply Tian's factorization (Tian & Pearl, 2002) to get,
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Figure 8.(a) Causal graphG, (b) H ; -graph, (c)H Z 1 -graph

P(v) = P(x1; x2jdo(z1))P(z1; z2; z3jdo(x1)) (4)

We need to match the following distributions with the DCM.

P(x1; x2jdo(z1)) = Q(x1; x2jdo(z1))

P(z1; z2; z3jdo(x1)) = Q(z1; z2; z3jdo(x1))
(5)

With modular training, we matched the following alternative distributions:

P(z1; z2; z3jx1) = Q(z1; z2; z3jdo(x1))

P(x1; x2; z1; z3) = Q(x1; x2; z1; z3)
(6)

Now, for the graph in Figure 8(a),

P(x1; x2; z1; z2; z3) = P(x1; x2jdo(z1)) � P(z1; z2; z3jdo(x1)

=
P(x1; x2; z1; z3)
P(z1; z3jdo(x1))

� P(z1; z2; z3jx1) [C-factorization ofP(x1; x2; z1; z3)]

=
P(x1; x2; z1; z3)

P(z1; z3jx1)
� P(z1; z2; z3jx1) [Do-calculus rule-2 applies]

=
P(x1; x2; z1; z3)

P
z2

P(z1; z2; z3jx1)
� P(z1; z2; z3jx1)

=
Q(x1; x2; z1; z3)

P
z2

Qx 1 (z1; z2; z3)
� Qx 1 (z1; z2; z3) [According to Equation 6]

= Q(x1; x2; z1; z2) [We can follow the same above steps asP(:) for Q(:)]

(7)

Therefore, if we match the distributions in Equation 6 with the DCM, it will matchP(V) as well.

D.2. Modular Training for Interventional Dataset

D.2.1. MODULAR TRAINING BASICS

Suppose, for the graph in Figure 9, we have two datasetsD ; � P(V) andD z1 � PZ 1 (V ), i.e., intervention setI = f; ; Z1g.
Joint distributions in both dataset factorize like below:

P(v) = Pz1 (x1; x2)Px 1 (z1; z2; z3)

Pz1 (v) = Pz1 (x1; x2)P(z3)Pz1 (z2)

= Pz1 (x1; x2)Pz1 (z2; z3)[SinceZ2; Z3 independent inGZ 1
graph]

= Pz1 (x1; x2)Px 1 ;z1 (z2; z3)[Ignores intervention using do calculus rule-2]

(8)

We change the c-factors forPz1 (V ) to keep the variables in each c-factor same in all distributions. This factorization
suggests that to matchP(V) andPZ 1 (V ) we have to match each of the c-factors usingD ; andD z1 datasets. In Fig-
ure 2a graphG, Px 1 (z1; z2; z3) = P(z1; z2; z3jx1) since do-calculus rule-2 applies. And inGZ 1

, P(z3)Pz1 (z2) can be
combined intoPx 1 ;z1 (z2; z3). Thus we can use these distributions to train part of the DCM:GZ 1 ; GZ 2 ; GZ 3 to learn
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bothQ(z1; z2; z3jdo(x1)) andQ(z2; z3jdo(x1; z1)) . However,P(x1; x2jdo(z1)) 6= P(x1; x2jz1) in P(V). But we have
access toPz1 (V). Thus, we can trainGX 1 ; GX 2 with only datasetD Z 1 � Pz1 (V) (instead of bothD ; ; D Z 1 ) and learn
Q(x1; x2jdo(z1)) . This will ensure the DCM has matched bothP(V) andPz1 (V) distribution.

Thus, we search proxy distributions to each c-factor corresponding to bothP(V) andPZ 1 (V ) dataset, to train the mechanisms
in a c-componentY . For each of the c-factors corresponding toY in P(V) andPz1 (V ), we search for two ancestor sets
A ; ; A Z 1 in bothP(V) andPz1 (V ) datasets such that the parent setPa(Y [ A ; ) satis�es rule-2 for the jointY [ A ; and
Pa(Y [ A Z 1 ) satis�es rule-2 for the jointY [ A Z 1 with do(Z1) intervention.

We update De�nition 4.4asmodularity condition-I for multiple interventional datasets as below:

De�nition D.1 (Modularity condition-I). Given a causal graphG, an interventionI 2 I and a c-component variable setY , a
setA � An G I

(Y ) nY is said to satisfy the modularity condition if it is the smallest set that satis�esP(Y [ X jdo(Pa(Y [
X )) ; do(I )) = P(Y [ X jPa(Y [ X ); do(I )) , i.e., do-calculus rule-2 (Pearl, 1995) applies.

Figure 9.Modular training on H-graph:H 1 : [Z1 ; Z2 ; Z3 ] ! H 2 : [X 1 ; X 2 ] with datasetD � P (V ).

Unlike before, we have access toPz1 (V) and we can use that to matchPz1 (x1; x2) in both cases. To match theL 1 and
L 2 joint distributions according to (8), we train each c-component one by one. For each c-component, we identify the
modularity conditions of all c-factorsPpa(Y ) [ I (Y ), 8I 2 I and use them to trainY . We train the mechanisms inY to
learn an alternative to each c-factorPpa(Y ) [ I (Y ), 8I 2 I . For some ancestor setA I , the alternative distribution is in the
form P(Y [ A I jdo(Pa(Y [ A I )) ; do(I )) which should be equivalent toP(Y [ Aj Pa(Y [ A ); do(I )) . We will �nd an
A I from theD I ; 8I 2 I such that we do not requirePa(Y [ A ) to be intervened on.

Now, to matchP(Y [ Aj Pa(Y [ A ); do(I )) = Q(Y [ Aj do(Pa(Y [ A )) ; do(I )) with our generative models, we pick
the observations ofPa(Y [ A ) from D I dataset and intervene in our DCM with those values besides intervening onGI .
Since we do not need generated samples forPa(Y [ A ) from DCM, rather their observations from the givenD I dataset,
we do not require them to be trained beforehand. However, the order in which we train c-components matters and we follow
the partial order found forP(V) dataset even thought we train with multiple datasets.

For example, in Figure 2a, we have two graphsG andGZ 1
. We follow G's training order for both graphs to train the

c-components, i.e.,[GZ 1 ; GZ 2 ; GZ 3 ] ! [GX 1 ; GX 2 ]. Here, for the c-componentY = f Z1; Z2; Z3g, we matchP(V)
c-factorPx 1 (z1; z2; z3) andPz1 (V) c-factorPx 1 ;z1 (z2; z3) thus have to �nd alternative distribution for them. We �nd the
smallest ancestor setA ; ; A Z 1 for these c-factors in bothD ; andD Z 1 datasets.A ; = ; satis�es modularity condition
for P(V) c-factor and theirPa(Y [ A ) = f X 1g. A Z 1 = ; satis�es modularity condition forPz1 (V) c-factor and their
Pa(Y [ A ) = ; . At step (2/3) in Figure 2a, We do not needGX 1 to be pre-trained.[GZ 1 ; GZ 2 ; GZ 3 ] converges by matching
bothP(z1; z2; z3jx1) = Qx 1 (z1; z2; z3) andPx 1 ;z1 (z2; z3) = Qx 1 ;z1 (z2; z3).
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Algorithm 3 TrainModule(G; G; H � ; A ; D )

1: Input: DCM G, GraphG(V, E), h-nodeH � , Ancestor setA , DataD , Params� H ; � = 10
2: while � H � has not convergeddo
3: for each (A i ; X i ; D i ) 2 (A ; D ) do
4: Vr = H � [ A i [ P a(H � [ A i ) [ X i

5: Initialize criticDw i

6: for t = 1 ; : : : ; m f m samplesg do
7: Sample real datav r

x � D i

8: x r  get intv values(X i ; D i )
9: v f

x = RunGAN(G; x r ; Vr ; � H � )
10: v̂ x = � v r

x + (1 � � )v f
x

11: L ( t )
i = Dw i (v f

x ) � Dw i (v r
x ) � � (kr v̂ x Dw i (v̂ x )k2 � 1)2

12: wi = Adam (r w i
1
m

P m
t =1 L ( t )

i ; wi )
13: Gloss = Gloss + 1

m

P m
j =1 � Dw i (v f

x )
14: for � 2 � H � f All hnode mechanismsg do
15: � = Adam (r � Gloss ; � )
16: Return: � 1 ; : : : � n

Algorithm 4 IsRule2(Y; X; I = ; (by default))

1: Input: Variable setsY andX , InterventionI .
2: Return:
3: if P (Y [ X jdo(P a(Y [ X )) ; do(I )) = P(Y [ X jP a(Y [ X ); do(I )) then
4: Return:1
5: else
6: Return:0

Now, we train mechanisms of the next c-component[GX 1 ; GX 2 ] in our training order (step 3/3). We have to matchP(V)
c-factorPz1 (x1; x2) andPZ 1 (V) c-factorPz1 (x1; x2). Ancestor setA ; = f Z1; Z3g satis�es the modularity condition for
Y = f X 1; X 2g with P(V) dataset butA Z 1 = ; a smaller set, satis�es the modularity condition for same c-factor with
Pz1 (V) dataset. Also,Pz1 (V) c-factor isPz1 (x1; x2). Thus if we train[GX 1 ; GX 2 ] with only PZ 1 (V) dataset, it will learn
both c-factors and converge withPz1 (x1; x2) = Qz1 (x1; x2). Since we have matched all the c-factors, our DCM will match
bothP(V) andPZ 1 (V) distributions. During training of[GX 1 ; GX 2 ], we hadA = ; for both observation and interventional
c-factors. Therefore, we do not need any pre-trained mechanisms, rather we can directly use the observations fromPZ 1 (V)
dataset as parent values. We de�neH I -graph for eachI 2 I as below:

De�nition D.2 (H I -graph). For a post-interventional graphGI , let the set of c-components inGI beC = f C1; : : : Ct g.
Choose a partitionf H I

k gk of Csuch that theH I -graphH I = ( VH I ; EH I ), de�ned as follows, is acyclic:VH I = f H I
k gk

and for anys; t, H I
s ! H I

t 2 EH I , iff P(H I
t jdo(pa(H I

t ) \ H I
s )) 6= P(H I

t jpa(H I
t ) \ H I

s ), i.e., do-calculus rule-2 does
not hold. Note that one can always choose a partition ofCto ensureH I is acylic: TheH I graph with a single nodeH I

1 = C
in GI . Even thoughH I for differentI might have different partial order, during training, everyH I follows the partial order
of H ; . Since its partial order is valid for other H-graphs as well (Proposition D.14).

Here,H I is theH-graph constructed fromGI , for I 2 I whereI is the intervention set.H ; is theH-graph constructed
from G for observational training.H I

k := k-th h-node in theH I graph. DuringH I -graphs construction, we resolve cycles
by combining c-components on that cycle into a single h-node. Please check example in Figure 16. After merging all such
cycles,H I ; 8I 2 I will become directed acyclic graphs. The partial order of this graph will indicate the training order that
we can follow to train all variables inG. For example in Figure 9, two given datasetsD1 andD2, imply two different graphs
G andGZ 1 respectively.[Z3] ! [Z1; Z2] ! [X 1; X 2] is a valid training order forH Z 1 , we follow the same order asH ; .
We follow : [Z1; Z2; Z3] ! [X 1; X 2].

We run the subroutineContruct-H I -graph() in Algorithm 5 to buildH-graphs. We check the edge condition at line 7 and
merge cycles at line 7 if any. In Figure 2a step (1/3), we build theH-graphH1 : [Z1; Z2; Z3] ! H2 : [X 1; X 2] for G.

D.2.2. TRAINING PROCESS OFMODULAR MODULAR-DCM

We construct theH I -graph for eachI 2 I at Algorithm 6 line 6. Next, we train each h-nodeH ;
k of H ; , according to its

partial orderT . Since we follow the partial order ofH ; -graph, we remove the superscript to address the hnode. Next, we
match alternative distributions forPI (V) c-factors that correspond to the c-components inH k . (lines 6-6) We initialize a set
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Algorithm 5 Construct-H I -graph(G; I )

1: Input: Causal GraphG, Intervention set,I
2: for each I 2 I do
3: C  get ccomponents(GI )
4: Construct graphH I by creating nodesH I

j asH I
j = Cj , 8Cj 2 C

5: for each I 2 I do
6: for eachH I

s ; H I
t 2 H I such thatH I

s 6= H I
t do

7: if P (H I
t jdo(pa(H I

t ) \ H I
s )) 6= P(H I

t jpa(H I
t ) \ H I

s ) then
8: H I :add(H I

s ! H I
t )

9: H I  merge(H I , cyc) 8cyc 2 Cycles(H I )
10: for each I 2 I do
11: for eachH ;

j 2 H ; do
12: H I

j =
S

k
H I

k such thatV(H I
k ) � V (H ;

j ) [All variables inH I
k h-node is contained inH ;

j h-node.]

13: Return: fH I : I 2 Ig

Algorithm 6 Modular Training-I(G; I ; D )

1: Input: Causal GraphG, Intervention setI , DatasetD .
2: Initialize DCMG
3: H I  Construct-H-graphs(G; I )
4: for eachH k 2 H ; in partial order do
5: A ;  V //Initialize with all nodes
6: for eachS � An G (H k ) do
7: if IsRule2(H k ; S; ; ) = 1

andjSj < jA ; j then
8: A ;  S
9: for each I 2 I \ H k do

10: A I  V //Initialize with all nodes
11: for eachS � An G I

(H k ) do
12: if IsRule2(H k ; S; I ) = 1

andjSj < jA I j then
13: A I  S
14: GH k  TrainModule(GH k ; G; H k ; A ; D )
15: Return: G

A I = f V : V � An G I
(H k )g; 8I 2 I to keep track of the joint distribution we need to match to train each h-nodeH k from

D I datasets. We iterate over each intervention and search for the smallest set of ancestorsA I in GI such thatA I satis�es
the modularity condition forH k in D I dataset tested by Algorithm 4:IsRule2(:) (line 6)

A I ; 8I 2 I implies a set of joint distributions in Equation 9, which is suf�cient for training the current h-nodeH k to learn
the c-factorsPP a(C i ) [ I (Ci ); 8Ci 2 H k ; 8I 2 I .

Q(H k [A I jdo(pa(H k [ A I )) ; do(I )) = P(H k [ A I jpa(H k [ A I ); do(I )) ; in GI ; 8I 2 I :

Training: H k , Pre-trained:A I , FromD I dataset:pa(H k [ A I ), Intervened: do(I )
(9)

TrainingH k with theA ; found at this step, is suf�cient to learn the c-factorsPP a(C i ) (Ci ); 8Ci 2 H k . Similarly, if we have
an interventional dataset withI 2 H k i.e., the intervened variable lies in the current h-node, we have to match c-factors
PP a(C i ) [ I (Ci ); 8Ci 2 H k . To �nd alternatives to these c-factors, we look for the ancestor setA I in theD I dataset. For
eachA I , we trainH k to match the interventional joint distribution in Equation 9. We ignore intervention on any descendants
of H k since the intervention will not affect c-factors differently than the c-factor in theD ; observational dataset.

D.2.3. LEARN P(V)-FACTORS FROMINTERVENTIONAL DATASETS

When we need the alternative distribution forP(V) c-factor, we search for the smallest ancestor set inD ; dataset. However,
when we have a datasetD I with I 2 An G (H ;

j ), we can search for an ancestor set inAn G I
(H k ) and train onD I to match a

distribution that would be a proxy toP(V) c-factor. This is possible because when we factorizePI (V) for I 2 An G (H ;
j ),

the c-factors corresponding to the descendant c-components ofI are similar toP(V) c-factors of the same c-components.
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We update Theorem 4.5 for interventional datasets as below.

Theorem D.3. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) be the true SCM andM 2 = ( G; N 0; U0; F 0; Q(:)) be the
DCM. Suppose Algorithm 6:Modular-DCM Modular Training-I on observational and interventional datasetsD I �
PI (V); 8I 2 I converges for each h-node in theH ; -graph constructed fromG = ( V; E) and DCM induces the distribution
QI (V ); 8I 2 I . Then, we havei )PI (V ) = QI (V ), andii ) for any interventional causal queryKM 1 (V) that is identi�able
from D I ; 8I 2 I , we haveKM 1 (V) = KM 2(V).

We provide the proof in Appendix D.6.

D.3. Training following the H-graph

Modular-DCM utilizes conditional generative models such as diffusion models and Wasserstein GAN with penalized
gradients (Gulrajani et al., 2017) for adversarial training onL 1 andL 2 datasets in Algorithm 3.G is the DCM, a set of
generators andf Dw i g are a set of critics for each intervention dataset. Here, for interventiondo(X = x); X 2 I , G(x ) (z; u)
are generated samples andv � Pr

x are realL 1 or L 2 samples. We train our models by iterating over all datasets and learnL 1

andL 2 distributions (lines 3-3). We produce fake interventional samples at line 3 by intervening on the corresponding
node of our architecture with Algorithm 9 RunGAN(). Each criticDx will obtain different losses,L X = x by comparing
the generated samples with different true datasets (line 3). Finally, at line 3, we update each variable's model weights
located at the current hnode based on the accumulated generated loss over each dataset at line 3. After calling Algorithm 3:
TrainModule() for each of the h-nodes according to the partial order ofH ; -graph, Modular-DCM will �nd a DCM
equivalent to the true SCM that matches all dataset distributions. According to, Theorem C.3, it will be able to produce
correctL 1; L 2 samples identi�able from these input distributions (Appendix C.1).

D.4. Essential Theoretical Statements Required for Distributions Matching by Modular-DCM Modular Training

In this section and the following section, we prove some theoretical statements required for our algorithm. Figure 10,
illustrates the statements we have to prove and the route we have to follow.

In proposition D.6, we prove the property of a sub-graph having the same set of c-components although we intervene on their
parents outside that sub-graph. We use this proposition in Lemma D.7 to show that we can apply c-component factorization
for any sub-graph under appropriate intervention. Therefore, in Corollary D.8, we can show that c-component factorization
can be applied for h-nodes of theH-graph as well.

We build the above theoretical ground and utilize the statements in section D.5. We show that c-factorization works for
theH-graph and Modular Training on h-nodes matches those c-factors. Thus, Modular-DCM will be able to match i) the
observational joint distributionP(V) after training on observational data (Proposition D.12) ii) the observational joint distri-
butionP(V) after training on partial observational data and interventional data (Proposition D.13) and iii) the interventional
joint distributionPI (V); 8I 2 I after training on observational data and interventional data. (Proposition D.15). The last
proposition requires the proof that for all interventionI 2 I , the generatedH I graphs follows the same partial order.

Modular-DCM modular training can now matchP(V) andPI (V); 8I 2 I according to Proposition D.13 and Proposi-
tion D.15. We can now apply Theorem C.3 to say that Modular-DCM modular training can sample from identi�able
interventional distributions after training onD � P(V ). Finally, Theorem D.17 for observational case is a direct application
of Proposition D.12 and TheoremD.16 while Theorem D.18 for interventional case is a direct application of Proposition D.13,
Theorem D.15 and Theorem D.16.

We start with some de�nitions that would be required during our proofs.

De�nition D.4 (Intervention Set,I ). Intervention Set,I represents the set of all available interventional variables such that
after performing interventionI 2 I on G, we observeGI . I includesI = ; , which refers to ”no intervention” and implies
the original graphG and the observational dataP(V).

De�nition D.5 (Sub-graph,(GI )V ). Let GV be a sub-graph ofG containing nodes inV and all arrows between such nodes.
(GI )V refers to the sub-graph ofGI containing nodes inV only, such that variableI is intervened on i.e., all incoming
edges toI is cut off.

Proposition D.6. Let V 2 V ; I 2 I be some arbitrary variable sets. The set of c-components formed from a sub-graph
(GI )V with interventionI is not affected by additional interventions on their parents from outside of the sub-graph. Formally,
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Figure 10.Flowchart of proofs

(GP a(V ) [ I )V and(GI )V has the same set of c-components.

Proof. Let C((GI )V ) be the c-components which consists of nodes ofV in graph(GI )V . In sub-graph(GP a(V ) [ I )V , no
extra intervention is being done on any node inV rather only onPa(V ) whereV andPa(V ) are two disjoint sets. Therefore,
the c-components can be produced from this sub-graph will be same as forGI . i.e.,C(GV P a(V ) [ I ) = C(GI ):

Lemma D.7. LetV 0 be a set called focus-set.V 0 and interventionI be arbitrary subsets of observable variablesV and
f Ci gi be the set of c-components inGI . Let f Pa(V 0) [ I g be a set called action-set. andS be a set called remain-set,
de�ned asS := VnfV 0 [ Pa(V 0) [ I g, S(i ) as S(i ) = S \ Ci i.e., some part of the remain-set that are located in
c-componentCi . Thus,S =

S

i
S(i ). We also de�ne active c-componentsC+

i asC+
i := Ci n f S(i ) [ Pa(V 0) [ I g i.e.,

the variables in focus-set that are located in c-componentCi . Given these sets, Tian's factorization can be applied to a
sub-graph under proper intervention. Formally, we can factorize as below:

PP a(V 0) [ I (V 0) =
Y

i

PP a(C +
i ) [ I (C+

i )

Proof Sketch.Similar to the original c-factorization formulaP(V) =
Q

i PP a(C i ) (Ci ), we can factorize asPP a(V 0) [ I (V) =Q
i PP a(C i ) [ P a(V 0) [ I (Ci ). Next, we can marginalize out unnecessary variablesS located outside ofV 0 from both sides

of this expression. The left hand side of the expression is thenPP a(V 0) [ I (V 0) that is what we need. For the right
hand side, we can distribute the marginalization

P
S among all terms and obtain

Q
i

P
S( i ) PP a(C i ) [ P a(V 0) [ I (Ci ) fromP

S

Q
i PP a(C i ) [ P a(V 0) [ I (Ci ). Finally for each product termPP a(C i ) [ P a(V 0) [ I (Ci ), we removeS(i ) from Ci to obtain

C+
i and drop non parent interventions following do-calculus rule-3. This �nal right hand side expression becomes,Q
i PP a(C +

i ) [ I (C+
i ). We provide the detailed proof below.

Proof. (GP a(V 0) [ I )V 0 and (GI )V 0 have the same c-components according to Proposition D.6. According to Tian's
factorization for causal effect identi�cation (Tian & Pearl, 2002), we know that

PP a(V 0) [ I (V) =
Y

i

PP a(C i ) [ P a(V 0) [ I (Ci )

[let � = Pa(V 0) [ I , i.e., action-set]

=) P� (� ) � P� (V n� j� ) =
Y

i

PP a(C i ) [ � (Ci )

=) P� (V n fPa(V 0) [ I g) =
Y

i

PP a(C i ) [ � (Ci )

(10)
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We ignore conditioning on action-set� = Pa(V 0) [ I since we are intervening on it. Now, we have a joint distribution of
focus-set and remain-set with action-set as an intervention.

=) P� (V 0 [ S) =
Y

i

PP a(C i ) [ � (Ci )

[Here,S := VnfV 0[ Pa(V 0) [ I g =) V n f Pa(V 0) [ I g = V 0 [ S]

=)
X

S

P� (V 0 [ S) =
X

S

Y

i

PP a(C i ) [ � (Ci )

=)
X

S

P� (V 0 [ S) =
Y

i

X

S( i )

PP a(C i ) [ � (Ci )

[Since,S(i ) = S \ Ci and8(i; j ); i 6= j; C i \ Cj = ; =) Si \ Sj = ; ]

(11)

Here,8i ; S(i ) are disjoint partitions of the variable setS and contained in only c-componentCi , i.e, S(i ) = S \ Ci .
Since8i;j ; Ci \ Cj = ; , this implies thatSi \ Sj = ; would occur as well. Intuitively, remain-sets located in different
c-components do not intersect. Therefore, each of the probability terms at R.H.S,PP a(C i ) [ � (Ci ) is only a function ofS(i )
instead of wholeS. This gives us the opportunity to push the marginalization ofS(i ) inside the product and marginalize the
probability term. After marginalizingS(i ) from the joint, we de�ne rest of the variables as active c-componentsC+

i . The
following Figure 11 helps to visualize all the sets.

Figure 11.Visualization of focus-sets, action-sets, and remain-sets

We continue the derivation as follows:

=) PP a(V 0) [ I (V 0) =
Y

i

PP a(C i ) [ P a(V 0) [ I (C+
i )

[Here; C+
i = Ci n S(i ), i.e., active c-component: focus-set elements located inCi ]

=
Y

i

PP a(C +
i ) [ I [f P a(C i )nP a(C +

i )g[ P a(V 0) (C
+
i )

=
Y

i

PX [ Z (C+
i ) [Let, X = Pa(C+

i ) [ I andZ = f Pa(Ci ) [ Pa(V 0)g nX ]

(12)

Here, we have variable setC+
i in the joint distribution. Now, if we intervene on the parentsPa(C+

i ) andI , rest of the
intervention which is outsideC+

i becomes ineffective. Therefore, we haveX = Pa(C+
i ) [ I , the intervention which shilds

the rest of the interventions,Z = f Pa(Ci ) [ Pa(V 0)g nX . Therefore, we can apply do-calculus rule 3 onZ and remove

21



Modular Learning of Deep Causal Generative Models for High-dimensional Causal Inference

those interventions. Finally,

=) PP a(V 0) [ I (V 0) =
Y

i

PP a(C +
i ) [ I (C+

i ) [We apply Rule3 sinceCi ?? Z jX GX
] (13)

Corollary D.8, suggests that Tian's factorization can be applied on the h-nodes ofH I 2 H .

Corollary D.8. Consider a causal graphG. Let f Ci gi 2 [t ] be the c-components ofGI . For some intervention targetI , let
H I = ( VH I ; EH I ) be the h-graph constructed by Algorithm 5 whereVH I = f H I

k gk . SupposeH I
k is some node inH I . We

have thatH I
k = f Ci gi 2 T I

k
for someT I

k � [t ]. With slight abuse of notation we useH I
k interchangeably with the set of nodes

that are inH I
k . Then,

PP a(H I
k ) [ I (H I

k ) =
Y

i 2 [t ]

PP a(C i ) [ I (Ci ) (14)

Proof. Let, V 0 = H I
k , C+

i = Ci n ; = Ci . Then, this corollary is direct application of Lemma D.7.

Figure 12.Flowchart of proofs

D.5. Theoretical Proofs of Distributions Matching by Modular-DCM Modular Training

We provide De�nition D.2:H I -graph here again.

De�nition D.9 (H I -graph). For a post-interventional graphGI , let the set of c-components inGI beC = f C1; : : : Ct g.
Choose a partitionf H I

k gk of Csuch that theH I -graphH I = ( VH I ; EH I ), de�ned as follows, is acyclic:VH I = f H I
k gk

and for anys; t, H I
s ! H I

t 2 EH I , iff P(H I
t jdo(pa(H I

t ) \ H I
s )) 6= P(H I

t jpa(H I
t ) \ H I

s ), i.e., do-calculus rule-2 does
not hold. Note that one can always choose a partition ofCto ensureH I is acylic: TheH I graph with a single nodeH I

1 = C
in GI . Even thoughH I for differentI might have different partial order, during training, everyH I follows the partial order
of H ; . Since its partial order is valid for other H-graphs as well.
Training order, T : We de�ne a training order,T = f � 0; : : : ; � m g where� i = f H k gk . If H I

k1
! H I

k2
; H I

k1
2 � i ; H I

k2
2 � j

theni < j .

De�nition D.10 (Notation for distributions). Q(:) is the observational distribution induced by the deep causal SCM.P(:) is
the true (observational/interventional) distribution. With a slight abuse of notation, if we haveP(V ) and interventionI , then
PI (V ) indicatesPI (V n I ). Algorithm 6 is said to have converged if training attains zero loss every time line 6 is visited.
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De�nition D.11 (Ancestor setA I in GI ). Let parents of a variable setV bePa(V ) =
S

V 2 V
Pa(V ) n V . Now, for some

h-nodeH I
k 2 H I -graph, we de�neA I := the minimal subset of ancestors exists in the causal graphGI with interventionI

such that the following holds,

p(H I
n [ A I jdo(pa(H I

n [ A I )) ; do(I ) = p(H I
n [ A I jpa(H I

n [ A I ); do(I )) (15)

For training any h-node in the training orderT = f � 0; : : : ; � m g, i.e.,H ;
k 2 � j , 0 < j � m, if only observational data is

available, i.e.,I = ; , we search for an ancestor setA ; such thatA ; satis�es modularity condition forH ;
k :

P(H ;
k [ A ; jdo(pa(H ;

k [ A ; )) = P(H ;
k [ A ; jpa(H ;

k [ A ; )) (16)

Similarly, for I 2 An G (H I
k ), i.e., intervention on ancestors, we can learnPpa(H ;

k ) (H
;
k ) from available interventional

datasets sinceH I
k = H ;

k , i.e., contains the same c-factors, according toH I -graphs construction. These c-factor distributions
are identi�able fromPI (V ) as they can be calculated from the c-factorization ofPI (V ). Thus we have,

Ppa(H I
k ) (H

I
k ) = Ppa(H ;

k ) (H
;
k ) (17)

Therefore, to utilize ancestor interventional datasets, We search for smallest ancestor setA I � An G I
(H I

k ) in GI such that
do-calculus rule-2 applies,

P(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I )) = P(H I
k [ A I jpa(H I

k [ A I ); do(I )) (18)

Then we can train the mechanisms inH ;
k to learn theP(V) c-factors by matching the following alternative distribution from

D I dataset,

P(H I
k [ A I jpa(H I

k [ A I ); do(I )) = Q(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ))

=) P(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ) = Q(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ))
(19)

Matching the alternative distributions withD I will imply that we matchP(V) c-factor as well. Formally:

Qpa(H I
k ) (H

I
k ) = Ppa(H I

k ) (H
I
k )

Qpa(H I
k ) (H

I
k ) = Ppa(H ;

k ) (H
;
k )

(20)

D.5.1. MATCHING OBSERVATIONAL DISTRIBUTIONS WITH MODULAR TRAINING ON D � P(V)

Now, we provide the theoretical proof of the correctness of Modular-DCM Modular Training matching observational
distribution by training on observational datasetD ; : Since, we have access to only observational data we remove the
intervention-indicating superscript/subscript and addressH ; asH, ancestor setA I asA and datasetD ; asD.

Proposition D.12. Suppose Algorithm 1:Modular-DCM Modular Training converges for each h-node inH ; -graph
constructed fromG = ( V; E). Suppose the observational distribution induced by the deep causal model isQ(V) after
training on data setsD � P(V). Then,

P(V) = Q(V) (21)

Proof Sketch.After expressing the observational distributionP(V ) as c-factorization expression, we can combine multiple
c-factors located in the same h-node as

Q

C i 2 H k

Ppa(C i ) (Ci ) = Ppa(H k ) (H k ) according to Corollary D.8. Therefore, if

we can matchPpa(H k ) (H k ); 8k, this will ensure that we have matched all c-factorsPpa(C i ) (Ci ); 8i and as a resultP(V )
as well. For the h-nodes which does not have any parents (i.e., root nodes) in theH-graph, we knowPP a(H k ) (H k ) =
P(H k jPa(H k )) due to the construction of H-graph. Therefore, Modular-DCM trains mechanism in those h-nodes by
matchingP(H k jPa(H k )) = QP a(H k ) (H k ).

For the h-nodes which are not root h-nodes in theH-graph, we matchPpa(H k ) (H k ) by matching an alternative distribution
P(H k [ Aj do(Pa(H k [ A ))) . This alternative distribution factorizes asP(H k [ Aj do(Pa(H k [ A ))) = Ppa(H k ) (H k ) �
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Q

H S 2A

Q

C +
j � H S

PP a(C +
j ) (C

+
j ). Therefore,PP a(H k ) (H k ) = P (H k [Aj do(P a(H k [A )))

Q

H S 2A

Q

C +
j � H S

P
P a ( C +

j )
(C +

j )
. The numerator is already matched as

that is the alternative distribution we have matched while training h-nodeH k . As we are following the topological order of
theH-graph, the denominator is matched while training the ancestor h-nodes ofH k . Therefore, Modular-DCM modular
training matchesPpa(H k ) (H k ); 8k and thusP(V ) = Q(V ). We provide the detailed proof below.

Proof. According to Tian's factorization we can factorize the joint distributions into c-factors as follows:

P(V) = P(H) =
Y

H k 2H

Y

C i 2 H k

Ppa(C i ) (Ci ) (22)

We can divide the set of c-componentsC = f C1; : : : Ct g into disjoint partitions or h-nodes asH k = f Ci gi 2 Tk for some
Tk � [t ]. Following Corollary D.8, we can combine the c-factors in each partitions and rewrite it as:

Y

H k 2H

Y

C i 2 H k

Ppa(C i ) (Ci ) = Ppa(H 0 ) (H0) � Ppa(H 1 ) (H1) � : : : � Ppa(H n ) (Hn ) (23)

Now, we prove that we match each of these terms according to the training orderT .

For any root h-nodesH k 2 � 0 :
Due to the construction ofH graphs in Algorithm 5, the following is true for any root nodes,H k 2 � 0.

P(H k jPa(H k )) = PP a(H k ) (H k ) (24)

Modular-DCM training convergence for the DCM inH k 2 � 0. (Algorithm 1, line 1) ensures that the following matches:

P(H k jPa(H k )) = QP a(H k ) (H k )

=) PP a(H k ) (H k ) = QP a(H k ) (H k )
(25)

Since, Equation 24 is true, observational data is suf�cient for training the mechanisms inH k 2 � 0. Thus, we do not need to
train on interventional data.

For the h-nodeH k 2 � 1 :
Now we show that we can train mechanisms inH k by matchingP(V) c-factors withD � P(V) data set. Let us assume,
9A � � 0 such thatA = An(H k ),i.e., ancestors set ofH k in theH-graph that we have already trained with availableD
dataset. To apply Lemma D.7 in causal graphG, considerV 0 = H k [ A as the focus-set,Pa(V 0) as the action-set. Thus,
active c-components:C+

j := Cj \ V 0

Then we get the following:

P(H k [ Aj do(Pa(H k [ A ))) =
Y

C i 2 H k

Ppa(C i ) (Ci ) �
Y

H S 2fAg

Y

C +
j � H S

PP a(C +
j ) (C

+
j )

[Here, 1st term is the factorization of the current h-node

and 2nd term is the factorization of the ancestors set.]

=) P(H k [ Aj do(Pa(H k [ A ))) = Ppa(H k ) (H k ) �
Y

H S 2A

Y

C +
j � H S

PP a(C +
j ) (C

+
j )

(26)

Here according to Corollary D.8, we combine the c-factorsPpa(C i ) (Ci ) for c-components inH k to form Ppa(H k ) (H k ). We
continue the derivation as follows:

=) PP a(H k ) (H k ) =
P(H k [ Aj do(Pa(H k [ A )))

Q

H S 2A

Q

C +
j � H S

PP a(C +
j ) (C

+
j )

=) PP a(H k ) (H k ) =
Q(H k [ Aj do(Pa(H k [ A )))

Q

H S 2A

Q

C +
j � H S

QP a(C +
j ) (C

+
j )

(27)
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Here the R.H.S numerator follows from previous line according to Equation 19. For the denominator at R.H.S,8HS 2 A ,
we have already matchedP(HS [Aj do(pa(HS [A ))) , during training ofA = An(H k ) h-nodes. According to Lemma D.7,
matching these distribution is suf�cient to match the distribution at R.H.S denominator. Therefore, our DCM will produce
the same distribution as well. This implies that from Equation 27 we get,

Ppa(H k ) (H k ) = Qpa(H k ) (H k )

=) Ppa(H k ) (H k ) = Qpa(H k ) (H k ) [According to Equation 17]
(28)

Similarly, we train each h-node following the training orderT and match the distribution in Equation 23. This �nally shows
that,

P(V ) =
Y

j � n

Ppa(H j ) (H j ) =
Y

j � n

Qpa(H j ) (H j ) = Q(V ) (29)

D.5.2. MATCHING OBSERVATIONAL DISTRIBUTIONS WITH MODULAR TRAINING ON D � PI (V); 8I 2 I

Now, we provide the theoretical proof of the correctness of Modular-DCM Modular Training matching observational
distribution from multiple datasetsD I ; 8I 2 I .

Notations: When we consider multiple interventionsI 2 I , we addI as subscript to each notation to indicate the
intervention that notation correspond to. The following notations are mainly used in Proposition D.13, Proposition D.14 and
Proposition D.15.

• D I : the interventional dataset collected with intervention on nodeI .

• PI (V ); QI (V ): the interventional joint distribution after intervening on nodeI representing respectively the real data
and the generated data produced from the Modular-DCM DCM.

• G �I andH I : the causal graph and the H-graph afterdo(I ) intervention.H ; or only H implies the H-graph for the
original causal graph.

• H I
k : thek-th hnode in theH I -graph.

• A I : the ancestor set inG �I -graph, required to construct the alternative distribution for the c-component in consideration.
Thus,A ; or onlyA refers to the observational case.

• � 0; � 1: the root hnodes and the non-root hnodes in the H-graph in consideration.

Proposition D.13. Suppose Algorithm 6:Modular-DCM Modular Training converges for each h-node inH ; -graph
constructed fromG = ( V; E). Suppose the observational distribution induced by the deep causal model isQ(V) after
training on data setsD I ; 8I 2 I . Then,

P(V) = Q(V) (30)

Proof Sketch.The proof of this Proposition follows the same route as Proposition D.12. In both cases, Modular-DCM
matches the observational distributionP(V ). The only difference between the two setups is that Modular-DCM has access
to multiple interventional datasets in this setup which enables matching observational distribution ef�ciently by utilizing
a smaller ancestor set with the joint. An important fact is that even if we have access todo(I ); 8I 2 I datasets and we
construct multipleH I -graphs, we still follow the topological order ofH ; -graph, i.e, H-graph with no intervention. This is
valid according to Proposition D.14 since a topological order ofH ; works for allH I -graphs even thoughH I are sparser.
Also, any node inH I

k contains the same set of nodes as inH ;
k for all k.

We can consider any h-node to be either a root h-node or a non-root h-node. Since for the root h-nodes, the ancestor set is
empty, we follow the same approach as the observational case and the proof of correctness follows from Proposition D.12.
Now, suppose a h-node is not a root node and interventionI is not located inside it. To match the alternative distribution,
instead of searching for the ancestor set in onlyH ; -graph created for observational data, Modular-DCM looks at allH I -
graphs created based on interventionI and chooses the smallest ancestor set. We assume that a smaller ancestor set will make
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it easy to match the corresponding alternative distribution. More precisely, instead of matchingP(H k [ A ; jdo(Pa(H k [
A ; ))) from observationalH -graph, Modular-DCM matchesP(H k [ A I jdo(Pa(H k [ A I )) ; do(I )) whereA I is smallest
across allH I -graphs. Since interventionI is not located inside the h-node,P(H k [ A I jdo(Pa(H k [ A I )) ; do(I )) =
P(H k [ A I jPa(H k [ A I ); I ), i.e, the interventional alternative distribution is same as an observational conditional
distribution. Thus, we train on the interventional dataset to matchPpa(H I

k ) (H
I
k ) which is equivalent toPpa(H ;

k ) (H
;
k ) for

h-nodes that contain no intervention.

Following the above approach, to matchPpa(H ;
k ) (H

;
k ) for all h-nodes will eventually matchP(V ). The rest follows the

same proof as Proposition D.12. We provide the detailed proof below.

Proof. According to Tian's factorization we can factorize the joint distributions into c-factors as follows:

P(V) = P(H ; ) =
Y

H ;
k 2 H ;

Y

C i 2 H ;
k

Ppa(C i ) (Ci ) (31)

We can divide the set of c-componentsC = f C1; : : : Ct g into disjoint partitions or h-nodes asH ;
k = f Ci gi 2 Tk for some

Tk � [t ]. Following Corollary D.8, we can combine the c-factors in each partitions and rewrite it as:

Y

H ;
k 2 H ;

Y

C i 2 H ;
k

Ppa(C i ) (Ci ) = Ppa(H ;
0 ) (H

;
0 ) � Ppa(H ;

1 ) (H
;
1 ) � : : : � Ppa(H ;

n ) (H
;
n ) (32)

Now, we prove that we match each of these terms according to the training orderT .

For any root h-nodesH ;
k 2 � 0 :

Due to the construction ofH ; graphs in Algorithm 5, the following is true for any root nodes,H ;
k 2 � 0.

P(H ;
k jPa(H ;

k )) = PP a(H ;
k ) (H

;
k ) (33)

Modular-DCM training convergence for the DCM inH ;
k 2 � 0. (Algorithm 6, line 6) ensures that the following matches:

P(H ;
k jPa(H ;

k )) = QP a(H ;
k ) (H

;
k )

=) PP a(H ;
k ) (H

;
k ) = QP a(H ;

k ) (H
;
k )

(34)

Since, Equation 33 is true, observational data is suf�cient for training the mechanisms inH ;
k 2 � 0. Thus, we do not need to

train on interventional data.

For the h-nodeH ;
k 2 � 1 :

Now we show that we can train mechanisms inH ;
k by matchingP(V) c-factors with eitherL 1 or L 2 datasets. Let us

assume,9A I � � 0 such thatA I = An G I
(H I

k ),i.e., ancestors set ofH I
k in theH I -graph that we have already trained with

availableD I dataset. To apply Lemma D.7 inGI with jI j � 0, considerV 0 = H I
k [ A I as the focus-set,f Pa(V 0) [ I g as

the action-set. Thus, active c-components:C+
j := Cj \ V 0

Then we get the following:

P(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I )) =
Y

C i 2 H I
k

Ppa(C i ) (Ci ) �
Y

H I
S 2fA I g

Y

C +
j � H I

S

PP a(C +
j ) [ I (C+

j )

[Here, 1st term is the factorization of the current h-node

and 2nd term is the factorization of the ancestors set.]

=) P(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I )) = Ppa(H I
k ) (H

I
k ) �

Y

H I
S 2A I

Y

C +
j � H I

S

PP a(C +
j ) [ I (C+

j )

(35)
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Here according to Corollary D.8, we combine the c-factorsPpa(C i ) (Ci ) for c-components inH I
k to form Ppa(H I

k ) (H
I
k ). We

continue the derivation as follows:

=) PP a(H I
k ) (H

I
k ) =

P(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I ))
Q

H I
S 2A I

Q

C +
j � H I

S

PP a(C +
j ) [ I (C+

j )

=) PP a(H I
k ) (H

I
k ) =

Q(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I ))
Q

H I
S 2A I

Q

C +
j � H I

S

QP a(C +
j ) [ I (C+

j )

(36)

Here the R.H.S numerator follows from previous line according to Equation 19. For the denominator at R.H.S, the
intervention is an ancestor of the current hnode, i.e.,I 2 f An(H I

k ) n H I
k g. Now, 8H I

S 2 A I , we have already matched
P(H I

S [ A I jdo(pa(H I
S [ A I )) ; do(I )) , during training ofA I = An(H I

k ) h-nodes. According to Lemma D.7, matching
these distribution is suf�cient to match the distribution at R.H.S denominator. Therefore, our DCM will produce the same
distribution as well. This implies that from Equation 36 we get,

Ppa(H I
k ) (H

I
k ) = Qpa(H I

k ) (H
I
k )

=) Ppa(H ;
k ) (H

;
k ) = Qpa(H ;

k ) (H
;
k ) [According to Equation 17]

(37)

Similarly, we train each h-node following the training orderT and match the distribution in Equation 32. This �nally shows
that,

P(V ) =
Y

j � n

Ppa(H ;
j ) (H

;
j ) =

Y

j � n

Qpa(H ;
j ) (H

;
j ) = Q(V ) (38)

Figure 13.Flowchart of proofs

D.5.3. MATCHING INTERVENTIONAL DISTRIBUTIONS WITH MODULAR TRAINING ON D � PI (V); 8I 2 I

Before showing our algorithm correctness with both observational and interventional data, we �rst discuss the DAG property
of H-graphs. Please check thenotations in the previous section de�ned for multiple interventions.

Proposition D.14. AnyH-graph constructed according to De�nition D.2 is a directed acyclic graph (DAG) and a common
partial orderT , exists for allH I -graphs,8I 2 I .

Proof. We construct theH-graphs following Algorithm 5. By checking the modularity condition we add edges between
any two h-nodes. However, if we �nd a cycleH I

j ; H I
k ! : : : ! H I

j , then we combine all h-nodes in the cycle and form a
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new h-node inH I . This new h-node contains the union of all outgoing edges to other h-nodes. Therefore, at the end of the
algorithm, the �nalH -graph,H I will always be a directed acyclic graph. Note that one can always choose a partition of the
c-componentsCto ensureH I is acylic: TheH I graph with a single nodeH I

1 = C.

Next in Algorithm 6, training is performed according to the partial order ofH ; which corresponds to the original graphG
without any intervention. This is the most denseH-graph and thus imposes the most restrictions in terms of the training
order. LetI be an intervention set. For any interventionI , supposeH I -graph is obtained fromGI andI is located inH ;

k
h-node ofH ; -graph obtained fromG. The only difference betweenH ; andH I is that the h-nodeH ;

k might be split into
multiple new h-nodes inH I and some edges with other h-nodes that were present inH ; , might be removed inH I .

However, according to Algorithm 6, we do not split these new h-nodes rather bind them together to formH I
k that contain the

same nodes asH ;
k . Therefore, no new edge is being added among other h-nodes. This implies that the partial order ofH ; is

also valid forH I . After intervention no new edges are added to the constructedH-graphs, thus we can safely claim that,

An G I
(H I

k ) � An G (H ;
k ); 8I 2 I (39)

Since allH -graphs are DAGs and the above condition holds, any valid partial order forH ; is also a valid partial order for all
H I ; 8I 2 I , i.e., they have a common valid partial order.

In general, forI 2 H I
k , i.e., when the intervention is insideH I

k , we utilize interventional datasets and search for minimum
size variable setA I � An G I

(H I
k ) in GI such that do-calculus rule-2 satis�es,

P(H I
k [ A I jpa(H I

k [ A I ); do(I )) = P(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I )) (40)

Then we can train the mechanisms inH I
k to match the following distribution,

P(H I
k [ A I jpa(H I

k [ A I ); do(I )) = Q(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ))

=) P(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ) = Q(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I ))
(41)

Proposition D.15. Suppose Algorithm 6:Modular-DCM Modular Training converges for each h-node inH ; -graph
constructed fromG = ( V; E). Suppose the interventional distribution induced by the deep causal model isQI (V ) after
training on data setsD I ; 8I 2 I . then,

PI (V ) = QI (V ) (42)

Proof Sketch.The proof of this Proposition follows the same route as Proposition D.12. However, we have now access
to both observational and interventional datasets and Modular-DCM is trained on all these datasets modularly to match
every interventional joint distribution. An important fact is that even if we have access todo(I ); 8I 2 I datasets and we
construct multipleH I -graphs, we still follow the topological order ofH ; -graph, i.e, H-graph with no intervention. This is
valid according to Proposition D.14 since a topological order ofH ; works for allH I -graphs even thoughH I are sparser.
Also, any node inH I

k contains the same set of nodes as inH ;
k for all k.

Tian's factorization allows us to express the interventional joint distributionPI (V ) in terms of multiple c-factors. We
divide the c-components corresponding to these c-factors into two sets. Set-1: the c-component containing the intervention
and the c-components in the same h-node. Set-2: the rest of the c-components without any intervention. We combine
the c-factors in both sets asH I

k andH I
k 0 2 fH I n H I

k g . Therefore, according to Corollary D.8,PI (V ) can be written
as:Ppa(C i ) [ I (Ci ) �

Q

H I
k 2H I

Q

C i 02 H I
k

Ppa(C i 0) (Ci 0) = Ppa(H I
k ) [ I (H I

k ) �
Q

H I
k 02fH I nH I

k g
Ppa(H I

k 0) (H
I
k 0). During the modular

training with interventional datasets, Modular-DCM matches each of these c-factors and thus matches the interventional
joint distribution.

We can consider any h-nodeH I
k asH I

k 2 � 0, i.e., to be either a root h-node ofH I or H I
k 2 � 1 i.e., to be a non-root h-node

of H I . For both of these cases, we follow the same approach as the observational case except the fact that we consider
h-nodes in theH I graph (but the same topological order asH ; ), the ancestor setA I in G �I and thedo(I ) dataset while
matching the interventional distribution for h-nodes. Now, forH I

k 2 � 0, by the construction of theH I graph, we can say
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P(H I
k jPa(H I

k ); do(I )) = PP a(H I
k ) [ I (H I

k ). Thus, we matchPP a(H I
k ) [ I (H I

k ) by training the DCM mechanisms inH I
k by

matchingP(H I
k jPa(H I

k ); do(I )) = QP a(H I
k ) [ I (H I

k ).

For h-nodesH I
k 2 � 1, we perform modular training to train these mechanisms by matching an alternative interventional joint

distributionP(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I )) with thedo(I ) interventional data. This alternative distribution can be
expressed as:Ppa(H I

k ) [ I (H I
k ) �

Q

H I
S 2A I

Q

C +
i 02 H I

S

PP a(C +
i 0) (C

+
i 0 ). Here the �rst term correspond to the distribution involving

the current h-nodeH I
k we are training. The second term corresponds to the partial c-factors located in the ancestorsA I .

They are partialC+
i becauseA I are ancestors ofH I

k in G �I satisfying the modularity condition D.1 and not necessarily

containing the full c-componentCi . We can equivalently write:PP a(H I
k ) [ I (H I

k ) = P (H I
k [A I j do(P a(H I

k [A I )) ;do( I ))
Q

H I
S 2A I

Q

C +
j � H I

S

P
P a ( C +

j )
(C +

j )
. We

match the numerator at the current training step. Since we follow the topological order of the H-graph, the denominator
distributions are matched while training the ancestor h-nodes mechanisms inH I . Therefore, Modular-DCM DCM can
match the interventional distributionPP a(H I

k ) [ I (H I
k ). More precisely,QP a(H I

k ) [ I (H I
k ) = PP a(H I

k ) [ I (H I
k ).

Modular-DCM follows the topological order ofH ; and trains all mechanisms in anyH ;
k . While training thek-th h-

node, Modular-DCM enforces the mechanisms in the h-node to learn all interventional distributionPP a(H I
k ) [ I (H I

k ); 8I 2
I . Therefore, after training the last node in the topological order, Modular-DCM modular training matches the joint
interventional distributionPI (V ). We provide the detailed proof below.

Proof. Suppose, interventionI belongs to a speci�c c-componentCi , i.e.,I 2 Ci . According to Tian's factorization, we
can factorize the do(I ) interventional joint distributions forGI causal graph, into c-factors as follows:

PI (V ) = PI (H I ) = Ppa(C i ) [ I (Ci ) �
Y

H I
k 2H I

Y

C i 02 H I
k

Ppa(C i 0) (Ci 0) (43)

The difference between the c-factorization forP(V ) andPI (V ) is that when interventionI is located inside c-component
Ci , we havePpa(C i ) [ I (Ci ) instead ofPpa(C i ) (Ci ). We can divide c-componentsC = f C1; : : : Ct g into disjoint partitions
or h-nodes asH ;

k = f Ci gi 2 Tk for someTk � [t ].

Let, the c-componentCi that contains interventionI belong to hnodeH I
k , i.e.,Ci 2 H I

k . Following Corollary D.8, we can
combine the c-factors in each partitions and rewrite R.H.S of Equation 43 as:

Ppa(C i ) [ I (Ci ) �
Y

H I
k 2H I

Y

C i 02 H I
k

Ppa(C i 0) (Ci 0) = Ppa(H I
k ) [ I (H I

k ) �
Y

H I
k 02fH I nH I

k g

Ppa(H I
k 0) (H

I
k 0) (44)

Now, we prove that we match each of these terms in Equation 44 according to the training orderT .
For any root h-nodesH I

k 2 � 0:
Due to the construction ofH I graphs in Algorithm 5, the following is true for any root nodes,H I

k 2 � 0.

PI (H I
k jPa(H I

k )) = PP a(H I
k ) [ I (H I

k ) (45)

Modular-DCM training convergence for the mechanisms inH I
k 2 � 0. Algorithm 6, line 6 ensures that the following

matches:

PI (H I
k jPa(H I

k )) = QP a(H I
k ) [ I (H I

k )

=) PP a(H I
k ) [ I (H I

k ) = QP a(H I
k ) [ I (H I

k )
(46)

For the h-nodeH I
k 2 � 1 with I 2 H I

k :
Now we show that we can train mechanisms inH I

k by matchingPI (V) c-factors withL 1 andL 2 datasets. Let us assume,
9A I � � 0 such thatA I = An G I

(H I
k ), i.e., ancestors ofH I

k in theH I -graph that we have already trained with available
D I dataset,8I 2 I .
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To apply Lemma D.7 inGI with jI j � 0, considerV 0 = H I
k [ A I as the focus-set,f Pa(V 0) [ I g as the action-set. Thus,

active c-components:C+
j := Cj \ V 0. We apply the lemma as below:

P(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I )) =
Y

C i 2 H I
k

Ppa(C i ) [ I (Ci ) �
Y

H I
S 2A I

Y

C +
i 02 H I

S

PP a(C +
i 0) (C

+
i 0 )

(47)

Here, the 1st term is the factorization of the current h-node and the 2nd term is the factorization of the ancestors set. The
intervened variableI is located in the current h-nodeH I

k . Therefore, the factorized c-components, i.e.,Ci 2 H I
k hasI as

intervention along with their parent intervention. The above equation implies:

P(H I
k [ A I jdo(Pa(H I

k [ A I )) ; do(I )) = Ppa(H I
k ) [ I (H I

k ) �
Y

H I
S 2A I

Y

C +
i 02 H I

S

PP a(C +
i 0) (C

+
i 0 )

(48)

According to Corollary D.8, we combine the c-factorsPpa(C i ) [ I (Ci ) for c-components inH I
k to form Ppa(H I

k ) [ I (H I
k ). We

continue the derivation as follows:

=) PP a(H I
k ) [ I (H I

k ) =
P(H I

k [ A I jdo(Pa(H I
k [ A I )) ; do(I ))

Q

H I
S 2A I

Q

C +
j � H I

S

PP a(C +
j ) (C

+
j )

=) PP a(H I
k ) [ I (H I

k ) =
Q(H I

k [ A I jdo(Pa(H I
k [ A I )) ; do(I ))

Q

H I
S 2A I

Q

C +
j � H I

S

QP a(C +
j ) (C

+
j )

(49)

Here the R.H.S numerator follows from previous line according to Equation 41 since training has converged for the current h-
node. For the R.H.S, denominator,8H I

S 2 A I appear beforeH I
k in the partial order. When we trained h-nodesH I

S 2 A I on
P(V) andPI (V) datasets, we matched the joint distributionP(H I

S [ A I jdo(pa(H I
S [ A I )) ; do(I )) ; 8H I

S 2 A I . According
to Lemma D.7, matching these distribution is suf�cient to match the distribution at the R.H.S denominator. Therefore, our
DCM will produce the same distribution as well. This implies that from Equation 49 we get,

Ppa(H I
k ) [ I (H I

k ) = Qpa(H I
k ) [ I (H I

k ) (50)

Similarly, we train each h-node following the training orderT and match the distribution in Equation 44. We train the
c-factor that contains interventions with our available interventional dataset and the c-factors that do not include any
interventions can be trained withP(V ) dataset. This �nally shows that,

PI (V ) = Ppa(H I
k ) [ I (H I

k ) �
Y

H I
k 02f H I nH I

k g

Ppa(H I
k 0) (H

I
k 0)

= Qpa(H I
k ) [ I (H I

k ) �
Y

H I
k 02f H I nH I

k g

Qpa(H I
k 0) (H

I
k 0)

= QI (V )

(51)
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Figure 14.Flowchart of proofs

D.6. Identi�ability of Algorithm 6:Modular-DCM Modular Training

Theorem D.16. LetM 1 be the true SCM and Algorithm 6:Modular-DCM Modular Training converge for each h-node
in H constructed fromG = ( V; E) after training on data setsD = fD I g8I 2I and output the DCMM 2. Then for anyL 2

causal queryKM 1 (V), identi�able fromD , KM 1 (V) = KM 2(V) holds.

Proof. Let M 1 = ( G = ( V; E); N ; U; F ; P(:)) be the true SCM andM 2 = ( G; N 0; U0; F 0; Q(:)) be the deep causal
generative model represented by Modular-DCM. For anyH I

k 2 H I ; I 2 I , we observe the joint distributionP(H I
k [ A I [

Pa(H I
k [ A I ); do(I )) in the inputD I datasets. Thus we can train all the mechanisms in the current h-nodeH I

k by matching
the following distribution from the partially observable datasets:

P(H I
k [ A I jpa(H I

k [ A I ); do(I )) = Q(H I
k [ A I jdo(pa(H I

k [ A I )) ; do(I )) (52)

Now, as we are following a valid partial order of theH ; -graph to train the h-nodes, we train the mechanisms of each
h-node to match the input distribution only once and do not update it again anytime during the training of rest of the
network. As we move to the next h-node of the partial order for training, we can keep the weights of the Ancestor h-nodes
�xed and only train the current one and can successfully match the joint distribution in Equation 52. In the same manner,
we would be able to match the distributions for each h-node and reach convergence for each of them. Modular-DCM
Training convergence implies thatQI (V) = PI (V); 8I 2 I i.e., for all input dataset distributions. Therefore, according to
Theorem C.3, Modular-DCM is capable of producing samples from correct interventional that are identi�able from the input
distributions.

Theorem D.17. Suppose Algorithm 1:Modular-DCM Modular Training converges for each h-node in theH-graph
constructed fromG = ( V; E) and after training on observational datasetD � P(V), the observational distribution induced
by the DCM isQ(V ). Then, we havei )P(V ) = Q(V ), andii ) for anyL 2 causal queryKM 1 (V) that is identi�able from
D , we haveKM 1 (V) = KM 2(V)

Proof. Theorem 4.5 is restated here. The �rst part of the theorem is proved in Proposition D.12. The second part can be
proved with Theorem D.16.

Theorem D.18. Suppose Algorithm 6:Modular-DCM Modular Training converges for each h-node in theH ; -graph
constructed fromG = ( V; E) and after training on observational and interventional datasetsD I � PI (V)8I 2 I , the
distribution induced by the DCM isQI (V ); 8I 2 I . Then, we havei )PI (V ) = QI (V ), andii ) for anyL 2 causal query
KM 1 (V) that is identi�able fromD I ; 8I 2 I , we haveKM 1 (V) = KM 2(V)

Proof. The �rst part of the theorem is proved in Proposition D.13 and Proposition D.15. Then it is a direct implication of
Theorem D.16, This theorem is equivalent to Theorem 4.5 if we considerI = f;g .
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Figure 15.Flowchart of proofs

E. Modular Training on Different Graphs

E.1. Modular Training Example

Figure 16.H ; -graph andH 17 -graph construction

In Figure 16, we construct theH ; -graph as below. We describe the H-graph edges (thick blue edges) and the backdoor path
(thin black edges) responsible for those edges.
H10 ! H0 : 3  2  1
H2 ! H5 : 14  8  11  10  16;
H2 ! H6 : 17  9  19;
H5 ! H7 : 23  14  15  27;
H6 ! H7 : 25  17  27
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In Figure 16, we construct theH 17-graph as below:
H10 ! H0 : 3  2  1
H2 ! H5 : 14  8  11  10  16;
H5 ! H7 : 23  14  15  27;
Now, notice that due todo(17), H 17

6 gets splitted into two new h-nodes,[18; 19] and [20; 21; 22] with a new edge
[20; 21; 22] ! [18; 19]. However, according to our H-graph construction algorithm, we keep these two new h-nodes
of H 17 combined insideH 17

6 same asH ; -graph. Therefore,H ; andH 17 's common partial order does not change.

For trainingH ;
7 node:f 23; 24; 25; 26; 27g, we match the following distribution found by applying do-calculus rule 2.

P(23; 24; 25; 26; 27; 14; 15; 16; 17; 18; 19; 22; 5; 6; 7; 8; 9; 10; 11; jdo(2; 12; 13; 28; 29; 4)) (53)

In Figure 16(a), joints are shown as red nodes and their parents as green nodes. However, consider, we have both
observational and interventional datasets fromP(V) andP(Vjdo(17)) and we have already trained all the ancestor h-nodes
of H 17

7 . Then we can train the mechanisms that lie inH ;
7 to learn both observational and interventional distribution by

matching a smaller joint distribution compared to Equation 53:

P(23; 24; 25; 26; 27; 8; 10; 11; 14; 15; 16jdo(12; 28; 29; 5; 17)) (54)

In Figure 16(b), joints are shown as red nodes and their parents as green nodes. We see that the number of red nodes is less
for H 17 graph compared toH ; graph when we were matching the mechanisms in h-node,H ;

7 .

F. Experimental Analysis

In this section, we provide implementation details and algorithm procedures of our Modular-DCM training.

F.1. Training Details and Compute

We performed our experiments on a machine with an RTX-3090 GPU. The experiments took 1-4 hours to complete. We
ran each experiment for300epochs. We repeated each experiment multiple times to observe the consistent behavior. Our
datasets contained20� 40K samples, and the batchsize was200, and we used the ADAM optimizer. For evaluation, we
generated 20k fake samples after a few epochs and calculated the target distributions from these 20k fake samples and 20k
real samples. We calculated TVD and KL distance between the real and the learned distributions. For Wassertein GAN
with gradient penalty, we used LAMBDAGP=10. We had learningrate =5 � 1e � 4. We used Gumbel-softmax with a
temperature starting from1 and decreasing it until0:1. We used different architectures for different experiments since each
experiment dealt with different data types: low-dimensional discrete variables and images. Details are provided in the code.
For low-dimensional variables, we used two layers with 256 units per layer and with BatchNorm and ReLU between each
layer. Please check our code for architectures of other neural networks such as encoders and image generators

F.2. Complexity Evaluation

Suppose, a causal graph hasN variables. Without modularization, we have to match the joint distribution containingN
(might be large) number of low and high dimensional variables in a single training phase. Matching that joint distribution
with deep-learning models, and a complicated confounded causal structure could be dif�cult since we are attempting to
minimize a very complicated loss function for a very large neural network. Our proposed method allows us to reduce the
complexity of this problem tremendously by modularizing the training process to c-components. The size of a c-component
is generally a lot smaller than the whole graph. Thus, even though we have to train mechanisms in a c-component together
and match a joint distribution involving high and low dimensional variables, the complexity will be much lower. Without
our approach, there is no existing work that can modularize and simplify the training process for a causal graph with latents.

To achieve a deep causal generative model (DCM), given a causal graph ofN nodes, it is required to trainN neural networks.
However, our nearest benchmark NCM, trains allN networks together at the same time. While our method trains only the
networks that belong to a single h-node. Thus, during a training phase, the maximum number of networks NCM has to train
together isO(N ) and in our case, it isO(jLargest h-nodej) which is in most casesO(jLargest c-componentj).
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F.3. Image Mediator Experiment

In this section, we provide additional information about the experiment described in Section 5.1. The front-door graph has
been instrumental for a long time in the causal inference literature. However, it was not shown before that modular training
with high dimensional data was possible, even in the front door graph. This is why we demonstrate the utility of our work
on this graph.

(a) Frontdoor causal graph w/
image mediator

(b) Training converges matchingP(D; A ) and
P(Ajdo(D ))

(c) MNIST Image generation
comparison

(d) MNIST Image generation
comparison

(e) MNIST Image generation
comparison

Figure 17.Modular Training on frontdoor causal graph with training order:f I g ! f D; A g

We have domainD = [0 ; 1], Image size=3 � 32� 32andC = [0 ; 1; 2]. Let U0; e1; e2; e3 are randomly generate exogenous
noise.D = U0 + e1; Image = f 2(D; e2); A = f 3(Image; e3; U0). f 2 is a function which takesD ande2 as input and
produces different colored images showingD digit in it. f 3 is a classi�er with random weights that takesU0; e3 and
Image as input and producesA such a way thatjP(Ajdo(D = 0)) � P(AjD = 0) j; jP(Ajdo(D = 1)) � P(Ajdo(D =
0))jandjP(AjD = 1) � P(AjD = 0) j is enough distant. The digit color can be considered as exogenous noise. The target
is to make sure that the backdoor edgeD $ A and the causal path fromD to A is active. Since we have access toU0 as
part of the ground truth, we can calculate the true value ofP(Ajdo(D)) with the backdoor criterion (Pearl, 1993):

P(Ajdo(D)) =
Z

U0

P(AjD; U0)P(D jU0)

During training,U0 is unobserved but still, the query is identi�able with the front door criterion (Pearl, 2009).Imageis a
mediator here.

P(Ajdo(D)) =
Z

Image
P(ImagejD )

X

D 0

P(AjD 0; Image)P(D 0)

However, this inference is not possible with the identi�cation algorithm since it requires image distribution. But Modular-
DCM can achieve that by producingImage samples instead of learning the explicit distribution. If we can train all
mechanisms in the Modular-DCM DCM to matchP(D; A; I ), we can produce correct samples fromP(Ajdo(D)) . We
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(a) COVIDx CXR-3 graph (b) Real vs fake (c) Training converges with low TVD

Figure 18.Modular-DCM converges with pre-trained model on COVIDx CXR-3 dataset.

construct the Modular-DCM architecture with a neural networkGD having fully connected layers to produceD, a deep
convolution GANGI to generate images, and a classi�erGA to classify MNIST images into variableA such thatD and
A are confounded. Now, for this graph, the correspondingH-graph is[I ] ! [D; A ]. Thus, we �rst trainGI by matching
P(I jD ). Next, to trainGD andGA , we should match the joint distributionP(D; A; I ) sincef I g is ancestor setA for
c-componentf D; A g. GAN convergence becomes dif�cult using the joint distribution loss since the losses generated by low
and high dimensional variables are not easily comparable and it is non-trivial to �nd a correct re-weighting of such different
loss terms. To the best of our knowledge, no current causal effect estimation algorithm can address this problem since there
is no estimator that does not contain explicit image distribution, which is practically impossible to estimate. To deal with
this problem, we map samples ofI to a low-dimensional representation,RI with a trained encoder and matchP(D; RI; A )
instead ofP(D; Image; A ).

Note that, we use the mechanism training order[I ] ! [D; A ] speci�ed by the H-graph (Algorithm 7) to match the joint
distributionP(D; Image; A ). It is not feasible to follow any other sequential training order such as[D ] ! [Image] ! [A]
as training them sequentially with individual losses can not hold the dependence inD $ A. We compare our performance
with NCM in Figure 17. We implemented NCM on our architectures as it could not be directly used for images. For
estimating the FID scores, we generated 2050 samples from each method and calculated the FID score compared to the
original images using a method proposed in (Seitzer, 2020).

F.4. MNIST Diamond Graph

Here we discuss the data generating process of the MNIST diamond graph. We have considered matching the joint
distribution for the following diamond graph.I 1 ! Digit ! I 2 ! Color; I 1 $ Color $ Digit . HereI 1 andI 2 are
image nodes and the rest are discrete.I 1; Digit; Color belong to the same c-component. To generate semi-synthetic data
for this graph, we �rst uniformly sampleU1 andU2 whereI 1  U1 ! Digit andDigit  U2 ! Color. Next, we set
I 1:color according toU1. Then we pick a digit image from the MNIST dataset ofI 1:digit and color it withI 1:color. Next
we generate values forDigit consistent withI 1:digit while adding some confounding variableU2. We pick another MNIST
image withDigit and color it with some random color. Finally we set the value ofColor with I 2:color andU2.

F.5. Performance on Real-world COVIDx CXR-3 Dataset

F.5.1. REAL-WORLD COVIDX CXR-3 DATASET

To demonstrate the convergence behavior of Modular-DCM on real high-dimensional datasets, we conduct a case study with
the COVIDx CXR-3 (Wang et al., 2020) dataset in this section. This dataset contains 30,000 chest X-ray images (Xray )
with Covid (C) and pneumonia(N ) labels from over 16,600 patients located in 51 countries. Even though there is no
ground truth causal graph associated with this dataset, we consider the same motivational setup we discussed in Figure 1a:
C ! Xray ! N; C $ N . We assume the graph to be consistent with the dataset since it does not impose conditional
independence restrictions on the joint distributionP(C; Xray; N ). Therefore, we expect our modular training algorithm to
correctly match the observational joint distribution. We discuss the reasoning behind each edge in Appendix F.5. We aim to
learn that if a patient is randomly picked and intervened with Covid (hypothetically), how likely will they be diagnosed
with pneumonia, i.e.,P(N jdo(C))? To match the joint distributionP(C; Xray; N ), we follow the modular training order:
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[GXray ] ! [GC ; GN ]. Instead of trainingGXray from scratch, we use a pre-trained model (Giorgio Carbone, 2023) that
can be utilized to produce Xray images corresponding toC 2 [0; 1] input. Next, we trainGC andGN together since they
belong to the same c-component. Since the joint distribution contains both low and high-dimensional variables, we map
Xray to a low-dimensional representationRxray with an encoder and matchP(C; Rxray; N ).

Evaluation:Figure 18b shows images for the original dataset (left) and output images (right) from the pre-trained model.
In Figure 18c, we plot the total variation distance (TVD) ofP(C); P(N ), P(N jC); P(N; C ). We observe that TVD
for all distributions is decreasing. The average treatment effect, i.e., the difference betweenE[P(N jdo(C = 1))] and
E[P(N jdo(C = 0))] is in [0:05; 0:08]after convergence. This implies that intervention with Covid increases the likelihood
of being diagnosed with Pneumonia. However, these results are based on this speci�c COVIDx CXR-3 dataset and should
not be used to make medical inferences without expert opinion.

F.5.2. DETAILED DISCUSSION ONCOVIDX CXR-3

In this section, we provide some more results of our experiment on COVIDx CXR-3 dataset (Wang et al., 2020). This
dataset contains 30,000 chest X-ray images with Covid(C) and pneumonia(N ) labels from over 16,600 patients located
in 51 countries. The X-ray images are of healthy patients(C = 0 ; N = 0) , patients with non-Covid pneumonia(C =
0; N = 1) , and patients with Covid pneumonia(C = 1 ; N = 1) . X-ray images corresponding to COVID non-pneumonia
(C = 1 ; N = 0) are not present in this dataset as according to health experts those images do not contain enough signal for
pneumonia detection. However, to make the GAN training more smooth we replaced a few(C = 1 ; N = 1) real samples
with (C = 1 ; N = 0) dummy samples. We also normalized the X-ray images before training.

Note that the causal effect estimates obtained via this graph may not re�ect the true causal effect since the ground truth
graph is unknown and there may be other violations of assumptions such as distribution shift and selection bias. In order
to demonstrate the convergence behavior of Modular-DCM on real high-dimensional datasets, we consider the causal
graph shown in Figure 18a. However, observe that this graph does not impose conditional independence restrictions on the
joint distributionP(C; Xray; N ). If our mentioned assumptions (including no selection bias, etc.) are correct, we expect
Modular-DCM to correctly sample from interventional distribution after training by Theorem 4.5. Therefore, we expect our
modular training algorithm to correctly match the observational joint distribution.

Our reasoning for using this causal graph is as follows: we can assume that Covid symptoms determine the X-ray features
and the pneumonia diagnosis is made based on the X-rays. Thus we can add direct edges between these variables. A
patient's location is hidden and acts as a confounder because a person's socio-economic and health conditions in a speci�c
location might affect both the likelihood of getting Covid and being properly diagnosed with Pneumonia by local health
care. The X-ray images are done by chest radiography imaging examination. Due to the standardization of equipment, we
assume the difference in X-ray data across hospital locations is minor and can be ignored. Thus,Location 6! XrayImages.

To obtain the low dimensional representation of both real and fake X-ray images, we used a Covid conditional trained
encoder. Instead of trainingGXray from scratch, we use a pre-trained model (Giorgio Carbone, 2023) that can be utilized to
produce Xray images corresponding toC 2 [0; 1] input. Note that, this pre-trained model takes value 0 for Covid, 1 for
normal, and 2 for Pneumonia as input and produces the corresponding images. If a fake Covid sample indicates Covid=1,
we map it to the 0 input of the pre-trained GAN. If a fake Covid sample indicates Covid=0, this might be either mapped to 1
(normal) or 2 (Pneumonia). Instead of randomly selecting the value, we use the real Pneumonia sample to decide this (either
1 or 2). After that, we produce X-ray images according to the decided input values. Since we are using the GAN-generated
fake samples for Covid=1, the computational graph for auto grad is not broken. Rather the mentioned modi�cation can be
considered as a re-parameterization trick.

F.6. Invariant Prediction on CelebA-HQ

To re�ect the distribution shift inP(Sex), we divide image samples from the CelebA-HQ dataset into train and test domains
as the table in Figure 5 and the actual number of samples are given in Table 1. In the test domain,P(Sex) changes while
P(Eyeglass) stays �xed.

The prediction ofEyeglass from Image is done by learning the probability distributionP(SexjImage). Note that,
we would like the prediction ofEyeglass to be independent ofSex andDomain . This might not work if we learn
P(EyeglassjImage) or P(EyeglassjImage; Sex) since conditioning will make the prediction depend onDomain .
Thus, we trainIntervention classi�er on D[Eyeglass; Image] � P(Eyeglass; Imagejdo(Sex)) following the
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Figure 19.Total variation distance plots show Modular-DCM converges on COVIDx CXR-3 dataset. (consecutive 20 epochs were
averaged)

Figure 20.Real images from dataset vs pre-trained GAN generated images

approach suggested in (Subbaswamy et al., 2019).

Sincef Eyeglass; Sexg andf Imageg belong to different c-components, we can train modelsGEyeglass ; GSex together
and use a pre-trained model forGI . Therefore, we only have to trainGA andGS . We utilize Modular-DCM's ability to
incorporate a pre-trained image generation model, InterFaceGAN (Shen et al., 2020) which can generate impressive human
faces in its causal generative models. We generate10k samples of[Eyeglass0; Image0] � P(Eyeglass; Imagejdo(Sex)) .
Intervention onSex attribute will makeEyeglass independent from bothSex andDomain . Finally, the prediction would
be independent of the distribution shift inP(SexjDomain ).

We used the InterFaceGAN that uses pre-trained StyleGAN from the repository:https://github.com/genforce/
interfacegan . To �lter incorrect images, we used a pre-trained classi�er to from this repository:https:
//github.com/clementapa/CelebFaces_Attributes_Classification to �lter the inconsistent images
generated from InterFaceGAN.

Table 1.Number of samples in training and test dataset
Train

Eyeglass=0 Eyeglass=1
Sex=0 3200 100
Sex=1 1000 1080

Test
Sex=0 400 180
Sex=1 600 100
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