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ABSTRACT

Reinforcement learning from verifiable rewards has emerged as a powerful tech-
nique for enhancing the complex reasoning abilities of Large Language Models
(LLMs). However, these methods are fundamentally constrained by the “learn-
ing cliff” phenomenon: when faced with problems far beyond their current ca-
pabilities, models consistently fail, yielding a persistent zero-reward signal. In
policy optimization algorithms like GRPO, this collapses the advantage calcula-
tion to zero, rendering these difficult problems invisible to the learning gradient
and stalling progress. To overcome this, we introduce Scaf-GRPO (Scaffolded
Group Relative Policy Optimization), a progressive training framework that strate-
gically provides minimal guidance only when a model’s independent learning has
plateaued. The framework first diagnoses learning stagnation and then intervenes
by injecting tiered in-prompt hints, ranging from abstract concepts to concrete
steps, enabling the model to construct a valid solution by itself. Extensive ex-
periments on challenging mathematics benchmarks demonstrate Scaf-GRPO’s ef-
fectiveness, boosting the pass@1 score of the Qwen2.5-Math-7B model on the
AIME24 benchmark by a relative 44.3% over a vanilla GRPO baseline. This re-
sult demonstrates our framework provides a robust and effective methodology for
unlocking a model’s ability to solve problems previously beyond its reach, a criti-
cal step towards extending the frontier of autonomous reasoning in LLM.
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Large Language Models (LLMs) have demon-
strated remarkable capabilities in complex rea-
soning tasks across diverse domains such as 3
mathematics, programming, and logic (Guo §
et al., 2025; Jaech et al., 2024; Muennighoff ™
et al., 2025; Min et al., 2024). A key driver 2
of these advancements is Reinforcement Learn-

ing from Verifier Rewards (RLVR) (Guo et al.,
2025, Zeng et al., 2025, Liu et al., 2025b), a O TAME24 TAIME25  AMC  Minerva  MATH-500  Olympiad Overall Avg
paradigm where models learn to generate so- ] )
phisticated reasoning paths by exploring di- Figure 1.: Scaf—GRPO overcomes the lqarnlng c}1ff
verse strategies and receiving feedback on with minimal guidance, outperforming vanilla
their final outcomes. This approach elimi- GRPO (Shao et al., 2024) and the prefix-based
nates the need for expensive, step-by-step hu- LUFFY (Yan et al., 2025) across Challenglpg
man annotations by rewarding only the fi- math benchmarks on Qwen2.5-Math-7B. By in-
nal correct answer, enabling models to au- jecting strategic, hierarchical hints, our method

tonomously discover effective problem-solving unlocks the model’s potential on difficult prob-
procedures (Guo et al., 2025). lems, achieving superior overall performance.

However, the efficacy of RLVR is severely constrained by a fundamental challenge we formalize
as the “learning cliff.”” This phenomenon occurs when a model confronts a subset of problems
that lie significantly beyond its current capabilities. For these problems, all exploratory attempts
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Figure 2: Training dynamics of Qwen2.5-Math-1.5B. (a) Scaf-GRPO overcomes the learning cliff
by continuously solving zero-reward problems where vanilla GRPO plateaus. (b) This translates to
sustained and superior validation accuracy for Scaf-GRPO throughout training.

consistently fail, leading to two critical and cascading consequences: (1) Reward Signal Loss: The
model receives a persistent zero-reward signal for this entire subset of problems. (2) Vanishing
Gradients: In algorithms like GRPO (Shao et al., 2024), the advantage signal provides the learning
gradient. When all rewards are zero, the advantage collapses to zero, providing no gradient for the
policy to learn from (Yu et al., 2025).

Consequently, these difficult problems become “invisible” to the policy update. As our empirical
analysis in Figure 2 illustrates, these problems form a persistent “long tail” of challenges that the
model cannot conquer autonomously. This long tail represents a critical bottleneck, as it prevents
the model from leveraging the most difficult examples to achieve a higher level of competence.

To address the learning cliff, a prevailing strategy has emerged: incorporating off-policy guidance
from a more capable “teacher” policy (Yan et al., 2025; Huang et al., 2025; Zhang et al., 2025a;b).
These methods typically work by providing the student model with a prefix of a correct “golden”
solution and tasking it with generating the remainder of the reasoning path. While this ensures a
positive reward signal, this prefix-continuation paradigm introduces significant issues. It creates
a distributional mismatch between the teacher-generated prefix and the student-generated suffix,
necessitating complex algorithmic corrections like policy shaping (Yan et al., 2025) or hybrid SFT-
RL objectives (Huang et al., 2025) that can introduce bias and training instability. More critically,
this “on-rails” guidance forces the model down a predetermined path, stifling its ability to explore
alternative, potentially more novel or efficient, reasoning strategies.

To address this challenge, we propose Scaf-GRPO (Scaffolded Group Relative Policy Optimization).
Our framework is inspired by the pedagogical theory of Scaffolding (Berk & Winsler, 1995), a
teaching method of providing temporary support that fades as learners improve. We apply this
principle by providing hierarchical, minimal, progressive assistance to help the model bridge its
capability gaps, rather than enforcing a rigid solution prefix. This in-prompt scaffolding approach is
guided by two primary objectives: first, to maintain policy consistency by having the model process
both the problem and the hint under a single, unified policy, thereby avoiding the distributional
mismatches of prefix-based methods. Second, to preserve exploration flexibility, as our hints act
as “signposts” rather than “railroads,” guiding the model without fixing its path and allowing it to
discover its own unique solution strategies.

Our framework operates in two carefully designed phases. It first employs a guidance exemption
period to distinguish “true-hard” problems from “pseudo-hard” ones that the model can solve on
its own with more training. For true-hard problems, it then activates hierarchical hint-guided ex-
ploration, providing progressively concrete hints (from abstract concepts to concrete steps) until the
model can generate a correct solution. By rewarding the model for succeeding with the most ab-
stract hint possible, Scaf-GRPO encourages the internalization of reasoning skills rather than the
memorization of solutions. Our contributions are as follows:

* We propose Scaf-GRPO, a novel training framework inspired by pedagogical scaffolding address-
ing the “learning cliff” issue in RLVR. It provides hierarchical, minimal, and progressive guidance
via in-prompt hints instead of fixed solution prefixes. This approach maintains policy consistency
while preserving the model’s exploratory autonomy, thereby overcoming the key limitations of
existing guidance methods.
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* We demonstrate the effectiveness of Scaf-GRPO through extensive experiments on several chal-
lenging mathematics benchmarks. On the Qwen2.5-Math-7B model, our method achieves a sig-
nificant relative improvement of 12.6% over the vanilla GRPO baseline and a 9.2% relative gain
over strong prefix-based guidance methods like LUFFY.

* We demonstrate the broad applicability and robustness of Scaf-GRPO across diverse models. Our
experiments show consistent performance gains on different architectures (Qwen, Llama), scales
(1.5B to 7B), and specializations (math-tuned, instruction-tuned, and Long-Chain-of-Thought),
establishing Scaf-GRPO as a versatile and model-agnostic framework enhancing LLM reasoning.

2 RELATED WORK

Reinforcement learning from verifier reward. The success of DeepSeek-R1 (Guo et al., 2025)
establishes Reinforcement Learning from Verifier Reward (RLVR) as a paradigm for enhancing
the reasoning capabilities of Large Language Models (LLMs). In RLVR, models are trained using
feedback from an external verifier that provides an outcome-based reward (e.g., correct/incorrect)
for a generated solution. The success of DeepSeek-R1 (Guo et al., 2025) demonstrates that even
with sparse, binary rewards, models can learn reasoning strategies. Subsequent research has built
upon this foundation, focusing on enhancing algorithmic stability through debiasing techniques (Liu
et al., 2025b; Yu et al., 2025), or designing more informative rewards to improve sample efficiency,
such as using length penalties to mitigate overthinking (Aggarwal & Welleck, 2025; Jin et al., 2025;
Chen et al., 2024) or token-level signals to provide denser feedback (Wang et al., 2025b;a).

RLVR with off-policy guidance. To overcome the learning cliff, a phenomenon where a persistent
lack of positive rewards renders difficult problems invisible to the learning gradient (Yu et al., 2025),
researchers incorporate guidance from a “teacher” policy. The prevailing strategy is to provide the
student model with a prefix of a “golden” trajectory and task it with generating the continuation (Yan
etal., 2025; Huang et al., 2025; Zhang et al., 2025a;b; Ma et al., 2025). Different methods introduce
variations on this theme. For instance, Yan et al. (2025) mix a complete expert trajectory with
multiple model-generated rollouts in one batch. Huang et al. (2025) employ a cosine decay schedule
to adjust the length of the guiding prefix. More recently, Zhang et al. (2025a) provide multi-level
hints of varying lengths, allowing the model to explore from multiple starting points. However,
this prefix-continuation paradigm introduces challenges. It breaks policy consistency by mixing
trajectories from two different distributions, which necessitates complex algorithmic patches (Yan
et al., 2025; Huang et al., 2025; Zhang et al., 2025a). Furthermore, forcing the model down a
predetermined path stifles exploration, limiting its ability to discover novel reasoning strategies.
Our work provides effective guidance while circumventing these issues.

3 METHODOLOGY

Our framework, Scaffolded Group Relative Policy Optimization (Scaf-GRPQ), illustrated in Fig-
ure 3, overcomes the learning cliff inherent in reinforcement learning by providing hierarchical,
minimal, and progressive guidance. Unlike methods that alter the fundamental RL objective with
off-policy data, Scaf-GRPO maintains the on-policy nature of GRPO. It operates by strategically
augmenting the model’s rollout buffer when learning stagnates, ensuring that the learning signal is
both meaningful and derived from the most efficient reasoning path the model can achieve with as-
sistance. Our framework operates in two phases: an initial guidance exemption phase to diagnose
“true-hard” problems, and a subsequent cyclical phase of hierarchical hint-guided exploration.

3.1 PRELIMINARIES: GROUP RELATIVE POLICY OPTIMIZATION (GRPO)

Group Relative Policy Optimization (GRPO) (Shao et al., 2024) is an on-policy RL algorithm for
training LLMs that eliminates the need for a trainable value function. For a given prompt g, the
policy 7y generates a group of N trajectories, G = {o1,...,0n }. After obtaining a terminal reward

R(0;) for each trajectory from a verifier, GRPO computes a normalized advantage A ast A; =

%, where pg and og are the mean and standard deviation of rewards in the group G, and

€std 1S @ small constant for numerical stability. The policy is then updated by maximizing a clipped
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Figure 3: Overview of the Scaf-GRPO framework. For a given query, the model generates multiple
solutions. (Left) If any solution is correct, standard GRPO proceeds. (Right) If all solutions fail (the
learning cliff), Scaf-GRPO initiates hierarchical hint-guided exploration. It injects progressively
concrete in-prompt hints until a correct solution is found. This successful, minimally-guided trajec-
tory replaces a failed one, restoring the learning gradient and enabling on-policy updates to resume.

surrogate objective:

JGRpo(e) = ]]:':1’7,5 |:Hlln (Ti,t(e)leia Clip(’l"i7t(9), 1-— €, 1 + G)Al):| s (1)

ﬁe(oi,t|0i,<t7Q)
Weold(oi,tloi,<t7Q)
is the clipping hyperparameter. The key limitation arises when all trajectories in G receive a zero

reward, causing A; to collapse to zero and stalling the learning process—the learning cliff.

where ; 4(0) = is the probability ratio between the current and old policies, and €

3.2 THE SCAF-GRPO FRAMEWORK

Scaf-GRPO modifies the training process by strategically augmenting the trajectory group G when
a learning cliff is detected. The process consists of a conditional batch construction procedure
followed by the application of the standard GRPO loss.

Phase 1: Diagnosing true-hard problems. A key principle of effective teaching is to avoid pro-
viding help when a learner can succeed independently. Not all initial failures indicate a fundamental
capability gap; many are what we term pseudo-hard samples, arising from unfamiliarity with output
formats or nascent reasoning skills. To address this, Scaf-GRPO incorporates a guidance exemption
period, empirically set to the initial 15% of training steps. During this phase, the model attempts
solutions purely through on-policy exploration. As shown in Figure 2, this period is characterized by
arapid decrease in zero-reward queries. We algorithmically determine when this independent learn-
ing has plateaued by monitoring the rate of solving zero-reward queries. Once this rate stagnates,
any problem the model still consistently fails is classified as “true-hard,” making it a candidate for
guidance. This ensures hints are reserved for genuine learning cliffs.

. . . . Prompt for hint injection
Phase 2: Hierarchical hint-guided explo-

### System Prompt:

ration. Once a problem is identified as “true- Please reason step by step, and put your final
hard,” Scaf-GRPO activates its guidance mech- GRSHERRUIthInRLOXed g
anism using a pre-defined, three-tiered hint hi- ### User Prompt:
— . . Question: {question}
erarChy’ H = {HkHOWIBdge’ leanmnga Hsolu[lon}' Knowledge/Planning/Solution Hints: {hints}

The tiers offer distinct levels of guidance:
(1) Hxnowledge (Knowledge Hint): Points to the
key concept or formula required. (2) Hplanning
(Planning Hint): Outlines a high-level strategic
framework for the solution. (3) Hgomtion (Solution Hint): Provides a concrete calculation step.

Figure 4: Prompt for hint injection.
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To provide the minimal necessary guidance, the framework executes a deterministic search through
this hierarchy, proceeding from the most abstract to the most concrete hint (Hyqowiedge — Hplanning —
Hoution)- Within each tier, guidance is offered incrementally. The search terminates as soon as the
model generates a correct solution, thereby identifying the minimal effective guidance required. A
detailed description of this progressive exploration algorithm is provided in Appendix D.1I.

On-policy batch augmentation and unified loss. The core of Scaf-GRPO is its on-policy in-
tervention, reactivating the learning signal during a learning cliff. When all initial trajectories
G = {o01,...,0n} from my(-|q) yield zero reward, the advantage A; collapses, halting the gradi-
ent update. Scaf-GRPO intervenes by finding a minimal hint ~2* that enables policy my to generate
a successful trajectory oj, ~ mg(-|g @ h*). This successful trajectory replaces a random failed
trajectory o; € G to form an augmented group, Gana = (G \ {0;}) U {0} }.

The key insight is that Scaf-GRPO does not alter the mathematical form of the GRPO loss function.
Instead, it modifies the data used for the loss computation. The advantage calculation is performed
on this conditionally augmented batch:

~  R(d) — pg,
A; — ( z) /’[/ghnnl for 02 c gﬁnal- (2)
OGhua T Estd
The learning objective remains the clipped surrogate objective, but it is now applied to the trajecto-
ries in Gpina1. The probability ratio for a given trajectory o} € Gpina at timestep  is denoted as r; ,(6).

The overall objective is:
Jseatcrro(0) = i ¢ [min (r;,t(a)/i;, clip(r ,(6),1— €1+ e)A;)} , 3)

where the probability ratio r; ,(6) is critically computed with respect to the trajectory’s specific
originating prompt:

7T9(0;‘t|0;‘,,<t’Q) e X / *
: (9) = ﬂeold(og,t|?2,<t7Q) if 0 € ghnal and % 7& %h (4)
ﬂe(oé,tloi,<t1q@h*) lf 0/_ =0
Togq (07,107, <4, q®h*) © 7 Yht

This on-policy augmentation ensures the batch contains non-zero reward variance, restoring a mean-
ingful advantage signal and allowing learning to resume on previously intractable problems.

Conservative nature and on-policy integrity. A crucial property of Scaf-GRPO is its conserva-
tive nature; the framework does not alter the fundamental GRPO optimization objective but rather
operates as a targeted data augmentation strategy. Its impact on the policy gradient can be formalized
by analyzing two distinct cases based on the initial sampling results for a given prompt q.

In the first case, where at least one successful trajectory is generated initially (3o; € G such that
R(0;) > 0), the batch already contains a valid learning signal. The condition for intervention is
not met, so the batch remains unchanged (Gsng = G). Consequently, the objective function is
mathematically identical to standard GRPO, ensuring our framework does not interfere when the
model can learn on its own:

Jscat-Grero (0) = Joreo (). &)

In the second case, the learning cliff scenario (Vo; € G, R(0;) = 0), standard GRPO fails. The uni-
form zero rewards cause the advantage calculation to collapse (ug = 0,0g = 0), leading to a null
advantage A;=0anda vanishing policy gradient. Here, Scaf-GRPO intervenes by constructing the
augmented batch Gsna . This restores the gradient by ensuring pg,, > 0, which in turn guarantees a

non-zero advantage signal fl; Critically, this intervention preserves the on-policy principle. Unlike
off-policy methods that import trajectories from a different policy 74 and require high-variance im-
portance sampling corrections (e.g., using a ratio :—i), the guided trajectory oy, is sampled directly

from the current policy mg. The probability ratio is therefore a standard on-policy ratio computed
on a modified input, which is inherently more stable. We explicitly avoid the distributional mis-

match of off-policy alternatives defined by ratios like %, which are shown to destabilize
old

training in Appendix F.5. Instead, by conditioning both the current and old policies on the identi-
cal hint-augmented prompt, Scaf-GRPO ensures a stable learning signal. This targeted, on-policy
intervention transforms an unproductive, zero-gradient sample into a valuable learning opportunity
without compromising the integrity of the optimization process.
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Table 1: Overall performance on seven benchmarks. We compare our method, SCAF-GRPO,
against vanilla GRPO baselines across diverse architectures, including the Qwen2.5 series, a non-
Qwen model (Llama-3.2-8B-Instruct), and a specialized long-CoT model (DeepSeek-R1-Distill-
Qwen-1.5B). Scores: pass@1 (%). Best results are in bold. The background color of Scaf-GRPO
cells indicates performance change vs. Vanilla GRPO (green for improvement, red for decline).

Model AIME 24 AIME25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
QOwen2.5-Math-1.5B
Qwen2.5-Math-1.5B 72 33 325 14.7 32.8 20.6 20.0 18.7
Vanilla GRPO 13.3 10.0 47.5 28.3 722 34.8 57.4 37.6
Scaf-GRPO 20.0 13.3 60.0 29.1 734 36.6 57.9 41.5
QOwen2.5-Math-7B
Qwen2.5-Math-7B 133 13.3 42.5 16.5 53.6 18.2 35.1 27.5
Vanilla GRPO 30.0 13.3 60.0 334 75.8 413 62.6 452
SimpleRL-Zero Zeng et al. (2025) 23.3 13.3 55.0 31.6 76.8 37.2 60.8 42.6
Qat-Zero Liu et al. (2025a) 30.0 16.7 62.5 34.6 78.0 41.0 62.9 46.5
LUFFY Yan et al. (2025) 333 16.7 62.5 33.8 75.2 41.7 62.7 46.6
Scaf-GRPO 433 20.0 70.0 36.4 80.0 433 634 50.9
Qwen2.5-7B
Qwen2.5-7B 10.0 6.7 37.5 26.4 61.8 34.4 42.6 31.3
Vanilla GRPO 10.0 10.0 50.0 38.5 77.6 404 64.2 415
Scaf-GRPO 13.3 20.0 60.0 38.6 77.8 40.8 63.8 44.9
Llama-3.2-3B-Instruct
Llama-3.2-3B-Instruct 6.7 0.0 20.0 11.8 38.3 12.6 335 17.6
Vanilla GRPO 13.3 0.0 35.0 18.7 51.8 18.3 45.7 26.1
Scaf-GRPO 16.7 33 40.0 19.1 56.2 20.3 46.0 28.8
DeepSeek-R1-Distill-Qwen-1.5B
DeepSeek-R1-Distill-Qwen-1.5B 28.9 20.0 67.5 26.1 83.9 45.8 62.1 47.7
Vanilla GRPO 30.0 21.1 67.5 30.1 83.9 50.2 714 50.6
Scaf-GRPO 333 233 71.5 324 85.8 50.7 72.3 53.6

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUPS

Training dataset. Our training data is derived from the DeepScaleR-Preview-Dataset (Luo et al.,
2025). We employ a dynamic filtering strategy that aligns the dataset with each model’s initial
capabilities. Based on preliminary evaluation, we classify problems as “Too Easy” (discarded),
“Too Hard” (retained), or “Potentially Solvable” (50% subsampled). This curates a challenging yet
tractable training set focused on the frontier of the model’s abilities. For this dataset, we generate
our three-tiered hints by prompting the DeepSeek-R1 model (Guo et al., 2025) with ground-truth
solution steps. Further details on our data filtering strategy and the hint generation process are
provided in Appendix B.1 and Appendix B.2, respectively.

Models. To demonstrate the general applicability of Scaf-GRPO, we conduct experiments across
a diverse set of models, including: math-specialized models (Qwen2.5-Math-7B & 1.5B) to test
in-domain performance; a general-purpose base model (Qwen2.5-7B) to assess skill acquisition; a
different architecture (Llama-3.2-3B-Instruct) to verify model-agnosticism; and a Long-Chain-of-
Thought model (DeepSeek-R1-Distill-Qwen-1.5B) to evaluate applicability to extended reasoning.

Baseline methods. We benchmark Scaf-GRPO against three distinct classes of baselines:
(1) Vanilla GRPO (Shao et al., 2024), the standard on-policy algorithm without guidance. This
serves as our baseline to quantify the gains from our scaffolding mechanism. (2) Leading GRPO
implementations, including Simple-RL (Zeng et al., 2025) and Oat-Zero (Liu et al., 2025a), to con-
textualize our performance against highly-optimized public benchmarks. (3) LUFFY (Yan et al,,
2025), a representative of RLVR with off-policy guidance. This provides a direct comparison be-
tween the dominant prefix-continuation strategy and our in-prompt scaffolding approach.

Evaluation details. We evaluate on diverse mathematics benchmarks, including
GaoKao2023en (Chinese GaoKao Community, 2024), AIME24 (AIME, 2024), AIME25 (AIME,
2025), AMC (AMC, 2023), MATH-500 (Hendrycks et al., 2021), and OlympiadBench (He et al.,
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2024). To assess out-of-distribution (OOD) generalization, we evaluate on the scientific reasoning
benchmark, GPQA-Diamond (Rein et al., 2024). For all benchmarks, we report pass@1 accuracy
via greedy decoding. Vanilla GRPO is trained with our data and hyperparameters, and LUFFY
on our data with its original parameters. For Simple-RL and Oat-Zero, we evaluate their publicly
available weights.

Implementation details. We train all models for 10 epochs using the verl framework (Sheng et al.,
2025), reporting results from the best-performing checkpoint. The maximum response length is
2048 tokens (8192 for the LongCoT model). Consistent with recent studies (Liu et al., 2025b;
Yu et al., 2025; Yan et al., 2025), we set the KL divergence penalty to zero to maximize policy
exploration. A comprehensive list of hyperparameters is detailed in Appendix C.

Table 2: Ablation study on Scaf-GRPO’s key components using Qwen2.5-Math-7B model. The best
performance is highlighted in bold. The “No Guidance” row serves as the vanilla GRPO baseline.

Hint Strategy | AIME24 AIME25 AMC23 Minerva MATH-500 Olympiad Gaokao2023en | Avg.
Scaf-GRPO (FullK —P —S) | 433 20.0 70.0 36.4 80.0 433 63.4 | 50.9
w/o Progressive (Solution-Only) | 40.0 13.3 65.0 36.2 78.6 43.7 62.3 | 48.4
w/o Knowledge Hint (P —S) 433 13.3 70.0 342 77.8 42.4 63.1 49.2
w/o Planning Hint (K —S) 433 16.7 62.5 35.0 79.4 40.0 63.6 48.6
w/o Solution Hint (K —P) 40.0 10.0 67.5 342 78.6 422 63.4 48.0
w/o Incremental Chunking | 433 10.0 62.5 36.0 76.0 41.6 64.2 | 47.7
No Guidance (Vanilla GRPO) | 30.0 133 60.0 33.4 75.8 413 62.6 | 45.2

4.2 MAIN RESULTS

In this section, we present the primary evaluation of Scaf-GRPO, focusing on pass@1 performance
across diverse model architectures. The results highlight the method’s performance advantage over
Vanilla GRPO and competing prefix-based baselines. Comprehensive supplementary analyses are
detailed in Appendix I, covering robustness checks using the avg@ 16 metric, comparisons against
an expanded suite of methods such as DAPO Yu et al. (2025) and DeepScaleR Luo et al. (2025).

Comparison with GRPQO. As shown in Table 1, compared to the vanilla GRPO baseline, Scaf-
GRPO achieves comprehensive and significant performance gains across all tested models. On the
Qwen2.5-Math-7B model, Scaf-GRPO boosts the pass@1 score from 0.300 to 0.433 on AIME24,
a relative improvement of 44.3%. These results provide strong evidence that our scaffolding mech-
anism effectively helps the model overcome the “learning cliff,” enabling it to tackle problems that
were previously beyond its independent capabilities.

Comparison with other methods. To contextualize Scaf-GRPO within the broader research land-
scape, we compare it against other leading methods in Table 1. Scaf-GRPO on Qwen2.5-Math-7B
demonstrates a marked superiority, achieving an average score of 0.509. This performance rep-
resents a substantial improvement of 19.5% over Simple-RL and 9.5% over Oat-Zero. More im-
portantly, Scaf-GRPO establishes a clear advantage over the prefix-continuation paradigm, outper-
forming LUFFY by 9.2%. This significant outperformance suggests that our in-prompt scaffolding
strategy offers a more effective training alternative to prefix-continuation methods.

Generalization to non-Qwen architectures. To verify that the benefits of Scaf-GRPO are
not confined to a single model family, we extend our evaluation to the Llama-3.2-3B-Instruct
model (Dubey et al., 2024). As detailed in Table 1, our framework demonstrates strong general-
ization. While vanilla GRPO provides a significant uplift over the base model, Scaf-GRPO achieves
a further relative improvement of 10.3% in average performance. This confirms Scaf-GRPO is a
model-agnostic method, capable of enhancing reasoning abilities beyond the Qwen series.

Applicability to LongCoT models. We further investigate the efficacy of Scaf-GRPO on models
optimized for Long Chain-of-Thought (LongCoT) reasoning, using the specialized DeepSeek-R1-
Distill-Qwen-1.5B model. The results in Table 1 show that Scaf-GRPO effectively enhances this
already capable baseline, delivering a 5.9% relative performance gain over vanilla GRPO. This
demonstrates our framework’s versatility in scaffolding not only standard-length solutions but also
the extensive derivations characteristic of LongCoT models.
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Figure 5: Evolution of reasoning from guidance to autonomy. The model progresses from imitating a
concrete hint (a) to applying abstract knowledge (b), ultimately achieving (c) autonomous problem-
solving by internalizing the guided skills.

4.3 ABLATION STUDY

We conduct a series of ablation studies on the Qwen2.5-Math-7B model (see Table 2). Detailed
investigations into the guidance exemption period and data filtering strategies are presented in Ap-
pendix G.1 and Appendix G.2, respectively.

Necessity and robustness of the guidance exemption period. To validate the necessity and ro-
bustness of the guidance exemption period (Phase 1), we conduct detailed ablation studies in Ap-
pendix G.1. Our experiments show that applying scaffolding from the very beginning leads to a
9.2% relative performance drop on Qwen2.5-Math-7B compared to the full framework, confirming
that an initial phase of autonomous exploration is crucial to prevent hint dependency. Furthermore,
sensitivity analysis reveals that the method is highly stable across exemption durations ranging from
10% to 40%, where the model maintains a high-performance plateau between 49.5% and 50.9%.
This validates our selection of 15% as an optimal and robust configuration.

Efficacy of progressive & hierarchical guidance. Our methodology is founded on the hypothesis
that progressive guidance, from abstract concepts to concrete steps, is superior to simply providing
a direct solution. To test this, we evaluate a “Solution-Only” variant that bypasses the hierarchy and
immediately provides the most concrete hint, which is Hyouion. This results in a significant perfor-
mance degradation of 4.9% compared to the full model. This confirms our hypothesis: compelling
the model to first engage with higher-level reasoning fosters more generalizable skills.

Justifying the completeness of the hint hierarchy. We design a three-tiered hint structure
(K—P—S) assuming each layer serves a unique function. To verify this, we systematically re-
moved one layer at a time. As shown in Table 2, every removal degrades performance. The most
severe degradation, a 5.7% drop, occurs when the final “Solution” hint is removed (the K—P vari-
ant). This highlights the dual role of the hierarchy: abstract hints encourage high-level reasoning,
while concrete hints serve as an essential fallback. The superior performance of the full K—+P—S
model demonstrates that the layers are complementary, not redundant.

Efficacy of incremental guidance. A core principle of Scaf-GRPO is to provide the minimal
necessary support by delivering hints incrementally. We test this against a “Full Hint” variant,
which provides the entire content of a hint level at once. This non-incremental approach collapses
performance by 6.3% compared to the incremental one. This decline validates our strategy: minimal,
incremental intervention is critical for preserving model autonomy and preventing over-reliance.

Impact of hint quality. We investigate the correlation between hint quality and student perfor-
mance using a multi-faceted rubric (accuracy, minimality, clarity, and structural coherence). Em-
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Table 3: Impact of data filtering on Scaf-GRPO vs. Vanilla GRPO. Both methods were trained on
the full dataset (Original) and a harder subset (Filtered). The best performance is highlighted in
bold. Scores are pass@1 (%).

Data | Method | AIME24 AIME25 AMC23 MATH-500 Olympiad | Avg.
Qwen2.5-Math-1.5B

Original Vanilla GRPO 13.3 6.7 52.5 68.6 314 34.5

Original Scaf-GRPO 20.0 10.0 55.0 73.2 36.4 38.9

Filtered Vanilla GRPO 13.3 10.0 47.5 72.2 34.8 35.6

Filtered Scaf-GRPO 20.0 13.3 60.0 73.4 36.6 40.7
QOwen2.5-Math-7B

Original Vanilla GRPO 30.0 16.7 60.0 74.4 38.5 43.9

Original Scaf-GRPO 333 16.7 70.0 79.0 43.0 48.4

Filtered Vanilla GRPO 30.0 13.3 60.0 75.8 41.3 44.1

Filtered Scaf-GRPO 43.3 20.0 70.0 80.0 43.3 51.3

ploying an LLM-as-a-Judge, we observe that higher-quality hints lead to superior downstream out-
comes. Notably, DeepSeek-R1 achieved a higher hint quality score, outperforming Qwen2.5-72B-
Instruct. This translated to significant performance gains for the student model (Qwen2.5-Math-7B),
yielding a relative accuracy improvement of 4%. We defer the complete evaluation rubric, the spe-
cific prompt used for the LLM judge, and detailed experimental results to Appendix H.

4.4 FURTHER ANALYSIS

Confronting the learning cliff. Figure 2 visualizes Scaf-GRPO’s advantage. In Figure 2(a), we
plot the number of “zero-reward” problems per batch. The count for both methods drops sharply at
the start of training. However, the vanilla GRPO curve quickly flattens, defining the learning cliff: a
point where the baseline can no longer extract a learning signal from a persistent set of “true-hard”
problems. In contrast, Scaf-GRPO’s scaffolding activates, enabling the model to consistently learn
from these problems and continue reducing the zero-reward count. This directly impacts validation
performance (Figure 2(b)). By turning intractable problems into learning opportunities, Scaf-GRPO
achieves a higher, steadily improving validation score while the baseline stagnates.

Internalizing skills beyond imitation. Scaf-GRPO succeeds by fostering skill acquisition rather
than simple imitation. Figure 5 illustrates this trajectory on a challenging problem: the model
evolves from utilizing concrete “Solution Hints” to abstract “Knowledge Hints,” and finally to solv-
ing the problem without any support. To quantify this transition from dependency to autonomy, we
track “skill graduation” events over the first 300 training steps. We define this metric to capture the
learning breakthrough specific to each method: for Scaf-GRPO, we count problems transitioning
from hint-dependent to autonomous success, while for the Vanilla baseline, we track the shift from
total failure to success. As shown in Table 4, Scaf-GRPO consistently yields a significantly higher
volume of graduations (e.g., +137.8% on Qwen2.5-Math-1.5B). This confirms that our method ef-
fectively converts temporary guidance into lasting, independent reasoning capabilities. By enabling
such robust skill-building on hard problems, Scaf-GRPO effectively overcomes the learning cliff.

Table 4: Comparison of total “graduations” across different model backbones.

Model Vanilla Scaf-GRPO (Ours) Relative Increase
Qwen2.5-Math-1.5B 1,123 2,670 +137.8%
Qwen2.5-Math-7B 434 483 +11.3%
Qwen2.5-7B 464 723 +55.8%
DeepSeek-R1-Distill-1.5B 453 694 +53.2%
Llama-3.2-3B-Instruct 577 986 +70.9%

Aligning data difficulty with model capacity. To validate our data filtering strategy, we train
models on both the complete dataset and our filtered subset. As detailed in Table 3, the harder,
filtered data yields a marginal 0.5% relative gain for vanilla GRPO but a substantial 6.0% boost
for Scaf-GRPO on Qwen2.5-Math-7B. This disparity underscores that exposing a model to diffi-
cult problems is insufficient. A challenging curriculum is most effective when paired with a robust
learning framework like Scaf-GRPO, which converts these challenges into learning opportunities.
We also observe performance is sensitive to the density of solvable problems. Specifically, dis-
carding “Too Easy” samples and subsampling the “Potentially Solvable” category at 50% achieves
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the optimal balance, yielding a 10.2% relative gain over the full dataset (Table 12). This empirical
evidence justifies our training data selection. All experimental details are provided in Appendix G.2.

Generalization to out-of-distribution tasks. To verify that Scaf-GRPO cultivates robust reason-
ing skills beyond in-domain pattern matching, we evaluate its generalization on the expert-level
OOD benchmark, GPQA-Diamond. As shown in Table 6, Scaf-GRPO significantly enhances the
Qwen2.5-Math-7B model, achieving a 15.5% relative improvement over Vanilla GRPO and match-
ing the strong LUFFY baseline. Furthermore, this gain effectively transfers to the general-purpose
Qwen2.5-7B-Base, where our method yields a 7.5% relative increase over Vanilla GRPO and outper-
forms LUFFY. These results demonstrate that the problem-solving abilities fostered by Scaf-GRPO
are fundamental and agnostic to the model backbone.

Computational efficiency. Scaf-GRPO optimizes training efficiency by applying guidance
selectively and accelerating convergence.  Empirically, during the training of Qwen2.5-
Math-7B, the hint-guided exploration is triggered for only 17.4% of the samples, ensur-
ing that the majority of the computational throughput remains dedicated to standard gen-
eration. More importantly, by converting zero-reward signals into high-value learning sig-
nals, Scaf-GRPO significantly reduces the total training duration required to reach optimal
performance. As shown in Table 5, Scaf-GRPO reaches its best-performing checkpoint
(50.9% avg.) in approximately 12 hours. This represents a clear efficiency gain over the
Vanilla GRPO baseline, which requires 13 hours to reach a lower peak performance (45.2%),
demonstrating that Scaf-GRPO achieves better results with a smaller total time budget.

Table 5: Training efficiency comparison on Qwen2.5-Math-7B. Best results are in bold.

Method Best Avg. (%) Time to Best Ckpt. Trigger Rate Peak Memory
Owen2.5-Math-7B

Vanilla GRPO 45.2 ~13 hours N/A ~72 GB

Scaf-GRPO (Ours) 50.9 ~12 hours 17.4% ~73 GB

Table 6: OOD performance (pass@1,%) of
5 DiscuUSSION AND CONCLUSION Qwen2.5-Math-7B and Qwen2.5-7B-Base on
the GPQA-Diamond benchmark.

Limitations. The practical deployment of Scaf-  Model GPQA-Diamond
GRPO is subject to two main considerations. Owen2.5-Math-7B
First, its efficacy currently relies on the availabil-

ity of a high-quality, tiered hint hierarchy. Gener- \B/ZE?]&/IO(}%L o gg;
ating these stmctured hints requires a non-trivial SimpleRL-Zero Zeng et al. (2025) 333
data preparation effort. Second, the framework  Qat-Zero Liu et al. (20252) 33.3
is principally designed for tasks with verifiable = LUFFY Yan et al. (2025) 373
solutions and structured reasoning paths, such  Scaf-GRPO (Ours) 37.3
as mathematics. Its applicability to more open- Qwen2.5-7B-Base
ended, subjective domains like creative writing iS  vanilla GRPO 333
less direct. LUFFY Yan et al. (2025) 34.4
Scaf-GRPO (Ours) 35.8

Future work. Future research could focus on automating hint generation to enhance the frame-
work’s scalability. We also plan to explore adaptive scaffolding mechanisms where guidance dy-
namically adjusts to the model’s improving proficiency, thereby personalizing the learning process.

Conclusion. In this work, we introduce Scaf-GRPO, a training framework that overcomes the
“learning cliff” in reinforcement learning for large language models. By providing hierarchical
hints in the prompt, Scaf-GRPO offers scaffolding for models to solve problems beyond their reach.
This on-policy guidance preserves exploratory autonomy and mitigates the distributional consis-
tency issues inherent in prefix-continuation methods. Our experiments show Scaf-GRPO signifi-
cantly outperforms vanilla GRPO and strong prefix-based baselines across challenging mathematics
benchmarks. This framework enables models to learn from previously intractable problems, estab-
lishing a more effective path toward autonomous reasoning.
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A THE USE OF LARGE LANGUAGE MODELS (LLMS)

During the preparation of this manuscript, the authors employed a large language model (LLM) to
aid in refining the language and correcting grammatical errors. The role of the LLM was strictly
limited to that of a writing-enhancement tool. The authors take full responsibility for the substantive
content, arguments, and final phrasing presented in this paper.

B DATASET AND BENCHMARK DETAILS

B.1 TRAINING DATA SOURCE AND FILTERING

Our training data is derived from the DeepScaleR-Preview-Dataset (Luo et al., 2025), a compre-
hensive collection of 40k mathematical problems. Its contents are sourced from AIME, AMC,
MATH (Hendrycks et al., 2021), Still (Min et al., 2024), and Omni-MATH (Gao et al., 2024a).
To maximize training efficiency and target problems most conducive to learning, we implement a
dynamic data filtering strategy tailored to each model’s capabilities. This strategy categorizes prob-
lems based on the model’s initial performance, assessed through 8 independent sampling attempts
for each problem. These samples are generated using nucleus sampling with a temperature of 1.0
(top-p=1.0, top-k=-1) and a maximum length of 2048 tokens for both the prompt and the response.
For our LongCoT model, this response token was increased to 8192 tokens to accommodate its
generation style. Based on the outcomes, problems are categorized as follows:

* Too Easy: Problems solved correctly in all 8 attempts are excluded, as they offer minimal learning
value.

* Potentially Solvable: Problems solved in 1 to 7 of the attempts are considered to be within the
model’s learning-rich sweet spot. We randomly sample 50% of these for inclusion.

* Too Hard: Problems that fail in all 8 attempts are retained, as they are the primary candidates for
our scaffolding mechanism.

This filtering process results in a final training dataset where approximately 50% of the problems
are from the “Potentially Solvable” category and the remaining 50% are “Too Hard”. This curated
dataset is challenging yet tractable, maximizing the efficiency of the training process for both the
baseline GRPO and our Scaf-GRPO framework.

B.2 HINT GENERATION FOR TRAINING DATA

The hierarchical hints (Hynowledge ; Hplannings Hsolution) are the cornerstone of Scaf-GRPO’s guidance
mechanism. To create them, we perform a one-time, offline preprocessing step using the powerful
DeepSeek-R1 model (Guo et al., 2025). For each problem in our curated training set, we provide
the model with both the problem statement and its ground-truth solution trace.

We then employ a highly structured prompt, detailed in Appendix E, which is engineered not only to
decompose the solution into our three-tiered hierarchy but also to enforce a crucial internal structure.
Specifically, the prompt compels the model to generate exactly four numbered, progressive items for
each category. These items are designed to build upon one another, creating four distinct levels of
guidance. For instance, the four items for an Hpjanning hint might represent: (1) the first step of the
plan, (2) the second step, (3) the third step, and (4) the fourth step. This structured, multi-level design
within each hint category enables the fine-grained, progressive exploration central to our method.
The entire process ensures a consistent and high-quality set of structured hints, and the scripts will
be included in our code release.

B.3 EVALUATION BENCHMARKS

We evaluate all models on a diverse suite of seven challenging mathematics benchmarks and the
GPQA-Diamond benchmark to ensure a robust and comprehensive assessment of their reasoning
abilities. Table 7 provides details for each benchmark used. The mathematics datasets span various
difficulty levels and mathematical domains, from high-school competition problems to Olympiad-
level challenges, providing a rigorous testbed for advanced reasoning. GPQA-Diamond serves as a
crucial Out-of-Distribution (OOD) benchmark, testing generalization to expert-level scientific ques-
tions outside the training domain. All benchmarks are publicly available.
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B.4 MOTIVATION FOR DATASET SELECTION

Our choice of the DeepScaleR-Preview-Dataset for training is deliberate. This decision is motivated
by two key factors. First, the dataset’s broad scope, encompassing problems of varying difficulty,
provides the rich and diverse material necessary for our filtering strategy to be effective. Second,
its successful application in prior research (Min et al., 2024) establishes it as a robust and relevant
foundation for training advanced reasoning models.

For evaluation, our selection of benchmarks is designed for a rigorous and multifaceted assess-
ment. The suite primarily consists of challenging competition-level benchmarks (AIME24/25,
AMC, MATH, OlympiadBench, Minerva) and a standardized national exam (GaoKa02023), cov-
ering a broad spectrum of mathematical reasoning. Crucially, to measure out-of-distribution (OOD)
generalization, we include the GPQA-Diamond benchmark (Rein et al., 2024). As GPQA consists
of graduate-level questions whose style and domain are distinct from our training data, strong per-
formance on this benchmark indicates that Scaf-GRPO fosters genuine reasoning skills rather than
mere pattern memorization of the training distribution.

Benchmark Description Citation # Problems
AIME24 American Invitational Mathematics Examination 2024 (AIME, 2024) 30
AIME25 American Invitational Mathematics Examination 2025 (AIME, 2025) 30
AMC American Mathematics Competitions 2023 (AMC, 2023) 25
MATH-500 A subset from the MATH test set (Hendrycks et al., 2021) 500
GaoKao2023en Chinese National College Entrance Exam 2023 (Chinese GaoKao Community, 2024) 385
OlympiadBench ~ Math Olympiad-level problems (He et al., 2024) 675
Minerva A specialized dataset to evaluate quantitative and scientific reasoning abilities  (Lewkowycz et al., 2022 272
GPQA-Diamond  Expert-level questions across biology, physics, and chemistry (Rein et al., 2024) 198
Table 7: Details of evaluation benchmarks used in our experiments.
C EXPERIMENTAL SETUP DETAILS
C.1 COMPUTING INFRASTRUCTURE
Hyperparameter Value
All experiments are conducted on a high- Optimization & Training
performance computing cluster. The specific Learning Rate (LR) 1x107°
hardware and software configurations are as Optimizer AdamW
follows: Weight Decay 0.0
e Hardware: All models are trained and eval- Gf‘gclh gzg S;irg.[ €8y 256
d ipped with 8 NVIDIA ova Bateh SIzE.

uated on servers equippe PPO Mini-batch Size 64

A100 (80GB) GPUs. Micro-batch Size (per GPU) 16
* Software: The operating system is Ubuntu Validation Batch Size 512

2'2.04.. Key software libraries and their ver- RL Algorithm (GRPO)

sions include PyTorch 2.6.0, Transformers Rollouts per Query (V) 8

4.51.1, and CUDA 12.4. GRPO Clip Epsilon (¢) 0.2
e Framework: Our implementation is built g];tr]glveégs:f%eciﬁalty ) 88

upon the verl (0.4.1) framework (Sheng et al., Py ’

2025), a robust and efficient library designed Generation & Tokenization

for large-scale reinforcement learning with Rollout Temperature 1.0

LLMs. Max Response Tokens 2048

Infrastructure & Scheduling
C.2 HYPERPARAMETER DETAILS Nodes L
GPUs per Node 8

Our experimental setup is carefully configured VLLM GPU Memory Utilization 0.8

for performance and reproducibility. The final
hyperparameter configuration is detailed com-
prehensively in Table 8. These settings were
applied consistently across all experiments to ensure a fair comparison. However, to accommodate
models specialized in Long Chain-of-Thought (LongCoT) reasoning, we increased the maximum
response length to 8192 tokens for those specific tasks.

Table 8: Comprehensive list of key hyperparame-
ters for training and generation.
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C.3 IMPLEMENTATION OF BASELINE METHODS

To ensure a rigorous and fair comparison, we carefully implement or utilize baselines as follows:

Vanilla GRPO. This is our primary control. We train a vanilla GRPO model using our verl frame-
work. It is configured with the exact same filtered dataset and hyperparameters as Scaf-GRPO,
allowing us to cleanly isolate the performance contribution of our scaffolding mechanism.

LUFFY. To compare against the dominant prefix-continuation paradigm, we train LUFFY (Yan
et al., 2025) using its official public implementation and its original, recommended hyperparameter
settings. To ensure a fair comparison of methodological effectiveness, we train it on our high-quality
filtered dataset. This directly contrasts their off-policy guidance with our in-prompt scaffolding on
identical data.

Simple-RL and Oat-Zero. For other leading methods like Simple-RL (Zeng et al., 2025) and Oat-
Zero (Liu et al., 2025a), we do not perform any implementation or retraining. Instead, we evaluate
their officially released, publicly available model checkpoints directly. All reported results for these
models are obtained by running them through our unified evaluation pipeline, ensuring a consistent
and fair comparison against established state-of-the-art work.

C.4 EVALUATION METRICS DETAILS

Our primary evaluation metric is pass@ 1, which measures the percentage of problems for which
a model generates a correct solution in a single attempt. This metric is chosen for its straightfor-
wardness and its status as a standard for evaluating definitive problem-solving capabilities. For all
evaluations, we use greedy decoding to generate one complete solution trace for each problem.

The verification process is tailored to the benchmark type to ensure maximum rigor and fairness.

* For all mathematical reasoning benchmarks, we employ the “symeval” library (Tong, 2024),
specifically its EvaluatorMathBatch module, to determine correctness. This approach moves be-
yond simple string comparison by using a sophisticated pipeline that combines regular expressions
for robust answer extraction with SymPy for symbolic mathematical evaluation. This allows for
the accurate verification of complex answers, including matrices, intervals, and symbolic expres-
sions.

* For the out-of-distribution GPQA-Diamond benchmark, we utilize the EleutherAl's Im-
evaluation-harness (Gao et al., 2024b) to ensure a fair and standardized assessment. This widely
adopted framework provides a consistent testing environment for generative models. We use
its implementation of the gpga-diamond task to compute the pass@1 score, thereby maintain-
ing metric consistency while leveraging a community-standardized evaluation harness for OOD
generalization.

D METHODOLOGY DETAILS

This section provides a granular description of the Progressive Exploration and Replacement Algo-
rithm, which is central to how Scaf-GRPO overcomes the learning cliff by strategically providing
minimal guidance during training.

D.1 THE PROGRESSIVE EXPLORATION AND REPLACEMENT ALGORITHM

When a “true-hard” problem triggers the hierarchical hint-guided exploration phase, Scaf-GRPO
executes a deterministic, multi-level search algorithm to find the minimal effective hint. The algo-
rithm’s goal is to provide just enough information for the model to succeed, thereby maximizing its
independent reasoning.

The algorithm leverages the pre-generated, four-level progressive hint structure, detailed in Ap-
pendix B.2. It systematically searches through the hint categories in order of decreasing abstraction
(Hxnowledge — Hplanning — Hiolution) and, within each category, through the four levels of increasing
detail.
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Let hi denote the i-th hint item for a category ¢ € {knowledge, planning, solution}. The cumulative
hint provided to the model at level I € {1,2,3,4} is the union of the first [ items, denoted as

Cl= Uizl{hlc} The search process for a single problem is as follows:

CLIT3

(1) Iterate through Hint Categories: For each category c in the sequence (“knowledge”, “planning”,
“solution”):
(1) Iterate through Hint Levels: For each level [ from 1 to 4:
(1) Construct an augmented prompt by injecting the cumulative hint C*.
(2) Generate a new solution on-policy using this augmented prompt.
(3) If the generated solution is correct, the search successfully terminates. The trajectory
produced with hint C!, replaces one of the failed trajectories in the batch. The algorithm
then concludes for this problem.

(2) Handle Intractable Case: If the nested loops complete without finding a correct solution (i.e.,
even the most detailed hint CZ,,, fails), the problem is deemed intractable for the current
training step. No replacement occurs, and the algorithm concludes for this problem, leaving the

original all-failure group in the batch.

This structured and exhaustive search ensures that if a solution is reachable with any level of guid-
ance, the framework will find it using the most abstract and minimal hint possible, thereby preserving
the on-policy learning signal for “true-hard” problems.

E PROMPT DESIGN IN SCAF-GRPO

The effectiveness of Scaf-GRPO relies on two distinct but complementary types of structured
prompts: those for generating the hierarchical hints, and those for injecting these hints during train-
ing.

E.1 HINT GENERATION PROMPT

To systematically create our tiered hints, we provide a powerful teacher model (DeepSeek-R1) with
a structured prompt. For each problem-solution pair in our dataset, this prompt instructs the teacher
model to decompose the solution into our three-tiered hierarchy (Hynowtedge s Hplanning; Hsolution)- This
semi-automated process is a critical preprocessing step that ensures a consistent and high-quality
hint dataset. The exact prompt template used is below.

Prompt for hint injection

*x [ROLE & GOAL] **

You are an expert AI assistant specializing in problem-solving methodology and
knowledge engineering. Your task is to analyze a given problem and its ground-truth
solution, and then generate a structured breakdown of the reasoning process with a high
degree of granularity.

%% [INPUT] % *
I will provide you with a "Problem" and its "Ground-Truth Solution".

**% [INSTRUCTIONS] * %
Based on the provided input, you must generate exactly THREE components. For each
component, you MUST generate *xa minimum of 4 numbered itemsxx*.

- If a natural breakdown results in fewer than 4 items, you must xxsubdivide the
existing steps into more detailed, finer-grained sub-stepsx* to meet the requirement.
For example, a single calculation step can be broken down into 'substituting values',
'performing the operation', and 'stating the result'.

1. *xPlanning Skeletonx*: Extract a high-level planning skeleton. This should be a
concise, ordered list of the key reasoning steps and the overall strategy used to reach
the solution. Do not include detailed calculations, just the logical flow. Break it
down into at least 4 detailed steps.

2. +*Knowledge Componentsx*: Identify at least 4 essential knowledge components (like
facts, definitions, theorems, lemmas, or formulas) required to solve the problem. List
each component clearly in a numbered list.

3. *xSolution Breakdown*x: Divide the original Ground-Truth Solution into a numbered
list of semantically coherent steps or chunks.There should be at least 4 steps or
chunks. Each item in the list should be a direct quote or a faithful summary of a part
of the original solution text.
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%% [OUTPUT FORMAT] **
You MUST provide your response in the following structured format. Ensure each section
contains at least 4 items.

<PLANNING_SKELETON>
1. [Item 1]

4. [Item 4]
(and more if applicable)
</PLANNING_SKELETON>

<KNOWLEDGE_COMPONENTS>
1. [Item 1]

4. [Item 4]
(and more if applicable)
</KNOWLEDGE_COMPONENTS>

<SOLUTION_BREAKDOWN>
1. [Item 1]

4., [Item 4]
(and more if applicable)
</SOLUTION_BREAKDOWN>

**x [EXAMPLE] % *

——— BEGIN EXAMPLE —---—
# ... (Example Problem and Solution are the same)
——— END EXAMPLE —-—-—

** [EXPECTED OUTPUT FOR THE EXAMPLE] %
(This example now demonstrates the required granularity with >= 4 items per section)

<PLANNING_SKELETON>

1. Identify the geometric shape (right-angled triangle) and the goal (find the
hypotenuse) .

2. Recall the relevant mathematical theorem that connects the sides of a right-angled
triangle.

3. Formulate the equation by substituting the given side lengths (base and height) into
the theorem.

4. Execute the arithmetic calculation to find the square of the hypotenuse.

5. Perform the final step of taking the square root to isolate the length of the
hypotenuse.

</PLANNING_SKELETON>

<KNOWLEDGE_COMPONENTS>

1. Theorem: Pythagorean Theorem (a? + b2 = c? for a right-angled triangle) .

2. Definition: Hypotenuse (The longest side of a right-angled triangle, opposite the
right angle).

3. Concept: Right-angled Triangle (A triangle with one angle measuring 90 degrees).
4. Mathematical Operation: Square Root (The inverse operation of squaring a number).
</KNOWLEDGE_COMPONENTS>

<SOLUTION_BREAKDOWN>
1. To find the hypotenuse of a right-angled triangle, we can use the Pythagorean

theorem, which states that a? + b? = c?, where a and b are the lengths of the two
shorter sides (legs) and c is the length of the hypotenuse.

2. The given values are a = 4 cm and b = 3 cm.

3. Substituting these into the formula gives: 42 + 32 = 16 + 9 = 25.

4. This means c? = 25. Taking the square root of both sides results in c¢c = 5 cm.

</SOLUTION_BREAKDOWN>

*x [TASK] » %
Now, please process the following problem and solution, strictly following all
instructions.

*xProblemxx*:
{question}

**Ground-Truth Solutionwx*:
{solution}
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E.2 INJECT HINTS PROMPT

During the Hierarchical Hint-Guided Exploration phase, when the model fails to solve a “true-hard”
problem, Scaf-GRPO injects a hint directly into the input prompt. This approach is fundamental to
our on-policy methodology, as it reframes the problem for the model rather than forcing it to continue
a partial, off-policy trajectory. The design of this prompt is crucial: it explicitly informs the model
that it is receiving guidance, ensuring that the model processes both the problem and the hint under
a single, unified policy, thereby avoiding the distributional shifts common in prefix-continuation
methods.

The exact prompt template used for hint injection is shown below.

Prompt for hint injection

## System message
Please reason step by step, and put your final
answer within \boxed{}.

## User query
Qusetion: {{question}}
Solution/Planning/Knowledge Hints: {{hint}}

F FORMAL ALGORITHMIC AND MATHEMATICAL DESCRIPTION OF
SCcAF-GRPO

This section provides a formal mathematical and algorithmic description of the Scaffolded Group
Relative Policy Optimization (Scaf-GRPO) framework. We formalize the two-phase training pro-
cess and detail the construction of the loss function, particularly for the hierarchical hint-guided
exploration phase.

F.1 PRELIMINARIES: THE STANDARD GRPO OBIJECTIVE

We begin by restating the core Group Relative Policy Optimization (GRPO) objective. For a given
prompt ¢, the policy 7y generates a group of N trajectories, G = {o1,...,0n}, where each trajec-
tory is sampled from the policy, o; ~ 7y (+|q). Each trajectory receives a terminal reward R(o;) from
an external verifier.

The normalized advantage for each trajectory o; in the group G is calculated as:

A R(o;) —
0g + €sd
where j1g and og are the mean and standard deviation of rewards in G, and €gq is a small constant
for numerical stability.

The standard GRPO objective, which is maximized during training, is a clipped surrogate objective
defined as the empirical expectation over trajectories and timesteps:

Jarro(0) = Bi y [min (n,t(a)Ai, clip(rs¢(0),1 — €, 1 + e)Ai)] 7

7 (0i,t0i,<¢,9)
oo (0,401, <t,q)
between the current and old policies, and € is the clipping hyperparameter. The “learning cliff” phe-
nomenon, a key challenge addressed by our work, occurs when R(o;) = O foralli € {1,...,N}.

In this scenario, pg and og become zero, causing the advantage A; to collapse to zero for the entire
group and stall the learning process.

where r; ,(0) = is the probability ratio for the token at timestep t of trajectory ¢

F.2 THE SCAF-GRPO TRAINING PROCESS: A TwWO-PHASE FORMULATION
Scaf-GRPO modifies the training process by strategically augmenting the trajectory group G when

a learning cliff is detected. The process consists of a conditional batch construction procedure
followed by the application of the standard GRPO loss.
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Algorithm 1 Scaf-GRPO Batch Construction and Update

Require: Policy my; Prompt ¢; Current training step ¢; Guidance exemption end-step Toxempt; Verifier
V; Number of rollouts per prompt N.

Ensure: Final trajectory group Ggpnal for loss computation.
Step 1: Standard On-Policy Generation

G0

2: for i =1to N do

3: 0; ~ mo(-|q) > Generate N trajectories for the same prompt
4: g — g U {01}

5: end for

6: {R(o1),...,R(on)} + V(G) > Evaluate rewards for the group

Step 2: Learning Cliff Monitor

7 Cair < (312, R(0;) = 0)

8: if t > Toxempt and Ceiig then > Guidance is active and needed
Step 3: Hierarchical Hint-Guided Ezxploration

9: (05, h*) « SearchHierarchicalHints(g, mg) > Search for a minimal effective hint

10: if h* 2 null then > A successful guided trajectory was found

Step 4: Batch Augmentation

11: Randomly select an index j € {1,..., N} of a failed trajectory.

12: Gtinal < (G \ {o;}) U {0} } > Replace one failure with the success

13: return Ggna

14: end if

15: end if

Default case: No intervention
16: Gfnal < G > Use original batch if no cliff or guidance failed
17: return Ggpa

Figure 6: Overview of the Scaffolded Group Relative Policy Optimization (Scaf-GRPO) Algorithm.

Let ¢ denote the current training step and Tixemp be the step at which the guidance exemption period
ends. The core logic is detailed in Figure 6.

The function SearchHierarchicalHints(g, mg) represents the deterministic, multi-level search de-
scribed in Section 3.3 and Appendix D. It iterates through the pre-defined hint hierarchy H =
{Hknowledge, H planning Hsolution } to find the first hint A* that enables the policy 7y to generate a suc-
cessful trajectory o, ~ my(-|g® h*), where & denotes the concatenation of the hint into the prompt.
If no hint leads to a solution, it returns (null, null).

F.3 THE UNIFIED SCAF-GRPO Lo0ss FUNCTION

The core insight of Scaf-GRPO is that it does not alter the mathematical form of the GRPO loss
function. Instead, it modifies the data distribution used for the loss computation by conditionally
augmenting the batch.

Let Gfina denote the group of trajectories returned by Figure 6 for a given prompt ¢ at step ¢. This
group is composed of trajectories sampled under one of two conditions:

(1) Standard Generation: All N trajectories are from 7y (-|g). This occurs if the learning cliff is
not triggered or if the training is within the exemption period.

(2) Augmented Generation: N — 1 trajectories are from 7y (+|q) (with zero reward), and one tra-
jectory, oy, is from 7y (-|g & h*) (with positive reward). This occurs only when the learning cliff
is triggered post-exemption and the hint search is successful.

The Scaf-GRPO loss function is therefore defined by applying the standard GRPO objective to this
conditionally constructed batch. First, the advantage is computed on the final group Ggp,:

R0 — e
Al = M for 0} € Gpinal (8)
O G T Estd
The overall objective is then:
Jseatcrro(0) = B, {min (r;,t(o)fi;, clip(r] ,(8),1 — e, 1+ e)A;)} )
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where the probability ratio r;t(@) for each trajectory o} € Gipa is critically computed with respect
to its specific originating prompt:

”9(0;,t|02,<t7‘Z)

/ _ ﬂeold(o;1t|ofiw<t,q)
me(0) =9 mlon ol aen)
T4 (07,4107, <1,aBh™)

if 0, € Gpinai and 0], # o,
(10

. /o %
if 0; = oj.

By reformulating the batch rather than the loss, Scaf-GRPO ensures that when a learning signal is
absent (4; = 0), a new signal is injected by providing a single successful, minimally-guided trajec-
tory. This intervention re-establishes a non-zero reward variance within the group, reactivates the
advantage calculation, and enables learning to resume on previously intractable problems, thereby
directly overcoming the learning cliff.

F.4 CONSERVATIVE NATURE AND PRESERVATION OF THE ON-POLICY OBJECTIVE

A crucial property of Scaf-GRPO is that it does not alter the fundamental GRPO optimization ob-
jective. Instead, it operates as a conservative data augmentation strategy that activates only under
the specific condition of a learning cliff. We can formalize the framework’s impact on the policy
gradient by analyzing two distinct cases based on the initial on-policy sampling results for a given

prompt q.

Case 1: At least one successful trajectory (Jo; € G such that R(o;) > 0). In this scenario,
the initial group of trajectories G already contains a non-uniform reward signal, meaning pg >
0 and og > 0. The condition for triggering the hierarchical hint-guided exploration is not met.
Consequently, the final batch used for the update is the original batch, Ggny = G. The Scaf-GRPO
objective function is therefore mathematically identical to the standard GRPO objective:

Jseat.reo(6) = Jareo(0) (11)

In the most frequent training scenarios where the model has some capacity to solve the problem, our
framework makes no modifications and is equivalent to vanilla GRPO.

Case 2: All trajectories fail (Yo, € G, R(0;) = 0). This is the learning cliff scenario. In standard
GRPO, the rewards are uniform and zero, causing the advantage calculation to collapse: pug = 0
and og = 0, leading to A; = 0 for all trajectories. The resulting policy gradient for this prompt is
zero, and no learning occurs.

Scaf-GRPO intervenes by constructing an augmented batch G, . This batch consists of NV — 1 of
the original failed trajectories and one new, successful trajectory oj ~ my(-|g & h*). The crucial
insight is that this new trajectory is generated on-policy by the current policy 7y, conditioned on the
hint-augmented prompt.

The key benefits of this intervention are:

(1) Gradient Restoration. The augmented batch Gg,, now contains at least one trajectory with a
positive reward. This ensures that ug, , > 0 and og,, > 0, which in turn guarantees a non-zero

advantage signal fl; for the trajectories in the group. Learning is effectively restored where it
would have stalled.

(2) Preservation of the On-Policy Principle. Unlike off-policy methods that mix trajectories from
a different policy 74 and require importance sampling corrections (e.g., =) to account for the

distributional shift, Scaf-GRPO’s guided trajectory o}, is sampled directly from the current pol-
icy my. Therefore, the probability ratio rg’t(G) is a standard on-policy ratio computed at each
timestep. This avoids the high variance and potential instability associated with off-policy cor-
rections, ensuring that the learning signal remains stable and directly attributable to the current
policy’s capabilities.

In summary, Scaf-GRPO does not introduce any harmful bias or modification to the GRPO objective.
It is a targeted intervention that is inactive when a valid learning signal already exists. When the
learning signal vanishes, it provides a constructive, on-policy gradient by minimally augmenting
the task, thereby transforming an unproductive training sample into a valuable learning opportunity
without compromising the integrity of the on-policy optimization process.
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F.5 COMPARATIVE ANALYSIS OF ON-POLICY STABILITY AND DISTRIBUTIONAL MISMATCH

To elucidate the design rationale behind Scaf-GRPO, we provide a comparative analysis against an
alternative off-policy formulation. A natural question arises regarding whether the trajectory gener-
ated via the hint-augmented prompt (¢ @ h*) could be used to directly update the policy conditioned
on the original prompt (q). We analyze this alternative from three perspectives: theoretical stability,
distributional mismatch, and empirical performance.

Theoretical rationale for on-policy formulation. The core mechanism of GRPO relies on the
probability ratio r;(#) to measure the divergence between the current and old policies. This ratio
is constrained by a clipping mechanism, clip(r:(0),1 — €, 1 + €), to prevent destructive updates.
Stability requires that the ratio remains close to unity, implying the numerator and denominator
distributions must be well-aligned.

In Scaf-GRPO, when a learning cliff necessitates the use of a hint A*, we augment the input context
for the current policy. Consequently, the probability ratio for a guided trajectory is computed as:

7o(-|q © h*)

'I’t(g) = 47T90]d('|q @ h*)

12)

This formulation maintains a strict on-policy property. The numerator and denominator are con-
ditioned on the identical context (¢ @ h*). As a result, the distributions remain closely aligned,
maximizing the likelihood that r;(6) falls within the stable trust region [1 — €, 1 + ¢]. This ensures
smooth gradient updates even when the model operates in a guided state.

Instability of off-policy alternatives. An alternative approach involves using the hint-guided tra-
jectory to optimize the policy for the original prompt directly. This implies an off-policy ratio
formulation:

off _ 7T9('|Q)
’I"t (9) - Wﬁ(ﬂd('lq e h*) (13)

We argue that this formulation introduces a fundamental distributional mismatch. The numerator is
conditioned on ¢, while the denominator is conditioned on g @ h*. Since h* is selected specifically
to alter the probability landscape and guide the model toward a correct solution that was previously
inaccessible under ¢, the distributions 7 (+|q) and 7(-|q & h*) are inherently divergent. This discrep-
ancy causes the ratio 7 (6) to fluctuate significantly, frequently violating the [1 — €, 1 + €] bounds.
Such behavior forces the optimization algorithm to rely heavily on clipping, thereby truncating the

learning signal and introducing high variance into the training process.

Empirical validation of training stability. To validate this theoretical analysis, we conduct a
comparative experiment implementing the off-policy formulation described above. We monitor the
clip ratio, defined as the fraction of tokens where the probability ratio falls outside the stable interval
[1 — ¢, 1+ €]. A high clip ratio indicates that the policy update is being constrained due to excessive
divergence.

Figure 7 illustrates the training dynamics. The proposed Scaf-GRPO maintains a consistently low
clip ratio, confirming that the on-policy formulation preserves distributional alignment. In contrast,
the off-policy alternative exhibits a significantly higher and more volatile clip ratio. This empir-
ical evidence supports the hypothesis that the distributional mismatch in the off-policy approach
destabilizes the optimization landscape.

Impact on downstream performance. The instability observed during training directly corre-
lates with inferior final performance. Table 9 presents a performance comparison across mathemat-
ical reasoning benchmarks. The model trained with the off-policy ratio suffers from performance
degradation compared to Scaf-GRPO. Specifically, the inability to maintain stable updates limits the
effective transfer of knowledge, whereas our on-policy approach effectively leverages the scaffolded
trajectories to improve the model’s reasoning capabilities.
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Figure 7: Comparison of the clip ratio during training. The proposed Scaf-GRPO (red) maintains
a low and stable clip ratio, indicating effective on-policy learning. The off-policy alternative (blue)
exhibits high volatility and frequent clipping, indicative of distributional mismatch and training
instability.

Table 9: Performance comparison (Pass@1, %) on Qwen-2.5-Math-7B. We compare Vanilla GRPO,
the Off-Policy alternative, and our proposed Scaf-GRPO. By maintaining optimization stability,
Scaf-GRPO achieves superior performance across all datasets. Best results are highlighted in bold
with background color.

Method AIME 24 AIME25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
QOwen2.5-Math-7B

Vanilla GRPO 30.0 133 60.0 334 75.8 41.3 62.6 452

Off-Policy Alt. 36.7 133 65.0 342 78.2 38.5 65.2 473

Scaf-GRPO (Ours) 43.3 20.0 70.0 36.4 80.0 43.3 63.4 50.9

G ADDITIONAL ABLATION STUDY AND ANALYSIS

G.1 ABLATION ON THE GUIDANCE EXEMPTION PERIOD

To validate the design of our guidance exemption period (Phase 1), we conduct a two-fold analy-
sis: first establishing the necessity of this phase, and then analyzing the method’s sensitivity to its
duration.

Necessity of the Exemption Phase. We first investigate whether an initial autonomous learning
phase is necessary by comparing our full Scaf-GRPO framework against a variant where scaffolding
is activated from the very beginning (“Scaf-GRPO w/o Phase 1”’). We posit that Phase 1 is crucial for
distinguishing between “true-hard” problems (genuine capability gaps) and “pseudo-hard” problems
(superficial errors like formatting). Applying scaffolding prematurely to pseudo-hard cases fosters
dependency, preventing the model from developing robust, independent problem-solving habits.

The results in Table 10 confirm this hypothesis. While activating scaffolding from the start yields
improvement over the vanilla GRPO baseline, it is notably inferior to the complete Scaf-GRPO
framework. This performance gap underscores that allowing an initial phase of unguided learning is
critical to prevent over-reliance on hints.

Sensitivity to Exemption Duration. To further investigate the optimal duration of Phase 1 and
validate the robustness of our method, we evaluated a wide range of exemption ratios: 0%, 5%,
10%, 15%, 20%, 40%, and 100% of the total training steps. Here, 0% represents immediate scaf-
folding, while 100% is equivalent to the vanilla GRPO baseline. The detailed results are presented
in Table 11.

Our analysis reveals three key dynamics:
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Table 10: Ablation study on the necessity of the guidance exemption period (Phase 1). We compare
the full Scaf-GRPO framework against vanilla GRPO and a Scaf-GRPO variant without the initial
exemption phase. Scores: pass@1 (%). Best results are in bold.

Model AIME 24 AIME 25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
Qwen2.5-Math-1.5B
Vanilla GRPO 13.3 10.0 47.5 28.3 72.2 34.8 574 37.6
Scaf-GRPO (w/o Phase 1) 10.0 10.0 57.5 27.5 71.4 36.3 579 38.7
Scaf-GRPO 20.0 13.3 60.0 29.1 73.4 36.6 57.9 41.5
Qwen2.5-Math-7B
Vanilla GRPO 30.0 133 60.0 334 75.8 41.3 62.6 45.2
Scaf-GRPO (w/o Phase 1) 233 13.3 70.0 342 78.4 41.2 63.1 46.2
Scaf-GRPO 43.3 20.0 70.0 36.4 80.0 43.3 63.4 50.9

* Premature guidance is detrimental: Short exemption periods (0% and 5%) yield the low scores
among scaffolded variants (46.2% and 47.6%, respectively). This confirms that applying guidance
too early prevents the model from learning to resolve minor errors independently.

* Autonomy alone is insufficient: The 100% setting (Vanilla GRPO) results in the worst overall
performance (45.2%). This demonstrates the “learning cliff” effect: without scaffolding interven-
tion, the model remains stuck on true-hard problems due to persistent zero-reward signals.

* Robustness across a wide effective range: Crucially, once the exemption period is sufficient
(over 10%), Scaf-GRPO consistently achieves a high-performance plateau. As shown in the table,
average scores for periods between 10% and 40% remain stable and high (ranging from 49.5% to
the peak of 50.9%). This demonstrates that our framework is not overly sensitive to this hyperpa-
rameter; as long as the model has an initial phase to stabilize its capabilities, activating scaffolding
effectively unlocks learning for the remaining intractable problems.

Table 11: Ablation study on the Guidance Exemption Period duration. We investigate the impact of
varying the initial autonomous learning phase (from 0% to 100%) on pass@ 1 performance (%). The
15% setting (Our Method) achieves the optimal trade-off. Best chosen configuration is highlighted
in with background color. Best results are in bold.

Exemption Period AIME 24 AIME 25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
QOwen2.5-Math-7B

0% (w/o Phase 1) 23.3 13.3 70.0 34.2 78.4 412 63.1 46.2
5% 333 20.0 65.0 33.8 76.2 41.1 63.9 47.6
10% 40.0 16.7 70.0 35.8 79.2 425 63.5 50.0
15% (Our Method) 433 20.0 70.0 36.4 80.0 433 63.4 50.9
20% 46.7 133 65.0 36.0 80.4 43.5 65.4 50.0
40% 433 13.3 70.0 34.9 78.2 41.9 64.6 49.5
100% (Vanilla GRPO) 30.0 13.3 60.0 33.4 75.8 413 62.6 45.2

G.2 ABLATION ON DATA FILTERING

We determine our dataset composition by classifying problems based on the model’s initial pass rate
over N = 8 sampling attempts. The training samples are divided into three categories: (1) “Too
Easy” (solved 8/8 times), which are discarded; (2) “Potentially Solvable” (solved 1-7/8 times); and
(3) “Too Hard” (solved 0/8 times), which are fully retained.

To identify the optimal data mixture, we evaluate Qwen2.5-Math-7B under four configurations rang-
ing from using the full dataset to training exclusively on hard samples. Table 12 presents the results.
We observe that removing “Too Easy” samples improves performance over the full dataset baseline.
Furthermore, randomly subsampling the “Potentially Solvable” category at a 50% ratio yields the
highest Scaf-GRPO score of 50.9%. Based on these empirical results, we adopt this configuration
(w/o “Too Easy” & w/o 50% Solvable) for our main experiments.
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Table 12: Ablation study on dataset filtering strategies. We compare the Scaf-GRPO performance
under different dataset settings. The selected configuration is highlighted.

Dataset Setting Scaf-GRPO
Full Dataset 46.2
w/o “Too Easy” 48.8
w/o “Too Easy” & w/o 50% Solvable (Ours) 50.9
w/o “Too Easy” & w/o 100% Solvable 45.2

H HINT QUALITY ASSURANCE AND IMPACT ANALYSIS

To ensure the reliability of our scaffolding mechanism, we rigorously assess the quality of the gen-
erated hints and analyze their impact on model performance. We address this from two perspec-
tives: (1) assessment using a multi-faceted rubric, and (2) empirical validation linking hint quality
to downstream model accuracy.

Assessment Methodology: A Multi-Faceted Rubric. While our final hints are generated using
the DeepSeek-R1 model, we selected this generator after comparing it with other capable models,
such as Qwen2.5-72B-Instruct. To objectively compare the quality of hint sets, we developed a
rubric designed to assess hints not only for correctness but for their pedagogical value—specifically
their ability to provide minimal, clear, and structured guidance. Our rubric evaluates hints across
four key dimensions: (1) Accuracy: Factual and logical correctness of the mathematical content; (2)
Minimality: The degree to which the hint provides the least necessary support, thereby preserving
student autonomy; (3) Clarity: The use of unambiguous and easy-to-parse language; and (4) Struc-
tural Coherence: The logical progression and distinctness between abstract (knowledge/planning)
and concrete (solution) tiers.

We employed an LL.M-as-a-Judge (Gemini-2.5-Pro) to automatically score hint sets based on this
rubric. The comparative results are presented in Table 13. The DeepSeek-R1 generated hints
achieved a superior aggregate score, particularly excelling in structural coherence and minimality.

Table 13: LLM Judge scores for hint quality from different generator models (Scale 1-5).

Hint Generator Model LLM Judge Score

Qwen2.5-72B-Instruct 4.38
DeepSeek-R1 (Selected) 4.72

Empirical Validation: Hint Quality vs. Model Performance. To validate the hypothesis that
higher-quality hints lead to better training outcomes, we trained the Qwen2.5-Math-7B model using
both sets of hints (Qwen-generated vs. DeepSeek-generated) under identical training configurations.

The results, detailed in Table 14, demonstrate a clear positive correlation between the rubric score
and final model performance. The model trained with the higher-rated DeepSeek-R1 hints achieved
an average pass@1 score of 50.9%, compared to 49.0% for the model trained with Qwen hints.
Notably, performance gains were most pronounced on difficult benchmarks like AIME24 (+6.6%)
and Minerva (+2.6%), suggesting that high-quality, minimal scaffolding is particularly critical for
mastering complex reasoning tasks. This validation confirms that our LLM-based evaluation rubric
serves as a reliable proxy for hint utility.

Prompt for hint evaluation

**x [ROLE & GOAL] x*

You are an expert pedagogical evaluator and mathematics content specialist. Your task
is to objectively assess the quality of "Hint Sets" generated for a specific math
problem. You will evaluate how well these hints guide a student towards the solution
without giving away the answer directly, based on a strict multi-faceted rubric.

** [INPUT] %
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I will provide you with:

1. **Problemxx: The original math question.
2. x*Ground-Truth Solution*x: The correct step-by-step answer.
3. *xGenerated Hints*x: A set of hints (which may include a Planning Skeleton,

Knowledge Components, or Step-wise Breakdown) produced by an AI model.

*x [SCORING RUBRIC] **
You must evaluate the hints on a scale of 1 to 5 for each of the following four

dimensions.

1. «xAccuracy (1-5)x*: Factual and logical correctness.
* *5x: All information is mathematically precise, correct, and strictly aligns
with the Ground-Truth Solution.
* *1%: Contains major mathematical errors, hallucinations, or leads the student

down an incorrect path.

2. x*Minimality (1-5)«*: Providing the least necessary support to preserve autonomy.
* *5%: Hints are concise and scaffolding-oriented. They guide the xreasoning
process* (the "how" and "why") rather than just stating intermediate calculation
results. They do not "spoon-feed" the answer.

* *1x: Hints are overly verbose, irrelevant, or give away the answer/key numbers
immediately, destroying the student's opportunity to think.

3. *xClarity (1-5)*+: Unambiguous and easy-to-parse language.
* *5%: Language is simple, direct, and grammatically perfect. Mathematical
notation is standard and consistent.
* *1%: Language is confusing, ambiguous, overly complex, or contains formatting

errors that make it hard to read.

4. *xxStructural Coherence (1-5)*%: A logical flow from abstract to concrete.

* *5%: The hints follow a logical progression (e.g., Plan -> Concepts —-> Steps).
The order makes sense for a learner attempting to solve the problem.
* «1%: The hints are disorganized, random, or Jjump between unconnected ideas

without a clear thread.

*% [INSTRUCTIONS] * %
1. *xAnalyze the Inputx*: Read the Problem and Ground-Truth Solution to understand the

logic.

2. xxVerify the Hints+x: Check the Generated Hints against the Solution for Accuracy.
3. *xAssess Pedagogyx*: Evaluate if the hints explain sprinciplesx (high
Minimality/Coherence) or just xcalculate numbers* (low Minimality) .

4. *xDraft Rationalex*: For each dimension, write a brief justification for your
score.

S +xAssign Scores*x: Give a final integer score (1-5).

*x [OUTPUT FORMAT] * %
You MUST provide your response in the following structured format:

<EVALUATION_RATIONALE>

*xAccuracyxx: [Analysis...]
*xMinimalityx*: [Analysis...]
*xClarity*+: [Analysis...]

*xStructural Coherencex*x: [Analysis...]
</EVALUATION_RATIONALE>

<SCORES>

Accuracy: [1-5]

Minimality: [1-5]

Clarity: [1-5]

Structural Coherence: [1-5]
</SCORES>

*x [EXAMPLE ] + *

——— BEGIN EXAMPLE —-—-—

*xProblem*x: Find the value of x if 2x + 3 = 9.

*xGround-Truth Solutionx*: Subtract 3 from both sides: 2x = 6. Divide by 2: x = 3.
*xGenerated Hintsxx:

1. First, you need to isolate the variable x.

2. Subtract 3 from 9 to get 6.

3. Then divide 6 by 2 to get the final answer 3.

—-—— END EXAMPLE ——-—

** [EXPECTED OUTPUT FOR THE EXAMPLE] %*

<EVALUATION_RATIONALE>

*xAccuracyx*: The math is correct. The operations lead to the right answer. (High)
*x*Minimalityx+: The hints are not minimal. Step 2 and 3 explicitly perform the
calculation ("get 6", "answer 3") instead of Jjust suggesting the operation ("Subtract 3
from both sides"). This removes student autonomy. (Low)
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+*xClarity++*: The language is very clear and easy to understand. (High)
**xStructural Coherencexx: The flow is logical (Method -> Calculation -> Result). (High)
</EVALUATION_RATIONALE>

<SCORES>

Accuracy: 5

Minimality: 2

Clarity: 5

Structural Coherence: 5
</SCORES>

*x [TASK] x
Now, please evaluate the following input strictly following all instructions.

*xProblem#x*:
{question}

*xGround-Truth Solutionwx:
{solution}

*xGenerated Hintsx*x:
{hints}

Table 14: Impact of hint source quality on model performance. We compare the final pass@1 (%)
of Qwen2.5-Math-7B trained using hints generated by Qwen2.5-72B-Instruct versus our selected
DeepSeek-R1. The best results are in bold and the selected configuration is highlighted.

Hint Source AIME 24 AIME25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
Qwen2.5-Math-7B

w/ Qwen2.5-72B-Instruct Hints 36.7 20.0 67.5 33.8 79.4 422 63.1 49.0

w/ DeepSeek-R1 Hints (Ours) 43.3 20.0 70.0 36.4 80.0 43.3 63.4 50.9

I ADDITIONAL EVALUATION AND ANALYSIS

This section provides extensive supplementary evidence to corroborate the effectiveness of Scaf-
GRPO. To demonstrate that our method’s improvements are robust and not limited to specific met-
rics, we report performance across varying sampling configurations and compare against an ex-
panded suite of competitive baselines. We also delve deeper into the model’s generalization capabil-
ities on challenging OOD tasks and analyze its behavior when integrated with or compared against
other method (e.g., DeepScaleR Luo et al. (2025), DAPO Yu et al. (2025)). The results consistently
highlight the stability of Scaf-GRPO and its ability to establish a well performance on complex
reasoning tasks.

Robustness Analysis: From Pass@1 to Avg@16. While the pass@1 metric via greedy decod-
ing is a standard benchmark, it can exhibit fluctuations due to the inherent stochasticity of LLM
generation. To ensure the reliability of our results and demonstrate that our improvements are not
artifacts of variance, we conducted a comprehensive re-evaluation using the avg@16 metric. For
this analysis, we generated 16 distinct samples for each problem with a temperature of 0.6 and top-p
of 0.95, averaging the binary success scores. As presented in Table 15, Scaf-GRPO consistently
maintains a significant performance advantage over the Vanilla GRPO baseline and other methods
across all model architectures. Notably, on Qwen2.5-Math-7B, our method achieves an average
score of 48.13%, surpassing strong baselines like Oat-Zero Liu et al. (2025a) and LUFFY Yan et al.
(2025). These results confirm that the capability gains fostered by Scaf-GRPO are robust and stable
under rigorous multi-sample evaluation.

Comparison with Expanded Baselines. To rigorously contextualize the performance of Scaf-
GRPO within the broader landscape of mathematical reasoning, we expand our comparative analysis
to include a diverse set of representative 7B-parameter models. We classify these baselines into two
categories: (1) Short Chain-of-Thought (Short CoT) baselines, represented by standard base models
prompting with concise reasoning steps; and (2) Long Chain-of-Thought (Long CoT) baselines,
comprising recent state-of-the-art models optimized for extended reasoning via advanced instruction
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Table 15: Overall performance on seven benchmarks using avg@16 metric. We compare our
method, SCAF-GRPO, against vanilla GRPO baselines across diverse architectures. Best results
are in bold. The background color of Scaf-GRPO cells indicates performance change vs. Vanilla
GRPO (green for improvement, red for decline).

Model AIME 24 AIME 25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
QOwen2.5-Math-1.5B
Vanilla GRPO 11.8 8.2 422 28.5 724 35.0 574 36.5
Scaf-GRPO 14.7 10.8 50.9 31.4 74.8 374 58.8 39.8
QOwen2.5-Math-7B
Vanilla GRPO 30.7 10.8 61.1 334 74.2 41.1 62.6 44.8
SimpleRL-Zero Zeng et al. (2025) 22.5 11.0 494 31.8 76.2 38.2 61.0 41.5
Oat-Zero Liu et al. (2025a) 30.7 11.5 62.7 35.2 78.2 41.4 63.0 46.1
LUFFY Yan et al. (2025) 31.9 12.0 60.4 33.0 74.3 40.6 61.9 449
Scaf-GRPO 35.6 14.6 63.8 36.8 79.1 42.1 64.9 48.1
Qwen2.5-7B
Vanilla GRPO 11.0 9.5 53.0 36.7 76.8 404 64.5 41.7
Scaf-GRPO 15.6 11.0 54.2 37.0 77.6 41.2 64.8 43.1
Llama-3.2-3B-Instruct
Vanilla GRPO 7.6 0.0 28.7 18.7 50.5 19.2 46.1 24.4
Scaf-GRPO 9.6 0.3 32.8 19.1 54.7 21.3 46.4 26.3
DeepSeek-R1-Distill-Qwen-1.5B
Vanilla GRPO 27.1 22.9 65.4 325 83.8 54.0 753 51.7
Scaf-GRPO 28.5 25.3 75.1 35.0 85.7 54.5 76.3 54.3

tuning or reinforcement learning, including Eurus-2-PRIME Cui et al. (2025), rStar-Math Guan et al.
(2025), and OpenReasoner-Zero Hu et al. (2025). As detailed in Table 16, Scaf-GRPO consistently
outperforms both categories. It not only surpasses base models by a wide margin but also exceeds
other 7B RL-tuned models, particularly on high-difficulty benchmarks like AIME 24 (43.3%) and
AMC 23 (70.0%).

Table 16: Comparison with Short CoT and Long CoT baselines on 7B models. We report the pass@ 1
accuracy (%) on various mathematical benchmarks. Scaf-GRPO (Ours) achieves the best average
performance among all 7B models. The best results in each column are highlighted in bold.

Category Model AIME 24 AIME 25 AMC Minerva MATH-500 Olympiad Gaokao Avg.
Short CoT Qwen-2.5-7B-Base 10.0 6.7 37.5 26.4 61.8 344 42.6 31.3
Qwen-2.5-Math-7B-Base 133 133 425 16.5 53.6 18.2 35.1 27.5
Eurus-2-7B-PRIME Cui et al. (2025) 26.7 16.7 55.0 38.6 74.4 34.7 59.3 43.6
rStar-Math-7B Guan et al. (2025) 26.7 139 47.5 322 78.4 47.1 59.2 43.6
SimpleRL-Zero Zeng et al. (2025) 233 13.3 55.0 31.6 76.8 37.2 60.8 42.6
Long CoT  LUFFY Yan et al. (2025) 333 16.7 62.5 33.8 75.2 41.7 62.7 46.6
Oat-Zero Liu et al. (20252) 30.0 16.7 62.5 34.6 78.0 41.0 62.9 46.5
OpenReasoner-Zero Hu et al. (2025) 26.7 16.7 50.0 35.6 77.4 41.6 67.2 45.0
Scaf-GRPO (Ours) 43.3 20.0 70.0 36.4 80.0 433 63.4 50.9

Integration with Advanced Models: DeepScaleR. To demonstrate the compatibility of Scaf-
GRPO with other training paradigms and its ability to enhance data efficiency, we conducted an
experiment using the DeepScaleR-1.5B-Preview Luo et al. (2025) model. Since this model has
already converged using standard GRPO on the DeepScaleR-Preview-Dataset, simply continuing
training with Vanilla GRPO on the same data results in performance regression, as indicated by the
drop in the average score (from 55.1% to 54.0%) in Table 17. In contrast, Scaf-GRPO successfully
extracts further value from the identical dataset. By leveraging the hint-guided mechanism to unlock
previously inaccessible reasoning paths, our method achieves a clear positive gain, raising the aver-
age score to 59.1% and showing significant improvements on challenging benchmarks like AMC 23
and OlympiadBench. This confirms that Scaf-GRPO can effectively complement existing advanced
checkpoints to maximize data utilization.

Comparison with DAPQO. Both Scaf-GRPO and DAPO (Yu et al., 2025) aim to mitigate the van-
ishing gradient problem caused by consistent failure on difficult queries. However, the two methods
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Table 17: Performance comparison of Scaf-GRPO versus Vanilla GRPO when continuing training
the DeepScaleR-1.5B-Preview model. We report the pass@1 (%) accuracy on various benchmarks.
The best results are in bold.

Method AIME 24 AIME25 AMC Minerva MATH-500 Olympiad Gaokao2023en Avg.
DeepScaleR-1.5B-Preview Luo et al. (2025)

Base Model 43.1 30.0 73.6 30.2 87.8 50.5 70.4 55.1

+ Vanilla GRPO 40.0 30.0 72.0 30.5 86.9 49.1 69.2 54.0

+ Scaf-GRPO (Ours) 40.0 333 85.0 33.5 87.8 55.0 79.0 59.1

diverge fundamentally in their strategy. DAPO employs a filtering mechanism (Dynamic Sampling)
that effectively omits these zero-gradient samples to maintain training stability. In contrast, Scaf-
GRPO adopts an intervention strategy: rather than discarding hard problems, we utilize hierarchical
hints to guide the model toward a correct solution, transforming these failures into valuable learning
signals. As shown in Table 18, this active approach yields superior results. On the Qwen2.5-Math-
7B model, Scaf-GRPO outperforms DAPO across all benchmarks, achieving a higher average accu-
racy (50.9% vs. 48.5%). This suggests that scaffolding the model to conquer its hardest challenges
is more effective for capability advancement than simply stabilizing the training distribution.

Table 18: Performance comparison on Qwen2.5-Math-7B (pass@1, %). We compare our Scaf-
GRPO against Vanilla GRPO and DAPO baselines. The best results are in bold.

Method AIME 24 AIME25 AMC Minerva MATH-500 Olympiad Gaokao23 Avg.
QOwen2.5-Math-7B

Vanilla GRPO 30.0 13.3 60.0 334 75.8 41.3 62.6 452

DAPO Yu et al. (2025) 36.7 20.0 62.5 35.6 79.6 423 63.0 48.5

Scaf-GRPO (Ours) 43.3 20.0 70.0 36.4 80.0 43.3 63.4 50.9
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