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Abstract

This paper considers the problem of combinatorial multi-armed bandits with semi-bandit
feedback and a cardinality constraint on the super-arm size. Existing algorithms for solving
this problem typically involve two key sub-routines: (1) a parameter estimation routine that
sequentially estimates a set of base-arm parameters, and (2) a super-arm selection policy
for selecting a subset of base arms deemed optimal based on these parameters. State-of-
the-art algorithms assume access to an exact oracle for super-arm selection with unbounded
computational power. At each instance, this oracle evaluates a list of score functions, the
number of which grows as low as linearly and as high as exponentially with the number of
arms. This can be prohibitive in the regime of a large number of arms. This paper introduces
a novel realistic alternative to the perfect oracle. This algorithm uses a combination of
group-testing for selecting the super arms and quantized Thompson sampling for parameter
estimation. Under a general separability assumption on the reward function, the proposed
algorithm reduces the complexity of the super-arm-selection oracle to be logarithmic in the
number of base arms while achieving the same regret order as the state-of-the-art algorithms
that use exact oracles. This translates to at least an exponential reduction in complexity
compared to the oracle-based approaches.

1 Introduction

The combinatorial multi-armed bandit (CMAB) problem is a generalization of the stochastic multi-armed
bandit problem, in which there is a set of base arms and a learner selects a subset of them at each round.
Such sets of base arms are called a super-arms, and the set of all possible super-arms constitutes the action
space of the learner (Chen et al. 2013} (Combes et al.l |2015; |Chen et al., |2016a3b)).

Bandit versus semi-bandit feedback. CMABs can be broadly divided into two settings according to
the level of feedback a learner receives in response to its actions: the bandit and the semi-bandit feedback
settings. In the bandit feedback setting, the learner pulls a super-arm and observes one aggregate reward
value generated by the selected super-arm [Nie et al.| (2022)); |Jia et al.| (2019). On the other hand, in the
semi-bandit feedback setting, in addition to the aggregate reward, the learner has access to a set of stochastic
observations generated by the individual arms that constitute the selected super arm (Chen et al.| [2016a;
Wang & Chen, 2018|). This paper focuses on semi-bandit feedback, and its objective is to minimize the
average cumulative regret in CMABs under this feedback model. The CMAB model is assumed to belong to
the class of Bernoulli bandits.

UCB versus Thompson sampling. Regret minimization algorithms for CMABs with semi-bandit feed-
back consist of two key sub-routines: an estimation routine and a super-arm selection routine. The estimation
routine aims to form reliable estimates of the unknown parameters of the base arms. The super-arm selection
routine specifies the sequential selection of the super-arms over time. Super-arm selections rely on the
estimates formed by the estimation routine, and there is a wide range of arm-selection rules based on the
upper confidence bound (UCB) principle (Chen et al.| [2013; Kveton et al. |2015}; |Combes et al., [2015; |Chen
et al., 2016a) or Thompson sampling (TS) (Wang & Chen, 2018; [Perrault et al., [2021). Recent studies
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demonstrate that the T'S-based approaches are more efficient and empirically outperform the UCB-based
counterparts. Specifically, the combinatorial Thompson sampling (CTS) algorithm in (Wang & Chen), 2018)
adopts a posterior sampling estimator for the bandit mean values, and uses an oracle that perfectly determines
the set of super-arms that are optimal for the estimated means. Under such access to an ezxact oracle, the
studies in (Wang & Chenl| 2018) and (Perrault et al., 2021)) establish that the CTS algorithm achieves an
order-wise optimal regret of O(% log T), where m denotes the number of base arms, T is the horizon, and
A specifies the minimum expected reward gap between an optimal super-arm and any other non-optimal
super-arm.

Oracle complexity. Accessing an exact oracle is often computationally prohibitive. In this paper, our
objective is to alleviate the oracle complexity of existing methods. This is motivated by the fact that black-box
function evaluations can be expensive, and hence, it is imperative to minimize the number of black-box queries
to the oracle. It is noteworthy that there exist approzimate alternatives to the exact oracle, which require a
polynomial complexity in the number of base arms. While offering an improvement in complexity, polynomial
complexity can still be excessive, and more importantly, approximate solutions can result in linear cumulative
regret. Examples of reward functions facing such issues include submodular reward functions (Krause
|& Golovin, 2014)) and reward functions modeled as the output of a neural network (Hwang et al., 2023)).
Therefore, to avoid linear regret, CTS has to inevitably rely on an exact oracle, the computational complexity
of which, in general, grows exponentially with the number of base arms.

Group testing. Group testing (GT) is an efficient approach for solving large-scale combinatorial search
problems (Dorfman), [1943; Du et al., 2000). The basic premise in GT is that a small sub-population (size
K) of a large body (size m > K) has a certain property (e.g., being defective), and the objective of group
testing is to identify them without individually testing all. To avoid individual tests, the population members
are pooled into groups, and the group is tested as a whole. The majority of tests are expected to return
negative results, i.e., most groups do not have a member with the desired property. This clears the entire
group, significantly saving the number of tests administered.

The number of tests required for identifying the defective items broadly varies depending on the settings
(we refer to (Aldridge et al. |2019) for a review). Under both noiseless as well as noisy test outcomes (with
a bound on the number of noisy measurements), when K = O(m®) where a € (0,1/3), only O(K?logm)
tests are sufficient to recover the defective subset perfectly (zero-error criterion) (Hwang & T. Sés, 1987}
let al., [2000; |Chan et al., 2011)). Under a vanishing error criterion, the number of tests can be reduced to
O(K logm) (Zhigljavsky, 2003} [Gilbert et all, [2012) (partial recovery). Furthermore, GT schemes can be
classified into adaptive and non-adaptive methods. In non-adaptive group testing, all the tests are decided at
once. In contrast, in adaptive group testing, the tests are divided into stages, and the tests for a particular
stage are decided based on the outcomes of the previous stage. Adaptive group testing has been shown to
significantly reduce the number of tests, requiring only O(K logm + m) tests for exact recovery
{1975} |De Bonis et al., 2005).

Different variants of group testing have also been proposed in the literature (Du et al., 2000; Du D, 2006;
2014). These include threshold group testing (Damaschke] [2006), where a test result is positive if
the number of defective items in the pool is above a threshold; quantitative or additive group testing
2014; Du et al., 2000), where the test output is the number of defective items in the pool; probabilistic
group testing (Cheraghchi et al.| [2011)), where we wish to recover the defective items with high probability;
graph-constrained group testing (Sihag et al. [2021)), where there are constraints how items can be grouped;
and semi-quantitative group testing (Emad & Milenkovic, 2014} (Cheraghchi et al., [2021)), where the (additive)
test outputs are quantized into a fixed set of thresholds. GT has been also adopted to solve large-scale
learning problems, such as feature selection (Zhou et all [2014), extreme classification (Ubaru & Mazumdar),
[2017; |[Ubaru et al., 2020), and data valuation (Jia et al. |2019).

Contributions. In this paper, we leverage GT to dispense with the assumption of exact oracle access for
the CTS algorithm. This results in an ezponential reduction in the oracle complexity without compromising
the achievable regret. Specifically, we devise the called Group Testing + Quantized Thompson Sampling
(GT4+QTS) algorithm, which under a mild probabilistic assumption on the separability of the reward function
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(Assumption @7 will have exponentially lower complexity compared to an exact oracle. GT+QTS has two
key innovations compared to the existing algorithms. First, the complexity reduction is enabled by GT, the
success of which fundamentally relies on separability assumptions, lacking which we may face sub-optimal
(linear) regret. To address this, as a second contribution, we devise a quantization scheme that ensures the
probabilistic separability of the reward function. We show that the GT-based oracle requires only O(logm)
black-box queries to discern the optimal set of arms in each round. Furthermore, we show that the GT+QTS
algorithm preserves the optimal regret order of O (% log T) while providing an exponential reduction in the
oracle complexity.

Related works. We provide an overview of the most closely related studies to the scope of this paper.
The theoretical analysis of the TS-based approaches for MABs was first provided in (Kaufmann et al., 2012}
Agrawal & Goyal, [2012)). These results were later improved in (Agrawal & Goyal, 2013) and extended to a
general action space and feedback in (Gopalan et al., |2014)). The CMAB problem is studied under different
settings in (Chen et al., |2013; |Combes et al. 2015; |[Chen et al., [2016bzal). The TS-based approach to CMAB
is investigated for top-K' CMAB in (Komiyama et al., 2015), analyzed for contextual CMAB in (Wen et al.|
2015)), and studied under Bayesian regret metric by [Russo & Van Roy| (2016]). Furthermore, CMAB has been
investigated in the full-bandit feedback setting in Nie et al.| (2022).

The study closest to the scope of this paper is [Wang & Chen| (2018, which analyzes the CTS algorithm
to solve combinatorial semi-bandits under a Bernoulli model and a Beta prior distribution for the belief
parameters. It establishes that the CTS algorithm asymptotically achieves the optimal regret Another related
study is by [Perrault et al.| (2021)), which presents a tighter regret bound for the Beta prior, and a similar
optimal regret analysis is established for multivariate sub-Gaussian outcomes using Gaussian priors.

2 Combinatorial Bandits

Setting. Similarly to the canonical models in (Wang & Chen, [2018; |Perrault et all 2021, we consider a
CMAB setting with m arms, and define the set [m] := {1,--- ;m}. Each arm i € [m] is associated with
an independent Bernoulli distribution with an unknown mean p;. We denote the vector of unknown mean
values by p := [u1,- -+, tm]. Sequentially over time, the learner selects subsets of arms, which we refer to
as super-arms. The super-arm selected at time ¢ is denoted by S(¢) € Z, where Z C 2[m specifies the set of
permissible super-arms. We consider the semi-bandit feedback model, wherein, at each time ¢, upon pulling a
super-arm S(t), the learner observes a feedback

Q(t) == {Xi(t) : i € S(t)} , (1)

where X;(t) denotes a random observation from arm i € [m], i.e., X;(t) ~ Bern(y;). In addition to the
feedback Q(t), based on the super-arm selected at time ¢, the learner gains a reward R(t). The average
reward E[R(¢)] is assumed to depend only on the mean values of the arms i € S(¢). To formalize this, we
assume that there exists a function r : Z x [0,1]™ — R, such that

E[R(®)] =r(S(®); 1), (2)

where the expectation is with respect to the measure induced by the distributions of arms ¢ € S(t). Function
r is assumed to be unknown, and the learner only has black-box access to it, i.e., for any 6 € [0,1]™ and
S € Z, the learner queries the black-box and obtains the reward evaluation r(S ; ). For any 0 € [0, 1]™, we
define the optimal super-arm associated with @ as the permissible set with the largest reward, i.e.,

§*(0) = ariénzax r(S;0). (3)

If there are multiple optimal super-arms, we randomly select one of them. We also assume that the cardinality
of the optimal set S*(u) = K. For a given 8 and any set S € Z, we define the sub-optimality with respect to
§*(0) by

A(S,0) := r(S*(0); 0)—r(S; 0) . (4)
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Accordingly, we define the minimal and maximal sub-optimality gaps for any parameter 8 € [0, 1]™ as

AInin 0) = i A ,0 5 Amax 0) = A ,0 .
0) = e Rin, , A(5:0), and (8) = max A(S.0) (5)

The learner’s objective is to minimize the average cumulative regret J3(T"), which is defined as

R(T) = S EIASEH). )], (6)

where the expectation is taken with respect to the measure induced by the interaction of the learner with the
bandit instance. For any set S C [m] and 6 € [0,1]™, we define Os as the vector, whose entries are equal to 6
for every i € S, and 0 otherwise.

Assumptions. We start by discussing some of the commonly used assumptions in the CMAB literature on
the reward function r (Wang & Chenl, 2018; |[Perrault et al., [2021]). Then, we will discuss how to relax some
of the idealized assumptions in the literature. Specifically, the existing studies relevant to this work assume
access to an exact oracle that can perfectly solve the problem in , i.e., identifies the optimal super-arm
S§*(0) for any parameter 8 € [0,1]™. In this paper, we relax this assumption and replace the oracle with
a procedure with only soft (probabilistic) guarantees for solving . We start with the following common
assumption in the CTS-based approaches for CMAB; see (Wang & Chenl 2018} [Perrault et al., |2021)).

Assumption 1. The expected reward of a super-arm S € T depends only on the mean values of the base
arms in S.

We note that some studies on the confidence interval-based methods have relaxed this assumption (Chen
et al) |2016al). In the context of CTS, relaxing this assumption poses a few technical challenges. Specifically,
a TS-based approach at each step samples the super-arm that maximizes the reward function based on
posterior mean estimates. However, for rewards, which depend on the arm distributions (and not just the
mean values), we need estimates for the distributions. This calls for a separate algorithm design. Our next
assumption quantifies the smoothness of the reward function.

Assumption 2 (Lipschitz continuity). The reward function is globally B-Lipschitz in 8. More specifically,
for any S € T and for any 6,60’ € [0,1]™, the reward function satisfies |r(S; 0) — (S ; ') < B||0s — 0%||:
for some universal constant B € R,

Next, we specify assumptions on the variations of the reward function with respect to S. We adopt a common
monotonicity assumption based on which adding arms to any super-arm will not decrease the reward.

Assumption 3 (Reward monotonicity). The reward function r is monotone and increasing in S, i.e., for
any 81 C Sy C [m] we have r(Sy 5 0) < 7(Ss; 0),V0 € [0,1]™.

Without any constraint on the cardinality of the optimal set, the monotonicity assumption implies that the
optimal solution super-arm is [m]. To avoid this, we impose that the cardinality of the optimal super-arm
|S| < K € [m]. Besides the above standard CMAB assumptions, we also adopt three more assumptions
pertinent to dispensing with access to the exact oracle that solves and designing an efficient probabilistic
alternative. The following two assumptions are needed for determining the number of tests in our GT
procedure.

Assumption 4 (Bounded reward). For any set S € T and any 0 € [0,1]™, we assume that the reward
function satisfies (S ; 0) € [0, M], where M is known.

Next, we introduce a probabilistic assumption on the distribution of the minimum gap of the bandit
instances. This assumption is critical in order to facilitate an exponential reduction in the oracle complexity.
Furthermore, this assumption covers the case where a lower bound on the minimum gap of the class of
instances is known/assumed to be known, which is a common occurrence in many applications such as principal
component analysis (minimum singular value gap requirement for iterative partial SVD algorithms [Musco &
Muscol (2015))), topological data analysis (minimum gap requirement for Betti number estimation |Apers et al.
(2023)), and others.
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Assumption 5. The probability of distribution of the minimum gap Anin(p) is known, and its cumulative
distribution function (CDF) is denoted by F,,.

The next assumption states that augmenting any subset of arms with an optimal arm results in higher reward
gain than augmenting with a non-optimal arm.

Assumption 6 (Separable reward). For any parameter 8 € [0,1]™, any optimal arm s € §*(0), any
sub-optimal arm § ¢ S*(), and any set S C [m] \ {s, 5}, we havdl}

r(SU{s}; 8)—r(SU{5}; 0)>0. (7)

Several commonly used set-valued functions naturally satisfy the separability assumption, e.g., linear re-
wards, ie., (S ; ) = >, sb;, information measure-based functions such as mutual information and
f-divergence (Zhou et al.l 2014; |[Nguyen et al.l 2010). Furthermore, we show that a two-layer neural network
(NN) also satisfies the separability assumption (see Theorem [2} Appendix @

3 Algorithm: GT + Quantized TS

In this section, we provide the details of the GT+QTS algorithm, the objective of which is minimizing the
average cumulative regret defined in @ This algorithm has two central sub-routines. The first sub-routine is
an estimation process that computes estimates for the base arm means. The second sub-routine is a procedure
that sequentially, at each round, determines an optimal super-arm to be pulled based on the current base
arms mean estimates. These procedures are discussed next.

3.1 TS-based Estimator

We consider a TS-based approach, where the estimates of the mean values are generated by sampling
from a posterior distribution. We adopt a beta distribution to generate the posteriors. A beta posterior
naturally comes up as the conjugate distribution assuming uniform priors on the mean values of the base
arms. We denote the distribution associated with arm i € [m] at time ¢ by Beta(a;(t), b;(t)). We initialize,
for t =0, a;(0) = b;(0) = 1 for all arms, in which case the beta distribution reduces to a uniform distribution.
Subsequently, for each time t € N, a super-arm S(t) is selected, and we receive the feedback Q(t). Based on
the feedback, we update the prior distribution of each base arm by updating a;(¢) and b;(¢). Furthermore,
recall that X;(t) denotes the feedback from the base arm i € S(t). We draw a sample Y;(t) ~ Bern(X;(t)),
and update the posterior distribution as follows.

ai(t+1) = ai(t) +Yi(t) (8)
bi(t+1) = bi(t) —Yi(t)+1. (9)

Finally, our estimate for g at time ¢ is a random sample from the beta distribution with parameters specified
in (8)-(9), i.e., we generate the posterior estimate 8(t + 1) according to 6;(t 4+ 1) ~ Beta(a;(t + 1), b;(t + 1)).

3.2 GT-based Arm Selection

We design a GT-based procedure to select the optimal super-arm in each round. The nature of this procedure
is probabilistic, and it is designed to find the optimal super-arm with a high probability.

GT involves pooling together several arms and performing a test on the pooled set. Tests are repeated by
selecting and pooling different subsets of arms for each test. When we have ¢ tests, the pooling process can
be characterized by a test matrix A € {0, 1}**™, where row j € [¢] specifies the arms that are included in
test j. Specifically, A;; =1 if the arm ¢ € [m] is contained in test j € [{] test, and otherwise A;; = 0. For
each test j € [], we design a function p; : 2™ x [0,1]™ + [0, M], that assigns score to the outcome of test j.
Next, based on these test scores, we assign a grade to each arm that specifies whether the arm is likely to be
in the optimal super-arm or not. This grade assignment is formalized by a decoding mechanism specified
by the function ¢; : [0, M]’ — R, which generates the arms’ grades. Subsequently, a candidate super-arm is
selected as the set of arms with the top K grades.

1In the case of multiple optimal super-arms, s belongs to the union of optimal arms, and 3 does not belong to it.
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Figure 1: Cumulative number of times that the instance 8(t) is non-separable.

Group-testing oracle (GTO). Next, we describe our GT encoding and decoding mechanisms. To lay
context, we first describe a naive adaptation of the GT approach in (Zhou et all [2014). It was designed for
ranking, and can be used to find the optimal super-arm at each step. We then describe a shortcoming of this
naive approach and modify it to replace the exact oracle used by CTS.

Naive GT approach. We adopt a randomized testing mechanism, in which each arm j € [m] is included in
the test by flipping a coin. Specifically, arm 4 € [m] is included in test j € [¢] based on a Bernoulli random
variable A;; ~ Bern(p) such that arm ¢ is included in the test if A;; = 1. Probability p is a design parameter
to be chosen later. For designing the decoder, at each time t € N, we set the scoring function of test j,
i.e., pj, to be an evaluation of the average reward function at the current estimates of the mean values,
ie., p;j(t) :=r(A; ; 6(t)), where A; denotes the j™ row of the test matrix A. Based on the test scores
p(t) = (p1(t), -+, pe(t)), we define the arm grading function ¢(t) := (¢1(t),- -, dm(t)) as follows.

o(t) = ATp(t) . (10)

For each arm ¢ € [m], the GT decoder in considers the tests j € [¢] which contain i, and adds up the
scores due to these tests to form an aggregate grade for each arm 4. If an arm ¢ € [m] is contained in multiple
tests with high scores, and the resulting aggregate score is large, it is highly likely that the arm ¢ is responsible
for the high scores assigned to the tests. Hence, arm i is a more likely candidate to be one of the arms in
the optimal super-arm. Hence, the arms with the top-K grades are selected as candidates for the optimal
super-arm to be pulled at time t.

Separability. The naive GT mechanism faces a delicate shortcoming; for the GT to work, the reward function
r(-;0(t)) must satisfy a C-separability assumption, which is stronger than Assumption @ Specifically, under
C-separability, any two arms s € S*(0(t)) and § ¢ S*(0(t)), and any set S € [m] \ {s, §} must satisfy

r(SU{s}; 6(t)) —r(SU{5}; 0(t)) > C. (11)

Based on C-separability, the number of tests required for identifying S*(0(t)) will then be inversely proportional
to C? (Zhou et al.,[2014). However, it is impossible to ensure C-separability for the function 7(- ; (t)) at
round ¢t € N, even when the reward function r(- ; w) at the true mean p is C-separable. We empirically show
that the cumulative number of non-separable instances increases with time ¢. Figure [} for any ¢, shows the
number of times the reward function evaluated at s < ¢ is non-separable. Here, by “non-separable”, we mean
that the reward difference is smaller than C, i.e., 7(S U {s} ; G(t)i— r(SU{s}; 6(t)) < C, where C is the

minimum separability at the true mean. Furthermore, in Figure |1l we plot the function ﬁ log(t) and

min

1

A ) log(t), which is not

observe that the cumulative number of non-separable instances grows faster than
desirable, as it can result in sub-optimal regret.

Quantization. To circumvent the non-separability of the reward function at the posterior means, we use
quantized rewards as the test scores for GTO. Specifically, we use a uniform quantizer to discretize the
reward values. This quantizer splits the interval [0, M] into equal sub-intervals of width A/2B, where the
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Algorithm 1: GT4+QTS Algorithm
Input : Cardinality constraint K, # rounds T
Initialize t = 1, a;(t) = 1, b;(t) =1 for all i € [m]
fort=1...T do
Draw a sample 6;(t) ~ Beta(a(t),b;(t)) for every arm i € [m], and form ()
Play the super-arm S(t) returned by Oracle(0(t)) (Algorithm
Obtain the observations Q(t)
Update a;(t + 1) & b;(t + 1) according to ©
end

Algorithm 2: Oracle(0)

Input : Parameter 0, quatization level A, cardinality K, parameter p
Initialize # tests £ = O(W logm), Test matrix A € {0, 1}**™ such that A4; ; ~ Bern(p)
for j=1...4do
Evaluate the average reward function r(A;, @) at the input 6
Assign the quantized score Q(r(A; ; 0)) to the test j according to (14
end
Evaluate the grading function using the decoding matrix A according to
Output : S(¢) : arms having the top-K grades

quantization level A will be specified in Section |4| to ensure sublinear regretﬂ Based on this, we split the
reward range into L = [2BM/A] intervals, where each interval k € [L — 1] is defined as

I; = (u;;)A,;AB] , k<L, (12)
o (S22 0] a3

Furthermore, we denote the set of quantization levels by £ := {A/2B,--- ,M}. Accordingly, for any
0 €[0,1)™ and S € Z, the uniform quantizer @ : [0, B] — L is specified by

Q(r(S; 0)) = arg;ergin Ir(S; 0)— ¢ . (14)

Decoding. Note that quantization alone does not guarantee the separability of the reward defined in (11)
evaluated at every test. The reason is that the reward evaluations for the sets S U {s} and S U {5} may
be mapped to the same quantization level, even though we have r(SU {s} ; 0(t)) > r(SU {5} ; 6(¢)) by
Assumption @ Accordingly, at each round ¢, let us denote the set of unique (or non-repeated) test scores
by Za(t). Specifically, for any pair of distinct tests S,8" € Z,(t) such that |S| = |§’|, it satisfies that
Q(r(S; 0(t)) #Q(r(S"; 6(1))). In the decoding step, we leverage the fact that our quantization scheme
enables us to sufficiently distinguish the tests contained in Z,,(¢).

Arm selection. Let us denote the subset of arms obtained under a test matrix A and the scoring function
p by GTO(A, p). At each round t, the GT4+QTS algorithm uses the quantized average reward function
Q(r(A;,0(t))) as the scoring function for each test ¢ € [¢]. Subsequently, the set of arms to be chosen at time
t is set to S(t) := GTO(A, Q(r(-,0(t — 1)))). The entire algorithm is presented in Algorithm

4 Main Results: Efficiency and Regret

In this section, we present the performance guarantees of the proposed GT4+QTS algorithm. Specifically, we
investigate two key performance metrics of the algorithm: (1) the efficiency of the GTO measured in terms of

2If 2BM/A is not an integer, we absorb the missing fraction in the last interval, making it shorter than the preceding ones.
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the number of reward evaluations required in each step, and (2) the average cumulative regret incurred by the
GT+QTS algorithm. We show that the GT+QTS algorithm achieves the same order-wise regret guarantee
as the combinatorial Thompson sampling using an exact oracle (Wang & Chen, [2018; |Perrault et al., |2021)),
while exponentially reducing the number of reward function evaluations. We begin with the results on the
efficiency of the GTO.

Efficiency. A nalve approach to finding the optimal super-arm in each round is to evaluate the functional
value at every subset in Z at the current estimate of 0(t) at time ¢. However, this approach requires an
exponential number of reward evaluations. An exact oracle may not require an exponential number of
evaluations, owing to the separability in Assumption [f] We will first describe a baseline approach, called
Oracle, that provides an ezact solution leveraging Assumption [6} with the reward function evaluations scaling
linearly with respect to the number of base arms. Subsequently, we will show that the GTO described in
Sectionﬁnds the optimal arm with a high probability using only O(log m) function evaluations, exponentially
reducing the complexity compared to the baseline approach.

Oracle,: The baseline approach is a direct consequence of Assumption [6] Since the separability assumption
is valid for any subset S, for any parameter 6 € [0, 1]™ we may set S = (). By this choice, for any s € $*(0)
and § ¢ S*(0), Assumption [6] implies that

r(s; ) >r(5; 0). (15)

Oracle; makes m reward evaluations, each test comprising of a single base arm. It then selects the top K
arms with the largest reward values. As a consequence of , we immediately conclude that this set of base
arms selected by Oracle; is indeed the optimal super-arm S*(0). Therefore, Oracle; requires m (linear)
reward function evaluations. Next, we analyze the number of tests required by the GTO.

GTO: For any separable function, the number of tests required by the GTO is of the order O(logm), where
the constants depend on the quantization level A, the set Z,,(t), as well as the test matrix parameter p. For
characterizing the number of tests required by GTO, let us denote the probability that any test S belongs to
the set of non-repeated tests at time ¢ by

q(t) == P(S € Tni (1)) - (16)

The following lemma formalizes the number of tests the GTO requires to compute the optimal super-arm at
each time ¢t € N.

Lemma 1. For any ¢ € (0,1),

B 8M2B? o (K(m—K)
A%m—mwm>g< 5 )

tests are sufficient for the GTO to identify an optimal super-arm in each round with probability at least 1 — 6.

(17)

From , we observe that the GTO requires O(logm) tests to identify the optimal super-arm in each round
with probability at least 1 — 0. Hence, in the regime of a large number of base arms, the GTO significantly
reduces the number of reward evaluations required to find the optimal super-arm in each round. We also
observe that the number of tests depends on ¢(t) which is unknown. This can be resolved by adopting an
estimator for estimating ¢(t) based on the group tests. Let us define

i) = 3 3 1A, € T(t)} (18)

JEle]

We show that using O(Ei2 log %) samples, we have an e—accurate estimate of ¢(¢) with a high probability, i.e.,
P(|G(t) — q(t)| > ) <. Both A and ¢(t) capture the granularity of the reward function in identifying the
optimal super-arm. We will show that A is chosen based on the CDF F, of the arm gaps Amn(pt), which
captures the gap between reward due to optimal arm and any other arm. Smaller the quantization level A,
more tests are required to find the optimal super-arm. Similarly, if we face a reward function in which many
tests get mapped to the same score, it is unlikely that we save much leveraging group testing.
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Regret analysis. Next, we characterize the regret of the GT+QTS algorithm. As a first step, we establish
that our quantization scheme for super-arm selection does not compromise the achievable regret. In other
words, the regret achieved after reward quantization is the same as the regret with unquantized rewards. For
this, we introduce a few notations. Let T (0) denote the set of all optimal super-arms with respect to the
parameter 8, i.e., $*(0) € T(0). Next, corresponding to the function @ specified in we define

To(0) = argmax Q(r(S; 0)) . (19)
SeT
We show that, with a high probability, the set of optimal super-arms with respect to the quantized reward
To(w) is contained in the set of optimal super-arms with respect to the true reward 7 (p). This is necessary
to achieve sublinear regret since we hope to converge to one of the optimal super-arms after quantization.

Lemma 2. For any vy € [0,1/2], let us set A :=F,'(v). For the quantization scheme described in Section@
with probability at least 1 — 27y we have To(pn) C T ().

Next, we provide an upper bound on the average cumulative regret achievable by GT+QTS. We note that
this is similar to the regret bound reported when there is access to an exact oracle for the CTS algorithm.

Theorem 1 (Achievable regret). Under Assumptions ﬂ by setting 6 = t%, and the quantization level
A =T, (v) for any v € [0,1/2], with probability at least 1 -2, the average cumulative regret of the GT+QTS
algorithm, conditioned on the bandit instance p, satisfies

log (2™ |Z|T)

R(T) < 2log K + 6) B? x
@< 2 ¢ ) min_ (A(S, p) — Lmnlt) (K2 4 9)Be)

i€m] S:es
8 (4 L K>
+ (13@62 (62 + 1> log 2 + 5 + m<€2 + 1)>Amax(u) ) (20)
where o € Ry is a constant, and € € Ry is chosen as
Amin(p)
—_— . 21
° < IB(K®+2) 1)

A probabilistic guarantee on the average cumulative regret in Theorem [I] might seem counter-intuitive.
However, note that the randomness (and hence the probabilistic guarantee) arises from the distribution F,, on
the minimum gap Apnin(pt), and the average regret is conditioned on the bandit instance p. The regret bound
in Theorem |l| matches that of the CTS algorithm with an exact oracle (Wang & Chenl 2018) order-wise,
i.e., both have the same regret bound of O(mA_ ! (u)log K log T), despite GT+QTS requiring exponentially
fewer reward function evaluations. We note that the regret remains linear in m. The numerator of the first
term in the summand, i.e., log(2™|Z|T), can be decomposed into two parts. The first part is mlog(2|Z]), and
the second part is logT. The first part depends on T" through log 7', but it is independent of m, and second
part is independent of T but depends on m linearly. Since the second part is independent of T it does not
contribute to the regret, and therefore the regret will be specified only by the first term. In other words, after
summing both terms m times, we get the total regret of mlog T + m?, which is O(mlogT). Comparing the
bound in Theorem |1| to that of Wang & Chen| (2018, Theorem 1), we observe that GTO only adds a constant

term of %Amax(u) to the regret bound.

Proof. We provide an overview of the key steps and defer the details of the proof to Appendix [C} From the
definition of regret in @, with probability at least 1 — 2+ we have

R(T) = D E[L{S(t) ¢ T(w)} x A(S(t), )]

T

Y EL{S(1) & To(w)} x AS(), 1)) , (22)

IN
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Figure 2: Average cumulative regret versus time ¢ for (A) a linear reward function and (B)a non-linear 2-layer
ANN function, respectively. (C) Average cumulative regret versus number of tests £.

where is a result of Lemma[2} Next, we decompose the upper bound on the regret in based on three
events. The first event captures the time instances at which we select a sub-optimal super-arm owing to
inaccurate sample mean estimates. The second event considers time instances at which the sample mean is
close to the true mean, and yet we select a sub-optimal super-arm since our posterior mean has a considerable
deviation from the true mean. Finally, the third event considers the instances where the posterior mean
of the selected super-arm is close to the true mean, and yet, we select a sub-optimal super-arm. The key
challenge arises in upper-bounding the regret due to this third event. Specifically, the proof for this term
in [Wang & Chen| (2018]) relies on assuming access to an ezact oracle — an assumption that we have dispensed
with. We show that GTO is sufficient to guarantee constant regret for the third set of events. O

5 Experiments

In this section, we provide empirical results to assess the performance of GT+QTS and compare it against
the state-of-the-art CTS algorithm provided in (Wang & Chenl, 2018)) equipped with Oracle described in
Section [4] as the exact oracle. In the first experiment, we consider the case of linear rewards. Subsequently,
we consider the mean reward to be the output of a 2-layer artificial neural network.

Linear rewards. In this experiment, for any set S € Z and any 0 € [0,1]™, we define the reward function
as r(S; 0) = > ,.g0i. We set m = 5000 arms, and the mean vector g is sampled uniformly randomly from
[0,1]5990 Furthermore, the cardinality constraint is set to K = 5 arms. For this experiment, we choose p
such that Ay, (pe) is at least 0.25, and we set A = 0.25. Consequently, the group testing oracle requires
approximately 302 reward evaluations (order-wise), versus the exact oracle, which requires 5000 reward
evaluations in each iteration. Hence, the baseline method (CTS) requires 16x more reward evaluations
compared to GT+QTS. However, the regret due to CTS and GT+QTS is comparable, and GT+QTS has a
slightly larger regret compared to CTS, as observed in Fig. A).

Furthermore, we empirically observe that the number of tests prescribed by theory is excessive, and in
practice, much fewer tests are sufficient to guarantee similar cumulative regret. To showcase this, we vary the
number of group tests in the GT+QTS algorithm and plot the average cumulative regret against the number
of group tests in Figure C) computed at 7' = 10, 000. Figure C) confirms that as few as £ = 200 tests are
sufficient for the regret to be within 5% of the regret at the prescribed number of £ = 310 tests.

Two-layer neural network rewards. Next, we evaluate the performance of GT4+QTS on nonlinear mean
reward functions. Specifically, we choose a 2-layer NN with 20 neurons and sigmoid activation function. For
any set S and parameter 6, the mean reward is r(S ; 0) = (w2,0(W10s)), where o(-) denotes the sigmoid
activation. The weights are uniformly sampled from a normal distribution, and then we take an absolute
value to make all weights positive. We choose m = 1000 arms, which are uniformly sampled at random
from [0, 1]19°0. Furthermore, the weight matrices are sampled such that we have Ay, (1) > 0.2, and we set
A = 0.2. Figure B) illustrates the cumulative regret of the CTS algorithm and the GT+QTS algorithm,

10
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Table 1: Average computation time per trial (in secs)

Horizon | T'=1000 | T'=2000 | T'= 3000 | T'= 4000 | T' = 5000
CTS 222.7 458.5 723.8 972.6 1172.5
GT+QTS 55.95 120.21 173.52 229.80 287.35

which follow the same order in T'. Furthermore, to assess the gain obtained as a result of the GTO, we report
the average time required by the CTS and GT+QTS algorithms for different values of the horizon 7' in
Table[I] We observe that GT4+QTS is significantly more efficient compared to CTS.

Conclusions

We investigate the problem of regret-minimization in combinatorial semi-bandits. Existing approaches assume
the existence of an exact oracle, which may not always be computationally viable. To circumvent this
issue, we establish a novel connection between group testing and combinatorial bandits. We propose a new
arm-selection strategy that combines a group testing oracle with a Thompson sampling-based super-arm
selection strategy. Under a probabilistic assumption on the minimum separation over the class of bandit
instances, the proposed GT-QTS algorithm has two key advantages: 1) it is significantly more efficient
compared to the exact oracle since it requires exponentially fewer reward evaluations at each step, and 2) it
preserves the regret guarantee of the state-of-the-art method order-wise. We provide numerical evaluations to
bolster our analytical claims.
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A Proof of Lemma/[I]

At any instant ¢ € N, choose an optimal arm s € S*(0(t)) and a sub-optimal arm § ¢ S*(0(t)). For accurate
prediction, the arm grade ¢,(t) for arm s should be more than ¢;(t) assigned to arm 3. Let us denote the it

column of any matrix A by A. ;. Finding the difference between the arm grades, we have

¢s(t) — ds(t) = (Ais, p(t)) — (Ais, p(1))
¢
= Z (Ajs —Ajs)pi(t) -

=1

=2Z;(t)
Furthermore, we have
E[Z;(t)] =E[(Ajs — Ajs)p;(t)]
= E[(Ajs —Ajs) x Q(r(A;; 6(1)))]
= ) (I{seS}-1{Ee S} xQr(S; 0(t) x P(S € A)

SCim

> (Il{s eSt—-1{5¢ 3}) X Q(r(S; 0(t)) xP(S € A)

SC[m]:s€8,5€8 -0

+ Y (]1{8 eS8 -1{s¢ 5}) X Q(r(S; 8()) x P(S € A)

SC[m]:s¢S,5¢S -0

+ > (11{5 eS}—1{s¢ S}) x Q(r(S; 8(1)) x P(S € A)

SC[m]:s€S,5¢S8 -1

+ Y (]l{s €S -1{s¢ 3}) X Q(r(S; 8(1)) x P(S € A)

SC[m]:s¢S8,5€S -1

- ¥ Q(T(Su{s}; 9(t))> x P(SU{s} € A)

SCm]\{s,5}

-y Q(r(3u{§}; G(t))) x P(SU {5} € A)

SC[m]\{s,5}

=p-p) Y. (Q(rSu{st: 0®)) - Q(rSU{s}: 6)))

SC[m]\{s,5}
~ p\S\(l _p)m—\8|—2 ]

Next, let us recall the definitions of the set of repeated tests Z,(t). Accordingly, we have

Bzt = pl-p) Y (Q(r(Su{sts 01) - Q(r(SU{s}: 6)))

SC[m]\{s,5}
% plSI (1 = pymisi=
~ p(1-p) > (Q(rsufst; 61)) - Q(r(SU{3}; 61)))
SC[m]\{s,5}:SU{s}EL (1) ol
% plSI (1 — pymisi= o
+p(1-p) > (Q(rsufst; 1)) - Q(r(sU{a}: 6(1))
SCm]\{s,5}:8U{s} ¢ Lo () >0
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x plSl(1 — pym-Isi=2 (32)

> %p(l —p) > Pl —p)mIel=2 (33)
SCm)\{s,5}:5U{s}Tn (1)

- %p(l - p)IP’({S €Tn(t): s € S}) (34)

= 2P palt). (3)

where follows from the fact that P(S € Z,(t),s € S) = P(S € Z(t) | s € S)P(s € S) = pq(t).
Furthermore, since we have Z,;(t) € [-M, M] as per Assumption {4} by Hoeffding’s inequality we have

AP - p)qu(t)) .

P(@(t) —ps(t) < o) < exp ( e (36)

Finally, noting that there are K (m — K) possible ways to choose s and 3, taking a union bound along with
concludes the proof.

Estimating ¢: First, note that ¢(¢) is an unbiased estimator of ¢(¢). This is because

E[4(1)] = %E [Z 1{A, eIm(t)}] (37)
jel

_ zjze;p(Aj € Tu(t)) (38)

= P(Zu(t)) (39)

= q(t) . (40)

Furthermore, since ¢(t) is an unbiased estimator of ¢, using the Hoeffding’s inequality, we obtain that for any
e € Ry and 6 € (0,1),

1 1
{ = —log = 41
2e2 8 ) (41)
tests are sufficient to ensure that

P(la(t) —al ><) < 4. (42)

B Proof of Lemma

First, we will show that with a high probability, we have Tg(p) N T (@) # 0. Note that

P(To(w) N T(w) =0)

—P(3S€T(1).3S € To(w) : S ¢ To(w) and S ¢ T(w)) (43)
<P(ISET(1),3S € Tolw) : 7(S: w) = (S 1) = Auin(w)) (44)
- IP’(HS €T (w),38 € Tolu) :

PS5 ) = QU(S s W)+ QS5 1) = 1(S'5 1) = Awinm)) (45)
< IP’(HS €T(w),38 € Tolu) :

PS5 ) = QU(S: 1)+ QS s 1) = (S5 1) = Anin(w)) (46)
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<P(35 € T35 € Tol) s 15+ 15 = Al ()
< P(ﬁg > Amm(m) (48)
—p(T > ) (19
<P(Fp' (1) 2 Amin(w)) (50)

where . ) follows from the definition of the set &, . ) follows from the quantization scheme in 1
holds since we have set A = F, L(y), and . ) holds since B is the Lipschitz constant in Assumptlo
and it can always be set to be larger than 1/2, if any B < 1/2 satisfies Assumption 2} This proves that
To(p) NT () # 0 with probability at least 1 —~. Next, following a similar line of arguments, we will show
that To(p) C T (p) with a high probability. Let us define the event

E(p) = {Talw) N T (1) =0} . (52)
We have,
P(T () € To(m))
= P(3S' € Tolw): 8 ¢ T(w)) (53)
= (38 € Tou): 8" ¢ T(u) | £Gu) |B(E(w) +B(IS' € To(w) : 8 ¢ T(w) | E(w))B(EMW)  (54)
2 (A5 e To(u): 8 ¢ T(w) | EG)) +1 (55)
= B(38 € To(u). § € Tolw) N T (1) : 7(S 5 1)~ r(S": 1) > Auwin(pt) | E)) +7 (56)
= P(3S' € To(u), S € Tom) N T(w) : 7(S s )~ QU (S’ w))
QS 1) = 7(S"5 1) = Ain() | E()) +1 (57)
- (as’e’r@w 8 €To(u) NT(w) 7S s 1)~ QUr(S: )
QS5 W) = 7(S"5 ) = Auin(p) | E(W) +7 (58)
< 2(38' € Tolw). S € Tolu) N T (1) % + g > D) | EG) +9 (59)
< P35 € Tou).§ € o) N1 T () : 52> Auinle) | EG)) +7 (60)
< P(5A > Auin() (61)
< 2y, (62)

where follows from the fact that the events £(p) and {4 Amin(p)} are independent of each other, since
the distribution of Ay, (p) is a property of the environment, and does not depend on the event £(u). This
concludes our proof.

C Proof of Theorem [1I

Similarly to (Wang & Chen, |2018]), we begin by defining a few events that are instrumental in characterizing
the upper bound on the average regret. First, let us denote the number of times that any arm 4 € [m] is
sampled until time ¢ € N by T;(t). Furthermore, let us denote the sample mean for any arm ¢ € [m] at time
t € N by 1;(t). Accordingly, let us define
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LoA(t) == {S(®) ¢ To(w)}-

2. B(t) = {HieS(t) () — i) > S(t)}

A(S ] Amin
3. C(t) = {||0S(t)(t) — sl > ( ,(gt) ) _ QB(“) —(K? +2)€}.

With a probability at least 1 — 27, we can decompose the regret as follows.

T

N(T) = Y E[HS() ¢ T(1)} x AS(), )] (63)
T _
< SE[L{AW®)} x AS(H), )] (64)
T r -
< SUE[L{AW®) N B0} x ASEH),w)] + Y E[1{A®) NBEH NCW)} x AS(H), w)]
Ay Ay
T —_
+ ZE[]I{A(t) NCH)} x AS(H), u)} : (65)
As

where is a result of Lemma [2] Next, we find an upper bound for each of the terms A;, Ay and A3 to
recover the regret bound in Theorem

Upper-bounding A;: First, we leverage (Wang & Chenl [2018| Lemma 1) to find an upper bound on A4,
which we state below for completeness.

Lemma 3 ([Wang & Chen| (2018)). In Algorithm[1], we have

1

T
E | 1{i e S, m(t)m>6}1 <1t (66)

Leveraging Lemma [3] it can be readily verified that the regret due to A; can be upper bounded as

A< (M) B (67

Upper-bounding As: Next, we provide an upper-bound for the term As. First, note that under the event

B(t) NC(t), the event

) = {10st0(0) - gy > S Bl ez . | (63)

holds. Furthermore, let us define the event

) Q(A(Sg),u) _ AmQaE(u) — (K? +2)¢)?
H(t) =14 Y < ' (69
Ti(t) = log(2™|Z|T)

i€S(t)

Subsequently, we may expand the event G(t) as
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Next, note that using (Perrault et al. 2021, Lemma 2), it can be readily verified that

P(G(t) NH(t) < % VteN. (71)
Hence, what remains is to upper-bound the term
T —_—
S E [n{g(t) NHE)) x ASH),w)] . (72)
t=1

Similarly to|Wang & Chen| (2018)), under the event H(t), we define a function that upper-bounds the regret
at time ¢t due to the super-arm S(t). Specifically, for any arm ¢ € S(t), let g;(T;(t)) denote this function, and
we show that ;s 9:(T3(t)) = A(S(t), p). Finally, we have

Zua[n{g(t)m ) x A(S ] SN @) (73)

teENieS(t)

For any i € [m], let us define the function

Amax(1), if n=20
oB w’ if 1<n<L;,
gi(n) = 2Blog(2™|Z|T) , if Lii <n<Lis 7 "
nai (35 - 2l )
0, if n> Lo
where we have defined
Lo = log(2™|Z|T) - (75)
min (25— el — (2 +2)e)
and,
o K log(2"|Z/T) - (76)
min (245 - 2 — (7 2e)

Next, we verify that the function g; defined in satisfies the condition that >, s« 9:(Ti(t)) = A(S(1), p)
for every ¢t € N. First, note that if there exists arms j € S(¢) such that 7;(¢) = 0, we have

> 9lTi() = g;(T;(1) (77)
1€S(t)
= Amax(#‘) (78)
> A(S(t), p) - (79)

Next, if there exists an arm j € S(¢) such that

log(2™|Z|T
LT = swm OAgiin(l> = 2 2 (50
(555 — =55 — (K2 +2)e)
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which implies that 1 < T(t) < L; 1, we have

S (@) > g(Ty(1)

1€S(t)
_, [losrITiD)
B T;(¢)
> A(S(t), p)

where holds since we have chosen € € R, such that

Amin(“)

S IB(K?+2)

Next, if, for all ¢ € S(t) we have

log(2"|Z|T)

Ti(t) >
i A(S(1), Amin 2
( ( ](Bt) ) 2B(u) (K2 +2)¢)

we can decompose S(t) into three disjoint subsets. Specifically, we define

Si(t):={ieSt): T;(t) < L1},
S(t)_{ZES(t). i1<T-()<Li’2},
Ss(t) :={i € S(t) : Ti(t) > Li2} -

Subsequently, we have

> a(Ti(t)

i€S(t)
= Z 9:(T5(t)) + Z 9:(Ti(t))
1€81(t) i1€8Sa ()
_ log 2"‘|I\T 2Blog(2™|Z|T)
= Z 2B | —— Z +(t) min ( A(S,p)  Amin(p) (K2 +2)€)
i€S: (1) i€S,y (t Sies B 2B
log |I\T 2Blog(2™|Z|T)
> Sz(t) 2B | ——— Sz(t A(S t) D) An;g”) _ (K2 + 2)5)
1€S i€
A(S(D), Amin 2
5 2B log(2"|Z|T) ) \/Ti(t)( (W) _ Suin(B) _ (2 4 9)e)
A(S(D), Amin m
et T'(t)( ( g) ) 2B(lu) — (K2+2) ) log(2™|Z|T)
2Blog(2™|Z|T)
+ Szt) ( A(S(t ) _ Ain%(“) _ (KQ + 2)5)
1€Sa(
Z 2Blog(2™|Z|T) L Z 2Blog(2™|Z|T)
A(S(t) ) min ) A(S(t) ) min )
1€S1(t) T; (t)( = 23(# — (K% + 2)‘5) 1€Sa(t) T (t)( = 213(“ — (K2 + 2)5)
2Blog(2™|Z|T)
= X
NEOND R > Ta - 2
( ( 1(3) u 2B(H) — (K2 +2)e) ies(t) Z(t i€85(t) TZ
< 2Blog(2™|Z|T)
- (A(Sg)#) _ Amzirj;li) — (K2 + 2)5)
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x <2<A(Sg)’”) - S - (K2 4 2))" (S - S (K +2>e)2> (96)
log (2" [Z]T) log (2" [Z]T)
(97)
> A(S(t),m) (98)
where uses the fact that
T;(t) > EEn jofr(n;ﬁf)([(z T VieS(t), (99)

and holds due to the event H(t) along with the definition of the set S3(t), and holds by the choice
of e € Ry. Finally, if all ¢ € S(t) satisfy T;(¢t) > L; 2, we have

Z%(t)g > 1 (100)

) . Lz 2
i€S(t) ies(t) 7
i (4550 — 2o _ 11 3°
_ Z S:eS e VAVE (101)
S og(2m|Z|T)
A(S(t), Amin (
(B g gy a0

log 2 [Z]T) |

which is in contradiction with the event H(¢). Hence, we have shown that under the event #(t), the functions

g; satisfy the inequality > ¢;(T;(t)) > A(S(t), p). Finally, summing up the g;(7;(¢)) functions over time
i€S(t)

and the set of arms, following a similar procedure to (Wang & Chenl 2018), we obtain that

Blog(2™|T|T)
Az < 2mApax(p) + E (2log K +6) X .
3 (37 Amin
et Jnin (SR - Supl) — (K2 4 2)c)

(103)

Upper-bounding A3z: Finally, we turn our attention to upper-bounding A3. Before analyzing the upper

bound, let us lay down a few notations and definitions required in the analysis. Let 6, 8 € [0,1]™ and

Z C [m]. Accordingly, let us define 6’ := (6z,05) as a vector, whose it coordinate has the same value as the

i coordinate of @ if i € Z, and otherwise, it has the same value as the i coordinate of 6. Let S} (p) € To(p)
denote one of the optimal super-arms with respect to the quantized reward function. Furthermore, for any
choice of 6 and Z such that ||0z — uz||c < ¢, let us consider the following properties of the vector 6'.

Pl Z C S50
P2. Either S5(6') € To(u). or (184, g1 — s o0l > 5ASHO).1) — g M) — (K2 + 1,
Furthermore, for any Z C [m] and 6,0 € [0, 1]™ satisfying ||0z — pz||oo < €, let us define the event
Ez1(0) = {properties P1 and P2 hold for Z C [m] and 6 € [0, 1]’”} . (104)
Additionally, let us define the event
M(t) = {80 #5700 - (105)

For upper-bounding As, we decompose the event A(t) N C(t) as follows.

A NCE) = AB)NCHNME) U A(t) NC{E) Nmel(t) . (106)
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Leveraging Lemma (1} we have that at any time ¢ € N, P(M(t)) < . Hence, we have

D E[{MB)} x AS(1), 1)) < Amax(p) Y P(M(2)) (107)
= %QAmax<p’) : (108)

Next, we upper-bound the regret due to A3 under the event M(t), i.e., when the GTO returns the same super-
arm as the exact oracle. We emphasize that under the event A(t) N C(t) N M(t), the analysis does not reduce
to the analysis of the CTS algorithm |Wang & Chen| (2018)), since, an exact oracle operates on the true reward
function 7(- ; -), whereas the GTO operates on the quantized reward function Q(r(- ; -)). Next, we prove that
if the event A(t) N C(t) N M(t) occurs, then it implies that there exists a set Z C Sf(p) such that the event
Ez.1(0(t)) occurs. Before formally proving this statement, let us understand its implication. If there exists
Z C S5(m), Z # 0, such that £z1(0(t)) occurs, then it immediately implies that |[0z(t) — pz|loc > e. This is
because, if ||0z(t) — pz||e < €, then () becomes a candidate choice for 8, and thus, either 1) S(t) € To(p),
(hence contradicting the event A(t)) or 2) ||0s()(t) — mswlli > FA(S(H), 1) — 35 Amin(p) — (K% + 1)e

(hence, contradicting the event C(t)). Subsequently, we can leverage (Wang & Chenl |2018, Lemma 3) which
provides an upper bound on the number of times that the event £z »(t) := {||0z(t) — p2]||cc > €} occurs.

Lemma 4 (Wang & Chen| (2018))). We have

o S — 8 (4 K K

ZE [n{A(t) NCEt)NM(t)N 52,2(t)}} < 13oz€—2 (82 + 1> log = (109)

t=1
where a € Ry is a universal constant.
Hence, we obtain that the regret due to As is upper-bounded by

K
8 (4 K x?
As < <13a62 (52 + 1) loga—2 + 6) Amax(pt) - (110)

What remains is to prove the following lemma.

Lemma 5. If the event C(t) N A(t) N M(t) happens, then there exists a subset Z C S;(p), Z # 0, such that
Ez.1(0(t)) holds.

Proof. First, let us set Z = Sf(p). Accordingly, we define the vector ' such that ||6] ) Msé(u)Hoo <e.
We will show that for any S’ such that 8" NS5 (p) =0, S5(0') # S’. To verify this, note that

Qs ) = QS s 01) (1)
< QUIS() : 01) (112)
< s o) + 2t (13)
S )+ A0, - B+ 1)z - Bmlsd) (114)
< 1(Sh(u) : m) — BKe — A‘“%B(“) (115)
< 7(Sh(p); 0) + BKe — BKe — A““%B(“) (116)
Qr(Slm): ) (1)

where (115)) is a consequence of Lemma [2| and (116 follows from Assumption Hence, from (117) we
conclude that & # S5(0"). So, we have two possibilities for S¢(6’).
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a) Sp(p) C S5(8).
b) Let us define 2 := S5(8") N Sf(p). Then, we have Z; # 0.
For the case (a), if S5(0") ¢ T (u), we have

r(SH(0'); 0') > r(SH(8') ; p) — BKe (118)
> r(Sh(1) 5 1)+ A(SH(O), p) - BK= | (119)

which, along with Assumption [2] implies that

A(SH(0), )

||0:922(9') — tsynlh > — 5 ke, (120)
which implies that £z1(6(¢)) holds with Z = S (p). Otherwise, for case (b), we follow the same set of
arguments as in (Wang & Chenl [2018, Lemma 2), which concludes the proof. O

Finally, Theorem [I] is obtained by adding the upeer-bounds obtained due to the terms Ay, Ay and As.

D Artificial Neural Network (ANN)

In this section, we show that a 2-layer ANN with sigmoid activation satisfies the separability condition in
Assumption @, with some conditions on the weights. Specifically, consider a 2-layer ANN with the hidden
layer weight matrix denoted by W7 and the output weights denoted by the vector wa, i.e., for any input
0s € [0,1]™, the output of the neural network is given by

r(S; 0) = <w2, U(W105)> , (121)

where o(z) := denotes the sigmoid activation function. The result is formally defined next.

1
Te =
Theorem 2. Any 2-layer ANN with the hidden layer W1 and output weights wo is separable, i.e., for any
s € 8*(0) and § ¢ §*(0), and for any S C [m] \ {s, 3}, we have

r(SU{s}; 8)—r(SU{s5}; 0) > 0, (122)
for any 6 € [0,1]™.

Proof. Let us denote the number of neurons in the hidden layer by N. The difference in rewards for any
0 € [0,1)™ and sets S,S’ C [0,1]™ \ {s, 5} can be expanded as

r(SU{s}; 0) —r(SU{5}; 0)

= <W2 ) U(Wh 0$U{s}) - U(Wl’ 03U{5})> (123)

=y

N
Zw2,nyn s (124)
n=1

where ws ,, and y,, denote the nt" coordinates of the vector wo and y for any n € [N]. Furthermore, for any
set S C [m], the n'™ coordinate of the vector v := 0(W16s) is given by

— 0; i
vy = eXP( %;9 " ) . (125)

1+ exp ( -> 9¢W1,n,z‘)
€S
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Accordingly, we have for any n € [N],

<exp ( - Z 91'W1,n,z')) (eXP(*egwl.n,g - eXP(*aswl,n,s)D
Yn = €3 . (126)

(1 + exp ( — ies%:{s} GiWLn’l)) <1 + exp ( — ieszu:{g} HZ-WLM))

Next, let us define the quantities

0(s,8,n) = (exp(—egwl,mg —exp(—@swl,ms))) , (127)
and for any set S C [m] \ {s, §},

(exp ( -3 eiwl,n,i))

a(S;n) = . (128)

(1 +exp ( -3 eiwl7n,i)> (1 + exp ( - ¥ 91W1,n,i)>

i€SU{s} 1€SU{5}

Leveraging (127) and (128)), we can write (124)) as
N
r(SU{s}: 0) —r(SU{5}; 0) = > wan xal(S; n) xd(s,5n). (129)
n=1

Next, let us set S =S8’ := 5*(0) \ {s}. Accordingly, we have that

N

r(8*(0); 8) —r(S'U{5}; 6) = szm x a8 ; n) x (s, 5,n) (130)
n=1

> Anin(0) - (131)

Furthermore, for any set S C [m] \ {s, §} we have

N
r(Su{s}; 8) —r(SU{5}; 0) = ng,n x a(S; n) x 6(s,5,n) (132)
N .
= ng,n x §(s,8,n) x a(S"; n) x sm (133)

Defining 8 := min, ¢y minscm)\ {s,s) %, we note that € Ry, since a(S ; n) € Ry for every

s

S € [m]\ {s,5} and n € [N]. Hence, (133) can be lower bounded as

N
r(SU{s}t: 0) —r(SU{5}; 0) > B> wan xa(S; n) xd(s,5,n) (134)
/BAmin(g) (135)
> 0. (136)
O
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