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Abstract

We investigate the transformer’s capability for in-
context learning (ICL) to simulate the training
process of deep models. Our key contribution
is providing a positive example of using a trans-
former to train a deep neural network by gradient
descent in an implicit fashion via ICL. Specif-
ically, we provide an explicit construction of a
(2N + 4) L-layer transformer capable of simulat-
ing L gradient descent steps of an N-layer ReLU
network through ICL. We also give the theoretical
guarantees for the approximation within any given
error and the convergence of the ICL gradient de-
scent. Additionally, we extend our analysis to the
more practical setting using Softmax-based trans-
formers. We validate our findings on synthetic
datasets for 3-layer, 4-layer, and 6-layer neural
networks. The results show that ICL performance
matches that of direct training.

1 Introduction

We study transformers’ ability to simulate the training pro-
cess of deep models. This analysis is not only practical but
also timely. On one hand, transformers and deep models
(Brown et al., 2020; Radford et al., 2019) are so powerful,
popular and form a new machine learning paradigm — foun-
dation models. These large-scale machine learning models,
trained on vast data, provide a general-purpose foundation
for various tasks with minimal supervision (Team et al.,
2023; Touvron et al., 2023; Zhang et al., 2022). On the
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other hand, the high cost of pretraining these models often
makes them prohibitive outside certain industrial labs (Jiang
et al., 2024; Bi et al., 2024; Achiam et al., 2023). In this
work, we aim to advance the “one-for-many”” modeling phi-
losophy of foundation model paradigm (Bommasani et al.,
2021) by considering the following research problem:

Question 1. Is it possible to train one deep model with
the ICL of another foundation model?

The implication of Question 1 is profound: if true, one
foundation model could lead to many others without per-
taining. In this work, we provide an affirmative example for
Question 1. Specifically, we show that transformers are ca-
pable of simulating the training of a deep ReLU-based feed-
forward neural network with provable guarantees through
ICL. Our analysis assumes that we have well-pretrained
the transformer using the data generated by the deep net-
work. We require the deep network to maintain consistent
hyperparameters (e.g., model width and depth) during the
pretraining and testing. However, during the testing, we
vary the parameter distribution and input data distribution
of the deep network to generate data for the transformer.

In ICL, the models learn to solve new tasks during inference
by using task-specific examples provided as part of the input
prompt, rather than through parameter updates (Shi et al.,
2023b; Bubeck et al., 2023; Achiam et al., 2023; Bai et al.,
2023; Min et al., 2022; Garg et al., 2022). Unlike standard
supervised learning, ICL enables models to adapt to new
tasks during inference using only the provided examples.
In this work, the new task of our interest is algorithmic
approximation via ICL (Bai et al., 2023; Zhang et al., 2024;
Wang et al., 2024). Specifically, we aim to use transformer’s
ICL capability to replace/simulate the standard supervised
training algorithms for /N-layer networks. To be concrete,
we formalize the learning problem of how transformers learn
(i) a given function and (ii) a machine learning algorithm
(e.g., gradient descent) via ICL, following (Bai et al., 2023).

(i) ICL for Function f. Let f : RY — R be the func-
tion of our interest. Suppose we have a dataset D,, =
{(@i,vi) Yic ) Where {@i} ;) © R and {yi};cp, © R
are the input and output of f, respectively. Let z,, 1 be the
test input. The goal of ICL is to use a transformer, denoted
by T, to predict y, 1 based on the test input and the in-
context dataset autoregresively: Jp4+1 ~ T (Dp, Zpnt1). The
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goal is for the prediction 4,41 to be close to y,+1 = f(x).

(ii) ICL for Gradient Descent of a Parametrized Model
f(w,-). Bai et al. (2023) generalize (i) to include algo-
rithmic approximations of Gradient Descent (GD) training
algorithms and explore how transformers simulate gradi-
ent descent during inference without parameter updates.
They term the simulated GD algorithm “In-Context Gra-
dient Descent (ICGD).” In essence, ICGD enables trans-
formers to approximate gradient descent on a loss function
L, (w) for a parameterized model f(w, -) based on a dataset
D,,. Traditional gradient descent updates w iteratively as
w1 = wy — NV Ly, (wy). In contrast, ICGD uses a trans-
former 7 to simulate these updates within a forward pass.
Given example data D,, and test input x,, 1, the transformer
performs gradient steps in an implicit fashion by inferring
parameter updates through its internal representations, using
input context without explicit weight changes. Please see
Section 2 for explicit formulation.

In this work, we investigate the case where f(w, -) is a deep
feed-forward neural network. We defer the detailed problem
setting to Section 2. In comparison to standard ICGD (Bai
et al., 2023), ICGD for deep feed-forward networks is not
trivial. This is due to two technical challenges:

(C1) Analytical feasibility of gradient computation for
these thick networks.

(C2) Explicit construction capable of approximating ICGD
for such layers and their gradients.

To this end, we present the first explicit expression for
gradient computation of N-layer feed-forward network
(Lemma 1). Importantly, its term-by-term tractability pro-
vides key insights for the detailed construction of a specific
transformer to train this network via ICGD (Theorem 1).

Contributions. Our contributions are threefold:

* Approximation by ReLU-Transformer. For simplic-
ity, we begin with the ReL.U-based transformer. For a
broad class of smooth empirical risks, we construct a
(2N + 4) L-layer transformer to approximate L steps of
in-context gradient descent on the N-layer feed-forward
networks with the same input and output dimensions (The-
orem 1). We then extend this to accommodate varying
dimensions (Theorem 4). We also provide the theoretical
guarantees for the approximation within any given error
(Corollary 1.1) and the convergence of the ICL gradient
descent (Lemma 14).

* Approximation by Softmax-Transformer. We extend
our analysis to the Softmax-transformer to better reflect
realistic applications. The key technique is to ensure a
qualified approximation error at each point to achieve uni-
versal approximation capabilities of the Softmax-based
Transformer (Lemma 16). We give a construction of a

4 L-layer Softmax transformer to approximate L steps of
gradient descent, and guarantee the approximation and
the convergence (Theorem 2).

* Experimental Validation. We validate our theory with
ReLU- and Softmax-transformers, specifically, ICGD
for the N-layer networks (Theorem 1, Theorem 2, and
Theorem 4). We assess the ICL capabilities of transform-
ers by training 3-, 4-, and 6-layer networks in Section 5.
The numerical results show that the performance of ICL
matches that of training N-layer networks. However, a
minor limitation is that the trained transformers do not
always achieve the theoretical construction.

Organization. We present our main results in Theo-
rem 1. Section 2 covers the preliminaries. Section 3
presents the problem setup and the ICL approximation of
GD steps for an N-layer feed-forward network with both
ReLU-Transformer and Softmax-Transformer. Section 5
presents the experimental results, with additional details
in Appendix F. The appendix includes related work (Ap-
pendix A.1), detailed proofs for Section 3 (Appendix C),
and an application to train diffusion models via ICL (Ap-
pendix G).

Notations. We use lower case letters to denote vectors
and upper case letters to denote matrices. The index set
{1,..., I} is denoted by [I], where I € N*. For any matrices
A € R™*" let £, norm of A be induced by vector £,-norm,
defined as || A|, := sup{||Az||, : € R™ with ||z||, = 1}.
We use A, j] to denote the element in i-th row and j-th
column of matrix A. For any matrices A € R™*" and
B € R™*™ let ® denotes the Hadamard product: (A ®
B)[i,j] := Ali, j] - Bli, j]. For any matrices A € R™*™
and B € RP*Y let @ denote the Kronecker product:
A[1,1)B A[l,n]B

AR B =

A[m., 11B A[m; n|B

2 Preliminaries: ICL and ICGD

We present the ideas we built upon: In-Context Gradient
Descent (ICGD).

(i) ICL for Function f. Let f : RY — R be the func-
tion of our interest. Suppose we have a dataset D,, =
{(@i, yi) bigpn)> where {@i}, e, € R? and {yitie) € R
are the input and output of f, respectively. Let z,, 1 be the
test input. The goal of ICL is to use a transformer, denoted
by T, to predict y,,+1 based on the test input and the in-
context dataset autoregresively: ¥,+1 ~ T (Dp, Tp11). For
convenience in our analysis, we adopt the ICL notation from
(Bai et al., 2023). Specifically, we shorthand (D,,, 2y,+1)
into an input sequence (i.e., prompt) of length n + 1 and
represent it as a compact matrix H € RP*x(+l) .—
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[h1, ..., hpat] in the form:
_.’Kl T2 e In {I?n+1
H= |y v - yo 0 |eRPx0FD
191 92 - 4n  Q4n+1
Op—(d+3)
g = 1 € RP—(d+1), (2.1
t;

We use g; to fill in the remain D — (d+ 1) entries in addition
tox; € R?and y; € R. The lastentry ¢; := 1(i < n + 1)
of g; is the position indicator to distinguish the n in-context
examples and the test data. The problem of “ICL for f is
to show the existence of a transformer 7 that, when given
H, outputs 7 (H) € RP*(+1 of the same shape, and
the “(d + 1,n + 1) entry of 7 (H)” provides the prediction
Yn+1. The goal is for the prediction 7,11 to be close to
Yn+1 = f(z) measured by some proper loss.

(ii) ICL for Gradient Descent of a Parametrized Model
f(w,-). We aim to use ICL to simulate the standard super-
vised training procedure for N-layer neural networks. To
achieve this, we introduce the concept of In-Context Gradi-
ent Descent (ICGD) for a parameterized model. Consider
a machine learning model f(w,-) : RP» x R? — R4,
parametrized by w € RPw». Given a dataset D,, =
{(i,yi) bigpn) NP a typical learning task is to find pa-
rameters w* such that f(w*,-) becomes closest to the true
data distribution IP. Then, for any test input x,,4 1, we pre-
dict: Yp+1 = f(w*,zp41). To find w*, Bai et al. (2023)
configure a transformer to implement gradient descent on
f(w,-) through ICL, simulating optimization algorithms
during inference without explicit parameter updates. We
formalize this In-Context Gradient Descent (ICGD) prob-
lem: using a pretrained model to simulate gradient descent
on f(w,-) w.rt. the provided context (D, Zp4+1)-

Problem 1 (In-Context Gradient Descent (ICGD) on Model
f(w,-) (Bai et al., 2023)). Lete > 0 and L > 1. Consider
a machine learning model f(w,z) : RP» x R? — RY
parameterized by w € RPw». Given a dataset D,, =
{(@i,¥) }iem) X P with (z:,y;) € R? x RY, define the
empirical risk function:

where £ : R% x R? — R is a loss function. Let W C RPw
be a closed domain, and Proj,,, denote the projection onto
W. The problem of “ICGD on model f(w,-)” is to find a
transformer 7~ with L blocks, each approximating one step
of gradient descent using 7 layers. For any input H(®) ¢
RP*(n+1) in the form of (2.1), the transformer 7 (H(©))
approximates L steps of gradient descent. Specifically, for

[ € [L] and i € [n + 1], the output at layer 77 is: hng) =

(2.2)

[z:; ys; @V ; 0; 1; 1], where, with w® = 0,
70 = Projy (01— (Va0 4 0D)).
(2.3)

is updated recursively, and [[¢!~V||; < e represents the
approximation error at step [ — 1.

Problem 1 aims to find a transformers 7 to perform L steps
gradient descent on loss £,,(w) in an implicit fashion (i.e.,
no explicit parameter update). More precisely, Bai et al.
(2023) configure 7 with L identical blocks, each approx-
imating one gradient descent step using 7" layers. In this
work, we investigate the case where f(w, -) is an “N-layer
neural network.”

Transformer. We defer the standard definition of trans-
former to Appendix B.1.

3 In-Context Gradient Descent on N-Layer
Neural Networks

We now show that transformers is capable of implement-
ing gradient descent on N-layer neural networks through
ICL. In Section 3.1, we define the N-layer ReLU neural
network and state its ICGD problem. In Section 3.2, we
derive explicit gradient descent expression for N-layer NN.
In Section 3.3, we construct ReLU-Transformer executing
gradient descent on N-layer NN via ICL. In Section 4, we
show the existence of Softmax-Transformer capable of per-
forming in-context gradient descent on /N-layer NN.

3.1 Problem Setup: ICGD for N-Layer Neural
Networks

To begin, we introduce the construction of our N-Layer
Neural Network which we aims to implement gradient de-
scent on its empirical loss function.

Definition 1 (/N-Layer Neural Network). An N-Layer Neu-
ral Network comprises N — 1 hidden layers and 1 out-
put layer, all constructed similarly. Let » : R — R be
the activation function. For the hidden layers: for any
i € [n+1],7 € [N —1], and k € [K], the output
for the first j layers w.r.t. input x; € RY, denoted by
pred, (z;; ) € RE, is defined as recursive form:

pred,, (z;; 1)[k] := T(vlTkmi),

predy (zi; ) k] := r(vj, pred,, (233 — 1)),

where v;, € R? and v;, € RE forj € {2,...,N — 1}
are the k-th parameter vectors in the first layer and the j-th
layer, respectively. For the output layer (/N-th layer), the
output for the first NV layers (i.e the entire neural network)
w.r.t. input z; € R?, denoted by pred, (z;;w, N) € R?, is
defined for any k € [d] as follows:

pred, (z;; w, N)[k] := r(v]—'\—,kpredh(xi;N —-1)), 3.1
where vy, € RX are the k-th parameter vectors in the
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N-th layer and w € R24K+(N=2)K* genotes the vector
containing all parameters in the neural network,
T
w = [v;—l,...,vi'—w...,vj—-';,...71);\;1,...71);\;(1] . (3.2
Remark 1 (Prediction Function for j-th layer on ¢-th Data:
pi(7)). For simplicity, we abbreviate the output from the
first j-th layer of the N-layer neural networks NN with input

x; as pi (7).

z; € R, forj =0
pi(j) == { pred, (z;;5) € RE, forj € [N —1]
pred, (z;;w, N) € R4, for j = N.

(3.3)
Additionally, we define

pi = [pi(1);...;p;(N)] € RW-DEH,

We formalize the problem of using a transformer to simulate
gradient descent algorithms for training the /NV-layer NN de-
fined in Definition 1, by optimizing loss (2.2). Specifically,
we consider the ICGD (Problem 1) with the parameterized
model f(w,-) == pred,(-;w, N).

Problem 2 (ICGD on N-Layer Neural Networks). Let the
N-layer neural networks, activation function r, and predic-
tion function p; (7) for all layers follow Definition 1 and Re-
mark 1. Assume we under the identical setting as Problem 1,
considering model f(w,-) := pred,(-; w, N) and specify-
ing W is a closed domain such that for any j € [V — 1] and
k € [K],

W {w=[v;,] ERPY i |v; o < B,}. (34
The problem of “ICGD on N-layer neural networks” is to
find a T'L layers transformer 7, capable of implementing L
steps gradient descent as in Problem 1.

Remark 2 (Why Bounded Domain WV?). For using a sum of
ReLU to approximate functions like r, which is illustrated in
the consequent section, we need to avoid gradient exploding.
Therefore, we require YV to be a bounded domain, and
utilize Projy,, to project w into bounded domain W .

3.2 Explicit Gradient Descent of NV-Layer Neural
Networks

Intuitively, Problem 2 asks whether there exists a trans-
former capable of simulating the gradient descent algorithm
on the loss function of an N-layer neural network. We
answer Problem 2 by providing an explicit construction
for such a transformer 7 in Theorem 1. To facilitate our
proof, we first introduce the necessary notations for explicit
expression of the gradient V,,L,, (w).

Definition 2 (Abbreviations). Fix ¢ € [n + 1], and consider
an NN-layer neural network with activation function r and
prediction function p;(j) as defined in Definition 1.

* Let D; € R denote the total number of parameters in the

first 5 layers. By (3.2), we have:

0, j=0
o JdK. f=1
TG -1DK2+dK, 2<j<N-1
(N —2)K? +2dK, j=N.
* The parameter vector w =
[v]—l,...,vi'—K,...,v]—\'—,_ll,...,v;\r,_lK,v;'\—,l,...,v;d}T

1
follows (3.2). Define ¢; := (24000 . 2200 ) ¢

RP~. For any j € [N], let A;(j) denote the derivative
of 4(p;(N), y;) with respect to the parameters in the j-th
layer: A;(j) = ¢s[D;—1 : Dj], where ¢;[a : b] selects
elements from the a-th to b-th position in ¢;.

* For activation function r(¢), let 7/ (t) be its derivative. De-

fine 7(j) € RX as:
(k] = ' (0], pi(5))-

e Define 7} := [r}(0);...;7;(N — 1)] and R;(j) as:

Ri(j) ==
{diag{r'(vﬁllpz»(j», 0]y pi(G)}, G S N =2
diag{r'(vJTJrllpi(j)), .. ,7"(1)J~T+1dpi(j))}7 j=N-1.

where R;(j) € REXK for j € {0,...,N — 2} and
R;(j) e R¥™dforj =N — 1.

* For any j € [N], let V; denote the parameters in the j-th

layer as:

T
|:Ul17"'7lej| ERKXd, jzl

-
Vi = [vjl,...,ij] EREXK e .  N-1

T
{UN17~--7UNd:| ERdXK, j:N.

Definition 2 splits the gradient of £,,(w) into N parts. This
makes V., L, (w) more interpretable and tractable, since all
parts follows a recursion formula according to chain rule.
With above notations, we calculate the gradient descent step
(2.3) of N-layer neural network as follows:

Lemma 1 (Decomposition of One Gradient Descent Step).
Fix any B,,n > 0. Suppose loss function £,,(w) on n data
points {(z4, ¥:) }ic[n) follows (2.2). Suppose closed domain
W and projection function Proj,, (w) follows (3.4). Let
A;(4),7ri(j), Ri(J), V; be as defined in Definition 2. Then

the explicit form of gradient V£, (w) becomes

= LA(N)
where A;(j) denote the derivative of £(p;(IN), y;) with re-
spect to the parameters in the j-th layer,

Ai(j) =

(3.5)
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(RN =)Vy ... Ri(G =) [Ixx @ pi(G = DT )T

84 7 yYi .
(ST, 2y

Lixqd ® ps(N — 1)T} )T

00(pi (N),ys .
(HEm)T, J=N.

(Ri(N —1)-

Proof Sketch. Using the chain rule and product rule,

we decompose the gradient as follows: V,L,(w) =
1 ZN [3P1(N)]T . [BZ(Pi(N),yz)

]T. Thus, we only need

2n 24i=1l" dw Opi(N)
to compute 8%‘71(”]\[). By Definition 1 and the chain rule, we
prove that azgigv) satisfies the recursive formulation (C.4).

Combining these, we derive the explicit form of gradient
VwLn(w), and the gradient step follows directly. Please
see Appendix C.1 for a detailed proof. O

It is hard to calculate the elements in A;(j) in a straightfor-
ward mannar, we calculate each parts of it successively. We
define the intermediate terms s;(j) and u as follows

Definition 3 (Definition of intermediate terms). Let
A;(45),75(5), Ri(j), V; be as defined in Definition 2. For any
t,y € RY, we define vector function u(t,y) := (%)—r :
R? x R? — R?. Moreover, for any j € [N],i € [n + 1],
we define s;(j) as

Ri(j =)V ... R(N — 2V - Ri(NV — 1)
u(pi(N),y:) eRK, j# N
Ri(N — 1) -u(pi(N),y:) € RY, j=N.

si(J) =

Let ® denotes Hadamard product. For any j € [N — 1],i €
[N + 1], Definition 3 leads to

si()) =7 -1 OV s(i+1),  (3.6)
Moreover, by Definition 3, it holds
A() Ik @pi(j—1)| -si(4), 7#N, 37
i(J) = . :
Lixga @pi(N—1)|-s;(N), j=N.

3.3 Transformers Approximate Gradient Descent of
N-Layer Neural Networks In-Context

For using neural networks to approximate (2.2), which con-
tains smooth functions changeable, we need to approximate
these smooth functions by simple combination of activa-
tion functions. Our key approximation theory is the sum of
ReLUs for any smooth function (Bai et al., 2023).

Definition 4 (Approximability by Sum of ReL.Us, Definition
12 of (Bai et al., 2023)). Let z € R*. We say a function
g : RF — Riis (€ypprox, R, H, C)-approximable by sum of
ReLUs if there exist a “(H, C')-sum of ReLUs” function
fu,c(z) defined as

H
fac(z) = cno(ag [21]),
h=1

with 70 [en| < C, maxpeqa lanl < 1, an € REFL,
and ¢ € R, such that
sup |g(2) — fu,c(2)] < €approx-
zE[—R,R]*

Overview of Our Proof Strategy. L.emma | and Defini-
tion 4 motivate the following strategy: term-by-term ap-
proximation for our gradient descent step (3.5). Please see
Figure 1 for a high-level visualization.

» Step 1. Given (z;,w), we use N attention layers to
approximate the output of the first j layers with input z;,
pi(j) = pred,(z;;§) € RF (Definition 1) for any j €
[N]. Then we use 1 attention layer to approximate chain-
rule intermediate terms 7;(j — 1)[k] := (v} pi(j — 1))
(Definition 2) for any ¢ € [n], j € [N] and k € [K]:
Lemma 2 and Lemma 3.

* Step 2. Given (r},p;, w), we use an MLP layer to ap-
proximate u(p;(IN), y;) (Definition 3), for i € [n], and
use IV element-wise multiplication layers to approximate
si(j) (Definition 3), for any j € [N]: Lemma 4 and
Lemma 5. Moreover, Lemma 6 shows the closeness re-
sult for approximating s;(j), which leads to the final error
accumulation in Theorem 1.

« Step 3. Given (p;, 7}, gisi(j), w), we use an attention
layer to approximate w — nV L, (w). Then we use an
MLP layer to approximate Proj,, (w). And implement-
ing L steps gradient descent by a (2N + 4) L-layer neural
network NNy constructed based on Step 1 and 2. Fi-
nally, we arrive our main result: Theorem 1. Furthermore,
Lemma 14 shows closeness results to the true gradient
descent path.

Step 1. We start with approximation for p;(j).

Lemma 2 (Approximate p;(j)). Let upper bounds
By, B, > 0 such that for any k € [K],j € [N] and 7 € [n],
lvj.ll2 < By, and ||z;||2 < B,. Forany j € [N],7 € [n],
define

B) := max

~|r(t)|, B? := B,, and B, := max B/.
lt|<B, B J

Let function 7(t) be (e, R1, M, C1)-approximable for
Ry = max{B,B,,1}, M; < O(C2¢:2), where C; de-
pends only on R; and the C?>-smoothness of . Then, for any
e > 0, there exist NV attention layers Attng, , ..., Attng,
such that for any input h; € RP takes from (2.1), they map

hi = @395 w3 0 (1); -3 5:(J — 1); 05 1;84]

Attng., ~

— hy = [z wi Bi(1); - - Pi(4); 0 15 84),
where p;(7) is approximation for p;(j) (Definition 1). In
the expressions of h; and ﬁi, the dimension of O differs.
Specifically, the O in h; is larger than in h;. The dimensional
difference between these 0 vectors equals the dimension of

Di(4)- Suppose function r is L,-smooth in bounded domain
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Inputs TF) > TF, | TF; — EWMLY TF}
Lemma 2 : Lemma 3 : Lemma 4 : Lemma 5 : Theorem 1 :
v v v v v
{(@s,yi) tiem), w pi(4) ri(7) u(pi(N),y:) si(J) Projyy (w —nVL, (w))

Figure 1: One Step In-Context Gradient Descent (ICGD) with (2N + 4)-layer Transformer. This illustration presents
the backpropagation process within an ICGD in a transformer model with 2N + 4 layers. It simulates a single gradient
descent step for an N-layer neural network, trained with loss £,, and datasets {(z;, ¥i) }ic[n]- The term p;(j) denotes the
output after the j-th layer for input x;. The terms 7;(j), u(p;(N),y;), and s;(j) are intermediate gradient terms of gradient
VL, (w) from the chain rule. The expression Projy,(w — nV L, (w)) shows one gradient descent step. Here, 7 is the
learning rate, and )V denotes the bounded domain for the N-layer NN parameters w.

W, then for any i € [n+ 1], j € [N], p;(4) such that
pi(4) = pi(4) + €(i, j), (3.8)
- (Cize K/2LLB)VEe, , 1S j <N -1
lle(@, )2 < {( f\;Bl Kl/zLiBi)\/ger ,j=N.
3.9

Additionally, for any j € [N], the norm of parameters By,
defined as (B.1) such that Bp, < 1+ KCj.

Proof. Please see Appendix C.2 for a detailed proof.  [J

Notice that the form of error accumulation in Lemma 2 is
complicated. For the ease of later presentations, we define
the upper bound of coefficient in (3.8) as

E, = max 1@l (3.10)
JE[N] €r
j—1 N-1

= max K'?L' BIWK, K20 BL)Vd},
s (D KL BOVEL (S Vi)
3.11)

such that (3.8) becomes
pi(3) = pi(G) +€(i,5),  lle(i )2 < Erer. (3.12)
Moreover, we abbreviate p; = [p;(1);...;0:(N)] €

RV-1DE+d guch that the output of Attng, o --- o Attng,
is
(3.13)

Then, the next lemma approximates r.(j) base on p;(j)
obtained in Lemma 2.

hi = [xi;ys;w; Pi; 05 13 1)

Lemma 3 (Approximate 7}(j)). Let upper bounds
By, B, > 0 such that for any k € [K],j € [N] and i € [n],
lvj.ll2 < By, and ||z;||2 < B,. Forany j € [N],i € [n],
define
B;j ‘=  max

t|<B,BI;
Suppose function 7/ (t) is (€., Rz, M2, C3)-approximable
for Ry = max{B,B,,1}, My < (5(6‘%6;*2), where Cy
depends only on Ry and the C2-smoothness of 7. Then,

|r'(t)|, B% := By, and B, := max B/,.
J

for any €, > 0, there exist an attention layer Attng, , such
that for any input h; € R takes from (3.13), it maps

hi = [xi;ys; w3 Pi; 0; 15 8]

Attn, ~

— hi = [ i w; B T 05 L),
where 7(j) is approximation for 7 (j) (Definition 2) and
7= [F(0);.. s 75(N — 1)] € RW-2K+d_ Similar to

Lemma 2, in the expressions of h; and h;, the dimension of
0 differs. In addition, let E. be defined in (3.12), for any
i €n+1],j€[N],k € [K], 7;(j) such that
(i — 1)[k] =ri(j — 1)[k] + €(i, j, ),

le(é, 4, k)| <€p + Ly By Erep, (3.14)
where €, denotes the error generated in approximating 7
by sum of ReL.Us 7 follows (C.5). Additionally, the norm
of parameters By, , defined as (B.1) such that By, ,, <
1+ K(N —1)Cs.

Proof Sketch. By Lemma 2, we obtain p;(j), the approx-
imation for p;(j) (3.3). Using p;(j), we construct an At-
tention layer to approximate 7} (j). We then establish up-
per bounds for the errors |7, (j)[k] — r(j)[k]| by applying
Cauchy-Schwarz inequality and Lemma 2. Finally we
present the norms (B.1) of the Transformers constructed.
Please see Appendix C.3 for a detailed proof. O

Let Attng,(j € [N]) be as defined in Lemma 2, then
Lemma 3 implies that for the input takes from Problem 2,
the output of Attng, o---o Attng,,, is

hi = w33 Y33 wi Pi; 735 05 15 44]. (3.15)
Step 2. Now, we construct an approximation for

OL(p; Wi
u(pi(N),y;) = (2Gelisd) T,

Lemma 4 (Approximate u(p;(N),y;)). Let upper bounds
By, By, > 0 such that for any & € [K],j € [N]and i € [n],
[lvjill2 < By, and ||z;||2 < B,. For any k € [d], sup-
pose function u(t, y)[k] be (¢, R3, MX, C¥)-approximable
for R3 = max{B,B,,B,,1}, Ms < O((C})%2),
where C} depends only on R and the C®-smoothness of
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u(t,y)[k]. Then, there exists an MLP layer MLPy,, such
that for any input sequences h; € RP takes from (3.15), it
maps

hi = %35 Y53 w5 Bi; 5 0; 15 6]

MLP -

— 2 = [ ws B T 93 03 1),
where g; € R? is an approximation for u(p;(N),y;). For
any k € [d], assume u(p;(IN), y;) is L;- Lipschitz continu-
ous. Then the approximation g; such that,
with |e(i, k)| < ¢ + L E¢,. Additionally, the parameters
0N 2 such that

BgN+2 < max{R3 +1,Cs}.

Proof Sketch. By Definition 1, we provide term-by-term
approximations for p;(j) as forward propagation. Specifi-
cally, we construct Attention layers to implement forward
propagation algorithm. Then we establish upper bounds for
the errors ||p;(j) — p:(7)]|2 inductively. Finally, we present
the norms (B.1) of the Transformers constructed. Please see
Appendix C.4 for a detailed proof. O

Let Attng, (j € [N + 1]) be as defined in Lemma 2 and
Lemma 3, then for any input sequences h; € R” takes from
(2.1), the output of Attng, o--- o Attng, , o MLPy,_, is
(3.17)

Before introducing our next approximation lemma, we
define an element-wise multiplication layer, since atten-
tion mechanisms and MLPs are unable to compute self-
products (e.g., output 2y from input [z; y]). To enable self-
multiplication, we introduce a function ~y. This function, for
any square matrix, preserves the diagonal elements and sets
all others to zero.

hi = [ yi; w3 Pis 753 945 05 15 4]

Definition S (Operator Function ). For any square matrix
A € R™"*" define

v(A) := diag(A[1,1],... A[n,n]) € R™*".

By Definition 5, we introduce the following element-
wise multiplication layer, capable of performing self-
multiplication operations such as the Hadamard product.

Definition 6 (Element-wise Multiplication Layer). Let
be defined as Definition 5. An element-wise multiplication
layer with m heads is denoted as Attng(-) with parameters

0 = {Qm;, Km; Vintmepm- On any input sequence H &
RDXn’

EWMLy(H) = H+ > (Ve H) - 7(QmH) " (K H)).
i=1
(3.18)
where Q, Ko, Vi € RPXP and ~(-) is operator func-
tion follows Definition 5. In vector form, for for each
token h; € RP in H, it outputs [EWMLy(H)]; = h; +
Zn]\le Y{Qmhi, Kimhi)) « Vinh;. In addition, we define

L-layer neural networks
EWML, := EWMLy, o --- 0o EWMLy, .

Remark 3 (Necessary for Element-Wise Multiplication
Layer). As we shall show in subsequent sections, ELML is
capable of implementing multiplication in h;. Specifically,
it allows us to multiply some elements in h; in Lemma 5.
By Definition 7, it is impossible for transformer layers to
achieve our goal without any other assumptions.

Similar to (B.1), we define the norm for L-layer transformer
EWMLY as:
By = max

l 1 1
? KnL ’ Vm . 319
me[zvf],ze[L]{HQ’”"'Hl Kl Vi lla} (3.19)

Then, given the approximations for p;(j) and r}(j), we
use N element-wise multiplication layer (Definition 6) to
approximate s;(j), the chain-rule intermediate terms defined
as Definition 3.

Lemma 5 (Approximate s;(j)). Recall that s;(j) = ri(j —
1) © (V;L4 - s:(j + 1)) follows Definition 3. Let the initial
input take from (3.17). Then, there exist N element-wise
multiplication layers: EWMLg,, ., ..., EWMLg,,  , such
that for input sequences, j € [N],
hi = [ s w3 Di3 733 943 5 (V)5 - -5 8 (5 + 1); 05 13 84],
they map EWMLg, ., ,_; (h:) =
33 yis w3 Pi3 755 95 3 (V)3 - - -5 8i(4); 03 L 2], where
the approximation §;(j) is defined as recursive form: for
any i € [n+1],j € [N],
%):{%UDQWﬁy&U+m,j€WH
TN —-1)© g, j=N.
(3.20)
Additionally, for any j € [N], By, , defined in (B.1)
satisfies By _,.; < 1.

Proof. Please see Appendix C.5 for a detailed proof. [

Let Attng,(j € [N + 1]),MLPy,,, be as defined in
Lemma 2, Lemma 3 and Lemma 4 respectively. Define
5;:= [5;(N);...;5(1)] € RW=DE+d then for any input
sequences h; € RP takes from Problem 2, the output of
neural network

Attng, o--- o Attng, ,oMLPy, , o EWMLg,_,

o---oEWMLg,, .., (3.21)
is
(3.22)
For the sake of simplicity, we consider ReLU Attention
layer and MLP layer are both a special kind of transformer.
In this way, by Definition 9, (3.21) becomes
TFY ™ o EWML)'.

Next we calculate the error accumulation
|3:(7)[k] — si(j)[k]| based on Lemma 3 and Lemma 4.

hi = [ yi; w3 Pis 753 545 05 1 44
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Lemma 6 (Error for 5;(j)). Suppose the upper bounds
By, B, > 0 such that for any k € [K],j € [N] and i € [n],
llvjill2 < By, and |lz;]l2 < B,. Let 7i(j) € RE such
that 7} (j)[k] := r’(v]—-rﬂkpi (7)) follows Definition 2. Let
5i(j) = R(i—1DV;}, ... Ri(N —2)Vy - Ry(N —1)u fol-
lows Definition 3. Let 7(7), i, 5;(j) be the approximations
for r(7), w(p;(N),y:), si(j) follows Lemma 3, Lemma 4
and Lemma 5 respectively. Let B, be the upper bound of
7.(7)[k] and 7} (j)[k] as defined in Lemma 3. Let B; be the
upper bound of g; and u(p;(N), y;) as defined in Lemma 4.
Then forany i € [n + 1],j € [N], k € [K],

51(])[1{:] < Bs,

50K = 5]l < Efer + B e + Eger,

where B, is the upper bound of 5;(j)[k] and E”, E.", E!
are the coefficients of €., €., ¢ in the upper bounds of
15:(5)[k] — si(4)[K]|, respectively.

Proof. Please see Appendix C.6 for a detailed proof.  [J

Lemma 6 offers the explicit form of the error
|5:(7)[k] — si(4)[k]|, which is crucial for calculating the
error ||V, Ly (w) — Vi Ly (w)]]2 in Theorem 1.

Step 3. Combining the above, we prove the existence of a
neural network, that implements L in-context GD steps on
our N-layer neural network. And finally we arrive our main
result: a neural network 7 for Problem 2.

Theorem 1 (In-Context Gradient Descent on N-layer NNs).
Fix any B,,,n,e > 0, L > 1. For any input sequences takes
from (2.1), their exist upper bounds B, B, such that for any
i € [n], |yillz < By, ||zi|l2 < By. Assume functions r(¢),
r'(t) and u(t,y)[k| are L,., L,,, L;-Lipschitz continuous.
Suppose W is a closed domain such that for any j € [N —1]
and k € [K],

wcC {w = [vjk] € RDN : ||Ujk,||2 < Bv}a
and Projy,, project w into bounded domain WW. Assume
Proj,y, = MLPy for some MLP layer with hidden dimen-
sion D,, parameters ||6|| < C,,. If functions r(¢), r'(¢) and
u(t,y)[k] are C*-smoothness, then for any € > 0, there ex-
ists a transformer model NNy with (2N +4) L hidden layers
consists of L neural network blocks TFéV 20 EWML) o
TF3,

NNy := TF} ™2 0o EWML} o TFZ,

such that the heads number M?, parameter dimensions D!,
and the parameter norms By suffice
M' < O(?),

max
I€[(2N+4)L]

D' < O(NK?) + D,,

max
1€[(2N+4) L]

max  Bg < O0(n) + Cy + 1,

le[(2N+4) L]

where O(-) hides the constants that depend on d, K, N,
the radius parameters B, By, B, and the smoothness of

r and ¢. And this neural network such that for any input
sequences H (0), take from (2.1), NNy(H (O)) implements
L steps in-context gradient descent on risk Eqn (2.2): For
every | € [L], the (2N + 4)I-th layer outputs hEQNH)l) =
[z:;ys; @Y ; 0; 1; t;] for every i € [n + 1], and approxima-
tion gradients @®) such that

@V = Projy, (@Y — gV L, (@ D) + D),

where @(®) = 0, and ||~V ||5 < ne is an error term.

Proof Sketch. Let the first 2N + 2 layers of NNy are Trans-
formers and EWMLs constructed in Lemma 2, Lemma 3,
Lemma 4, and Lemma 5. Explicitly, we design the
last two layers to implement the gradient descent step
(Lemma 1). We then establish the upper bounds for er-
ror ||V L (w) — VLo (w)||2, where V, L, (w), derived
from the outputs of NNy, approximates V,, £, (w). Next,
for any € > 0, we select appropriate parameters ¢;, €, and
€, to ensure that ||V, L, (@) =V, L, (@) || < €
holds for any [ € [L].

Please see Appendix C.7 for a detailed proof. O

We summarize and visualize the backpropagation process
within an ICGD in a transformer model with 2N + 4 layers
in Figure 1. As a direct result, the neural networks NNy
constructed earlier is able to approximate the true gradient
de;iclent trzlijectory {wkp }i>0, defined by wlp = 0 and
walp = whp—nVw Ly (whp) forany I > 0. Consequently,
Theorem 1 motivates us to investigate the error accumulation
under setting

o® = Projw(w(lfl) _ nVLn(w(l’U) + 6(171)%

where @(®) = 0, and [|e(=1) ||y < e represents error terms.
Moreover, Corollary 1.1 shows NNy constructed in The-
orem 1 implements L steps ICGD with exponential error
accumulation to the true GD paths.

Corollary 1.1 (Error for implementing ICGD on N-layer
neural network). Fix L > 1, under the same setting as Theo-
rem 1, (2N +4) L-layer neural networks NN, approximates
the true gradient descent trajectory {whp }1>0 € RPY with
the error accumulation ||@' — wkp]2 < L;l(l +nLy)le,
where L denotes the Lipschitz constant of £,,(w) within

W.
Proof. Please see Appendix C.8 for a detailed proof.  [J

4 In-Context Deep Learning with Softmax
Transformers

In this section, we extend our analysis from ReLU-
transformers to more practical Softmax-transformers for
ICGD of N-layer neural network (Appendix E). Specifi-
cally, we establish the existence of Softmax-transformers
capable of performing ICGD for N-layer neural networks
in Theorem 2 and give more details in Appendix E.
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Figure 2: Performance of ICL in ReLU-Transformer and Softmax-Transformer: ICL learns 6-layer NN and achieves
R-squared values comparable to those from training with prompt samples.

Theorem 2 (In-Context Gradient Descent of
Softmax-Transformer). Fix any B,,,n,e¢ > 0, L > 1. For
any input sequences takes from (2.1), their exist upper
bounds B, B, such that for any i € [n], ||¥il|lmax < By,
|| |[max < Bz. Suppose W is a closed domain such that
lw||max < B and Projy,, project w into bounded domain
W. Assume Proj,,, = MLPy for some MLP layer. Define
l(w,x;,y;) as a loss function with L-Lipschitz gradient.
Let £,(w) = 13"  ¢(w,;,y;) denote the empirical
loss function, then there exists a Softmax-transformer
NNy, such that for any input sequences H (%), take from
(2.1), NNy (H©) implements L steps in-context gradient
descent on L, (w): For every [ € [L], the 4]-th layer outputs
hz(-4l) = [z5;95;@W;0;1;;] for every i € [n + 1], and
approximation gradients w") with @(®) = 0 such that

@V = Projy, (@Y — gV L, (@ D) + D),

where [|e=1 ||y < e is an error term.

Proof Sketch. By our assumption Proj,,, = MLPy, we
only need to find a transformer to implement gradient de-
scentw™ = w—nVL,(w). For any input takes form (E.2),
let function f := RP*? — RP*" maps w to w—nV L, (w)
and preserve other elements. By Lemma 7, there exists a
transformer block fsoftmax capable of approximating f with
any desired small error. Therefore, fsofgmax © MLP suffices
our requirements. Please see Appendix E.2 for a proof. [

Remark 4 (Note on the Use of the Universal Approxima-
tion Lemma 16). We assume the transformer parameters are
independent of inputs when invoking the universal approxi-
mation lemma (Lemma 16). This is because the lemma guar-
antees the existence of a transformer that can approximate
any L-Lipschitz permutation equivariant function over a
bounded input domain. Although we can invoke the lemma
to show that a transformer can represent global minimizers
of the target N-layer neural network, such an approach only
proves existence without providing an explicit construction.
Our goal is to show how the transformer performs gradient
descent step by step as explicitly as possible.

5 Numerical Studies

In this section, we conduct experiments to verify the capabil-
ity of ICL to learn feed-forward neural networks, and give
details in Appendix F. We conduct the experiments based
on 3-, 4- and 6-layer NN using both ReLU- and Softmax-
Transformer. The main objective is to validate the perfor-
mance of ICL matches that of training N-layer networks,
i.e., the results in Theorem 1, Theorem 2, and Theorem 4.
However, a minor limitation is that the trained transformers
do not always achieve the theoretical construction.

Specifically, we sample the input of feed-forward net-
work # € R from the Gaussian mixture distribution:
wiN(=2,1;) + waN(2,1;), where wy, we € R, and d=20.
We consider the network f : R — Rasa3-,4-, or 6-layer
NN. We generate the true output by y = f(x). For the
pertaining data, we use 50 in-context examples, and sam-
ple them from N (—2, I;). For the testing data, we use 75
in-context examples, and sample them from four distribu-
tions: (i) w1 = 1,wa = 0, (ii)) w1 = 0.9,ws = 0.1, (iii)
w1 = 0.7,wy = 0.3, (iv) w; = 0.5, ws = 0.5. We show the
results of 6-layer NN in Figure 2.

6 Conclusion

We provide an explicit characterization of the ICL capabili-
ties of both ReLLU- and Softmax-transformer in approximat-
ing the gradient descent training process of a [N-layer feed-
forward neural network. Our results include approximation
(Theorem 1 and Theorem 2) and convergence (Corollary 1.1)
guarantees. We also provide experimental validation.

Extensions. We further extend our analysis from N-layer
networks with the same input and output dimensions to
scenarios with arbitrary dimensions (Appendix D).

Applications. We apply our results to learn the score func-
tion of the diffusion model through ICL in Appendix G.

Related Work and Limitations. Please see the related
works, a detailed comparison with (Wang et al., 2024),
broader impact, and limitations in Appendix A.
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A Related Work, Broader Impact, Further Discussion and Limitations
In this section, we show the related works, broader impact and limitations.
A.1 Related Work

In-Context Learning. Large language models (LLMs) demonstrate the in-context learning (ICL) ability (Brown et al.,
2020), an ability to flexibly adjust their prediction based on additional data given in context. In recent years, a number of
studies investigate enhancing ICL capabilities (Chen et al., 2022; Gu et al., 2023; Shi et al., 2023a), exploring influencing
factors (Shin et al., 2022; Yoo et al., 2022), and interpreting ICL theoretically (Xie et al., 2021; Wies et al., 2024; Panwar
et al., 2023; Li et al., 2024; Bai et al., 2023; Dai et al., 2022). The works most relevant to ours are as follows. Von Oswald
et al. (2023) show that linear attention-only Transformers with manually set parameters closely resemble models trained
via gradient descent. Bai et al. (2023) provide a more efficient construction for in-context gradient descent and establish
quantitative error bounds for simulating multi-step gradient descent. However, these results focus on simple ICL algorithms
or specific tasks like least squares, ridge regression, and gradient descent on two-layer neural networks. These algorithms are
inadequate for practical applications. For example: (i) Approximating the diffusion score function requires neural networks
with multiple layers (Chen et al., 2023). (ii) Approximating the indicator function requires at least 3-layer networks (Safran
& Shamir, 2017). Therefore, the explicit construction of transformers to implement in-context gradient descent (ICGD) on
deep models is necessary to better align with real-world in-context settings. Our work achieves this by analyzing the gradient
descent on N-layer neural networks through the use of ICL. We provide a more efficient construction for in-context gradient
descent. Furthermore, we extend our analysis to Softmax-transformer in Appendix E to better align with real-world uses.

In-Context Gradient Descent on Deep Models (Wang et al., 2024; Panigrahi et al., 2024). A work similar to ours is
(Wang et al., 2024). It constructs a family of transformers with flexible activation functions to implement multiple steps of
ICGD on deep neural networks. This work emphasizes the generality of activation functions and demonstrates the theoretical
feasibility of such constructions. Our work adopts a different approach by enhancing the efficiency of transformers and
better aligning with practical applications. Here we highlight key differences:

* More Structured and Efficient Transformer Architecture. While Wang et al. (2024) use a O(N2L)-layer transformer
to approximate L gradient descent steps on N-layer neural networks, our approach achieves more efficient simulation
for ICGD. We approximate specific terms in the gradient expression to reduce computational costs, requiring only a
(2N + 4) L-layer transformer for L gradient descent steps. Our method focuses on selecting and approximating the most

impactful intermediate terms in the explicit gradient descent expression (Lemmas 3 to 5), optimizing layer complexity to
O(NL).

* Less Restrictive Input and Output Dimensions for /V-layer Neural Networks. Wang et al. (2024) simplify the output
of N-layer networks to a scalar. Our work expands this by considering cases where output dimensions exceed one, as
detailed in Appendix D. This includes scenarios where input and output dimensions differ.

* More Practical Transformer Model. Wang et al. (2024) discuss activation functions in the attention layer that meet a
general decay condition (Wang et al., 2024, Definition 2.3) without considering the Softmax activation function. We
extend our analysis to include Softmax-transformers. Our analysis reflects more realistic applications, as detailed in
Appendix E.

* More Advanced and Complicated Applications. Wang et al. (2024) discuss the applications to functions, including
indicators, linear, and smooth functions. We explore more advanced and complicated scenarios, i.e., the score function in
diffusion models discussed in Appendix G. The score function (Chen et al., 2023) falls outside the smooth function class.
This enhancement broadens the applicability of our results.

Another work similar to ours is (Panigrahi et al., 2024). It proposes a new efficient construction, Transformer in Transformer
(TINT), to allow a transformer to simulate and finetune more complex models (e.g., one transformer). The main distinction
between ours and (Panigrahi et al., 2024) lies in the different aims: Our approach focuses on using a standard transformer
for the simulator (with a minor modification: the “element-wise multiplication layer”), and we provide a theoretical
understanding of how a standard transformer can learn the ICGD of an /N-layer network using ICL. In contrast, the work
(Panigrahi et al., 2024) aims to build even stronger transformers by introducing several structural modifications that enable
running gradient descent on auxiliary transformers. While it demonstrates in-context gradient descent for a more advanced
model, i.e., one transformer, our work offers the following potential advantages:
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» Explicit Transformer Construction. We provide an explicit construction of the transformer, whereas the work (Panigrahi
et al., 2024) does not detail the explicit construction of model parameters within their transformer.

* Exact Gradient Descent. We compute the exact and explicit gradient descent for an N-layer network (Lemma 1).
Building on this, we employ the transformer’s ICL to perform gradient descent on all parameters. However, the work
(Panigrahi et al., 2024) stops the gradient computation through attention scores in the self-attention layer and only updates
the value parameter in the self-attention module. Additionally, it uses Taylor expansion to approximate the gradient.

* Rigorous Error and Convergence Guarantees. We provide rigorous gradient descent approximation errors (for multiple
steps) and convergence guarantees for the ICGD on an N-layer network (Corollary 1.1 and Lemma 14). However, the
work (Panigrahi et al., 2024) only presents the gradient approximation error for each specific part of the parameters in a
single step.

* Attention Layer Better Aligned with Practice. Our analysis is based on ReLU-attention (Theorem 1) or Softmax-
attention (Theorem 5), whereas the work (Panigrahi et al., 2024) utilizes linear attention. Our choice of attention layer
better aligns with practical applications.

A.2 Further Discussion

We provide an interpretation and example of how to explicitly instantiate the constants for ReLU approximations in
Lemmas 2 to 4. The key reason is that the function approximated by the sum of ReL.Us is simple in our context, such as the
Sigmoid activation function. For such simple functions, it is straightforward to derive an explicit construction.

Here, we take the Sigmoid activation function as an example and propose one explicit construction method. Let r(z) denote
the Sigmoid function.

* Segment the Input Domain. For example, divide the domain [—10, 10] smaller intervals such as [-10, —9], [-9, —§],
..., ]9,10].

¢ Approximate Each Segment Locally Using a Linear Function via Linear Interpolation. For instance, in the
domain [9, 10], approximate 7(z) using a linear function a,z + ¢1, where a; and ¢ are calculated as follows: a1 =
(r(10) = 7(9))/(10 — 9), and ¢; = (9) — a; * 9.

* Approximate Linear Function a,z + ¢1(z € [9,10]) Using a Sum of ReLU Terms. This step involves two substeps,
which are straightforward to implement: (i) Approximate the indicator function for z € [9, 10] using a sum of ReLU
terms. (ii) Approximate the constant c; using the sum of ReLU. This is because bias terms are not included in the sum of
ReLU terms in Definition 4. The bias term c¢; must be approximated using an additional sum of ReLLU terms.

* Combine All the Sum of ReLU Approximators Across All Segments. Finally, integrate the approximations for all
segments to construct the complete approximation.

+ Estimation of the Parameters in Definition 4. €,pp0x = 0.625, R = 10, H = 80, and C' = 25.

Furthermore, to achieve higher precision in the approximation, it is sufficient to use finer segmentations.
A.3 Limitations

Our work has the following six limitations:

* Although we provide a theoretical guarantee for the ICL of the Softmax-Transformer to approximate gradient descent
in N-layer NN, characterizing the weight matrices construction in Softmax-Transformer remains challenging. This
motivates us to rethink transformer universality and explore more accurate proof techniques for ICL in Softmax-
Transformer, which we leave for future work.

* The hidden dimension and MLP dimension of the transformer in Theorem 1 are both 6(]\7 K?)+ D,,, which is very large.
The reason for the large dimensions is that if we use ICL to perform ICGD on the N-layer network, we need to allow the
transformer to realize the /N-layer network parameters. This means that it is reasonable for the input dimension to be so
large. However, it is possible to reduce the hidden dimension and MLP dimension of the transformer through smarter
construction. We leave this for future work.

* The generalization capabilities are limited compared with traditional transformers. In our setting, the pretraining task
refers to using in-context examples generated by an N-layer network for a given N. Specifically, during pretraining, the
distribution of the N-layer network parameters is predetermined (e.g., N (0, I)). The input data distribution of N-layer
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network for generating the in-context examples is also predetermined (e.g., N(—2, I)). The generalization capabilities
include the following two aspects: (i) Varying the input data distribution for the N-layer network to generate the in-context
examples. For example, we change the input data distribution from N(—2,I) to 0.9N(—2,I) + 0.1N (2, I) during the
testing in Appendix F.1. (ii) Varying the distribution of the N-layer network parameters. For example, we change the
distribution from N (0, I) to N (0.5, I) in Appendix F.2. The above points lead to differences between the distributions of
in-context examples during pretraining and testing. However, we must generate the in-context examples by the N-layer
network with the same hyperparameters, including the network width and depth. We leave the theoretical analysis of
broader generalization capabilities for future work.

In theory, the FLOPs (Hoffmann et al., 2022) required to perform one forward pass of the transformer are greater than
those required for the direct training of an N-layer network. (i) For the forward pass of the transformer, the FLOPs for
in-context learning (ICL) are O(nLN3K? /¢?), where ¢ is the approximation error in the sum of ReLU. (ii) For direct
training of the N-layer network, the FLOPs without ICL are O(nL N K?). Therefore, the FLOPs required for ICL exceed
those needed for direct training of the N-layer network. However, experimental results in Appendix F demonstrate that
the transformer with ICL can achieve the performance of a trained 6-layer network using fewer FLOPs in practice (3.3
billion vs. 7.6 billion FLOPs). This finding encourages further exploration of more efficient architectures. We also leave
this topic for future research.

The empirically trained transformer differs from the transformer constructed in our theoretical analysis. Our experiments
confirm the existence of a transformer capable of simulating gradient descent (GD) steps for N-layer neural networks
through in-context learning (ICL). Despite this discrepancy, the limitation does not affect the primary contribution:
establishing the theoretical existence of this transformer by explicit construction.

There are two minor differences between the transformer used in the theoretical analysis and a standard transformer:
(i) The transformer used in the theoretical analysis incorporates an element-wise multiplication layer, a specialized
variant of self-attention that retains only the diagonal score and allows efficient implementation. (ii) It does not alternate
self-attention and MLP layers. We emphasize that this also qualifies as a standard transformer because we view either an
attention or an MLP layer as equivalent to an attention plus MLP layer due to the residual connections.
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B Supplementary Theoretical Backgrounds
Here we present some ideas we built on.
B.1 Transformers

Lastly, we introduce key components for constructing a transformer for ICGD: ReLU-Attention, MLP, and element-wise
multiplication layers. We begin with the ReLU-Attention layer.

Definition 7 (ReLU-Attention Layer). For any input sequence H € RP*", an M-head ReLU-attention layer with
parameters 6 = {Q., Ko, Vin }rme[ar) outputs

M
Attng(H) == H + % > (VeH) - o((QumH) T (K H)),

m=1

where Q.,, Ky, Vi € RP*D and o(+) is element-wise ReLU activation function. In vector form, for each token h; € RP
in H, it outputs [Attng (H)); = hi + L M S 0((Qubhis Kmhs)) - Vinhs.

Notably, Definition 7 uses normalized ReLU activation o /n, instead of the standard Softmax. We adopt this for technical
convenience following (Bai et al., 2023). Next we define the MLP layer.

Definition 8 (MLP Layer). For any input sequence H € RP*", an d’-hidden dimensions MLP layer with parameters
0 = (W1, Wy) outputs MLPy(H) := H + Wao (W, H), where W; € R**P W, € RP*? and o(-) : R — R is element-
wise ReLU activation function. In vector form, for each token h; € R” in H, it outputs MLPy(H); := h; + Woo(W1h;).

Then, we consider a transformer architecture with L > 1 transformer layers, each consisting of a self-attention layer
followed by an MLP layer.

Definition 9 (Transformer). For any input sequence H € RP*" an L-layer transformer with parameters 6 = {0 ¢tn, Onrp }
outputs

TFy(H) := MLP, 1) o Attn, ) ... MLP,a) o Attn,a) (H),

mlp attn mlp attn

m? m

{(W}, Wi)}iepr)- Above, for any | € [L],m € [M'], Q,, KL, V!, € RP*P and (W{,W}) € R¥*D x RP*4" In this

section, we consider ReLU Attention layer and MLP layer are both a special kind of 1-layer transformer, which is for
technical convenience.

where 0 = {0¢tn, Omrp} consists of Attention layers Oy, = {(QL,, KL, V! )}le[L],me[Ml] and MLP layers Oy p =

For later proof use, we define the norm for L-layer transformer TFy as:

le[L] | me[M]

By := maX{ max {[|Q} [l 1Kl + Y IVl + Wl + IIWzll} : (B.1)
i=1

The choice of operation norm and max/sum operation is for convenience in later proof only, as our result depends only on
By.

B.2 ReLU Provably Approximates Smooth k-Variable Functions
Following lemma expresses that the smoothness enables the approximability of sum of ReLU.

Lemma 7 (Approximating Smooth k-Variable Functions, modified from Proposition A.1 of (Bai et al., 2023)). For any
€,Cy > 0, R > 1. If function g : R* — R such that for s := [(k — 1)/2] + 1, g is a C* function on B (R), and for all
1€40,1,...,s},

sup  ||[V'g(2)|ls < Li;, max L;R' < C,
2€BE (R) 0<i<s

then function g is (e, R, H, C)-approximable by sum of ReLUs (Definition 4) with H < C(k)C?log(1 + C;/¢)/€* and
C < C(k)C; where C(k) is a constant that depends only on k.
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C Proofs of Main Text
C.1 Proof of Lemma 1
Lemma 8 (Lemma | Restated: Decomposition of One Gradient Descent Step). Fix any B,,,n > 0. Suppose loss function

L, (w) on n data points {(z;, ¥;) }ic[n) follows (2.2). Suppose closed domain 1V and projection function Projy,,(w) follows
(3.4). Let A;(5),7:(7), Ri(j), V; be as defined in Definition 2. Then the explicit form of gradient VL,,(w) becomes

o Ay (1)
vﬁn(w):%; A‘(EN) |

where A;(j) denote the derivative of ¢(p;(IV), y;) with respect to the parameters in the j-th layer,

(Ri(N =1)-Viv oo Ri(G = 1) [T @ pi(G = )T |)T - (ZRCQNT, 2 N

(Bi(N = 1) - [Taxa ® ps(V = )T )T - (2Pe00)T, i=N.

Ai(j) =

Proof of Lemma 1. We start with calculating V., L,,(w). By chain rule and (2.2),

1,0 o)
Vwln(w) = — —pi(N T. —/ pi(N),y; T By (2.2) and chain rule
(0= 37 32 [P O gy gy 0 V0 ( )
RPN xd Rdx1

Thus we only need to calculate %pi(N ). For a vector z and a function r : R — R, we use r(x) to denote the vector that
i-th coordinate is r(x;). Let R;(j), V; follows Definition 2, then it holds
RAXK RE

~~ —
Opi(N) _ or( Vi -pi(N —2)) (By Definition 1)

ow ow
—
RExXDN RExXD N
= ar(VN .pi(N — 1)) . OV .pi(N _ 1) (Bv chain 1‘ulc)
OVn - pi(N — 1) Ow ’
Rdxd RIXDN
: 1o T 1o T OV - pi(N — 1) ..
= diag{r'(vy,pi(N = 1)),..., " (vn, . Pi(N — 1))} - S, T (By Definition 2)
OVn -pi(N —1
— Ry -1y Wop N =) (e}
ow
Notice that for any k € [d], vy, is a part of w, thus
P Dn_1+(k—1)K K Dny—Dyn-1—kK
~~ A~ A~
gNk =1 7o I 0 ] € RPN, (C2)
w

Therefore, letting ® denotes Kronecker product, it holds

OV - (N — 1)
ow
UTl . apigjvfl) +pi(N _ 1)T . 0;2’)1

= : (By chain rule and product rulc)

Op;(N—1 . ov
R D (V- )T G
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Ipi(N — 1)
ow

where the last step follows from the definition of Vi (i.e., Definition 2) and (C.2).

=Vy- +[0ny 3 Ixxr @ p(N —1)T], (€3)
Substituting (C.3) into (C.1), we obtain

Opi (N )
ow

Op(N — 1)
ow

=R;(N-1)-(Vy +[0py 3 Laxa @ pi(N = 1)T]).

Similarly, for any j € [N], we prove

Ipi(7)
ow

Opi(j — 1)
ow

=Ri(j—1)-(V;- +[0p, i Ixkxkx @pi(j —1) ;00,5 -p,])- (C4

By the recursion formula (C.4), for any j € [N — 1], we calculate A;(j) as follows,

= (T R D, ) (By tanspose propery)
- <ap5§UN)>T[*,Djfl D). <8£(§;§§23%)>T
(BN =1) Voo Bl = 1) - [ @i — )T T - (2B 07 (By C4)

Ipi(N)

where M [x, a : b] denotes a sub-matrix of M, which includes all the columns but only the rows from the a-th row to the b-th
row of A. Similarly, for j = N, it holds

Ai(N) = (Ri(N =1) - lgxa @ pi(N = D)T])T - (W)T

Thus we completes the proof. O
C.2 Proof of Lemma 2

Lemma 9 (Lemma 2 Restated: Approximate p;(j)). Let upper bounds B, B, > 0 such that for any k € [K],j €
[N]andi € [n], ||v;, ||l2 < By, and ||z;||2 < B,. Forany j € [N],4 € [n], define

Bl := max |r(t)], BY:=B,, and B,:= maxDBJ.
[t|I<B. B~ J

Let function r(t) be (€, Ry, My, Cy)-approximable for Ry = max{B,B;,1}, M; < (5(0126;2), where C; depends only
on R; and the C%-smoothness of . Then, for any €, > 0, there exist NV attention layers Attng,, ..., Attng, such that for
any input h; € R takes from (2.1), they map

. Attng ~ .
hi =[xy w; Di(1)5 .. 5P (J — 1); 05 15 85]) —— hy = [z 555w Di(1); .. .5 04(5); 05 15 84,

where p; () is approximation for p; (j) (Definition 1). In the expressions of h; and E-, the dimension of 0 differs. Specifically,
the O in h; is larger than in h,;. The dimensional difference between these 0 vectors equals the dimension of p;(j). Suppose
function 7 is L,-smooth in bounded domain W, then for any ¢ € [n + 1], j € [N], p;(j) such that

(Xi) K'2LLBL)WEKe,, 1<j<N-1

() ol 5, i\ j < U .
Pi) = pig) +€(6.9), - MleCé, DIz {< o KV2LLB)de,,  j=N
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Additionally, for any j € [N], the norm of parameters By, defined as (B.1) such that

Bg]. <1+ KC;.

Proof of Lemma 2. First we need to give a approximation for activation function 7(¢). By our assumption and Definition 4,
r(t) is (er, R1, M7, Cy)-approximable by sum of ReLUs, there exists:

My My
= Z el o({ak,, [t; 1])) with Z ler| < Ch, llag,llr < 1, Vm € [My], (C.5)
m=1

such that sup,c(_ g, g, [7(t) — r(t)] < €. Let p;(0) := p;(0) = ;. Similar to p;(j) follows Definition 1, we pick p; (j)
such that for any j € [N],

pi()[K] = (v pi(i — 1)) (C.6)
Fix any j € [N], suppose the input sequences h; = [xz,y“w Pi(1);...;Pi(j — 1); 05 15¢;]. Then for every m € [M], k €
[K](or k € [d] if j = N), we define matrices @7, ,, K7 .V , € RP*D such that for all i € [n + 1],
. ain[l] ﬁz(] - 1) . Vs,
Q) yhi = al [2] ;K ko= | 1|, VI hi=chel,, (C.7)
0 0

where e} . denotes the position unit vector of element Pi(7)[k] because this position only depends on j, k. Since input
h; = [:172, yi;w; pi(1);. .5 P:(4 — 1); 0; 1; ¢,], those matrices indeed exist. In fact, it is simple to check that

_ 0 an[lJIx(j) 0 0 O
3n,k: 0 0 0 a’}np] 0 )
| 0 0 0 0 O
' [0 Ix(j,k) 0 0 O
K, .=1] 0 0 0 1 0f,
|0 0 0 00O
4 [0 o0 0
Vak=1] 0 0 c,(j,k) O], (C.8)
| 00 0 0

are suffice to (C.7). I (4), 1k (4, k), cL (4, k) represents their positions are related to variables in parentheses. In Addition,
by (B.1), notice that they have operator norm bounds

max |Q) |1 <1, maXH 2 el <1, InaXZII okl < KCh.
J,m.k ’ J,m

Consequently, for any j € [N], By, < 14 C1.

By our construction follows (C.7), a simple calculation shows that

Z U(<an,khiaKrj;z,khs>>V$,khs

me[M1],k€[K]

K M

= Z Z o ’Ujkpl(j 1); 1]>)e},k (By our construction (C.7))
k=1m=1
K

= Z(F(vjlf)i (j— 1)))6;7k (By definition of 7 follows (C.5))
k=1

=[0;p:(5); 0]. (By definition of p; () follows (C.6))
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Therefore, by definition of ReLU Attention layer follows Definition 7, the output El becomes

= [Attnej( i)
n+1 ) ) ]

= h; T Z Z o ((Qpy iha K3, khs)) Vg, ohis
s=1 me[M;],k€[K]
n+1

1 _ .
=hi+ " Z(n + 1)[0; p;(4); 0]
= [xi;yz-;w;pi(l); 3Pi(J = 1):05133] + [0, pi(5), 0]
= [zisyiswipi(1)s 3 2i(F — 1)30i(4); 05 1 ).
Therefore, let the attention layer 6; = {(Q7, K k,Vm 1)} (k,m)» We construct Attng, such that

i Attng ~ .
hi = [ziysw; i(1); .3 5i(5 — 1); 05 15 t5] —— hy = [w5; w5 pi(1); .. 5 Pi(5); 05 15 8]

In addition, by setting Ry = max{B, B, 1}, the lemma then follows directly by induction on j. For the base case j = 1, it
holds

|D: (1)[k] — ps(1)[K]| = |7Z(v£xz)[k] — r(virkxi)’ (By Definition 1)
< €. (By definition of 7 follows (CS))

Suppose the claim holds for iterate 7 — 1 and function r is L,.-smooth in bounded domain V. Then for iterate 7,

Iﬁi(j)[k] Pi( ')[k]I

< |ﬁi )[k] — r(vjkpz | + ’ vjkpz(j 1)) —pl(])[kH (By triangle inequality )
<eé + L, ||7) ll2ll2i (5 — 1) — pi(4 — 1) |2 (By (C.5) and Cauchy—Schwarz inequzllity)
j—2
<e€ + \/RLTBv(er Z Kl/QLerf}) (By inductive hypothesis)
=0
-1
<oKL,
=0
Thus, it holds
K
_ . 2
19:(4) — pi(i)ll2 = Z |pi (J pi(7)[K]]
j—1
<VEK(e Y K'’LLB.).
=0

This finishes the induction. Then for the output layer j = N, it holds

d
1Ps(N) = ps(N)ll2 = | D [Ps(N) k] = ps (V) [K]|*
k=1
N—-1
<Vd(e, Y KY?L'B!)
1=0
Thus we complete the proof. O
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C.3 Proof of Lemma 3

Lemma 10 (Lemma 3 Restated: Approximate 74(j)). Let upper bounds B,, B, > 0 such that for any k& € [K],j €
[N] and i € [n], ||vj,|l2 < By, and ||z;||2 < B,. Forany j € [N],4 € [n], define

BY:= max |'(t)|, BY:=B,, and B, :=maxB.
[t|<B,BI ! J

Suppose function 7/ (t) is (&7, Ra, My, C’g) -approximable for Ry = max{B, B, 1}, My < O(C2¢/~2), where C5 depends
only on Ry and the C2-smoothness of 7. Then, for any €, > 0, there exist an attention layer Attng ~1 Such that for any
input 7; € RP takes from (3.13), it maps

Attn9N+1 ~
h _[xﬂylawpu()lt]—)hl [xlvylawplvrwolt]

where 7(j) is approximation for r;(j) (Definition 2) and 7 := [7(0); ...; Fj(N — 1)] € RN =2)K+4. Similar to Lemma 2,

904
in the expressions of h; and h;, the dimension of 0 differs. In addition, let E,. be defined in (3.12), for any i € [n + 1],
j € [N],k € [K], 7(j) such that
75 — DIkl = ri(G — DIk +€(i, 5, k), e(i, 5, k)| < & + Ly By Erer,

where ¢, denotes the error generated in approximating r by sum of ReLUs 7 follows (C.5). Additionally, the norm of
parameters By, , defined as (B.1) such that By, ., <1+ K(N —1)C5.

Proof of Lemma 3. By Definition 2, recall that for any j € [N],i € [n+ 1],k € [K],

ri()K] = 7' (v] 1 pii))- (C.9)

Therefore we need to give a approximation for /. By our assumption and Definition 4, /(¢) is (€, Ra, Mo, Co)-
approximable by sum of relus. In other words, there exists:

2
=Y cno({al,, [t; 1)) with Z || < Co, [lapll2 < 1, Ym € [Ms), (C.10)

such that sup,¢(_ g, g, |7 (t) — 7'(t)| < €. Similar to (C.9), we pick () such that

(K] =7 (v 11 Pild))- (C.11)

To ensure (C.11), we construct our attention layer as follows: for every j € [N],m € [Ma], k € [K], we define matrices

N+L gNHL yNHL  RDXD
Qj,m,k’KgmkaV ceR such that

R (AU T ) R (7% R
Qihi = a? [2] ;K hi= | 1|, Vb =cel (C.12)
0 0
forall ¢ € [n + 1] and e . denotes the position unit vector of element 7 (j)[k]. Since input h; = [z; y;; w; Pi; 0; 1344,

similar to (C.8), those matrlces indeed exist. In addition, they have operator norm bounds

max Q)T <1 max [KNThh <1 37 VL < K(N =10,

J,m.k
Jm,k

Consequently, by definition of parameter norm follows (B.1), By, ,, < 14+ K(N —1)Cs.
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A simple calculation shows that

S @ KV,
JEIN],mE[Ms],ke[K]
N K M,
= Z Z Z Cid((&?n, [Ukaﬁl(j —1); 1}>)ej2»,k (By our construction follows (C.12))
j=1k=1m=1
N K
= Z Z(F’(U;pl@ — 1)))e?,k (By definition of 7’ follows (C.5))
j=1k=1
=1[0;7(0);...;7:(N —1); 0] (By definition of 7} (;j) follows (C.11))
=[0; 77;; 0], (By definition of 7;)

Therefore, by definition of ReLU Attention layer follows Definition 7, the output E becomes

hi = [Attng,, (hs)]

n+1
1
=h; + nil Z Z U(<Q§\fm,khi7 ng'ym,khs»‘/}],\fn,khs
s=1 je[N—1],me[M2],k€[K]
n+1
=h; + —— 1]0;7;0
+n+1;(n+ )[0;7; 0]

= [@;; yi;w; Pi; 05 1; 4] + [0; 755 0]
= [ yi; w3 Pi; 753 05 1; 65,

Next, we calculate the error accumulation in this approximation layer. By our assumption, Ry = max{B, B,, 1}. Thus, for
any j € [N],k € [K],i € [n+ 1], itholds

v pi(j — 1) < Ro.

As our assumption, we suppose function ' is L,.-smooth in bounded domain /. Combining above, the upper bound of
error accumulation |7 (5)[k] — 7}(j)[k]| becomes

73 () K] = ri () K]

< |f;(])[k] - T/(v;;ﬁi(j — 1))’ + |?"I(U;Z]§1(j -1)) - Ti(])[k” (By triangle inequality )
<€+ Ly ||vj-|;€ ll2ll2: (5 — 1) — pi(5 — 1)]|2 (By (C.10) and Cauchy—Schwarz inequality)
<é€v + Ly ByE,€,. (By definition of E, follows (3.12))
Thus we complete the proof. [

C.4 Proof of Lemma 4

Lemma 11 (Lemma 4 Restated: Approximate 01 ¢(p;(N),y;)). Let upper bounds B,, B;,> 0 such that for any k& €
[K],j € [N]andi € [n], |vj,|l2 < By, and ||z;||2 < B,. Forany k € [d], suppose function u(t, y)[k] be (¢;, R3, M, C¥)-
approximable for R3 = max{B, B,, By, 1}, Mz < O((C})%¢; %), where C§ depends only on R} and the C3-smoothness
of u(t, y)[k]. Then, there exists an MLP layer MLPg,, , such that for any input sequences h; € R” takes from (3.15), it
maps

MLPy ~
hi = (i3 yi;w0; Bi; T 05 1 8] ————25 hy = [y w; i T gi; 05 15 84],

where g; € R? is an approximation for u(p;(N),y;). For any k € [d], assume u(p;(N), ;) is L;- Lipschitz continuous.
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Then the approximation g; such that,
gz[k} = u(pz(N)a yz)[k] + e(i’ k)a with |€(ia k)| <ea+ LiEe,.

Additionally, the parameters 642 such that By, ., < max{R3 + 1,C3}.

Proof of Lemma 4. By our assumption and Definition 4, for any k € [d], function u[k](t,y) is (e, Rs, M¥,C¥)-
approximable by sum of relus, there exists :

M M
gk(ty) = Y ehFo((all, [ty 1)) with Y |c5F| < Cs, [lafF ]2 <1, vm € [M], (C.13)
m=1 m=1

such that Sup ;, ,)e(— ry,r,)2 |95 (t:y) — u[k](t, y)| < €. Then we construct our MLP layer.

Let M3 := Zzzl MY, we pick matrices WY1 € RMsxD N+ ¢ RP*Ms guch that for any i € [n + 1],m € [Ms],
[ o' (1] pi (V) + 0} [2] i+ 0 [3] = Ra(1— 1) |
a1+ Bi(N) + A [2] - i + af i [3] = Rs(1 — 1)
WhNh; = : € RM:,

at 1] pi(N) + @i’ [2] - ys + a7 (3] = Ry(1 — 1)

3, — ,d ' ,d
a1 Pi(N) + ayfal2] - i+ ayfa[3] = Ra(1— 1) |
W j,m] = 3k - 1{j = DE, ME¥~t < m < M}, (C.14)

where D’gf denotes the position of element g;[k]. Since input h; = [x;; y;; w; Pi; 74; 0; 1; ¢;], similar to (C.8), those matrices
indeed exist. Furthermore, by (B.1), they have operator norm bounds

WL < Rs+1, Wt < Cs

Consequently, By, ., < max{Rs +1,Cs}.

By our construction (C.14), a simple calculation shows that

d M¥
W oW ) = > > " o((ahF, [Pi(N);ys 1)) — Rs(1 — 1)) - e
k=1m=1
0
91(Pi(N), i)
=1{t; =1}

For k € [d], we let g;[k] = 1{t; =1} - gk(g’)i(N),yi)eDz; for i € [n + 1]. Hence, MLPy,,, maps

MLPy -
hi = (339w Bis T 03 Lty ————> by = (w45 3 w3 Pis 73 943 05 15 65],

Next, we calculate the error generated in this approximation. By setting R = max{B,B,, By, 1}, forany i € [n + 1], it
holds

pi(N) <R3, v; <R3
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Moreover, as our assumption, we suppose function 0y ¢ is L;-smooth in bounded domain W. Therefore, by the definition of
the function g, for each i € [n], the error becomes

|gi[k] — w(pi(N),y:)[K]|
<|gilk] — w(@i(N), y:)[E]| + |w(@i(N), y:)[k] — u(p:(N), y;)[K]] (By triangle inequality)
<e+ L ||;51(N) — pl(N)HQ (By the definition of g follows (C.13) and L;-smooth ussumpti(m)
<€+ LiE.€,,. (By the definition of £, follows (3.12))
Combining above, we complete the proof. O

C.5 Proof of Lemma 5

Lemma 12 (Lemma 5 Restated: Approximate 5,(j)). Recall that s;(j) = 7i(j — 1) © (V;}, - si(j + 1)) fol-
lows Definition 3. Let the initial input takes from (3.17). Then, there exist N element-wise multiplication layers:
EWMLg,.,,...,EWMLg,,_, such that for input sequences, j € [N],

hs = [@i3 yis w3 Bis T35 943 5i(N); -3 5:(F + 1); 05 1 84],
they map EWMLg, ., . (hs) = [@4;ys;w; Ds; T35 963 5:(N); - . 5 5:(5); 0; 15 ], where the approximation 5;(j) is defined

as recursive form: forany i € [n +1],5 € [N — 1],

5.0j) o= G- (Vi -5G+1), jelN-1]
T RW -1 04, 4= A

Additionally, for any j € [N], By, , defined in (B.1) satisfies By, < 1.

Proof of Lemma 5. By Lemma 2 and Lemma 3, we obtain p;(j) and 7;(j), the approximation for p;(j) (3.3) and r}(j)
respectively. Using p;(j) and 7;(5), we construct N element-wise multiplication layers to approximate s;(3).

We give the construction of parameters directly. For every j € [N — 1,k € [K], we define matrices
QNI RINHITT y2NE3T ¢ RDXD guch that for all i € [n 4 1],

Vjt1, [K]
QiNJrS*th_ _ 7 KiNJrS*jhi _ Si(] + 1) , VI€2N+37th_ _ f;(j _ 1)[k] . e?,k , (C.15)
Vi1, K] 0
0

where eg.” ,, denotes the position unit vector of element 5;(j)[k].

Since input h; = [24; yi; w; Pi; T3 943 5i(N); . .5 8 (5 + 1); 05 15 ¢;], similar to (C.8), those matrices indeed exist. Thus, it is
straightforward to check that

Z ’Y(<QiN+37jhi, K5N+37jhi>)vk2N+3fjhi

ke[K]
K
= Z(ij_l[k, x| - 5:(j + 1)) — 1)[]4:]6?7]6 (By definition of EWML layer follows Definition 6)
k=1
0
ri(j = DAV 55 + 1)

= : (By definition of f",:/s_/‘.)
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0

= [F(G-1)0o (Vj—_l;_l -5(j+1)) (By definition of hadamard product)
0

=[0;5;(4);0]. (By definition of 5;(j) follows (3.20))

Therefore, by the definition of EWML layer follows Definition 6, the output h; becomes

hi = [Attn92N+H (hl)]
:hi+ Z O’(<Q2N+3 jh K2N+3 7h >)Vn21]7\][€+3_jhs

m,k
me[2],ke[K]
= h; +[0;5(5); 0]
= [2i; yi;w; Pi; 735 943 5i(N — 1);.. z( +1);0; 15 ¢;] 4 [0; 3;(5); 0]
= [z yisw; Pi; 735 945 5s(N = 1)5...55:(5); 0; 1; 4]

Finally we come back to approximate the initial approximation 5;(N) = 7,(N — 1) ® g;. Notice that g; and r;(N — 1) are
already in the input h; = [z;; y5; w; Pi; 755 gi; 0; 1; ¢;], thus it is simple to construct EWMLy 5 , similar to (C.15), such
that it maps,
o EWML 4 L _
(3 yis w; s 745 965 05 1 13] ———— [w35 933 w3 0 15 §is; 5 943 5:(N); 05 15 8]
Since we don’t using the sum of ReLLU to approximate any variables, these step don’t generate extra error. Besides, by
(3.19), matrices have operator norm bounds

NF2H) <1, NH2H | < 1, N2 < 1.

max||Q max || K,
Jrk k

)

max Vs
gk
Consequently, for any j € [N], By,,,, < 1. Thus we complete the proof. O

C.6 Proof of Lemma 6

Lemma 13 (Lemma 6 Restated: Error for ¢;5;(j)). Suppose the upper bounds B,,, B, > 0 such that for any &k € [K],j €
[N]and i € [n], ||vj,|l2 < By, and ||2;||2 < B,. Let r}(j) € RE such that r}(j)[k] := /(v ]TH p;(j)) follows Definition 2.
Let s;(j) = Ri(j — )VH_1 .Ri(N —2)Vy - R;(N — 1)u follows Definition 3. Let 7(5), gi, 5: (j) be the approximations
for r(5), w(pis(N),y;), s:(j) follows Lemma 3, Lemma 4 and Lemma 5 respectively. Let B, be the upper bound of 7 (7)[£]
and 7} (7)[k] as defined in Lemma 3. Let B; be the upper bound of g;[k] and u(p;(N), y;)[k] as defined in Lemma 4. Then

forany i € [n+1],7 € [N], k € [K],

5i(J)[F] < Bs,
5:(5) %] - 5:(G) K| < Eler + EY e + Eie,

where
P := max{VK,Vd}
B, := max{(P- B, B,)" 7B, B},
JE[N]
N—j—1
BT = m%{LwE PB,B?| Z (B, B,P)Y] + (B, B,P)N~9(B/L,»B,E, + B.L|E,)},
]E
=0
N—j—1
ET = m[ax{PB By Y (BwByP)'| + (B»B,P)N B},
JEIN
=0
El = m?x{(B 'B,P)N7IB.}.
JEIN
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Above, B, is the upper bound of 5;(j)[k] and E7, E" , E. are the coefficients of ¢,, €., ¢ in the upper bounds of
|5:(5)[k] — si(4)[k]|, respectively.

Proof of Lemma 6. By Lemma 5, we manage to approximate s;(j) by 5;(j). By triangle inequality, we have
15:(7)[k] = si(5)[K]]
< |7i(n = D)[k] = ri(n = DIK]| - oy 40, 500+ D] + i (n = DK - |1, 5:(0 + 1) = (v, 85(n+ 1))).

We bound these four terms separately. By Lemma 3, |7;(n — 1)[k] — ri(n — 1)[k]| is bounded by €, + L, B, E,€,. We
then use induction to establish upper bounds for 5;(5)[k] and |5;(7)[k] — s:(7)[K]|-

We first use induction to prove the first two statements. To begin with, we illustrate the recursion formula for 5;(j). By
(3.20), recall that for any j € [N],

5(j) = TG =10 (Vi -s(+1), jeN-1]
' . f;(N—l)@g“ ]:N

We consider applying induction to prove the first statement:
5:(j)[k] < (P - B, B,)N "B, B.
As for the base case, j = N:
5(N)[k] =T,(N = 1)[k] - g:[k] < B,/ B;.

Therefore, if the statement holds for j = n + 1, by (3.20) and our assumption, it holds

si(n)[k] = F(n — VK] - (v] 1y, 5i(n + 1)) (By recursion formula (3.20))
<7(n =Dk - lvnta,ll2 - [15:(n+ 1)l (By Cauchy-schwarz inequality )
< 7i(n = 1K - [[ont1, |2 - max{VK,Vd} - max[5;(n + 1)[k]]
< (ByBy) - max{VK,Vd} - (max{VK,Vd} - B.B,)N "B, B, (By inductive hypothesis)
= (P-B.B,)N""B,.B. (By definition of P follows Lemma 6)

Thus, by the principle of induction, the first statement is true for all integers j € [N]. Moreover, by the definition of B;
followsLemma 6, we know B is the upper bound of 5;(j)[k]. Next we apply induction to prove the second statement:

15:(j)[k] = s:(j)[K]| < (& + Ly By Ere,) PBy By Z (B, B,P)"

+ (B B,P)N~ "[(BZLT,Bq,ET + B LiE,)e, + Bie,r + By

For the base case, j = N:

15:(N)[K] = si(N)[]|
=7 (N = D)[k] - g:[k] — ri(N = 1)[k] - w(ps(N), y:) [K]| (By definition (3.20) and (3.6))
<P (N = D[k] = ri(N = DIE]| - |gs[K]] + [ri(N = D)[E]] - |gi[k] = u(ps(N), y:) [F]] (By triangle inequality)
< (¢ + L ByE.€;)B; + B, (e; + LiEe,.). (By (3.14) and (3.]6))
= (B,L,ByE, + B, L|E, )¢, + B, + Byrg

Therefore, if the statement holds for j = n + 1, by (3.20) and our assumption, it holds
|5i(n)[k] — si(n)[K]]
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= |172(n — 1)[k] - (U;;,r+1k§i(n + 1)) —7ri(n—1)[k] - (UTL_lksi(n + 1))| (By the recursion formula (3.6) and (3.20))
< |7i(n = D[k] = ri(n = DIK]| - [v41, 5:(n + 1)
+ |ri(n — 1)[K]| - ’( Upt1, S Si(n+1)) — (’UnJrlksi(n + 1))’ (By triangle inequality)
< (¢ + Ly ByEre,)PBy B, + B By ||5:(n 4 1) — si(n+ 1) |2
(By error accumulation of approximating r’ follows (3.14) )

< (¢ + L. ByE€,)PB,Bs + B, B, P max [3:(n + 1)[k] — s;(n + 1)[K]|
< (€ + Ly ByE,¢,)PB,B, + B,./BUP{(eW + L, B,E,¢,)PB,B,| Z (B,'B,P)!
=0

+ (BT/BUP)N_"_l[(BZLT/BvET + B, LiE,)e, + Biepr + B,,Jel]} (By inductive hypothesis)

N-—-n—1
S (er’ + LT‘/Bi)ETGT')PBi)BS[ Z (BT/B'I)P)l]
=0
+ (BTIBUP)N_n[(BlLr’BvEr + Br/LlEr)Er + Bler’ + BT’QL

Thus, by the principle of induction, the second statement is true for all integers j € [N — 1]. By the definition of F follows
Lemma 6, it is simple to check that

5 (1) K] = s:i(DIK]| < Efer + B e + Egen.
Thus we complete the proof. O
C.7 Proof of Theorem 1

Theorem 3 (Theorem | Restated: In-context gradient descent on /N-layer NNs). Fix any B,,n,e > 0, L > 1. For any input
sequences takes from (2.1), their exist upper bounds B, B, such that for any i € [n], ||yi||2 < By, ||zil|2 < B,. Assume
functions r(t), r'(t) and u(t, y)[k] are L., L,», L;-Lipschitz continuous. Suppose W is a closed domain such that for any
j€IN —1]and k € [K],

W C {w = [v;,] € RPN . lvicll2 < BU},

and Proj,,, project w into bounded domain WW. Assume Proj,,, = MLPy for some MLP layer with hidden dimension
D,, parameters ||0]| < C,,. If functions 7(t), r'(t) and u(t,y)[k] are C*-smoothness, then for any € > 0, there exists a
transformer model NNy with (2N + 4) L hidden layers consists of L neural network blocks TF§ ™2 o EWMLY o TF3,

NN := TF) 2 c EWML) 0 TF3 0...0 TF) ™2 0o EWML}' o TF3,
such that the heads number M, embedding dimensions D!, and the parameter norms By suffice

max M!'< 6(6_2), max D'< O(NKQ) + D,,, max Bg < O(n)+Cy +1,
I€[(2N+4)L] I€[(2N-+4)L] I€[(2N+4)L]

where 5() hides the constants that depend on d, K, N, the radius parameters B,, B, B, and the smoothness of r and /.
And this neural network such that for any input sequences H (%), take from (2.1), NNy (H (0)) implements L steps in-context

gradient descent on risk Eqn (2.2): For every [ € [L], the (2N + 4)I-th layer outputs h§(2N+4)l) = [zs; yi; @D; 0; 1; 8] for
every i € [n + 1], and approximation gradients w () such that

@O = Projyy (@Y — VL (@) +0-D), 5O =0,

where ||~V ||y < ne is an error term.

Proof Sketch. Let the first 2N + 2 layers of NNy are Transformers and EWMLSs constructed in Lemma 2, Lemma 3,
Lemma 4, and Lemma 5. Explicitly, we design the last two layers to implement the gradient descent step (Lemma 1).
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We then establish the upper bounds for error |V, L, (w) — Vo Ly (w)]|2, where Vo, L, (w), derived from the outputs
of NNy, approximates V., L, (w). Next, for any € > 0, we select appropriate parameters €, €, and ¢, to ensure that
Vo L (@) = Vo L, (@) || < € holds for any [ € [L]. O

Proof of Theorem 1. We consider the first N 4 2 transformer layers TFéV *2 are layers in Lemma 2 ,Lemma 3 and Lemma 4.
Then we let the middle IV element-wise multiplication layers EWMLéV be layers in Lemma 5. We only need to check
approximability conditions. By Lemma 7 and our assumptions, for any e,., €,/, €, it holds

« Function 7(t) is (¢, Ry, My, Cy)-approximable for Ry = max{B,B,,1}, M; < O(C2¢;2), where C; depends only
on R; and the C?-smoothness of 7(t).

* Function 7’(t) is (€., Ra, My, Co)-approximable for Ry = max{B,B,, 1}, My < (5(0226;?2), where C depends only
on Ry and the C?-smoothness of 7/ (t).

* Function 014(t,y) is (e, R3, M3, Cs)-approximable for R = max{B,B,, 1}, M3 < (5(0%6[2), where C5 depends
only on R3 and the C3-smoothness of u(t, y)[k].

which suffice approximability conditions in Lemma 2, Lemma 3 and Lemma 4.

Now we construct the last two layers to implement w — nV L, (w) and Proj,,, (w). First we construct a attention layer to

approximate w — nV L, (w). For every m € [2],j € [N], k € [K], we consider matrices Q> j+k3, ‘72n1\;+k37 Vnil\;"zg € RPxP

such that
0
1 5:(5)[k nin+1) |_ .
Q%gj;ghq = {0] ) K12523h¢ = [ (%))[ ]] ) ‘/12,;'\,[1:_3}%' I pi(j()_ Dy,
0 2
-1 5:(7)[k n+1 _ .
Q31 hi = [ 0 } ;KN h = [ ({))[ q , VeNh = _nin+1) o ) -pi(j—1)| . (C.16)
0
Furthermore, we define approximation gradient V,,L,, (w) as follows,
1 n+1
a 2N+3 2N+3 2N+3
Voln(w)i= = oy 3 3 oUQ e KPRV P
t=1 me|2],j€[N],kE[K]
] LK N 0
=5 Z Z Z(a(gt(j)[k]) —o(=5()k)) |pe(j — 1) (By our construction (C.16))
i = j=1 0
] Ml K N 0
=520 > sk ;i —1) (By f(x) = 0(2) — o(~2))
t=1 k=1 j=1 0
1 n+l N 0
= o Z Z Ik @p:(J — 1) - 5:(5) (By definition of Kronecker product)
L j=1 0
0
Lo Ai(1)
= o Z : , (By 5n41(j) = 0 follows Lemma 5)
n e
t=1 t(N)
0

where A;(j) := I xx @ py(j — 1) - 5.(j) denotes the approximation for A;(j). Therefore, by the definition of ReLU
attention layer follows Definition 7, for any 7 € [n + 1],

hi = [Attn92N+3 (hl)]
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n+1
Shot X oUQ e KRV,
i=1 me[2],j€[N],kE[K]
0
n At(l)
n
1y Iy l? 7,7 (2 “0717t o .
= [ yi3 w3 Pi; 755 i3 5 nz_: :
1 AUN)
0
= [zi;yi;w — VW Ly (W); Pi; Ths 953 05 15 1] (By definition of V, £, (w))

Since we do not use approximation technique like Definition 4, this step do not generate extra error. Besides,by (B.1),
matrices have operator norm bounds

2N+3
?ﬂ?ﬁé”@j,m,k ||1 < 17 Jm,k jm,k

max KIS < 1 3T VAN < 20N K,

Jmk

Consequently, By, ., < 14 2nNK. Fix any € > 0, then we pick appropriate €, €;., ¢; such that
14Dz = 9V Ln(@Y) = Vi Ln(@D)||2 < ne.
By Definition 3 and Lemma 6, for any j € [N — 1], i € [n], it holds

14:(5) = Ai(5)]l2

IA

13: (D) [k]pi (5 — 1) — s:(G)[E]ps (5 — D)2 (By Definition 2 and definition of A (j))

IN

\/\
TMN M=

\gi(j)[/ﬂ] = si(DE] - 12 = Dll2 + s K] - 12 (G — 1) — pi(G — 1|2 (By triangle inequality )
[( er + E;lew + Eiq)\/ﬁBr + BsE,e.], (By (3.12) and Lemma 6 )

where B, is the upper bound of 5;(j)[k] and ET, E”' E! are the coefficients of €., €., ¢ in the upper bounds of
15:(5)[k] — s:(j)[K]| follow Lemma 6, respectively. We can drive similar results as j = N. Actually, by P =
max{v/K,/d} follows Lemma 6, above inequality also holds for j = N. Therefore, the error in total such that for
any w,

va/jn(w) - Vw'cn(w) ||2

0 0
— H % Z 27 Z ||2 (By definition of £, (w) and 57,(1,1,'))
EHA(N) = A(N)
0 0
1 N
<2 e (2 1AG) - AG))
J=1
N '
< ?P[(ESTGT + B} € + Eiel)\/ﬁBr + BsE,€,.]. (By the error accumulation results derived before)

Let Cy, C;., C,s denotes coefficients in front of ¢, €,., €, respectively. Then it holds

C, = NP3B,E.,
C,=NP2B,E" + NPB,E,,
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C, = NP?B,E" .
Thus, to ensure ||V, Ly, (w) — Vi Ly (w) |2 < €, we only need to select €, €, €/, as

2¢ 2e , 2e

El:Ta’ €r:ﬁ? € = 3Cr’.

Therefore, we only need to pick the last MLP layer MLP2 44 such that it maps

MLP )
(i3 yssw — 0V w Lo (w); D53 T3 i3 533 05 L] = [w3 953 Projyy(w — NV La(w)); 0; 1],
By our assumption on the map Projy,,, this is easy.

Finally, we analyze how many embedding dimensions of Transformers are needed to implement the above ICGD. Recall that
Ti, Vi c Rd, w E R2dK+(N—2)K2,Z§i c R<N_1)K+d7 ,'7; c R(N_2)K+d, i c Rd, gi c R(N—l)K+d.
Therefore, max{Q(NK?), D,,} embedding dimensions of Transformer are required to implement ICGD on deep models.

Combining the above, we complete the proof. O

Remark 5 (Modest Assumptions). Our assumptions remain modest. For example, we require that the loss function [(+), the
activation function 7(-), and its derivative r () are C*-smoothness. Many settings meet these conditions, including those
using the sigmoid activation function as r(-) and the squared loss function.

C.8 Proof of Corollary 1.1

Corollary 3.1 (Corollary 1.1 Restated: Error for implementing ICGD on N-layer neural network). Fix L > 1, under
the same setting as Theorem 1, (2N + 4) L-layer neural networks NNy approximates the true gradient descent trajectory
{wkp hi>0 € RPN with the error accumulation

17" — weplla < L7H(1+nLy)'e,
where L denotes the Lipschitz constant of £ (w) within W.
First we introduce a helper lemma.

Lemma 14 (Error for Approximating GD, Lemma G.1 of (Bai et al., 2023)). Let WW C R¢ is a convex bounded domain
and Proj,,, projects all vectors into WW. Suppose f : W — R and V f is L ¢-Lipschitz on W. Fix any € > 0, let sequences
{@'}150 € R? and {whp}i>0 € R? are given by @® = wQp, = 0, then for all [ > 0,

@' = Projyy(@' ™! = VL@ ) +71), [l |2 < ne,
-1

wep = PrOjW(leBl —nVLn(wep))
To show the convergence, we define the gradient mapping at w with step size 7 as,
w — Projyy,(w — nVL, (w))

Gl =
W,n n

Then if n < Ly, for all L > 1, convergence holds

L—-1

- 1 -
16y, (@3 < D IC, (@) <
=1

8(£(0) — infuew f(w))

10€2.
nL e

min
le[L—1]
Moreover, for any [ > 0, the error accumulation is

| — weplla < L7 (14 nLy)'e.
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Lemma 14 shows Theorem 1 leads to exponential error accumulation in the general case. Moreover, Lemma 14 also provides
convergence of approximating GD. Then we proof Corollary 1.1.

Proof. For any small €, by Theorem 1, the neural network NNy implements each gradient descent step with error bounded
by €. Then we simply apply Lemma 14 to complete the proof. O
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D Extension: Different Input and Output Dimensions

In this section, we explore the ICGD on N-layer neural networks under the setting where the dimensions of input x; and
label y; can be different. Specifically, we consider our prompt datasets {(z;, y;) }ic[n) Where z; € R% and y; € R%. We
start with our new N-layer neural network.

Definition 10 (/N-Layer Neural Network). An N-Layer Neural Network comprises N — 1 hidden layers and 1 output layer,
all constructed similarly. Let 7 : R — R be the activation function. For the hidden layers: for any i € [n + 1],5 € [N — 1],
and k € [K], the output for the first j layers w.r.t. input 2; € R, denoted by pred,,(z;; j) € R¥, is defined as recursive
form:

predy, (z;; 1)[k] :== r(v]—kmi), and pred; (x;;7)[k] := r(v;';predh(:ci;j - 1)),

where v1, € R? and vj, € RE forj € {2,..., N — 1} are the k-th parameter vectors in the first layer and the j-th layer,
respectively. For the output layer (/V-th layer), the output for the first V layers (i.e the entire neural network) w.r.t. input
z; € R% denoted by pred, (z;;w, N) € R, is defined for any k € [d,] as follows:

pred, (z;; w, N)[k] := r(v;\r,kpredh(xi;N — 1)),

where vy, € RE are the k-th parameter vectors in the N-th layer and w € R(@=Hd)K+(N=2)K* denotes the vector
containing all parameters in the neural network,

T
T T T T T T T
w = Ulu"'7“11@""”jk7"‘”Nfllv"'7”N71K’”N17""“Ndy] .

Notice that our new N-layer neural network only modify the output layer compared to Definition 1. Intuitively, this results
in minimal change in output, which allows our framework in Section 3.3 to function across varying input/output dimensions.
Theoretically, we derive the explicit form of gradient VL, (w).

Lemma 15 (Decomposition of One Gradient Descent Step). Fix any B,,,n > 0. Suppose the empirical loss function £,, (w)
on n data points {(;, ¥;) }ie[n) is defined as

n

1
Ly (w) = o Zé(f(w7 z;),y;), where:R% x R% — Ris aloss function,
n
i=1

where f(w,z;),y;) is the output of N-layer neural networks (Definition 10) with modified output layer. Suppose closed
domain W and projection function Projy,,(w) follows (3.4). Let A;(j),7;(4), Ri(j), V; be as defined in Definition 2 (with
modified dimensions), then the explicit form of gradient V.L,,(w) becomes
A;(1)

n

1

“ ¢ |7
= A(N)

where A;(j) denote the derivative of £(p;(IV), y;) with respect to the parameters in the j-th layer,

Ay = J B =1V o Bi(G=1) - [Tk @i — DT])T - (ZRRRNT, 2 N
(Bi(N = 1) - [Laya, ® pi(N = 1)T|)T - (2500)T, j=N.

Proof. Simply follow the proof of Lemma 1. We show the different terms compared to Definition 2:
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* Let D; € R denote the total number of parameters in the first j layers.

0, i=0
D. = d$K7 .j:l
T G- DE? +d.K, 2<j<N-1

(N -2)K?+ (d +d,)K, j=N,
* The intermediate term R;(N — 1),

RN — 1) = diag{r' (0], pi), - (0], i)} € RO,

* The parameters matrices of the first and the last layers:

T
Kxdg L
Ve = |:’U117"'7,01Ki| GR x ) jil

Jj-=
[’UNl,...,’UNdy} ERdyXK’ ]:N

Thus we complete the proof. O

Lemma 15 shows that the explicit form of gradient V.£,, (w) holds the same structure as Lemma 1. Therefore, it is simple to
follow our framework in Section 3.3 to approximate V£, (w) term by term. Finally, we introduce the generalized version of
main result Theorem 1.

Theorem 4 (In-Context Gradient Descent on N-layer NNs). Fix any B,,7,€ > 0, L > 1. For any input sequences takes
from (2.1), where {(z;, i) }ie[n) and z; € R% and y; € R, their exist upper bounds B,, B, such that for any i € [n],
llyill2 < By, ||zil|2 < By. Assume functions 7(t), ’'(t) and u(t, y)[k| are L,., L,,, L;-Lipschitz continuous. Suppose W is
a closed domain such that for any j € [N — 1] and k € [K],

W C {w=[v;] € RPN : [luj,[|l2 < B},

and Proj,, project w into bounded domain V. Assume Proj,,, = MLPy for some MLP layer with hidden dimension
D,, parameters |0 < C,,. If functions 7(t), 7/(¢) and u(t, y)[k] are C*-smoothness, then for any € > 0, there exists a
transformer model NNy with (2V + 4) L hidden layers consists of L neural network blocks TF§ ™ o EWMLY o TF3,

NN := TF) 2 c EWML) 0 TF3 0...0 TF) ™2 0o EWML}’ o TF3,
such that the heads number M, parameter dimensions D', and the parameter norms By: suffice

max M!'< 6(6_2)7 max D'< O(KQN) + D,,, max  Bg <O(n) +Cy + 1,
le[(2N+4)L] le[(2N+4)L] le[(2N+4)L]

where 6() hides the constants that depend on d, K, N, the radius parameters B, B, B, and the smoothness of r
and /. And this neural network such that for any input sequences H (%), take from (2.1), NNy (H(®)) implements L

steps in-context gradient descent on risk £, (w) follows Lemma 15: For every [ € [L], the (2N + 4)I-th layer outputs

h§(2N+4)l) = [z;y5; @WY; 0; 1;t;] for every i € [n + 1], and approximation gradients @) such that

@O = Projyy (@Y — VL (@) + 0-D), 7O =0,

where ||~ ||y < ne is an error term.
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E Extension: Softmax Transformer

In this part, we demonstrate the existence of pretrained Softmax transformers capable of implementing ICGD on an N-layer
neural network. First, we introduce our main technique: the universal approximation property of softmax transformers in
Appendix E.1. Then, we prove the existence of pretrained softmax transformers that implement ICGD on NN-layer neural
networks in Appendix E.2.

E.1 Axillary Lemma: Universal Approximation of Softmax Transformer

Softmax-Attention Layer. We replace modified normalized ReLU activation /n in ReLU attention layer (Definition 7) by
standard softmax. Thus, for any input sequence H € RP*" a single head attention layer outputs

Attn (H) = H + WO (VH) Softmax [(KH) T (QH)] , (E.1)

where W@ Q, K,V € RP*DP ¢ R¥*4 yre the weight matrices. Then we introduce the softmax transformer block, which
consists of two feed-forward neural network layers and a single-head self-attention layer with the softmax function.

Definition 11 (Transformer Block Tsoftmax)- For any input sequences H € RP*" let FF(H) := H + Wy - ReLU(W H +
b11]) + b1 be the Feed-Forward layer, where d’ is hidden dimensions, W7 € RY*P W, € RP*4 p; € R, and
by € RY. We configure a transformer block with Softmax-attention layer as Tsoftmax = {FFoAttnoFF : RXL — RIxLY,

Universal Approximation of Softmax-Transformer. We show the universal approximation theorem for Transformer
blocks (Definition 11). Specifically, Transformer blocks Tgefimax are universal approximators for continuous permutation
equivariant functions on bounded domain.

Lemma 16 (Universal Approximation of TSoftmax)- Let f(+) = R4xn 5 RIXn pe any L-Lipschitz permutation equivariant
function supported on [0, B,]?*™. We denote the discrete input domain of [0, B,]*" by a grid Gp with granularity
D € N defined as Gp = {B,/D,2B,/D,...,B,}¥*" C R¥", For any x > 0, there exists a transformer network
Fsoftmax € TSoftmax» such that for any Z € [0, B,]¢*", it approximate f(Z) as:

||fSOftmax(Z) - f(Z)HQ < K.

Proof Sketch. First, we use a piece-wise constant function to approximate f and derive an upper bound based on its

L-Lipschitz property. Next, we demonstrate how the feed-forward neural network F; 1(FF) quantizes the continuous input
domain into the discrete domain Gp through a multiple-step function, using ReLLU functions to create a piece-wise

linear approximation. Then, we apply the self-attention layer F(54) on .Fl(FF) , establishing a bounded output region

for F éSA) o FI(FF). Finally, we employ a second feed-forward network ]—'2(FF) to predict fsoftmax(Z) and assess the
approximation error relative to the actual output f(Z) . See Appendix E.4 for a detailed proof. O

E.2 In-Context Gradient Descent with Softmax Transformer

In-Context Gradient Descent with Softmax Transformer. By applying universal approximation theory (Lemma 16), we
now illustrate how to use Transformer block 7softmax (Definition 11) and MLP layers (Definition 8) to implement ICGD on
general risk function £,,(w).

Theorem 5 (Theorem 2 Restated: In-Context Gradient Descent on General Risk Function). Fix any B,,,n,e > 0, L > 1.
For any input sequences takes from (2.1), their exist upper bounds B, B, such that for any i € [n], ||y;|lmax < By,
||| max < Bs. Suppose W is a closed domain such that ||w||max < By, and Projy,, project w into bounded domain
W. Assume Proj,,, = MLPy for some MLP layer. Define [(w, x;, y;) as a loss function with L-Lipschitz gradient. Let
L,(w)=13"  ¢(w,x;,y;) denote the empirical loss function, then there exists a Softmax-transformer NNy, such that
for any input sequences H (%), take from (2.1), NNy(H(?)) implements L steps in-context gradient descent on £,,(w): For
every | € [L], the 4i-th layer outputs h§4l) = [zi;yi;@D;0; 1; ;] for every i € [n + 1], and approximation gradients ")
such that

@Y = Projy, (@Y — gVL, (@ V) + ), 7@ =0,

where ||~V |5 < ne is an error term.
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E.3 Proof of Theorem 2

Proof of Theorem 2. We only need to construct a 4 layers transformer capable of implementing single step gradient descent.
With out loss of generality, we assume w € RPw. Recall that the input sequences H € RP*("+1) takes form

w
Ty T2 - Tp Tp4l 0
H=|y1 y2  yo 0 | eRPXCHD g = 1] € RP—(d+1), (E.2)
a 42 - 4n  Gntl ‘
K3
Let function f : RPX" — RP*" output
T Ty o Ty Tpg v nvoﬁn(w)
FHY={y w2 -~ ya 0 |, q:= 1 € RP-(4+1),
q1 q2 e dn dn+1 £
K3

By Lemma 16, for any x > 0, there exists a transformer network fsoftmax € TSoftmax. Such that for any in-
put H € [-B,B]™L, we have || fsoftmax(H) — f(H )l < k. Therefore, by the equivalence of matrix norms,
| fsottmax(H) — f(H)|| ax < & holds without loss of generality. Above B := max{B,, By, B, 1} denotes the up-
per bound for every elements in H. Thus, we obtain @ from the identical position of w in fsoftmax(H ). Suppose we choose

K= \/167“’ then it holds

|0 = (w = VL (w2 <V Dyl — (w—=nVLy(w)|lmax
S ||fSoftmaX - f(H)Hmax

S\/Dw'\/%

<e.

Finally, by our assumption, there exists an MLP layer such that for any i € [n + 1], it maps

23593 w — NV L (w); 0 15 £5] 55 [ yi; Projyy (w — 0V Ly (w)); 05 15 £4].

Therefore, a four-layer transformer fsoftmax © MLP is capable of implementing one-step gradient descent through ICL.
As a direct corollary, there exist a 4 L-layer transformer consists of L identical blocks fsoftmax © MLP to approximate L
steps gradient descent algorithm. Each block approximates a one-step gradient descent algorithm on general risk function
L (w). O

E.4 Proof of Lemma 16

In this section, we introduce a helper lemma Lemma 17 to prove Lemma 16. At the beginning, we assume all input sequences
are separated by a certain distance.

Definition 12 (Token-wise Separateness, Definition 1 of (Kajitsuka & Sato, 2024)). Let N > 1 and Z @) Z 0 e Raxs

be input sequences. Then, Z (1), A (V) are called token-wise ("min, "max, 0)-separated if the following three conditions
hold.

» Forany i € [N] and k € [n], ‘Z:(fk) , > Tmin holds.

* Forany i € [N] and k € [n], ‘Z(Zk) , < Tmax holds.

* Forany i,j € [N]and k, ! € [n] with Z,(ik) # Z,(f), HZ,(ik) — Z,@H > ¢ holds.
Note that we refer to Z(1), . .., Z(V) as token-wise (rmax, €)-separated instead if the sequences satisfy the last two conditions.

Then we introduce the definition of contextual mapping. Intuitively, a contextual mapping can provide every input sequence
with a unique id, which enables us to construct approximation for labels.
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Definition 13 (Contextual mapping, Definition 2 of (Kajitsuka & Sato, 2024)). Let input sequences Z(1), ..., Z(N) ¢ RIx",
Then, a map g : R4*™ — RIX" s called an (r, §)-contextual mapping if the following two conditions hold:

e Forany i € [N]and k € [n], ‘q (z®). kHz < r holds.

» Forany i, j € [N]and k,1 € [n], if 28) # 29, then Hq (29, —q(29). 1H2 > & holds.
In particular, ¢ (Z(?) for i € [N] is called a context id of Z (.

Next, we show that a softmax-based 1-layer attention block with low-rank weight matrices is a contextual mapping for
almost all input sequences.

Lemma 17 (Softmax attention is contextual mapping, Theorem 2 of (Kajitsuka & Sato, 2024)). Let Z(), ... Z(N) ¢ Rdxn»
be input sequences with no duplicate word token in each sequence, that is,

Z :(,ik) 7& Z(,Zl) ’

for any i € [N] and k,l € [n]. Also assume that Z() ... Z(N) are token-wise (7min, "max, €) separated. Then, there
exist weight matrices W(©) € R%** and V, K,Q € R**? such that the ranks of V, K and Q are all 1, and 1-layer

single head attention with softmax, i.e., F, éSA) with A = 1 is an (r, d)-contextual mapping for the input sequences
ZW .., ZWN) ¢ R*" with r and & defined by

€
T = max + —

4
2(log n)2€?rmin 4 (2logn + 3)mwdr?
6 = i 1 max .
r2 (V| + 1)*(2logn + 3)7d exp | =(VI+1) dermin

Applying Lemma 17, we extends Proposition 1 of (Kajitsuka & Sato, 2024) to our Lemma 16'. We provide explicit upper
bound of error || fsoftmax(Z) — f(Z)||2 and analysis with function f of a broader supported domain.

Lemma 18 (Lemma 16 Restated: Universal Approximation of Tsoftmax). Let f(+) == R4*™ — RX" be any L-Lipschitz
permutation equivariant function supported on [0, B,]?*™. We denote the discrete input domain of [0, B,]¢*™ by a grid
Gp with granularity D € N defined as Gp = {B,/D,2B,/D,...,B,}¥™ C R¥", For any k > 0, there exists a
transformer network fsoftmax € TSoftmax (Definition 11), such that for any Z € [0, B,]¢*", it approximate f(Z) as:

||fSoftmax(Z) - f(Z)HQ < K.

Proof. We begin our 3-step proof.

Approximation of f by piece-wise constant function. Since f is a continuous function on a compact set, f has

maximum and minimum values on the domain. By scaling with .7-'1(FF) and .7-'2(FF), f is assumed to be normalized: for any

= Rdxu \ [07 ng]dxn

and for any Z € [0, B,]?*"

Let D € N be the granularity of a grid Gp:

B, 2B,

GD — {3’ T’ . .7Bm}d><n C Rdxn)

'This extension builds on the results of (Hu et al., 2025a), which extend the rank-1 requirement to any rank for attention weights.
Additionally, Hu et al. (2025b) apply similar techniques to analyze the statistical rates of diffusion transformers (DiTs).
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where each coordinate only take discrete value B, /D,2B, /D, ..., B,. Now with a continuous input Z, we approximate f
by using a piece-wise constant function f evaluating on the nearest grid point L of Z in the following way:

= > F(D)1zerti-p,/poyixn (E.3)
LeGp
Additionally if Z € L + [-1/D,0)?*", denote it as Q(Z) = L.
Now we bound the piece-wise constant approximation error || f — f|| as follows.

Define set Pp = {L + [~ B,/D,0)*"|L € Gp}. Itis a set of regions of size (Z&)?*", whose vertexes are the points in
Gp.

For any subset U € Pp, the maximal difference of f and f in this region is:

max || /(2) = f(Z)ll2 = max [ /(2) = [(Q(2))l2

zZeU

< z'

< ax [1£(2) = (Z)a

<L - max [|Z - Z/”Q (By f is a L-Lipschitz function)

Z,2'eU :

_ L d BQ, 2 . .

=L- n- (7D ) (Z Z' are in the same ? -wide (d - n)-dimension [ )
LvdnB,

_ 5 ) (E4)

Quantization of input using Fl(FF). In the second step, we use fl(FF) to quantize the continuous input domain into Gp.
This process is achieved by a multiple-step function, and we use ReLU functions to approximate this multiple-step functions.
This ReLU function can be easily implemented by a one-layer feed-forward network.

First for any small § > 0 and z € R, we construct a J-approximated step function using ReL.U functions:

0 2<0
z] _ Z B,
or (3] ‘1;%[5 }: 55 0<2<0B,, (E.5)
% 0B, <z

where a one-hidden-layer feed-forward neural network is able to implement this. By shifting (E.5) by B,, forany ¢ € [D—1],
we have:

[z tB,] [z B tB ] 0 z <:t§f
OR\|5 —%DJ) —OR|5 — bz — 5p
5 5D 5 5 5Dl _ % tgw§2<53m+tgw7 (E.6)
By By
when § is small the above function approximates to a step function:
By
® 0 2<%
quant;’(z) = {B‘ B
D D=2

By adding up (E.6) at every ¢ € [D — 1], we have an approximated multiple-step function

N~ orls - 53] —on[5 - B - 5]
D

(E.7)
t=0
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D-1
~ Z quantg)(z) (when 6 is small.)
t=0
= quantp(2)
0 z<0
B B,
= <z ==
] D (E.8)
Note that the error of approximation at z here estimated as:
D—-1 z tB z tB
Z _ x| 2 _ B — X2z B:n
> GR[& 6D} ‘7;[6 z 6D} ~ quantp(2)] < =, (E.9)
and for matrix Z € R%*":
b = — quanty(7) |3
t=0
B
< d N2 7 R(Zx/z
< xn X ( ) ) (Z € )
_ Byvdn
- =5
Subtract the last step function from (E.7) we get the desired result:
D-1 z t B, z tB,
or (5~ 551 —orl5 - B: - 5] :_ B 2 B,
— e - —1-—=1). E.10
> D (Or |5 OR |5 5| (E.10)

t=

This equation approximate the quantization of input domain [0, B, ] into {B,/D, ..., B, } and making R \ [0, B;] to 0. In
addition to the quantization of input domain [0, B, ], we add a penalty term for input out of [0, B,] in the following way:

— B,ogr [(Z_BI)] + B,ogr [(z_BI)—l] — B,og [—Z:| + B,ogr [_Z—li| (E.11)
) ) ) )
—-B,, z<0
~ penalty(z) = < 0, 0<z<B,.
—B;, By <z

Both (E.10) and (E.11) can be realized by the one-layer feed-forward neural network. Also, it is straightforward to show
that generate both of them to input Z € R*¥™,

Combining both components together, the first feed-forward neural network layer Fl(FF) approximates the following
function 7§FF) (2):
(FF) d n
]-"I(FF) ~F, (Z)=quants"(Z) + Z Z penalty(Zy 1). (E.12)
t=1 k=1

Note how we generalize penalty(-) to multi-dimensional occasions in the above equation. Whenever an input sequence Z
has one entry Z, ;, out of [0, B,]?¥", we penalize the whole input sequence by adding a — B,, to all entries. This makes all
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entries of this quantization lower bounded by —dnB,,.

(E.12) quantizes inputs in [0, B,]%*™ with granularity D, while every element of the output is non-positive for inputs outside
[0, B,]4*™. In particular, the norm of the output is upper-bounded when every entry in Z is out of [0, B,], this adds —dn B,
penalties to all entries:

max
ZeRdx n

fl(FF)(Z);,kuz =+d- (—dTLBI)2 (()ne column is dfdimemion.)
< dn-VdBy, (E.13)

for any k € [n].

Estimating the Influence of Self-Attention 7(54). Define Gp C Gp as:

Gp={Le€Gp|Vk,l€n],Lx#Ly}. (E.14)

It is a set of all the input sequences that don’t have have identical tokens after quantization.

Within this set, the elements are at least % separated by the quantization. Thus Lemma 17 allows us to construct a
self-attention F(54) to be a contextual mapping for such input sequences.

Since when D is sufficiently large, originally different tokens will still be different after quantization. In this context, we
omit Gp /G p for simplicity.

From the proof of Lemma 17 in (Kajitsuka & Sato, 2024), we follow their way to construct self-attention and have following
equation:

|70 @) - 2.4, < < 1200 (E.15)

4f dD Vel
for any k € [n] and Z € R4,
Combining this upper-bound with (E.13) we have

X |FF(Z 1) 12

H]_-(SA o FFF) (7). o= FE) (Z)=ka2 < M% manc

1

< x dnVdB, By (E.13
aw/ap =" (By (E.13))

_ dnbB, (E.16)

4D -
We show that if we take large enough D, every element of the output for Z € R?*™\[0, B,]¢*™ is upper-bounded by

B
FEV o RN 2), < 15 (Ve ld), k€ ). (E.17)

To show (E.17) holds, we consider the opposite occasion that there exists a F, éSA) o .Fl(FF) (Z2) 4y by = Bz/AD. Then we
divide the case into two sub cases:

1. The whole ]-'1(FF) (Z) receives no less than 2 penalties. In this occasion, since every entry consists of two counterparts in
(E.12): the quantization part quant**(Z) € [0, B, and aggregated with a penalty part Zle > op_y penalty(Zy i) <
—2B,, for every entry we have F(*'F) (2)y ), < =B
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This yields that:
IFSD 0 FE(2) 4y = FE(Z), 4 N2 2 IIFSD 0 FED(2)y 1 = FE(Z) 1 2
> |2 — ()
> %Ba:, (for a large enough D)

thus we derive a contradiction towards (E.16) from the assumption, proving it to be incorrect.
2. The whole fl(FF) (Z) receives only one penalty. In this case all entries in Z is penalized by — B, and satisfies:
FNZ), 4 € [=Ba, 01257, (E.18)

By (E.15), this further denotes:

SA FF FF FF .
| FED 0 7 (2), - FI (2),. < |7 (2), 0 (By (E.15))

1
< ——— ma
2 4y/dD K€ln)

1
< \d x B2 By (E.18)
= 4/dD (By E18)
B,
ik (E.19)

Yet by our assumption, there exists such an entry ]-'éSA) o FFF) (Z) 4.1y = Bz/AD, which since ]—"1(FF) (D)t 10 =0,
yields:

|FED o FID (), 4y = P (2), 0|, = [ FEY 0 FET (@ = F (20
> |22 o
— 4D
BI
~i

The final conclusion contradict the former result, suggesting the prerequisite to be fallacious.

Joining the incorrectness of the two sub-cases of the opposite occasion, we confirm the upper bound when input Z is outside
[0, B, ]¥™ in (E.17).

For the input Z inside [0, B,]?*", we now show it is lower-bounded by

FEV o FIN(2),, > % (vt € [d], k € [n]). (E.20)
By our construction, every entry Z in [0, B,]?*™ satisfies:
F (2);4, € [%,Bx]- (E.21)
By (E.15):
[FE 0 7 (2, - FIP (2.,
< 57 s 1F (2 (By (E.15))
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1
< \/d x B2 d-dimensional vector with each entry has maximum value B,.
4v/dD ‘ ( )
B,
= —. E.22
1D (E.22)

This yields:

FED o FI (), = I (2),0) < | FED o I (2, - FI(2),,

B,
— E.23
<1D (E.23)
Finally, we have:
SA FF
]:é )o]:( )( )tk
FF (SA FF FF
>]:1( )( )tk H ) ]:1( )(Z)t,k_}—l( )(Z)t’kHz
B, 5A) FF FF
>~ IFEY o F(2), = F(2), 4 (By (E21))
B B by 523
D 1D (By (£23)
3B,
4D

Hence we finally finish the proof for the upper bound of F, éSA) o ]-'1(FF) (2),), for Z outside [0, B,] in (E.17) and lower
bound for Z inside [0, B, ] in (E.20).

Approximation Error. Now, we can conclude our work by constructing the final feed-forward network ]:Q(FF). It receives

the output of the self-attention layer and maps the ones in G p C (3B, /4D, 00)%™ to the corresponding value of the target
function, and the rest in (—oco, B, /4D)%*™ to 0.

In order to adapt to the L, norm, we use a continuous and Lipschitz function to map the input Z to its targeted corresponding

output f(Q(2)).

According to piece-wise linear approximation, function Fy (F'F) exists such that for any input L € Gp, it maps it to
corresponding f (L), and for an arbitrary input Z, its output suffices:

F\FNzye  min (L), max _ f(L)]. (E.24)

L= Z|lmax< 55 L= Zlmax< $5

Next we estimate the difference between F(FF) o ]-"éSA) o ]-"(FF) nd f(FF) ]-"(SA) ]-'gFF .

The difference is caused by the difference between ?ﬁFF) and .Fl(FF). By (E.9), this difference is bounded by % in every
dimension, for any input Z € R¥*":

(FF) FF VdnB;
17072 - A2 < =5
By (E.19):
SA) —=(FF) SA FF
||f;>f<>;<><>(>”
SA) —=(FF) —=(F —(FF)
<|FED  F D (2) = FI (2o + 17T (2) = FEP(2))12
+ Hfl(FF (Z) - ]:(SA) ]:1(FF)( Z)||2 (By triangle inequality)
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< vVdnBy Yy \/HBZ..
D 4D

(By [[All2 < [|Al| and (E.19))

In the section on quantization of the input, we used piece-wise linear functions (E.7) to approximate piece-wise-constant
functions (E.8), this creates a deviation for the inputs on the boundaries of the constant regions. Consider Z as one of these
. . (FF) | r(54) —=(FF) . (FF) (SA)

inputs whose value deviated from 7, s ToF] (Q(Z)). Let f(Ly) denote the value givento F," ~ ' o Fg o
F (FF)( 7). Because the deviation take the output to a grid at most v dnB, /D + \/nB, /2D away from its original grid,
under the quantization of the output, f(L;) at most deviate from its original output .FQ(FF) o F éSA) o ?ﬁFF) (Z) by the

distance of vVdnB, /D + \/nB, /2D aggregated with 2 times of the maximal distance within a grid. They sum up to be:

IFEF) SA) o FFF) _ p(FF) ]__(SA) (FF) <L (2\/ dnB;; VnBy 4oV ngz)
| OVdnB, + /B,
2D '

Lastly, by condition we neglect the Gp \ G p part. This yields:

]_-Q(FF) o ]_-éSA) FF) -7

Thus, adding up the errors yields:

FF SA FF
If = F o FEY o FTD Il

< Hf - ﬂ|2 + ||f_ J:Q(FF ]:(SA ]_-1(FF)H2 (By triangle inequalily)
6vVdnB; + \/nBy vVdnBy
By (E.4)
L ol +L—F5 (By (E4))
L(8\/ dn + \/E)B
B 2D

For any x > 0, we select large enough D, such that

LB,
5D (8Vdn ++/n) <k

This completes the proof. O
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F Experimental Details

In this section, we conduct experiments to verify the capability of ICL to learn deep feed-forward neural networks. We
conduct the experiments based on 3-layer NN, 4-layer NN and 6-layer NN using both ReLU-Transformer and Softmax-
Transformer based on the GPT-2 backbone.

Experimental Objectives. Our objectives include the following three parts:
* Objective 1. Validating the performance of ICL matches that of training /NV-layer networks, i.e., the results in Theorem 1,
Theorem 4, and Theorem 5.

* Objective 2. Validating the ICL performance in scenarios where the testing distribution diverges from the pretraining one
or where prompt lengths exceed those used in pretraining.

* Objective 3. Validating the ICL performance in scenarios where the distribution of parameters in the /NV-layer network
diverges from that of the pretraining phase.

* Objective 4. Validating that a deeper transformer achieves better ICL performance, supporting the idea that scaling up
the transformer enables it to perform more ICGD steps.

Computational Resource. We conduct all experiments using 1 NVIDIA A100 GPU with 80GB of memory. Our
code is based on the PyTorch implementation of the in-context learning for the transformer (Garg et al., 2022) at https:
//github.com/dtsip/in-context-learning.

F.1 Experiments for Objectives 1 and 2

In this section, we conduct experiments to validate Objectives 1 and 2. We sample the input of feed-forward network
x € R? from the Gaussian mixture distribution: wy N(—2, I) + woN (2, I), where wy, wo € R. We consider three kinds
of network f : RY — R, (i) 3-layer NN, (ii) 4-layer NN, and (iii) 6-layer NN. We generate the true output by y = f(z). In
our setting, we use d = 20.

Model Architecture. The sole difference between ReLU-Transformer and Softmax-Transformer is the activation function
in the attention layer. Both models comprise 12 transformer blocks, each with 8 attention heads, and share the same hidden
and MLP dimensions of 256.

Transformer Pretraining. We pretrain the ReLU-Transformer and Softmax-Transformer based on the GPT-2 backbone. In
our setting, we sample the pertaining data from N(—2, I;), i.e., w; = 1 and we = 0. Following the pre-training method in
(Garg et al., 2022), we use the batch size as 64. To construct each sample in a batch, we use the following steps (take the
generation for the i-th sample as an example):

1. Initialize the parameters in f; with a standard Gaussian distribution, i.e., N (0, I).

2. Generate n queries {x; ; };.L:l (i.e., input of f;) from the Gaussian mixture model wy N (—2, 1) + wa N (2, I;). Here we
take n = 51.

3. For each query z; ;, use y; ; = fi(x; ;) to calculate the true output.
This generates a training sample for the transformer model with inputs
[%‘,1, Yi1, 5 %450, Yi,50, SUi,51] ,
and training target
0; = [yi,h ce ,yi,5oayi,51]-

We use the MSE loss between prediction and true value of o;. The pretraining process iterates for 500k steps.

Testing Method. We generate samples similar to the pretraining process. The batch size is 64, and the number of batch is
100, i.e., we have 6400 samples totally. For each sample, we extend the value n from 51 to 76 to learn the performance of
in-context learning when the prompt length is longer than we used in pretraining. The input to the model becomes

[331‘,1, Yi, 1y 5 4,75, Yi, 75, l‘i,m] .

44


https://github.com/dtsip/in-context-learning
https://github.com/dtsip/in-context-learning

In-Context Deep Learning via Transformer Models

We assess performance using the mean R-squared value for all 6400 samples.

Baseline. We use the 3-layer, 4-layer, and 6-layer feed-forward neural networks with 200 hidden dimensions as baselines
by training them with in-context examples. Specially, given a testing sample (take the i-th sample as an example), which
includes prompts {z; ;, y; ; }5;1 and a test query x; .. We use {x; j, Vi ; }f;ll to train the network with MSE loss for 100

epochs. We select the highest R-squared value from each epoch as the testing measure and calculate the average across all
6400 samples.

F.1.1 PERFORMANCE OF RELU TRANSFORMER.

We use four different Gaussian mixture distributions wy N (—2, I;) + wa N (2, 1) for the testing data: (i) w1 = 1,wy =0,
(i) w1 = 0.9, w2 = 0.1, (iii) w1 = 0.7,wy = 0.3, (iv) w1 = 0.5,wy = 0.5. Here the distribution in the first setting matches
the distribution in pretraining. We show the results in Figure 3.

1.0 1.0 S — — 1.0
0.8
s 0.5 T 0.5 , 7 ‘ S oe P!
5 00 — N(=2,) 5 0.0 — N=2,1) 5 — N(=2,)
2-0.5 —— 0.9N(=2,/) +0.1N(2, 1) >_05 —— 0.9N(=2,/) +0.1N(2,1) 2 04 —— 0.9N(=2,/) +0.1N(2, 1)
0 1.0 0.7N(=2,1) + 0.3N(2, /) e 0.7N(=2,1) + 0.3N(2, 1) 9D 02 0.7N(=2,1) + 0.3N(2, )
- —— 0.5N(=2,/)+0.5N(2,1) ©_1.0 —— 0.5N(=2,/)+0.5N(2,1) e 0.0 —— 0.5N(=2,/)+0.5N(2,1)
-1.5 —— 3-Layer NN 1.5 —— 4-Layer NN . —— 6-Layer NN
T -0.2
0 25 50 75 0 25 50 75 0 25 50 75
In-context Examples In-context Examples In-context Examples
(a) 3-Layer NN (b) 4-Layer NN (c) 6-Layer NN

Figure 3: Performance of ICL in ReLU-Transformer: ICL learns 3-layer, 4-layer, and 6-layer NN and achieves R-squared
values comparable to those from training with prompt samples. The results also show the ICL performance declines as the
testing distribution diverges from the pretraining one.

F.1.2 PERFORMANCE OF SOFTMAX TRANSFORMER.

We use four different Gaussian mixture distribution wy N (—2, I;) + wa N (2, I) for the testing data: (i) w; = 1, wy = 0, (ii)
w1 = 0.9, wy = 0.1, (iil) w; = 0.7,ws = 0.3, (iv) w; = 0.5, ws = 0.5. Here the distribution in the first setting matches the
distribution in pretraining. We show the results in Figure 4.

1.0
1.0 - 1.0
0.8 XN V7 0.8
9 06 A 3 0.5 206 KMIMANZRXAR AR ~A
S 04 — N(=2,1) -] 0.0 N(=2,1) ] — N(=2,)
Z 02 —— 0.9N(=2,1)+0.1N(2,/) > —— 0.9N(-2,1) +0.1N(2,1) 0.4 — 0.9N(=2,) +0.1N(2,/)
\ 0'0 0.7N(=2,1) + 0.3N(2,1) D _05 0.7N(=2,1) + 0.3N(2,/) Z-c’ 0.2 0.7N(=2,1)+0.3N(2,1)
© : —— 0.5N(-2,1) + 0.5N(2,1) o« —— 0.5N(=2,1) +0.5N(2,1) : —— 0.5N(=2,1)+ 0.5N(2,1)
—=0.2 —— 3-Layer NN -1.0 —— 4-Layer NN 0.0 —— 6-Layer NN
-0.4
0 25 50 75 0 25 50 75 0 25 50 75
In-context Examples In-context Examples In-context Examples
(a) 3-Layer NN (b) 4-Layer NN (c) 6-Layer NN

Figure 4: Performance of ICL in Softmax-Transformer: ICL learns 3-layer, 4-layer, and 6-layer NN and achieves
R-squared values comparable to those from training with prompt samples. The results also show the ICL performance
declines as the testing distribution diverges from the pretraining one. Note that performance decreases when the prompt
length exceeds the pretraining length (i.e., 50), a well-known issue (Dai et al., 2019; Anil et al., 2022). We believe this is
due to the absolute positional encodings in GPT-2, as noted in (Zhang et al., 2024)

The results in Appendix F.1.1 and Appendix F.1.2 show that the performance of ICL in the transformer matches that
of training NN-layer networks, regardless of whether the prompt lengths are within or exceed those used in pretraining.
Furthermore, the ICL performance declines as the testing distribution diverges from the pretraining one.

F.2 Experiments for Objective 3

In this section, we conduct experiments to validate Objective 3. For these experiments, we use testing data that is identical
to the training data, which follows a distribution of N(—2, ;). We vary the distribution of parameters in the N-layer
network. During the training process, we set the distribution as N (0, I). In the testing process, we examine different
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distributions, including N (0, I), N(—0.5,I), and N (0.5, I). All other model hyperparameters and experimental details
remain consistent with those described in Appendix F.1. We evaluate the ICL performance of both the ReLU-Transformer
and the Softmax-Transformer for 4-layer networks, as shown in Figure 5 and Figure 6. The results demonstrate that the ICL
performance in the transformer matches that of training N-layer networks, regardless of whether the parameter distribution
in the N-layer network diverges from that of the pretraining phase.

1.0

1.0
s 0.8 5 0.8
50.6 0.6
> >
u3‘0.4 . U‘I%'OA
x0.2 —— ICL of Transformer @ 0.2 —— ICL of Transformer @ 0.2 —— ICL of Transformer
0.0 —— 4-Layer NN (Param. ~ N(0,/)) 0.0 —— 4-Layer NN (Param. ~ N(=0.5,1)) 0.0 —— 4-Layer NN (Param. ~ N(0.5, 1))
0 25 50 75 0 25 50 75 0 25 50 75
In-context Examples In-context Examples In-context Examples
(a) Parameters ~ N (0, I) (b) Parameters ~ N (—0.5,1) (c) Parameters ~ N (0.5, 1)

Figure 5: Performance of ICL Across Various /N-layer Network Parameter Distributions for the ReLU-Transformer:
ICL learns 4-layer NN and achieves R-squared values comparable to those from training with prompt samples, even when
the parameter distribution in the N-layer network during testing diverges from that in the pretraining phase (N (0, I)).

RPN 1.0

- 0.8
L
c 0.6
>
;0.4
e« 0.2 —— ICL of Transformer 0.2 —— ICL of Transformer e« 0.2 —— ICL of Transformer
0.0 —— 4-Layer NN (Param. ~ N(0, 1)) 0.0 —— 4-Layer NN (Param. ~ N(—0.5,1)) 0.0 —— 4-Layer NN (Param. ~ N(0.5,1))
0 25 50 75 0 25 50 75 0 25 50 75
In-context Examples In-context Examples In-context Examples
(a) Parameters ~ N (0, I) (b) Parameters ~ N (—0.5,1) (c) Parameters ~ N (0.5, 1)

Figure 6: Performance of ICL Across Various N-layer Network Parameter Distributions for the Softmax-Transformer:
ICL learns 4-layer NN and achieves R-squared values comparable to those from training with prompt samples, even when
the parameter distribution in the N-layer network during testing diverges from that in the pretraining phase (N (0, I)).

F.3 Experiments for Objective 4

In this section, we conduct experiments to validate Objective 4. For these experiments, we use testing data identical to the
pertaining data from N (—2, I;). We vary the number of layers in the transformer architecture, testing configurations with
4, 6, 8 and 10 layers. All other model hyperparameters and experimental details remain consistent with those described
in Appendix F.1. We evaluate the ICL performance of both the ReL.U-Transformer and the Softmax-Transformer with
15, 30, and 45 in-context examples, as shown in Figure 7. The results show that a deeper transformer achieves better ICL.
performance, supporting the idea that scaling up the transformer enables it to perform more ICGD steps.
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Figure 7: Performance of ICL Across Varying Transformer Depths: We use the number of in-context examples as 15, 30,
or 45 for both the ReLU-Transformer and the Softmax-Transformer. The results show that a deeper transformer achieves
better ICL performance, supporting the idea that scaling up the transformer enables it to perform more ICGD steps.
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G Application: ICL for Diffusion Score Approximation

In this part, we give an important application of our work, i.e., learn the score function of diffusion models by the in-context
learning of transformer models. We give the preliminaries about score matching generative diffusion models in Appendix G.1.
Then, we give the analysis for ICL to approximate the diffusion score function in Appendix G.2.

G.1 Score Matching Generative Diffusion Models

Diffusion Model. Let 2, € R be initial data following target data distribution =z ~ P,. In essence, a diffusion generative
model consists of two stochastic process in R%:

* A forward process gradually add noise to the initial data (e.g., images): o — x1 — -+ — T7.

* A backward process gradually remove noise from pure noise: yr — yr—1 — -+ — Yo.

Importantly, the backward process is the reversed forward process, i.e., y; g xp_4 fori € 0,...,T.> This allows the
backward process to reconstruct the initial data from noise, and hence generative. To achieve this time-reversal, a diffusion
model learns the reverse process by ensuring the backward conditional distributions mirror the forward ones. The most
prevalent technique for aligning these conditional dynamics is through “score matching” — a strategy training a model to
match score function, i.e., the gradients of the log marginal density of the forward process (Song et al., 2020b;a; Vincent,
2011). To be precise, let P;, p;(-) denote the distribution function and destiny function of x;. The score function is given by
V log p:(+). In this work, we focus on leveraging the in-context learning (ICL) capability of transformers to emulate the
score-matching training process.

Score Matching Loss. We introduce the basic setting of score-matching as follows®. To estimate the score function, we use
the following loss to train a score network syy (-, ) with parameters W

T
mmi/n/ Y()Eg,~p, [st(xt, t) — Vlog p; (xt)||§} d¢, where () is a weight function, (G.1)
To

and T is a small value for stabilizing training and preventing the score function from diverging. In practice, as V log p;(-)
is unknown, we minimize the following equivalent loss (Vincent, 2011).

T

H&i/n/ V() Egympy {Ext‘zﬂ {st(xht) - Vlogp(xdxo)Hgﬂ dt, (G.2)
To

where p(x;|zo) is distribution of z, conditioned on x.

G.2 ICL for Score Approximation

We first give the problem setup about the ICL for score approximation as the following:

Problem 3 (In-Context Learning (ICL) for Score Function V log p;(-)). Consider the score function V log p;(-) for any
t > 0. Given a dataset Dy, := { (%4, ¥i) }ic,)» Where {2i};ep, C R? and y; = Vlogpy, (z;) € R? (¢; > 0), and a test input
Zn+1, the goal of “ICL for Score Function” is to find a transformer 7 to predict y,,+1 based on x,,+; and the in-context
dataset D,,. In essence, the desired transformer 7 serves as the trained score network sy (-, t).

To solve Problem 3, we follow two steps: (i) Approximate the diffusion score function V log p;(-) with a multi-layer
feed-forward network with ReL.U activation functions under the given training dataset D,,. (ii) Approximate the gradient
descent used to train this network by the in-context learning of the Transformer until convergence, using the same training
set D,, as the prompts of ICL.

For the first step, we follow the score approximation results based on a multi-layer feed-forward network with ReLU
activation in (Chen et al., 2023), stated as next lemma.

Lemma 19 (Score Approximation by Feed-Forward Networks, Theorem 1 of (Chen et al., 2023)). Given an approximation
error € > (, for any initial data distribution P, there exist a multi-layer feed-forward network with ReLLU activation,

d
2 denotes distributional equivalence.
3Please also see Appendix A.1 and (Chen et al., 2024; Chan et al., 2024; Yang et al., 2023) for overviews.
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fw,z,t) : RPv x R? x R — R?. Then for any t € [Tp, T}, we have || f(w, -,t) — V1og p:(-)l| 12(p,) < O(e).

With the approximation result, we reduce the Problem 3 to Problem 2, where the loss function is (G.1). Following Theorem 1,
we show that the in-context learning of transformer models can approximate the score function of diffusion model.
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