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Abstract

In this paper, we propose a novel generalization
of rested and restless bandits where the evolution
of the arms’ expected rewards is governed by a
graph defined over the arms. An edge connect-
ing a pair of arms (i, j) represents the fact that a
pull of arm ¢ triggers the evolution of arm j, and
vice versa. Interestingly, rested and restless ban-
dits are both special cases of our model for some
suitable (degenerate) graphs. Still, the model can
represent way more general and interesting sce-
narios. We first tackle the problem of computing
the optimal policy when no specific structure is
assumed on the graph, showing that it is NP-hard.
Then, we focus on a specific structure, forcing
the graph to be composed of a set of fully con-
nected sub-graphs (i.e., cliques), and we prove
that the optimal policy can be easily computed
in closed form. Subsequently, we move to the
learning problem presenting regret minimization
algorithms for deterministic and stochastic cases.
Our regret bounds highlight the complexity of
the learning problem by incorporating instance-
dependent terms that encode specific properties
of the underlying graph structure. Moreover, we
illustrate how the knowledge of the underlying
graph is not necessary for achieving the no-regret

property.

1. Introduction

In the basic stochastic Multi-Armed Bandit (MAB, Lat-
timore & Szepesvari, 2020) problem, at each round, the
agent is asked to choose an action (a.k.a. arm) among a
finite action set observing a reward drawn from an unknown
probability distribution. MABs are particularly appealing
machine learning models as they provide important theoreti-
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cal guarantees on the convergence to the optimal solution
and the lower and upper bounds to the convergence rate
(usually referred to as regret bounds). However, the stan-
dard MAB model is too naive for many real-world appli-
cations, and understanding which kind of additional prob-
lem structure allows recovering good theoretical properties
is a central scientific challenge. Examples include non-
stationary (Gur et al., 2014), delayed (Pike-Burke et al.,
2018), linear (Abbasi-Yadkori et al., 2011), contextual (Chu
et al., 2011) and continuous-action spaces (Kleinberg et al.,
2008) bandits.

‘We focus on rather recent MAB structures, called restless
and rested bandits (Tekin & Liu, 2012). In the former, the
expected rewards evolve following the time (i.e., as an ef-
fect of nature); in the latter, the expected reward of an arm
evolves as a function of the pulls we perform on that spe-
cific arm. In particular, we study a specific shape of the
expected reward evolution, namely rising (Heidari et al.,
2016). In a rising bandit, expected rewards increase accord-
ing to monotonic and concave functions. Restless and rested
rising bandits can capture many settings of practical interest.
Consider, for instance, the scenario in which we have to
choose which product to advertise (i.e., our arms), and the
reward is the number of sales for such a product. The prod-
uct we advertise will increase its sales and favor the sales
of complementary products. This scenario corresponds to a
rested problem in which some elements present a restless
behavior.

In this paper, we propose a generalization of restless and
rested bandits. We define a novel space of MABs called
Graph-Triggered Rising Bandits (GTRBs). A GTRB is rep-
resented by a bandit with a graph describing the interactions
between arms. Specifically, an arm triggers the evolution
of its own expected reward (as for rested bandit) and the
evolution of the “connected” arms. Figure 1b shows an
example of this scenario. Interestingly, rested and restless
bandits are two vertices in the space of GTRB. In particular,
restless bandits correspond to the case of a fully-connected
graph (Figure 1a), while rested ones correspond to the graph
with the self-loops only (Figure 1c¢).

Contributions. In this paper, we present Graph-Triggered
Rising Bandits (GTRBs), a setting aiming at generalizing
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(a) Restless Setting. (b) This work. (c) Rested Setting.

Figure 1. Examples of 3-armed GTRBs with graph representation.

the rested and restless bandit settings by introducing a graph
representing the interaction between the arms. We focus on
the case of rising bandits as they represent an interesting
case study that will allow us to obtain no-regret algorithms.
More in detail, the contributions are as follows.

e In Section 2, we formally present the fundamental no-
tions on the rested and restless bandits and the assump-
tions related to the rising scenario. Then, we introduce
the novel setting of GTRBs and discuss the relevant
quantities characterizing an instance, including a repre-
sentation of the graph based on the adjacency matrix.
Finally, we present the learning problem and the perfor-
mance index to evaluate the algorithms.

In Section 3, we discuss the notion of optimal policy.

We start with a negative result, proving that comput-

ing the optimal policy for a generic graph is NP-hard

(Theorem 1). Then, we characterize the optimal policy

for block-diagonal adjacency matrices, which can be

computed in polynomial time (Theorem 2).

In Section 4, we discuss the deterministic scenario and

we propose two algorithms, the first (DR-BG-UB) for

block-diagonal matrices and the second (DR-G-UB) for
general graphs. We analyze their regret guarantees, high-
lighting the dependence on the graph structure.

e In Section 5, we analyze the seminal algorithm
R-0-UCB (Metelli et al., 2022), designed for rested
and restless stochastic rising bandits that does not re-
quire the knowledge of the graph. We analyze its regret
guarantees, focusing on the dependence on the charac-
teristics of the underlying graph.

L]

The relevant literature is discussed in Appendix A. The state-
ments’ proofs are provided in Appendix B. An extensive
numerical validation of the proposed algorithms is provided
in Appendix D.

2. Problem Formulation

In this section, we first introduce notions related to Stochas-
tic Rising Bandits (Section 2.1). Then, we present the Graph-

Triggered Rising Bandits setting (Section 2.2). Finally, we
formalize the learning problem (Section 2.3).

2.1. Notions on Rested and Restless Rising Bandits

Before introducing the setting, we present the fundamen-
tal notions concerning stochastic rising rested and restless
bandits, and the related assumptions.

Let 7' € N be the learning horizon. We define an instance
v = (Vi)iepw of a k-armed bandit as a vector of probability
distributions with support defined over R, where k € N,
where [k] := {1,2,... k}. The agent interacts with the
environment as follows. At every round ¢ € [T, the agent
is asked to select an action I; among the k available ones
and it observes a reward X7, ; ~ v;,. We define N;; :=
> reiy 1{{¢ = i} as the number of pulls of the arm i € [k]
until round ¢. In this work, we consider two specific types
of MAB, namely restless and rested bandits (Tekin & Liu,
2012). In both cases, to each arm ¢ € [k] corresponds a
sequence of probability distributions v = (Vs n)ic[k], ne[1]>
where the expected reward p;(n) = Ex~,, , [X] evolves
following an history-dependent quantity n € N. In the
rested scenario, we consider the case in which the expected
reward of a generic arm ¢ evolves according to the number
of pulls of such an arm, i.e., n <= N; ;. On the other hand,
in the restless case, the expected reward of a generic arm
1 evolves according to the current time ¢, i.e., n <— ¢. In
other words, in rested bandits, the reward distribution of
an arm evolves only when it is pulled, while in restless
bandits, it evolves at each round. As customary in this field,
we consider expected rewards y;(n) bounded in [0, 1], for
every i € [k] and n € [T)]. Finally, we assume distributions
to be subgaussian' for every arm i and n € N, with their
subgaussianity constants uniformly upper bounded by o2

Among the various types of restless and rested bandits avail-
able in the literature, we focus on Stochastic Rising Ban-
dits (Metelli et al., 2022). They are a specific class of bandits
in which the expected reward of each arm evolves in a non-
decreasing and concave manner. The following assumption
formalizes such a behavior.

Assumption 1 (Non-decreasing and Concave Payoffs). Let
v be an instance of a Stochastic Rising Bandit, then, defining
vi(n) = pi(n+1) — p;i(n) for every i € [k] and n € [T},
it holds that:

Non-decreasing:  v;(n) >0, (1)
Concave: ~;(n—1) > ~;(n). @

The two parts of this assumption allow us to provide the-
oretical guarantees in both the restless and rested settings.

'A (zero-mean) random variable X is o2- subgaussian if it
holds E [exp (AX)] < exp ( ) for every A € R.
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Such guarantees cannot be provided without the concavity
assumption (see Theorem 4.2 of Metelli et al., 2022).

Instance Characterization. Assumption 1 ensures suffi-
cient structure on the problem to allow for algorithms with
provably strong theoretical guarantees. In this scenario,
given an instance v, we define the fotal increment as:
TV(Ma Q) = max 7y; (t)qa 3
i€ [k]
te[M—1]

where M € N and ¢ € [0, 1]. This quantity figures in the
(instance-dependent) theoretical guarantees of algorithms
operating in this setting and characterizes the difficulty of
learning in the instance v.

2.2. Graph-Triggered Rising Bandits

In the Stochastic Rising Bandits, either in the rested or
restless fashions, there exists no structure among different
actions. In this work, we generalize the rested and restless
bandits by adding a structure allowing arms to interact. We
consider arms as connected through an undirected graph,
that can be either known or unknown to the agent.” If we
pull an arm ¢ € [k], we get its reward, and we trigger
an evolution of the expected reward of the arm ¢ and of
all the arms connected to . We do not get nor observe
rewards from the connected arms (i.e., bandit feedback).
Such a graph can be represented by a symmetric adjacency
matrix G € {0, 1}¥**_If the matrix contains the value 1 in
position (3, j), this implies that a pull of arm ¢ determines
the evolution of the expected reward of arm j. If the matrix
contains a 0 in position (i, j), this implies that a pull of arm
1 does not cause an evolution of the expected reward of arm
j. The pull of an arm ¢ always implies the evolution of its
own expected reward, formally G, ; = 1, Vi € [k].

For every round ¢ € [T] and arm ¢ € [k], we define the
number N; , of triggers that it has undergone as follows:

Nig=)Y 1{G; =1} =e/G'N,, (4)

TEt]

where e; is a vector belonging to the standard basis of
R* whose all components are all zero except for the i-
th and Ny = (Nig,.. .y Ng) T is the vector contain-
ing the number of pulls of each arm up to round ¢. In
GTRBs, rewards are sampled from probability distributions
whose average rewards vary with the number of triggers,
ie., n < N, and, consequently, the expected reward
of an arm 7 evolves as uz(ﬁlt) Furthermore, we define
tin = ZZG[T] 1{N,; < n} as the round in which arm ¢
has been pulled for the n-th time. With ¢; ; := (t; n)n<n, ,
we refer to the vector containing all the rounds in which the

2All the results we present also hold for directed graphs.

arm 4 has been pulled, up to time ¢. Moreover, we introduce
tz{n = Ny, ., namely the internal time of the n-th pull
of arm ¢, which is the number of triggers of arm i at the
time of the n-th pull. Finally, we introduce the concept of
degree. In a graph, the degree of a node is the number of
edges incident to the node. Formally, given an arm i € [k],
we define:

deg(i) == 1} Ge;.

Given the adjacency matrix of a graph G, we define k; :=
[{i € [k] : deg(i) = 1}| as the number of arms having
degree of 1. We now observe the relationship between
rested and restless bandits and our setting.

Remark 1 (Inclusion of Rested and Restless bandits in
GTRBs). The GTRB setting includes both rested and rest-
less bandits (Tekin & Liu, 2012). These two settings can
be recovered by considering G = 1, and G = 1y« for
rested and restless settings, respectively.’ Indeed, a restless
bandit can be seen as a particular instance of GTRB where
all arms are triggered at each round, making them change
every round independently from which action has been cho-
sen (N;, = t, for every i € [k]). Instead, in a rested bandit
an arm changes its expected reward only when is directly

chosen N; ; = Ni,t.“

Block-Diagonal Adjacency Matrix. We now discuss a
particular case of GTRB that is interesting from both the
practical and analytical point of view. Until now, we con-
sidered G € {0, 1}*** to be a generic binary symmetric
matrix. However, we now focus on the specific case in
which G is a block-diagonal matrix, i.e., a matrix in which
the main-diagonal blocks are square matrices of all ones,
and all off-diagonal blocks are zero matrices. Formally, let
B; C {0,1}*** be the set of block-diagonal matrices with

exactly k € [k] distinct blocks of 1s. We call the GTRB with
block connectivity the set of instances where Assumption 1
holds and the adjacency matrix G € B for some k <k
Moreover, we identify with Cq = {Cn.c},, il the parti-
tion of [k] corresponding to the diagonal blocks of G. In
particular, when G € Bz, the graph associated to the adja-
cency matrix is only composed by completely connected
components, or cligues. Thus, Cg represents the set of
cliques. Moreover, we indicate with N¢, ; = Zl cc,, Ni+
the number of times an arm belonging to clique C,, € Cg
has been pulled, namely the number of triggers of the clique
Cm'

3We denote I, the identity matrix of dimension k£ and 1y
the square matrix of dimension k£ whose entries are all equal to 1.

“This can be easily seen by looking at Equation (4) considering
G = I, and observing that the vector e; selects the i-th element
of vector Ny.
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2.3. Learning Problem

We define H; = {(I;, X1,1) }ic[y as the history of interac-
tions at a given round ¢ € [T']. We define a policy 7(t) as a
function 7(t) : H—1 — I; returning the next action given
the history up to that round. For a given instance v of a
GTRB, the performance of a policy 7 is measured by the
means of expected cumulative reward throughout T" rounds,
formally:

Jvar(m)=E| > pu,(Np.)|, 5)
te(T)

where the expectation is taken over the randomness of both
the environment and the policy/algorithm. A policy is opti-
mal for instance v, an adjacently matrix G, and time horizon
T if it maximizes the expected cumulative reward, formally:

T, g € argmax J, g 7(7).
Uy

We denote by J o 7 = Ju.g,7(7}, g ) the expected cu-
mulative reward attained by the optimal policy. We can now
define the expected policy regret as:

Ryar(m)=J,ar— Jvar(n). (6)

Therefore, our learning problem is to find a policy 7 min-
imizing the expected policy regret R, g r (7). Since the
optimal policy depends simultaneously on v, G, and T,
from now on, we consider an instance of the GTRB prob-
lem the triple (v, G, T'), instead of the reward distributions
v only.

Remark 2 (On the chosen notion of regret). In GTRBs, we
consider a notion of policy regret (Dekel et al., 2012). In
this setting, diverging from the optimal sequence of actions
influences not only instantaneous regret but also leads to
a sub-optimal history, implying future regret even when re-
turning to an optimal policy from there on. This notion of
regret, which shares similarities with the one of Reinforce-
ment Learning, is more challenging to optimize.

3. Optimality in GTRB

In this section, we discuss the notion of optimality, in our
learning problem. We first characterize the complexity of
finding the optimal policy followed by the clairvoyant.

Theorem 1 (Complexity of finding the Optimal Policy in
GTRBs). Computing the optimal policy in GTRBs with
arbitrary matrices G is NP-Hard.

This theorem follows from a reduction to the NP-Hard prob-
lem of determining if a large clique in a given graph ex-
ists (Karp, 1972). Intuitively, given a graph (V, E), we build
an instance in which the cumulative reward is maximum

i1

only if the learner plays a sequence of arms that “represent
vertexes in a clique. Theorem 1 implies that the class of
problems of GTRBs is computationally harder than all rest-
less bandits and rested rising bandits, for which the optimal
policy can be computed in polynomial time (Heidari et al.,
2016). Moreover, the optimal policy does not admit a simple
closed-form representation. Thus, in general, the optimal
policy cannot be reduced to a greedy one or to a fixed-arm
policy. The result highlights how this definition of optimal
policy is closer to the one of MDPs rather than the one of
standard bandit settings.

3.1. Optimality in GTRB with Block Diagonal
Connectivity Matrix

We now show how, for this special case of GTRBs with
block-diagonal connectivity matrices, the optimal policy
can be efficiently computed in a closed-form fashion.
Theorem 2 (Optimal Policy in Rising GTRB with Block
Diagonal Connectivity). For any instance (v,G,T) s.t.
G € By, under Assumption 1, the optimal policy 7, ¢ 1 €
arg max, Jy g r(m) is given by:

Ty.ar(t) € argmax p;(t),  Vtel[T],  (7)

J€CY a1

where C}, o 1 is the “best” cumulative reward clique:

C, g1 € argmax
CeCa

max i (t).
te[T]

This result characterizes the optimal policy when the graph
linking the actions is only composed of cliques. In particular,
the clairvoyant would play a greedy policy but always inside
the same predefined subset of arms composing a clique.
Naturally, the chosen clique would be the one having the
maximum cumulative reward at the end of the trial. We
point out how this policy “combines” the optimal policies
from both rising rested bandits (corresponding to always
playing the arm with the highest cumulative reward), and
the optimal policy from rising restless bandits (the greedy
policy). From now on, for the sake of simplicity in the
notation, we will omit explicit references to 7.

4. Regret Minimization in Deterministic
Settings

In this section, we propose a novel algorithm to solve the de-
terministic GTRB, i.e., all instances of GTRB where o = 0.
The deterministic scenario allows for a better understanding
of the complex structure of this setting since it ignores the
statistical learning problem.

We start by introducing a novel biased estimator which, for
every arm i € [k|, propagates its reward function to the
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Algorithm 1: DR-BG-UB.

Input :Adjacency matrix G
1 Initialize N; o < 0, Vi € [k]
2 fort € [T] do
3 Compute fi;(t) as in Equation (8)
4 Select Iy € arg max; ¢y fii(t

5 Play I and observe 11, (N7, 1)
6 Nrt < Npi—1+1

7 Ni,t — Ni,tfh Vi € [k’]

8 end

current time ¢ by estimating the first derivative using the last
two observations:

fi(t) = M(t{,N“,l)"‘
e i )N(tz{m,t,l) - M(tz{m,t,l—l) ®)
T Yi,N; i .

I I
tiN ey TN a1

This estimator relies on the concept of internal time. Internal
times are particularly useful since they can separate the bias
in two components:

t— tiI;Ni.t—l = (t - tf;Ni,t) + (tl{Ni,t - tl{Nz'.t71) :

@) (B)

As we will see in Section 4.1, this decomposition assumes
a particular meaning in instances where G € Bz, where
() represents the rested component of the bias, since
tf’ N.. = Nc,, ti, , making it equivalent to the bias of
a rested bandit where cliques are the arms; and (B) repre-
sents the restless component of the bias, since from arm %
perspective t{ N,.. = Vi can be interpreted as the current
time inside the clique.

4.1. Algorithm for Deterministic GTRBs with
Block-Diagonal Matrices

In this part, we introduce DR-BG—-UB, an optimistic any-
time regret minimization algorithm for the deterministic
GTRB setting with block-diagonal matrices, whose pseu-
docode is provided in Algorithm 1. The algorithm takes as
input the matrix G and employs the estimator presented in
Equation (8). Then, after having initialized the counters of
the number of pulls, it starts the interaction with the envi-
ronment. At each round ¢ € [T, it estimates (line 3) the
i (t) for every ¢ € [k] as in Equation (8) and plays greedy
according to it (line 5).3

Regret Analysis. We recall that block-diagonal matrices
represent a special case of graph structure for GTRB where
the optimal policy can be characterized in a closed form
(Theorem 2). The following result provides the regret bound

3 At the beginning of the run, the algorithm is required to play
every arm 2 times in a round-robin fashion in order to be able to
compute ji;(t).

of DR-BG-UB highlighting the impact of the graph topol-
ogy.

Theorem 3 (Regret Upper Bound for DR-BG-UB in Block-
-Diagonal Matrices in Deterministic Settings). Let (v, G)
be an instance of the GTRB problem, where G € By and
o = 0. Then, Algorithm I suffers a regret bounded by:

)
1

~_a_ ]\7’ THe
+ Y [CnlNEFLT, Om.T | .
CmeC |Cm‘

(B) Restless Bias Contribution

R, c(DR-BG-UB)

<O| inf {T¢ CnlYy
<of g, 32 e

Cmel

Ne,.r
|Com

(2) Rested Bias Contribution

In this theorem, we report the result as a function of the
number of triggers N¢,, 7 of the cliques in order to better
discuss the properties of the graph. However, this depen-
dence can be removed by simply observing N¢, 7+ < T.
This choice allows us to have an interesting discussion on
the nature of this result w.r.t. the graph structure. First of
all, we observe that we can separate two contributions to
the regret: one coming from the rested behavior (part (2)
of the bound) determined by the need for identifying the
best clique, and the other from the restless behavior needed
for identifying the best arm inside the clique (part (B) of
the bound). If we compare this result to the bounds in The-
orems 4.4 and 5.2 of (Metelli et al., 2022), we can notice
how the shapes of the two contributions correspond. We
also remark that, in the two corner cases, i.e., rested and
restless bandits, the regret bound is actually smaller and cor-
responds exactly to the bounds presented in (Metelli et al.,
2022), even though this is not immediately visible in Theo-
rem 3 because of a mathematical artifact of the proof. More
details can be found in Remark 5 (Appendix B).

In Theorem 3, the graph topology emerges by means of
cliques’ sizes, that act as multiplicative constants. The major
consequence is that having fewer cliques leads, in general, to
a better bound. As intuition suggests, the rested scenario can
lead to a worst-case bound in the first component (which is,
by the way, the one having the greater order in T'), and this
can be seen by a simple application of Jensen’s Inequality,
and by noticing that Y, is a concave function:

5 e ([ ecf | o) <rm ([ 0)

CmecC
We remark that in the two corner cases, one of the two
contributions vanishes, even though it cannot be directly
seen in Theorem 3. However, since the restless regret has a
better order than the rested one, graphs with fewer cliques
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may lead, in general, to better bounds. Unfortunately, to
precisely quantify this property, one would need to know
the exact shape of T,, and to solve a difficult optimization
problem.

4.2. Algorithm for Deterministic GTRBs for General
Matrices

After having studied the scenario of block-diagonal matri-
ces, we now consider the case in which G can be arbitrary.
Before introducing the algorithm, we need to define the
concept of block sub-matrix.

Definition 1 (Block Sub-matrix). Let G € {0,1}F** 4
block-diagonal matrix G- € B;. is a sub-matrix of G if it
satisfies:

Gi;— Gl >0, Vi jel[k] ©)

Moreover, we say that G € B;. is maximal if it also satis-

fies:
Gl e arg min
GZL satisfying Eq. (9)

ICarl.

Informally, GL € By is a sub-matrix of G if its graph
can be obtained by only removing 1s from G. Finally, a
maximal sub-matrix has the least number of cliques. Note
that such a maximal sub-matrix is, in general, not unique.

For this algorithm, we need to introduce a novel estimator
whose definition recalls the one of Equation (8):

_ I,L
L) = u(tlE )+

I,.L I,L
L HEN ) —etN,, —1) (10)
+(t o tivNi,f,—l) 1,L T,L ,

i Nit—1  Vi,Nje—1—1

where t/" := ] (G*)TNy,, is the internal time w.r.t. a
maximal sub-matrix G of the actual matrix G.

Given this new estimator, we can generalize Algorithm 1
to attain comparable performance even for an arbitrary G.
We introduce DR—-G-UB, whose pseudocode is provided in
Algorithm 2. The algorithm takes as input a generic matrix
G and computes GZ. Then, the algorithm interacts with
the environment as before and uses the estimator defined
in Equation (10). In other words, DR-G-UB pretends to be
interacting with a bandit with a graph defined by G~.

Regret Analysis. We now provide a regret upper bound for
DR-G-UB.

Theorem 4 (Regret Upper Bound for DR-G-UB for Gen-
eral Matrices in Deterministic Settings). Let (v, G) be an
instance of the GTRB problem, where G. € {0, 1}*** and
o = 0. Then, DR-G—-UB suffers a regret bounded as:

2

R, c(DR-G-UB)

~ ]A\?CLT
<0 in {719 ckir, ik
: (qzﬁéﬁ]{ 2, [Cl (W

CLeCqL

Algorithm 2: DR-G-UB.
Input :Connectivity matrix G
Initialize N; o < 0, Vi € [k]
Compute maximal sub-matrix G* from G
fort € [T] do
Compute 7iF (t) as in Equation (10)

L I N L

Select I; € arg max, ) i (t)
Play I, and observe Mi (]VIM)
Np¢ <+ Npe1+1
Ni,t — Ni,tfl, Vi € [k‘]

end

e e 9

I

where GL ¢ By, is @ maximal sub-matrix of G.

s N
+ 3 ChINET | | T
CE]

C,,L,’1 GCGL

This result provides a formal justification to the intuition
that the performance of Algorithm 2 can be bounded with
the upper bound attained in a less favorable scenario, i.e.,
a block-diagonal instance that is “closer” to the worst-case
instance of a rested bandit. The regret bound of DR-G-UB
can be found by applying Theorem 3 using the matrix G*.

Remark 3 (Computational Complexity). Note that, even
if the optimal policy in this setting for a general G is NP-
hard to be retrieved, with DR—G-UB, we achieved sublinear
regret w.r.t. the optimal policy with a polynomial-time al-
gorithm. This has been made possible by the ability of
DR-G-UB fo identify a convenient matrix G* that is subse-
quently adopted as a proxy of the real environment in order
to play in a computationally efficient manner.

5. Regret Minimization in Stochastic Setting

In this section, we focus on the stochastic GTRBs scenario.
We characterize the performances of R—[J-UCB (Metelli
et al., 2022) in the GTRBs setting. We show that such an
algorithm achieves good performances for a general G. In
particular, we develop a new proof strategy for the regret
upper bound that makes graph-dependent terms explicit.

As anticipated in Section 1, we aim at obtaining a com-
putationally efficient algorithm enjoying sub-linear regret
guarantees. Surprisingly, our analysis shows that R-[1-UCB
not only enjoys sub-linear regret for any matrix G, but also
that the graph-dependent quantities actually interpolate the
regret between the two corner cases. Moreover, we show
that there is no need to solve any additional NP-Hard prob-
lem before or during the algorithm’s executions, letting
R-[J-UCB keep it affordable computational costs, as in the
two corner settings. Furthermore, in this case, the algorithm
is completely unaware of the graph structure.

The algorithm employs a biased estimator which, for every



Graph-Triggered Rising Bandits

Algorithm 3: R-[J]-UCB.

Input : Sub-gaussianity proxy upper bound o,
confidence levels {d; } ¢z}, window size
parameter € € (0,1/2).

1 Initialize N; o < 0, Vi € [k]

2 fort¢ € [T] do

3 Select I; € argmax;e ﬁ?” (t) + 5?” (t,6:)
4 Play I; and observe X7y, ¢
5
6

Nr¢ < Npi-1+1
end

arm ¢, propagates its reward function to the current round ¢
by estimating the first derivative over the last 2h samples:

Nit—1

HOET DS

l:Ni,tflchrl

Xit, , —Xit,
(Xi,tiwl'f'(t_l) ti,l - vfl,zfn)’

where h € N is the window size. We report the estimator’s
concentration rate, which is a function of the window size
h. The proof of this result originally appeared in (Metelli
et al., 2022). However, it can be extended to GTRBs (more
details are provided in Appendix C).

Lemma 5 (Concentration of Estimator, adapted from
Metelli et al. 2022). For every arm i € [k], every round

t € [T), and window width 1 < h < {%J let:

10log &
Bl(t,0) = o(t — Niy—1 +h—1)4/ Ta

Then, if the window size depends on the number of pulls
only h;y = h(Nj—1) and if 6, =t~ for some a > 2, it
holds for every round t € [T that:

P

The algorithm, whose pseudocode is reported in Algo-
rithm 3, takes as input the subgaussianity constants upper
bound o, sliding window size parameter €, and a sequence
of confidence levels d;, where ¢ € [T']. R—-[J-UCB relies on
the previously defined biased estimator and uses its confi-
dence interval to make decisions in an optimistic manner.
R-[]-UCB does not require the time horizon 7" as an input,
making it an anytime algorithm. Moreover, the algorithm
exploits the sliding window mechanism to deal with the
environment’s uncertainty while controlling the confidence
degree by means of {0;}:c7). In particular, the window
size employed by the algorithm is proportional to param-
eter € € (0,1/2), in the form of h; ; = |eN;1—1]. As we
show below, € controls the bias-variance trade-off, where
low values for e result in less bias but higher variance, and
vice versa.

L) = (0] > B (40) < 267

Remark 4 (Computational Complexity). At each round,
Algorithm 3 only needs to update the estimator and the
related confidence bounds for every arm, which can be done
in a time linear in the number of arms at every step. For an
efficient update, we refer the reader to (Mussi et al., 2024).

5.1. Regret Analysis for Block-Diagonal Matrices

We analyze its performance in the block-diagonal case be-
fore bounding the regret of Algorithm 3 for general matrices.

Theorem 6 (Regret Upper Bound for R-[J-UCB in Block-
-Diagonal Matrices). Let (v, G) be an instance of the
GTRB problem, where G € By. Let h;; = [eN; 1] for
e € (0,1/2) and 6, =t~ for o > 2. Then, Algorithm 3
suffers an expected regret bounded as:

+ k797, < VW 7q> +
k1

(2) Variance Contribution (B) Rested Bias Contribution

2q T ﬁlq
e Y (Gt (| |a) })

Crm€Cq:|Cm|>1

R, c(R-0-UCB)

<6< min { (o)

q€(0,1]

ol

(C) Restless Bias Contribution

where ky is the number of cliques in G containing only one
action.

Existence of a Bias-Variance Trade-off. In the regret up-
per bound, we can observe three distinct contributions. First,
() represents the variance contribution, which is the regret
suffered by the algorithm due to the stochastic nature of
the environment. This contribution is due to the estimator’s
concentration properties and sets a minimum order of regret
to O(T2/ 3). This term is independent of the total increment
T, but, differently from the others, is the only contribution
depending on o. The contribution due to the estimator’s bias
is split into two distinct parts. The term (B) represents the
rested contribution, which scales with the number of blocks
containing only one arm. The term (C), instead, represents
the restless contribution that scales with the number and the
sizes of cliques. The bias contributions depend explicitly on
the shape of average reward functions by total increment Y.
The only term common to variance and bias contribution
is €. Indeed, € regulates such a trade-off between bias and
variance, and this effect can be observed in the complete
form of the regret upper bound in Appendix B. The variance
contribution depends linearly on e~ L thus, a smaller win-
dow size implies a higher variance in the estimate. On the
contrary, the bias tends to increase with e: this is expected
since a larger window means including older samples in the
estimate.

Dependence on Graph Topology. In the regret upper
bound of Theorem 6, the only contribution depending on
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graph topology is the one coming from bias (terms (B) and
(©)). Indeed, the environment’s randomness contribution has
been decoupled from estimation bias to get a fully tractable
stochastic structure. We observe how the different behav-
iors of arms not connected with the others (size-1 cliques,
corresponding to rested arms) and arms belonging to larger
cliques. The regret scales as 79 in rested arms, but the de-
pendence on the total increment Y, is linear. Instead, for
cliques with size greater than 1, regret scales as T7¥ , which
is greater than in rested contribution, but scales with T, to
the l—iq, that is indeed a better dependence. Moreover, each
clique contributes differently, based on its size. Overall, the
higher the size, the higher the contribution is since the linear
term is dominant w.r.t. the inverse term inside the total incre-
ment T,,. Another interesting dependence is the one on e+
for the restless contribution, which can be observed in the
complete form of the bound in Appendix B. For connected
arms, stochasticity and graph topology produce an interac-
tion. Indeed, if one could design an estimator with strong
concentration properties for connected arms, this would sim-
plify the analysis of the restless contribution, eliminating
the bad dependence on stochasticity. With such an estimator,
we could reduce the dependence up to T, matching the
deterministic setting bound.

Comparison with Known Results from Literature. Given
that rested and restless rising bandits are special instances
of GTRBs, we now comment on how the presented bound
links to existing results when Algorithm 3 is run over one
of those instances. We start from the rested scenario, i.e.,
when G = I.. Then, we would have k; = k and an empty
summation in the restless bias contribution. The bound
would thus assume the following form:

R, 1, (R-0-UCB) <

6(@& {(UT)i + kT, qﬂq) })

The only other existing result for the rested rising bandit
setting is the one of Theorem 4.4 of (Metelli et al., 2022),
which is matched up to constants by ours. In the restless
scenario, i.e., when G = 1j%, we have a unique clique
of size k, and k; = 0. Thus, the bound we presented in
Theorem 6 becomes:

Rl’alkxk (RfD*UCB) <

O mi )% 4 hri, (|2 e
A L ()

Once again, this result matches (up to constants) the result
from Theorem 5.3 of (Metelli et al., 2022), the current state-
of-the-art for the restless rising bandit problem. To conclude,
we generalize the stochastic rising rested/restless bandit
setting, with regret bounds that are tight w.r.t. the known
results for the two corner scenarios.

wio

5.2. Regret Analysis for General Matrices

We are now ready to generalize Theorem 6 to general ma-
trices in G € {0, 1}*** We first introduce the notion of
block super-matrix.

Definition 2 (Block Super-matrix). Let G € {0,1}*** 4
block-diagonal matrix GV € By, is super-matrix of G if it
satisfies:

Gi; — G, <0, Vi,jelk]. (11)

Moreover, we say that GU € By is minimal if it also satis-
fies:

GY e arg max
GU satisfying Eq. (11)

ICqul.

This concept of minimal super-matrix plays an analogous
role as the maximal sub-matrix in Theorem 4. We now have
all the elements to present the upper bound on the regret for
the stochastic case and general matrices.

Theorem 7 (Regret Upper Bound for R-[J-UCB in Gen-
eral Matrices). Let (v, G) be an instance of the GTRB
problem, where G € {0,1}**F, Let hit = |e€N;—1] for
e € (0,1/2) and 6, =t~ for o« > 2. Then, Algorithm 3
suffers an expected regret bounded as:

R, ¢(R-0-UCB)

~ 2 - T
= (’)( min {(UT)S +T% Y, <,q> +
4€[0,1] k1
2q T ﬁ
+ T'1+q |C%|Tu <7Q> })a
> e (4,

where GY is the minimal super-matrix of G.

We remark that the result has been obtained by bounding
Ng» . < T for every CY € Cgu to remove any stochastic
quaﬁtity from the regret, but a more precise bound can be
provided by finding the worst-case allocation of the triggers
among the cliques (as discussed for the similar result in The-
orem 4). However, this would require solving a challenging
optimization problem that does not admit any closed-form
solution, as discussed for the optimal policy (Theorem 1).
This result is similar to the one presented in Theorem 4,
with the only difference being that the dependence on graph
topology is linked to the minimal super-matrix. In principle,
the result holds for any super-matrix of G. Still, in the
stochastic setting, the upper bound for the rested scenario
is better than the one for the restless scenario. Hence, a
block-diagonal matrix with as many cliques as possible will,
in most cases, lead to better bounds.

About the Knowledge of G. In the stochastic scenario, we
avoid extracting the super-matrix structure from the graph
before executing the algorithm, as it plays the same policy,
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regardless of the graph. Indeed, Algorithm 3 does not re-
quire the knowledge on the graph: the algorithm plays as
if the true matrix is the identity one (i.e., a rested instance).
To justify this behavior in an intuitive way, we point out to
Theorems 4.4 and 5.3 of (Metelli et al., 2022): in stochastic
scenarios, the rested contribution to regret’s upper bound has
a better dependence on 7' w.r.t. the restless one. Moreover,
our optimistic estimator computed by assuming a less con-
nected graph will always be higher than the one computed
from any more densely connected graph. Thus, by playing
a purely rested policy, we are always sure to over-estimate
the true reward (i.e., optimism holds) and we are guaranteed
that the rested contribution to the regret is maximized w.r.t.
the restless contribution. The final form of the regret bound
is obtained by including the minimal super-matrix as a pes-
simistic proxy of the effect of connected arms (informally,
the minimal super-matrix represents the maximum possible
contribution to the regret that is due to the graphical con-
nections). We point out that Algorithm 3 does not require
the minimal super-matrix as an input, as it is needed only
in the analysis. For this reason, one could reformulate the
following result by removing the dependence on the min-
imal super-matrix and including a minimization over the
set of all super-matrices. As a side effect, this dramatically
reduces the computational burden w.r.t. the deterministic
setting at the cost of a slightly higher regret bound.

Comparison with Deterministic Regret Bounds. In deter-
ministic scenarios (Theorems 3 and 4), the restless contri-
butions are always of smaller order compared to the rested
one, which is the contrary of what we observe in stochastic
settings (Theorems 6 and 7). Due to this reason, in Algo-
rithm 2, the regret bound scales with the maximal sub-matrix
instead of the minimal super-matrix. In the deterministic
setting, the maximal sub-matrix represents the maximum
possible contribution to the regret that is due to the absence
of graphical connections. In principle, we could remove
the necessity for graph knowledge also in the deterministic
setting by simply playing as in a rested scenario (i.e., run
Algorithm 1 by setting G = Ij). This would be sensibly
sub-optimal since any graphical connection can be used to
obtain a strictly better regret bound. This is not the case
for the stochastic setting, where over-estimating the number
of connections (e.g., by playing as in a restless scenario)
may result in a non-optimistic estimator, compromising the
analysis of our algorithms.

6. Discussion and Conclusions

In this paper, we proposed the graph-triggered rising ban-
dits (GTRBs), a generalization of the rested and restless
bandit settings, where the expected rewards of the differ-
ent arms evolve by means of a graph. We focused on the
stochastic rising bandits, a peculiar type of bandits where

the expected rewards are non-decreasing and concave w.r.t.
the number of triggers. As a first result, we showed that,
in this setting, computing the optimal policy without addi-
tional assumptions on the graph structure is NP-Hard. Then,
we characterized the optimal policy for the special class
of block-diagonal adjacency matrices, and we showed that
the optimal policy can be computed in closed form. This
special family of instances allowed us to express a strong
inter-dependence between the graph topology and the regret
bounds and it plays a crucial role also in bounding the regret
for the general case. In particular, we presented and studied
the performance of two new algorithms, DR-BG-UB and
DR-G-UB, to handle the deterministic scenarios in which
the adjacency matrix is block-diagonal and for the general
case, respectively. Finally, we studied R—[]-UCB (Metelli
et al., 2022), an algorithm from the SRB literature, and we
showed that it can provide regret guarantees also in this
more general setting. This work aspires to be a first step
in the study of graph-triggered bandits. We started from a
special set of instances, namely rising bandits, with the goal
of extending this framework to other classes of bandits, e.g.,
rotting bandits.
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A. Related Works

In this appendix, we discuss the relevant literature for the GTRB setting. We divide this appendix into two parts. First,
we discuss the relevant works concerning graph feedback, then, the literature related to restless and rested bandits, with
particular attention to rotting and rising bandits.

Graphical Relationships in Bandits. The graph-triggered restless bandit setting has been introduced in this work. Thus, no
prior literature is available on this setting. However, we mention similar settings that appeared in the last years. Herlihy &
Dickerson (2023) propose the networked restless bandit setting. Despite some similarities with our setting, e.g., the presence
of a graph among arms, their action space and learning objectives radically differ from ours, and thus the two settings are not
comparable. In (Jhunjhunwala et al., 2018), a restless bandit setting is proposed in which the graph structure is not explicit
in the formulation; however, the authors develop a graphical representation of the policies in the deterministic scenario.
Their algorithm builds and exploits a graph in an online fashion. Once again, we cannot properly compare this setting to
ours, despite some sparse similarities. Finally, we mention bandits with graph feedback (Alon et al., 2015). Despite this
setting being conceptually different from ours since arms do not interact, we report it here just because it features graph
topology-dependent bounds. We remark that in this case, the graph has not to be intended as a structure for arms interactions
but rather as a feedback structure for the learner, in GTRB the feedback is purely bandit.

Rested and Restless Bandits. Restless and rested bandits are a well-established research field. Starting from the seminal
paper of Whittle (1988) on restless bandits, several approaches have been proposed over the years to deal with non-stationary
bandits (Tekin & Liu, 2012; Raj & Kalyani, 2017). Then, specialization of these settings such as rising (Metelli et al., 2022;
Mussi et al., 2024) and rotting (Levine et al., 2017) has been introduced. In particular, rotting bandits are a family of restless
bandits where the reward is assumed to decrease (contrary to rising bandits). Over the last years, several works tackled
rotting bandits (Levine et al., 2017; Seznec et al., 2019). Remarkably, (Seznec et al., 2020) provide a single algorithm for
dealing with both rested and restless rotting bandits but show that in the rotting setting, achieving sub-linear regret is not
possible when there are both rested and restless arms in the same instance. We remark that for any two-armed rotting bandit
where one arm is rested and the other is restless, we can construct an (asymmetric) matrix G such that the instance can be
mapped to a graph-triggered rotting bandit instance. This highlights a crucial difference between rotting and rising bandits
for what concerns graph-triggering.

B. Omitted Proofs

Theorem 1 (Complexity of finding the Optimal Policy in GTRBs). Computing the optimal policy in GTRBs with arbitrary
matrices G is NP-Hard.

Proof. We reduce from a decision problem related to finding cliques in graphs. In particular, given a graph (V, E) and
M € N, itis NP-Hard to determine if there exists a clique of size M (Karp, 1972). In the following, we design an instance
of our problem such that the reward of the optimal policy is at least Zthl (1+ %) if and only if there exists a clique of size

M=T.

Construction. Given a graph (V, E'), we build an instance such that the horizon is 7'. Our set of actions can be constructed
by assigning an action to every node and time step couple, i.e., A = {ay ¢ }vev, te[r]. We define the matrix G is such that
for any v,v" € V and ¢, € [T1, it holds G, ,.a,, ,, = 1if (v,v") € E. Finally, for each arm a,; € A, the reward is
deterministic and evolves as [i,, , (n) = min{1 + nt, 2 (1 + nt)}, where n = T~2. We call & the set of this functions. It
is easy to see that the GTRB instance (v, é, T)) satisfies Assumption 1.

if. We show that if there exists a clique C* = {vy,...,vr} of size T, then there exists a policy with a cumulative reward
of at least ZtT:l(l + nt). Consider the policy 7 s.t. 7(t) = a,, +. Itis easy to see that N, , ; =t — 1 forevery t € [T].
Hence, the reward of the policy 7 at time ¢ is

(t=1)+1

_ 1
Haw,e (Nay, t) = min{1 +nt, (I+nt)} =1+nt.

Thus, J; g +(7) = Zle(l + nt) and the claim is proven.

only if. We show that if there is a policy 7 s.t. Jﬁ,é,T(%) > Zthl (1 + nt), then there exists a clique of size T'. First, we

11
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show that for each ', ¢ € [T'] it holds that

t
in{l1+nt',—(1+nt"} =1+ nt.
t{g?;f]mm{ oty 5 (14 )} =1+n

Indeed, for each ¢’ < t, it holds
t
min{1 4 nt', 7 (L+nt)} < T4nt' < 1+t
On there other hand, for each ¢’ > ¢t it holds
t t t 1
in{l+nt',-(1+npt'N <=1+t < —@A+=)<1
min{l+ ', 7 (1+ )} < S +n) € =51+ 7) <1

where in the second inequality we use n = 7'~ 2. Putting together, the previous inequalities imply that for each ¢’ # t we
have

. t
m1n{1+nt',?(1+nt’)} <1+t (12)
This implies that, at any round ¢, the best obtainable reward is

max max max i, ) = max max i t—1
t'e[T] veV lgtq“%,w( ) velT] vev Fa, o ( )

t
= in<1+nt', —(1+nt
tr/réz[ij)g]mln{ +7 ’t’( +7 )}

t
:min{l—l—nt,t(l—l-nt)} =1+t

Since by assumption there is a policy with reward at least 23:1 (1 + nt), then there is a policy such that at each round
t € [T] the reward is exactly 1 + nt.

Consider around ¢ € [T]. let a, ¢ be the arm played by the policy at this round. It must be the case that: i) ¢ = ¢, otherwise
/jfav),,/ (Nau,t,t) < ,U/a,vytl (t - 1) <1+ 77t

by Equation (12), and ii) Nam,,t =t — 1, otherwise

t—1
Har y (Na,,),,,t) < T(l + nt) <1+nt.

Let a,, + be the arm chosen at round ¢. Then, each arm in {a,, t7t}tE[T]’ is chosen while having exactly ¢ — 1 triggers. By the
definition of G this directly implies that {v; };—1 is a clique of size T O

Theorem 2 (Optimal Policy in Rising GTRB with Block Diagonal Connectivity). For any instance (v, G,T) s.t. G € By,
under Assumption 1, the optimal policy W;,G,T € argmax, J,, g r(m) is given by:
7, q.r(t) € argmax p;(t), vt € [T, @)

*

jecu,G,T

where C}, o 1 is the “best” cumulative reward clique:

C, g r € argmax Z max /1 ().

eC
CeCa tE[T] J

Proof. For each clique C,,, € Cq, we substitute the reward function of every arm ¢ € C,,, with u} (t) = max;ec,, pi(t), for
every t € [T]. Now, since all arms sharing the same clique have the same reward function, our instance is equivalent to a
k-armed bandit problem. Since arms in different cliques are not connected, this corresponds to a rested bandit problem, and
we use Proposition 1 from Heidari et al. (2016) to get that the optimal policy would only pull the best action in terms of
cumulative reward at the end of the time horizon 7". To conclude the proof, we remark that playing greedily inside a clique
corresponds exactly to play on the reward function defined above, which dominates the initial problem, and so the maximum
cumulative reward is exactly the one attained in the problem with k arms. O

12
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Lemma 8 (DR-BG-UB Estimator’s Instantaneous Bias). For every arm i € [k|, every round t = 1, let us define:

Mi(tf,Ni,t_l) Mz(zN” - 1)
tn

)

fi(t) = ity , )+ E—tin, ) T
it—1  Vi,Nii_1—1
i,t—1 NG t—1

Then, fi;(t) > Mi(t'{,Ni,t—l) and, if N; ;_1 > 2 it holds that:

fi(t) = pi(Nie) < (=t n, )%t Ny, —1)-

Proof. Let us start by observing the following equality holding:

_ Nie—1
pi(Nig) = patin, )+ Y, i)

j=t!
J NG -1

We have:
Nii—1
piNig) = patin,, )+ D %)
=t Nit—1

< Ni(t{,Ni,t,l) (N t,l)%(’ff,Ni,t,lq) (13)

< Ni(tf,Ni,t,l) (t— tz Nitoa ’Yi(tf,Ni,t,lq) (14)
where line (13) follows from Assumption 1, and line (14) is obtained from observing that ]\me < t. Concerning the bias,
when N; ;1 > 2, we have:

~ ~ Nz‘(ti[,Ni,t_l) pit] i Nit—1— 1)

fi(t) = pi(Nig) < pa(ti n,, ) = piNig) + (E =t n,, ) T — T (15)
4, Nit—1 N t—1—1
I
Hi(t; N, 1%
< 1=ty ) ) 16)
4 Nit—1 4, Nit—1—1

I I

S=tin vt 1) (17)

where line (16) follows from observing that s;(t] v ) < pi(Ni¢), and line (17) derives from bounding

I
#7(1N - 1) lLl(tiNit 171)

< ’Vi(tz{NM,l—l) thanks to Assumption 1. 0

Theorem 3 (Regret Upper Bound for DR—-BG-UB in Block-Diagonal Matrices in Deterministic Settings). Let (v, G) be an
instance of the GTRB problem, where G € B} and o = 0. Then, Algorithm 1 suffers a regret bounded by:

R, c(DR-BG-UB)

~ . NC T
<O| inf { TY E Cn|Ty = lha )+
<qe[o,1]{ Cmec‘ | G |Cm| w q)

(2) Rested Bias Contribution

+ Y e, (

CmeC

1

(B) Restless Bias Contribution

Proof. Let Cy ¢ € Cg be the optimal clique of the instance. We analyze the following expression:
R, c(DR-BG-UB) = Z pix (t) — i1, (N1, 0),

13
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where i € argmax;ccx  pi(t) forall ¢ € [T]. Then:

T
REGE =" s (t) — 11, (N1, 1)

t=1
T ~

= Z Hiy (t) + fir, (t) — M1, (th,t)
t=1
T ~

< thl{l?ﬂft (t) — M1, (th,t)} (18)
t=1
T

<Y min{l, (E—tf, n, ) (w1} (19)
t=1

T
= Z min{1, (t + t{rt,NIt,t - t{r,,,N,t,,,,l)Wf, (tft,N,t,,,,l—ﬂ}
=1

T
< Zmln{17 (t - ti,NIth)’Ylt (t§t7NItYf,71_1)} + Zmln{l’ (ti,NIt,t - ti,NIt,tfl),ylt (t§t7NIt,t71_1)} (20)
t=1 t=1

Nj.T
=dk+ > 3 min{l, (t—tf )yt D+ Y > me{l th (o))

Cnm€eCg icChy, J:3 Cn€eCg icChy, J 3

(a) (b)

2

where lines (18) and (19) follow from Lemma 8, line (20) from the fact that min{1, z + y} < min{1, 2} + min{1, y} for
any ,y > 0, line (21) from a decomposition over the cliques, the arms in the cliques and the number of pulls of every arm.

Let us bound the two terms separately, let ¢ € [0, 1]:

Njr
(a) < Z Z Zmin{LT’Y(t;,jd)} (22)

CméeCg icCh, j—3

B S Sh S 23)

Cm€Cq i€CH j=3
No,.r
T lea (24
|le )

< > TUCK|T, <
Cm€Ca

where line (22) follows by bounding ¢ — til’ ; < T for every ¢ and every j, line (23) from the inequality min{l,z} <

min{1,z}? < 27 for ¢ € [0, 1], line (24) from Lemma 13.

Then, lety € [0, 1], and ¢ == Sprt

N;,r

< D> DDt~ ) )Y (25)

Cn€Cq ieCy, j=

=3
N; v N; 1

> > Z 0| [ Do )™ (26)
j=3 7j=3

Cm€Cq i€C,
1-y

Ni T
NS INL A Do) @7
7=3

an GCG iECm

14



Graph-Triggered Rising Bandits

1-y
Nir
< >0 NL ACl [ D] DY -2 (28)
Cm€eCa i€C, j=3
N, v
\T 'm Yy
< Z Ngm,T|Cm|Tu <’V |(Cj |T—‘ 71_> ) (29)
Cm€Ca m Yy

where line (25) follows from the inequality min{1,z} < min{1,2}? < z?for ¢ € [0, 1], line (26) is obtained from Holder’s
inequality with exponents 5 >land — J > 1 respectively, line (27) follows from bounding Z Mor (tI —t! e ) < Ng¢,.T
and by Assumption 1, line (28) is obtalned by an application of Jensen’s Inequality, and line (29) follows from Lemma 13.

By setting ¢ = ﬁ € [0, 1], and putting all together:

~BG- NC T ~ NC T e
DR-BG-UB ms 1+q ms
RUGS <dk+ Y TICLIT, d T wq> + Y NECm| Y, d Tom wq> :

Cm€eCa Cm€Ca

Remark 5 (Regret Bound in Rested and Restless Rising Bandits). When we are in a purely rested/restless scenario,
the contribution term associated to the restless/rested scenario vanish, and we get the same regret orders from (Metelli
et al., 2022). In particular, we can avoid to split the minimum in (20) and instead notice that in a rested setting we have
t— tgt;NIt.t—l =1t — Ny, 1—1, and thus we can bound the cumulative regret as we bound the term (a). Instead, in a restless

setting we have t — tft Np o, =t =t Ny, 1> and thus we can bound the cumulative regret as we bound the term (b).
Nrge— :

Theorem 4 (Regret Upper Bound for DR-G-UB for General Matrices in Deterministic Settings). Let (v, G) be an instance
of the GTRB problem, where G € {0,1}*** and o = 0. Then, DR-G-UB suffers a regret bounded as:

R, c(DR-G-UB)

~ Now r
<0 T4 cElr,
: (‘“]{Z s (| et | o)+

m N
1+q

Neg

+ CL N 1+q m>

2 [CnNega e\ | ek
CL L eC &L

Proof. The theorem can be proved by showing that estimator’s bias is always larger when internal times are decreased. For

every arm ¢ € [k] we define:

where GL ¢ B is @ maximal sub-matrix of G.

Hi\x) — HillY
s ) = ) + (o — ) D20, (30)
for every triplet of natural numbers y <z <t < T. Note that i;(t) = fi(t; t] n,, ,,t{ n,, , 1), 50 if we can show that
f; is decreasing in both  and 3 we can prove the previous claim. We start with the second argument: fix ¢ and z, then for

any y:

fi(t;x,y)—fi(t;a:,y—l)Z(t—l‘)( T —y r—y+1

i) - e —y)mly - 1)
B R v

where line (31) follows from Assumption 1. With slightly more calculations we show that f; is also decreasing in the first
argument, fix ¢ and y, then for any x:

filt; xy)—fi(t; x — 1,y) = (32)

Yo, ul) s, 1%(3)>

15
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i, i) S yid)

=7i(z—-1)+(t—2x) p— —(t—xz+1) 1y

(t—a)(z—1—y) X () — (@ —y)t—z+1) X
(z—y)z—1-y)
Yt —a)z—1—y)— (@ —y)(t—z+ D]+ (t—2)(@—1-y)pz—1)

=7z —1)+

=m@=1)+ @—pa—1-9)

(33)
zvi(x—l)(1+y)+’71( 2)9;_5_1(t_x)(x_1_ym)_(yx_y)(t_m+1)
DY e lTY
= %( 1)$_y 7i( 2)at—y
< i:yy(%-(x —1) — iz —2)) <0, (34)

where line (33) follows from observing that (t —z)(z —1—y) — (x —y)(t —z + 1) < 0, line (34) follows from Assumption
1. We proved that the estimator is decreasing with internal times.

IL . - . .
Now we observe that, for every ¢ and every ¢, we have tl Nio 2 N, This is a trivial consequence of Definition 1, since

t
I I.L
tivNi,t - ti,Ni t Z Gft % I, z 2 0.
Jj=1

As a consequence of this, we have

IL
fi(t; tz‘I,Ni‘t,latiI,Ni,,,—l) < fi(t; t7 Nl o biNg  —1)> (35)

and
pithn, ) = iy, ) (36)

Finally, given the optimal policy as a sequence (i} )¢c|7], we bound the regret:

Ry c(DR-G-UB) = > iz (t) — pur, (N1, 1)

T
<D A5 = et ) (37)

t=1
where line (37) follows from (35) and (36). The proof can be concluded the same way as in Theorem 3. ]

Lemma 9 (Estimator’s Instantaneous Bias). For every arm i € [k], every round t € [T, and window width 1 < h <
{N“’l J let us define:

2

N1

(4]
0 ::% Z (,ui(til)Jr(tl)m(t ) hMZ(tzl h))

I=N; i 1—h+1

16
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otherwise if h = 0, we set [i"(t) == +oc. Then, i (t) > wi(ti,n, ,_,) and, if Ny y_1 > 2 it holds that:

~ ~ (2t =2N;y 1 +h—=1)(t N, =t N —ong1)
i (t) = pa(Niy) < oh — Vilti Ny —ont1)-

Proof. Let us start by observing the following equality holding forevery [ € {2,..., N;;—1}:

Ni—1
pi(Ni) = palti)) + Z i (J)-
i=ti,
By averaging over a window of length h, we obtain:
1 Nit—1 Ni—1
pi(Nie) = 7 > pith) + > )
I=N;t_1—h+1 .j:t{,l
1 Nit—1
<3 > () + N —th)vuel - ) (38)
l:Ni,t717h+1
Nit—1 ~ I tl,—1
1 - Niy =15, . .
<7 Z paltiy) + T T Z 7i(7) (39
I=N; 1_1—h+1 bl Thl=hgr
Nit—1 I I
1 I pa(ti) —ma(ti—n)\ -
<. D <Ni(ti,l) +(t—1) - — (), (40)
l:Ni,t,_l—h—‘—l

where lines (38) and (39) follow from Assumption 1, and line (40) is obtained from observing that til >, ]\~fi,t < tand
th =t >h

Concerning the bias, when IV; ;1 > 2, we have:

Nit—1 I I
~ ~ 1 witig) — ma(ti_p) ~
g (t) = pi(Niy) = 7 Z (lii(t{,z) +(-1) 3 — 115 (Nit)
I=Ni4_1—h+1
I pi(t) — pa(tl, )
<z > t-n—= T 1)
l:Niytflfh#*l
Nii_
_1 Zl (t— Z)Mi(ti{l) - Mi(tf,l_h) tz’l,l - tz{l—h
= T T
h I=N;t_1—h+1 ti,l - ti,lfh h
Nit—1 I I
1 ti, =t
<y Y @Dt (42)
l:Ni,t_l—h—O—l
Nit—1

th. _ t-IN _1—2h+1
< ntd };’2 o ViltiNamzns) D (D) 43

I=Ni 1 1—h+1

(2t —2N; 41+ h — 1)(tf,Ni,t,1 - tz{Ni,t_172h+1)

B 2h ’W(tl{Ni,t—1*2h+1)7 (44)

where line (41) follows from observing that pi(tz{l) < Ni(ﬁzt) line (42) derives from Assumption 1 and bounding

I 1
l"i(ti,L)_,“'i(ti,,lfh)

T T

ti,L_ti,l—h

%(ti{ Nit1-2h +1)’ and line (44) follows from computing the summation.

< 7i(t];_), line (43) is obtained by bounding ¢/, —t;, , <tln.  —tin | _opygand yi(t], ) <

O
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Lemma 10 (Bound on Estimator’s Cumulative Bias for Block Diagonal Matrices). Let (I;);—1 be a sequence of actions.
For every action i € [k], every round t € [T)], let window width h; ; = |e€N; ;_1]. Let G € By be a block diagonal matrix,
then for every q € [0, 1], we have

T

. ~hr, t N
> min {1, (1) = (N1 ) <
t=1

_ 1 T
< 2k + ki TY T, ([(1-20)=—],
<2+ R || ([0 -20g ] a) ¢

2 . 17 1 T w
+T1“<1“°g<6T”1“H {12J 2 'Cmr”([(l_%)c IW’Q) - ®

C€Cq:|Cm|>1

where C is the set of blocks of matrix G, and k1 < k is the number of blocks of size 1.

Proof. We proceed decomposing over the cliques and then over the arms, splitting cliques with only one arm from the
others:

T

. ~hr, t N
me {Lult’*’ (t) — pr, (th,t)} <
=1

N; 1 N;, 1
. hie, s . . _hit; s
<2k + Z me{lvﬂi ti (ti,j)—ui(])}+ Z me{l,ui tij (ti,j)_ﬂi(ti{j)}-
Cn€Cq:|Cp|=1 j=3 Cm€CG:|Con|>11€C, j=3
Cr={i}
(b)
(a)
We start from bounding the first term:
Nir (2t 20—-1)+h 1)2h
. ij — - iti T it .1
(@) < Z Z n {1’ T . ’Yi(ti,(j—l)—mu,ti’j-&-l)} (46)
Cm€Cai|Crp|=1 j=3 vt '
Crm={i}
N1

< Z Z min {1, T'Yi(tz{jfﬂﬁ(j*l”)} "

Cm€C:|Cm|=1 j=3

Cr={i}
N;, 1
< N > min {1, Ty((1 - 20)5))} (48)
Cm€Cq:|Crm|=1 j=3
Cp={i}
N; T
<7 > > vl -205))° (49)
Cm€Ca:|C|=1 j=3
Cr={1}

L(l*QE)Ni.’TJ

S AT D M) 50)

Cm€Cq:|Cm|=135=3[3(1-2¢)]
Cm:{i}

- 1 T

where line (46) follows from Lemma (9) and the fact that, for cliques with a single arm, internal times are equivalent to
the number of pulls (i.e., t] ., | —t{ .| o1 = 2h), line (47) follows from Assumption 1, by hi, ; = [eNiy, ;1]
and by bounding 2¢; ; — 2(j — 1) + h”] — 1 < T, line (48) by Assumption 1, line (49) from the inequality min{1,z} <
min{1,2}? < 27 for ¢ € [0, 1], line (50) from Lemma 12, and line (51) from Lemma 13.
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We now proceed on bounding the second term:

Ni.T . I I
i 2t 5 —2(0 — 1)+ hie, , — 1)(t — 1t i _ap.
(b) < Z Z Z in{ ’( JJ (j ) it )( i,j—1 i,j 2hm+1)

I
oh. Vil (—1)-2hs., ,.+1)}
Cm€CG:|C |>14€C, j=3 ot

(52)

N;, T
< > > > min { (til,j2|_e(j1)j)} (53)

Crn€Cq:|Cp|>1i€Cy, j=3

< > ) Z min{ i(L(l - 26)]’J)} (54)

Cm€Cq:|Cm|>11€CH j=3

N;
z Yi I_(1_26.7J
< Y YN z( = ) 9

Crn€Cq:|Cp|>14i€CH,

Ni,T 7T 1==
<= Y Y N G =T % [(1—2¢)j]) ™= (56)
Cmn€Cq:|Crm|>11€CH j=3 j=
X . - eWNiz=1)] | % /l(1-20)Ni.z | 1=z
=T H [HJ Y Y. ¥ S > i) (57
Cm€Cq:|Cm|>1i€CH j=|2¢] j=13(1—-2¢)]|
1A N [(1=20)Ni 7 o
< T*(1 + log(eT))* B Z Z Né,. 1 Z vi(J) ™= (58)
Cm€CG:|Crn|>1i€CH i=|3(1—2¢)]
e L(1=20)Ni.z | s
< TH(1+log(eD)* | - | | 75 oo N s[> DD k)T (59)
Cm€Cq:|Cr|>1 i€Cm j=|3(1—2¢)]
~ 1—=z
. 2 _1_ i 1 1 ~ NCm,T z
ST +log(eD)* | 2| | 7=5:| 2 Né,zlCnlTy ((1—26){ o 1_Z> (60)
Cm€Cq:|Cry|>1 m
B 1 1 T 2 \'77
sy 1] 25| X e (020 g] 2) 1)

Cp€Cq:|Cm|>1

where line (52) follows from the bias bound of Lemma 9, line (53) is obtained from bounding (2¢; ; — 2(j — 1) + hi7ti,j —
1)(th 1 tl’jfzhi=t+1) < 2T]VLT and using the definition of h; ;, line (54) derives from observing that ~y;(t; ;) < 7v;(j)
for Assumption 1, line (55) from the inequality min{1,2} < min{l,z}* < z* for z € [0,1/2], line (56) is obtained
from Holder’s inequality with exponents 22 line (57) is an application of Lemma 12
to independently to both inner summations, line (58) derives from bounding the harmonic sum, i.e., ZS(SJJV 7 —1)] ; <
1+ log(e(N;r — 1)) < 1+ log(eT), line (59) follows from Jensen’s inequality, line (60) is obtained from Lemma 13,

€ [0, 1], we obtain:

line (61) by bounding ]\~/'i,T <T. By recalling q = 7

1

=T | [y S e ([a-2ap]e)

Cm€Cq:|Cr|>1

O

Theorem 6 (Regret Upper Bound for R-TJ-UCB in Block-Diagonal Matrices). Let (v, G) be an instance of the GTRB
problem, where G € By. Let h;y = |eN; ;1] for e € (0,1/2) and 6; =t~ for a > 2. Then, Algorithm 3 suffers an
expected regret bounded as:

R, c(R-0-UCB)
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~ 2 - T
< O( min { (cT)5 +k1Tun<’V—‘ 7Q> +
4€[0,1] k1
———

(2) Variance Contribution (B) Rested Bias Contribution

#1 5 Owit (|, ) }>

Cm€Cq:|Cm|>1

(C) Restless Bias Contribution

where ky is the number of cliques in G containing only one action.

Proof. Let us define the good events & = [, ek &; + that correspond to the event in which all confidence intervals hold:

fm |

We have to analyze the following expression:

Ao -m @< a ) vielr) ek,

R, g, 7(DR-BG-UB)

ZMZ Mlt )] )

where if € argmax;eox w;(t) for all ¢ = 1. We decompose according to the good events &;:

M=

(TI,DR*BG*UB)

E [(piz () = pr, () 1{E:}] =z, (1)) T{=E:}]

Ruar

ﬁ
Il
N

M=
S HMH

E [ (piz (t) — por, () 1{E:}] Z [1{=&}]

#
I
—

where we exploited ju;x (t) — i1, (t) < 1 in the inequality. Now, we bound the second summation, recalling that o > 2:
T T T T
D EL{-E} =) P(-&) <143 P[] & | = 1+ZP U] <1423 ) P,
t=1 t=1 =2 ic[k] i€[k] ic[k] t=2

where the first inequality is obtained with P(—&;) < 1 and the second with a union bound over [k]. Recalling P(=&; ;) was
bounded in Lemma 5, we bound the summation with the integral to get:

T +
ZZP =&t _iez[k]éﬂl_“g%:/ oOﬂcl_o‘dac: QQfQ.

ielk]) t=2 z=1

From now on, we will proceed the analysis under the good event &;, recalling that B;(t) = ﬁi” “(t) + Bih “t(t). Lett € [T,

and we exploit the optimism, i.e., B;: (t) < By, (t):

pi= (t) — pr, (t) + Br,(t) — By, (t) < min q 1, pix (t) — Bz (t) +Br, (t) — pr, ()
—— ————

<0

<min {1, B, (t) — pr,(t)}.

Now, we work on the term inside the minimum:

Br,(t) — pur, (t) = @y (6) + By (8) — pr, (1) (62)
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~hIt,’t hIt,t
< g, () = (8) + 268, (1), (63)
—_—

(a) (b)

where line (62) follows from the definition of B;(t) and line (63) from the good event £;. We make use of Lemma 10 and
Lemma 14 to bound the summations over ¢ of (a) and (b), respectively.

Putting all together, we obtain:
2k k k 1
Ry, ¢ r(DR-BG-UB) <1+ ~—3 + 5k + - + %(20T)§ (10cr log T)é
- - 1

o | MTw ([(126)1“} ,q)lq
+ 2k + ky T [1_12J T, ({(1_26);/1 ’q>

2.5 e o] )

Cm€Cq:|Cm|>1

+ T (1 + log(eT)) ™7

a | =
—

+ 775 (1 + log(eT)) T

a | =
—

Lemma 11 (Bound on Estimator’s Cumulative Bias for General Matrices). Let {I;}:—1 be a sequence of actions. For every
action i € [k], every round t € [T, let window width h; ; = |eN; ;1. Let G € {0, 1}**k, then for every q € [0, 1], we
have

T

. ~hr,,t NT
Zmln {Llhtlt (t) — pr, (Nlt,t)} <
t=1

< 2k + k19 [1 _12J T, U(l — 26)5 ,q) +

+ 7775 (1 + log(eT)) T Fw [11%} (k— k)T, ({(1 —26); ZJ ,q> o (64)

1

€

where ky < k is the number of arms having degree of 1, i.e., k1 == |{i € [k] : deg(i) = 1}|.

Proof. The proof follows similar steps as Lemma 10. We decide to split arms based on their degree, in particular we bound
separately the bias due to arms having degree of 1 (i.e., they only are triggered by themselves).

T

. ~hr, t N
Zmln {1,u1t1t’ (t) — p, (NIt,t)} <
t=1

Ni,r Ni,r
. i s . . hie s
<2k > S min {1 ) )+ D0 D min {17 (k) - it}
i€lk]  j=3 ic[k] =3
deg™ (1)=1 deg™ (i)>1
(a) (b)
We start from bounding the first term:
Ni,r .
- . (27517 — 2(] — 1) + hivti Pl 1)2h1,t
(@) < Z Z min {17 : 7y = Vilti,(j-1)2hi.e, ,+1) (65)
iclk] =3 it '
deg™ (2)=1
N;, T
< > min {1, 7% (t]; 1)) | (66)
i€lk] j=3
deg™ (2)=1
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< > me{l Ty (L(1 - 2¢)5])} (67)
i€[k] 7j=3
deg™ (i)=1
Ni,r
Yo >l —2e))) (68)
iclk] =3
deg™ (1)=1
— 1 - L(l 2€)N7 TJ
<T9 (4)4
ST 15| 2 > ) (69)
i€lk]  j=3|3(1—2¢)]
deg™ (7)=1
_ 1 _ [(1—2€)N;, 7|
< 70 (5)"
ST | D Z ~i(5) (70)
i€lk]  j=3|3(1-2€)]
deg™ (7)=1

ol
<3

[l (-]

where line (65) follows from Lemma (9) and the fact that, for cliques with a single arm, internal times are equivalent to
the number of pulls (i.e., tZ Nit1 — t{,Ni,t_172h+1 = 2h), line (66) follows from Assumption 1, by h; ¢, , = [€Niy, ;1]
and by bounding 2¢; ; — 2(] — 1) + hiy,, — 1 < T, line (68) by Assumption 1, line (69) from the inequality min{1, z} <
min{1,2}? < 27 for ¢ € [0, 1], line (70) from Lemma 12, and line (71) from Lemma 13.

As a trivial consequence of Definition 1, we observe that

t
I LU AU
tiNg, ~tin, = Z(Glm -G, <0
j=1
As a consequence of this, we have that, for every ¢ and for every ¢:
N;; < NY, (72)
where NY, == ] (GU)TN,.

We now proceed on bounding the second term:

Py (2t — 205 = 1) + hi,, — D)(tL,_y — L, )
; »J J bytig i5—1 " Yi,j—2h; 41
(b) < Z Z min {1, QJh_ ) 1 : ’Yi(ti(j1)2hi,ti7j+1)} (73)

deg™ (4)>1
TNL
< Z me - ’Yl(t{j—m_e(j—l)j) (74)
i€ (k] 1”
deg_(i)>1
J% .
< Z me{ TG=D] m(l—%m)} (75)
degze( i)>1
< iy NU T .
< > > Y mingl ~ 1] —— (L1 = 2¢€)5]) (76)
clecqu i€CT, 7=3
\CU|>1
Y Y@ Nz(v (1~ 20); J))Z o
Cf,iecGU iecy = Le(G —1)]
|cY|>1
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N z N 11—z
i, T i, T
z N z : 1 Y L\ 2
<7 Y Y (NE7) TGT] >yl —20)5)) 7= (78)
clecqu i€CH Jj=3 Jj=3
lopI>1
z 1—z

le(Ni7—1)] 1 [(1—2¢)N; 1|

SMHIFE1D i) LT D Vi > W) 79)

Y eCqu 1€CY, j=lze] 7 j=13(1—2¢)]
[cli>1
T R L(1—26)Ni ) =
ST (U+log(el)” |=| | 7= | D2 > (NE,.0)° Sl (80)
cYecqu i€CE, j=[3(1—2¢)
|cY|>1
1T 1T [(1—2€)N;, | s
2 z Uiz N
ST +log(eD) || 75| 2 1Cal | 2 > ) 81)
cleCgu i€Cl j=[3(1-2¢)]
ICh>1
1 1 NY e
< T?*(1 + log(eT))? | = Ui, [(1-2 Con T | 2 82
srrogen): 1| [ 5] 0 ied (( E)h% e )
C%ECGU
|cY|>1

where line (73) follows from the bias bound of Lemma 9, line (74) is obtained from bounding (2¢; ; — 2(j — 1) + hs ¢, , —
1)(tf’j71 7tz{j72hi’t+1) < 2T'N; r and using the definition of h; 4, line (75) derives from observing that y;(¢; ;) < ~;(j) for
Assumption 1, line (76) follows (72) and a decomposition of the pulls over the cliques of GY, line (77) from the inequality
min{1,z} < min{1, z}* < 2* for z € [0,1/2], line (78) is obtained from Hélder’s inequality with exponents 2 > 1 and
i > 1 respectively, line (79) is an application of Lemma 12 to independently to both inner summations, line (80) derives

from bounding the harmonic sum, i.e., Zg(ej\’w—lﬂ % < 1+ log(e(N; 7 — 1)) < 1+ log(eT), line (81) follows from

Jensen’s inequality and by bounding N, gU o < T, line (82) is obtained from Lemma 13. By recalling ¢ = % € [0, 1], we

obtain:

<7 oen) 1| 25| Ttk (020 | G| 1)

O

Theorem 7 (Regret Upper Bound for R-[1-UCB in General Matrices). Let (v, G) be an instance of the GTRB problem,
where G € {0,1}**k. Let h;y = |eN; 1] for e € (0,1/2) and §; = t= for a« > 2. Then, Algorithm 3 suffers an
expected regret bounded as:

R, ¢(R-0-UCB)
= O mi T): + T Y, [ —
(s ot erma. ()

+
T ™
+T%Z|C'r(rjl|’rl/ (C;,an> ' )
- Y]

N

where GU is the minimal super-matrix of G.

Proof. The proof follows similar steps of the proof of Theorem 6, but uses Lemma 11 instead of Lemma 10 to bound
cumulative estimator’s bias.
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Let us define the good events & = [ ic[k] &+ that correspond to the event in which all confidence intervals hold:

gi,t = {

We have to analyze the following expression:

EUO RO <aw) vl i

R, g, 7(DR-BG-UB)

Zﬂz /Ht )] )

where i} € argmax;cc- o ;i (t) for all ¢ € [T']. We decompose according to the good events &;:

E [(pa; (t) = por, () 1{=E}]

[M]=

T
R,.c7(DR-BG-UB :Z (piz (t) — pr, (1)) T{E}] +

~
Il
-

E[1{=&}],

M=~ I
M)~

E [(pi: (t) — pr, () 1{&}] +

o~
Il

1

~+~
Il
_

where we exploited ju;x (t) — i1, (t) < 1 in the inequality. Now, we bound the second summation, recalling that o > 2:

T

T
S E[1{-&)] ZIP ﬁ5t<1+ZIP M & f1+ZIP> U €] <1+ 3D P(=&0),
t=1

i€[k] i€ (k] i€[k] t=2

where the first inequality is obtained with P(=£;) < 1 and the second with a union bound over [k]. Recalling P(—=&; ;) was
bounded in Lemma 5, we bound the summation with the integral to get:

ZZ]PHH Zi%l_“<2kz/+wxl_“d:¢: 2k
- - a— 2

ic[k) t=2 iclk] t=2 r=1

From now on, we will proceed the analysis under the good event &;, recalling that B;(¢t) = Ahl () + B SH(t). Lett =1,
and we exploit the optimism, i.e., B;: (t) < By, (1):

pi= (t) — pr, (t) + Br,(t) — Br,(t) < min q 1, pix (t) — Biz () +Br, (t) — pr, ()
—_———

<0

<min {1, B, (t) — pr,(t)}.

Now, we work on the term inside the minimum:

Br,(t) — pr (t) = Ap (8) + B0 (8) — (1) (83)
< TR (E) — u, (8) + 2877 (8), (84)
— H/_/

(a) (b)

where line (83) follows from the definition of B;(t) and line (84) from the good event £;. We make use of Lemma 11 and
Lemma 14 to bound the summations over ¢ of (a) and (b), respectively.

Putting all together, we obtain:
R, ¢ r(R-0-UCB) <

2
<1+ —kQ + 5kt ~+ %(%T)% (10alog T3 +
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+ 2k + kT [I_IQJ T, ({(1 - 26)];21-‘ ,q) +

+ T4 (1 + log(eT)) T M [ ! —‘x

€ 1—2e¢
T s
x>y |Cm|TV([(1—26)C|—‘,q) :
C,[{LGC@U m
|cY)>1

C. Technical Lemmas for Stochastic Rising Bandits

In this appendix, we report some useful technical lemmas from the literature of stochastic rising bandits that will play a role
in the results of Section B.

Lemma 12 (Lemma C.1 of Metelli et al. 2022). Let M > 3, andlet f : N — R, and € (0,1). Then it holds that:

M BM]
> nsip< 5] 3 s
7j=3

=138]

Proof. We simply observe that the minimum value of | 85| is [3/] and its maximum value is | M |. Each element | 3; |
changes value at least one time every [ —‘ times. O

Lemma 13 (Lemma C.2 of Metelli et al. 2022). Under Assumption 1, it holds that:

Nir—1

s S5 e <, (M )

i, T)ick ]
=1
Nir20,5 e Nor=T €H

Lemma 5 (Concentration of Estimator, adapted from Metelli et al. 2022). For every arm i € [k], every round t € [T, and

window width 1 < h < {%J, let:

10log §
h3

Br(t,8) =0(t — Niy_1+h—1)

Then, if the window size depends on the number of pulls only h; s = h(N; 1—1) and if §; =t~ for some o > 2, it holds for
every round t € [T that:
P(

Proof Sketch. Using a Doob’s optional skipping argument (Doob, 1953; Bubeck et al., 2008), and noting that, at
round t, t! 1 is a stopping time for every arm ¢ € [k] and pull number [ € {1,...,N;; 1} wrt. the filtration
Fro1 = U(Il, X1,y Ir—1,X: -1, 1), we can proceed to prove this lemma as in Metelli et al. (2022) also for GTRB. [

AL = )| > Bk 6)) < 2607

Lemma 14 (Bound on Estimator’s Variance, Metelli et al. (2022), Theorem 4.4). Let (It)tem be a sequence of actions

such that
Byt

A () = g ()] < B (), Ve e [T (85)

where oo > 2. For every action i € [k], every round t € [T, let window width h; ; = |€N; —1]. Then, we have

T
1 ,

3" min {1,2ﬁﬁ’f~f(m—a)} <k (3 + ) + 38 263 (100 log ). (86)
€ €

t=1
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Figure 2. Sets of functions used in the experimental campaign over deterministic settings with block-diagonal adjacency matrices. Under
each figure, we report the family of analytical functions used for the instance construction, where x; > 0 and m; € [0, 1].

D. Experiments

In this appendix, we provide an experimental campaign to validate the proposed algorithmic solutions from an empirical
perspective.

We start with the deterministic setting: in Appendix D.1 we evaluate DR-BG-UB in 15 GTRB instances, varying both
the functions and the adjacency matrices; in Appendix D.2 we evaluate DR—G-UB in 3 GTRB instances, but varying the
sub-matrix used in the Algorithm 2 routine. Finally, we evaluate R-[]-UCB in 10 stochastic GTRB instances, varying both
the functions and the adjacency matrices, and comparing its performances to a baseline from the literature, Sliding Window
UCB (Garivier & Moulines, 2011). We decided not to evaluate R-[]-UCB under general adjacency matrices since there is
no feasible way to compute a clairvoyant and no reasonable sensitivity analysis can be conducted on the algorithm’s inputs
as we did in the deterministic setting studying the impact of the specified sub-matrix.

D.1. Deterministic Setting with Block-Diagonal Matrices

This section assesses the empirical performances of DR-BG-UB in a synthetic environment. To do so, we propose a total of
15 different instances of Graph-Triggered Rising Bandits with block-diagonal matrices and adding no noise in the rewards
generation process.

Setting. In Figure 2, we report three different set of functions satisfying Assumption 1, {v1, v, v3}, of 5, 5 and 15 arms,
respectively.

Some remarks are in order. The total increment assumes different behaviors depending on the set of functions, indeed
YTy, =0OlogT)and Tp, = O(logT), while T,,, = O(T). This has been done voluntarily to stress the algorithm towards
these two corner cases and assess its performance on both. Moreover, in F; we can see one function, namely z3, dominating
all the others. This is a corner case in which, whatever the underlying graph, all the optimal policies coincide. Instead, in F3,
we observe that the optimal policy in the restless scenario would include pulling 4 different actions across the trial. Instead,
JF3 is aimed at assessing Algorithm 1 performance when the action space is larger.

We now introduce a compact notation for block-diagonal matrices. Let G € {0, 1}*** a block-diagonal matrix with k
distinct blocks. Then, we indicate the matrix by means of its block sizes as G := {by, ..., bE}’ with the convention that the

first block is the one on the upper-left corner, and so on. Note that ) . e[F] b; = k.

Together with those, we define two sets of block-diagonal matrices, namely B, and B2, composed of 5 matrices each:

Bl = {157 {27 ]-7 13 1}) {2a 1; 2}) {3a 2}3 15><5}7

BQ = {1157 {3; 37 37 37 3}7 {57 5a 5}a {5a 10}7 115><15}~
Note that the definition of sub-matrix partially orders matrices increasingly, i.e., every matrix is a sub-matrix of the following
one. When referring to a set of ”increasing” matrices, we will indicate with G the minimum (e.g., Gy = I5), and so on

until the maximum (e.g., G4 = 15x5). Set B is composed of sequentially nested matrices, while set B is composed of
matrices. Both have a decreasing number of blocks.
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Figure 3. Cumulative regrets obtained by DR-BG-UB. The algorithm faces every set of functions 5 times under a different adjacency
matrix, from the sparser (Go = I) to the complete matrix (G4 = 1).
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Figure 4. Sets of functions used in the experimental campaign over stochastic settings with non-block-diagonal adjacency matrices. Under
each figure, we report the family of analytical functions used for the instance construction, where x; > 0 and m; € [0, 1].

Together with the reward functions, the matrices will form the 15 instances as follows: (v1, G)gen;, (V2, G)ges;»
(v3, G)geB,» Where Go Thus, every set of functions will be evaluated on 5 different block-diagonal matrices.

Results. In Figure 3, we report the cumulative regrets obtained by DR-BG—-UB on the three instances previously described,
setting 7" to 50.000, 75.000 and 50.000, respectively. Since DR-BG-UB is an anytime algorithm, for every time ¢ € [T
we computed the cumulative reward achieved by the optimal policy for that specific time horizon and then tracked the
algorithm’s cumulative regret at every time.

Some comments are in order. The instances corresponding to purely restless settings (i.e., G4) are the ones in which
DR-BG-UB achieves the best performances. This is expected since the restless contribution to the regret’s upper bound is
sensibly lower than the contribution given by rested arms (Theorem 3). In general, this phenomenon is even more evident
when looking at the progression of regret when the number of blocks increases. The higher cumulative regret is always
observed when the matrix is the identity (i.e., Go). However, the cumulative regret always assumes a sub-linear shape, thus
validating the theoretical findings of Theorem 3. Finally, the cumulative regret’s shape assumes a non-concave behavior
(see, e.g., Figure 3b): this is expected since the clairvoyant is computed for every possible ¢ and the optimal policy may
drastically change from one time to the subsequent.

D.2. Deterministic Setting with General Matrices

This section assesses the empirical performances of DR-G—-UB in a synthetic environment. To do so, we propose a total of 3
different instances of Graph-Triggered Rising Bandits with non-block-diagonal matrices and adding no noise in the rewards
generation process. Moreover, we analyze the behavior of DR-G-UB under different choices of the employed sub-matrix,
also deviating from the maximal sub-matrix choice prescribed by the pseudo-code in Algorithm 2.

Setting. In Figure 4, we report three different set of functions satisfying Assumption 1, {vy,vs, s}, of 5, 5 and 15
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Figure 5. Cumulative rewards obtained by DR-G-UB. The algorithm faces every set of functions 5 times under the same different
adjacency matrix, however the used sub-matrix G~ changes, from the sparser (G¢ = I) to the maximal sub-matrix (G).

functions, respectively.
These set of functions are very similar to the ones in the previous section. Thus, all the remarks done before still apply.

We define two non-block-diagonal matrices, namely G, € {0,1}°*5 and Gy, € {0, 1}15*15:

Gy =

2
Il

O = ===

i

OO~ =

=

== O O O
O R OO OO HROOO KR F -
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Together with the set of functions, these will constitute the 3 instances as follows: (v4, G,), (v5, G,), and (vg, Gp).

The goal of this section is mainly to study the behaviour of DR-G-UB under different choices of the sub-matrix, and to
validate that the maximal sub-matrix is empirically the best choice. Thus, we will propose 4 possible sub-matrices of G,
and G, respectively, and run Algorithm 2 for every possible choice.

We define two sets of sub-matrices, namely B and BL, s.t.
Btf = {157{271a131}a{2a152}3{332}}a (87)
BE ={1.5,{3,3,3,3,3},{5,5,5}, {5, 10} }. (88)

We will indicate with Gg the minimum sub-matrix (e.g., Gg = I5), and so on until the maximal sub-matrix (e.g.,
GL = {3,2}), that is here uniquely defined.

Results. When the matrix is non-block-diagonal, computing the clairvoyant is NP-hard. Thus, in Figure 5, we report the
cumulative rewards obtained by DR-G-UB on the three instances defined above when varying the sub-matrix that is used,
setting 1" to 50.000, 75.000 and 50.000, respectively.

The cumulative regret is always sub-linear, independent of the choice of the used sub-matrix. However, the best performances
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Figure 6. Cumulative regrets obtained by R—[1-UCB and SW-UCB. The algorithms face the same set of functions v, for 5 times under
different adjacency matrices. GG; moves from the sparser (Go = Is) to the complete matrix (G4 = 1s5x5). For each instance, we
performed 20 trials and reported mean =+ std.

are obtained using the maximal sub-matrix, and this is an expected consequence of Theorem 4. When the provided sub-
matrix becomes smaller in the number of blocks, the cumulative reward improves despite keeping the true matrix underlying
the process fixed. This outcome validates the design choice in Algorithm 2 to use the maximal sub-matrix.

D.3. Stochastic Setting with Block-Diagonal Matrices, and comparison with Sliding-Window UCB

In this section, we validate the need for ad-hoc algorithmic solutions to solve the Graph-Triggered Rising Bandits problem.
In particular, we evaluate the performance of Algorithm 3 in a stochastic setting with block-diagonal adjacency matrices and
compare it to the one of Sliding Window UCB (shortly, SW—UCB, Garivier & Moulines (2011)). To the authors’ knowledge,
no existing algorithm from the literature deals appropriately with the GTRB setting. So, as a comparison baseline, we
decided to use SW—-UCB since it is one of the most robust and known algorithms from the non-stationary bandit literature.

Setting. We evaluate the two algorithm on a total of 10 instances, corresponding to the first 10 instances of the experimental
campaign in Appendix D.1 (rescaled), i.e., (v1, G)gep, and (v2, G)gep, - The hyper-parameters of SW—UCB have been
set according to the original paper (Garivier & Moulines, 2011) and then optimized to get the smaller regret upper bound.
Instead, the hyper-parameters of R—[J-UCB have been fixed for all experiments, using € = 0.1 and o = 3. The time horizon
was set to 7' = 75.000, and the optimal policy’s cumulative reward has been computed for every time ¢ € [T']. We perform
20 trials for each setting, varying the seed to the additive, zero-mean, Gaussian noise generator, where o = 0.1.

Results. In Figure 6, we report the average cumulative regrets obtained by the two algorithms in the first 5 instances and
their standard deviations. We can observe that, in most of these, the performance of the two algorithms is comparable, even
if SW-UCB tends to achieve a lower regret. However, the shape of SW—UCB cumulative regret has a linear behavior. We
remark that the set of functions v; contains a dominant function, u3, thus the optimal policy prescribes to always play such
arm, independently from the matrix. In this kind of setting, standard algorithms for non-stationary bandits can still achieve
satisfactory performance in practice.

However, as we can observe in Figure 7, which contains the regrets for the second half of the instances, the performance of
SW-UCB quickly deteriorates w.r.t. R—[J-UCB as the optimal policy becomes less trivial. Indeed, when “increasing” the
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Figure 7. Cumulative regrets obtained by R—-[J-UCB and SW-UCB. The algorithms face the same set of functions > for 5 times under
different adjacency matrices. GG; moves from the sparser (Go = Is) to the complete matrix (G4 = 1sx5). For each instance, we
performed 20 trials and reported mean =+ std.

adjacency matrix, the optimal policy pulls a larger set of different arms, and standard techniques for non-stationary bandits
fail to model this kind of interaction among the arms. The results of this section highlight the need for a specific algorithm
to deal with GTRB problems, as standard algorithms from the non-stationary bandits literature may perform well in simpler
instances but will severely deteriorate in harder ones. Finally, this section also assesses the good performance of R—-[1-UCB
in stochastic settings. Indeed, all the cumulative regrets assume a sub-linear shape.
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