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Abstract

Recently, deep neural networks have revolutionized various domains, primarily
due to their ability to consistently improve performance when scaling up resources,
including model size, data, and compute, a phenomenon formalized as scaling
laws. Yet, the theoretical basis of these principles remains unclear: why scaling
works and when it breaks down. We address this gap by analyzing the feature
learning dynamics of ResNets trained with SGD. In the joint infinite-width–depth
limit, we show that feature evolution is governed by a coupled forward–backward
stochastic system, which we term the neural feature learning dynamic system.
This framework clarifies the mechanisms underlying scaling laws and offers a new
mathematical tool for studying deep learning dynamics.

1 Introduction

In recent years, deep neural networks (DNNs) have achieved remarkable success across diverse
domains. A key empirical observation behind this success is that performance continuously improves
as resources—including model size, data, and compute—are scaled up, a phenomenon formalized
as scaling laws [19, 16]. These principles have guided the development of many state-of-the-art
large-scale models, often with hundreds of billions of parameters, including large language models
(LLMs) [4, 7, 29], vision transformers (ViTs) [8], and deep generative models [15, 25, 27]. However,
training these massive models is not without challenges. As models grow larger, they often encounter
severe training instabilities—such as loss spikes and exploding gradients [20, 6]. Furthermore,
they also exhibit diminishing returns in test performance, especially when data does not scale
proportionally [19, 16]. These contrasting outcomes—breakthroughs on one hand and breakdowns
on the other—reveal a fundamental gap in our theoretical understanding: Why does scaling up
consistently improve performance, yet still collapse in some cases?

To approach this question, one widely studied framework is the Neural Tangent Kernel (NTK) theory.
In the infinite-width limit, DNNs trained with gradient-based methods evolve linearly around their
initialization, becoming kernel machines governed by a fixed NTK [18]. This connection helps
explain why sufficiently wide networks can perfectly fit training data while still generalizing well
[1, 22]. However, NTK theory captures only the so-called lazy training regime [5, 31], where
parameter changes are limited and features remain largely fixed. Consequently, the NTK framework
cannot account for the rich representation learning that underlies key paradigms of modern deep
learning, such as parameter-efficient fine-tuning [17], in-context learning [4, 9], and chain-of-thought
reasoning [30].

In contrast, a complementary line of work studies feature learning (FL) regimes, where neural
networks actively learn features even at scale. The maximal update parameterization (µP) framework
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[34] introduces a general scaling rule that preserves nontrivial FL as network width grows. Notably,
µP enables hyperparameters tuned on small models to transfer reliably to larger ones [35], a critical
advantage for large-scale training. Despite these advances, most existing analyses in the FL regime are
restricted to shallow networks and thus cannot fully capture how features evolve in deep architectures.
This limitation is important because the success of deep learning is widely attributed to depth [2, 21].
While recent work has begun exploring the role of depth [36, 3], our theoretical understanding of
how depth shapes feature learning dynamics in ultra-deep networks remains limited.

To address the gap in understanding scaling laws, we extend the FL perspective by analyzing feature
learning dynamics in the joint infinite-width and infinite-depth limit (henceforth referred to as
the joint limit). Our analysis focuses on randomly initialized residual networks (ResNets) trained
with stochastic gradient descent (SGD), a dominant architecture in large-scale models [13, 8, 28].
In this limit, we show that forward feature propagation in ResNets is described by a stochastic
differential equation (SDE), where depth plays the role of a continuous time variable; during training,
backpropagation induces a feedback process—modeled as a backward SDE—that continuously
reshapes the forward SDE by modifying its drift and diffusion terms.

This SDE-based perspective provides a principled understanding of the mechanisms behind scaling
laws: scaling succeeds when finite networks closely approximate the SDE limit; it fails when
convergence to this limit breaks down. Additionally, the coupled forward–backward SDE system,
referred to as the Feature Learning Dynamics System (FLDS), also provides a mathematical foundation
for future theoretical advances in studying training behavior and scaling effects beyond the lazy
regime. Our contributions are summarized as follows:

• We first analyze ResNets in the joint limit at initialization and prove that the pre-activation design
is inherently more stable than the post-activation design,2 as the latter can diverge with certain
activation functions (e.g., ReLU).

• Under the pre-activation design, we show that as width and depth both tend to infinity, feature
propagation in ResNets converges to a forward SDE. This convergence holds regardless of the
relative scaling rates of width and depth, establishing their commutativity.

• During training under µP scaling, we show that the forward SDE is dynamically reshaped by a
backward SDE induced by backpropagation. Together, these coupled stochastic processes form the
Feature Learning Dynamics System (FLDS).

• We revisit the gradient independence assumption (GIA)—commonly valid at initialization in
the infinite-width limit, where forward weights W and backward weights W⊤ are treated as
independent. We show that this assumption, which generally fails during training at finite depth,
becomes valid again in the infinite-depth limit.

2 Preliminaries

Depth-adapted ResNets. Give x ∈ Rd, we consider a ResNet defined through a residual stream:

f(x;θ) = 1
n v⊤hL, hℓ = hℓ−1 +

√
T
Ln Wℓ ϕ(hℓ−1), h0 = 1√

d
Ux, ℓ ∈ [L], (1)

where ϕ is an activation function, U ∈ Rn×d, Wℓ ∈ Rn×n, and v ∈ Rn are trainable parameters.
These parameters, denoted collectively by θ = vec(U , {Wℓ},v), are randomly initialized [10, 12]:
vi,Wℓ,ij ,Uij

i.i.d.∼ N (0, 1).

Given a loss function L, we train the ResNet f via gradient descent (GD) θ(k+1) = θ(k) −
η∇θL(f (k), y(k)), where f (k) := f(x(k);θ(k)) is evaluated on a single data point (x(k), y(k))
sampled at iteration k by following the standard in the Tensor Program (TP) literature [34, 35, 36] to
simplify the analysis in the mean-field dynamics.

Tensor Programs and µP Parameterization. The TP framework [32, 34] provides a unified
language for expressing the forward and backward computations of neural networks and analyzing
their infinite-width limits. Formally, a TP is a sequence of vectors recursively computed from an initial

2Unless additional corrective operations are applied (see, e.g., [36]).
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set of random parameters using basic TP operations (e.g., MatMul, Nonlin, Moment). Importantly,
TP remains valid during training, when the recomputed vectors are expressed via valid TP operations.

A central theoretical result of TP is the Master Theorem [34, Theorem 7.4], capturing the mean-field
behavior of program variables. Specifically, for a finite set of program variables {hs}Ms=1 ∈ Rn and a
sufficiently regular function ψ : RM → R,

1

n

n∑
i=1

ψ(h1,i, . . . ,hM,i)
a.s.→ E

[
ψ(Zh1 , . . . , ZhM )

]
, as n→ ∞, (2)

where Zhs denotes the mean-field limit of hs. This characterization enables a rigorous description
of signal propagation and training dynamics in infinitely wide networks. Building on the Master
Theorem, the µP [34] was shown to maximize feature evolution per gradient update and enables
hyperparameter transfer from small to large models [35]. Our setup, defined in Eq. (1), also lies in
the µP regime.

3 Main Results: Neural Feature Learning Dynamics System

The Pre- vs. Post-Activation Debate It is important to first distinguish between two common
ResNet designs: the pre-activation style, as defined in Eq. (1), and the post-activation style, where
the skip connection is applied after the activation. Although the post-activation design was first
introduced [13], the pre-activation variant [14] has become the preferred choice in modern deep
networks [24, 4]. However, this preference has been guided more by practice than theory. The
following result provides a theoretical justification for the pre-activation preference when network
depth increases.
Proposition 1. Let ϕ satisfy the following positive dominance condition: there exist nonnegative
constants c1, c2, not both zero, such that E[ϕ(xZ)] ≥ c1|x|+ c2, ∀x ∈ R, where Z is the standard
Gaussian random variable. Then, in a post-activation ResNet, the expected hidden state satisfies:

E[hL,i] ≥ c1

(
1 + c1

√
T/Ln

)L
∥x∥/

√
d+ c2

√
TL, ∀i ∈ [n]. (3)

This result implies that with common activations such as ReLU (where c1 = 1 and c2 = 0), the
hidden states hℓ can diverge as depth grows—even under stabilizing depth scaling factors

√
T/L.

Neural Feature Propagation as an SDE Given the superior stability, the subsequent analysis
focuses on the pre-activation design. We use the synchronous coupling method to prove that, in
the joint limit, each coordinate of the hidden state hℓ can be viewed as a particle whose mean-field
dynamics are characterized by a forward SDE.
Proposition 2. Suppose ϕ is K1-Lipschitz. In the joint limit min(n,L) → ∞, the features hℓ

converge to ht solving the McKean–Vlasov SDE dht = σt dwt with h0 ∼ N (0, ∥x∥2/d), σ2
t =

E[ϕ2(ht)], and {wt} as a standard Brownian motion for t ∈ [0, T ]. The convergence holds in mean
square with rate E|hℓ,i − htℓ |2 ≤ C(L−1 + n−1), where tℓ = ℓT/L.

The bound further shows that the limit is obtained regardless of the relative scaling rates of width
and depth. Remarkably, this commutability is not universal across network structures [23, 11],
highlighting the robustness of the SDE limit for stable hyperparameter transfer across model scales.

Backward SDE Induced by Backpropagation During training, the gradients are computed
through backpropagation. To analyze this process in the joint limit, our analysis focuses on the
following backward information flow:

gL = n
∂f

∂hL
= v, gℓ−1 = n

∂f

∂hℓ
= gℓ +

√
T

Ln
ϕ′(hℓ−1)⊙W⊤

ℓ gℓ, ∀ℓ ∈ [L], (4)

where ⊙ is element-wise multiplication. Under mild regularity assumptions on ϕ and ϕ′, the limiting
behaviors of gℓ in the joint limit are described by a backward SDE3.

3Here instead of defining processes with a reverse of time, the term is used to mean that the SDE starts from
time T and goes backward to time 0. This is not to be confused with the classic terminology BSDE.
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Proposition 3. Suppose ϕ and ϕ′ are K1- and K2-Lipschitz. As min(n,L) → ∞, the gradients
gℓ converge to gt solving the McKean–Vlasov SDE dgt = σ̃t dw̃t with gT ∼ N (0, 1), σ̃2

t =
|ϕ′(ht)|2 E[gt]2, and {w̃t} a Brownian motion independent of {wt} in Propostion 2. The convergence
holds in mean square with rate E|gℓ,i − gtℓ |2 ≤ C(L−1 + n−1).

Similar to the forward propagation in Proposition 2, this convergence is also commutable. Moreover,
the forward and backward SDEs are driven by independent Brownian motions. Although Proposi-
tion 2–3 study the information propagation at initialization, we will show below that it also holds
valid in the infinite-depth limit.

Feature Learning Dynamics Formed by SGD We now investigate how representations evolve
during training in the joint limit. We demonstrate here that the SDE view derived in Section 3
continues to hold, and is continuously reshaped by the backward SDE throughout training.

To ensure that the network operates in the FL regime (rather than NTK with asymptotically frozen
features), we adopt the µP scaling from the TP framework by using a learning rate η = ηcn, where
ηc > 0 is a constant.

We can inductively show that all {h(k)
ℓ , g

(k)
ℓ } are valid TP variables. This enables the application of

the Master Theorem [34, Theorem 7.4] to study the training trajectory in the mean-field limit.
Proposition 4. Suppose L′, ϕ, and ϕ′ are pseudo-Lipschitz continuous. Then, as n→ ∞, the output
f (k) converges a.s. to f̊ (k) = E[Zg

(k)
L Zh

(k)
L ], where the hidden states evolve recursively as:

Zh
(k)
ℓ = Zh

(k)
ℓ−1 +

√
τZWℓϕ

(k)
ℓ−1 − τ

k−1∑
i=0

ηcL′(f̊ (i), y(i))E[ϕ(Zh
(i)
ℓ−1)ϕ(Zh

(k)
ℓ−1)]Zg

(i)
ℓ (5)

− τ2
k−1∑
i=0

ηcL′(f̊ (i), y(i))E[ϕ(Zh
(i)
ℓ−1)ϕ(Zh

(k)
ℓ−1)]E[ϕ′(Zh

(i)
ℓ−1)ϕ′(Zh

(k)
ℓ−1)]Zg

(i)
ℓ , (6)

where τ = T/L and {ZWℓϕ
(i)
ℓ−1}ℓ,i are centered joint Gaussian whose variance are computed based

on [34, Definition 7.3].

The final term in Eq. (6) reflects additional interactions between the forward and backward paths by
using the same weights Wℓ. From the perspective of the Euler–Maruyama scheme, however, this
correlation term vanishes as τ → 0 (equivalently L→ ∞). Thus, in the FL regime, the evolution of
feature learning driven by the backpropagation converges to a coupled stochastic system in the joint
limit—which we refer to as the Feature Learning Dynamics System.
Definition 1 (Feature Learning Dynamics System). The Feature Learning Dynamics System (FLDS)
is a coupled forward–backward SDE system that describes the evolution of hidden states and gradients
over training iteration k in the joint limit:

dh
(k)
t = −

k−1∑
i=0

ηcL′(f̊ (i), y(i))E[ϕ(h(i)t )ϕ(h
(k)
t )]g

(i)
t dt+ dw

(k)
t , (7)

dg
(k)
t = −

k−1∑
i=0

ηcL′(f̊ (i), y(i))E[g(i)t g
(k)
t ]ϕ(h

(i)
t )ϕ′(h

(k)
t ) dt+ ϕ′(h

(k)
t ) dw̃

(k)
t , (8)

where the Brownian motions {w(k)
t }k and {w̃(k)

t }k have time-varying covariance:
d

dt
E[w(i)

t w
(j)
t ] = Σt,ij := E[ϕ(h(i)t )ϕ(h

(j)
t )],

d

dt
E[w̃(i)

t w̃
(j)
t ] = Θt,ij := E[g(i)t g

(j)
t ]. (9)

Theorem 1. Suppose (i) L′, ϕ, and ϕ′ are Lipschitz continuous; and (ii) there exists a solution to the
FLDS system such that {Σt,k×k,Θt,k×k}t∈[0,T ] are uniformly strictly positive definite for each k. As

n → ∞ followed by L → ∞, the ResNet output f (k) converges a.s. to f̊ (k) = E[g(k)T h
(k)
T ], where

h
(k)
t and g(k)t evolve under the FLDS in Definition 1.

This limiting stochastic system is fundamentally different from NTK dynamics. Rather than asymptot-
ically freezing representations at initialization, the system continuously refines features via gradient
feedback. Moreover, the noise covariance evolves over time, reflecting the accumulation of training
effects. These dynamics capture the essence of feature learning in deep networks and open new
research directions for understanding large-scale deep learning from a mean-field perspective.
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A Useful Mathematical Results

Lemma 1 (Gronwall’s inequality). Let I = [a, b] for an interval such that a < b <∞. Let u, α, β
be real-valued continuous functions such that β is non-negative and u satisfies the integral inequality

u(t) ≤ α(t) +

∫ t

0

β(s)u(s)ds, ∀t ∈ I.

Then

u(t) ≤ α(t) +

∫ t

0

α(s)β(s) exp

(∫ t

s

β(r)dr

)
, ∀t ∈ I.

If, in addition, α(t) is non-decreasing, then

u(t) ≤ α(t) exp

(∫ t

0

β(s)ds

)
, ∀t ∈ I.

Lemma 2 (Gronwall’s inequality (discrete version)). Let (un) and (βn) be non-negative sequences
satisfying

un ≤ α+

n−1∑
k=0

βkuk, ∀n,

where α ≥ 0. Then

un ≤ α exp

(
n−1∑
k=0

βk

)
, ∀n.

B Analysis of Post-Activation Design — Proof of Proposition 1

Recall that ϕ is assumed to be positive dominate in the statement of Proposition 1, that is, there exist
nonnegative constants c1, c2, not both zero, such that E[ϕ(xZ)] ≥ c1|x|+ c2, ∀x ∈ R, where Z is
the standard Gaussian random variable. Now consider a post-activation ResNet {hℓ} given by

h0 =ϕ(Ux),

hℓ =hℓ−1 +

√
T

L
ϕ(Wℓhℓ−1), ∀ℓ ∈ {1, 2, · · · , L},

where Wℓ,ij are independent N (0, 1
n ) and Uij are independent N (0, 1d ).

First note that (Ux)i ∼ N (0, ∥x∥
2

d ) and hence E[h0,i] ≥ c1
∥x∥√

d
+ c2. Let Bℓ be the σ-algebra

generated by {h0, · · · ,hℓ−1}. Then, observe that

E[hℓ,i | Bℓ] = hℓ−1,i +

√
T

L
E
[
ϕ

(
∥hℓ−1∥√

n
Z

)
| Bℓ

]
≥ hℓ−1,i +

√
T

L

(
c1

∥hℓ−1∥√
n

+ c2

)
≥ hℓ−1,i +

√
T

L

(
c1

hℓ−1,i√
n

+ c2

)
=

(
1 + c1

√
T

Ln

)
hℓ−1,i + c2

√
T

L
.

Then taking expectation of Bℓ yields

E[hℓ,i] ≥

(
1 + c1

√
T

Ln

)
E[hℓ−1,i] + c2

√
T

L
.

Therefore, we obtain

E[hℓ,i] ≥

(
1 + c1

√
T

Ln

)ℓ

E[h0,i] + c2

√
T

L

ℓ−1∑
j=0

(
1 + c1

√
T

Ln

)j

≥

(
1 + c1

√
T

Ln

)ℓ(
c1

∥x∥√
d

+ c2

)
+ c2

√
T

L
ℓ.
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Therefore we obtain

E[hL,i] ≥ c1
∥x∥√
d

(
1 + c1

√
T

Ln

)L

+ c2
√
TL→ ∞

as L→ ∞, provided either c1 > 0 or c2 > 0. Hence, E[∥hL∥] ≥ E[hL,i] → ∞.

C Width-first convergence — Proofs of Propositions 2 and 3

C.1 First forward — Proof of Proposition 2

Suppose ϕ satisfies the assumption in Proposition 2 throughout. Consider

hℓ = hℓ−1 +

√
T

Ln
Wℓϕ(hℓ−1)

which is equivalent to

hℓ = hℓ−1 +

√
T

Ln
∥ϕ(hℓ)∥zℓ, zℓ ∼ N (0, In).

To distinguish from quantities after taking limits of n→ ∞ and L→ ∞, we add superscripts and
write each coordinate as

hn,Lℓ,i = hn,Lℓ−1,i +

√
T

Ln
∥ϕ(hn,L

ℓ−1)∥zℓ,i.

We want to show that each coordinate converges to

hLℓ,i = hLℓ−1,i +

√
T

L

√
Eϕ2(hLℓ−1,i)zℓ,i

as n→ ∞.
Lemma 3. For each i ∈ N, sup

L≥1
sup

ℓ=0,...,L
E[hLℓ,i]4 <∞ and inf

L≥1
inf

ℓ=0,...,L
Eϕ2(hLℓ,i) > 0.

Proof of Lemma 3. By symmetry, we omit the subscript i. Using independence of zℓ, we have

E[hLℓ ]4 ≤ CE[hL0 ]4 + CE

[
ℓ∑

u=1

√
T

L

√
Eϕ2(hLu−1)zu

]4

≤ C +
C

L

ℓ∑
u=1

Eϕ4(hLu−1) ≤ C +
CK1

L

ℓ−1∑
u=0

E[hLu ]4.

It then follows from discrete Gronwall’s inequality (Lemma 2) that

E[hLℓ ]4 ≤ CeCK1
ℓ/L. (10)

This gives the first assertion.

For the second assertion, note that ϕ is a continuous function and not identically zero. So there exists
some interval (a, b) ⊂ R such that infa<x<b ϕ

2(x) > 0. Since hLℓ−1 and zℓ are independent, we have

Var(hLℓ ) ≥ Var(hLℓ−1) ≥ · · · ≥ Var(hL0 ) = C1 > 0.

Also
Var(hLℓ ) ≤ E[hLℓ ]2 ≤ C2.

So {hLℓ } are Gaussian random variables with mean zero and variance in [C1, C2]. Therefore,

inf
L≥1

inf
ℓ=0,...,L

P(hLℓ ∈ (a, b)) > 0.

This gives the second assertion.
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Proposition 5. For each i ∈ N,

sup
L≥1

sup
ℓ=0,...,L

E(hn,Lℓ,i − hLℓ,i)
2 ≤ C/n.

Proof of Proposition 5. Since hn,L0,i = hL0,i, we have

E(hn,Lℓ,i − hLℓ,i)
2 = E

[
ℓ∑

u=1

(
∥ϕ(hn,Lu−1)∥√

n
−
√

Eϕ2(hLu−1,i)

)√
T

L
zu,i

]2

=
C

L
E

ℓ∑
u=1

(
∥ϕ(hn,Lu−1)∥√

n
−
√
Eϕ2(hLu−1,i)

)2

,

where the second line uses the fact that {zℓ,i}ℓ are independent standard normal random variables.
By adding and subtracting terms, we have

E

(
∥ϕ(hn,Lu−1)∥√

n
−
√
Eϕ2(hLu−1,i)

)2

≤ 2E

√√√√ 1

n

n∑
j=1

ϕ2(hn,Lu−1,j)−

√√√√ 1

n

n∑
j=1

ϕ2(hLu−1,j)

2

+ 2E

√√√√ 1

n

n∑
j=1

ϕ2(hLu−1,j)−
√

Eϕ2(hLu−1,i)

2

. (11)

For the first term on the right hand side, using Minkowski’s inequality, we have

E

√√√√ 1

n

n∑
j=1

ϕ2(hn,Lu−1,j)−

√√√√ 1

n

n∑
j=1

ϕ2(hLu−1,j)

2

≤ E

√√√√ 1

n

n∑
j=1

(
ϕ(hn,Lu−1,j)− ϕ(hLu−1,j)

)22

≤ K2
1

n

n∑
j=1

E(hn,Lu−1,j − hLu−1,j)
2 = K2

1E(h
n,L
u−1,i − hLu−1,i)

2.

For the second term on the right hand side of equation 11, we have

E

√√√√ 1

n

n∑
j=1

ϕ2(hLu−1,j)−
√

Eϕ2(hLu−1,i)

2

= E

 1
n

∑n
j=1 ϕ

2(hLu−1,j)− 1
n

∑n
j=1 Eϕ2(hLu−1,j)√

1
n

∑n
j=1 ϕ

2(hLu−1,j) +
√

Eϕ2(hLu−1,i)

2

≤ C
1

n2

n∑
j=1

E
[
ϕ2(hLu−1,j)− Eϕ2(hLu−1,j)

]2 ≤ C/n,

where the last line uses the independence of {hLu−1,j}j and Lemma 3. Therefore, we obtain

E(hn,Lℓ,i − hLℓ,i)
2 ≤ CK1

L

ℓ−1∑
u=0

E(hn,Lu,i − hLu,i)
2 +

C

n
.

By discrete Gronwall’s inequality (Lemma 2), we have the desired result.

Next, to analyze the limit of hLℓ,i as L→ ∞, we omit the subscript i and view√
T

L
zℓ = w

(
ℓT

L

)
− w

(
(ℓ− 1)T

L

)
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for a standard Brownian motion w. Then we can write hLℓ = h
(L)
ℓT/L, where

dh
(L)
t =

√
Eϕ2(h(L)

tL ) dwt

and tL := ⌊ t
T/L⌋

T
L for t ∈ [0, T ]. Consider the McKean–Vlasov process

dht =
√

Eϕ2(ht) dwt.

Then {h(L)
t } is just the Euler–Maruyama discretization for {ht} with step size ∆t = T/L.

The following is a standard result (see e.g. [26, Section I.1]) and we only provide a sketch of the
proof.
Proposition 6. There exists a unique {ht} and

sup
0≤t≤T

Eh2t <∞, E[ht − htL ]
2 ≤ C(t− tL) ≤ C/L. (12)

Proof of Proposition 6. The evolution of ht can be written as

dht = σ(µt) dwt, h0 ∼ N (0, ∥x∥2/d),
where µt = Law(ht) and

σ(ν) :=

√∫
ϕ2(x) ν(dx) (13)

for ν ∈ P(R). Note that for any X ∼ µ ∈ P(R) and Y ∼ ν ∈ P(R), using Minkowski’s inequality
we have

|σ(µ)− σ(ν)| = |
√
Eϕ2(X)−

√
Eϕ2(Y )| ≤

√
E[ϕ(X)− ϕ(Y )]2.

By Lipschitz property of ϕ, we have

|σ(µ)− σ(ν)| ≤ CW2(µ, ν), (14)

where W2(·, ·) is the Wasserstein metric on P(R). Therefore, σ is a Lipschitz function. Now let

M := {µ ∈ P(C([0, T ] : R)) : sup
0≤t≤T

∫
x2 µt(dx) <∞}. (15)

For µ ∈ M, consider the process

dXt = σ(µt) dwt, X0 = h0. (16)

It is well-defined and Law (X) ∈ M, by Lipschitz property of ϕ. Denote the map from µ ∈ M to
Law(X) ∈ M by Γ. For µ, ν ∈ M, denote the Wasserstein metric by

W2,t(µ, ν) := inf{
(
E[sup

u≤t
|Xu − Yu|2]

)1/2

: Law(X) = µ,Law(Y ) = ν}. (17)

Now given µ, ν ∈ M, let

dXt = σ(µt) dwt, dYt = σ(νt) dwt, X0 = Y0 = h0. (18)

Then using Doob’s maximal inequality, we have

W 2
2,t(Γ(µ),Γ(ν)) ≤ E[sup

u≤t
|Xu − Yu|2] = E[sup

u≤t
|
∫ u

0

[σ(µs)− σ(νs)] dws|2]

≤ 4E|
∫ t

0

[σ(µs)− σ(νs)] dws|2 = 4

∫ t

0

[σ(µs)− σ(νs)]
2 ds

≤ C

∫ t

0

W 2
2 (µs, νs) ds ≤ C

∫ t

0

W 2
2,s(µ, ν) ds.

Existence and uniqueness of {ht} then follows from standard arguments (cf. [26, Section I.1]). The
first estimate in equation 12 follows from standard arguments on observing that ϕ is Lipscthiz and
hence has linear growth. From this we immediately get the second estimate in equation 12.
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The following result quantifies the error as L→ ∞. This is not the stronger result one would usually
get for Euler–Maruyama approximations. But it is sufficient for our use and also will be used in later
inductive arguments for traning steps.

Proposition 7. For all L ≥ 1,

sup
ℓ=0,1,...,L

E[hLℓ − hℓT/L]
2 = sup

ℓ=0,1,...,L
E[h(L)

ℓT/L − hℓT/L]
2 ≤ C/L. (19)

Proof of Proposition 7. Let sL := ⌊ s
T/L⌋

T
L . Since h(L)

0 = h0, we have

E[hLℓ − hℓT/L]
2 = E[h(L)

ℓT/L − hℓT/L]
2

=

∫ ℓT/L

0

|
√
Eϕ2(h(L)

sL )−
√
Eϕ2(hs)|2 ds

≤ 2

∫ ℓT/L

0

|
√

Eϕ2(h(L)
sL )−

√
Eϕ2(hsL)|2 ds+ 2

∫ ℓT/L

0

|
√

Eϕ2(hsL)−
√
Eϕ2(hs)|2 ds

≤ C

L

ℓ−1∑
u=0

E[hLu − huT/L]
2 +

C

L
,

where the last line uses the Lipschitz property in equation 14 and Lemma 6. It then follows from
discrete Gronwall’s inequality (Lemma 2) that

E[hLℓ − hℓT/L]
2 ≤ C

L
eCℓ/L. (20)

This completes the proof.

Combining Propositions 5 and 7, we get Proposition 2.

C.2 First Backward — Proof of Proposition 3

Suppose ϕ satisfies the assumption in Proposition 3 throughout.

Recall gℓ in equation 4:

gL = n
∂f

∂hL
= v, gℓ−1 = n

∂f

∂hℓ
= gℓ +

√
T

Ln
ϕ′(hℓ−1)⊙W⊤

ℓ gℓ, ∀ℓ ∈ [L].

Under the gradient independence assumption, this is equivalent to

gn,LL,i = vi,

gn,Lℓ−1,i = gn,Lℓ,i +

√
T

Ln
ϕ′(hn,Lℓ−1,i)∥g

n,L
ℓ ∥z̃ℓ,i,

where {z̃ℓ,i} are independent standard normal random variables and also independent of {zℓ,i}.

We note that the evolution of the first backward gn,Lℓ−1,i is very similar to that of the first forward hn,Lℓ,i ,
except that the last term involves an extra term ϕ′(hn,Lℓ−1,i) and it depends on ∥gn,L

ℓ ∥ without through
the activation function ϕ. Therefore, the proof of Proposition 3 is very similar to that of Proposition
2, thanks to the assumption that ϕ′ is Lipschitz. Hence we will only state the following results and
omit most proofs.

First we want to show as n→ ∞, {gn,Lℓ,i } converges to

gLℓ−1,i = gLℓ,i +

√
T

L
ϕ′(hLℓ−1,i)

√
E(gLℓ,i)

2z̃ℓ,i.

Lemma 4. For each i ∈ N, sup
L≥1

sup
ℓ=0,...,L

E[gLℓ,i]4 <∞ and inf
L≥1

inf
ℓ=0,...,L

E(gLℓ,i)2 > 0.

11



Proof of Lemma 4. Proof of the first assertion is omitted. For the second assertion, since gn,LL,i = vi
is independent of {hLℓ,i} and {z̃ℓ,i}, we have

E(gLℓ,i)2 ≥ Var(gLℓ,i) ≥ Var(vi) = C > 0.

This completes the proof.

Proposition 8. For each i ∈ N,

sup
L≥1

sup
ℓ=0,...,L

E(gn,Lℓ,i − gLℓ,i)
2 ≤ C/n.

Next, to analyze the limit of gLℓ,i as L→ ∞, we omit the subscript i and view√
T

L
z̃ℓ = w̃

(
(ℓ− 1)T

L

)
− w̃

(
ℓT

L

)
for a standard Brownian motion w̃ that goes backward in time. Then we can write gLℓ = g

(L)
ℓT/L, where

dg
(L)
t = ϕ′(h

(L)
tL )

√
E(g(L)

t̃L
)2 dw̃t

and t̃L := ⌈ t
T/L⌉

T
L . Consider the McKean–Vlasov process (that goes backward in time)

dgt =
√

Eg2t dw̃t.

Then {g(L)
t } is just the Euler–Maruyama discretization for {gt} with step size ∆t = T/L.

Proposition 9. There exists a unique {gt} and

sup
0≤t≤T

Eg2t <∞, E[gt − gt̃L ]
2 ≤ C(t̃L − t) ≤ C/L. (21)

Proposition 10. For all L ≥ 1,

sup
ℓ=0,1,...,L

E[gLℓ − gℓT/L]
2 = sup

ℓ=0,1,...,L
E[g(L)

ℓT/L − gℓT/L]
2 ≤ C/L. (22)

Combining Propositions 8 and 10, we get Proposition 3.

D Gradient Computation

In this section we derive the forward propagation and backward propagation processes after gradient
updates. Recall that we have defined the ResNet as follows:

h0 =
1√
d
Ux, hℓ = hℓ−1 +

√
T

Ln
Wℓϕ(hℓ−1), ∀ℓ ∈ [L], f(x) =

α√
n
v⊤hL.

Then we consider the backward propagation of gradients as follows:

gL =

√
n

α

∂f

∂hL
= v, gℓ−1 =

√
n

α

∂f

∂hℓ−1
= gℓ +

√
T

Ln
ϕ′(hℓ−1)⊙W⊤

ℓ gℓ, ∀ℓ ∈ [L].

The gradients of f w.r.t. trainable parameters are given by

∂f

∂v
=

α√
n
hL,

∂f

∂Wℓ
=

√
T

Ln

∂f

∂hℓ
ϕ(hℓ−1)

⊤,
∂f

∂U
=

1√
d

∂f

∂h0
x⊤.

Given a loss function L, the SGD with a single sample is given by

v+ = v − ηL′(f, y)
α√
n
hL

W+
ℓ = Wℓ − ηL′(f, y)

√
T

Ln

∂f

∂hℓ
ϕ(hℓ−1)

⊤ = Wℓ − η
α√
n
L′(f, y)

√
T

Ln
gℓϕ(hℓ−1)

⊤

U+ = U − ηL′(f, y)
1√
d

∂f

∂h0
x⊤ = U − η

α√
n
L′(f, y)

1√
d
g0x

⊤.

12



Then, after k step gradient updates, the forward propagation becomes:

h
(k)
0 =

1√
d
U (k)x(k)

=
1√
d

[
U − η

k−1∑
i=0

L′(f (i), y(i))
1√
d

∂f (i)

∂h
(i)
0

x(i)⊤

]
x(k)

=
1√
d
Ux(k) − η

α√
n

k−1∑
i=0

L′(f (i), y(i))

〈
x(i),x(k)

〉
d

g
(i)
0

h
(k)
ℓ =h

(k)
ℓ−1 +

√
T

Ln
W

(k)
ℓ ϕ(h

(k)
ℓ−1)

= h
(k)
ℓ−1 +

√
T

Ln

[
Wℓ − η

k−1∑
i=0

L′(f (i), y(i))

√
T

Ln

∂f (i)

∂h
(i)
ℓ

ϕ(h
(i)
ℓ−1)

⊤

]
ϕ(h

(k)
ℓ−1)

= h
(k)
ℓ−1 − η

α√
n

T

L

k−1∑
i=0

L′(f (i), y(i))

〈
ϕ(h

(i)
ℓ−1), ϕ(h

(k)
ℓ−1)

〉
n

g
(i)
ℓ +

√
T

Ln
Wℓϕ(h

(k)
ℓ−1)

f (k) =
α√
n

〈
v(k),h

(k)
L

〉
=

α√
n

[
v − η

k−1∑
i=0

L′(f (i), y(i))
α√
n
h
(i)
L

]⊤
h
(k)
L

=
α√
n
v⊤h

(k)
L − ηα2

k−1∑
i=0

L′(f (i), y(i))

〈
h
(i)
L ,h

(k)
L

〉
n

Consequentially, the backward propagation becomes

g
(k)
L = v(k) = v − η

k−1∑
i=0

L′(f (i), y(i))
α√
n
h
(i)
L

g
(k)
ℓ−1 = g

(k)
ℓ +

√
T

Ln
ϕ′(h

(k)
ℓ−1)⊙W

(k)⊤
ℓ g

(k)
ℓ

= g
(k)
ℓ +

√
T

Ln
ϕ′(h

(k)
ℓ−1)⊙

[
Wℓ − η

k−1∑
i=0

L′(f (i), y(i))

√
T

Ln

∂f (i)

∂h
(i)
ℓ

ϕ(h
(i)
ℓ−1)

⊤

]⊤
g
(k)
ℓ

= g
(k)
ℓ − η

α√
n

T

L

k−1∑
i=0

L′(f (i), y(i))

〈
g
(i)
ℓ , g

(k)
ℓ

〉
n

[
ϕ(h

(i)
ℓ−1)⊙ ϕ′(h

(k)
ℓ−1)

]
+

√
T

Ln
ϕ′(h

(k)
ℓ−1)⊙W⊤

ℓ g
(k)
ℓ

E Depth convergence — Proof of Theorem 1

In this section we start from Proposition 4, neglecting the last higher order term in equation 6, to
prove the convergence in Theorem 1 and show that the rate of convergence as L→ ∞ is 1/L. Recall
that we assume L′, ϕ, and ϕ′ are Lipschitz continuous, and

{Σt,k×k,Θt,k×k}t∈[0,T ] are uniformly strictly positive definite for each k ∈ N (23)

for the feature learning dynamics system. For ease of presentation, we consider the one sample case.
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The limit as n→ ∞ for the K-th iteration can be written as

h
(K),L
ℓ = h

(K),L
ℓ−1 − η0

T

L

K−1∑
k=0

L′(k, L)g
(k),L
ℓ E(ϕ(h(k),Lℓ−1 )ϕ(h

(K),L
ℓ−1 )) +

√
T

L
z
(K),L
ℓ ,

g
(K),L
ℓ−1 = g

(K),L
ℓ − η0

T

L
ϕ′(h

(K),L
ℓ−1 )

K−1∑
k=0

L′(k, L)ϕ(h
(k),L
ℓ−1 )E(g(k),Lℓ , g

(K),L
ℓ ) +

√
T

L
ϕ′(h

(K),L
ℓ−1 )z̃

(K),L
ℓ ,

where {(z(k),Lℓ )k, (z̃
(k),L
ℓ )k : ℓ = 1, . . . , L} are independent Gaussian random vectors with mean 0

and variance-covariance matrix

Cov(z(k),Lℓ , z
(k′),L
ℓ ) = E[ϕ(h(k),Lℓ−1 )ϕ(h

(k′),L
ℓ−1 )],

Cov(z̃(k),Lℓ , z̃
(k′),L
ℓ ) = E[g(k),Lℓ g

(k′),L
ℓ ],

and

h
(K),L
0 =

∥x∥√
d
u(0)− η0

K−1∑
k=0

L′(k, L)g
(k),L
0

⟨x,x⟩
d

,

g
(K),L
L = v(0)− η0

K−1∑
k=0

L′(k, L)h
(k),L
L ,

L′(k, L) = L′(E[g(k),LL h
(k),L
L ], y),

and u(0), v(0) are standard Gaussians.

Letting L→ ∞, we expect to have

dh
(K)
t = −η0

K−1∑
k=0

L′(k)g
(k)
t E[ϕ(h(k)t )ϕ(h

(K)
t )]dt+ dw

(K)
t , ∀t ∈ [0, T ],

dg
(K)
t = −η0ϕ′(h(K)

t )

K−1∑
k=0

L′(k)ϕ(h
(k)
t )E[g(k)t g

(K)
t ]dt+ ϕ′(h

(K)
t )dw̃

(K)
t , ∀t ∈ [0, T ].

where {(w(k)
t )k, (w̃

(k)
t )k : ℓ = 1, . . . , L} are indpendent Brownian motions with mean 0 and cross-

variations

d⟨w(k), w(k′)⟩t = E[ϕ(h(k)t )ϕ(h
(k′)
t )] dt,

d⟨w̃(k), w̃(k′)⟩t = E[g(k)t g
(k′)
t ] dt,

and

h
(K)
0 =

∥x∥√
d
u(0)− η0

K−1∑
k=0

L′(k)g
(k)
0

∥x∥2

d
,

g
(K)
T = v(0)− η0

K−1∑
k=0

L′(k)h
(k)
T ,

L′(k) = L′(E[g(k)T h
(k)
T ], y).

Remark 1. (a) The evolution of g(K)
t is written for ease of notation and is interpreted backward from

t = T to t = 0. This is not to be confused with the classic notion of backward stochastic differential
equations. The precise meaning, instead, is that (gt, w̃t) = (ĝT−t, ŵT−t) and

dĝ
(K)
t = −η0ϕ′(h(K)

T−t)

K−1∑
k=0

L′(k)ϕ(h
(k)
T−t)E[ĝ

(k)
t ĝ

(K)
t ]dt+ ϕ′(h

(K)
T−t)dŵ

(K)
t , ∀t ∈ [0, T ].

(b) The first forward {h(0)t } is adapted to the driven Brownian motions. Due to the backpropagation,
g
(0)
t and {h(k)t , g

(k)
t , k = 1, 2, . . . } are not adapted any more. However, thanks to the deterministic

diffusion coefficients in front of dwt and dw̃t, which are automatically adapted, the SDEs are
well-posed, as is justified in Propositions 6 and 9 above and Proposition 11 below.
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For ease of analysis, we write the above dynamics of ht := (h
(0)
t , . . . , h

(K)
t ) and gt :=

(g
(0)
t , . . . , g

(K)
t ) in the following more standard manner of McKean–Vlasov equations:

dht = bt dt+ σt dWt,

dgt = ct dt+Dtθt dBt,

where bt = (bt,k)
K
k=0 and ct = (ct,k)

K
k=0 are vectors given by

bt,k = −η0
k−1∑
i=0

L′(i)g
(i)
t E[ϕ(h(i)t )ϕ(h

(k)
t )],

ct,k := −η0ϕ′(h(k)t )

k−1∑
i=0

L′(i)ϕ(h
(i)
t )E[g(i)t g

(k)
t ],

Dt is a diagonal matrix given by

Dt = diag{ϕ′(h(0)t ), . . . , ϕ′(h
(K)
t )},

σt and θt are (the Cholesky decomposition) such that

σtσ
⊤
t = Σt := E[(ϕ(h(0)t ), . . . , ϕ(h

(K)
t ))⊤(ϕ(h

(0)
t ), . . . , ϕ(h

(K)
t ))],

θtθ
⊤
t = Θt := E[(g(0)t , . . . , g

(K)
t )⊤(g

(0)
t , . . . , g

(K)
t )],

and Wt and Bt are independent (K + 1)-dimensional standard Brownian motions.

We note that the above system is nested: when K increases by 1, one simply adds one additional
dimension to the evolution of ht and gt. This allows us to apply induction arguments in the proofs of
later results. We also note that the existence of solutions to the above system is already guaranteed
via the convergence of n→ ∞.

Denote by ∥ · ∥ the Frobenius norm of matrices (and vectors). Denote by λk(A) the eigenvalues of a
symmetric matrix A.

Lemma 5. If {h(k)t , g
(k)
t , k = 0, 1, . . . ,K} is a solution, then

sup
0≤t≤T

E∥ht∥2 <∞, sup
0≤t≤T

E∥gt∥2 <∞.

Proof of Lemma 5. We will prove by induction. The statement holds for K = 0 by Propositions 6
and 9.

Now suppose the statement holds for K, namely

sup
0≤t≤T

K∑
k=0

E[h(k)t ]2 <∞, sup
0≤t≤T

K∑
k=0

E[g(k)t ]2 <∞.

We will show that
sup

0≤t≤T
E[h(K+1)

t ]2 <∞, sup
0≤t≤T

E[g(K+1)
t ]2 <∞.

For h(K+1)
t , using Cauchy-Schwarz inequality, Lipschitz property of ϕ, and induction assumption,

we have

E[h(K+1)
t ]2 ≤ CE[h(K+1)

0 ]2 + C

K∑
k=0

E
(∫ t

0

g(k)s E[ϕ(h(k)s )ϕ(h(K+1)
s )] ds

)2

+ CE[w(K+1)
t ]2

≤ C + C

K∑
k=0

∫ t

0

E[g(k)s ]2Eϕ2(h(k)s )Eϕ2(h(K+1)
s ) ds+ C

∫ t

0

Eϕ2(h(K+1)
s ) ds

≤ C + C

∫ t

0

E[h(K+1)
s ]2 ds.

It then follows from Gronwall’s lemma that sup0≤t≤T E[h(K+1)
t ]2 <∞. Since ϕ′ is bounded, using

similar arguments as above we can get sup0≤t≤T E[g(K+1)
t ]2 <∞. Therefore the statement holds

for K + 1 and this completes the proof by induction.
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Proposition 11. Pathwise uniqueness holds for {h(k)t , g
(k)
t , k = 0, 1, . . . ,K}.

Proof of Proposition 11. We will prove by induction. By Propositions 6 and 9, h(0)t and g(0)t are
unique. So the statement holds for K = 0.

Now suppose the statement holds for K, namely h(k)t and g(k)t , k = 0, 1, . . . ,K, are unique. We
will show that h(k)t and g(k)t , k = 0, 1, . . . ,K + 1 are unique. Consider the solution (h

(k)
t , g

(k)
t )K+1

k=0

and any other solution (h̃
(k)
t , g̃

(k)
t )K+1

k=0 . By the induction assumption on uniqueness, we must have
(h

(k)
t , g

(k)
t )Kk=0 = (h̃

(k)
t , g̃

(k)
t )Kk=0. Recall

σtσ
⊤
t = Σt = E[(ϕ(h(0)t ), . . . , ϕ(h

(K+1)
t ))⊤(ϕ(h

(0)
t ), . . . , ϕ(h

(K+1)
t ))]

and let

σ̃tσ̃
⊤
t = Σ̃t = E[(ϕ(h̃(0)t ), . . . , ϕ(h̃

(K+1)
t ))⊤(ϕ(h̃

(0)
t ), . . . , ϕ(h̃

(K+1)
t ))]

= E[(ϕ(h(0)t ), . . . , ϕ(h
(K)
t ), ϕ(h̃

(K+1)
t ))⊤(ϕ(h

(0)
t ), . . . , ϕ(h

(K)
t ), ϕ(h̃

(K+1)
t ))].

Write Σt in block matrix form

Σ11,t = E[(ϕ(h(0)t ), . . . , ϕ(h
(K)
t ))⊤(ϕ(h

(0)
t ), . . . , ϕ(h

(K)
t ))],

Σ21,t = Σ⊤
12,t = E[ϕ(h(K+1)

t )(ϕ(h
(0)
t ), . . . , ϕ(h

(K)
t ))],

Σ22,t = E[ϕ2(h(K+1)
t )],

corresponding to coordinates 0, 1, . . . ,K and K + 1. Also write σt, Σ̃t and σ̃t is the similar way.
Then by Cholesky decomposition, we have

σ11,tσ
⊤
11,t = Σ11,t, σ̃11,t = σ11,t,

σ12,t = 0, σ̃12,t = 0,

σ⊤
21,t = σ−1

11,tΣ12,t, σ̃⊤
21,t = σ̃−1

11,tΣ̃12,t = σ−1
11,tΣ̃12,t,

σ22,t =
√
Σ22,t − σ21,tσ⊤

21,t, σ̃22,t =
√
Σ̃22,t − σ̃21,tσ̃⊤

21,t.

By Lipschitz property of ϕ, we have

∥Σ12,t − Σ̃12,t∥2 + ∥Σ22,t − Σ̃22,t∥2 ≤ CE[h(K+1)
t − h̃

(K+1)
t ]2. (24)

By equation 23, there exits some ε > 0 such that all eigenvalues of Σt are at least ε. It then follows
from the eigenvalue interlacing theorem (of principal submatrix) that all eigenvalues of Σ11,t are at
least ε. Then we have

∥σ−1
11,t∥2 = trace((σ−1

11,t)
⊤σ−1

11,t) = trace(Σ−1
11,t) =

K∑
k=0

1

λk(Σ11,t)
≤ K + 1

ε
. (25)

Therefore

∥σ21,t− σ̃21,t∥2 = ∥σ−1
11,t(Σ12,t− Σ̃12,t)∥2 ≤ ∥σ−1

11,t∥2∥Σ12,t− Σ̃12,t∥2 ≤ CE[h(K+1)
t − h̃(K+1)

t ]2.
(26)

where the last inequality uses equation 25 and equation 24. Similarly,

|σ21,tσ⊤
21,t − σ̃21,tσ̃

⊤
21,t|2 = |(σ21,t − σ̃21,t)(σ21,t + σ̃21,t)

⊤|2

= |(σ21,t − σ̃21,t)σ
−1
11,t(Σ12,t + Σ̃12,t)|2 ≤ ∥σ21,t − σ̃21,t∥2∥σ−1

11,t∥2∥Σ12,t + Σ̃12,t∥2

≤ CE[h(K+1)
t − h̃

(K+1)
t ]2, (27)

where we have used Lemma 5 to get ∥Σ12,t + Σ̃12,t∥2 ≤ C. Also, note that

σ2
22,t = Σ22,t − σ21,tσ

⊤
21,t = Σ22,t − Σ21,tΣ

−1
11,tΣ12,t (28)

16



is the Schur complement of the block Σ11,t of the matrix Σt, so that its eigenvalues are at least ε as
well. Therefore σ22,t ≥

√
ε and hence

∥σ22,t − σ̃22,t∥2 =

(
σ2
22,t − σ̃2

22,t

σ22,t + σ̃22,t

)2

≤ 1

ε
[(Σ22,t − σ21,tσ

⊤
21,t)− (Σ̃22,t − σ̃21,tσ̃

⊤
21,t)]

2

≤ C|Σ22,t − Σ̃22,t|2 + C|σ21,tσ⊤
21,t − σ̃21,tσ̃

⊤
21,t|2 ≤ CE[h(K+1)

t − h̃
(K+1)
t ]2,

(29)

where the last inequality uses equation 24 and equation 27. Now note that

h(K+1)
u − h̃(K+1)

u = −η0
K∑

k=0

∫ u

0

L′(k)g(k)s E[ϕ(h(k)s )(ϕ(h(K+1)
s )− ϕ(h̃(K+1)

s ))] ds

+

∫ u

0

(σ21,s − σ̃21,s, σ22,s − σ̃22,s) dWs.

Therefore

E[sup
u≤t

|h(K+1)
u − h̃(K+1)

u |2] ≤ C

K∑
k=0

E

[
sup
u≤t

∣∣∣∣∫ u

0

L′(k)g(k)s E[ϕ(h(k)s )(ϕ(h(K+1)
s )− ϕ(h̃(K+1)

s ))] ds

∣∣∣∣2
]

+ CE

[
sup
u≤t

∣∣∣∣∫ u

0

(σ21,s − σ̃21,s, σ22,s − σ̃22,s) dWs

∣∣∣∣2
]
. (30)

Here using Cauchy-Schwarz inequality, we can bound the first term on the right side by

C

K∑
k=0

E
∫ t

0

∣∣∣g(k)s E[ϕ(h(k)s )(ϕ(h(K+1)
s )− ϕ(h̃(K+1)

s ))]
∣∣∣2 ds

≤ C

∫ t

0

E[ϕ(h(K+1)
s )− ϕ(h̃(K+1)

s )]2 ds ≤ C

∫ t

0

E[sup
u≤s

|h(K+1)
u − h̃(K+1)

u |2] ds.

Using Doob’s maximal inequality, we can bound the second term on the right side of equation 30 by

CE
∣∣∣∣∫ t

0

(σ21,s − σ̃21,s, σ22,s − σ̃22,s) dWs

∣∣∣∣2 = C

∫ t

0

[∥σ21,s − σ̃21,s∥2 + ∥σ22,s − σ̃22,s∥2] ds

≤ C

∫ t

0

E[h(K+1)
s − h̃(K+1)

s ]2 ds ≤ C

∫ t

0

E[sup
u≤s

|h(K+1)
s − h̃(K+1)

s |2] ds.

where the first inequality uses equation 26 and equation 29. Combining above three estimates, we
have

E[sup
u≤t

|h(K+1)
u − h̃(K+1)

u |2] ≤ C

∫ t

0

E[sup
u≤s

|h(K+1)
s − h̃(K+1)

s |2] ds.

It then follows from Gronwall’s inequality that

E[sup
u≤T

|h(K+1)
u − h̃(K+1)

u |2] = 0. (31)

This gives uniqueness of h(K+1)
t . Since ϕ′ is bounded, similar arguments as above give uniqueness

of g(K+1)
t . Therefore the statement holds for K + 1 and this completes the proof by induction.

Before proving the convergence rate as L→ ∞, we will need the following two preparation results.
Recall tL := ⌊ t

T/L⌋
T
L and t̃L := ⌈ t

T/L⌉
T
L are the times corresponding to the discrete step.

Lemma 6. If {h(k)t , g
(k)
t , k = 0, 1, . . . , κ} is a solution, then

E∥ht − htL∥2 ≤ C(t− tL) ≤ C/L, E∥gt − gt̃L∥
2 ≤ C(t̃L − t) ≤ C/L. (32)
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Proof of Lemma 6. Using Lemma 5 and Lipscthiz property of ϕ, we can deduce

E∥bt∥2 ≤ C, ∥σt∥2 = trace(σtσ⊤
t ) = trace(Σt) ≤ C,

and similarly E∥ct∥2 ≤ C and ∥θt∥2 ≤ C. These give the desired result.

Recall the infinite width limit hLℓ := (h
(0),L
t , . . . , h

(K),L
t ) and gLℓ := (g

(0),L
t , . . . , g

(K),L
t ).

Lemma 7. sup
L≥1

sup
ℓ=0,...,L

E∥hLℓ ∥2 <∞ and sup
L≥1

sup
ℓ=0,...,L

E∥gLℓ ∥2 <∞.

Proof of Lemma 7. We will prove by induction. By Lemmas 3 and 4, the statement holds for K = 0.

Now suppose the statement holds for K, namely

sup
L≥1

sup
ℓ=0,...,L

K∑
k=0

E[h(k),Lℓ ]2 <∞, sup
L≥1

sup
ℓ=0,...,L

K∑
k=0

E[g(k),Lℓ ]2 <∞. (33)

We will show that

sup
L≥1

sup
ℓ=0,...,L

E[h(K+1),L
ℓ ]2 <∞, sup

L≥1
sup

ℓ=0,...,L
E[g(K+1),L

ℓ ]2 <∞. (34)

From the evolution of h(K+1),L
ℓ and independence of z(K+1),L

· , we have

E[h(K+1),L
ℓ ]2 ≤ 3E[h(K+1),L

0 ]2 + 3E

[
ℓ∑

u=1

η0
T

L

K∑
k=0

L′(k, L)g(k),Lu E(ϕ(h(k),Lu−1 )ϕ(h
(K+1),L
u−1 ))

]2

+ 3E

[
ℓ∑

u=1

√
T

L
z(K+1),L
u

]2

≤ C +
Cℓ

L2

ℓ∑
u=1

Eϕ2(h(K+1),L
u−1 ) +

C

L

ℓ∑
u=1

Eϕ2(h(K+1),L
u−1 )

≤ C +
C

L

ℓ−1∑
u=0

E[h(K+1),L
u ]2.

It then follows from discrete Gronwall’s lemma again that

E[h(K+1),L
ℓ ]2 ≤ CeCℓ/L. (35)

Therefore sup
L≥1

sup
ℓ=0,...,L

E[h(K+1),L
ℓ ]2 <∞. Similar arguments give sup

L≥1
sup

ℓ=0,...,L
E[g(K+1),L

ℓ ]2 <∞

and hence the statement also holds for K + 1. This completes the proof by induction.

Now we couple hLℓ and gLℓ with ht and gt respectively, and state our result on the convergence
rate of 1/L as L → ∞. Denote by Lt := ⌊ t

T/L⌋, Ls := ⌊ s
T/L⌋, L̃t := ⌈ t

T/L⌉, and L̃s := ⌈ s
T/L⌉

for s, t ∈ [0, T ]. We can write hLℓ = h
(L)
ℓT/L and gLℓ = g

(L)
ℓT/L, where h(L)

t and g(L)
t are continuous

interpolations using the same Brownian motions Wt and Bt:

dh
(L)
t = b

(L)
Lt

dt+ σ
(L)
Lt

dWt,

dg
(L)
t = c

(L)

L̃t
dt+D

(L)

L̃t
θ
(L)

L̃t
dBt.

Here b(L)
ℓ = (b

(L)
ℓ,k )

K
k=0 and c(L)

ℓ = (c
(L)
ℓ,k )

K
k=0 are vectors given by

b
(L)
ℓ,k = −η0

T

L

k−1∑
i=0

L′(i, L)g
(i),L
ℓ E(ϕ(h(i),Lℓ−1 )ϕ(h

(k),L
ℓ−1 )),

c
(L)
ℓ,k := −η0

T

L
ϕ′(h

(k),L
ℓ−1 )

k−1∑
i=0

L′(i, L)ϕ(h
(i),L
ℓ−1 )E[g(i),Lℓ g

(k),L
ℓ ],
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D
(L)
ℓ is a diagonal matrix given by

D
(L)
ℓ = diag{ϕ′(h(0),Lℓ−1 ), . . . , ϕ′(h

(K),L
ℓ−1 )},

and σ(L)
ℓ and θ(L)

ℓ are (the Cholesky decomposition) such that

σ
(L)
ℓ (σ

(L)
ℓ )⊤ = Σ

(L)
ℓ := E[(ϕ(h(0),Lℓ−1 ), . . . , ϕ(h

(K),L
ℓ−1 ))⊤(ϕ(h

(0),L
ℓ−1 ), . . . , ϕ(h

(K),L
ℓ−1 ))],

θ
(L)
ℓ (θ

(L)
ℓ )⊤ = Θ

(L)
ℓ := E[(g(0),Lℓ , . . . , g

(K),L
ℓ )⊤(g

(0),L
ℓ , . . . , g

(K),L
ℓ )].

The following proposition says that the L2 error decays at a rate of 1/L for the coupled difference
between hLℓ (resp. gLℓ ), the finite depth process at discrete step ℓ, and hℓT/L (resp. gℓT/L), the
corresponding infinite-depth process at time ℓT/L.

Proposition 12. For all L ≥ 1,

sup
ℓ=0,1,...,L

E∥hLℓ − hℓT/L∥2 ≤ C/L, sup
ℓ=0,1,...,L

E∥gLℓ − gℓT/L∥2 ≤ C/L. (36)

Proof of Proposition 12. We first note that the Lipschitz estimates in equation 26 and equation 29
still hold when comparing σsL and σ(L)

Ls
, thanks to equation 23. We will again prove by induction.

By Propositions 7 and 10, the statement holds for K = 0.

Now suppose the statement holds for K, namely

sup
ℓ=0,...,L

K∑
k=0

E[h(k),Lℓ − h
(k)
ℓT/L]

2 ≤ C/L, sup
ℓ=0,...,L

K∑
k=0

E[g(k),Lℓ − g
(k)
ℓT/L]

2 ≤ C/L. (37)

We will show that

sup
ℓ=0,...,L

E[h(K+1),L
ℓ − h

(K+1)
ℓT/L ]2 ≤ C/L, sup

ℓ=0,...,L
E[g(K+1),L

ℓ − g
(K+1)
ℓT/L ]2 ≤ C/L. (38)

Note that

E[h(K+1),L
ℓ − h

(K+1)
ℓT/L ]2 ≤ 3E[h(K+1),L

0 − h
(K+1)
0 ]2 + 3E

[∫ ℓT/L

0

(b
(L)
Ls,K+1 − bs,K+1) ds

]2

+ 3E

[∫ ℓT/L

0

(σ
(L)
21,Ls

− σ21,s, σ
(L)
22,Ls

− σ22,s) dWs

]2
.

By induction assumption,

E[h(K+1),L
0 − h

(K+1)
0 ]2 ≤ C/L. (39)

By Lemmas 5, 6, and 7 we have

E

[∫ ℓT/L

0

(b
(L)
Ls,K+1 − bs,K+1) ds

]2

≤ C

∫ ℓT/L

0

E|b(L)
Ls,K+1 − bsL,K+1|2 ds+ C

∫ ℓT/L

0

E|bsL,K+1 − bs,K+1|2 ds

≤ C

L

ℓ−1∑
u=0

E[h(K+1),L
u − h

(K+1)
uT/L ]2 +

C

L
.
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By Lemmas 5, 6, and 7, and Lipschitz property of σ’s, we have

E

[∫ ℓT/L

0

(σ
(L)
21,Ls

− σ21,s, σ
(L)
22,Ls

− σ22,s) dWs

]2

=

∫ ℓT/L

0

[∥σ(L)
21,Ls

− σ21,s∥2 + ∥σ(L)
22,Ls

− σ22,s∥2] ds

≤ 2

∫ ℓT/L

0

[∥σ(L)
21,Ls

− σ21,sL∥2 + ∥σ(L)
22,Ls

− σ22,sL∥2] ds

+ 2

∫ ℓT/L

0

[∥σ21,sL − σ21,s∥2 + ∥σ22,sL − σ22,s∥2] ds

≤ C

L

ℓ−1∑
u=0

E[h(K+1),L
u − h

(K+1)
uT/L ]2 +

C

L
.

Combining the above estimates gives

E[h(K+1),L
ℓ − h

(K+1)
ℓT/L ]2 ≤ C

L

ℓ−1∑
u=0

E[h(K+1),L
u − h

(K+1)
uT/L ]2 +

C

L
.

It then follows from discrete Gronwall’s lemma that

E[h(K+1),L
ℓ − h

(K+1)
ℓT/L ]2 ≤ C

L
eCℓ/L. (40)

Therefore sup
ℓ=0,1,...,L

E[h(K+1),L
ℓ −h(K+1)

ℓT/L ]2 ≤ C/L. Similar arguments give sup
ℓ=0,1,...,L

E[g(K+1),L
ℓ −

g
(K+1)
ℓT/L ]2 ≤ C/L and hence the statement holds forK+1. This completes the proof by induction.

Using Proposition 12, we get Theorem 1.

F Feature Learning Dynamics in the Infinite-Width Limit: Intuition

In this section, we provide intuition for Proposition 4, aimed at readers who may not be familiar with
the Tensor Program framework.

To analyze how the feature space evolves during training, we focus on the feature learning regime
with scaling α = 1/

√
n and learning rate η = ηcn, where ηc > 0 is a fixed constant. Under this

setting, the forward and backward recursions take the form:

h
(k)
0 =

1√
d
Ux(k) − ηc

k−1∑
i=0

L′(f (i), y(i))

〈
x(i),x(k)

〉
d

g
(i)
0 ,

h
(k)
ℓ =h

(k)
ℓ−1 − ηc

T

L

k−1∑
i=0

L′(f (i), y(i))

〈
ϕ(h

(i)
ℓ−1), ϕ(h

(k)
ℓ−1)

〉
n

g
(i)
ℓ +

√
T

Ln
Wℓϕ(h

(k)
ℓ−1),

f (k) =
1

n
v⊤h

(k)
L − ηc

k−1∑
i=0

L′(f (i), y(i))

〈
h
(i)
L ,h

(k)
L

〉
n

,

and the backward recursion:

g
(k)
L =v − ηc

k−1∑
i=0

L′(f (i), y(i))h
(i)
L ,

g
(k)
ℓ−1 =g

(k)
ℓ − ηc

T

L

k−1∑
i=0

L′(f (i), y(i))

〈
g
(i)
ℓ , g

(k)
ℓ

〉
n

[
ϕ(h

(i)
ℓ−1)⊙ ϕ′(h

(k)
ℓ−1)

]
+

√
T

Ln
ϕ′(h

(k)
ℓ−1)⊙W⊤

ℓ g
(k)
ℓ .
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Observe that the training process indeed defines a valid Tensor Program: each vector {h(k)
ℓ , g

(k)
ℓ } is

generated sequentially from previously constructed vectors or from the initial random parameters
{v,Wℓ,U} via standard TP operations (MatMul, Nonlin, Moment). Consequently, we may directly
apply the Master Theorem of [34, Theorem 7.4] to characterize their infinite-width mean-field limits.

In particular, for any finite collection of valid TP vectors {hs}Ms=1 and any sufficiently regular test
function ψ : RM → R, we have

1

n

n∑
i=1

ψ(h1,i,h2,i, . . . ,hM,i)
a.s.−−−−→

n→∞
E
[
ψ(Zh1 , Zh2 , . . . , ZhM )

]
, (41)

where each Zh denotes the mean-field variable associated with h, i.e., the limiting distribution of a
typical coordinate of h as width grows.

First Forward Pass At initialization, the ResNet can be written as

h0 =
1√
d
Ux,

hℓ = hℓ−1 +
√

τ
nWℓϕ(hℓ−1),

f(x) =
1

n
v⊤hL,

where τ := T/L. Since Uij ∼ N (0, 1) are i.i.d., each coordinate of h0 is i.i.d. with distribution
Zh0 ∼ N (0, ∥x∥2/d). Applying the nonlinearity ϕ element-wise preserves independence across
coordinates, so ϕ(h0) also has i.i.d. coordinates. Similarly, because Wℓ,ij ∼ N (0, 1) are i.i.d., each
coordinate of 1√

n
Wℓϕ(hℓ−1) is approximately Gaussian with mean zero and variance 1

n∥ϕ(hℓ−1)∥2.
By the Master Theorem, as n→ ∞, these coordinates converge in distribution to a mean-field variable
ZWℓϕℓ−1 with variance E[ϕ2(Zhℓ−1)], where, inductively, we use the fact that each coordinate of hℓ

converges to a mean-field variable Zhℓ in the infinite-width limit. Finally, since vi ∼ N (0, 1) are
i.i.d., the network output satisfies

f(x) =
1

n

n∑
i=1

vihL,i
a.s.−−−−→

n→∞
f̊ := E[ZvZhL ],

by the law of large numbers.

Hence, in the infinite-width limit, the ResNet converges to the mean-field process

Zh0 = N
(
0, ∥x∥2/d

)
,

Zhℓ = Zhℓ−1 +
√
τ ZWℓϕℓ−1 , ∀ℓ ∈ [L],

f̊ = E[ZvZhL ],

where {ZWℓϕℓ−1}Lℓ=1 are centered jointly Gaussian random variables with covariance

Cov
(
ZWℓϕℓ−1 , ZWkϕk−1

)
= δℓ,k E

[
ϕ(Zhℓ−1)ϕ(Zhk−1)

]
, ∀ ℓ, k ∈ [L],

and independent of Zv ∼ N (0, 1).

First Backward Pass In the feature learning regime, the first backward recursion for computing
gradients is

gL = v,

gℓ−1 = gℓ +
√

τ
n ϕ

′(hℓ−1)⊙W⊤
ℓ gℓ.

Since v has i.i.d. standard Gaussian coordinates independent of the forward activations {hℓ}, the
recursion in the mean-field limit begins with ZgL = Zv ∼ N (0, 1). Because the output head v is not
reused elsewhere, the gradient independence assumption (GIA) [33] holds in the infinite-width limit.
This permits replacing W⊤

ℓ in the backward pass with an independent copy W̃⊤
ℓ , so that W̃⊤

ℓ gℓ
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is independent of the forward variables hℓ. The coordinates of 1√
n
W̃⊤

ℓ gℓ are then approximately

i.i.d. Gaussian, and by the Master Theorem converge to a mean-field random variable ZW⊤
ℓ gℓ .

Thus, in the infinite-width limit, the backward recursion is characterized by

ZgL = Zv ∼ N (0, 1),

Zgℓ−1 = Zgℓ +
√
τ ϕ′(Zhℓ−1)ZW⊤

ℓ gℓ , ∀ℓ ∈ [L],

where {ZW⊤
ℓ gℓ}Lℓ=1 are centered jointly Gaussian random variables with covariance

Cov
(
ZW⊤

ℓ gℓ , ZW⊤
k gk

)
= δℓ,k E[ZgℓZgk ], ∀ ℓ, k ∈ [L].

Second Forward Pass After one gradient update, the forward pass with a new input x̄ is given by

h̄0 = 1√
d
Ux̄− ηcL′(f, y) ⟨x,x̄⟩d g0,

h̄ℓ = h̄ℓ−1 − τηcL′(f, y)
⟨ϕ(hℓ−1),ϕ(h̄ℓ−1)⟩

n gℓ +
√

τ
n Wℓϕ(h̄ℓ−1).

Since f → f̊ in the infinite-width limit, continuity of L′ ensures L′(f, y) → L′(f̊ , y). Hence,

Zh̄0 = ZUx̄ − ηcL′(f̊ , y) ⟨x,x̄⟩d Zg0 ,

where ZUx̄ is centered Gaussian correlated with ZUx, with covariance Cov(ZUx, ZUx̄) = 1
dx

⊤x̄.

For hidden states, the inner product 1
n

〈
ϕ(hℓ−1), ϕ(h̄ℓ−1)

〉
is a Moment operation in the TP, and by

the Master Theorem converges to E[ϕ(Zhℓ−1)ϕ(Zh̄ℓ−1)].

Next consider 1√
n
Wℓϕ(h̄ℓ−1). If we adopt the decoupled analysis (replacing W⊤

ℓ in the backward

pass with W̃⊤
ℓ ), then by the CLT heuristic the coordinates converge to a Gaussian random variable

ZWℓϕ̄ℓ−1 , correlated with ZWℓϕℓ−1 with

Cov
(
ZWℓϕℓ−1 , ZWℓϕ̄ℓ−1

)
= E[ϕ(Zhℓ−1)ϕ(Zh̄ℓ−1)].

This CLT heuristic is valid only because we assume W̃⊤
ℓ is used in the backward pass; otherwise, h̄ℓ

and W⊤
ℓ are strongly correlated through gℓ−1. Before exploring this coupling scenario, the second

forward pass under the decoupling scenario is described as follows:

Zh̄0 =ZUx̄ − ηcL′(f̊ , y) ⟨x,x̄⟩d Zg0

Zh̄ℓ =Zh̄ℓ−1 − τηcL′(f̊ , y)E[ϕ(Zhℓ−1)ϕ(Zh̄ℓ−1)]Zgℓ +
√
τZWℓϕ̄ℓ−1 .

Now, we focus on the normal gradient update to expose the effect of the reuse of Wℓ in the backward
pass. For intuition, set ϕ = id. Expanding h̄ℓ−1 yields

h̄ℓ−1 = h̄ℓ−2 + τaℓ−2gℓ + τaℓ−2

√
τ
n W⊤

ℓ gℓ +
√

τ
n Wℓ−1h̄ℓ−2,

where
aℓ := −ηcL′(f, y)

⟨ϕ(hℓ),ϕ(h̄ℓ)⟩
n

a.s.−−→ åℓ := −ηcL′(f̊ , y)E[ϕ(Zhℓ)ϕ(Zh̄ℓ)],

since aℓ is a valid TP scalar. Substituting into
√

τ
n Wℓh̄ℓ−1 yields√

τ

n
Wℓh̄ℓ−1 =

√
τ

n
Wℓ

(
h̄ℓ−2 + τaℓ−2gℓ +

√
τ

n
Wℓ−1h̄ℓ−2

)
+ τ2aℓ−2

1

n
WℓW

⊤
ℓ gℓ.

The i-th coordinate of the 1
nWℓW

⊤
ℓ gℓ can be decomposed into

gℓ,i ·
1

n

∑
j

W 2
ℓ,ij +

1

n

∑
j

∑
k ̸=i

Wℓ,ijWℓ,kjgℓ,k.

By the law of large numbers, the first term converges to Zgℓ , and the second converges (by CLT) to a
Gaussian field ẐWℓϕ̄ℓ−1 . Notably, under GIA, we replace W 2

ℓ,ij with Wℓ,ijW̃ℓ,ij . Hence, the first
term vanishes as n→ ∞ because of the independence and zero mean.
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Thus, for ϕ = id, [√
τ
n Wℓh̄ℓ−1

]
i

a.s.−−→
√
τ ẐWℓϕ̄ℓ−1 + τ2åℓ−2 Z

gℓ .

Here ẐWℓϕ̄ℓ−1 is Gaussian, correlated with ZWℓϕℓ−1 from the first forward pass with covariance
E[ϕ(Zhℓ−1)ϕ(Zh̄ℓ−1)].

Putting the pieces together, the mean-field feature dynamics after one gradient step are

Zh̄0 = ZUx̄ − ηcL′(f̊ , y) ⟨x,x̄⟩d Zg0 ,

Zh̄ℓ = Zh̄ℓ−1 − τηcL′(f̊ , y)E[Zhℓ−1Zh̄ℓ−1 ]Zgℓ +
√
τ ẐWℓϕ̄ℓ−1

− τ2ηcL′(f̊ , y)E[Zhℓ−1Zh̄ℓ−1 ]Zgℓ .

Comparing this result with the decoupling scenario, the final correction term reflects the additional
interaction in both forward and backward paths due to the reuse of Wℓ. Moreover, its scaling is τ2
due to depth-adaptive ResNet normalization. By the Euler–Maruyama convergence perspective, this
higher-order term vanishes as L→ ∞, provided the other quantities remain well behaved.

Second Backward Pass Analogously, we describe the backward propagation after one step of
gradient descent in the mean-field limit. Given the second forward pass with input x̄, the second
backward recursion is

ḡL = v − ηcL′(f, y)hL,

ḡℓ−1 = ḡℓ − τηcL′(f, y) ⟨gℓ,ḡℓ⟩
n

[
ϕ(hℓ−1)⊙ ϕ′(h̄ℓ−1)

]
+
√

τ
n ϕ

′(h̄ℓ−1)⊙W⊤
ℓ ḡℓ.

Assume we decouple the two backward passes by replacing W⊤
ℓ with an independent copy W̃⊤

ℓ in
the second backward recursion. Then, in the mean-field limit, the coordinates of 1√

n
W̃⊤

ℓ ḡℓ converge

(by the Master Theorem) to a centered Gaussian random variable ZW⊤
ℓ ḡℓ , correlated with ZW⊤

ℓ gℓ

from the first backward pass via

Cov
(
ZW⊤

ℓ ḡℓ , ZW⊤
ℓ gℓ
)

= E
[
Z ḡℓ Zgℓ

]
.

Passing to the limit (and using continuity of L′ so that L′(f, y) → L′(f̊ , y)), we obtain

Z ḡL = ZgL − ηcL′(f̊ , y)ZhL ,

Z ḡℓ−1 = Z ḡℓ − τηcL′(f̊ , y)E
[
ZgℓZ ḡℓ

]
ϕ(Zhℓ−1)ϕ′(Zh̄ℓ−1) +

√
τ ϕ′(Zh̄ℓ−1)ZW̃⊤

ℓ ḡℓ .

When the same weights W⊤
ℓ are reused in both backward passes, additional correlations appear. For

intuition, set ϕ = id so ϕ′ ≡ 1. The second backward state expands as

ḡℓ = ḡℓ+1 + τbℓ+1 hℓ−1 + τbℓ+1

√
τ
n Wℓhℓ−1 +

√
τ
n W⊤

ℓ+1ḡℓ+1,

with
bℓ := − ηc L′(f, y) ⟨gℓ,ḡℓ⟩

n

a.s.−−→ b̊ℓ := − ηc L′(f̊ , y)E
[
ZgℓZ ḡℓ

]
,

where the convergence follows from the law of large numbers intuition via the Master Theorem.
Consequently, the term

√
τ
n W⊤

ℓ ḡℓ contains the correlation-driving factor

1
n W⊤

ℓ Wℓ hℓ−1,

whose i-th coordinate decomposes into

1

n

∑
j

W 2
ℓ,ji hℓ−1,i +

1

n

∑
j

∑
k ̸=i

Wℓ,jiWℓ,jk hℓ−1,k.

By the law of large numbers, the first term converges to Zhℓ−1 , while the second behaves like a CLT
term and is absorbed into a Gaussian field. Hence,[√

τ
n W⊤

ℓ ḡℓ

]
i

a.s.−−→
√
τ ẐW⊤

ℓ ḡℓ + τ2 b̊ℓ+1 Z
hℓ−1 ,
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where ẐW⊤
ℓ ḡℓ is centered Gaussian and correlated with ZW⊤

ℓ gℓ via

Cov
(
ẐW⊤

ℓ ḡℓ , ZW⊤
ℓ gℓ
)

= E
[
Z ḡℓZgℓ

]
.

Collecting terms (still with ϕ = id), the coupled mean-field recursion becomes

Z ḡL = ZgL − ηcL′(f̊ , y)ZhL ,

Z ḡℓ−1 = Z ḡℓ − τηcL′(f̊ , y)E
[
ZgℓZ ḡℓ

]
Zhℓ−1

+
√
τ ZW⊤

ℓ ḡℓ − τ2ηcL′(f̊ , y)E
[
ZgℓZ ḡℓ

]
Zhℓ−1 .

Remark 2. The last (higher-order) correction arises from reusing Wℓ and W⊤
ℓ in both the forward

and backward passes, and scales as τ2 due to depth-adaptive normalization in ResNets. By Eu-
ler–Maruyama convergence, this term vanishes as L→ ∞ (with τ = T/L), assuming the remaining
quantities are well behaved. Moreover, the intuition developed here for the second forward and
backward passes extends directly to any k-th pass.

G Experiments

We now provide empirical evidence to validate and extend our theoretical results. Following the
preliminary setup in Section 2, we conduct experiments on ResNets trained with SGD on CIFAR-10
under µP scaling and depth-adaptive normalization.

(a) Feature Norm across Depth (b) Training Loss (c) Test Loss

Figure 1: Comparison of pre-activation and post-activation ResNets: Pre-activation variant maintains
stable feature norms across depth, while post-activation exhibits rapid growth. This stability leads to
faster and more consistent training convergence, and results in lower test loss with reduced variance,
indicating better generalization.

Comparison of Pre- and Post-Activation The empirical comparison between pre-activation and
post-activation ResNets supports the result established in Proposition 1. As shown in Figure 1(a),
post-activation ResNets exhibit rapid growth of feature norms as depth increases, while pre-activation
networks maintain stable representations across all depths and widths. This stability translates into
clear optimization advantages: in Figure 1(b), pre-activation networks converge faster and more
consistently during training. As a result, the test loss in Figure 1(c) decreases more steadily and
achieves lower values with reduced variance across runs.

Convergence to the Limiting FLDS. As established in Theorem 1, the feature evolution of ResNets
trained with SGD converges to the limiting FLDS in the joint infinite-width–depth limit. To verify
this result, we conduct experiments and report the outcomes in Figure 2 at initialization and after 10,
30, and 50 epochs of training. The first row of Figure 2 shows that the approximation error (MSE)
decays as O(1/L) with depth and as O(1/n) with width, and that the two limits commute, directly
echoing the convergence pattern predicted by Propositions 2 and 3. Moreover, the subsequent rows
demonstrate that the same convergence pattern and rates observed at initialization persist throughout
training. While Theorem 1 establishes convergence under the special order of taking width to infinity
before depth and without an explicit rate, our experiments extend this result by empirically confirming
both the explicit rates and their commutativity during training. Together, these findings strengthen
Theorem 1 by showing not only convergence, but also the robustness of convergence rates under µP
scaling.
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Figure 2: Depth and width convergence of ResNets under µP scaling at initialization and after 10,
30, and 50 epochs of training. In all cases, the approximation error (MSE) decays as O(1/L) with
depth and O(1/n) with width, uniformly across the other factor, confirming commutativity of limits
and robustness of convergence to the limiting FLDS.
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Figure 3: Hyperparameter transfer across depth and width under µP and depth-adaptive scaling.
Training loss (left) and test accuracy (right) as a function of learning rate for MLPs with varying
depth (3, 6, 9) and width (128, 256). The vertical red line marks the optimal learning rate selected at
small scale. The same learning rate generalizes across depths and widths, confirming that µP scaling
and depth-adaptive scaling together enable consistent performance without additional tuning.

Hyperparameter Transfer. An essential property of µP scaling is that hyperparameters tuned at
small models can be transferred reliably to larger ones. Figure 3 illustrates this phenomenon for
learning rate selection. On the left, the training loss decreases smoothly as the learning rate increases,
with all depth–width configurations exhibiting the same qualitative trend. On the right, accuracy
peaks near the same learning rate across depths (3, 6, 9) and widths (128, 256), as indicated by the red
dashed line. The alignment of both loss reduction and accuracy gain demonstrates that the optimal
learning rate identified at small models transfers directly to larger ones. This transferability is enabled
jointly by µP scaling, which stabilizes training across widths, and by depth-adaptive scaling, which
normalizes feature propagation across depths. Together, they preserve optimization dynamics across
scales, allowing efficient hyperparameter tuning without the need for expensive re-optimization at
larger sizes.
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