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ABSTRACT

Multi-Agent Reinforcement Learning (MARL)—where multiple agents learn to
interact in a shared dynamic environment—permeates across a wide range of crit-
ical applications. While there has been substantial progress on understanding the
global convergence of policy optimization methods in single-agent RL, design-
ing and analysis of efficient policy optimization algorithms in the MARL setting
present significant challenges, which unfortunately, remain highly inadequately
addressed by existing theory. In this paper, we focus on the most basic setting
of competitive multi-agent RL, namely two-player zero-sum Markov games, and
study equilibrium finding algorithms in both the infinite-horizon discounted set-
ting and the finite-horizon episodic setting. We propose a single-loop policy op-
timization method with symmetric updates from both agents, where the policy
is updated via the entropy-regularized optimistic multiplicative weights update
(OMWU) method and the value is updated on a slower timescale. We show that,
in the full-information tabular setting, the proposed method achieves a finite-time
last-iterate linear convergence to the quantal response equilibrium of the regular-
ized problem, which translates to a sublinear last-iterate convergence to the Nash
equilibrium by controlling the amount of regularization. Our convergence results
improve upon the best known iteration complexities, and lead to a better under-
standing of policy optimization in competitive Markov games.

Keywords: zero-sum Markov game, entropy regularization, policy optimiza-
tion, global convergence, multiplicative updates

1 INTRODUCTION

Policy optimization methods (Williams, 1992; Sutton et al., 2000; Kakade, 2002; Peters and Schaal,
2008; Konda and Tsitsiklis, 2000), which cast sequential decision making as value maximization
problems with regards to (parameterized) policies, have been instrumental in enabling recent suc-
cesses of reinforcement learning (RL). See e.g., Schulman et al. (2015; 2017); Silver et al. (2016).
Despite its empirical popularity, the theoretical underpinnings of policy optimization methods re-
main elusive until very recently. For single-agent RL problems, a flurry of recent works has made
substantial progress on understanding the global convergence of policy optimization methods under
the framework of Markov Decision Processes (MDP) (Agarwal et al., 2020; Bhandari and Russo,
2019; Mei et al., 2020; Cen et al., 2021a; Lan, 2022; Bhandari and Russo, 2020; Zhan et al., 2021;
Khodadadian et al., 2021; Xiao, 2022). Despite the nonconcave nature of value maximization, (nat-
ural) policy gradient methods are shown to achieve global convergence at a sublinear rate (Agarwal
et al., 2020; Mei et al., 2020) or even a linear rate in the presence of regularization (Mei et al., 2020;
Cen et al., 2021a; Lan, 2022; Zhan et al., 2021) when the learning rate is constant.

Author are sorted alphabetically.
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Moving beyond single-agent RL, Multi-Agent Reinforcement Learning (MARL) is the next
frontier—where multiple agents learn to interact in a shared dynamic environment—permeating
across critical applications such as multi-agent networked systems, autonomous vehicles, robotics,
and so on. Designing and analysis of efficient policy optimization algorithms in the MARL setting
present significant challenges and new desiderata, which unfortunately, remain highly inadequately
addressed by existing theory.

1.1 POLICY OPTIMIZATION FOR COMPETITIVE RL

In this work, we focus on one of the most basic settings of competitive multi-agent RL, namely
two-player zero-sum Markov games (Shapley, 1953), and study equilibrium finding algorithms in
both the infinite-horizon discounted setting and the finite-horizon episodic setting. In particular,
our designs gravitate around algorithms that are single-loop, symmetric, with finite-time last-iterate
convergence to the Nash Equilibrium (NE) or Quantal Response Equilibrium (QRE) under bounded
rationality, two prevalent solution concepts in game theory. These design principles naturally come
up as a result of pursuing simple yet efficient algorithms: single-loop updates preclude sophisticated
interleaving of rounds between agents; symmetric updates ensure no agent will compromise its re-
wards in the learning process, which can be otherwise exploited by a faster-updating opponent; in
addition, asymmetric updates typically lead to one-sided convergence, i.e., only one of the agents is
guaranteed to converge to the minimax equilibrium in a non-asymptotic manner, which is less desir-
able; moreover, last-iterate convergence guarantee absolves the need for agents to switch between
learning and deployment; last but not least, it is desirable to converge as fast as possible, where the
iteration complexities are non-asymptotic with clear dependence on salient problem parameters.

Substantial algorithmic developments have been made for finding equilibria in two-player zero-sum
Markov games, where Dynamical Programming (DP) techniques have long been used as a funda-
mental building block, leading to prototypical iterative schemes such as Value Iteration (VI) (Shap-
ley, 1953) and Policy Iteration (PI) (Van Der Wal, 1978; Patek and Bertsekas, 1999). Different from
their single-agent counterparts, these methods require solving a two-player zero-sum matrix game
for every state per iteration. A considerable number of recent works (Zhao et al., 2022; Alacaoglu
et al., 2022; Cen et al., 2021b; Chen et al., 2021a) are based on these DP iterations, by plugging
in various (gradient-based) solvers of two-player zero-sum matrix games. However, these methods
are inherently nested-loop, which are less convenient to implement. In addition, PI-based methods
are asymmetric and come with only one-sided convergence guarantees (Patek and Bertsekas, 1999;
Zhao et al., 2022; Alacaoglu et al., 2022).

Going beyond nested-loop algorithms, single-loop policy gradient methods have been proposed re-
cently for solving two-player zero-sum Markov games. Here, we are interested in finding an e-
optimal NE or QRE in terms of the duality gap, i.e. the difference in the value functions when either
of the agents deviates from the solution policy.

* For the infinite-horizon discounted setting, Daskalakis et al. (2020) demonstrated that the in-
dependent policy gradient method, with direct parameterization and asymmetric learning rates,
finds an e-optimal NE within a polynomial number of iterations. Zeng et al. (2022) improved
over this rate using an entropy-regularized policy gradient method with softmax parameterization
and asymmetric learning rates. On the other end, Wei et al. (2021b) proposed an optimistic gra-
dient descent ascent (OGDA) method (Rakhlin and Sridharan, 2013) with direct parameterization
and symmetric learning rates,! which achieves a last-iterate convergence at a rather pessimistic
iteration complexity.

* For the finite-horizon episodic setting, Zhang et al. (2022); Yang and Ma (2022) showed that the
weighted average-iterate of the optimistic Follow-The-Regularized-Leader (FTRL) method, when
combined with slow critic updates, finds an e-optimal NE in a polynomial number of iterations.

A more complete summary of prior results can be found in Table 1 and Table 2. In brief, while there
have been encouraging progresses in developing computationally efficient policy gradient methods

"To be precise, Wei et al. (2021b) proved the average-iterate convergence of the duality gap, as well as the
last-iterate convergence of the policy in terms of the Euclidean distance to the set of NEs, where it is possible
to translate the latter last-iterate convergence to the duality gap (see Appendix. G). The resulting iteration
complexity, however, is much worse than that of the average-iterate convergence in terms of the duality gap,
with a problem-dependent constant that can scale pessimistically with salient problem parameters.
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for solving zero-sum Markov games, achieving fast finite-time last-iterate convergence with single-
loop and symmetric update rules remains a challenging goal.

1.2 OUR CONTRIBUTIONS

Motivated by the positive role of entropy regularization in enabling faster convergence of policy op-
timization in single-agent RL (Cen et al., 2021a; Lan, 2022) and two-player zero-sum games (Cen
et al., 2021b), we propose a single-loop policy optimization algorithm for two-player zero-sum
Markov games in both the infinite-horizon and finite-horizon settings. The proposed algorithm fol-
lows the style of actor-critic (Konda and Tsitsiklis, 2000), with the actor updating the policy via the
entropy-regularized optimistic multiplicative weights update (OMWU) method (Cen et al., 2021b)
and the critic updating the value function on a slower timescale. Both agents execute multiplicative
and symmetric policy updates, where the learning rates are carefully selected to ensure a fast last-
iterate convergence. In both the infinite-horizon and finite-horizon settings, we prove that the last
iterate of the proposed method learns the optimal value function and converges at a linear rate to the
unique QRE of the entropy-regularized Markov game, which can be further translated into finding
the NE by setting the regularization sufficiently small.

* For the infinite-horizon discounted setting, the last iterate of our method takes at most
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iterations for finding an e-optimal QRE under entropy regularization, where o (+) hides logarith-

mic dependencies. Here, |S| is the size of the state space, «y is the discount factor, and 7 is the
regularization parameter. Moreover, this implies the last-iterate convergence with an iteration

complexity of
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* For the finite-horizon episodic setting, the last iterate of our method takes at most
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iterations for finding an e-optimal QRE under entropy regularization, where H is the horizon
length. Similarly, this implies the last-iterate convergence with an iteration complexity of
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Detailed comparisons between the proposed method and prior arts are provided in Table 1 and Ta-
ble 2. To the best of our knowledge, this work presents the first method that is simultaneously
single-loop, symmetric, and achieves fast finite-time last-iterate convergence in terms of the duality
gap in both infinite-horizon and finite-horizon settings. From a technical perspective, the infinite-
horizon discounted setting is in particular challenging, where ours is the first single-loop algorithm
that guarantees an iteration complexity of O(1/¢) for last-iterate convergence in terms of the du-
ality gap, with clear and improved dependencies on other problem parameters in the meantime.
In contrast, several existing works introduce additional problem-dependent constants (Daskalakis
et al., 2020; Wei et al., 2021b; Zeng et al., 2022) in the iteration complexity, which can scale rather
pessimistically—sometimes even exponentially—with problem dimensions (Li et al., 2021).

for finding an e-optimal NE.

for finding an e-optimal NE.

Our technical developments require novel ingredients that deviate from prior tools such as error
propagation analysis for Bellman operators (Perolat et al., 2015; Patek and Bertsekas, 1999) from a
dynamic programming perspective, as well as the gradient dominance condition (Daskalakis et al.,
2020; Zeng et al., 2022) from a policy optimization perspective. Importantly, at the core of our
analysis lies a carefully-designed one-step error contraction bound for policy learning, together with
a set of recursive error bounds for value learning, all of which tailored to the non-Euclidean OMWU
update rules that have not been well studied in the setting of Markov games.
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Solution Iteration Single . Last-iterate
Reference . Symmetric
type complexity loop convergence
PI-based Methods ~ «
Zhao et al. (2022) O({k) X X v

Alacaoglu et al. (2022)
VI-based Methods

Cen et al. (2021b) O() X v v
Chen et al. (2021a)
NE Daskalakis et al. (2020) Polynomial* v X X
.
Zeng et al. (2022) O(2Eeks ) v X v
~ 3
O () v 4 X
Wei et al. (2021b) 2
@(w\ ﬂ'fﬁ‘ﬁ'za ) v/ v v
: 5(_1S|
This Work O(Zs) 7 v 7
VI-based Methods ~ 1 21
Cen et al. (2021b) O(( = log ’) x Y Y
<QRE  Zengetal 2022)  O({Elielsi0gl)” v X v
This Work (5((1 I‘,Sy‘)4 log = ) v v v

Table 1: Comparison of policy optimization methods for finding an e-optimal NE or QRE of two-player zero-
sum discounted Markov games in terms of the duality gap. Note that % implies one-sided convergence, i.e.,
only one of the agents is guaranteed to achieve finite-time convergence to the equilibrium. Here, ¢ > 0 refers
to some problem-dependent constant. For simplicity and a fair comparison, we replace various notions of
concentrability coefficient and distribution mismatch coefficient with a crude upper bound ||1/p||, where p is
the initial state distribution.

Solution Iteration Single . Last-iterate
Reference . Symmetric
type complexity loop convergence
Zhang et al. (2022) o~ [28/5
OFTRL O("ar) v/ v X
Zhang et al. (2022) =~ HA
modified OFTRL o) v v X
e-NE
Yang and Ma (2022)
OFTRL O(*F) v v X
This Work O£ v v v
e-QRE This Work O(L10gl) v v v

Table 2: Comparison of policy optimization methods for finding an e-optimal NE or QRE of two-player zero-
sum episodic Markov games in terms of the duality gap.

1.3 RELATED WORKS

Learning in two-player zero-sum matrix games. Freund and Schapire (1999) showed that
the average iterate of Multiplicative Weight Update (MWU) method converges to NE at a rate
of O(1/ VT ), which in principle holds for many other no-regret algorithms as well. Daskalakis
et al. (2011) deployed the excessive gap technique of Nesterov and improved the convergence
rate to O(1/T), which is achieved later by (Rakhlin and Sridharan, 2013) with a simple modifi-
cation of MWU method, named Optimistic Mirror Descent (OMD) or more commonly, OMWU.
Moving beyond average-iterate convergence, Bailey and Piliouras (2018) demonstrated that MWU
updates, despite converging in an ergodic manner, diverge from the equilibrium. Daskalakis and
Panageas (2018); Wei et al. (2021a) explored the last-iterate convergence guarantee of OMWU, as-
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suming uniqueness of NE. Cen et al. (2021b) established linear last-iterate convergence of entropy-
regularized OMWU without uniqueness assumption. Sokota et al. (2022) showed that optimistic
update is not necessary for achieving linear last-iterate convergence in the presence of regulariza-
tion, albeit with a more strict restriction on the step size.

Learning in two-player zero-sum Markov games. In addition to the aforementioned works on
policy optimization methods (policy-based methods) for two-player zero-sum Markov games (cf. Ta-
ble 1 and Table 2), a growing body of works have developed model-based methods (Liu et al., 2021;
Zhang et al., 2020; Li et al., 2022) and value-based methods (Bai and Jin, 2020; Bai et al., 2020; Chen
et al., 2021b; Jin et al., 2021; Sayin et al., 2021; Xie et al., 2020), with a primary focus on learning
NE in a sample-efficient manner. Our work, together with prior literatures on policy optimization,
focuses instead on learning NE in a computation-efficient manner assuming full-information.

Entropy regularization in RL and games. Entropy regularization is a popular algorithmic idea in
RL (Williams and Peng, 1991) that promotes exploration of the policy. A recent line of works (Mei
etal., 2020; Cen et al., 2021a; Lan, 2022; Zhan et al., 2021) demonstrated that incorporating entropy
regularization provably accelerates policy optimization in single-agent MDPs by enabling fast linear
convergence. While the positive role of entropy regularization is also verified in various game-
theoretic settings, e.g., two-player zero-sum matrix games (Cen et al., 2021b), zero-sum polymatrix
games (Leonardos et al., 2021), and potential games (Cen et al., 2022), it remains highly unexplored
the interplay between entropy regularization and policy optimization in Markov games with only a
few exceptions (Zeng et al., 2022).

1.4 NOTATIONS

We denote the probability simplex over a set .4 by A(A). We use bracket with subscript to index the
entries of a vector or matrix, e.g., [x], for a-th element of a vector , or simply x(a) when it is clear
from the context. Given two distributions z,y € A(A), the Kullback-Leibler (KL) divergence from
y to x is denoted by KL(z || y) = > .4 #(a)(log (a) — logy(a)). Finally, we denote by || Al|
the maximum entrywise absolute value of a matrix A, i.e., ||A| ., = max; ; |4; ;|.

2 ALGORITHM AND THEORY: THE INFINITE-HORIZON SETTING

2.1 PROBLEM FORMULATION

Two-player zero-sum discounted Markov game. A two-player zero-sum discounted Markov
game is defined by a tuple M = (S, A, B, P,r,~), with finite state space S, finite action spaces of
the two players A and B, reward function r : § x A x B — [0, 1], transition probability kernel
P:S8xAxB — A(S) and discount factor 0 < -y < 1. The action selection rule of the max
player (resp. the min player) is represented by 1 : & — A(A) (resp. v : S — A(B)), where the
probability of selecting action a € A (resp. b € B) in state s € S is specified by u(als) (resp.
v(b|s)). The probability of transitioning from state s to a new state s’ upon selecting the action pair
(a,b) € A, Bis given by P(s'|s,a,b).

Value function and Q-function. For a given policy pair y, v, the state value of s € S is evaluated
by the expected discounted sum of rewards with initial state so = s:

VsEeS: Vir(s)=E [Z ’ytr(shahbt)fso = s] , (D

t=0

the quantity the max player seeks to maximize while the min player seeks to minimize. Here, the
trajectory (so, ag, by, S1,- -+ ) is generated according to a; ~ pu(:|s¢), by ~ v(-|s;) and sp11 ~
P(-|s¢, at, by). Similarly, the Q-function Q¥ (s, a, b) evaluates the expected discounted cumulative
reward with initial state s and initial action pair (a, b):

o

V(s,a,b) e SX AXB: Q" (s,a,b) =E

’Ytr(smatabtﬂso =s,a0 = a,by = b] . 2



Published as a conference paper at ICLR 2023

For notation simplicity, we denote by Q" (s) € RIMI*IBI the matrix [Q" (s, a,b)](ap)cAx5: SO
that

VseS: VY (s) = pu(s) T Q™" (s)v(s).
Shapley (1953) proved the existence of a policy pair (u*,»*) that solves the min-max problem
max,, min, V¥ (s) for all s € S simultaneously, and that the mini-max value is unique. A set of
such optimal policy pair (p*, v*) is called the Nash equilibrium (NE) to the Markov game.

Entropy regularized two-player zero-sum Markov game. Entropy regularization is shown to
provably accelerate convergence in single-agent RL (Geist et al., 2019; Mei et al., 2020; Cen et al.,
2021a) and facilitate the analysis in two-player zero-sum matrix games (Cen et al., 2021b) as well
as Markov games (Cen et al., 2021b; Zeng et al., 2022). The entropy-regularized value function
V¥ (s) is defined as

VseS: ‘¢W®=E}:f@@mdw—ﬂ%MmMH”mw@Mth%,
t=0

3)

where 7 > 0 is the regularization parameter. Similarly, the regularized Q-function Q** is given by

V(s,a,b) €S x AxB:  QI¥(s) =r(5,0,0) + 1 Eympisan VAV (). @

It is known that (Cen et al., 2021b) there exists a unique pair of policy (ur,vy) that solves the
min-max entropy-regularized problem max,, min, V" (s), or equivalently

m&xmuin u(s) T Q- (s)v(s) + TH(u(s)) — TH(v(s)) )

forall s € S, and we call (uF, ) the quantal response equilibrium (QRE) (McKelvey and Palfrey,
1995) to the entropy-regularized Markov game. We denote the associated regularized value function

and Q-function by V*(s) = V7" (s) and Q%*(s,a,b) = Q""" (s, a,b).

Goal. We seek to find an e-optimal QRE or e-QRE (resp. e-optimal NE or e-NE) { = (p, ) which
satisfies

max (VT’/’”(S) - VJ"”/(S)) <e (6)

seS,u’ v’

(resp. maxXges, v/ (V",’”(s) - V“’”/(s)) < €) in a computationally efficient manner. In truth,

the solution concept of e-QRE provides an approximation of e-NE with appropriate choice of the
regularization parameter 7. Basic calculations tell us that

VI (s) = VIR (s) = (VIO (s) = VI () + (VI (s) = VI (5)) — (VI (s) = VA (s))
7(log | A| + log |B|)
I—v
1—~)e

which guarantees that an €/2-QRE is an ¢-NE as long as 7 < W. For technical conve-

SV (s) = VY (s) +

)

nience, we assume 7 <

1
a0z | A[TTog [BTT throughout the paper.

Additional notation. For notation convenience, we denote by ( the concatenation of a policy pair
wand v, ie., ( = (u,v). The QRE to the regularized problem is denoted by (* = (uX, v}). We use
shorthand notation /() and v(s) to denote y(-|s) and v/(-|s). In addition, we write KL (u(s) || 1/(s))

and KL(v(s) [|v/(s)) as KLy(u || /) and KLy (v || ), and let

KLs (¢ ¢') = KLs (i || 1) + KL (v || ).
By a slight abuse of notation, KL, (¢ || ¢) denotes E,, [KLs(¢ || ()] for p € A(S).

2.2 SINGLE-LOOP ALGORITHM DESIGN

In this section, we propose a single-loop policy optimization algorithm for finding the QRE of
the entropy-regularized Markov game, which is generalized from the entropy-regularized OMWU
method (Cen et al., 2021b) for solving entropy-regularized matrix games, with a careful orchestrat-
ing of the policy update and the value update.
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Algorithm 1: Entropy-regularized OMWU for Discounted Two-player Zero-sum Markov Game

Input: Regularization parameter 7 > 0, learning rate for policy update 7 > 0, learning rate for
value update {ay}5°4
Initialization: Set (%), (9, (9 and 7(°) as uniform policies; and set

QY =0, VO =r(og|A| —log|B|).
fort =0,1,--- do

for all s € S do in parallel
When ¢ > 1, update policy pair () (s) as
p(als) oc plt=H(als) '~ exp(n[Q) (s)p* ( )]a) 9
V) (b]s) oc #0=1(b]3)! =" exp(~n[Q (5) T (5)]) o
Update policy pair ((**1) (s) as
D (als) o i (al3)' 7 exp(n]Q) (5)7(5)]) ob)
7 (b]s) oc v (b]s) = exp(—n[QW (s) T (s)]y)
Update Q(+1) (s) and V#+1)(s) as
Q(tJrl)(svavb) = (S a b) +FY]ES’NPC\s,a,b) [V(t)(sl)]
VD (s) =(1- Oém) ®(s)
i [ﬂ t+1 Q(t+1)( )7 (t+1)( )+ TH( (t+1) ( )) _ TH(g(tH)(S))]
L (10)

Review: entropy-regularized OMWU for two-player zero-sum matrix games. We briefly re-
view the algorithm design of entropy-regularized OMWU method for two-player zero-sum matrix
game (Cen et al., 2021b). The problem of interest can be described as
max min p' Av 4+ 7H(p) — 7H(v), 7
nax, | min w (1) v) @)
where A € RIMIXIBl is the payoff matrix of the game. The update rule of entropy-regularized
OMWU with learning rate 1 > 0 is defined as follows: Va € A,b € 15,

O (a) o pt= (@) =17 exp(n[Ar)],) (8a)
v (O (B) oc VD (B) 7 exp(—n[ATa®]p) a
At (a) oc p (@)= exp(n[APV]a) (8b)
P (B) oc 0 (5)1 77 exp(—n[AT AV),)

We remark that the update rule can be alternatively motivated from the perspective of natural policy
gradient (Kakade, 2002; Cen et al., 2021a) or mirror descent (Lan, 2022; Zhan et al., 2021) with opti-
mistic updates. In particular, the midpoint (z(**1), 7(**1)) serves as a prediction of (p(*+1), p(t+1)
by running one step of mirror descent. Cen et al. (2021b) established that the last iterate of entropy-
regularized OMWU converges to the QRE of the matrix game (7) at a linear rate (1 — n7)?, as long

. . . 1 1
as the step size 7 is no larger than min { AT AA

Single-loop algorithm for two-player zero-sum Markov games. In view of the similarity in
the problem formulations of (5) and (7), it is tempting to apply the aforementioned method to the
Markov game in a state-wise manner, where the (Q-function assumes the role of the payoff matrix.
It is worth noting, however, that Q-function depends on the policy pair ( = (u,v) and is hence
changing concurrently with the update of the policy pair. We take inspiration from Bai et al. (2020);
Wei et al. (2021b) and equip the entropy-regularized OMWU method with the following update rule
that iteratively approximates the value function in an actor-critic fashion:

Q(t+1) (57 a, b) - T(Sa a, b) + ,‘YES/NP(‘ls,(L,b) |:V(t) (S/):| )
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where V{+1) is updated as a convex combination of the previous V(®) and the regularized game
value induced by Q(*+1) as well as the policy pair ((*+1) = (p(t+1), p(t+1)):

V(t“)(s) =(1- atH)V(t)(s)
+O‘t+1[ﬁ(”l)(S)TQ(”U(S)D(”U( )+7H( t+1)( )) T’H( (t+1) (s ))}

The update of V' becomes more conservative with a smaller learning rate oy, hence stabilizing the
update of policies. However, setting o; too small slows down the convergence of V to V*. A key
novelty—suggested by our analysis—is the choice of the constant learning rates « := ay = 07
which updates at a slower timescale than the policy due to 7 < 1. This is in sharp contrast to

the vanishing sequence o; = % adopted in Wei et al. (2021b), which is essential in their
analysis but inevitably leads to a much slower convergence. We summarize the detailed procedure
in Algorithm 1. Last but not least, it is worth noting that the proposed method access the reward
via “first-order information”, i.e., either agent can only update its policy with the marginalized value
function Q(s)v(s) or Q(s) " u(s). Update rules of this kind are instrumental in breaking the curse
of multi-agents in the sample complexity when adopting sample-based estimates in (10), as we only
need to estimate the marginalized Q-function rather than its full form (Li et al., 2022; Chen et al.,
2021a).

(an

2.3 THEORETICAL GUARANTEES

Below we present our main results concerning the last-iterate convergence of Algorithm 1 for solving
entropy-regularized two-player zero-sum Markov games in the infinite-horizon discounted setting.
The proof is postponed to Appendix A.

Theorem 1. Setting 0 < n < (1 and oy = 0, it holds for all t > 0 that

32000|5|
ZKL c* C(t) ZKL e C(t) § Q(t)
{IS poere | 2|5| : |5| “es H "l
3000 (1 —7)nT\t
- B .
< (1_7)%( Z) a2
and
o gy _ i@ g)) < _6000IS| ) A Gl U
seSgew (v; () = V7 ()) N TR el Y G s (1 4 )

(12b)

Theorem 1 demonstrates that as long as the learning rate n is small enough, the last iterate of Algo-
rithm 1 converges at a linear rate for the entropy-regularized Markov game. Compared with prior
literatures investigating on policy optimization, our analysis focuses on the last-iterate convergence
of non-Euclidean updates in the presence of entropy regularization, which appears to be the first of
its kind. Several remarks are in order, with detailed comparisons in Table 1.

* Linear convergence to the QRE. Theorem 1 demonstrates that the last iterate of Algorithm 1

takes at most O ( log %) iterations to yield an e-optimal policy in terms of the KL di-

1

(A=)n7 B

vergence to the QRE max KL, (C: ¢ (t)) < ¢, the entrywise error of the regularized Q-function
se

[@® — Qx| . < e, as well as the duality gap max (VT“’DM (s) — Vf‘(t)’”(s)) < € at once.
o0 SES, v

Minimizing the bound over the learning rate 7, the proposed method is guaranteed to find an

e-QRE within o ((1_|‘j) 1 log %) iterations, which significantly improves upon the one-side con-
vergence rate of Zeng et al. (2022).
° -1 - 1 1 —_ %
Last-iterate convergence tq e-optimal NE. By setting 7 = 3iog | A[Hog [B])” !
ately leads to provable last-iterate convergence to an e-NE, with an iteration complexity of

this immedi-

O ( (1l‘i \)56 > , which again outperforms the convergence rate in Wei et al. (2021b).
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Remark 1. The learning rate 1 is constrained to be inverse proportional to |S|, which is for the
worst case and can be potentially loosened for problems with a small concentration coefficient. We
refer interested readers to Appendix A for details.

3 ALGORITHM AND THEORY: THE EPISODIC SETTING

Episodic two-player zero-sum Markov game. An episodic two-player zero-sum Markov game
is defined by a tuple {S, A, B, H,{P, }L |, {r,}L }, with S being a finite state space, A and B
denoting finite action spaces of the two players, and H > 0 the horizon length. Every step h € [H|
admits a transition probability kernel Py, : S x A — A(S) and reward functionrj, : S x A x B —
[0, 1]. Furthermore, ¢ = {up,}_, and {v;}1 | denote the policies of the two players, where the
probability of the max player choosing a € A (resp. the min player choosing b € B) at time h is
specified by up(als) (resp. v (als)).

Entropy regularized value functions. The value function and Q-function characterize the ex-
pected cumulative reward starting from step h by following the policy pair u, v. For conciseness,
we only present the definition of entropy-regularized value functions below and remark that the their
un-regularized counterparts V" and /" can be obtained by setting 7 = 0. We have

H
V() =B | Y [rw(sw, an, bar) — 7108 pine (ans |sn) + 7108 v (b [snr)] ‘ Sh = S] ;
h/=h

QZ,:(S, a,b) =rp(s,a,b) + Eynp()s,a.b) [Vfﬁﬁul,r(é‘/)} )

The solution concept of NE and QRE are defined in a similar manner by focusing on the episodic
versions of value functions. We again denote the unique QRE by (* = (uX, v}).

Proposed method and convergence guarantee It is straightforward to adapt Algorithm 1 to the
episodic setting with minimal modifications, with detailed procedure showcased in Algorithm 2
(cf. Appendix B). The analysis, which substantially deviates from the discounted setting, exploits
the structure of finite-horizon MDP and time-inhomogeneous policies, enabling a much larger range
of learning rates as showed in the following theorem.

Theorem 2. Seiting 0 < 1) < g7 and oy = 17, it holds for all h € [H] and t > Ty, := (H — h) Tstart
Wwith Teare = fn% log H that

Q- = Q|| < (1 =mr) TR (13a)
" ] H? 1) (8H
o (V" (s) = VI () < 4(1 — )t max {ST 77} (8T + GntH’h“). (13b)

Theorem 2 implies that the last iterate of Algorithm 2 takes no more than O (HTsar + n% logl) =

o (%log %) iterations for finding an e-QRE. Minimizing the bound over the learning rate 7,

Algorithm 2 is guaranteed to find an e-QRE in o (HTQ log %) iterations, which translates into

an iteration complexity of o (HTS) for finding an e-NE in terms of the duality gap, i.e.,

() MO . .
MaXse S, he[H]uv (Vh“" (s)=Vi > (s)) < ¢, by setting 7 = O(W>'

4  DISCUSSION

This work develops policy optimization methods for zero-sum Markov games that feature single-
loop and symmetric updates with provable last-iterate convergence guarantees. Our approach yields
better iteration complexities in both infinite-horizon and finite-horizon settings, by adopting entropy
regularization and non-Euclidean policy update. Important future directions include investigating
whether larger learning rates are possible without knowing problem-dependent information a priori,
extending the framework to allow function approximation, and designing sample-efficient imple-
mentations of the proposed method.
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A ANALYSIS FOR THE INFINITE-HORIZON SETTING

Definition 1. Given p € A(S) with p(s) > 0,Vs € S, concentrability coefficient c,(t) is defined as

H PPy ) - Ppw) o
P)

‘ )
oo

cp(t) = sup
zWeAd 1<i<t,
yWeBsS 1<i<t

where Ppa) ya) € RISIXISI js the state transition matrix induced by a pair of deterministic policy
POMYOR

[Px(l),y(l)]s»s/ = P(‘S,'va(l)(s)vy(l)(s))‘

Let C,, be the maximum value of c,(t) overt > 0:

C, = supc,(t).
>0

In addition, let T'(p) be the set of all possible distribution over S induced by initial distribution p
and deterministic policy sequences, i.e.,

oo
F(p) = U {ppzu)’yu) "'Pz(t)’y(t) : x(l) S As,y(l) S BS,VZ S [ﬂ}
t=0

13
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We make note that Theorem 1 is the direct corollary of following theorems, by setting p to the
uniform distribution over S, where C,, admits a trivial upper bounded |S|.

Theorem 3. With0 < n < 3(2000); , and o; = T, we have

1 F 3000 1— :
mase {KL (G2 11€), 5KL, (¢ 1€9). 30 B [1@ ) - @1l ] } < 7= (1 - U=y’

p P Oo}'

Here, v (1) denotes the optimal policy of the min player when the max player adopts policy y:

Definition 2. We define regularized minimax mismatch coefficient by

dﬁv"i(#) dﬁi(”)vl’

, max
1%

C; , = max{ max
’ Iz

o

vi(n) = argmin V(s),

T

and pul(v) is defined in a symmetric way. The discounted state visitation distribution di" is defined

as
Z’y P(sy = 5|50)] .

Note that this definition parallels that of the (unregularized) minimax mismatch coefficient in
(Daskalakis et al., 2020).

Theorem 4. With(0 < n < 3(21000)6 , and ci; = T, we have

max (VTH’W) (s) — Vfﬂm’y(s)) < 6000][1/plloo max { a _8 ) 1} (1 — my’

SES v (L—7)%r 7)27

SUNP

and

;/,,D(t) _ ﬁ(t>,ll 6OOOCI];,T 8 1 _ (1 - 7)777— ¢
s (V7 ()= V7 (0) < (1—7)3r fax { (1—7)27"n } (1 4 ) ’

We start with the following lemma. The proof can be found in Appendix C.1. For notational sim-
plicity, we set Q-1 = 0, (D = () and ay = 1. It follows from the update rule (9a) that
(D) = ¢ = ¢,

Lemma 1. It holds for any step size 0 < n < 1/7 and t > 0 that

4 _ _

KL (G D) = (=KL (1Y) (1= = = )KL, (EF0 1)
+ KL, (§(t+1) 1¢) + (1 _ %)KL;)(C(H_D I §(t+1)) + (1= )KL, ( i C(t))
_ %KLP(E(” | £

1277

— Q") -V
(14)

2
< B (2100 - Qi)+ T Q) - ), +

It remains to bound the terms on the right hand side of (14). By a slight abuse of notation, we denote
Q) = @il = s E [Il01(0) - @20
X€ s~

and

Q) =¥y = s [0 - Q0.

€l(p) 5~X
The following two lemmas estabhsh a set of recursive bounds that relate

{HQ(Hll 1) 70 Hr(p)}z o, and {HQ(HI)(S)_Q(l)(s)||F(p)}l=0wwt with
{KL, (¢t ||C())} i1

14
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Lemma 2. With 0 < n < min{(1 —v)/180, (1 — ~)?/48}, it holds for all t > 1 that

1+ A, o -
HQ(tH) N Q(t)Hr(p) - — Zal tHQ Q(l_l)Hr(p) + Tp : Zal,tKLp(C(l) | C(l_l))7

15)
Here, oy 4 is defined as
t
Q)¢ = Qg H (1 — G{i).
i=l+1
When t = 0, we have ||Q™M) (s) — Q) (s) ||F( <2
Proof. The proof can be found in Appendix C.2. O

Lemma 3. With 0 < n < (1 —+)?2/16, it holds for all t > 1 that

let+ — Q*||r(p>
1+7 x 2 -
Zau(u@ = @il + 72100 = Q) #2000 (16)
) = T=7°

When t = 0, we have ||Q(tJr1 - Q:Hl—‘(p < =

Proof. The proof can be found in Appendix C.3. O

The following lemma further demystify the complicated recursive bounds showed in Lemma 2 and
3.

Lemma 4. Let \; ; be defined as

ALy =0y ﬁ (

i=l+1

)

Under the assumption of Lemma 2 and 3, it holds for all t > 0 that

(1+1) +1) _ g
Dmm [ollQz - @, + 2||c2<+ Q]
(177 Z )\l+1 t+1KL(< ” C ) W)\O’Hrl
Proof. The proof can be found in Appendix C.4. O

We are now ready to prove our main results. Averaging (14) with weight \ gives

t
> A [KL,,@: 1¢D) = (1 =KL, (¢ 11¢7)

=0

r(1- 2 KL ) 430 B [l - 39

(1 a7 = YKL (O 80) = 2K (0 E0)]

- 42 3

<> Mn E [5n||c2<l+l><s> —Q;@)HN%HQU“M@ ~ Q)+ Q) - QU
=0

< 52 AL1,t41 ]E [UHQ* Q(l+1)(s)||r(p) [ESE ||Q(l+1 Q(l)(s)Hp(,,)]

=0
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31250nC = 2750n
< 4(1 — P Z)\l+1 t+1KL, ( (l+1) [ C(l)) + i 7)2)\%“

for all ¢ > 0. Rearranging terms, we have

v [KL (G 1070) + (1= T2 )KL 1) + 3 B [l (6) - Qi) ]

t
+ > (M — (L= n7)Nigae0)KL, (61 1 ¢Y)
=1

t—1
4y 312500C
+y° |:)\l+1,t+1 (1 A P T 7)3p> Aly2, t+11
2750

Aot + (1= 7)1 KL, (¢ 11 ¢9) < (W + 77) A0,t4+1-

:|K|_(C(l+l) H C(l )

2750n
S 2
(1-7)

With 0 < 7 < 30 and a; = 7, we have Ay i1 — (1= 77) Ayt 41 > 0 (e.f. (40)), and

4n 4731250ncp> N 2
l—y  (1—9)3 ey -

o JT (1= 2o [0 = 2m (1 - - 2 - ) - ] o

Al41,t4+1 (1 /e

It follows that
* 1| ~(E41) . 2n (t41) | /(t+1) (t+1) o
PAST — P n § r\$ [e%s)
KL (C ¢ )+ 1 1—~ KL (C ¢ )+3 SINEP ||Q (s) Q()H

(70 ) -2 < -

This proves the bound of KL, (¢f [ ¢**V)) and 3n E [||Q**V)(s) — Qx(s)||..] in Theorem 3.
s~p

a7)

Note that the bound holds trivially for KL, (¢ [|¢?) and 3n E [[|Q©)(s) — Qx(s)|| ] Tt re-
s~p

mains to bound KL (¢ || (D).
Lemma 5. With0 < n < (1 —+)/8, we have

Lo (C2 11 CUFY) 4+ mprKL (¢ | ¢2)

1
2
< (1= KL 1Y) + 7KL (6 1E0) 201 QU (s) = Q3]

Proof. See Appendix C.5. O

Combining the above Lemma with (17) gives
1 _ _
SKL (G CHD) 4 7KL, (S 1)

< (1= nm) (KL (G 11¢?) + (1 - %)Ktp(c(“ 1C9) +30 B [[QV(s) - Q:(s)].])

= (1 3_03(;27( -C 747)m>t+1'

We are now ready to bound the duality gap. Before proceeding, we introduce the following two
lemmas:
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Lemma 6. It holds for any policy pair i, v that

mas (V40 - v ) <325 B s (@2t~ (@) 19

w' v’ _1—’Ys~p 1%
and
/ / 2[11/plls /
ooV _ M,V < N * .
ma (VE(s) = v () < P B fmas (£(Q2100) = (@ md) |- (19)

Proof. Note that (19) is a slight generalization of (Wei et al., 2021b, Lemma 32) . The proof can be
found in Appendix C.6. O

Lemma 7 ((Cen et al., 2021b, Lemma 4)). It holds for all s € S and policy pair u, v that

* !/ * / 4 * *
I/?%})/( (fs(Qra,u aV) - fs(Qrv.uaV )) S WKLG(CT ” C) +TKL9(C ” Cq—)

Putting all pieces together, we arrive at

1, ) TSN 2CT’7‘ 4 * || ~ ~ *
3 04770 =) < T2 (o KL G IS 4L 1))

<
T l-v (1=9)*r nJ\2

6000Ct ] 1 1— ¢
< —>27 max{i,f}(l—7< 7)777-) .
(1=9)°r (L=v)7"n 4
We omit the proof for maxses, ., (V“ v )( ) — V[‘m”’(s)) as it follows virtually the same argu-
ment.

B ANALYSIS FOR THE EPISODIC SETTING

Throughout the analysis, we restrict our choice of value update step size to oy = 7. We start with
the following lemma which parallels Lemma 11 in the episodic Markov game setting:

Lemma 8. With0 <n <1/, itholdsforallsES hE[ | and t > 0O that

1) 1) 1 1
max {|[ " (s) = V)] 7 (6) =TV )]} < 20, (22)
In addition, we have
(t) =(t) N 2H
max{[| log ¢, () |oo, [ 10g 6" (8)lloc [[10g G+ (5)lloc} < —— (23)

Lemma9. With0 < n < SH,
KLs (G 11 G2)) + (1 — dnH)KL (¢ 11 ¢)
< (=) (KL (G G) + (1= anEOKL (G 1167))

it holds for all 0 < t; < to, h € [H] and s € S that

+4n > (1 - )@ (5) — Q)|

l:tl
Proof. See Appendix D.1. [
Lemma 10. With0 <n < SH, it holds for all 0 < t1 < t9,2 < h < H and s € S that
Q51 (5,0,0) = Qi1 . (5, 0,0)|

ta—1
21—y NH £ 10pr E > =)= Q) () - Qi)
s'~Pp_1(-]s,a,b) 1=t -1
Fr-nn)E R KGR (= KL (Y )]

s'~Pp_1(:|s,a,b

17
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Algorithm 2: Entropy-regularized OMWU for Episodic Two-player Zero-sum Markov Game

Input: Regularization parameter 7 > 0, learning rate for policy update 7 > 0, learning rate for
value update {ay}5°4
Initialization: Set 11(*), (9, (9 and 7(°) as uniform policies; set

QYW =0, vV =r(log|Al - log|B|).
fort=0,1,--- do
for all h € [H], s € S do in parallel
When ¢ > 1, update policy pair ¢ }(f) (s) as

{u5f><a| s) o gt~ als)' = exp(n]Q

() (t)
h ( )l/h ( )]a)
V}(Zt) (b| ) 0.8 V]St 1) (bls)l—nr exp( [Q;l) . (203,)

()7 (5)]b)
Update policy pair C( H)( ) as:

iy (als )ow; (als)* =™ exp(n[@; ()73 (5)]a) 20
_(t+1) - ) (T () (20b)
Y (b]s) o< vy (b)) = exp(—n[Q5 (5) T s (5)]b)
Update ngﬂ) (s) and Vh(tH)(s) as
;:H—l)(s’ a, b) = T‘h(S, a, b) —+ ES’NP;L(<|s,a,b) |:Vh§i)1(5’)i|
VI () = (1= 1)V, (s) .
e [ V6 QI )V ) + (T () = TH(E T (9)) ]
L (21
Proof. See Appendix D.2. O

We prove Theorem 2 by induction. By definition, we have

||Q;I,T (O)H = ||Q}(’I,T||OO S 1

and || Q% — QW |l = |lrer —ral|. = 0fort > 0. So (13a) holds wrivially for h = H. When
the statement holds for some h, we can invoke Lemma 10 with t; = T, + 1 and t5 = t > T} _1,
which yields

||Q(t) Q;,—l,TH
Mt—1
<2(1- nr) T H 4+ 1007 E Z (1- nT)t_l_lHQELl)(s) — QZ,T(S)HOO
s'~P(-|s,a,b) L=,
+ 71—yt E [KL (G I1G™) + (1 — dnH)KL (¢ | Z;ET“)}
t—1
<201 —nr) T H 107 E Z (1- nT)t_T’L_llH_h
s'~P(:|s,a,b) L=,

Freagntht R (KL (G 16 + (1= 4nHDKL (5™ 1G]

< (1= yr) Tt (1= )T [10H 4 10g7e "]

where the last step results from

m (KL (G 1 6E™) + (1= an )KL, (6

&™)

18
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e, e,

ST(HIOg#ZT() log 1, + ||log v} . (5) — log v

+ [[log ) (5) = Tog ™ (5)||, + [log 1™ () ~ 1o 7 (5] )
<8H.

Therefore, with Tyiare = [n% log H'] we can guarantee that

1821 = @i | < 1001 = 7)o (1 = ) B [H 4 a1
< (1 _ nT)t—ThfltH—h-ﬁ—l‘

This completes the proof for (13a). Regarding (13b), we start by the following lemmas, which are
simply Lemma 5 and Lemma 7 applied to the episodic setting:

Lemma 5A. With0 <n < we have

SH-
KL (G 1 GFY) KL (G 116 )
< <1 = 1)KL (G 116”) + 20HKL(G 1G) + 20| @1 () = @1~ 9)].,
Lemma 7A. It holds for all h € [H|, s € S and policy pair p, v that

4H?
max (fs(@h s tthyvn) = f5(Q7, s v3)) < — KL, (G 1) + 7KL (G Il G 1)

)

Combining Lemma 9 with Lemma 5A and Lemma 7A, we conclude that for 0 < ¢; <ty — 1,

rﬁax (fs(Qh 71 Mh,V (t2 ) fS( T’Mh ) ))
H —
< L (G 1E) + LG 1 G
SH? 1 (t2) =(t2)
<max{T E}< KL, (Ch'r||< )+777KL ( ”Ch'r))
H? _
< max{ST %}((1 —n7)KLs (G 1 |l Chtz 1)) + 2nHKL, (¢, (t2—1) I Chtz 1) )+ 277HQ(t2 1)(5) - QZ,T(S)HDO)
SH? 1
< max{T7 E}«l — pr)t—h <KLS (Q?T I C;(Ltl)) +(1- 477H)KL8( (t1) I Cht1)>)
ta
+ 63 (1—17) QR () - Qh )] )-
I=t,

It is straightforward to verify that the above inequality holds for 0 < ¢; < t,, by omitting the third
step. Substitution of (13a) into the above inequality yields

H'}’a‘x(fs(QhTJJ’hth ) fs( 'ra,uh ayh))

8H? 1
szm{T 5}((1—m>t T (KL (G 1E™) + (1= anEDKL (™)1 ¢
+ 6 Z )T n)
=Ty
t—T, 8H? 1y (8H H—h+1

We prove the following results instead, where (13b) is a direct conclusion of (25) by summing the
two inequalities.
#)

max (V,QLTV (s) — V}:T(S)> <2(1—nr)t=Tn maX{SH ;}(¥ 4 677tH—h+1>

SES, 1 . T 'n (25)
max (Vi (s) = VI (5)) < 21— r)' =T max { S22 L} (S et 1)
sES, 1 ’ ’
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We prove by induction. Note that when h = H, we have Vi/(s) = fs(rm,pm,ve) =
fs (Q;I_’T, wm,vy) and the claim holds by invoking (24). When the claim holds for some 2 <
h < H, we have

Vi (s) = Vi (s)
= Hh—l(S)T Z i)T( )171(121(5) +7H(Hh—1(5)) _TH(Vh 1( ))

- /“‘[’;L—l T(S) Qh 1 T(S)VZ 1 7'(8) + TH(/'L;;/ 1 T(S)) - TH(V;; 1,7'(8))

= fs(Qh— 1,73 Hh— 17’/;(, 1) Js(Qh 1‘rnuh 1rth 1T)+Mh 1(s )T( I}:Vu() Qh— 17( ))Vigt)l

_ _ %2
< F@ir et ) = FuQhy i) Vi )+ ma [V () = Vi ()]

LV ) *
< max (fS(Qh 1Taﬂh 17Vf(z 1) fs(Qh— 1T7/“t](1)17l/h 1))+maX [V‘ (/)—Vh,f(s/)}

M1V s’eS

H? 1 H
<(1- nT)t*Th—l max {—8 , f} (8— + GntH*h”)
T

T n
H? 1 H
+2(1 —pr)t=1n max{g—, 7}(87 +6ntH*h+1)
T 'nt\r
H? 1 H
< 2(1 —nr)t=Tn- 1max{8—,f}<8—+6ntH*h+2).
T 'nl\r

Taking maximum over p verifies the claim for h — 1, thereby finishing the proof. The bound for

max (V,f L(s) = VI (Tt)y(s)> can be established by following a similar argument and is therefore
ses \ P :

omitted.

C PROOF OF KEY LEMMAS FOR THE DISCOUNTED SETTING

C.1 PROOF OF LEMMA 1

Before proceeding, we shall introduce the following lemma that quantifies the distance between two
consecutive updates, whose proof can be found in Appendix E.1.

Lemma 11. For 0 < n < 1/7, it holds for all s € S and t > 0 that
s {0 (5) — W) [47(6) — )} <
and that

mac {[1(5) = 19 )] 70 (5) — 7O, } < 1o

. S 1 . .
For notational simplicity, we use * = y to denote equivalence up to a global shift for two vectors
T,y

r=y+c-1
for some constant ¢ € R. Taking logarithm on the both sides of the update rule (9a), we get
log j1"+1) (s) — (1 = ) log D (s) = QD ()11 (s) 26)
log 11 (s) — (1 = nr) log () (s) = —nQ+1)(s)T 1) (s) |
On the other hand, it holds for the optimal policies (uX, v} ) that
* 1 *
nrlogpuz(s) =nQr(s)vi(s) 27
nrlogui(s) = —nQx(s) i (s)

Subtracting (27) from (26) and taking inner product with ((**1)(s) — ¢*(s) gives

20

(s)



Published as a conference paper at ICLR 2023

(log ¢V (s) — (1 = n7)log ¢V (s) — nrlog (X (s), TV (s) — C2(s))
= (A" (s) = pi(s), QU ()7 (5) — Q3 (s)v (s))
— (P (s) — w2 (5), QU (s) T (5) — Q2(s) i (s))
= (A" (s) = pi(s), (QUTV (s) — Q5 (s)) TV (s))
— (P (s) = w2 (5), (QUTV(s) — Qx(s)) T T (s))
= (2 (), QUM (s) — Q2 ()P (5)) + n(vr(s), (R (s) — Q2 () Ta"+ 1 (s))
< 29[| QU (s) — Q1 (s)| -
(28)
‘We rewrite the LHS as
(log ("1 (s) = (1 =) log ¢V (s) — nrlog ¢ (s), (V1 (s) — CX(s))
= —(log ("™ (s) — (1 — n7)log ¢ (s) — nrlog £ (s), i (s))
+ (log ("1 (s) — (1 — ) log ¢V (s) — nrlog ¢ (s), (T (s))
+ (log ("1 (s) — log ¢+ (s), (1 (s))
— (1 —n7){log ¢V (s) —log ¢M(s),(" 1 (s))
= KLy (¢ [ ¢"HY) = (1 = )KLy (¢ 1¢D)
+ (1= )KL (D [ ¢D) + nrKLs (¢ )1 ¢)
+ KL (¢ <§<t+1>) (log CHY (5) — log ¢+ (), {1+ (5) — ¢V ()
+ (1= n7)KL (¢ 1 ¢) — (1 = nr)(log ¢ (s) —log {1V (s), (1) (s) — (1) (s)).
Rearranging terms, we have
KL (¢ I1¢HFY) = (1= m)KLe (G 11CY) + (1 = nr)KLy (¢UFD 1 ¢)
+ 7KL (CFV 1) + KL (¢ ¢CHFD) + (1= )KL (¢ (1<)
— (log (" () —log ¢+ (s), ¢ H 1 (5) — ¢H 1 (s))
— (1= n7){log ¢V(s) —log ¢ (s),"1) (s) — (W(s))
< 29[| Q"N (s) — Q1 (s)| .-

It remains to  bound <log E(t“ (s) —log ¢tV (s), (D (s) — (D (s))  and
(log (M (s) —log (D (s), (+V(s) — (()(s)). Note that
(log 1) (s) — logu(tﬂ (), B0 (s) = D (s))
= n(QW(5)7" (s) = QUFV (s)""(s), 1 (tH)( ) M(t+1)( ) 29
<nl|QV ()7 (s) = QU ()7 (s) | || n )]
We bound ||Q™ (s)7(®)(s) — QUFD (s)w T (s) |, as
10 ()7 (s) = QUHD () (s)]|

||Q(”” ()79 (5) = 7D (@), + [ (Q1 () = QD)7 (s)]
PO(s) = D), + Q1) Q““ )]

— oo’
Plugging the above inequality into (29) and invoking Young’s inequality yields
(log a1 (s) —log u"*V(s), g1 () — p 1 (s))
n — (¢ 2 _
< T2 (I ) = O+ 0) = ) )
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+1]]Q(s) = QU ()| AT (s) = VS,
2n —(t+1) || (¢ 21 t+1) || 5 (t+1 2 t t+1
< : _,YKLS(V( +1) [ 7S )) + : _VKLs(/i( +1) H/i( + )) + - _7||Q( )(s) _Q( + )(S)HOQ7
where the last step results from Pinsker’s inequality and Lemma 11. Similarly, we have
<10g D(t“)(s) — log V(t+1)(s), z7<t+1)(s) - V(t+1)($)>

2n 2 2n?
< 17KL (Y a0 4+ %KLS(V(HU |5 &HQ(O(S) — QU (s)||

oo”

1
Combining the above two inequalities gives
(log ¢ (s) = log ¢+ (s), (1 (s) — (1 (s))
2n - = 2n = 4n?
< LKL (E 1 80) + LKL (D 1 8) + 2 [09() — @ )

By a similar argument, when ¢ > 1:
(log ¢'9(s) —log ¢'V(s), (1 (s) — (“(s))
= (@ ()7 (5) = QU ()P (s), i (5) = 1 (s))
_,7<Q(t)(5)Tﬂ(t)( ) — QU ()Tt (s), s+ (5) _p(t)(5)>
%KLS (E(t) I é(t—l)) n 1777K|_S (D g(t))
+ (A0 () = A, + [P () = 70 ) )R () = QUTVs)
linKLs (€O | ¢ty 4 %KLS (D || ¢0)

1217

IN

IN

— Q) - V).

Note that the above inequality trivially holds for ¢ = 0, since log ¢(?) (s) = log ((?)(s).

Putting pieces together, we conclude for that
4 _ _
KL 1) = (LKL (@ 169) o (1= 7 = 0 JKL (O 80)
_ 2 _ -
KL (G o (1= 7205 JRE(C D D) + (1= )KL (E0¢)

_ (t—1)
KL (O 1¢0)

1217

2
S277HQ(H1)(5)—Qi(s)HwJF%HQ(t)(S)_Q(t+l)(3)’|oo ||Q(t 1) Q(t)(s)Hoo

Averaging s over the distribution p completes the proof.

C.2 PROOF OF LEMMA 2
Proof. By definition of @, it holds for ¢ > 1 that

QU (s,a,0) = QV(s,0,b)| < AByp(ioan [[VO) = VD] G0)
We denote by fs(Q, u, ) the one-step entropy-regularized game value at state s, i.e.,

£5(@Q.1,v) = ()" Qs)v(s) + TH(u(s)) — TH(v(s)).

We further simplify the notation by introducing

fO = £(QW, g™, 51)

22



Published as a conference paper at ICLR 2023

By recursively applying the update rule V() (s) = (1 — o)V (s) + arfi, we get

t
VO(s) = ag, VO + 3 ay £ (Q0, 50, 50) Z e fO.

=1
Since g = 1, it follows that

t
g oy =oag=1

=0

So we have
(VO (s) = VI ()| = an| £ = VD (s))

t—1
= Z a1 | f — fO]
=0

t—1 t—1
< oy Z art—1 Z ’fs(j+1) - fs(j)’
=0 7=l

The next lemma enables us to upper bound | FD t)| with [|QUFV (s (s)||

KL (CFD || () (as well as their (¢t — 1)—th iteration counter parts). The proof is postponed
to Appendix E.2.

3D

Lemma 12. Foranyt > 0,7 < (1 —~)/180, we have

560 = 10] < @406 - Qi)+ (3 + f)KL (€ 120)
1277 ||Q(t) Q-1 (S)HOO + mK|_S (é(t) I g(t—l))'

Plugging the above lemma into (31),
(VO (s) — VD (s)|

t—1 t—1
<Y a1y {HQ(JH) —QU(s)|| + (% 2 f 7)K|_s(§(j+1> I <(j))}
=0 7=l
S [ 1271 66) () — oG- 2 FG) || G-
Py oy T 1@V () = QU)o + T KLV 11CYTY)
1= j=l

t—1 t—1
<Y a1y {(1 12 )HQ I (s) - QU (s)| (3 +1L>KL (CU+D ||§<-7‘>)]
=0 =l

t—1

12 2 - _

+ Za17t71 |:1 _777 ||Q(l)(s) — Q(l*l)(s)Hoo + mKLs (C(l) ” C(ll)):|
=0

t—1 J

S ar Zaz,H {( 129 )HQ 0 (5) — QU (s)| + (% + %) KL (€O | C_("'))]
=0 1=
t—2

top Yy - 1[ 20 ||Q<l+1 (s) — Q(l)(s)HooJr%KLS(E(lH) ”5@)],

=0

where the last step is due to oy < «y for all j < £. To continue, by definition of o we have
QO 41,t—1 < Oll+1’t,1(1 - at) = 041, for 0 < < t, and that

j t—1
047+1204lt 1 —04J+1Z( H 1—ai)—H(1—ai))
=0 i=l+1 i=l
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t—1

= Q1 H (1- )
i=j 41
t

<ajp J] =) = a0
i=j+2
Plugging into the inequality above gives
lv(t) — V(t_l)(s)‘
= 127 3
+1 j
<Za3+1t{<1+ T )HQ(] )(s) — Q(j)(S)HOO‘f‘(
=0
— 127)
+ ZOél+1,t L e ||Q(l+1)(8) -
1=0

t—1
24
< E Oll+1,t|:( 1 )HQ(Z+1
1=0

4 i)KL (C(J-H) || C(J)):|

0 2 KL (D | F
Q @ww+1_7Ku@*'nc)}

4 _ _

~ QU+ KL ).
<o

Plugging the above inequality into (30) leads to

QU (s,a.b) — Q) (s,a.b)

24n , 4 _ _
SW@NPﬁiawf{E:Oth[(l+ )HQU+1 §') - QUNS)HW‘*UKLw@“+DC”U}}-

Whenn<( )

, we have y(1 + 221 =) < 7 and hence that

’Q(t+1) (57 a, b) - Q(t)(sa a, b)’

t—1

1+
< L& {5 el
s'~P(:|s,a,b)) 2 1=0

Let (11 € AS and y(*t1) € BS be defined as

(zHD(s),y TV (5)) = arg B |QUtY(s,a,b) — QW(s,a,b)|.

It follows that ¥y € I'(p), we have X P t+1) ,+1) € I'(p) and hence
E [l -]

- QU + LA )]

E [0, a,0) - Q0s,a.0)]]
s5~X,

a:av(t+1)(s)7
b=y (s)

t—1
1 + g I+1 ’
< E — Oél—}-l,t{ QU+t )(5 )
8'~X P (t41) (t41) 2 Z H

1
+ Zal-i-l [HQ(HU Q(l)(S/

1
+ I+ Zazﬂ . [HQ(lJrl

Q@@mm+§m4@”wmmﬂ

)H n 4 H X Pty gt
T(p) n P

| KL <<z>>]

4c - -
QO + KL 160)].

Taking supremum over x € I'(p) completes the proof.
When ¢ = 0, we have ||Q(®) (s

(32)

- Q(l)(S)HF(p) = HQ(l)(S)HF(p) <2
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C.3 PROOF OF LEMMA 3

Note that if suffices to show fort > 0, s € S, (a,b) € A x B:

’Q(Hl)(s a,b) — Qx (s, a, b)‘

1+~ 2n _
<-T7. a [ O(s + - 1QW(s") — QU1 (s } + 2.4
<M e [z 1006 - @)L + 206 ~ VL] | + 200,
(33)
The remaining step follows a similar argument as (32) and is therefore omitted.
For t > 0, we have
Q(H_l) (87 a, b) - Q:(Sa a, b) = ’Y]ES/NP(~\s,a,b) |:V(t)(8/) - VT*(S/)i|
t
l *
= VEyp(lsan) | an(fS) - f;)] : (34)
1=0

We start by decomposing £\ — f* as
fO = 12 = £QW, 5, 7Y) = £u(Q5 7, v7)
= (£QV.AD,79) = £,(QV.AD,v2) + £:QV, AV v2) = Fu(@2 ik )
< (£0Q® 1D, 51) = £(QU, ", v2)) + £:(Q3, W vr) = Q745 v7)
+[QV6) - Q: ().
< £:Q, " *“) £@QW, 5 07) +Q(s) - Q7 (9)]| -

We bound the first two terms with the following lemma:
Lemma 13. It holds for allt > 0, s € S and v(s) € A(B) that

F(QW, 50, 50) = £,(QW, ", v)
= (19(s) — w(5), QU () 4 (5)) — TH(E D (s)) + TH(V(s))

< 2’@\\@% = QU] (KLY [07) + KL (0 ) )
1 _ 1—- _ _
~ (= KL ) — EKL 6 )
+ L- nTKLs (v V(t_l)) - lKL5 (v V(t)).
Ui Ui
Proof. See Appendix E.3. O

Applying Lemma 13 with v(s) = vX(s) gives

FO = £ <]|QW(s) — Q5 (s)]| . + %\!Qm(s) Q" V),

41 ;UTKLS(V: D) 1KLS(V; I y<t>)
1
7)

+ ﬁ (KLS (B || D) + KL (0 | ﬁ(t—1)))

(33)
L= LKL 50) ~ EE L (0 10)

25



Published as a conference paper at ICLR 2023

By a similar argument, we can derive

F= 10 <R ) - @3]l + 12_—”,y||cz<t><s> -

oo

1- 1
+ KL (|| p D) — KL, (u: [ W)
1 X (36)
17<1 _ li)KL ( (t) | 1 =(t) ) ; KL ( (t) [ ’u(t* ))
+ L(KLS (0O D) + KL (v | D(tfl))).
I—v
Computing (35) + 47 (36) gives
1
(1- T)(f(“ £
- 2
<+ =106 - Gl + T2 ]1Q ) - Q).
1— 1-— 1
o KL ) 4 R ) ] =[R2 79) = () |
1—
=1 -1y L 2 — 7 (t=1) || 5(t—1)
o (KL 1 0) 4 KL (0 500
1 477 1—7v B B
_1—"7.1—7 (1) )], (t-D) 2 1-9y 1-97 () [ (1)
+(1 5 ; 1 KL (2 || )Jr(l_7 1 ; KL (79 [ 7).
37
With 0 < < (1 —)?/16, we have (- — 1527 . 152) <0, (;£ - 12 — 1527) < 0, and
1(1_ 477).1—'y> 2 . 1
n 1—7 4 T 1-v 1-—ngr

To proceed, we introduce a shorthand notation
1 1-—
G (s) = = KL (v |v®) + — LKL iz [ 1)
n

2
-« @ 7 @) || 5(®
+(177)(17m)[KL5(u | £0) + KLy (v || 7).

‘We can then write (37) as
1-— 2
(1= D00 - 1) < 0+ = [1096) - @ 6. + 7= )10 - V).
+(1— nT)G(t_l)(S) — GW(s). (38)
Note that when ¢ = 0, we have
FO — fr =rlog| Al — Tlog |B| — 5 (s) T Qx ()5 (s) — TH(ui(s)) + TH(VE(s))

— maxmin £,(Q, 1, v) — maxmin f,(Q}, . v)
u(s) v(s) u(s) v(s)

< [|Q(s) = Qx(s)]| .- (39)
Substitution of (38) and (39) into (34) gives
QY (s,a,b) — Q% (s,a,b)
_’YESNP (:|s,a,b) lzalt f*)‘|
1=0
< AEp(eaty [00a]| QO () — Q2]
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- 1 - / -1 /
T [Z%MQ >nw+%uw<s>—w .|
— —n) S Gt o
+1—(1_7)/4s/~P%,a,b)ll 1 ; LG Z GO (s

Note that

(1=n71) ZaltG(l 1) ZaltG

=1

-
I

1
< (1 =nr)agre — o) GU(S) + a1, GO ()
1

< al,tG(O)(s') < 2040,,3777'G(0)(8/) < 2ap4,

where the second step is due to

(I =nm)aryr,e — e = (1= n7)agpr — (1 — agq1)) H a;
j=l+2
t

< ((I=nm)ausr — g1 + oqogyr) ]___[ Qg

j=l+2
t
= ap1(a —n7) H a; <0. (40)
j=1+2
So we conclude that
Q(t+1)(s, a,b) — Qx(s,a,b)
A+(A-)/4 0 20 1 oWy _ ol-1) (g
=7 1-(1- )/4éNP(5ab) [Za”[HQ )||°°+1—7||Q (5 - @ <8)H00}
+ 20{0,15
147 2n _
<S5 GINP(gab) lZazt[HQ( )||oo+m”Q(l)(s/) _Qt 1)(SI)HOOH

+ 20&0’15.

The other side of (33) can be obtained by computing 1777- (35) + (36) and following a similar
argument, and is therefore omitted.

For t = 0, we have |Q(1)(s,a,b) - Q:(s,a,b)’ < ymaxges |f§,0) —fr < 12_—77

C.4 PROOF OF LEMMA 4

Fort > 1, let
1202
Uy = 77HQ:—(3) - Q(t)(S)HF(p) + ﬁHQ(O(é’) - Q(til)(s)Hp(p)‘

It follows that

29yn 247]2
up < + T <
-y (1-79)3
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When ¢ > 1, invoking Lemma 2 and Lemma 3 gives

t
Upyp1 < <1 - 1;7);@17t {UHQ(Z) - Q:Hp(p) + (12?2 + ( 1277 )HQ 1)HF(p):|

~y

48 C, « _
e Zal KL ( ¢h) C(lfl)) + 20,41 + Oéo,t77||Q(0) - Q:HF(p)

1-— 48nC, < o 4

< (1 - J)Zal,tul + LPQ Zal,tKLp(C(l) I C(l 1)) + il Qo,t-
3 /= (1=7)? = -
41)
Let
t 1—~
B = oy H (1 -3 ai)-
i=l+1

It follows that for ¢ > 0,
t+1

g Qg 41U
=1

t

=(1— ai41) E QU] + Qpp1Uey
=1

1- 48 c : e
< (1 - TFY Ott_H) Zozl U + Oét+1 1 Zal tKL l) || C(l 1)) +
=1

4n
A4100,¢
-7

t+1 t
1-— 48nC,
< H (1 -3 2 Oéz)m 1u1 + (% Zﬁv+1 t41 Zaz KL, (¢ ¢U=1) A Z @0,iBi+1,t+1
1=2 =1
481C, <~
< Brarun + § 77’62 DD B KL, (V) ¢UY) Z @0,iBit1,t+1
=1 i=l
200770 18n
SA=e Zﬁl 41 KL, (CD1CY) + _vﬁo,t-u, (42)

where the last step is due to the following lemma. Similar lemma has appeared in prior works (see
i.e., (Wei et al., 2021b, Lemma 36)). Our version features a simpler proof, which is postponed to
Appendix E 4.

Lemma 14. Ler two sequences {6;},{&;} be defined as

0; =1— a4, and & =1—coay,
where the constants c1,co satisfiy 0 < ¢; < ¢ < i Forl <t leté;; = oy H;Ii:l+1 0; and
&t = qy Hfl:l+1 ;. We have

i 2
E &idit1s < (1 + )5z,t-
Cy — C1

i=l
Substitution of (42) into (41) gives

t

1—

Upyp1 < (1 - T’Y) Qaprup +
=1

187« =0 1 7
(T oKL 1)+
v =1

Qo,t
1—

2000C, < = 18 481C, 4
s(l_%zﬁl,tm(c(” I 1>)+%ﬁo,t+< d Za KLEC D) + —aoy
250nC, 22
Sy "225 KL(ED | D) + "/sm
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for ¢t > 1. It is straightforward to verify that the above inequality holds for ¢ = 0 as well.

So we conclude that

t t
E /\l+1,t+1ul+1:E >\i+1,t+1ui+1

1=0 i=0
t i
250nC - (1 22
< Z Ni1,t41 {(1_77”)2 Zﬂl,iKL(C(l) 11y + %50,11
T2 Zzﬁlz i1, KL ([ CU7Y) Zﬂoz 41,641
=1 i=l
6250770 5501
< i Z)\z 1 KL( C(l | ¢4=D ) m/\o,t-&-l
625011C, 5501
= 7(1 — Z)\Hl 1 KL(CUHD 1 ¢D) + - 7)2)\0,t+17

where the penultimate step invokes Lemma 14.

C.5 PROOF OF LEMMA 5

Taking logarithm on the both sides of the update rule (9b), we get
log i+ (s) — (1 — ) log ¥ (s) = 1QM (5)7(")(s) 43)
log 71 (s) — (1 — pr) log v (s) = —nQ®)(s)T ") (s)

Subtracting (27) from (43) and taking inner product with ((**1) (s) — (*(s) gives
(log ("1 (s) — (1 — ) og ¢ (s) — 7 log C1(s), TV (s) — ¢X(s))

R ORIHORORIOIANE )*QZ(S)V¢(5)>
— (P (s ) vi(s), QW (s)Ta (s ) Qx(s) " 15 (s))

< (a0 (s) = wi(s), QW () (7 (s) — v (s)))
— (v “*”() v2(5),Q(s)" ( )<> #5(9))) + 2[R (5) = @7 (5)]|
<7(t+1)() 5),QW (s) (,; (t+1)( )
<“+1><> vi(s), Q" (s) ( (s) = AD(s))) +20]QV(s) = Q1 (5)

< (KL (G CFD) 4 KL (ED 1) + KL 189)) + 210 () - Q25

LHS can be written as
(log ¢V (s) — (1 = n7)log ¢ (s) — nrlog 5 (s), (" (s) — (2 (s))
= —(log (" (s) — (1 — n7)log ¢ () — n7log ¢} (s), X (s))
+ (log ("1 (s) — (1 — ) log ¢ (s) — nrlog (1 (s), (1 (s))
= KLy (¢ 1) = (1 = )KL (¢ 1<)
+ (1= )KL ([ ¢D) + nrKL (S )1 ¢).

So we conclude that

(1 T2 LG 16 = (1= )KL G )
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2 ~ _
+ (1= = LKL [ ¢0) + kL ) ;)

) _ Q
< 17K|_S (C(t) H C(t)) 277||Q(t)(5) *(S)HOO.
With 0 < n < 177, we have

%KLS (G I1CUD) 4 KL (S )1 )

< (1= )KL (¢ 1<) + %KLS (€10 +20]]Q(s) — Q5 (5)]|

C.6 PROOF OF LEMMA 6

We have
VI (s) = VE(s) = p(s) T QY (s)v(s) + TH (u(s)) — TH(v(s))
15()T Qi ()i (s) — TH () + TH(VE(s))
p(s) T Qe (s)u(s) — uls) ' Qi(s)v(s) + fo(QF, pv) — fo(QF, 13, v7)
VE2 (') = VE(S)] + fs(QF i v) — £(QF, 7, v5).

arvp(-ls),

brv(-[s),
s'~P(-|s,a,b)
Applying the inequality recursively and averaging s over p, we arrive at
1% * 1 * *
‘/7'#7 (p) _V'r (p) = 11—~ I% [fs’(QThuvy) _fs’(Q:hu:aVT)]’ (44)
smdlt

which is the well-known performance difference lemma applied to the setting of Markov games. It
follows that

VIS () ) = —— B [fe (@ b (), ) — Fu Q0]

1-— 1
’y S/ng'ﬂ' (v),v

IN

E [fs’(Q:huj—(V)?V)_fs’(Q:—v:uaV:)]

1 - ﬁY S/Nd/;J-(V)vV

1 L ) /
S ﬁ S/ngzj,.(u),y |:I;}a{/)’( (fs/(QT5 w 7V) - fs’(QT7/,L, 14 )):| (45)
Chr o
<10 E [g{ (fo(@s ) - ﬁ(@wu,y))} |

i
A similar argument gives VT*(p)fo’VT(“)(p) < fp_; E [maxﬂ,’l,, (fs( ol v) — fs(Q:,,u,z/))].
s~p

Summing the two inequalities proves (18). Alternatively, we continue from (45) and show that

VT"i(”)’”(s) —VX(s) < 1 E [max (fs (Qr, 1 v) — fs'(Q:,M’V/))}

L—n sttt LI

1/pllsc g [uax(fb(QT,u v) = fs(Qi’“’V/)ﬂ'

].—’Y s~p

| /\

VT . .
Summing the inequality with the one for V*(s) — V/"7*")(s) and taking maximum over s € S
completes the proof for (19).

D PROOF OF KEY LEMMAS FOR THE EPISODIC SETTING

D.1 PROOF OF LEMMA 9

Following the similar argument of arriving (28), we have
(log ¢ (s) = (1 = 1) log ¢ () = nrlog G (). G () = G 1 (s))
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< 2| Q" (s) - Q5 -9l
‘We rewrite LHS as
<1og<““>< ) = (1 =) log ¢ (s) — nrlog G (), &V (5) — G ()
= —(log ({1 () — (1 — ) 1og ¢ (s) — 7 log G 1 (5), G 1 (5))
+ (log ¢ (s) — (1 =) log ¢ (s) — nrlog G (5), T ()
+ (log iV (s) — lo gc““ (). G (s))
= KL (G, 1Y) = (1= nm)KLs (G, 11¢1)
+ (1 - r)KLs (C} ““ 1) +nrKLs (G 11 G )
+ KL (G GD) = (log ¢V (s) —1og ¢V (5), GV (5) — ¢V (5))
Rearranging terms gives
KL (G I1GY) = (1= )KL (G 1687) + (1= )KL (G 1¢7)
+ KL (G NG ) + KL (G 1 GEY)

(46)
<log<,f+”< ) log ¢i 1V (5), GV (s) — ¢V (5)
< 2[|QU V(s ()| -
Note that
<1og-“+”<s> tog s (s), "V (s) = i T (9))
=n(Q ()77 (5) — QT () (), T () — u“*”( ) (47)
<nHQ(t) (s)0 t)() (t+1)() (t+1)(s H || (t+1) (t+1) H1
We bound || Q)" (s)7,” (s) — Q5 (s)7 TV (),
HQ(t) y,(t)(s)— §t+1) (t+1) H
) 1 1
< Q) (@ (s) — v ”” )], + 1@ (s) — Q™ ()7 ()],
< 20|77 (s) — 7" (s Hﬁ”Q(t) Ef“’ ()]l

1 _ 1
SQHHV](:JF ) s)—z/h s H1+2HHuh s)—u,st)(s)|‘1+}’Q§lt)(s)— ELH )(S)H
Plugging the above inequality into (47) and invoking Young’s inequality yields

oo’

(log a1 (s) — 10gu(t+l)( ), i (s) — u§f“>< )
<nH(HvJ“ (8) = PG|} + [0 (s) 7 H1+2|Hf“ — i)
QP (s) = QY (8)] L [|AH () — iV (s)])

< 2HKL, (7 " 147) + 0K 0| -(”) A HKL (™ 5 7Y)
+ 2P H[Q)(s) = V)

where the last step results from Pinsker’s inequality and Lemma 8. Similarly, we have

() = log Y (5), 7 (5) = V()

<10g1/ logv v
< 2pHKL, (3™ | 1) + 2nHKL () || ) + anHKL (v || 7))
+ 27 H|Qi)(s) = Q" (9)]| .

Summing the above two inequalities gives

(log & (s) — log ¢ (), &1 () — ¢ (s))

31



Published as a conference paper at ICLR 2023

< 2pHKL, (Y ||<,(j ) + 2nHKL, (¢S | ¢ + anHKL, (¢ | ¢y
+ 42 H||QY () — @V (5)]|
< 2pHKL, (G 1 ¢t9) + 2nHKL, (¢ | )+477HKL (o gy
2(l108 () = @)oo + @8 s Qh,T<s>Hm)7

where the second step invokes triangular inequality and the fact that n < g77. Plugging the above
inequality into (46) gives

KL (Gr 1) — (1= nm)KL (Grr 167) + (1 — (7 + 2H))KL (G 1 ¢)
KL (G Gy + (1= dnHDKL (Y 1 ¢ — 2nHKLG (¢ 1167)
< Q) - Q1) + QP (5) ~ @36

With 5 < we have (1 —n7)(1 —4nH) > 2nH and 1 — n(7 + 2H) > 0. It follows that

s
KL (G 1Y) + (1 = anEDKL (¢ 11GY) + KL (G0 11 ¢ )
< (1= )KL (Ghr 16,7) + 2nHKL (G 11¢17)
£ Q) Qi) + 2l () ~ @35
< (1= 7) (KL (G 1G7) + (1 = anEKL (¢ 16) )
+ Q) ~ @5 5) + TllQR () — Q2
Therefore, it holds for 0 < ¢; < t5 that
KL (Grr I1GH) + (1 = dnH)KLL (¢ [ G)) + nrKLa (G 11 G5 )
< (1= nr)= 1 (KL (G 1G) + (1= anEDKL (¢ 1 G ))
.S (=)= QP (5) - Qo). + LY (s) ~ @36

t'=t1+1

<@ —gr)h (KLS (G Y 4+ (1 = anH)KL, (¢ ff(f”))

+40 3" (1 =)= Q4 (5) — Q%)

=ty

D.2 PROOF OF LEMMA 10

For t; > 0, we have
i (5,0.6) = Qh_y 4 (s,0.b)
= B[ - v )]

S’NPh,—l('ls‘rafb)
[(1 —nr)teh (Vh(tlil)(sl) —Vi-(5))

s'~Pp_1(+|s,a,b)
to—1

o 30 (=) (@ il A) = fu (@t i) |

=t

IA

to—1
_ —1— ) —() - * * *
(1 - 777—)t2 t12H+ 'p ]E(‘ b) |j’T E (1 —777)t2 ! l(fs’(QgL)aligL)v ()) fs’(Qh,ra/u'h,TvVh,T))
S~ Ip—1(]8,a,
1

(48)
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We start by decomposing fs(t) — fras
F@QY 5D 50) = 1o Qo o V)
= (1@ i o) = 1@ ) i ) + FQ S Vi) = S @t Vi)
< (£@2 1 o) = QY i) ) + £ @ B Vi) = S Qe s Vi)
+[| (s) - Qr - (5)]]

< Q0. 1), 5y = 1@ 5P v )+ |0 (s) — Q- (5)]) o

Note that Lemma 13 can be applied to the episodic setting by simply replacing 1/(1 — ) with H,
which yields

f(Qh ’ﬂg ’7 ) fs(QhT7:U’h‘r> hr)

< Q¥ (s) = @;.(5)]| . + 20H QS (s) — QM ()]

o0

+ KL i ) = KL (v 47) )
—%(1—4nH)KLs(v£f> I747) = =KL )
28 (KL () 1) ff ™) + KL (fl 0 11 0)).
By a similar argument,
Fo(@h ottt oo vit 1) = £(QL ), )
< [l@i () - Qi (9l +2nH||@“> Ol
KL G ) = KL ( “>> 50

1

1
— (1= amKL, (s | ) —
+2H (KL, (7 v ) + KLy (o p}f‘”)).
Computing (49) + 2- (50) gives
1 _ — * *
L@ 1. 70) — 1@t v )]

< 2@ ()~ Qi Gl + 208 (5) - V(9]

1— _ 2

F KU (0 4 7Y) + KL (i )] - [KL vi 1) + SKL i, i) |

2 KL (7Y 37 + SR (o ”]

1
~ (1 ) [gKLS () 118) + KL (o 1747) |
—-nTr 2 _ 1—n _ _

+<2H— ; 2 )KL (A 1))+(2H-§—7)KL8(1/(“ /D). (51)
With n < 8H,We have

_L=mr 2 21z LT _ 2

2H 7 3§0, 2H 3 ; <0, and 77(1 n7)(1 —4nH) - 5 2 > 2H.

Let

Gi () = KLy (v, [14) + SKLs (s 1)
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OJ\[\D

(1= ) [KL (i 1187 + KL (v 1 74) .
We can simplify (51) as

1@ 1 90) = 1@ o Vi)

< 5[[[@ () = Qi )l +20H [ Q1 (5) - Q) ()] +
Plugging the above inequality into (48) gives

5Lt3)1(57 a, b) - QZ—1,7(87 a, b)
< (L—nr)* "2H

1—7]7 (t—1) 1 ()
—0G s)— -G S).
n h ( ) n h ( )

to—1

sy Y (1 — )2 (|| (s) — QL ()|, + 20H Q) (5) — QL (s )H“)}

E
SINP;L,1(~‘S,(L,b) 1=t
[r(1—nr)emG V()
s'~Pp_1(-]s,a,b)
< (1—nr)* "2H

to—1
_‘_10777, E [ Z (1 ,’77_ t2 1— l||Q(l) QZ,T(S,)||W]
l

s'~Pp_1(:|s,a,b) o1

(L —nr)h Lo (G G ) + (1= DKL (¢ 165 0)

s'~Pp_1(+|s,a,b) [

E PROOF OF AUXILIARY LEMMAS

E.1 PROOF OF LEMMA 11

We first single out a set of bounds for V(*) and Q®), which can be obtained by a simple induction:

Tlog|l’>’\ < V(t)( ) 1+7—10g|A\

V(s,a,b) € S x A x B, { (52)

T 10g\B| t 1+’y7’10g\A|
= <QW(s,a,b) < —reelAl

We invoke the following lemma to bound several key quantities that will be helpful in the analysis.

Lemma 15 ((Mei et al., 2020, Lemma 24)). Let w, 7" € A(A) such that w(a) < exp(f(a)), 7'(a) x
0'(a) for some 0,6" € RIAL It holds that

I = =[], < |6 - &'l

With this lemma in mind, for any ¢ > 0, it follows that
[+ (s) = pl D (s)]), < mmHlogu t“)( ) —log !+ (s) —e- 1|

<]|QW ()7 (s) — QU (s)p ) (s)|
1 +’y7‘(log|.A| +log|B|) 2n

<
= L=~ _1*7

and a similar argument reveals that

[0 (s) = 0 s, <

Next we make note of the fact that when ¢ > 1,
W (als) o p!(al )~ exp(nQ (s)7")(s))
x 10 (als) 7 exp (5[Q ()7 (5) + (1 = 1) (@ ()7 (5) — QD () (5))])
o i (als) exp(nuw® (a)),
(53)
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where

w® = QW (5)7(s) + (1 = nr) (QW ()7 (s) = QU™ (5)7!" "V (s)) — Tlog i (s)
satisfies
[
QW (s)7 M (s)|| . + || 7log AP (s)]| . + (1 = n7)[| QW (s)7) (s) — QU= ()7 "V (s)]| .
2 2 2(1 —n1) < 6
T 1l—-9 1-—v 11—y ~—1—7’
where the second step is due to the following bound:

IN

w>05€S,  max{|llog¢®(s)| m%dﬂnk}gaggﬁ. (54)

Recall that when t = 0, we have a(**1) = (). So we have

wes 20, a6 - i), < ok

It remains to prove the claim (54).
Proof. Tt is worth noting that 1(*)(s) can be always written as () (a|s) o exp(w® (a)/7) for some
w® e RIA satisfying

Wlog\l?\
1_

14 ~7log |A|

Va € A, 1

<@ <

To see this, note that the claim trivially holds for ¢ = 0 with w(® = 0. When the statement holds
for some t > 0, we have

pD(als) oc 1 (a]s)' 7 exp(nQD ()7 ()
ocexp (1 —nr)w' +9rQ U+ ()71 (s)) /7)
X exp (w(t+1)/7),

with w®D = (1 — pr)w® + prQ+1 (s)z(+1 (s5). We conclude that the claim holds for ¢ + 1
by recalling (52). It then follows straightforwardly that

®(q w®(a
M(t)( 1) :exp( (a1)
pt (az)

for any ay,as € A. This allows us to show that

—w(ay) 1+ y7(log |A| + log | B))
T ) < exp ( (1—9)r )

min 1" (a) > 1 (11 [Al+log [B]) Z” 1 (11 | Al+log | B])
T~ (log A +1o +y7(log|Al+lo 7
a€A [Alexp (T2 57550 e Y exp (SRS )

which gives

1 1 log |B 1 1 log |B
(1=)7 (1=)7 1—v
2
T (-7

E.2 PROOF OF LEMMA 12

We decompose the term f,(QUFD, glt+1) p(t+1)y — £ (Q® 5 5®) as follows:

F(QUFD, g, 50D — £,QW, 59, 9Y)

= f(QUFY, Y B — £ (@, nTY ) 4 £ (@QW, AU, ) — £(QW, a0, v )
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=t (s)T (Q(t+1)( ) — QW (s )) t+1)( )
+ fs(Q(t),ﬂ(tH),f/(t)) fs (Q(t) (t)> + fs (Q(t) a0, ptth) ) — fs QY. (t))
+ [fs(Q(t),/j(t-&-l), oDy 4 fs(Q(t)"a(t)’lj(t)) — £(QW, B 50y — (W, i (t+1)>]

Note that |z(F) (s) T (QUHD (s) — QW (s)) D ()| < [|QUH(s) — QW(s)| .. For the terms
in the bracket, we have

|[£QU D, 5 D) 4 Q05O 70) — £(QO A, 7)) — (@, 5,70V
- \<*<t+1><s> - i(5)TQV() (7 V(s) — 7 (5))|

_“ (t+1) ~(t)
<7 KL (¢ ¢*).

It remains to bound the two difference terms ’fS(Q(t),/TL(tH),z/(t ) = fo(Q®, ult D(t))| and
| £s(QW, 5™ o) — £(QW, i™), 51)|. To proceed, we show that
fS(Q(t)’ 7 (t) *(t)) fs (Q(t) =(t+1) *(t))
= (pD(s) = D (s), QW (s (s)) + 7H([ED (s)) — TH([@EY (s))
= (D (s) = gV (s), Q(t)( ) ( )+ (1= 77)(QW(s)7") (5) — QU (s)7!" "D (s)))
+7H (Y (s)) — TH(ET(5))
— (1 =nr){(a" (s) = 1D (s), QD (5)p D (s) — QU1 (s)7 1 (s))

1 1-—
= KL (D) = =KL (@) )

— (L =nr) (W (s) = 5D (5), @V ()7 (s) = QU ()N (s)) (55)
Here, the third step results from Lemma 17 along with (53). Recall from previous discussion (cf.
(53)) that 7Y (als) o< 1™ (a|s) exp(nw® (s)) with some w® € RIBI satisfying

o], < ==

We can ensure that ||nw®|, < 1/30 with =1 > %, and the next lemma guarantees
KL, (5 || p+D) < 2KLg () || a®) in this case.
Lemma 16. Let w € R4, 7,7/ € A(A) satisfy, for each a € A, ©'(a) x 7(a)exp(w(a)) with
|wllso < 55. It holds that

KL(7 || ") < 2KL (|| ).
Therefore, we can continue (55) by showing that
|f Q(t) —(t+1)7 p(t)) — £, (Q(t) = (t) 5&))‘

< DKL ) + 2L (i t*“W)
+’|“(t+1) N(t H ||Q(t) ( ) — Q(t 1) ,/(t 1) ||
<3KL<tHnmm>+mﬂﬂ»s =i, 1) - V)
+Q06 HHM”I)*ﬂt®WMﬂW@*ﬁ“1®M

3 _ 2 _ 6m _
< (34 T2 KL 1) + =KL @ 1) + 12500 - @)

One can bound | f,(Q QW u® MY~ £ (QW, p®, 17<t+1))| with similar argument. Putting all pieces
together, we arrive at

| £(@QUEFD, g+ ptHDy — r (@M, 5™ p®)]|
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< || s - Qo)

3 4 . . 2 o
2= (t+1D) | 7Oy L 2 ® | g1
oo+(n+1_7)KLs(< 1€9) + T KL 1)
127 _
+—1_7HQ(”(5)—Q“ RO

E.3 PROOF OF LEMMA 13

(7 (s) = vi(s ) QW (s) A" (s )> TH( () + TH(V(5))

= (7(s) = (s ) Q(”( ) a0 (s ) QU V(s) Al M(s))
+ (70 (s) = 119(s), QU V(s) T V(s >—TH (79 (s)) + THE M (s))
+ (VO ) (8),QV(s)Ta" (5)) = TH(W ) (5)) + TH (1} (5))

s) — (s ) Q(t( )TE(s) = QU V(s )T‘(H)( )

07 ®) ., t=1) 1 ® 50y L—N7T @y ,,(t-1)
— KL, —KL4 KL,
n @ 2 ) — " (A1 ) 77 @ vt )

= ("

)
L1

—nT KLs(V: || l/(t71)) - EKL ( * ” (t) ) n KL ( (t) ” V(tfl))
< [79(s) — O (s)|| [|QV (5) (t (5) — QUV(s) Ol

- %KLS (O || 71 - “TWKLS (D || ) + 1 n”T KLy (v | /D) — LKL, (2 ).

(56)
The second step results from the following three-point lemma:
Lemma 17 (Regularized 3-point lemma). Let x € A(A) be defined as
w(a) o< y(a)' = exp(—nuw(a))

for some w € R and y € A(A). It holds for all z € A(A) that

n 1

= (2 = zw) = 7H(2) + TH(2)| = KL(= |1y) - =KLl 2) KL ).

We bound the first term in (56) as follows:
17 (s) = O ()|, QW (5) "M (5) = QU () ATV (s)
<7 (s) = )], (H( (s) - Q“’”(@)Tﬂ“’”(s oo + 1O (@ (5) = 1))
< [#96) ~ PO Q) ~ QI + 2 706) ~ O 5O6) - V),

<7106 - QU@+ = [0 - O]
IO a6 - # D0

< TQ(5) = QU | + T KL (Y [7)

+7K|—( J($) 111 (s)) +mK|—(N(t_l)( s) | A“7(s)).

Substitution of the above inequality into (56) completes the proof.

E.4 PROOF OF LEMMA 14

We have

t
Se=a [ 0-ca)

i=l+1
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t
= H (1 — oy + (e — 1))
i=l+1
t t

=qiea — 1) H (1 = coavj + (e — 1)) + (1 — cacvp1) H (1 —coa; + (c2 — 1))

i=142 i=142
t i t t
= Z (ca —c1)ay; - H (1 —coayj) - H (I-crap)+ o H (1-coevy)
i=l+1 j=l+1 k=i+1 i=l+1
t
=(c2—c1) Z &0 + &1

i=l+1

Rearranging terms,

t t
Zfz,i5i+1,t = odi41,e + Z &1,i0it1t

1=l i=l4+1

Q4 Q41
Y b

T 1-qa l—ca
1 l+1 i 10641)

t
2
<O 4+2 ) &ibie =0+ -

i=l+1

2
(51 t =&)< (1 + )51,1:,
-G
where the inequality is due to oy < a < 1/2and 1 — cjaq > 1/2foralll > 1.

E.5 PROOF OF LEMMA 16

Proof. For any x > —1, it holds that

z? a3
log(l—s—x)S:c—? 5
<x—x—2+@:m—<l—m)$2,
- 2 3 2 3
and that
2 23
log(l+2) 2o = 5+ 309
2

SO N T
=TT T3 +a)p 2 " 3(1+a)p

Therefore, when z > — 15, we have (1 + z)® > 2 and thus

10’
1 1

(35 svut 0 - (3 )

Let ¢ be a shorthand notation for ||w||OO The following lemma is standard (see, e.g., (Mei et al.,

2020, Lemma 23), (Cen et al., 2021a, Lemma 3)), which ensures that Hlog m — log 7' HOO < 2c.

Lemma 18. Let m, 7" € A(A) satisfy m(a) x exp(6(a)) and 7' (a) x exp(0'(a)) for some 0,6 €
RMI. 1t holds that
Jlogx ~ g . <2 ¥,

Since ¢ < 1/30, we have

= (1 225 < ] < oo o 1,223

< 2cexp(|2¢|) < 3¢, Va € A.

‘ 7(a)
7'(a)
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Therefore, we can bound KL (7 || 7') as

Z 7(a)log

acA

<Y o {a)

acA (a>

= x*(m7') = (

r(a)
7(a)

KL(m || ")

—1-

o
7.‘-/

On the other hand, we have

KL(7' || ) = Z 7' (a)log

acA

> Zﬁ'(a)(

acA

' (a)
7(a)
m'(a)
7(a)
143

=x*(n';m)

By definition, we have

(mr) = > '(a)(

acA

7(a)

™ (a)

_1)

"(a) — 7(a))?
< ] 3 )

acA
< (14 3c)x*(n'; ).
Combining (57), (58) and (59) gives

KL(7 || 7") < (14 3c) - 1-(1/2

1_1+3c

1
2

(

(57

2

(58)

2
— Z _—_—
acA
(59)

)

- 5L | ).

E.6 PROOF OF LEMMA 17

Proof. We have

KL(z[ly) = —H(2) + H(y) — (2 — y.logy)
—H(z) + H(z) — (2 —z,logy) — H(x
= —H(z) + H(z) — (z —z,logz) — H(z

KL(z [ z) + KL(z | y) — 1_77

Rearranging terms gives

n
1—nr

39

1—-(1+3c)?/2
It is straightforward to verify that the factor is less than 2 when ¢ < 1/30.

(x —z,w) =KL(z | y) — KL(z || z) —

H(y) — (z —y,logy)

)+
)+ H(y) — (z —y,logy) — (z — z,logy — log z)

z—z,w+Tlogx).
nT

nt
nt

KL(z | y) + 1 (z — z,logz).
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Adding - (—H(x) + H(z)) to both sides, we are left with
g 1—nT

T _77777_ [<x — z,w> —TH(x) + T'H(z)} = KL(Z | y) - KL(z I x) — KL(ac I y)

= an (—H(z) +H(z) - (z — z,log z))

=KL(z|y) — : —1777'KL(Z |z) — KL(z [ y).

F FURTHER DISCUSSION REGARDING APPROXIMATE ALGORITHMS

In this section we verify the convergence of the proposed method equipped with inexact value up-
dates in the infinite-horizon setting, where (10) in Algorithm 1 is replaced by

Q(tJrl) (Sa a, b) = ’I‘(S, a, b) + VES’NP(-|s,a,b) [V(t) (Sl)} + o‘ta(t) (Sa a, b)
VD () = (1= ay1)VO(s) .
o [AD (5)TQUHD ()7 D (s) 4 rH (1HD(s)) — TH (701 (5))]
or equivalently
Q(t+1)(sﬂ a, b) = (1 - at)Q(t) (57 a, b)
e [r(s,0,0) + VB0 |1 (9)TQU ()70 (5) + 7H (D (s)) — TH (P ()| + 6O (s,0,8)|.

Here, §(s, a,b) (t+1) ¢ R represents the error due to approximate evaluation. For simplicity we focus
on the case where the policy update rules (9a), (9b) remain unchanged. The following theorems
reveal that the algorithm converges linearly to the QRE until it reaches an error floor determined by

169 Ir

Theorem 5. With() < n < 3(210002 , and ai; = T, we have

max {KL (62 1¢), 5KL, (62 1€9).30 B (@) - @5()]L.] }
3000 ( 7(1— )7}7) n 1500 H O

HF(p)'

T (1—9)?r 4 (1—=)7 0252t
Theorem 6. With(0 < n < 3(21(;(%);0, and o; = 0T, we have
(t (¢ 2||1 1
max (VT“”’( )(s) - VT“( )”’(3)) < 11/plloc max{ 8 , f}
SsES,u,v 1- i (1 - '7)27— n
3000 (1—~y)pr\t 1500
(e (1- )+ max (69|, ]
(1—7~)%7 4 (1 — )7 o<i<t
and
—(t =(t 2CT 8 1 (1 - ) T\
RG] —V“U”’ < o { 7}(1_ )N )
max (VA (p) = V" (p)) < 5 e ey —
3000 1-— t 1500
] (1- L=dmy max 69|, |
(L=9)7 4 (1 — )7 o<i<t

‘We remark that H(5 ®) HF (p) €AN be bounded either by €stat Or Cp€star With evaluation error guarantee

maxsecs ||5(t)(s)||oo < esgatand E [Hd(t)(s)Hoo] < €qtat TESpECtively.
s~p

The remaining part of this section outlines the proof for the above Theorems. For simplicity, we
only highlight the key difference from the previous proof due to evaluation error and omit the proof
for corresponding lemmas. We first remark that Lemma 1 depends solely on the policy update rules
and hence still holds. The error propagation of {5V} is captured by the following lemmas which
parallels Lemma 2 and Lemma 16:
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Lemma 19. With 0 < n < min{(1 —~)/180, (1 — ~)?/48}, it holds for all t > 1 that

||Q(t+1) - Q(t)HF(p) < HTW ialthQU) - Q(lil)Hr(p) + % ' i al’tKLp(C_(l) | E(Fl))
=1 =1
a6y + 0er |5 )
When t 0, we have [ Q) (s) — QO (s) ) <2+ a0 [0@]|,
Lemma 20. With 0 < n < (1 —~)?/16, it holds for all t > 1 that
lt+t — Q*||r(p>

1+7
Eiat(HQ(” @ llr ) +—HQ Q' lpgyy) + 200, + |5 1,
=0

(61)
When t = 0, we have ||Q(1) — Q:HF( < 1 = —|—a0H5(O)HF( X

Following the similar argument in Lemma 4, we can show that
Lemma 21. Under the assumption of Lemma 19 and 20, it holds for all t > 0 that

t . 121
Z Al+1,641 [UHQT - Q(ZH)HNP) + e HQ(HI) - Q(l)Hp(p)]
1=

t

550
ﬁ/\o 1 +6OUZ)\1+1 t+1OélH5 Hr( X
1=0

62501C

<= - Zml KL ) +

With oy = 7 for [ > 1, we have

t t
ZN+1,t+1OLZH5(l)HF(p) < >\1,t+1||5(0)Hr(p) + max ||5( |1"(p) Z)\l+1,t+1az
=1

prd 1<:i<t
<00 g + T e 09| < 7o ma (69
S AL+l I(p) 1—~ 1§?§t T(p) = 1 — v OIISlia%(t T(p)

It is then straightforward to put together the above lemmas in a similar way to the proof in Appendix
A to obtain Theorem 5 and 6.

G FURTHER DISCUSSION REGARDING WEI ET AL. (2021B)

This section demonstrates how the last-iterate convergence result in Wei et al. (2021b, Theorem 2)
in terms of the Euclidean distance to the set of NEs can be translated to that of the duality gap. Given
any policy pair ¢ = (p,v) and a NE ¢* = (u*, v*), we can invoke performance difference lemma
(44) and obtain:

V) =V ) = T B [T ) ()T Q ()]
! [ TO*(< / *( INT ORI\ * (o
< ﬁs/fiw _n}fxxu( s Q (s v (s") — p(s") (s ) v (s )}
1 [ e *( ] / 1/ 1 N
S B sl () Q) — s (4 Q)
1 [ *x 7 / %/ 1
S B |l ()T () v ()|
1

IN
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Setting y to the best-response policy of v, i.e., u = uf(v) := argmax, V*¥(p), we get

max V¥ (p) = V*(p) = VF 0¥ (p) = V*(p)

M/
1 Nk
= 1—q)2 ; d?“’)’” [HV(S) v (s)||1]
dl’« (v),v
SES
Similarly, we have
Hd

”oo S s — ),

seS

V*(p) —min V' (p) <
Taken together, the duality gap can be bounded by the policy’s ¢; distance to NE (p*, v*) as

ma [V (p) = V' (p)] < ﬁ Z (v = v, + s = (I, )

81/2 A B 1/2 / NIE / (|12 v
< ISERAL ™ 5™ () -6+ It = e 6)|

seS

where the second step results from Cauchy-Schwarz inequality. Finally, recall from Wei et al.
(2021b, Theorem 2) that it takes at most

S|
© <n4c4(1 — 7)€

5 2 (I = G2 + ) = ()]2) <

seS

iterations to ensure

with 72 = O((1 — 7)3|S|~1). Putting pieces together and minimizing the bound over 7, this leads

to an iteration complexity of
o 1SPUA +1B])'2
(1 — ~)16c4¢2

to achieve ¢-NE in a last-iterate fashion.
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