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Abstract

Policy optimization methods are popular rein-
forcement learning algorithms in practice. Re-
cent works have built theoretical foundation for
them by proving /T regret bounds even when
the losses are adversarial. Such bounds are tight
in the worst case but often overly pessimistic.
In this work, we show that in tabular Markov
decision processes (MDPs), by properly design-
ing the regularizer, the exploration bonus and the
learning rates, one can achieve a more favorable
polylog(T') regret when the losses are stochastic,
without sacrificing the worst-case guarantee in
the adversarial regime. To our knowledge, this
is also the first time a gap-dependent polylog(T")
regret bound is shown for policy optimization.
Specifically, we achieve this by leveraging a Tsal-
lis entropy or a Shannon entropy regularizer in the
policy update. Then we show that under known
transitions, we can further obtain a first-order re-
gret bound in the adversarial regime by leveraging
the log barrier regularizer.

1. Introduction

Policy optimization methods have seen great empirical suc-
cess in various domains (Schulman et al., 2017; Levine &
Koltun, 2013). An appealing property of policy optimiza-
tion methods is the local-search nature, which lends itself to
an efficient implementation as a search over the whole MDP
is avoided. However, this property also makes it difficult
to obtain global optimality guarantees for these algorithms
and a large portion of the literature postulates strong and
often unrealistic assumptions to ensure global exploration
(see e.g., Abbasi-Yadkori et al., 2019; Agarwal et al., 2020b;
Neu & Olkhovskaya, 2021; Wei et al., 2021). Recently, the
need for extra assumptions has been overcome by adding
exploration bonuses to the update (Cai et al., 2020; Shani
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et al., 2020; Agarwal et al., 2020a; Zanette et al., 2020;
Luo et al., 2021). These works demonstrate an additional
robustness property of policy optimization, which is able to
handle adversarial losses or some level of corruption. Luo
et al. (2021) and Chen et al. (2022) even managed to obtain
the optimal \/T rate.

However, when the losses are in fact stochastic, the v/T'
minimax regret is often overly pessimistic and log(7") with
problem-dependent factors is the optimal rate (Lai et al.,
1985). Recently, Jin et al. (2021) obtained a best-of-both-
worlds algorithm that automatically adapts to the nature of
the environment, a method which relies on FTRL with a
global regularizer over the occupancy measure.

In this work, we show that by properly assigning the bonus
and tuning the learning rates, policy optimization can also
achieve the best of both worlds, which gives a more com-
putationally favorable solution than Jin et al. (2021) for the
same setting. Specifically, we show that policy optimization
with Tsallis entropy or Shannon entropy regularizer achieves
/T regret in the adversarial regime and polylog(T') regret
in the stochastic regime. The /T can further be improved to
V'L if the transition is known and if a log-barrier regularizer
is used, where L is the cumulative loss of the best policy.
Though corresponding results in multi-armed bandits have
been well-studied, new challenges arise in the MDP setting
which require non-trivial design for the exploration bonus
and the learning rate scheduling. The techniques we develop
to address these issues constitute the main contribution of
this work.

2. Related Work

For multi-armed bandits, the question whether there is a sin-
gle algorithm achieving near-optimal regret bounds in both
the adversarial and the stochastic regimes was first asked
by Bubeck & Slivkins (2012). A series of followup works
refined the bounds through different techniques (Seldin &
Slivkins, 2014; Auer & Chiang, 2016; Seldin & Lugosi,
2017; Wei & Luo, 2018; Zimmert & Seldin, 2019; Ito, 2021).
One of the most successful approaches is developed by Wei
& Luo (2018); Zimmert & Seldin (2019); Ito (2021), who
demonstrated that a simple Online Mirror Descent (OMD)
or Follow the Regularized Leader (FTRL) algorithm, which
was originally designed only for the adversarial case, is able
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to achieve the best of both worlds. This approach has been
adopted to a wide range of problems including semi-bandits
(Zimmert et al., 2019), graph bandits (Erez & Koren, 2021;
Ito et al., 2022), partial monitoring (Tsuchiya et al., 2022),
multi-armed bandits with switching costs (Rouyer et al.,
2021; Amir et al., 2022), tabular MDPs (Jin & Luo, 2020;
Jin et al., 2021), and others. Though under a similar frame-
work, each of them addresses new challenges that arises in
their specific setting.

Previous works that achieve the best of both worlds in tabu-
lar MDPs (Jin & Luo, 2020; Jin et al., 2021) are based on
FTRL over the occupancy measure space. This approach
has several shortcomings, making it less favorable in prac-
tice. First, the feasible set of occupancy measure depends
on the transition kernel, so the extension to a model-free ver-
sion is difficult. Second, since the occupancy measure space
is a general convex set that may change over time as the
learner gains more knowledge about transitions, it requires
solving a different convex programming in each round. In
contrast, policy optimization is easier to extend to settings
where transitions are hard to learn, and it is computationally
simple — in tabular MDPs, it is equivalent to running an
individual multi-armed bandit algorithm on each state.

Due to its local search nature, exploration under policy
optimization is non-trivial, especially when coupled with
bandit feedback and adversarial losses. In a simpler set-
ting where the loss feedback has full information, He et al.
(2022); Cai et al. (2020) showed vT' regret for linear mix-
ture MDPs using policy optimization. In another simpler
setting where the loss is stochastic, Agarwal et al. (2020a);
Zanette et al. (2021) showed poly(1/€) sample complexity
for linear MDPs. The work by Shani et al. (2020) first stud-
ied policy optimization with bandit feedback and adversarial
losses, and obtained a 7%/3 regret for tabular MDPs. Luo
et al. (2021) improved it to the optimal v/7’, and provided
extensions to linear-Q and linear MDPs. In this work, we
demonstrate another power of policy optimization by show-
ing a best-of-both-world regret bound in tabular MDPs. To
our knowledge, this is also the first time a gap-dependent
polylog(T") regret bound is shown for policy optimization.

We also note that a first-order bound has been shown for
adversarial MDPs by Lee et al. (2020). Their algorithm is
based on regularization on the occupancy measure, and does
not rely on knowledge of the transition kernel. On the other
hand, our first-order bound currently relies on the learner
knowing the transitions. Whether it can be achieved under
unknown transitions is an open question.

3. Notation and Setting

Notation For f € Randg € R, weuse f < g or
f < O(g) to mean that f < c¢- g for some absolute constant

c > 0. [z]; £ max{z,0}. A(X) denotes the probability
simplex over the set X.

3.1. MDP setting

We consider episodic fixed-horizon MDPs. Let T' be the
total number of episodes. The MDP is described by a tuple
(S, A, H,P,{¢,}]_}), where S is the state set, A is the
action set, H is the horizon length, P : § x A — A(S) is
the transition kernel so that P(s’|s, a) is the probability of
moving to state s’ after taking action a on state s, and £; :
S x A — [0, 1] is the loss function in episode ¢. We define

= |S] and A = | A, which are both assumed to be finite.
Without loss of generality, we assume A < T. A policy
7 : S = A(A) describes how the player interacts with the
MDP, with 7(-|s) € A(A) being the action distribution the
player uses to select actions in state s. If for all s, 7(+|s)
is only supported on one action, we call 7 a deterministic
policy, and we abuse the notation 7(s) € A to denote the
action 7 chooses on state s.

Without loss of generality, we assume that the state space
can be partitioned into H + 1 disjoint layers S = Sy U
S1 U -+ -USg, and the transition is only possible from one
layer to the next (i.e., P(:|s, a) is only supported on S, 41
if s € S,)'. Without loss of generality, we assume that
So = {50} (initial state) and S = {sp } (terminal state).
Also, since there is at least one state on each layer, it holds
that H < S. Let h(s) denotes the layer where state s lies.

The environment decides P and {/;}7_, ahead of time. In
episode ¢, the learner decides on a policy ;. Starting from
the initial state s, 0 = so, the learner repeatedly draws
action ay 5, from (s, ) and transitions to the next state
St.h+1 € Shy following sy p1 ~ P(:|S¢pn, arp), until it
reaches the terminal state s; y = sg. The learner receives
{l(st.p, at’h)}fgol at the end of episode t.

For a policy 7 and a loss function ¢, we define V™ (sp; ¢) =
0 and recursively define

Qﬂ-(‘sv aag) = (570‘) + Es’~P(~\s,a) [Vﬂ—(slvg)] ’
V7(s;0) = > w(als)Q" (s, a; ), (1)
acA

which are the standard state-action value function and state
value function under policy 7 and loss function /.

The learner’s regret with respect to a policy 7 is defined as

T
Reg(m Z (V™ (s0;4s) —

V7™ (s05£¢))

IThis setting follows previous work on adversarial MDPs (Jin
et al., 2020; Luo et al., 2021).
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3.2. Known and unknown transition

Following Jin & Luo (2020); Jin et al. (2021), we consider
both scenarios where the learner knows the transition kernel
P and where he does not know it.

The empirical transition is defined by the following:

By(ss, ) = "2:25)

n:(s,a)
where n¢(s,a) is the number of visits to (s,a) prior to
episode ¢, and n;(s, a, s') is the number of visits to s’ after
visiting (s, a), prior to episode t. If n;(s,a) = 0, we define
P;(:|s, a) to be uniform over the states on layer A(s) + 1.

In the unknown transition case, we define the confidence set
of the transition:

P, = {13 VY (s,a) € Sy x A, P(s,a) € ANShy1),

P P Pi(s’ 14
‘P(5/|5’(1) —Pt(sl\&a)) <2 1(s']s, a)]e n L }

ng(s, a) 3ny(s,a)

2

where ¢+ = In(SAT/J). As shown in (Jin & Luo, 2020),
P e ﬂle ‘P, with probability at least 1 — 44. Through out
the paper, we use 6 = %

For an arbitrary transition kernel f’, define

H
ut ™ (s,a) = ZPr(sh =s,ap =a|m, P),
h=0

where Pr(+|m, ﬁ) denotes the probability measure induced
by policy 7 and transition kernel P. Furthermore, define
pm(s) =3, nF (s, a). We write ™ (s) = pF>™(s) and
u™(s,a) = u"7(s,a) where P is the true transition. Define
the upper and lower confidence measure as

™

o7 (s) = max @7 (s),
PeP;

(s) = min s (s).
PeP;

Finally, define Vﬁ*“(s; ¢) and Qﬁ’f(s, a; ¢) to be similar to

(1), with the transition kernel replaced by P.

3.3. Adversarial versus stochastic regimes

We analyze our algorithm in two regimes: the adversarial
regime and the stochastic regime. In both regimes, the tran-
sition P is fixed throughout all episodes. In the adversarial
regime, the loss functions {¢; }7_; are determined arbitrarily
ahead of time. In the stochastic regime, ¢, are generated
randomly, and there exists a deterministic policy 7*, a gap
function A : S x A — R, and {\;(7)};» C R such that

for any policy 7 and any ¢,
E [V™(s056) = V™ (s030)|

=3 Y w(s.a)A(s.a) - M),

s aFm*(s)

If \i(w) < 0O for all 7, the condition above certifies
that 7* is the optimal policy in episode ¢, and every
time 7 visits state s and chooses an action a # 7*(s),
the incurred regret against 7* is at least A(s,a). The
amount [A;(7)] thus quantifies how much the condition
above is violated. The stochastic regime captures the stan-
dard RL setting (i.e., {{;} are i.i.d.) with A\¢(7w) = 0
and A(s,a) = E[Q™ (s,a;4) — V™ (s;¢;)]. Define
Apin = ming ming«(5) A(s,a). Also, define C =

(B[ZZnm)]) andem) = (SLonm)

4. Main Results and Techniques Overview

Our main results with Tsallis entropy and log barrier regu-
larizers are the following (see Section 6 and Appendix H
for results with Shannon entropy):

Theorem 4.1. Under known transitions, Algorithm 1 with
Tsallis entropy regularizer ensures for any 7

Reg(m) S VH3SAT In(T) + poly(H, S, A) In(T)
in the adversarial regime, and
Reg(m) SU + VUC + poly(H, S, A)In(T)  (3)

in the stochastic where U =

H?In(T)2
Zs Zagé‘n'*(s) A(s,a) *

Our bounds in both regimes are similar to those of Jin et al.
(2021) up to the definition of U under their parameter v =
% (tuning + trades their bounds between the two regimes;
see their Appendix A.3). Compared with our definition of
U, theirs involves an additional additive term w
even under the assumption that the optimal action isnllll?lique
on all states.

regime,

Theorem 4.2. Under unknown transitions, Algorithm 1
with Tsallis entropy regularizer ensures for any

Reg(m) < HAS?AT n(T)t + poly(H, S, A) In(T)¢

in the adversarial regime, and

Reg(m) SU ++/U(C +C(m)) + poly(H, S, A) In(T)e
“)

2A lower bound in (Xu et al., 2021) shows that an S/Amin
dependence is inevitable even when the transition is known. How-
ever, this lower bound only holds when there exist multiple optimal
actions on €2(.S) of the states, while our gap bound is finite only
when the optimal action is unique on all states. Therefore, our
upper bound does not violate their lower bound.
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H*S? AIn(T)e
A

min

in the stochastic regime, where U = and L =

In(SAT).

In Jin et al. (2021), for the stochastic case under unknown
transition, a similar guarantee as (4) is proven only for
m = 7*, with the case for general 7 left open. We gen-
eralize their result by resolving some technical difficulties
in their analysis. Overall, our bound in the stochastic regime
improves that of Jin et al. (2021), and the bound in the adver-
sarial regime matches that of Luo et al. (2021). Notice that
comparing (4) with (3), the bound under unknown transition
involves an additional term C(7). It remains open whether
it can be removed.

Finally, we provide a first-order best-of-both-world result
under known transition.

Theorem 4.3. Under known transitions, Algorithm 1 with
log barrier regularizer ensures for any T,

Reg(m) <
T
H2SAY V™ (s0: £;) n*(T) + poly(H, S, A) In*(T)

t=1

in the adversarial regime, and
Reg(m) S U + VUC + poly(H, S, A) In*(T)

stochastic where U =
H? In?*(T)
A(s,a)

in the

Zs Za#w*(s)

In the next two subsections, we overview the techniques we
used and challenges we faced in obtaining our results.

regime,

4.1. Exploration bonus for policy optimization

In the tabular case, a policy optimization algorithm can be
viewed as running an individual bandit algorithm on each
state. Our algorithm is built upon the policy optimization
framework developed by Luo et al. (2021), who achieve
near-optimal worst-case regret in adversarial MDPs. Their
key idea is summarized in the next lemma.

Lemma 4.4 (Lemma B.1 of Luo et al. (2021)). Suppose that
for some {b;}1_, and {P,}I_, where each b, : S — R>q
is a non-negative bonus function and each Py is a set of
transitions, it holds that

Bi(s,a) = by(s)+
(1+%)

Also, suppose that the following holds for a policy w and a

(&)

glea};i Es’wﬁ(~\s,a),a’~wt(~|s’) [Bt(8/7 a'/)]'

Sfunction X™ : S — R:

[ZZ (me(als) — n(als

t=1 a

N(Q™ (s,a54:) — Bt(&a))]

T T
1
< X™(s)+E ;bt(s) t g tz_:lza:ﬂt(ab)Bt(s,a)]
(6)
Then Reg(r) is upper bounded by
T ~
Zp s)+3E | > VI (s0:0,) | +E[F] (1)
t=1

where ﬁt is the P that attains the maximum in (5), and

F=HTI{3t e [T],P ¢ P}

The intuition about Lemma 4.4 is explained below (the
reader may also refer to Section 3 of Luo et al. (2021) for a
more complete explanation.

We start by analyzing a vanilla policy optimization algo-
rithm without adding bonus (i.e., feeding Q;(s, a), an esti-
mator of Q™ (s, a; ¢;), to the bandit algorithm on state s).
By the value difference lemma (Kakade & Langford, 2002)
and standard analysis for the mirror descent algorithm, we
run into the following form of regret:

Reg(m) =B | > (V™ (s0; bs) — v”(so;zt))l

t

Zu Z mi(als) — m(als)) Q™ (s, a: £,)

<2|Y ) (xw +th<s>)]

Z wr(s)X7(s) + Z V7 (so; bt)]

where X7 (s)+)_, bs(s) is the regret bound of the bandit al-
gorithm on state s, with X™(s) related to the regularization
penalty, and b;(s) related to the stability of the algorithm.
Specifically, in the known transition case, the standard

.. ~ Ly (s,a)I{(s,a) is visited in episode ¢
choice is to use Q:(s,a) = t(s,a) {(év'ﬁﬂ?(‘sz)ﬁ in episode 1}

as an unbiased loss estimator for Q™ (s,a;¥;), where
Li(s,a) is the cumulative loss starting from state-action
(s,a) in episode t. Using exponential weights with learning
rate 7 on every state, one can derive a regret bound of (8)

with X7 (s) = % and by (s) = O (%) This makes

the quantity V™ (so; b¢) involve the distribution mismatch
coefficient Y, “,ffj) (Agarwal et al., 2020b; Wei et al.,

2020) that can be prohibitively large.

®)

=E

|
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On the other hand, an observation is that the problematic
quantity V'™ (sg; b¢) is nicely bounded if 7 is ;. This mo-
tivates (Luo et al., 2021) to use ¢;(s,a) — by(s) as the loss,
where b;(s) can be viewed as a bonus term that encourages
the learner to visit states that have been seldom visited be-
fore. To see why this works, assume for a moment that the
regret bound still roughly holds when we replace the loss ¢;
by ¢; — b;. Then similar to (8), we get

E

T
Z (V™ (s036e — be) — V7 (s03 4 — bt))]

T
<E [Z P () X7 (5) + 3V (s b»] ©)

s t=1

which implies

T
Reg(m) = E |3 (V™ (s0; ) - vwsm))]
T
<E Zu’r(s)X”(s) + Z V7™ (s0; bt)] (10)

by rearranging and the linearity of the value function
V™ (s0; € — b)) = V™ (s0;4¢) — V™ (s0; by) for any 7. Now
since the regret only involves V™ (sg; b;), there will be no
distribution mismatch coefficient in the regret bound.

The caveat of the discussion above is the assumption of
(9). After adding the bonus b;, the original regret bound
can be affected, that is, the b; on the right-hand side of (9)
can be something larger, breaking the desired cancellation
effect to achieve (10). To resolve this issue, Luo et al. (2021)
proposed to use the dilated bonus defined in (5) in the policy
optimization update. In (5), the bonus-to-go function is
not constructed through a standard Bellman equation, but
through a dilated version that includes an additional 1 + %
factor for future steps. The additional amount of bonus-to-
go can be used to cancel the additional regret due to the
inclusion of b;.

Lemma 4.4 gives a general recipe to design the exploration
bonus for policy optimization algorithms. Roughly speak-
ing, the bonus function b,(s) is chosen to be the instanta-
neous regret of the bandit algorithm on state s, which scales
inversely with the probability of visiting state s (i.e., #%(S)).
Lemma 4.4 suggests that the bandit algorithm on state s
should update itself using Q™ (s, a;¢;) — By(s,a) as the
loss, where B;(s, a) is the dilated bonus-to-go.

The bonus function b;(s) we use is slightly different from
that in Luo et al. (2021) though. We notice that the b;(s)
defined in Luo et al. (2021) has two parts: the first part is
FTRL regret overhead, which comes from the regret bound
of the FTRL algorithm under the given loss estimator, and

the second part comes from the estimation error in estimat-
ing the transition kernel. In order to apply the self-bounding
technique to obtain the best-of-both-worlds result, the sec-
ond term in (7) can only involve the the first part (FTRL
regret overhead) but not the second part (estimation error).
Therefore, we split their bonus into two: our b;(s) only
includes the first part, and ¢;(s) only includes the second
part. This allows us to use self-bounding on the second term
in (7). Our ¢,(s) goes to the first term in (7) instead and is
handled differently from Luo et al. (2021). More details are
given in Section 5 and Section 6.

4.2. Adaptive learning rate tuning and bonus design

Our algorithm heavily relies on carefully tuning the learning
rates and assigning a proper amount of bonus. These two
tasks are intertwined with each other and introduce new
challenges that are not seen in the global regularization
approach (Jin et al., 2021) or policy optimization approach
that only aims at a worst-case bound (Luo et al., 2021).
Below we give a high-level overview for the challenges.

In the FTRL analysis, a major challenge is to handle losses
that are overly negative’. Typically, if the learning rate
is 17 and the negative loss of action a has a magnitude of
R, we need np(a)’R < 1 in order to keep the algorithm
stable, where p(a) is the probability of choosing action a,
and 8 € [0, 1] is a parameter related to the choice of the
regularizer (% for Tsallis entropy, 0 for Shannon entropy,
and 1 for log barrier). In our case, there are two places we
potentially encounter overly negative losses. One is when
applying the standard loss-shifting technique for best-of-
both-world bounds (see Jin et al. (2021)). The loss-shifting
effectively creates a negative loss in the analysis. The other
overly negative loss is the bonus we use to obtain the first-
order bound.

For the first case, we develop a simple trick that only per-
forms loss-shifting when the introduced negative loss is not
too large, and further show that the extra penalty due to
“not performing loss-shifting” is well-controlled. This is ex-
plained in Section 5.1. For the second case, we develop an
even more general technique (which can also cover the first
case). This technique can be succinctly described as “insert-
ing virtual episodes” when np(a)” R is potentially too large.
In virtual episodes, the losses are assumed to be all-zero
(because the learner actually does not interact with the envi-
ronment in these episodes) and the algorithm only updates
over some bonus term. The goal of the virtual episodes is
solely to tune down the learning rate 1) and prevent np(a)® R
from being to large in real episodes. Similarly, we are able
to show that the extra penalty due to virtual episodes is
well-controlled. This is explained in Section 5.3.

3Losses here refer not only to the loss from the environment,
but also loss estimators or bonuses constructed by the algorithm.
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Algorithm 1 Policy Optimization

Define: 1, (; s), b;(s) are defined according to Figure 1, 7; £ min {Mv 1}.

fort=1,2,...do

1) =i { 55t

Te€A(A) | 721 o

) (@ (s,0) = Bo(s,0) = C:(s,0)) +¢t<w;s>} (11

Add a virtual round if needed (only when aiming to get a first-order bound with log barrier — see Section 5.3 (29)).
Execute 7, in episode t, and receive {€; (s p, at,h)}fgol

Define P;: Under known transition, define P; = {P}. Under unknown transition, define P; by (2).
Deﬁne Qt: For s (S Sh, 1et Ht(S, a) = ]I{(St’h, at’h) = (S, G)}, Lt,h = Zg;i gt(st,h’y at’h/), and

~ H ( 7a)Lt h _

s,a) = where s (s) = 1t (s) + V. 12

Qt( ) ( )7Tt((l| :u‘t( ) 132 ( ) Vt ( )
Define Cy: Let ¢i(s) = %H and compute C(s, a) by

Ci(s,a) = max By B 1sa),armm(]s7) [Ct(sl) +Cy(s',d) |, 13)

PeP, e
| Define B;: Compute B;(s,a) by (5) using the b;(s) defined in Figure 1.

5. Algorithm

The template of our algorithm is Algorithm 1, in which we
can plug different regularizers. The template applies to both
known transition and unknown transition cases — the only
difference is in the definition of the confidence set P;.

The policy update (11) is equivalent to running individual
FTRL on each state with an adaptive learning rate. The
loss estimator Qt(s a) defined in (12) is similar to that in
Luo et al. (2021): if (s,a) is visited, it is the cumulative
loss starting from (s, a) divided by the upper occupancy
measure (Jin et al., 2020) of (s, a); otherwise it is zero. One
difference is that the “implicit exploration” factor ~, added
to the denominator is of order % in our case, while it is of
order % in Luo et al. (2021). This smaller ~; allows us to
achieve logarithmic regret in the stochastic regime.

There are two bonus functions ¢;(s) and b;(s) defined in
(13) and Figure 1, respectively. As discussed in Section 4.1,
the bonus functions are defined to be the instantaneous regret
of the bandit algorithm on state s. The first bonus function
¢¢(s) comes from the bias of the loss estimator. Our choice
of ¢;(s) is such that Va, Q™ (s, a; £;) — E[Q4 (s, a)] < ci(s).
The second bonus function b;(s) is related to the regret of
the FTRL algorithm under the given loss estimator, which
is regularizer dependent. We will elaborate how to choose
b.(s) for different regularizers later in this section.

Finally, dynamic programming are used to obtain C;(s, a)
and By(s, a), which are trajectory sums of ¢;(s) and b;(s),

with an (1 + 2 ) dilation on By(s,a). They are then used
in the policy update (11). In the following subsections, we
discuss how we choose b;(s) and tune the learning rate for
each regularizer.

5.1. Tsallis entropy

b:(s) corresponds to the instantaneous regret of the bandit
algorithm on state s under the given loss estimator. To ob-
tain its form, we first analyze the regret assuming B; (s, a)
is not included, i.c., only update on Q(s,a) — Ci(s, a)
(B:(s, a) will be added back for analysis after the form of
b:(s) is decided). Inspired by Zimmert & Seldin (2019) for
multi-armed bandits, our target is to show that the instanta-

neous regret (see Appendix D for details) on state s is upper
bounded by

penalty term

H277t(5)ft(5)
pe(s)

stability term

+ui(s) (26)

where & (s) = >, /me(als)(1 — me(als)) < VA, and

v (s) is some overhead due to the 1nclu31on of —C\(s,a).
The factor &;(s) allows us to use the self-bounding technique
that leads to best-of-both-worlds bounds, which cannot be
relaxed to /A in general. Compared to the bound for multi-
armed bandits in (Zimmert & Seldin, 2019), the extra #%(S)
scaling in the stability term comes from importance weight-
ing because state s is visited with probability roughly i (s).
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Figure 1. Definitions of 1, (; s) and b, (s) for different regularizers (to be used in Algorithm 1).

Tsallis entropy:
(73 5) —njs) > Va(a), (14)
o 11 m(s) _ 1 s
=4 (55~ ) (60 V1[5 > g5 ]) + o) “
where
1 2
(s , &(s) = me(a|s)(1 — me(als)), vi(s) = 8nu(s mi(als)Ci(s,a)”. (16)
ne(s) = 1600H4f+4Hm &i(s) za:\/(l)( (als)), wi(s) Ti()za:(\)( )
Shannon entropy:
de(mis) =D m(i a)fr(a) Inm(a), (17)
5) = 1 ! sa) 41— Minrempe(s) N
o) =5Y (o ey ) (61— L) ), (13

where

v _ ! + 2 i T, with _ 1 i600H AV T, (19
ne(s,a)  m—1(s,a =1 &r(sa) | 1 Vi no(s, a)
.u‘t ZT 1 pr(s) pe(s)
&i(s,a) = min{m(a|s) In(T), 1 — m¢(als)}, v(s) = 827%(57 a)mi(als)Ci(s,a)’. (20)
Log barrier (for first-order bound under known transition):
1 1
.g) — 1 21
1/%(775) ; nt(37a) n TI'(Q)’ ( )
1
=38 — log(T 22
) ; (ﬁt+1(8 a) Wt(saa)) o8(l) +w(s), @2
where
(si,al) = argmax nL(S(’;)L) (break tie arbitrarily)
s,a t
X e 4::523?@;&;’;) if ¢ is a real episode
(o) = m(i,a) 1+ 24H110gT if ¢ is a virtual episode and (s, a}) = (s, a) (23)
O] if ¢ is a virtual episode and (s, a}) # (s, a)
LR (24)
m (5’ a’)

Cils,a) = (Iu(s,a) — m(a|s)]lt(s))2Lih where I (s

Z]It s, a)
s) = SZnt(s, a)7i(als)Ci(s,a)’.

(suppose that s € Sp,)

(25)
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This desired bound suggests a learning rate scheduling of

1

TIt(S) ~ t—l
Hy\[Yr1

to balance the penalty and the stability terms. This is exactly
how we tune 7;(s) in (16). However, to obtain the &(s)
factor in the stability term in (26), we need to perform “loss-
shifting” in the analysis, which necessitates the condition
% < 1 as discussed in Section 4.2. From the choice of
n:(s) in (27), this condition may not always hold, but every
time it is violated, 7;(s) is decreased by a relatively large
factor in the next episode.

27)

Our strategy is that whenever the condition Ijm(;) < lis

violated, we do not perform loss- shifting This still allows

us to prove a stability term of H? Zt ((SS))‘F for that episode.
The key in the analysis is to show that the extra cost due
to “not performing loss-shifting” is only logarithmic in T'
(see the proof of Lemma 6.3). Combining this idea with
the instantaneous regret bound in (26) and the choice of
n:(s) in (27), we are able to derive the form of b;(s) in (15).
After figuring out the form of b,(s) assuming B;(s, a) is
not incorporated in the updates, we incorporate it back and
re-analyze the stability term. The extra stability term due to
be(s) leads to a separate quantity ¢ (als) By (s, a), which
is an overhead allowed by (6).

5.2. Shannon entropy

The design of b;(s) under Shannon entropy follows similar
procedures as in Section 5.1, except that the tuning of the
learning rate is inspired by Ito et al. (2022). One improve-
ment over theirs is that we adopt coordinate-dependent learn-
ing rates that can give us a refined gap-dependent bound in
the stochastic regime (in multi-armed bandits this improves
their max, A( y dependence to You i ( ). With Shannon
entropy, there is less learning rate tumng issue because its
optimal learning rate decreases faster than other regulariz-
ers, and there is no need to perform loss-shifting (Ito et al.,
2022). The regret bound under Shannon entropy is overall
worse than that of Tsallis entropy by a In?(T") factor.

5.3. Log barrier

As shown by Wei & Luo (2018); Ito (2021), FTRL with a
log barrier regularizer is also able to achieve the best of both
worlds, with the additional benefit of having data-dependent
bounds. In this subsection, we demonstrate the possibility of
this by showing that under known transition, Algorithm 1 is
able to achieve a first-order bound in the adversarial regime,
while achieving polylog(7T’) regret in the stochastic regime.

To get a first-order best-of-both-world bound with log bar-
rier, inspired by Ito (2021), we need to prove the following

instantaneous regret for the bandit algorithm on s:

. 1 n ne(s,a)Ci(s,a)
m,l(s,a))l T+Z pe(s)? Tuls)

3 G

77t(57 a)

penalty term stability term

(28)

where (i(s,a) = (I;(s, a) — m(als)Iy(s))* L, for s € S
This suggests a learning rate scheduling of 1/1;41(s,a) =
1/ne(s,a) + ne(s,a)Ce(s,a)/ue(s)?. Similar to the Tsal-
lis entropy case, obtaining the desired stability term in
(28) requires loss-shifting, so we encounter the same is-
sue as before and can resolve it in the same way. With
this choice of 7;(s,a), we can derive the desired form of
b:(s) from (28). However, the magnitude of this bonus is
larger than in the Tsallis entropy case because of the W
scaling here. Therefore, an additional problem arises: the
By (s, a) derived from this b;(s) can be large that makes
ni(s, a)m(a|s)By(s,a) > 7 happen, which violates the
condition under which we can bound the extra stability term
(due to the inclusion of b (s)) by +m(a|s)B(s, a). Notice
that this was not an issue under Tsallis entropy.

To resolve this, we note that 7, (s, a)m;(als)B:(s, a) can be
ns(s’,a’) (Lemma E.3), so
ne(s,a)

i (s")?
. : (s, 1
all we need is to make 10 (5) < o (.5) for all s, a.

as large as poly(H, S) maxy 4/

#(? ‘;) is too

Our solution is to insert virtual episodes when
large on some (s, a). In virtual episodes, the learner does
not actually interact with the environment; instead, the goal
is purely to tune down 7 (s, a). To decide whether to insert
a virtual episode, in episode ¢, after the learner computes
m¢(+|s) on all states, he checks if

ne(s,a) 1
max )
sa u(s) — 60vVH3S

(29)

If so, then episode ¢ is made a virtual episode in which
the losses are assumed to be zero everywhere.* In a vir-

tual episode, let (s}, a]) = argmax, , - (is‘;) and we tune

1
W) AISO, a bonus

be(s) is assigned to st to reflect the increased penalty term
on state 5 due to the decrease in learning rate (by (28)).
Combinig all the above, we get the bonus and learning rate
specified in (22) and (23). Again, since every time a virtual
episode happens, there exists some 7;(s, a) decreased by a
significant factor, it cannot happen too many times.

down 1 (s, a) by a factor of (14

*“Inserting a virtual episode shifts the index of future real
episodes. Since there are only O(HSAlog? T') virtual episodes,
we still use 7" to denote the total number of episodes.
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6. Sketch of Regret Analysis

Our goal is to show (6) and bound the right-hand side of (7)
(for all regularizers and known/unknown transitions). To
show (6), for a fixed 7, we do the following decomposition:

Y (milals) = m(als)) (Q™(s,a; ) — Bi(s,a))

t,a

= 3" (mlals) = w(als)) (Quls,a) = Buls,a) — Culs,a))

(30)

ftrl-reg™ (s)

+ Z (me(als) — w(als)) (Q”‘(s, a; by) — Q\t(s, a) + Cy(s, a)).

t,a

bias™ ()

The next lemma bounds the expectation of ftrl-reg”™ (s).
Lemma 6.1. E [ftrl-reg” (s)] is upper bounded by
O(H*SAIn(T)) +E

Z bt(S

t=1 a

The proof of Lemma 6.1 is in Appendix E. Notice that
depending on the regularizers and whether the transition is
known/unknown, the definitions of b;(s) are different, so
we prove it individually for each case.

Combining (30) with Lemma 6.1, we see that the condition
in Lemma 4.4 is satisfied with X™(s) = O(H*SAIn(T)) +
E[bias™(s)]. By Lemma 4.4, we can upper bound
E[Reg(7)] by the order of

HSAIn(T s)bias™ (

T ~
)+E Z# )JFZVPt’m(So;bt)]

t=1
(3D

The next lemma bounds the bias part in (31). See Ap-
pendix F for the proof.

Lemma 6.2. With known transitions,
E[>, u™(s)bias™(s)] < H°SA?In(T), and with
unknown transitions,
lz 1" (s)bias™ ( ] < H2S*A? In(T)u+
T
H3S52AE Z Z [ (s,a) — p™(s,a)] | In(T)e.
t=1 s,a

Next, we bound the bonus part in (31) for all regularizers
we consider. The proofs are in Appendix G.

Lemma 6.3. Using Tsallis entropy as the regularizer, with

T
H Z Zﬂt(‘ﬂs)Bt(S, a)} .

. Final regret bounds

known transitions,

T
Zv”m (505 br) ] < H*'SA*In(T)+

HY 1 —mi(als)) | In(T).

With unknown transitions, the right-hand side above further

has an additional term O(H S* A% In(T).).

Lemma 6.4. Using Shannon entropy as the regularizer,
With known transitions,

T
E |3 u(s)m(als)(

T
E vatm(so;bt)] < HASA%\/In®(T)+

In*(T).

HY [Zm7w )(1 =~ mi(als))

With unknown transitions, the right-hand side above further
has an additional term O(H S* A? In(T).).

Lemma 6.5. Using log barrier as the regularizer, with
known transitions,

T

BV

“(s03 bt ] < H3S?A% In(T) In(SAT)+

T
Z Ii(s,a) = mi(als)le(s))2L3 ) | I0*(T).

D \[E

s,a

To obtain the final regret bounds, we
combine Lemma 6.2 with each of Lemma 6.3, Lemma 6.4,
and Lemma 6.5 based on (31). Then we use the stan-
dard self-bounding technique to derive the bounds for each
regime. The details are provided in Appendix H.

7. Conclusion

In this work, we develop policy optimization algorithms for
tabular MDPs that achieves the best of both worlds. Com-
pared to previous solutions with a similar guarantee (Jin
& Luo, 2020; Jin et al., 2021), our algorithm is computa-
tionally much simpler; compared to most existing RL algo-
rithms, our algorithm is more robust (handling adversarial
losses) and more adaptive (achieving fast rate in stochas-
tic environments) simultaneously. Built upon the flexible
policy optimization framework, our work paves a way to-
wards developing more robust and adaptive algorithms for
more general settings. Future directions include obtaining
data-dependent bounds under unknown transitions, and in-
corporating function approximation.
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A. Additional Definitions

Define ,uﬁ 7 (s'|s, a) as the probability of visiting s’ conditioned on that (s, ) is already visited, under transition kernel P
and policy 7. In other words, u?>™(s'|s, a) is defined as

0 if h(s') < h(s),
0 if h(s) = h(s'), s # ¢,
1 if ' = s,

Pr{sps) = 8" | (sn,an) = (s,a)} if h(s") > h(s).

Further define uﬁ’“(s’|s) =>. uﬁ’”(s’|s,a)7r(a\s). We write p” (s'|s,a) = p™(s'|s,a) and p™(s'|s) = ut7™(s'|s)
where P is the true transition.

B. Concentration Bounds

Lemma B.1. If P € P,, then for all PeP,

_ in g, [PEIs 0 40
P(s'|s,a) = P(s'|s, ‘ < 4 : L
‘ (s'|s,a) (s']s,a)| < mln{ n¢(s, a) * 3n(s, a) }

Lemma B.2 (Lemma D.3.7 of Jin et al. (2021)). With probability at least 1 — 6, for any h,
d Tt (s, a)
SO EERY s, AmT 4 In(1/5)
t=1 ( ) ’I’Lt(S, a)

Definition B.3. Define £ to be the event that P € P; for all ¢ and the bound in Lemma B.2 holds. By (2) and Lemma B.2,
Pr{€} >1-5H¢.

C. Difference Lemmas

Lemma C.1 (Performance difference). For any policies 7 and o, and any loss function £ : S x A — R,
VT (s0;6) = V™2 (s0;) = Y p™(s)(m1(als) — ma(als))Q™ (s, a; ).
Lemma C.2. For any policies wy and 7o and any function L : § x A — R,

Zﬂm (s)(m1(als) — ma(als))L(s,a) = V™ (s0;£) — V™ (s0; )

where
é(sa a) £ L(Sv a) - IEs’NP(-|s,a),a’~7r1(»|S’) [L(Slv a/)}'

Proof. This is simply a different way to write the performance difference lemma (Lemma C.1). One only needs to verify
that Q™ (s, a; ¢) = L(s, a). This can be shown straightforwardly by backward induction from s € Sy to s € Sy and using
the definition of £(s, a). O

Lemma C.3 (Occupancy measure difference, Lemma D.3.1 of (Jin et al., 2021)).

P (s) — T (s) = > PP (u,0) [Py (w]u, v) = Po(wlu, v)] 7 (s]w)
(u,v,w)ESXAXS

=Y P (o) [Pulwlu, ) — Pawlu, 0)] 5P ()
(u,v,w)ESXAXS

12
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Lemma C.4 (Generalized version of Lemma 4 in (Jin et al., 2020)). Suppose the high probability event £ defined in
Definition B.3 holds. Let P{ be a transition kernel in Py which may depend on s, and let g;(s) € [0, G]. Then

»T

t=1 s

" (s) = w7 () gu(s) S || HSZAI(T ZZw )2+ HS*AGI(T).

Proof. We first show that for any ¢, s,

rels Y W)

(u, v, W)X SXAXS

P(wlu,v)e

pr(slw) + HS? Y prw ol

% (S) — U nt(u, ’U)
(u,v)xSxA

ne(u, v)

Below, the summation range of (u, w,v) and (x,y, z) are both UhH;OI (Sh x A x Spy1) if without specifying.

() = ()

< Z w (u,v) ‘P(w|u,v) — PP (wlu, v)‘ /ﬁf’”(s|w) (by Lemma C.3)
= Z (1w, 0) | Pwlu,v) = B (w]u, )| 17 (sl)
+ Z " (1, 0) | P(w], 0) = B (wlu,v)| (1707 (s]w) = ™ (s]w) )
< Z 1™ (u,v) | P(wlu, v) — P (w|u, v)| 1™ (s|w)
+ Z u™ (u,v) ‘P(w\u,v) - ]Bts(w|u7v)} Z w™ (z, ylw) ~t (z]z,y) — P(z|w,y)’ uﬁf”r(s|z) (by Lemma C.3)
w,v,w T,y,z

A
=
IS
S
N
3 | =
= | &g
Sl
Ele
g
=
S

L >m<s|w>

+ Z Z © (u,v) < Pé:?'i’:)ﬂ + nt(;, U)> (2, ylw) min{ Plzlz,y). T 7 1}

nt('ray) ’I’Lt(fE,y
(by Lemma B.1 and the assumption that £ holds)

x Pwlu,v)e -
< uzv;vu (u;v) e (0. 0) (slw)
+ u’f(u,wmmm) (=: term,)
+ Z Z T P(w\u,v)b T P(Z|.%‘,y)b .
p" (u,v) “nn(un) " (2, ylw) ) (=: termy)

U,0,W T,Y,Z

+ Z Z w(u,v) Wu”(&yw)min{@, 1} (=: termgy)

U,0,W T,Y,Z

+ Z Z p (u,v) )/‘ "z, ylw) (=: termy)

UV, W T,Y,Z

We bound term; to termy separately as below:

IO P (u, v)L
< B0t _
o Z ne(u v) SZ nt(u v)

UV, W

13
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UU,W T,Y,2

term, — z Z (z]z, y)) (Z;Z/|w)b\/M’T(uw)P(ww,v)u“(x,y|w)L

nt(u v ni(,y)

IN

> w (u, v) P(2]@, y)u™ (z, yw)e D> P (u, ) P(wlu, v)pm (2, ylw)e (AM-GM)

UV,W T, Y, 2 ntuv) w,v,w T,Y, 2 nt(:c,y)

P (u, v)e pr
S Hzntuv Hzm

u,v,w T,Y,z

<HSZM.

u,v

L L
termz < w" (u,v ( wlu,v) + )u“ x, y|w min{, 1}
PP ) ey ) PRI

<0 p(w ) Pwlu, v)p” (2, y|w) + )0 W (uw) oy (@ yh)
UV,W XY, 2 UV,W T, Y, 2
v
<H + HS u, v
2 1w e Z“ )n (w,0)
o > e 17 0)e
< HS + HS .
; ne(x y) ; ne(u, v)
Similarly,
term, < H ™ <ms Y ok
erma < HS 3, W)y SHS L S
Collecting all terms we obtain (32). Thus,

T =g
SN (s) - wFm ()| auls)
t=1 s

d P(w|u,v)e w (u, v)e
< Tt (u,v)) | ————L " (s|lw) + HS?Y s

Sy [zu o[ st N

d P(w|u,v)e urt
< me HS? 33
_;Z[Zwu (w0 )\ iy 7 (510) | () + SG;; (33)

Fix an h, we consider the summation (%) restricted to (u,v,w) € T = S, x A X Sp41. That is,

T

XY ww o P | g

t=1 s (uw,v,w)ETH nt(u,v)

ang(u

< Z Z Z w (u,v) (aP(w|u, v)gi(s)* + va)) pwt(s|w) (holds for any o > 0 by AM-GM)

< QZZ Z u™ (u, v) P(wl|u, v) ™ (s|w)ge(s)* + clx Z;Z mum(sm)

t=1 s (u,v,w)ETH s (wv,w)€ETh

14
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<0 Y un(ag(e + DSl gy um ke
t=1 s

t=1 u,v

T
H|S SplAIn(T)e H|S In(1/8)s

N e hﬂ'a 0/

(by Lemma B.2 and the assumption that £ holds)

T
H|Sh||Sh+1|AIn(T)e Z Z 1 (8)gs(s)? (picking the optimal c and using our choice of § = )
t=1

IN

T
(ISh] + |Shs1) s | HAIN(T ZZ +(5)2.

Continue from (33):

H () = 1T (s) gu(s)

R

T
S (ISk] + ISh1) | HAI(T ZZ (5)2 + HS*AGIn(T).
h t=1

(by Lemma B.2 and the assumption that £ holds)

T
S S HAI(T)e Z Z ue(s)ge(s)2 + HS*AG In(T)e.
t=1 s

Lemma C.5. For any 71,7,

D (s,a) = pm (s, a)| < HZM’” ) |mi(als) — ma(als)]

Proof. For any s, a, we can view p™ (s, a) as V™ (sg; 15,4) where 1 , is the loss function that takes the value of 1 on (s, a)
and 0 on other state-actions. By the performance difference lemma (Lemma C.1),

1™ (s,0) — 5™ (5,0)] < Zw ) I (@]s') = mala|s)] Q72 (", s 1o a).
Therefore,
me(saa) 5a|<ZM " m(a'|s") — ma(d'|s")]| ZQ”S a';14)
= Z w™(s") |mi(a’ls") — ma(d|s)] Q’T’“(s’,a’; 1)
(1 is the loss function that takes a constant value 1)
<H Z i (') [ma(a']s) — ma(als")].
O
D. FTRL Regret Bounds

The lemmas in this section are standard results for FTRL, which can be found in e.g. Lattimore & Szepesvari (2018);
Zimmert & Seldin (2019); Ito (2021); Luo (2022). We list the results here for completeness.

15
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t—1
P = arpgergin { <p, > €T> + wt(p)}

Lemma D.1. The FTRL algorithm:

=1

guarantees the following:

PEQ

T T
Z e — u, £y) < apo(u) — minpg(p) + Z —Pi(pe) — Yi—1(w) +Yi—1(pr))
=1 =1

penalty term
T

+> max ((pe = p; &) = Dy, (P, 1)) -
t=1

stability term

Proof. Let L, = Zi:l ;. Define Fy(p) = (p, Li—1) + ¢ (p) and G4(p) = (p, L¢) + 1:(p). Therefore, p; is the minimizer
of F;. Let p}, ; be minimizer of G;. Then by the first-order optimality condition, we have

Fi(pt) = Ge(Pyy1) < Fr(Diy1) — Ge(Diy1) — Doy, (Piy1,06) = —0iy1, be) — Dy, (D15 Pt)- (34)

By definition, we also have

Gi(Pri1) — Fro1(0e1) < Ge(pe11) — Fir1(pe1) = ©e(peg1) — Vi1 (Des)- (35)
Thus,
T
> o t)
t=1
T
< Z (<Pt *P2+1»£t> — Dy, (P2+1,Pt) + Gt(P;:H) - Ft(Pt)) (by (34))

o~
Il
_

I
M=

((pe = piy1s be) — Dy, (Phy1,p¢) + Geoa(9)) — Fipe)) + Gr(pry 1) — Go(ph)

o~
Il
-

B

<H13X {<Pt =, ) — Dy, (I%Pt)} — Yi(pe) + 7/)t—1(pt)> + Gr(u) — H}Din Yo(p)

~~
Il
-

(by (35), using that p’T_~_1 is the minimizer of Gr)
T

(1o {0 =020 = Dy .00} = ) + 2 00) ) + S0+ () = min o)

t=1

I
M=

o~
I

1

[M]=

T
(mgx{@t —p,l) — Dwt(p7pt)} + e(u) — Ye(pe) — Y1 () + he—1(p ) + ) (u, by) + 1o (u H}gin%(p)-
=1

t=1

Re-arranging finishes the proof. O
Lemma D.2 (Stability under Tsallis entropy). Let 1;(p) Z \/p(a), and let £; € R be such that n;/p(a)ls(a) >
—5. Then
4)—D <2 20,(a)?.
e {(pe = p,be) = Dy, (p,pe)} < 2 ;pt(a) 1(a)
Proof. The proof can be found in the Problem 1 of Luo (2022). O
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Lemma D.3 (Stability under Shannon entropy). Let ¢(p) = >, ﬁp(a) Inp(a), and let ¢, € RA be such that
n(a)li(a) > —1. Then

jmax {(pe = p, ) = Dy, (ppi)} < Za:m(a)pt(a)ft(a)z-

Proof. The proof can be found in the Proof of Lemma 1 in Chen et al. (2021). [
Lemma D.4 (Stability under log barrier). Let ¢, (p) =, m In ﬁ, and let ; € R be such that n,(a)p(a)ly(a) > —3.
Then

Jmax {(p =) = Dy, (p,p0)} < Ea: ne(a)pe(a)®fe(a)?.

Proof.

7‘€ _D ) S - 7€ _D + )
péng&)ﬂ =, lt) — Dy, (p, pt)} ;rel%%{m q,4t) — Dy, (¢, p1)}

Define f(gq) = (p+ — q,¢) — Dy, (q,p:). Let ¢* be the solution in the last expression. Next, we verify that under the
specified conditions, we have V f(¢*) = 0. It suffices to show that there exists ¢ € Rﬁ such that V f(¢q) = 0 since if such ¢
exists, then it must the maximizer of f and thus ¢* = q.

1 1
[vf(q)]a = _Et(a’) - [th(q”a + [V’(/)t(pt)]a = _ft(a) + nt(a)q(a) - nt(a)pt(a)

By the condition, we have — — ¢:(a) < 0 for all a. and so Vf(¢q) = O has solution in R, which is ¢(a) =
(5555 +m(@)(a))
Therefore, V f(¢*) = =4 — Vi (¢*) + Vi (pr) = 0, and we have

max {{pt —a,0t) — Dy, (a.p)} = (P — @*, Vbe(pe) — VYi(q*)) — Dy, (a*,pt) = Dy, (P, 0*)-

1
n:(a)pt(a)

It remains to bound Dy, (p¢, ¢*), which by definition can be written as
1 pe(a)
Dy, (pt,q") = h <
¢t( t ) ;nt(co q*(a)
pi(a)

where h(x) = = — 1 — In(z). By the relation between ¢*(a) and pi(a) we just derived, it holds that ¢ @ = 1+
nt(a)p¢(a)le(a). By the fact that In(1 + x) > z — 22 forall z > — 2, we have

(249 = n@ma)s(o) ~ 11 + @ @6u(a) < m(@pdo) )

which gives the desired bound.
O

Lemma D.5 (FTRL with Tsallis entropy). Let ¢;:(p) = —% Yo \V/p(a) for non-increasing 1, and let x; be such that
nev/pi(a)(li(a) + x¢) > —2 forall t, a. Then the FTRL algorithm in Lemma D.1 ensures for any u € /\(A),

T
Z<Pt*ua£t>§ <)§t+227tht )% (L(a) +20),
t=1 a

m Mt—1
where & = 3" \/pe(a)(1 — py(a)).

17
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Proof. We use Lemma D.1, and bound the penalty term and stability individually.

penalty term = 2 max <\/7 F) +9 Z < _

Mo pEA(A M Mi—1

)X (Vi - Vi)

T
2V A
< +2z( =) (Ve -
=1\t M1 -
WA (1
<220y (- e
=\t T-1
Bounding the stability term:
stability term = { —p, bl + Dy, (p, } <2 % )+
y Zpénf&) (pt —p, b + 241) — Dy, (p, 1 Zﬂt za:pt l“t)
where the first equality is because (p; — p, 1) = 0 for p, p € A(A), and the last inequality is by Lemma D.2. O

Lemma D.6 (FTRL with Shannon entropy). Letr ¥:(p) = >, ﬁp(a) lnp(a), for non-increasing n(a) such that
no(a) = no for all a. Assume that n,(a)ly(a) > —1 for all t,a, and assume A < T. Then for any u € A(A),

T
t_zlpf*lt ) <1nA+GZZ<m - ) +ZZ7H a)pi(a)ly(a)? JF* _1<U+;1,€t>-

t=1 a t=1 a

where &(a) = min {pi(a) In(T), 1 — py(a)}.

Proof. Letw = (1 — 2) u + 1. We use Lemma D.1, and bound the penalty term and stability individually (with
respect to u').

penalty term
T
_ Tjomgxza: n% —W(a)In uia)> + ;Z (@ - mi@> (pt(a) mﬁ —W(a)In u@)

(
InA iz(ta 1(a)> (pt(a)lnpt}a)—u’(a)lnulza)).

t=1 a -1

\ /\

To bound p;(a) In ﬁ —u/(a)In ﬁ first observe that p;(a) In (a) = pi(a)In (1 + 1;3'@()“)) < pi(a) - 1;3?(1()“) <
1 — p¢(a) because In(1 + x) < z. By the definition of v, we have

1 . 9 1 1 1 1 1 1
ul(a)lnu/(a)zmm{wln(AT) (1—T2>1 7}2}zrmn{ATz,(l—Tz) TQ}_ATQ'

If pi(a) < A2T4 , then

1 2In(AT?)— AT? <0
AT? A2T4 =

pi(a) lnm —

1
< ———In(A*T?) -
u'(a) = A2T* n )
where the first inequality is because x In(x) is increasing for z < e~!, and last inequality is because 2 In(z) — = < 0 for all
z € R.If py(a) > —27r, then py(a) In ﬁ < pi(a)In(A2T*) < 6p;(a) In(T) by the assumption A < T'. Combining all
arguments above, we get

penalty term < — + 6 Z Z < ! ) min {1 — p(a), pt(a) In(T)}.

t=1 a (@) ma)
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Bounding the stability term:

T
stability term = Zpénf(ﬁ) {(pt —p,4t) — Dy, (p, s } < Z Znt a)pi(a)li(a)®
t=1 a
where the last inequality is by Lemma D.3.
Therefore,
T InA 1 T
> (o=l < +GZZ( ) &)+ 303 ne(a)pi(a)l(a)®
t=1 t=1 a (@) m-1(a) t=1 a
Then noticing that
T T T
Z<Pt —u,ly) = Z<Pt u' b)) + Z<U u, ly)
t=1 t=1 t=1
T 1 I
:z:<pt—u,£f>+ﬁ < ut o1 £>
t=1 t=1
finishes the proof. O

Lemma D.7 (FTRL with log barrier). Let 1(p) = >, m n ﬁ Sfor non-increasing n.(a) with no(a) = no for all a,

and let , be such that n,(a)p,(a)(€;(a) + z¢) > —1 forall t, a. Then for any u € A(A),

T T
S (o1 — 8 < 3A1nT+4Z<mg - 1 >ln +sz a)p(a)le(a Z< u+—1 £t>
t=1 a t=1

Mo tl =1

Proof. Letu' = (1 — T1 ) U+ AT —=3 1. We use Lemma D.1, and bound the penalty term and stability individually (with
respect to u').

penalty term < + i Z (mia) - 1) (m u’%a) —n ptza))

t=1 a nt—l(a)
T
3AInT 1
< + ——— ) In(AT?
;%:(ma ne-1(a )) ( )
T
3AInT 1 1
< +4 —— | In(T (because A < T)
2.2 (ot~ @) =)
Bounding the stability term:
2
stability term = Zp&a&) {<Pt =l +x41) — Dy, (PPt } Z Zﬁt a)pi(a)” (br(a) + ¢)

t=1 a

where the first equality is because (p; — p, 1) = 0, and the last inequality is by Lemma D.4. Then noticing that

T T T
Zpt_ugt :Zpt—u 4y) —I—Zu—u&
t=1 t=1 t=1
Z ’LL Et Z< u + 1€t>

t=1 t=1

finishes the proof. O
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E. Analysis for FTRL Regret Bound (Lemma 6.1)
E.1. Tsallis entropy

Proof of Lemma 6.1 (Tsallis entropy). We focus on a particular s, and use m¢(a), @t(a), Byi(a),Ci(a), ne, e, &, by to
denote 7 (als), Q+(s,a), Bi(s,a), Ci(s,a), n:(s), ut(s), &(s), b(s), respectively.

By Lemma D.5, we have for any 7

T
]E Z<7Tt - 7'(',@\)5 - Bt - Ct>] (36)

<o P e B e -t

(37

for arbitrary x; € R such that 7 ﬂt(a|s)(@t(a) — By(a) — Cy(a) + ;) > —3 for all ¢,a. Our choice of z; is the
following:

2=~ (m, Q1) Vi (38)
with Y; £ 1 {% < é} Below, we verify that 1; /7 (a) (@t(a) — Bi(a) — Ci(a) + xt) > -1

e/ () (@t(a) ~ Bi(a) — Ci(a) + zt)

> m/m(a) (~Bila) ~ Ci(a) = (m, Qi) i) (using (38) and Q¢ (a) > 0)

> nBi(o) ~mCula) = X mla) nHL(sa), (by the definition of @, (a))
peme(a’)

> —é - 4—;{2 — %Yt (using Lemma E.1, Cy(a) < H? and ny < 1¢)

> —%. (by the definition of Y; = I [77 < %H})

Continued from (37) with the choice of x;:

T
E|Y (m—mQi—Bi— ca}
t=1 : ) 2
22(7”—7”1) ft‘FQZZﬂtﬂt %( a) — <7rtaQt>Yt By(a) — Ci(a ))
< O(H*A) +E Z (Ut - 77t1) &+ 82 an % (( t(a) — (me, @t>)2 + @t(a)zyt/ + Bi(a)® + Ot(a)2> ]

(define Y =1-Y;)

LY er sy S nen@? (@0 - .00)" + duwyy)

t=1 a

< O(H*A) +E 22(

1\t M1

term

+E (using Lemma E.1)

8227%771:

t=1 a

ZZM

tla

(39)

To bound term;, notice that

B | (Qua) - (. @) | = B

(assume s € Sp)

(Moeifen by
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< (o) (s - H) + (1 — (@) (H)

peme(a) it

1 272, 4 2
- H*+ —(1—m(a))H
M(a)< (@) H? + - (1 = mi(a)
1-71}(@)
th(a)
and that
L(s,a)Le s\’ H?
E; [Qi(a)?Y/| =E (tt) Y/ < Y.
t[Qt() t} t[ e (a) ! peme(a) K
Therefore,

]E[terml] <E SHQZZUHT)& g(l—ﬂ't(a) + 1( )Yt/>

—1 a Mtﬂ't(a) e a

<E 8H22m2( (1= m(@) + V(@)Y

<E 8H2Zm (& +vavy)|.

t=1

Notice that

H? - ‘1 1 11
1 - - -
Mt S, o —y M M M1
Thus

E[term;] <E | < - ) (é} + \/ZY;)

= \Tt  Th-1

and continuing from (39) we have

T
]E Z<7Tt *W,Q\t *Bt *Ct>

T

Z(imﬂ(“”)

T
Su| +2[ 33 S mion
t=1 a

with b; defined in (15). This finishes the proof.

< O(H*A) + 3E +E

E\H
M-

> m(@)
a

53 Yl

t=1 a

O(H*A) +E +E

O
Lemma E.1 (Tsallis entropy). 7;(s)B(s,a) < g
Proof. By the definition of b;(s) in (15), we have
1 1
bs§8\/Z<>+8 s)H* (Cy(s,a) < H?)
1(s) n(s)  m-1(s) (o) e0)
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B t 1 - t—1 L ) .
— 32HVA $Z e J; PRE) + 8ne(s)H

T=1
_1 1
<32H\F><“’7()+8><—><H4

/ t 4H4
T 1 ;,L.,—(S

<32H1/ +2<34H1/ .

H
n(5)Be(s, a) < mi(s) (1 + ;) H max by ()

Therefore,

1
< min , x 34eH? | —
- {1600H4\/Z 4H\/E} Ve

1 1 At
< 100H? mi \| =5, VA by the definition of
< mln{1600H4\/Z74H\/E}XInaX{ 106H4A2’\/>} (by the definition of ~;)
1
~ 8H'

E.2. Shannon entropy

Proof of Lemma 6.1 (Shannon entropy). We focus on a particular s, and use m;(a), Q;(a), B;(a), n:(a), puz, by to denote
m(als), Qi(s,a), Bi(s,a), ni(s,a), pe(s), bi(s), respectively.

Notice that for any ¢, a, since Q;(a) > 0, n;(a)By(a) < +7 (by Lemma E.2), and n;(a)Ci(a) < 1z X H? = 1=
(because 1 (a) < no(a) = 3= and Cy(a) < H?), we have

1(a)(@1(a) = Bi(a) = C(a) 2~z = 1 = 1.

Besides, for any a,

T T
E Z@t( )] <E [Z H] < Z — < HT? (by the definition of ~;)
t=1 =1 Ht =1 Tt
T
E Z By(a)| < 4007T2/1ogT (by Lemma E.2)
t=1
T
E|Y Ci(a)| < HT (Ci(a) < H?)
t=1

With these inequalities, by Lemma D.6, the following holds for any 7:

T

Z(Wt—ﬂ,@t—Bt—CO

t=1

: ;;E(A [ 2.2 (nia : > +ZZW ( (a)—Bt(a)—Ct(a))Z] (40)

t=1 a 77t1 t=1 a

E li (@t(a) — Bi(a) — Ct(a)ﬂ ’

E

2
—&—ﬁméix
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<O(H*AIn(T))+E [6> > (ntia) - m_l( ) +3ZZ’% ( +(a)® + Bi(a)® + Ct(a)Q)‘|
. t;l a 1 t=1 a
<OH'AM(T) +E[6> > (m(a) - m_l( ) )+ SZZm ( + m¢(a) By(a)? +7Tt(a)Ct(a)2>]
r T
< O(H*AIn(T))+E GZZ(ntza)_m_i( )& +3ZZH ni(a ]
., L a , t=1 a
% Z Z me(a)Be(a) + 3 Z Z nt(a)wt(a)Ct(a)2] (by Lemma E.2)
(41)
By the update 7:(a),
1
logTZ
Mt ( \/ZT 1 £(9) 4 max T€lT] un
Therefore,
n(a & ( 1 - m
s ;za: Ht legTZ ; Tnéa%ﬁ;xtfl Zi:li

1 1
L+ maXre[t] 7~ — MAXreft—1] 3,-

/U'f
<2H«/logTZZ — 1
a t=1 \/Zrzl T T maXeeq) -

T ft(a) 4 1 (1_ minTE[t] M )

—ZH\/IOFZZ mingepr—1) Hr

T S e

S (sl ) o)

t=1 a Mt—1 Mmilre—1] Hr

where we use (19) in the last inequality. Using this in (41), we get

1 1 a _ minTE[t] Hr
7;; (ﬂt(a 77t1(a)) (Et( ) +1 minrepe—1) ”T)]
o Z S m(@)Bila) +33° Y mla)m(a)Cola)?

t=1

t=1 a a

T
E|Y (m—7.Qi— B —Cy)| <O(H'AIn(T)) + E
t=1

T

th +%ZZ7Q(G)BI‘/ a

t=1 a

<O(H*AIn(T)) +E

)

where we use the definition of b, in (18). This finishes the proof.

23



Best of Both Worlds Policy Optimization

Lemma E.2 (Shannon entropy). n(s, a)By(s,a) < 7 and By(s,a) < 400y/TTogT.

Proof. By the definition of b;(s) in (18), we have

1
) <16 +8 s,a)m(als)H* Ci(s,a) < H?
> (o ,,t_l(s,a)) St apmlah) (Culs.a) < H?)
<64Z —&—E VdogT + 2 (using (19) and (s, a)
t—1 &, (s 1 Vit T
Z"' 10 (s pe(s)

> JiogT 42 < 132HAVIog T

(i X

Further notice that

nt(‘S?a)

t
1 H\Tog T
>4§ ———— >4H/tlogT.
B =1 \/; o o8

Therefore,

H
1 H2A\Tog T
Bi(s,a) < H <1 + H> maxchy(s) < 2O AVIST o052 4\ /Tlog T

Ve

. 1 1 396H?A\/TogT
N:(s,a)Bi(s,a) < min , X
1600H*A\/logT’ 4H+\/tlogT N4
1 1 396 H2A\/tlog T
< min , X max o AVEOES 396H2A\/10gT
1600H*A\/Tog T’ 4H+/tlogT V108 H4 A2
(by the definition of ~;)
1
<
~ 4H
by the definition of ~;. O

E.3. Log barrier

Proof of Lemma 6.1 (log barrier). We focus on a particular s, and use 7, (a), Q¢(a), B;(a), Ci(a), n¢, i1, G (a), to denote
m(als), Qe(s,a), B(s,a), Ce(s,a), ni(s), pe(s), ((s, a), respectively.
By Lemma D.7,

T
E Z<7Tt =7, Q1 — By — C)
t=1

4%2( = 1) +sz (@7 (Q1la) ~ Bula) ~ Cola) + 1)

t=1 a ntl t=1 a
ZQt — Ci(a)

for arbitrary 2, € R such that n;(a)m(a)(Q¢(a) — Bi(a) — Ci(a) + 2;) > —1. Recall that with log barrier, there are real
episodes and virtual episodes in which ¢;(s,a) = 0 for all (s, a). Let Y; = 0if ¢ is a virtual episode, and Y; = 1 otherwise.

We define

<O(H*AIn(T)) +E

+—max

‘ (42)

T =— <7Tta@t> . 43)
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Below, we verify that 7;(a)m,(a) <C§t(a) -

m(@)m(a) (Qi(a) = Bia) = Ci(a) + ;)

> m(a)mi(a) (=Bi(a) = Cufa) - <m ©t>)

By(a) — Cy(a) + xt) > -1

(using (43) and @t(a) >0)

H]I S, a ~
= —ni(a)me(als)Bi(a) — m(a) Zﬂt a ; )Yt (when Y} = 0, Qi(a) = 0)
peme(a’)
1 1 Hpy
> —sg T I IYt (by Lemma E.3 and that Cy(a) < H? and m(a) < 1777)
1
> —5 (when Y; = 1 (real episode), "*(a) < g7)
Besides, for any a
T T T g
E a)|| <E —|< — < HT? by the definition of
;Qt( )1 < LZ;M} _;%_ (by ")
T
E |> Bi(a)| <1557° (by Lemma E.3)
t=1
T
E th(a)l < H’T (Ci(a) < H?)
t=1
Below, we continue from (42) with our choice of x;:
T o~
E > (m—m,Qi — B — Cy)
t=1
d 1 1
< O(H*SAIn(T)) +E ( ) log(T
( 2.2 0@ " ma@ )
T 2
+ 32 Znt(a < (m, t}) + Bi(a)* + Ct(a)2> 1
t=1 a
d 1 1 4 ~ 2
OH4SA1n ( )10 T)+3 a)m(a)? a) — (my,
( B3 (@~ @ ) D 3 U nam (@ (Qfe) - (. Q)
term; termo

+E

1 T
E|4 > m(a)Bi(a)

t=1 a

t=1 a

T
32 Zﬂt(a)ﬂt(a)ct(

(by Lemma E.3)

a)Q].

termsz

We further manipulate terms (suppose that s € Sy). In virtual episodes, termy = 0, and in real episodes,

m@ym (@) (Qila) — (. Q) =

Li(s,a)Lyp
peme(a)
Li(s,a)Lyp
Kt

_ Ht(S)Lt7h
Ht

B me(als)li(s) Ly p,

Ht

mi(als)le(s)) LY

):
)

mam(als)?

(

(Li(s,a) —

Mt

_ m(a)Gi(a)

I
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log T ( 1 1 )
= - by Eq. (23
-4 Mt1(a)  ne(a) (by Eq. (23))

By the definition of b; in (22), we have E[term; + term; + term;] < E [Zle bt} , which finishes the proof.

O
Lemma E.3 (log barrier). 1;(s,a)m(a|s)Bi(s,a) < gk and By(s,a) < 155T.
Proof. 1If t is a real episode,
1
=8
Z <77t+1 (s, a) 77t(3 a))
I L 1 1 "a
322 (5, @)l (s, a)2 t(s,0)” < 3917 x max Y < % 32H? max (M) . (44)
pie(s) o pue(s)  pe(s) T ope(s) shat \ pie(s’)
Therefore,
Bi(s,a) Sbi(s)+3 > ulo(s]s,a)b(s)
s':h(s")>h(s)
1 5 1 "a
< +3 Z pPome(s'|s,a) ——— | x 32H? max <77t(8’/a)>
Mt<5> s’:h(s’)>h(s) Mt(s ) s Ht(s )
1 >3 1 A
< +3 Z pfeme(s']s, a) x — = x 32 H? max <77t<8’/a)>
Mt(S) S/:h(sl)>h(s) /J“tt(s)ﬂ-t(a|s)lu’Pt,Trt (sl|sv CI,) + Yt s',a’ ,U/t(S )
1 / /
<3y x 32H? max <77t(‘9,“))
— wre(s)m(als) + v shal \ pue(s')
S / !
<5 96H?max (’”(‘9‘”) 45)
pie(s)me(als) sha' \ pu(s’)
and thus
oo 2
1
N (s, a)me(als)Be(s,a) < 96H2Smax (M) < — (46)
s’,a’ /J,t(S) 8
where the last inequality is because - e (s (5,)) <% \/1HTS in real episodes.
From the second-to-last step in (45), we also have
/ / 2 /H
By(s,a) < §x32H2maX (7],5(8,/&)> < 5 < 28T.
Yt sha' \ | g (s) Yt

In virtual episodes,

M e e L

Ne41(s,
I{( Staat = (s,a)}
logT
_Z 24n:(s,a)H log T o8
I{( 1
- Z { St’at (S )} X — (by the definition of (s, a}))
T G
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I{s] = s} y 1
= 2l e, (0)
s’,a ae

< I{s] = s} " 1
— (s) 24H M,

where we define M; = maxy o 2 (“( R . Similar to (45):

By(s,a) Sbi(s)+3 > WS, a)bi(s)

s":h(s")>h(s)
H{st = B H{SI =s'} 1
3 fyﬂf
- ( + Z:U’ ‘8 a ,LLt(S/) 8 24HM7§
I{s] = 5 I{s] = &' 1
{St 8} +3 Z MPt,Trt (s’\s,a) « — {Stﬁ S } « SIET
pe(s) e 7 (s)mi(als)uPm (s']s, 0) + :
32 ]I{st =s'} y 1
7‘—’5 71'15 a| + Ve 24 H M,
1 1
< X 47)
e (s)me(als) — 8HM;
and thus
(s, a) 1 1
B < < —
N (s, a)me(als)Be(s,a) < 0 (5) X SHIL = 3H
where the last step uses the definition of M.
From the second-to-last step in (47) , we also have
1 15vHS
Byi(s,a) < < < 158T
t(s-a) 8y H My Tt
where we use that M, > m in vitrual episodes. O
F. Analysis for the Bias (Lemma 6.2)
Proof of Lemma 6.2.
lzu s)bias™ ( ]
<E Z Zu (me(als) — m(als)) (Q7rt (s,a;4;) — Qi(s,a) + Cy(s, a)) (48)
Lt=1 s,a
_E ZZ (s g ) — P omig o
= " (s) (me(als) — w(als)) | Q™ (s, a;6) — e Q™ (s,a;4:) + Ci(s,a)
Lt=1 s,a t
< pa(s) = ™ (s)
=5 |3 S un (o) k) ~ wtale)) (“O I s+ Ct(s,a))]
Li=1 s,a
T
=E[> ) (1™ (s,0) = p"(5,0)) (s, a)] (49)
Lt=1 s,a
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with z(s, a) defined as the following based on Lemma C.2:

puls') = ()

s) — u™(s
2t(s,a) £ MQM(S,G;&) + Ct(S, a) — IEs’~P(~|s,a),a’~7rt('|5/) |: (s

fe(s)

Recall the high probability event £ defined in Definition B.3. Notice that

E Z Z(Nm (87 a) - Mﬂ-(sﬁ a’))zt(sva)

t=1 s,a

Qnt(s/’a/;gt) + C’t(s’,a’)}

Il
3
G
=
i M'ﬂ

d

(because |z;(s,a)| < O(TH?) almost surely)

ZZ Tt(s,a) — p"(s,a))ze(s, a)

t=1 s,a

t=1

2

™(s,a))z(s,a) | E| + O(HS) x O(TH x TH?)

A\

s
>

=
[M]=

> (u (s,0) = i (5,0))z(s,a) | €| + Pr(E
(1™ (s,a) — p

t

A\

¥
>

=
[M]=
N

(1™t (s,a) — u™(s,a))ze(s,a) | E] + O <H> . 6= %)

L ) .

~
Il
-

(50)

From now on, it suffices to bound 23:1 Yosal™(s,a) — " (s,a))z(s,a) assuming £ holds (i.e., P € P, for all t).
By the definition of C; (s, a), we have

pe(s") — pre(s")

8] =) G (s, 1.4) + max B ls")

Nt(S) PeP,
pe(s) — (")
pe(s")

Q™ (s,a;¢:) > 0. (51

zt(s,a) = s/~ P(c]s,0),0! ~ome (-]s)

H+ Ct(s',a’)]

- Es’~P('|S,a),a’~m('\S') Qm (S/a a/; gt) + Ot(s/’ a/):l

> pe(s) — p™ (s)
e (8)
On the other hand,
Zt(S,CL) S :ut(s) — U (S)
pe(s)
< ci(8) + By b, (fs.ay.armm (s [€6(8) + (s’ a))] = By p(fs,0),0rmm (157 [Ce(', @)

(let P, be the transition that attains the maximum in (13))

< c(s) + Egopips,alee(s)] + Z |Pi(s']s,a) — P(s'|s,a)| m(a’|s") (ce(s') + Ce(s',a))

s’,a’!

< () + Egnp(gs,alee(s)] + Z e(s'|s,a)mi(d|s")(ce(s") + Ci(s',a")) (52)

H + Ct(sa a) - Es’~P(~|s,a),a’~7rt(-\s’) [Ct(slv a'l)]

where we define e;(s'[s,a) = | Py(s'|s,a) — P(s'|s, a)|.

Observe that by the definition of Cy(s, a), it holds that

Ci(s,a) = > plom(s|s, a)e(s)),

s’:h(s')>h(s)

and therefore,

ci(s) + Ci(s,a) = Z,up”” "Is,a)cy(s")
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and

Zwt (als) (ce(s) + Ci(s, a)) Z,up”” (s").

Thus we can thus rewrite (52) as

zi(s,a) < ci(s) + Ey 'nP(-]5,a) Ct —|—Z€t |3 a Z Pf,m(g//|sl)ct(su).

s’

Continue from the previous calculation in (50):

SN (w0 (s, ) — 17 (s,a)) z4(s,0)

t=1 s,a

wr(s,a)], z(s, a)

T

22"
Z (57 a)Lr Ct(s) + Z Z [Nm (57 a) - /’LW(S’ a)]+ Es’~P(-|s,a) [ct(sl)]

termo

terms

Known transition case ‘
For the known transition case, we have

pre(s) oy — " (s) v
e(s) < OO

H

and e;(s'[s,a) = 0. Thus,

T
E lz m(s)bias”(s)] SO () x M fg< HS v =0 (H*SA*In(T)) .

=1 s p14(s) t=1

Unknown transition case ‘
Upper bounding term;. By the definition of ¢;(s),

term; <HZZ T (s,q) — i (s, a)]+ (Mft( )—u?(sﬂ-%)

t=1 s,a Mt(s)
) T (s) — u™t (s
< H;Zws,w—ws,am (ﬂt (Ztt(sl; ( )>

term;

a

JrHZlZ [ (s,a) — (sa)]+<w>+22u < %>.

+(s)

t=1 s,a

termy;, term; .

To bound term;,, we apply Lemma C.4 with

gt(s) = Z [Mﬂ-t (S’GL:(SW(S’G)]Jr < 1a

29
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which gives

) Te(s,a) — ur(s,a
termy, < | H3S2A> 3 " pimi(s) (s, Lt(:; (s, )]+ln(T)L+H254Aln(T)L

t=1 s,a

T
H352AY > [ (s,a) — p=(s, )], n(T)e + H>S* Aln(T)e.

t=1 s,a

IN

termy; can be bound in the same way and admits the same upper bound. term;. < HS 23:1 v = O (H 5542 ln(T)).
Combining term;, term,, terms, we get

T
term; < HSS2AZ Z [t (s,a) — pm(s,a)] . n(T)e + H>S*A* In(T)e.

t=1 s,a
Upper bounding term,. This is very similar to the procedure of bounding term;. We perform a similar decomposition:

) T (s) — 17t ('
ety < 135 1 5.0) )], B | L)

t=1 s.a Mt(s/)
termo,
T T / T / T
i i p(s') = pre(s') B Hwy,
HHY D i (s,0) = 17 (5,0)]y Evnp(is.a) #,)t + YD 1 (5, 0By p(lsa) ()
t=1 s,a Kt t=1 s,a Ht(S
termoy, termo.

To bound termy,, we apply Lemma C.4 with

ZSJJ« pe (s, a)P(s']s, a) < pre(s')

() = ) S

)

gi(s') = Z b (S’GZL;S%W(S’G)}+P(8'|57a) <

s,a

which gives

T (s, a) — pT(s,a
termgy, < H352Azz,um(s’)z (s, /)j(:) (s, )]+P(s’|s,a) In(T)e + H*S*AIn(T)e

t=1 s’ s,a

H352AZ Z Z (W™ (s,a) — p7(s,a)], P(s'|s,a) In(T)e + H*S*Aln(T):

t=1 s’ s,a

IN

T
= H3SQAZ Z (1™ (s,a) — p™(s,a)] | In(T)e + H2S*Aln(T)..

t=1 s,a

which is same as the bound for term;,. Also, termy, can be handled in the same way as termsy,, and termy. <
S S (s)) x s < HS ST 4, Overall, termy, can be bounded by the same order as term;.

we(s’) =
Upper bounding termg.
T —
terms < Z Z (1™ (s,a) — uﬂ(s7a)]+ Py(s']s,a)t I L Z’uﬁt,wt (S”|S/)Ct($”)
202 n(s.a) | mi(sa) | &
T
_ L _
S Z Z (W™ (s,a) = p"(s,a)l, (Pt(s/sa a)a + m(sa)a) Zﬂpt’m (s"[s")e(s”)  (forany a € (0,1])
t=1 s,a,s’ ’ s/
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o~
l
—

Il
e
B
EIJ

s/’

?t,m( //‘

Z Z ya) = p7 (s, )l

QM—‘

~
Il

ﬁqﬂ
dv

1

Z (1™ (s,a) — " (s,a)], Py(s'|s, a) Zuﬁ"””(sﬂ|sl)ct(sﬁ)
s e (s’

_ 2 T .
17 (s,0) — 17 (s5,0)],. 3 1P (s, )ea(s) + - 30 S (4 (s,0) — 7 (s,0)],

’ )S

3 o) s 7 s, LD

T

Z

- 2 A (s') = um (s')
EPIPILD P (], 0)

<a —u"(s,a s'ls,a
< (s, )], 1P e
terms,
. P ) — ()
+ aHZ Z T(s,a) — p(s,a)], pFOT(S |5, a) ~
t=1 s,a,s’ Mt(s )
termsy
2 Ve H?S?AIn(T)
+aH Tt (s,a) s,a)], pFom(s]s,a
ZZ R
terms.

(by Lemma B.2 and the assumption that £ holds.)

For terms, we apply Lemma C.4 with

o) = o)

and we get

Lsalt™(8,0) = u"(s, Qep" (s s @) Py 0™ (5

)P (s']s, a
P (s a)
11 (s")

S, ali (s, ) — (s, )] jiPeme ('], a)

+aH - H*S*Aln(T)

terms, < aH, | H2S?2AIn(T E E wre(s )
HelS
t=1 s’

T
<aH H3S2Aln(T)LZ Z (W (s,a) — p(s,a)], + «H*S*Aln(T).

t=1 s,a

The same bound applies to termgy, too.

termg, < ozHZ Z wr (s a)uP“’”( '|s,a) ot < oaH2Z% < aH®SA%

e (s’)

t=1 s,a,s’

Picking o = %, combining termg, and termgy, and using H < S, we get

s/

T
terms < H352A1n(T)LZZ (1™ (s,a) — p™(s,a)] | + H2S*A?In(T)e

which is also of the same order as term;.

Combining term;, terms, termg, we get that if £ holds, then

T T
Z Z (:U'm (570') - /‘ﬂ(& a)) Zt(S, a) S HngAZ Z [/Lm (87 a)

t=1 s,a t=1 s,a

31
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Using this in (50) finishes the proof.

G. Bounding ) V"™ (so; b;) (Lemma 6.3, Lemma 6.4, Lemma 6.5)

We first show Lemma G.1 and Lemma G.2 which are common among different regularizers.
Lemma G.1.

E|Y J S p(s)melals)(1 — m(als))

S,a

E [Z \J Z wre(s)me(s)(1 — m(as))] + /H452A3 In(T) + W{unknown transition}+/ H S5 A3 In(T)e.
s,a t=1
Proof. Define ¢(s,a) = m(als)(1 — m¢(als)).

>

s,a

T T

T
ZUt #(s,a) <Z\IZN”‘ (s,a —I—Z Z%¢t s,a) +Z\JZ At (s) — pme(s)] ot (s, a)

term; termo

T T
term; < Z\IZ%@ (s,a) < \ISAZ%Z@(&Q) < S\JAZ% < H*52A3In(T).

t=1 s,a t=1

terms is zero in the known transition case, and in the unknown transition case, if £ defined in Definition B.3 holds, then

T
termy < Z (a Z(ﬁ?t(,s) — 1" (8))pe(s,a) + ;) (for any o > 0)
t=1

s,a

T 2
Sa | |HS?PAM(T) Y Y pme(s) (ng)t(s,a)) + HS*AIn(T). +%

t=1 s

(by Lemma C.4 with g;(s) = Y ¢+(s,a))

SA
< HS2An( e HS*Al —
<a n(T ;;u $)pe(s,a) + n(T) | + -
7rt 1 — 1
< \l tzlz,u s)oi(s,a) HS5A3In(T) (choosing o = \/m)

< Z J me Yoi (s, a) HS5A31In(T)..

If £ does not hold (which happens with probability < O(H/T?)), then termy < O(SA+v/T). Overall,

HSA
E[term2 < E Z\Jzuﬂ't ¢t S, a + HS5A3 hl( ) + == TQO .

Collecting terms and using H < S finishes the proof. O
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Lemma G.2. With known transition,

T
SO>S u(s)m(s) S HASA? In(T).

S

For Tsallis entropy or Shannon entropy with unknown transition,
T ~
E Z Z,upt’m (8)ve(s)| < HS*A?In(T).
t=1 s
Proof. With known transition, we have

T
SO (sh(s)

S

1 T
< 20 () mlals)Cals, ) ((s,0) < 75 ormi(s) < 1)

t=1 s,a

T
< % Z Z w™t(s)m(als)Cy(s, a) (Cy(s,a) < H?)

t=1 s,a

IN

IR pue(s’) = " (s))
= Z Z ™ (s)me(als) Z pe (s ]s, Q)W (by the definition of C(s, a))
t=1 s,a s’ t

IN

SN ) o M) ()
Z;;M () pie(s')

With unknown transitions, notice that for Tsallis entropy we have 7;(s) < min {%, ﬁ} and for Shannon entropy we

have 7;(s,a) < min {%7 ﬁ} Therefore, in both cases, suppose that £ holds,

gguﬁt%)w

< imm {14, Hlﬁ} %‘fw<s>m<a|s>ct<s, a)

< zm = j@} Z/ﬁ (s)me(als)Ci(s, a)

< zm =, Ht} POROLICD ZuP(I)W

(let P, be the P attaining maximum in (13))

- pe(s") — pie (s")
2 X =

> (A ) —up ) + ZTj Sm
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< imin {1, {{;} ; (ﬁff(s’) — ij(s’)) + H*S A% In(T)

By Lemma C.4, the first part above can be upper bounded by

6
HS2AIn(T Zzlﬂt X mln{l,}i} + HS*AIn(T)e

t=1 s

SVHSS2AuIn(T) + HS*AIn(T)e < HS*Aln(T):
where we use H < S.

Suppose that £ does not hold (happens with probability O(H/T?)), we still have

~ T ~
Z Z pFom (s)m(s) < Z min {1;4, Hl\/%} Z pFom (s)me(als)Ci(s, a)?

T><Hl,4><H(H2))§O(HT)

IA
Q
— "

because |Cy(s,a)| < H? with probability 1.

Combining all terms and taking expectation, we conclude that

[Z ZMPMU s)vi(s 1 < HS*A%In(T).

G.1. Tsallis entropy
Proof of Lemma 6.3.

T

> V7P (50; )

t=1

=i¥uﬁm(8)b s
bkl )]

n:(s) 77f 1(
T
C S () + 1Y Y ) ‘“( ) )+ va. ) (by (16))
~ p M t — M ; ,Ut(s) y
L= S L= S T IJ‘T
v T )
Porme 2/A _mG) M)
S22 T () + H Z > =1 Z 2 1
t=1 s s T 1 ,uT t=1 ZT 1 - (s)
term;
termo terms

Bounding term;. term; can be bounded using Lemma G.2, which gives

E[term;] < H*SA?In(T) + I{unknown transition} H.S* A% In(T)..
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Bounding term,.

T
term, < HZ Z mft(s)

< HY Y Vinlmlals)(1 - mi(als))

t 1
t=1 s,a Z‘r 1 pr(s)
T 1
<HZ Zut s)me(s,a)(1 — m(als)) Zt”ti(s)l
s,a t=1 ZT:]. e (s)

S Hv IHTZ Zut(é’)ﬂt(ab)(l — m(als)).

s,a t=1

By Lemma G.1, we can bound the last expression by

T
HZ Z e (s)me(s,a)(1 — me(s,a))| + VHSS2A3In(T) 4 I{unknown transition}v H3S5% A3 In(T)..
t=1

Bounding terms;. By (16),

term3 < H\/Zzzzi < HSfln( )
s =1 pr(s)

Combining term;, termo, termg finishes the proof.

G.2. Shannon entropy

Proof of Lemma 6.4.

T ~

Z VP (503 by)

t=1

5 1 ming ey fir(8)

< HVInT Peme (g + — < s,a +1—,L
;LM (s) \/zt 1 & (s,0) 1 Vit &ls:a) min;ep—1] fir(8)
=1 4 (s) T m(s)

+ Z e (8) (s
t,s

HvInT (5,0) + HvVInT <1 _ min gy wr(s)
=1 & (s0) =1 &r(sa) |1 ming 17 pr ()
“\/ZT LG e “\/Zr 1 T me sl

. 2
+ Z Hv lnT/Jt(s)g (S a) —I—H\/iT Z MPt m Z MPt,m ( _ Imilrefy H’T(‘i)))

t,s,a \/i minTE[t—l] Hr(s

+ 3 i (s)i(s)

t,s,a t,s,a

gt(s’a) .
s min, ;1) fir(8)
< HVInT E E — éf(ts(,a)) - E wi(8)é(s,a) + HVInT E In <6[]>

C 2l e tEe | foa N Minre #r(s)
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JrH\/iZ”ZMt (s,0) Zut )i(s,a)

+HVInT/HAI(T AZI (mmTetl]uT()> —1-2,1113"7”(8)%(5)

min, e[y pir(s) "

sH\/lnTZ In(T Zut V(s a) +ZMP”T‘ +H25A1n2()

El D 3
SHZ In®( Z s)me(als) 1—Wt(a\s))+ZMP*’”f(s)Vt(s)—|—HQSAln§(T)

s,t

s

By Lemma G.1 and Lemma G.2, the expectation of this can be upper bounded by

T
HZ In®( Zu s)m(als)(1 — me(als))
s,a t=1

H652A31n®(T) 4 I{unknown transition}/ H355 A3 In®(T").

+ H*SA?In? (T) + T{unknown transition} H.S* A? In(T).

<E HZ In®( Z/ﬂt s)me(als)(1 — mi(als))

+ H*S A%\ /In®*(T') 4 I{unknown transition} H S* A In(T')¢. (using H < S and log(T") < ¢)

G.3. Log barrier
Lemma G.3. Let n; > 0,72,73, . .. be updated by

1 1
— — o Ve 1
Mt+1 U
with 0 < ¢y < 0;2. Then
t+1
Loy,
Tt+1 2 T=1

Proof. By the update rule,

1 1 1 1 1 1 1 1
e +— -— = + — | mds = @,
N1 T M+1 Tt M+1 Mt Ne+1 Mt

which implies

Nt+1 UR

By the condition on ¢;, we also have

Combining the two inequalities finishes the proof. O
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Proof of Lemma 6.5. In this proof we only focus on the know transition case. We use 7. and 7, to denote the set of real and
virtual episodes, respectively.

, b=
Let ¢¢(s,a) = % in real episodes and ¢¢(s,a) = m% in virtual episodes. We first show that
Pe(s,a) < m, which allows us to apply Lemma G.3 because mﬂl(s o= mé o T n:(8, a)é1(s, a) by our update rule.

This is clear for virtual episodes. For real episodes,

(5,06 (s,0) _ 2

2
<
91(s, a)me(s,a)” = pe(s)2logT  ~ logT  H3S — !

because "L((’S)) < L__ in real episodes.

T
D V(505 1)
t=1

ne(s,a)( (s, a 1 T
S ZZ,&L’”(S)Z(MIOg(IOg ) Z.U T—MbgT*’;ZHWf(S)W(S)

teT, s teT, t?at)H og
<3Sl IS s A
teT, s.a Ha 8)
.
(in virtual episodes, mM(S(IS? )‘) > \/ﬁ, and we use Lemma G.2 to bound the last term)
(i (s,a)
Vieg D) Y ) 10 —+ VHS|T,| ++H*SA?In(T)

teTr sa \/Zr<t TETr ur(s)?
(by Lemma G.3 and the condition verified at the beginning of the proof)

(i(s,a)

<VieT Y\ 3 sy [3 Gl + VESIT 4 +1S4 ()

s,a teT, T<t:TET, pur(s)?

<log(T) > [> Gls,a) + VHS|T,| + H*SA?In(T).

s,a \| teT,

Now we bound the number of virtual episodes. Notice that each time a virtual episode happens, there exist s, a such that

n;ES(SL;) > 60\/1HTS’ and 7 (s, a) will shrink by a factor of (1 + m) after the virtual episode. Since j:(s) > v, this

event cannot happen if 7;(s,a) < GOJ;TS' Thus, the number of virtual episodes is upper bounded by

log 60V H3S
To] S SA X = < HSAIn(T)In(SAT).
log (1 T 21\ logT)

Applying this bound in the last expression and using H < S finishes the proof. O

H. Final Regret Bounds through Self-Bounding (Theorem 4.1, Theorem 4.2, Theorem 4.3)

Proof of Theorem 4.1. Let @ = argmax, Reg(m). By (31), Lemma 6.2, and Lemma 6.3, under known transition and Tsallis
entropy, we have

T

Reg(7 <HZ > pm(s)mi(als)(1 = m(als)) | In(T) + H>SA* In(T)

t=1
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For the adversarial regime, we bound the above by

H,|SAE Y| In(T) + H?SAIn(T) = VH3SAT + H°>S A% In(T).

>3 sl

t=1 s,a

For the stochastic regime, notice that Reg(7) > Reg(n*) > E [Zthl u™(s)m(als)A(s, a)} — C, and we have

T
S wme(s)m(als)

t=1

In(T) + coHSA*In(T)  (for some universal constants ¢y, co)

Reg(m) < clHZ Z E

s ame(s)

SHZ Z)(H lZNm )me(als)A(s, a)

s aZm*(s t=1

2H In(T
4 aHn(T) + coH?SA? In(T) (for arbitrary a > 0)
alA(s,a)

T
< aE Zum(s)m(a\s) s,a)| + O Z Z H ln + H°SA?In(T)
=1 5 agnr(s)
H2In(T 5o A2
a(Reg(m) +C) + O Z Z A, a) + H°SA*In(T)

s atme(s)

Picking & = min {;, Cz (H:(TELT)) ) : } leads to the bound

Reg(7) SU +VUC + H’SA?In(T)

where U =3 3" . (s %. Finally, using that Reg(7) < Reg(7) for all 7 finishes the proof. O

Proof of Theorem 4.2. By (31), Lemma 6.2, and Lemma 6.3, under unknown transition and Tsallis entropy, we have

T
Reg(m) < ¢1,| H3S?AE Z Z [t (s,a) — p™(s,a)] | In(T)e
T
+ CQHZ lZu (s)mi(als)(1 — i (als)) | In(T)e +cs H*S*A? In(T)e
=1

termo
(for universal constants c1, ¢s, ¢3)

In the adversarial regime, we can bound it by the order of
VHAS2AT In(T)e + H*S* A% In(T)v

To get a bound in the stochastic regime, we first argue that it suffices to show the desired bound for all 7 that satisfies
Reg(m) > Reg(7*). This is because we can then bound Reg(7) for 7 such that Reg(7) < Reg(7*) by

Reg(m) < Reg(n*) S U + JU(C + C(n*)) + poly(H, S, A) In(T). = U + VUC + poly(H, S, A) In(T).

because C(7*) = 0 by definition.

Below we assume that Reg(7) > Reg(n*). Note that by Lemma C.5, for any 7,

T(s,a) — " (s,a) ‘ < HZM ) |7 (als) — 7*(als)]

s,a
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_HZ Z m(als) —|—HZ;L YA —7(7*(s) |9))

s a#m*(s)

Y Y

s agnr(s)

Hence,

T
YD (s a) = pm(s,a)]

term; < c;,| H3S2AE In(T)e
t=1 s,a
T
<, | H3S2AE szﬂt(s,a) — ™ (s,a)|| In(T)e + 1 H352AZZ|u (s,a) — ™ (s,a)| In(T)e
t=1 s,a t=1 s,a

T
<c |2H*S2AE [ZZ Z ,u’”(s,a)] n(T )L+01\J2H4SQAZZ Z m(s,a) In(T)ee

t=1 s a#n*(s) t=1 s a#w*(s)

<a]E[ZZ Z (s,a)Amin

=1 s atnr(s)

H*S?AIn(T)¢
oYY Y ) + 0 (FE L)
=15 azn(s)
(by AM-GM)
< a(Reg(7*) + C) + a(Reg(n*) — Reg(n) + C(m)) + O ( (see explanation below)

H*S?AIn(T)e
aAmin

H*S?AIn(T ).
aAmin
< aReg(m) + a(C +C(m)) + O ( (by the assumption Reg(7*) < Reg())

where in the second-to-last inequality we use the property:

ZV (s0;60) = V7 (So;ft)]
T
5 ) IID DI TN op¥es

t=1 s a#r*(s) t=1

ZtZZ Z mm_c(ﬂ-)

Reg(n*) — Reg(m

For term,, similar to before,

term, < CQHZ J E

s,a

> um(s)me(als)(1 — m(als))

t=1

< a(Reg(m) +C) + O (Z > m 1 HPS A ln(T))

H? In(T) 5o A2
a(Reg(m) +C) + O (Z ;( )m + H°S A In(T)
H*S?AIn(T)

aAmin

a(Reg(m) +C)+ O (

Combining term; and terms, we get

+ H?S*A? ln(T))

H*S?An(T).
aAmin

Reg(m) < 2aReg(m) + 2a(C + C(m)) + O < + H?S*A? 1n(T)L>
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Picking oz = min {}1, (C+C(m)2 (%) } leads to the desired bound. O
Proof of Theorem 4.3.
T
Reg(m) S D 4| W*(T)E | Y (Ii(s,a) — me(als)i(s)2L7 ., | + H*S*A®In(T) In(SAT)
t=1
In the adversarial regime,
T
Reg(m) < | HSAI*(T)E | > > (Ii(s,a) — mi(als)i(s))?Lon(s) | + H*S?A*In(T) In(SAT)
\ t=1 s,a
T
< \|HSAW*(DE | Y Li(s,a) Ly s | + H?S?A* In(T) In(SAT)
t=1 s,a
T
< \|H2SAW*(T)E | Y V(s 6y) | + H?S? A% In(T) In(SAT)
t=1

On the other hand, Reg(7) = E [23:1 V™ (sg;b) — ZtT:l V7™ (s0; Et)} . Solving the inequality, we get

T
Reg(m) < | H2SAIn?( Z (50;4¢) + H3S? A% In(T) In(SAT).

In the stochastic regime,

T
Reg(m Z E | > (L(s,a) — m(als)L(s)2L2 , | + H*S?A*In(T) In(SAT)
t=1
T
<Y A HPIA(T)E > pme(s)mi(als)(1 = mi(als)) | + H*S? A% In(T) In(SAT),
s,a t=1

which is similar to the stochastic bound in Theorem 4.1. Following the same self-bounding analysis in the proof of
Theorem 4.1 we can get the desired bound. O

To get regret bounds for the Shannon entropy version under known and unknown transitions, we use Lemma 6.2 and
Lemma 6.4 and follow exactly the same procedure as in the proofs of Theorem 4.1 and Theorem 4.2. This leads to the
following guarantees:

Theorem H.1. Under known transitions, Algorithm 1 with Shannon entropy regularizer ensures for any ™

Reg(m) </ H3SAT In*(T) 4 poly(H, S, A) In*(T)

in the adversarial case, and
Reg(m) < U 4+ VUC + poly(H, S, A) In?(T)

21,3
in the stochastic case, where U =3 >~ . (o) %
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Theorem H.2. Under unknown transitions, Algorithm 1 with Shannon entropy regularizer ensures for any

Reg(r) S \/ HAS? AT n*(T)1 + poly(H, S, A) In(T):
in the adversarial case, and

Reg(m) SU 4+ /U(C +C(m)) + poly(H, S, A) In(T')e

H*S%2AIn*(T).

in the stochastic case, where U = A

41



