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Abstract

Post-LayerNorm Transformers have seen limited practical adoption due to enduring difficulties
in scaling them to large depths. While prior research has focused on stabilising Post-LayerNorm
by improving conditioning at initialisation, stability often deteriorates when models are trained
with large learning rates, forcing additional compromises. In the decoder-only settings we study,
existing Post-LayerNorm methods fail to outperform strong Pre-LayerNorm baselines. We propose
KiteNorm, a novel normalisation method designed to break this trend. KiteNorm achieves stability
through residual scaling and a regularisation technique based on hidden-state variance. Beyond
stabilisation, KiteNorm learns separate scales for the skip and residual branches in each sublayer,
improving performance. Across decoder-only Transformers up to 1B parameters, KiteNorm re-
mains stable throughout training and consistently outperforms leading baselines, with scaling laws
favouring KiteNorm across depth, width, batch size, and training budget. Ablations show that each
component is necessary for the full stability and performance gains. We offer theoretical insights
into KiteNorm through a new perspective on the gradient vanishing problem in Post-LayerNorm,
linking the underlying hidden-state expansion to rank collapse.

1. Introduction

Post-LayerNorm (post-norm) Transformers [24] have largely been replaced by pre-LayerNorm
(pre-norm) Transformers [26] in large-scale Transformer implementations, owing to their improved
gradient conditioning along the uninterrupted skip branch [28]. However, pre-norm exhibits persistent
weaknesses, such as parameter inefficiency in deep layers [7, 23] and massive activations [22].
Residual scaling [18, 23] can mitigate these weaknesses, but it cannot fully eliminate them as the
architecture necessarily piles up sublayer contributions on the skip branch.

This has motivated renewed interest in post-norm architectures with the goal of scaling them to a
large number of layers. The core challenge is the fact that the Jacobian of post-norm acts on both the
residual and skip branches during backpropagation, which leads to gradient vanishing as the scale of
the activations and the number of layers rise [9, 15]. While prior work has analysed the dynamics of
this phenomenon, the underlying cause remains poorly understood. We extend existing insights by
formally proving the effect of hidden-state variance on gradient propagation, and by linking gradient
vanishing to rank collapse [6, 16].

Recent works have made strides in improving the conditioning of post-norm Transformers by
applying scaling factors to the residual branches [3, 10, 25]. While these methods improve optimisa-
tion conditions at initialisation, they can be less robust to high learning rates or less competitive at
moderate depths. We postulate that methods that rely primarily on favourable initialisation conditions
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are ultimately prone to degraded performance or stability as large learning rates push models further
away from initialisation. Resolving this trade-off is therefore important for improving the scalability
and efficiency of Transformer training. Our contributions can be outlined as follows. We extend the
theoretical analysis of gradient vanishing in post-norm Transformers and provide empirical evidence
linking it to rank collapse. We propose KiteNorm, including hidden-state variance regularisation,
and demonstrate improved stability and scaling up to 1B parameters. We further provide ablations
showing that each component is essential.

2. Preliminaries

Appendix A.1 gives the full notation and rank-collapse metric. In the main text, it suffices to write X
for a sequence of hidden states entering sublayer [, F; for its residual branch, and Z; = X; + F;( X))
for the hidden states after the residual addition. Define the normalisation of a vector v € R as
follows: v = v_g‘zs)’)]l, where 1 and o denote the mean and standard deviation, respectively, and
1 is the size-d vector of ones. LayerNorm [1], as used in Transformers, can then be written as
LN(X) =~ - X + 3, where X € R%*? is a length-S sequence of tokens.

2.1. Gradient Propagation in Post-Norm Transformers

We now examine the backward pass of post-norm Transformers. Let LN; denote the LayerNorm
operation in sublayer [, and let ;1 = LN;(2; + F;(x;)) = LN;(2;). Then
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Notably, the LayerNorm Jacobian multiplies both the Jacobian along the skip branch I and the

derivative along the residual branch 8]279(;1). As highlighted by Nguyen and Salazar [15], this leads

to instability if %ﬁ repeatedly expands or contracts gradients across layers. We can characterise

when LayerNorm can act as a contraction (see Appendix C):
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The crucial implication of equation 2, together with equation 1, is that the LayerNorm Jacobian
acts as a shared bottleneck for gradient propagation through both the skip and residual branches. In
particular, the full sublayer Jacobian is left-multiplied by a factor whose spectral norm is controlled,
up to the LayerNorm gain, by the inverse of o(z;). As post-norm Transformers are scaled up in
depth, large hidden-state variance can therefore contract the gradients flowing through the entire
sublayer, causing gradient norms to shrink during backpropagation. This finding motivates the design
of reliable methods for constraining hidden-state variance during model training.

Token alignment provides an empirical measure of rank collapse, which we use below to study
its connection to gradient vanishing. see Appendix A.2 for the full definition.

3. KiteNorm

KiteNorm combines three techniques to improve both stability and performance. Residual scaling,
discussed in section 3.1, is essential to our stabilisation strategy and explains the core dynamic of
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our method. We further introduce variance regularisation, described in section 3.2, which prevents
this stability from degrading over time when models are trained with large learning rates. Finally, to
improve the expressivity, we leverage scalarised double-normalisation, explained in section 3.3.

3.1. Residual Scaling

The full residual-scaling diagnostic plots are shown in figure 3 in Appendix A.2.

Variance expansion and rank collapse. While several prior works [9, 12, 28] have observed the
link between gradient vanishing and activation variance in post-norm Transformers, the underlying
pressure that causes activation scales to explode at high learning rates remains largely unexplored.
We observe that hidden-state variance expansion coincides with rank collapse. This suggests that the
hidden-state scale can keep growing even after token representations become strongly aligned.
Residual scaling reverses rank collapse. Recent work on rank collapse [10] proposes that weight-
ing the relative contribution of the skip and residual branches in favour of the skip branch can reduce
the rate of rank collapse. We observe this in practice by reducing the residual-branch scale. While
the unscaled post-norm model diverges while exhibiting rank collapse, choosing a sufficiently small
residual scale can reverse rank collapse before divergence, and this reversal coincides with a reversal
of hidden-state expansion.

Equivalence to skip branch scaling. Since the theory literature specifies scaling the skip branch
[10], Appendix A.3 derives the equivalence between scaling the skip and residual branches. In
practice, we adopt the simple choice ¢ = % following Chen and Wei [3].

3.2. Variance Regularisation

In our experiments, residual scaling is sufficient to induce a stable early-training regime. To prevent
later instability, we add a regularisation term based on hidden-state variance to the optimisation loss,
which we call variance regularisation. This additional constraint guards against gradual variance
expansion after the early training stage documented in section 3.1. Specifically, we propose the
ReLU regulariser term:

mean; (ReLU(0(2)* — 1)) 3)

In practice, the resulting ReL U penalties are averaged across the batch, sequence, and sublayer
dimensions before being added to the optimisation loss with weight A. Notably, this regulariser only
affects the loss if the variance of hidden states entering the outer LayerNorm exceeds 1. Hence, the
regulariser does not affect optimisation while hidden-state variance remains below this threshold.
We use regularisation strength A = 1, which is sufficient for stability across our experiments.

3.3. Scalarised Double-Normalisation

Double-norm, following Chen and Wei [3], is an architectural variant of the post-norm topology that
we observe to improve model performance in our ablations. Because we hypothesise that the key
mechanism behind these gains is the ability to learn separate input scales for the skip and residual
branches in each sublayer, we propose using double-norm with scalarised LayerNorm:

LNscalarised(X) = 7/ ' X + 5/ (4)

where v/, 3’ € R are scalar parameters initialised as 1 and 0, respectively. This restricts LayerNorm
to global scale and shift parameters. Empirically, this improves performance.
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(a) Learning rate exploration. (b) Best and worst values reported from three seeds at
the optimal learning rate.

Figure 1: Final validation perplexities of KiteNorm and competitive LayerNorm methods in a 48-
layer Transformer.

4. Experiments

We perform a range of experiments to compare KiteNorm against competitive baselines from existing
work. First, in section 4.1, we compare KiteNorm with leading normalisation methods in our setting,
evaluating practical performance. Then, in section 4.2, we analyse and compare the scaling properties
of KiteNorm against the strongest baseline. Finally, in section 4.3, we document the efficacy of each
component of KiteNorm through ablation studies.

We train decoder-only Transformers on SlimPajama-627B [20] using the Chinchilla ratio of 20
training tokens per model parameter [8]. Our optimisation setup uses AdamW [13], fixed 51 = f»
following Orvieto and Gower [17], gradient clipping, rotary position embeddings (RoPE) [21], and a
GLU feed-forward block [19]. For KiteNorm, we add the ReLLU regulariser from equation 3 to the
optimisation loss. Appendix D.1 provides the full setup and hyperparameter specification. Unless
otherwise specified, all trained models share this setup. For tuned results, we report the run with the
lowest final loss or perplexity from the stated learning-rate grid.

4.1. Comparison Against Leading Baselines

Baseline selection. We select competitive baselines for scalable performance in Transformers under
our setup: GPT-2 pre-norm [18], LayerNorm-Scaling [23], peri-norm [5, 11], vanilla post-norm [24],
KEEL [3], and mix-norm [12]. Appendix D.2 gives the implementation breakdown.

Learning rate robustness. We compare these methods in a 48-layer Transformer, where the
challenges of normalisation placement are more pronounced. In figure 1, KiteNorm and LayerNorm-
Scaling are the most robust to high learning rates, whereas vanilla post-norm, KEEL, and mix-norm
are comparatively sensitive. The odd peri-norm curve is discussed separately in Appendix E.4.

Seed robustness. We rerun each method twice at its selected best learning rate to obtain a more
reliable estimate of the performance difference. KiteNorm maintains a substantial advantage in both
the best and worst values across three seeds. Although LayerNorm-Scaling slightly outperforms
GPT-2 pre-norm in this 48-layer comparison, Appendix E.5 shows that its performance degrades at
96 layers. We therefore use GPT-2 pre-norm as the more robust baseline below.
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4.2. Scalability

We analyse the scaling behaviour of KiteNorm against GPT-2 pre-norm across depth, training budget,
batch size, and width. Except for the axis being varied, we keep the base configuration fixed. For
depth and width sweeps, we adjust the training budget to maintain the Chinchilla-style ratio of 20
tokens per parameter. For each method and sweep point, we report the run with the lowest final
validation loss from (1073,2-1073,5-1073,1072,2- 1072).

Scaling laws and 1B test. Across depth, train- — KiteNorm, Ir-2¢-3 2.8
ing budget, batch size and width, KiteNorm keeps | — KiteNorm, Ir=5¢-3

) 10 GPT-2 pre-norm, Ir=2e-3 2
a consistent lead over GPT-2 pre-norm. Ap- GPT-2 pre-norm, Ir=5¢-3 27
pendix A.4 gives the full sweep descriptions. The £ s >
depth sweep is especially informative because nor- i )
malisation failures are most pronounced there. E 67
Both models improve as depth increases, but e
KiteNorm remains ahead from shallow to deep ——
settings. The gap also persists when the train- I
ing budget is varied, where the relative gain is 1000 Step

largest at lower budgets, and when the batch size
is increased up to 1024, where KiteNorm is more Figure 2: 1B training loss. KiteNorm stays sta-
robust. Width changes do not remove the gap. ble at 5 - 1073, GPT-2 pre-norm diverges.

To test combined scaling, we train a 1B-
parameter decoder-only Transformer based on the Pythia 1B configuration [2] with a warmup-
stable-decay regime [27], see Appendix D.1 for details. We use 16 layers, dpoder = 2048, batch size
1024, and otherwise match the sequence length, number of attention heads, and number of GLU
parameters to Pythia 1B. Figure 2 shows that KiteNorm achieves lower training loss at learning
rate 2 - 1072 and remains stable at 5 - 1073, where GPT-2 pre-norm becomes unstable. Lastly,
Appendix E.6 shows that the overall performance difference is not an artifact of withholding the
ReLU regulariser from GPT-2 pre-norm.

4.3. Ablations

Each component of KiteNorm contributes to the above results, with full plots shown in Appendix A.5.
Removing the inner LayerNorm reduces KiteNorm to a residually scaled post-norm model and
degrades both validation performance and stability. Replacing scalarised LayerNorm with standard
LayerNorm is also weaker, with the largest gap appearing in deeper models. Finally, in a 96-
layer high-learning-rate stress test, the model diverges without variance regularisation, whereas the
regularised model remains stable.

5. Limitations

Our study is limited to decoder-only language models trained on SlimPajama, with the largest
combined-scaling test at 1B parameters. We do not test encoder-only, encoder-decoder, multimodal,
very long-context, instruction-tuned, or substantially larger settings. The residual scale ¢ = 1/(2L)
and regularisation weight A = 1 are fixed heuristics, and the ReLU penalty is only one possible
variance constraint. Our rank-collapse explanation remains partial.
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Appendix A. Additional Main-Text Details
A.1. Notation and Rank-Collapse Metric

In this section, we establish notation, provide context for our work, and derive the crucial backward
pass dynamics of post-norm Transformers.
Normalised Architectures. Define the normalisation of a vector v € R? as follows: ¥ =

”_U‘zg';)ﬂ, where 1 and o denote the mean and standard deviation, respectively, and 1 is the size-d

vector of ones. LayerNorm [1], as used in Transformers, can then be written as LN(X) = ~ - X+ 3,
where X € R5*9 is a length-S sequence of tokens that are embedded in hidden dimension d.
Normalisation is applied row-wise across d. The parameters v, 3 € R¢ act element-wise across
d and are called the gain and bias of LayerNorm. Implementations of LayerNorm often add a
small constant € in the denominator during the normalisation step to ensure numerical stability,
though we omit it for clarity in this section. The original Transformer [24] used normalisation as
a component of its sublayers in the following form: Sublayer_nom(X) = LN(X + F(X)). A
decoder-only Transformer stacks such sublayers, with F alternating between self-attention and an
MLP transformation. We denote the number of Transformer layers by L, so that the model has 2L
sublayers. We write X for the hidden states entering the [-th sublayer, where [ € {1,2,...,2L},
and F; for the corresponding residual branch transformation. To differentiate sublayer inputs and
outputs, we write Z; = X; + F;(X;). I denotes the identity matrix.

Matrices and Norms. || - ||, describes the L, norm for vectors, and the corresponding induced
operator norm for matrices. || - || describes the Frobenius norm. The i-th row of a matrix A; is
denoted by A; ;. Our theoretical derivations omit the sequence length and batch size. We thus write
x; € RY for a row from X and z; € R? for a row from Z,.

A.2. Rank-Collapse Metric

Noci et al. [16] investigate rank collapse in Transformers by measuring the alignment of token
representations using a metric originating from Cho and Saul [4] and Nachum et al. [14]. For two
token indices i, ¢’ in the hidden-state matrix X output by sublayer [, define the token correlation as

E(X; 4, X1 4)

pii(Xp) = , (5)
VEIX1I3E) X, 03
where the expectation is taken with respect to the model weights at initialisation.
Following Noci et al. [16], we define token alignment as the average token correlation
1
X)=—+1—= i (X 6
T( l) 5(5_1) sz,z ( l)7 ( )

i/

where S is the sequence length. Token representations pointing in the same direction have correlation
1. Thus, as token alignment tends to 1, the representation becomes increasingly rank-collapsed.
In practice, we compute this metric over the actual model weights, replacing the expectation with
the empirical value computed from the trained model states. Although other rank-collapse metrics
have been proposed [6], we find that they behave similarly in practice and focus on token alignment
because it has a direct geometric interpretation. Token alignment therefore provides a simple
empirical measure of rank collapse in Transformers, which we use in the following section to study
its connection to gradient vanishing.
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Figure 3: Effect of residual scaling on training failures observed when training a 12-layer post-norm
Transformer according to the setup in Appendix D with learning rate 10~2. We report statistics over
the hidden state after the residual addition in the final Attention sublayer. Figures 3a & 3b show the
behaviour of vanilla post-norm with residual scaling factor ¢ = 1, whereas figures 3¢ and 3d show
the effect of other choices of c.

A.3. Equivalence of Skip and Residual Scaling

Since the theory literature specifies scaling the skip branch [10], we formalise the equivalence
between scaling the skip and residual branches in the following, demonstrating that the residual

scaling we propose aligns with prior work.
We express skip scaling a and residual scaling ¢ generally and relate them to each other. For
positive a, ¢ and ignoring the stability constant e, it holds that

LN(az; + Fi(z)) = LN ( <1a:l ¥ iﬁ(mo)) _IN (1@ n iﬂ(m)) o

Thus, the forward pass depends on the relative scale . The effects of the rescaling also appear in the
Jacobian. Let z; = ax; + c¢F;(x;). Following equation 1 we have

8wl+1 . 8LN[(Z[> <aI+ C(?.F[(CB[)) ‘ (8)

8:81

8:61 6zl

The equivalence of residual and skip scaling becomes apparent here when we examine the upper
bound induced by equation 2. Let Var and Cov denote variance and covariance computed across the
hidden dimension. For sufficiently large a or small ¢, we approximate

HaLNl(Zl) [l ~ 1lleo ©)

o \a®Var(x)) + 2Var(Fi(x;)) + 2acCov(x;, Fi(z;))  ao(x)

azl

Substituting this approximation into equation 8, we obtain

Oxr1  [[Vllo 0Fi(@1) \ _ 7l c 0Fi(@1)
aa:l Ncw(acl) al+c aml _O'(ch) I+a a$l ) (10)

Hence, for positive scales and under the approximation above, increasing skip scaling has an
analogous effect to decreasing residual scaling through the ratio <. This explains why residual
scaling achieves the effect of mitigated rank collapse documented in Joseph et al. [10]. In practice,
we adopt the simple choice ¢ = i following Chen and Wei [3].

10
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Figure 4: Scaling behaviour of KiteNorm and GPT-2 pre-norm across depth, training budget, batch
size, and width. The 1B combined-scaling loss curves are shown in figure 2.

A.4. Scaling-Sweep Details

We analyse the scaling behaviour of KiteNorm against GPT-2 pre-norm across depth, training budget,
batch size, and width. Except for the axis being varied, we keep the base configuration fixed. For
depth and width sweeps, we adjust the training budget to maintain the Chinchilla-style ratio of 20
tokens per parameter. For each method and sweep point, we report the run with the lowest final
validation loss from (1073,2-1073,5-1073,1072,2- 1072).

Depth scaling. First, we analyse scaling across depth, where normalisation methods often exhibit
their most pronounced failures. To that end, we start with a depth of 3 layers and double it successively
until reaching 96 layers. Measuring the final validation loss of each point, we obtain the scaling law
displayed in figure 4a.

Comparing KiteNorm and GPT-2 pre-norm in terms of plotting the best final validation loss
against the number of non-embedding parameters, we observe that both continue to gain in perfor-
mance significantly as depth increases. However, KiteNorm maintains a lead over GPT-2 pre-norm
both in shallow and deep models. A narrowing gap in validation loss should not be interpreted as
diminishing practical relevance. At lower loss values, comparable absolute improvements can require
substantially larger increases in training compute.

Extending the scaling law analysis to data, batch size, and model width, we obtain the additional

scaling laws shown in figure 4.

Training budget scaling. Inspecting the impact of training budget on final model performance, we
vary the training budget as multiples of the Chinchilla rule of 20 tokens per parameter. Specifically,
we test the multipliers (%, %, 1, 2, 4, 6), obtaining the data scaling law in figure 4b. Here, too,
KiteNorm demonstrates superior performance across lower and higher budgets, with especially large
relative gains under low budgets.
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Figure 5: Ablation studies on KiteNorm in decoder-only Transformers.

Batch size scaling. Since larger batch sizes are commonly used to improve hardware utilisation in
decoder-only Transformer training, we investigate the performance impact of doubling our batch size
from the base value of 128 up to 1024. The resulting batch size scaling law is shown in figure 4c.
KiteNorm demonstrates greater robustness to large batch sizes.

Width scaling. Finally, for completeness, we investigate the scaling of final performance across
width by both doubling and halving the hidden representation size dpodel, displaying the resulting
width scaling law in figure 4d. The performance gap favouring KiteNorm is robust to these changes
in width.

Combined scaling. To test whether these trends persist when depth, width, batch size, and training
budget are scaled together, we train a 1B-parameter decoder-only Transformer based on the Pythia
1B configuration [2]. Specifically, we use 16 layers, dmodget = 2048, and batch size 1024, with
sequence length, number of Attention heads, and number of GLU parameters matched to the Pythia
1B specification. For these runs, we use a warm-up-then-constant learning rate schedule [27] with
572 warm-up steps and 7325 total steps for 15B tokens.

The resulting training loss curves are shown in figure 2. KiteNorm achieves lower training loss at
learning rate 2 - 10~3 and remains stable at learning rate 5 - 10~3, where GPT-2 pre-norm becomes
unstable.

Finally, we note that the comparison is not an artefact of omitting variance regularisation from
GPT-2 pre-norm, as Appendix E.6 shows that the ReL.U regulariser does not improve GPT-2 pre-
norm.

A.5. Ablation Details

Each component of KiteNorm contributes to the above results. Figure 5 gives the per-component
ablation plots referenced in Section 4.3.

Appendix B. Related Works

Normalisation placement has played a central role in the development of Transformer architectures.
The original Transformer used post-norm sublayers, but many large-scale implementations have
since adopted pre-norm following Wang et al. [26]. In pre-norm Transformers, LayerNorm is placed
before the residual branch transformation:

Sublayer, X) =X+ F(LN(X)). (11)

pre-norm (

12
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Unlike post-norm, pre-norm leaves the skip connection uninterrupted during backpropagation,
allowing gradients to flow directly across depth [26]. Subsequent work linked this structure to
improved gradient conditioning in expectation [28].

Pre-norm scaling methods. The stability of pre-norm has motivated several methods for control-
ling signal growth along the skip branch. GPT-2 applies residual output scaling by initialising the
output weights of each sublayer with an additional factor of 1/ v/2L [18], which compensates for the
accumulation of residual updates in deeper models. Later work formalised the importance of such
scaling mechanisms, showing that unconstrained signal growth in pre-norm Transformers can reduce
the effectiveness of deep layers [23]. Instead of scaling output weights, LayerNorm-Scaling rescales
the input to each sublayer after pre-normalisation by a depth-dependent factor.

Additional normalisation. Related approaches such as peri-norm [5, 11] add a second LayerNorm
after the residual branch transformation, yielding peri-norm sublayers of the form

Sublayer X) =X +LN(F(LN(X))). (12)

peri-norm (

This constrains the magnitude of each residual update before it is added to the skip branch.

Despite these improvements, pre-norm retains architectural limitations. Because each sublayer
adds directly to the skip branch, signal accumulation cannot be fully avoided, even when it is
mitigated by scaling or additional normalisation. Recent work has also shown that large activations
can propagate through pre-norm models at scale [22]. These issues have motivated renewed interest
in post-norm architectures, where LayerNorm is applied after the residual addition and therefore
normalises both the skip and residual branches.

Post-norm stabilisation. Several recent methods attempt to recover the stability of post-norm
while preserving its performance advantages. Mix-norm constructs models from an initial block of
post-norm layers followed by pre-norm layers [12]. This reduces the number of post-norm layers
over which gradients can vanish, while also reducing the number of pre-norm layers over which
signal can accumulate. However, the resulting architecture remains a compromise between the two
regimes. DeepNet instead retains a post-norm structure and introduces residual and skip branch
scaling to improve optimisation conditions at initialisation [25]. Although effective for very deep
encoder-decoder Transformers, we find that such initialisation-based stabilisation is less robust in
decoder-only settings trained with large learning rates.

Most recently, Chen and Wei [3] proposed KEEL, a post-norm method that improves decoder-
only Transformer training through residual scaling and double normalisation:

Sublayer o pie-norm (X ) = LN(X + F(LN(X))). (13)

Although the additional normalisation may appear redundant, it allows the model to separately learn
input scales for the skip and residual branches within each sublayer. Overall, while KEEL improves
the stability of post-norm training, we find that it still underperforms strong pre-norm baselines in
the decoder-only setting, leaving room for more robust post-norm normalisation methods.

Appendix C. Proof of Eq. 2

We begin with the elementary components of the LayerNorm Jacobian. For brevity, we write 1, 0;
to mean x(z;), o(z;). We ignore the small stability constant e added in implementation.
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First, consider the Jacobian of the mean subtraction:
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We also require the Jacobian of the standard deviation:
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Let again z; = %. We can now calculate the Jacobian of normalisation:
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Finally, consider the Jacobian of LayerNorm itself:

aLNl(Zl) . 8LN[(Z[) % 82,

1 1 1
= Di =t — ~Dj I— 11" —=z3" 17
e S 22— Ding() o = lagw)( ! dzlzl) an

Since we are interested in how this Jacobian may contract the gradient, we analyse its spectral
norm:

(18)

8LN1 (zl)
8zl
T

It is trivial that | Diag(7)||2 = [|V|/cc- Regarding I — 2117 — 1% 27, we prove in the following
that this is an orthogonal projection matrix.

Since 2; is normalised, we have 172, = 0 and || || = d. Likewise,
that this implies é]l]lT is an orthogonal projector:

1+ 1. .1
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2 2

1|3 = d. First we show
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As symmetry is trivial, é]l]lT is an orthogonal projector. It is also trivial that the same argument
holds for éél il—r . Thus they are both orthogonal projectors.
We additionally show that they are also orthogonal to each other, using 1" 2; = 0:

1.\ /1. -+ 1. 1 v (1. N\ (1. -+
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Finally, we use this to show that I — é]l]lT — éililT itself is idempotent:
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Hence, considering that any sum of symmetric matrices is itself also symmetric, I — é]l]lT —
éélélT is an orthogonal projection matrix. Its eigenvalues are therefore contained in {0, 1}, so its
spectral norm is at most 1.

Consequently, we obtain an upper bound on the spectral norm of the LayerNorm Jacobian:

8LN1 (zl)
8zl

[l
) = =) (22)
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HYPERPARAMETER

SHARED VALUE

training corpus
training objective
sequence length
vocabulary size
dmodel

deLu

number of heads
sublayers per Transformer layer
Attention

ROPE base

GLU nonlinearity
linear projections
tied token embeddings
dropout

batch size
optimiser
scheduler
warm-up fraction
warm-up start Ir
decay end Ir
weight decay

dtype
TF32
f1
P2

LayerNorm e
gradient clipping threshold
random seed
sampler seed

SlimPajama-627B

next-token cross entropy

2048

50280

512

1536

8

Attention followed by GLU
causal self-Attention with RoPE
500000

SiLU gate

no bias

False

none

128 sequences per optimiser step
AdamW

linear warm-up followed by cosine decay
6%

1-1071°

0.0

0.1 on matrix parameters and 0.0 on bias and normalisa-
tion parameters

bfloat16

enabled

0.95

0.95

1-10°¢

1.0

7 unless reseeding is specified

7 unless reseeding is specified

Table 1: List of shared hyperparameters.

Appendix D. Specification
D.1. Training Setup Details

All models except the 1B models shown in figure 2 were trained on up to 8§ NVIDIA A100-SXM4-
80GB GPUs. The 1B models were trained on 4 NVIDIA B200 GPUs. Altogether, approximately
1000 NVIDIA A100-SXM4-80GB GPU hours and 50 NVIDIA B200 GPU hours were used for our
experiments.
In table 1 we state the baseline hyperparameters shared between all configurations unless
otherwise stated. The learning rate is not a shared hyperparameter, because it is the parameter tuned
in the learning-rate explorations.
The batch size in table 1 denotes the effective batch size after distributed training and gradient
accumulation. Thus, for the 48-layer comparison against leading baselines we use four GPUs, micro-
batch size 16 per GPU, and two gradient accumulation steps. For the 12-layer base configuration
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we use one GPU, micro-batch size 32, and four gradient accumulation steps. The default 12-layer
and 48-layer configurations use step budgets 6866 and 12207 respectively, corresponding to the
Chinchilla-style token budgets used throughout the paper. The 1B configurations override the shared
architectural and batch-size values with L = 16, dmode; = 2048, batch size 1024, step budget 7325,
and a fixed 572 warm-up steps. They use the same sequence length, vocabulary size, number of
heads, GLU nonlinearity, optimiser, dtype, weight decay, and LayerNorm € as the smaller models.
The GLU width is chosen to match the parameter count of the MLP in the Pythia 1B specification.
The 1B models use the warm-up-stable-decay schedule described in Appendix A.4.

D.2. Implementation Details

We distinguish the Transformer layer index k& € {1, ..., L} from the sublayer index [ € {1,...,2L}.
Each Transformer layer contains one Attention sublayer and one GLU sublayer. We write the residual
branch function of sublayer [ as F;, and define

Mixa (U, V) =aU + V. (23)

Fixed branch scalings are applied in the forward pass through Mix, ., whereas initialisation scalings
are applied once to the output projection matrices immediately after weight initialisation. Unless
otherwise stated, all linear and embedding weights are initialised from A0, 0.022), all LayerNorm
scale parameters are initialised to 1, and all LayerNorm shift parameters are initialised to 0.

LayerNorm statistics are computed over the hidden dimension without Bessel correction. Stan-
dard LayerNorm uses vector-valued parameters v, 3 € Rl when the shift is enabled. Scalarised
LayerNorm uses scalar parameters 7/, 3’ € R as in equation 4. Matching equation 3, the implemented
ReLU variance regulariser used by KiteNorm is

2L
1
Rrety = 57 > By [ReLU (o(2150)* = 1)] (24)
=1

where z; is the hidden state immediately after the residual addition and immediately before any outer
normalisation in sublayer [, and o(-)? is the variance over the hidden dimension. The training loss for
KiteNorm is Lcg + ARgeLu With A = 1. No other baseline in the main comparison against leading
baselines uses variance regularisation.

Table 2 states the exact implementation of the scaling and normalisation schemes used in the
comparison of competitive approaches.

The learning-rate exploration in figure 1 varies only the maximum learning rate of the scheduler.
All other hyperparameters are held fixed according to tables 1 and 2. The reseeded runs use the best
learning rate from the displayed grid for each method.
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METHOD

SUBLAYER IMPLEMENTATION

SCALING DETAILS

GPT-2 pre-norm

LayerNorm-Scaling

Post-norm

KEEL

Peri-norm

Mix-norm

KiteNorm

Xi+1 = X; + F(LN(X;)), with a final
output LayerNorm. Standard LayerNorm
includes the shift parameter.

Pre-norm with LN replaced in both
sublayers of Transformer layer k by
LNSi(X) = k~Y2LN(X). The final
output normalisation is standard Layer-
Norm, not LayerNorm-Scaling.

Xi+1 = LN(X; + F(X;)), without a
final output LayerNorm. Standard Layer-
Norm includes the shift parameter.

Double-norm: Xi+1 =
LN(Mixg, 1(X7, F1(LN(X7)))).  The
outer LayerNorm after the first Attention
sublayer is omitted. Standard LayerNorm
is used without the shift parameter.

X=X+ LN(]:l(LN(Xl))) There
is no final output LayerNorm. Standard
LayerNorm includes the shift parameter.

The first |0.25L | Transformer layers are
post-norm layers and the remaining L —
|0.25L | Transformer layers are pre-norm
layers. A final output LayerNorm is used
because the model ends with a pre-norm
suffix. Standard LayerNorm includes the
shift parameter.

Scalarised double-norm: X1,
LNscalarised (Xl + ﬁ-/_'.l(LNscalarised(Xl)))-
There is no final output LayerNorm.

Runtime skip and residual scales are

both 1. The Attention output projec-

tion and GLU output projection in ev-

ery Transformer layer are multiplied
e els qs . 1

at initialisation by NI

Runtime skip and residual scales are
both 1. No residual output projec-
tion scaling is applied at initialisa-
tion. Standard LayerNorm includes
the shift parameter.

Runtime skip and residual scales are
both 1. No residual output projection
scaling is applied at initialisation.

For the two sublayers belonging to
Transformer layer £k = 1, a; = 1.
For all sublayers belonging to Trans-
former layers k > 2, a; = 2L. The
residual branch scale is always 1. No
residual output projection scaling is
applied at initialisation. The main
comparison uses GLUs. The equal-
parameter MLP variant is only used
in Appendix E.2.

Runtime skip and residual scales are
both 1. No residual output projection
scaling is applied at initialisation.

Runtime skip and residual scales are
both 1. Let L, = L — |0.25L].
Only the Attention output projection
and GLU output projection in the pre-
norm suffix are multiplied at initialisa-
tion by —~—, following the partial

\ 2Lpre ’

GPT-2 initialisation selected in Ap-
pendix E.3.

The skip branch scale is 1 and the
residual branch scale is i in every
sublayer. No residual output projec-
tion scaling is applied at initialisa-
tion. The ReL.U variance regulariser
in equation 24 is used with A = 1.

Table 2: Exact implementation of the normalisation and scaling schemes in the comparison of
competitive approaches.
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KITENORM

Experiments

Unless otherwise specified, all models use the setup and hyperparameters given in Appendix D.

E.1. Residual Scaling Variants of Pre-Norm

In order to identify the strongest pre-norm baseline to compare against, we conduct learning rate
exploration with unscaled pre-norm and a reparameterisation of GPT-2 pre-norm that applies the
scaling in the sublayer, rather than at initialisation. Comparing the result against GPT-2 pre-norm,
we obtain figures 6a and 6b respectively. For unscaled pre-norm, we note reduced robustness to high
learning rates and decreased performance. For pre-norm with fixed scaling, we observe deteriorated
performance at depth. These findings motivate us to compare against GPT-2 pre-norm.

349 24.0
— GPT-2 pre-norm — GPT-2 pre-norm
&32— Unscaled pre-norm &224 5 Fixed-scale pre-norm
2 504 °
G = 21.04
- -
2 5 £ 19.5
=~ =~
24 T T — 18.0 T T ——

T
0.005
Learning Rate

T
0.002

(a) Comparison against unscaled pre-norm in

a 12-layer Transformer.

T ™7
0.005 0.010

Learning Rate

™7 T
0.010 0.002

(b) Comparison against fixed scale pre-norm
in a 48-layer Transformer.

Figure 6: Learning-rate explorations for pre-norm variants.

E.2. GLU Variant of KEEL

We compare the performance of a
the same number of parameters.
variant performs better.

KEEL model with our GLU to one with an MLP, where both have
The result is presented in figure 7, where we find that the GLU

34+
. --KEEL, GLU
QE"?’Z— KEEL, MLP
% 30
z 284 .\._/ ®
g
= 26+

24 ; — 1

0.002 0.005 0.010

Figure 7: Comparison between
Transformer.

Learning Rate

KEEL models with GLU and models with MLP in a 12-layer
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E.3. Residual Scaling for Mix-Norm

Given that GPT-2 style residual scaling can improve pre-norm methods, we evaluate whether this also
applies to the pre-norm section of mix-norm models. Here, we compare vanilla mix-norm against a
variant where GPT-2 style residual scaling is applied in the pre-norm sublayers, displaying the result
in figure 8. Since we observe a clear performance improvement when using GPT-2 style residual
scaling, we apply it in all other mix-norm runs.

o W W (98]
o) (=} NS} &
1 1 1 1

-®- GPT-2 style mix-norm
vanilla mix-norm

Final Valid Ppl
[N}
[o)}
1

)
=

T T T
0.0010 0.0020
Learning Rate

T
0.0005

Figure 8: Comparison between vanilla mix-norm and mix-norm with GPT-2 style residual scaling in
a 12-layer Transformer.

E.4. Rank Collapse with Peri-Norm

Since we find the learning rate exploration yields an oddly non-hyperbolic curve for peri-norm, we
analyse its dynamics and find that peri-norm is prone to rank collapse. We show this empirically
by analysing the token alignment in a peri-norm model trained with a learning rate of 10~2, seen in
figure 9. Indeed, while the first layer is often an exception in Transformer models, the subsequent
layers show a clear tendency to rank collapse, explaining the poor performance of peri-norm in our
experiments.

1.0+
=
QE) 0.8+
&
= 0.6
<
=]
0.4
o Layer 1
&= Layer 2
Layer 3
0.2 Layer 4
T T T T
100 200 300 400

Step

Figure 9: Rank collapse in hidden states after the residual addition in Attention sublayers when
training a 12-layer Transformer with peri-norm.

20



KITENORM

E.5. LayerNorm-Scaling at Very High Depth

While our comparison of 48-layer Transformers in section 4.1 suggests that LayerNorm-Scaling
outperforms GPT-2 pre-norm, we suspect that this gap does not hold across depth. We therefore
compare LayerNorm-Scaling against GPT-2 pre-norm in an equivalent Transformer with double the
number of layers and show the result of training in figure 10. We observe that the performance gap
favouring LayerNorm-Scaling vanishes at this level of depth.

20.09

— -®- GPT-2 pre-norm

o -

g 19.2 LNS

% 18.4-

~ 17.6-

g

168 a7
16.0

— T ———
0.001 0.002 0.005 0.010
Learning Rate

Figure 10: Comparison between GPT-2 pre-norm and LayerNorm-Scaling in a 96-layer Transformer.

E.6. GPT-2 Pre-Norm With the ReLU Regulariser

We explore whether our ReLLU regulariser has the potential to improve the GPT-2 pre-norm baseline
to ensure a fair comparison. In a 12-layer Transformer, we train GPT-2 pre-norm with the ReLU
regulariser enabled, yielding the loss curves displayed in figure 11. The result shows clearly elevated
instability when enabling variance regularisation while training GPT-2 pre-norm.

no reg, Ir=1e-2

10 — with reg, Ir=5¢e-3
with reg, Ir=1e-2
with reg, Ir=2e-2

0
1

\

4_ Sy

Train Loss
N
1
/

T T T
100 1000
Step

Figure 11: Comparison between training of GPT-2 pre-norm with and without the ReLU regulariser
enabled in a 12-layer Transformer.
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