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ABSTRACT

Influence functions and related data attribution scores take the form of inverse-
sensitive bilinear functionals gTF -1 g’, where F' = 0 is a curvature operator and
g, ¢ are training and test gradients. In modern overparameterized models, forming
orinverting F' € R?*4 is prohibitive, motivating scalable influence computation via
random projection with a sketch P € R™*9, This practice is commonly justified
via the Johnson—Lindenstrauss (JL) lemma, which ensures approximate preser-
vation of Euclidean geometry for a fixed dataset. However, preserving pairwise
distances does not address how sketching behaves under inversion. Furthermore,
there is no existing theory that explains how sketching interacts with other widely-
used heuristics, such as ridge regularization (replacing F'~! with (F' + A\I)~!) and
structured curvature approximations.

We develop a unified theory characterizing when projection provably preserves
influence functions, with a focus on the required sketch size m. When ¢, ¢’ €
range(F'), we show that: (i) Unregularized projection: exact preservation holds if
and only if P is injective on range(F'), which necessitates m > rank(F'); (ii) Reg-
ularized projection: ridge regularization fundamentally alters the sketching barrier,
with approximation guarantees governed by the effective dimension of F' at the
regularization scale A. This dependence is both sufficient and worst-case necessary,
and can be substantially smaller than rank(F’); and (iii) Factorized influence: for
Kronecker-factored curvatures F' = A ® F, the guarantees continue to hold for de-
coupled sketches P = P4 ® Pg, even though such sketches exhibit structured row
correlations that violate canonical i.i.d. assumptions; the analysis further reveals an
explicit computational—statistical trade-off inherent to factorized sketches. Beyond
this range-restricted setting, we analyze out-of-range test gradients and quantify
a sketch-induced leakage term that arises when test gradients have components in
ker(F’). This yields guarantees for influence queries on general, unseen test points.
Overall, this work develops a novel and rigorous theory that characterizes when
projection provably preserves influence and provides principled, instance-adaptive
guidance for choosing the sketch size m in practice.

1 INTRODUCTION

Data attribution aims to explain a trained model’s behavior by tracing its predictions back to the
training examples (Hammoudeh & Lowd, [2024; |Deng et al., [2025)). A classical tool is the influence
Sunction (Hampel,, [1974; |Koh & Liang), 2017), which measures how reweighting a training example
changes the loss at a test point. In modern neural networks, computing influence involves extremely
high-dimensional per-example gradients and ill-conditioned (often singular) curvature operators F'.
Consequently, scalable influence methods rely on random projection, which compresses gradients
and curvature to a much smaller dimension before carrying out influence computations (Wojnowicz
et al.,[2016} |Park et al., 2023} Choe et al., [2024; [Hu et al.} 2025). In these works, projection is often
heuristically justified via the Johnson-Lindenstrauss (JL) lemma (Lindenstrauss & Johnson) [1984)),
since common sketches (Gaussian, Rademacher, and sparse JL) approximately preserve Euclidean
geometry (Ailon & Chazellel 2009; Kane & Nelson, 2014; Nelson & Nguyen, 2013} (Cohen, [2016)).
However, influence depends on an inverse-sensitive bilinear form induced by F~!, so JL-style
arguments do not, on their own, guarantee that projection preserves influence. Furthermore, while
recent empirical evidence suggests that the quality of projected influence is sensitive to the sketch
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size and other hyperparameters, such as the regularization strength (Wang et al.| 2025)), a formal
theoretical understanding of how projection affects influence functions is still lacking.

In this work, we develop a unified theoretical analysis of projection across three widely used influence-
function variants in large-scale neural networks: (1) Unregularized projection (Wojnowicz et al.,
2016; Park et al., 2023)), which applies sketching directly to influence computations without explicit
regularization; (2) Regularized projection (Zheng et al.||2024; Mlodozeniec et al., [2025)), which
combines sketching with ridge regularization to stabilize inverse curvature computations (Koh &
Liang, 2017); and (3) Kronecker-factored influence (Choe et al., 2024; [Hu et al., 2025)), which
applies factorized projection on top of structured curvature approximations such as K-FAC (Martens
& Grossel, 2015 |George et al., 2018)).

Setup and Notation. Let g and ¢’ denote training and test gradients with respect to the trained model
parameters 6 € R<, and let F' = 0 be a curvature matrix evaluated at 6, with r :== rank(F’). Typical
choices of F' include the generalized Gauss—Newton matrix (Bae et al., 2022} Mlodozeniec et al.,
2025) and the empirical Fisher % Z?:l Gi giT (Grosse et al.,[2023; | Kwon et al., [2024)), both standard
approximations to the Hessian. We study the inverse-sensitive bilinear form with a ridge parameter
A > 0, denoted as 75(g, ¢') == g' (F + M 4)~'g’, where ! denotes either the matrix inverse or
the Moore—Penrose pseudoinverse when F is singular. Unless otherwise stated, we let P € R™*4
denote a sketch whose rows are i.i.d. 1/y/m-scaled isotropic sub-Gaussian vectors (Vershynin 2018,
Chapter Z)F_] Such matrices are commonly referred to as oblivious sketching matrices and include
Gaussian, Rademacher, and sparse JL transforms widely used in practice. The resulting projected

(possibly regularized) influence is defined 75 (g, ¢') == (Pg) " (PFPT + \I,,)"*(Pg’).

Our Contributions. We present a sequence of results characterizing when projection provably
preserves influence functions across a range of settings. Under the assumption g, ¢’ € range(F),
we precisely delineate when projection can and cannot succeed without regularization, show how
ridge regularization alters the required sketch size, and extend the analysis to Kronecker-factored
curvature approximations. We then relax the assumption on ¢’ and quantify an additional sketch-
induced leakage term arising from components of the test gradient in ker(F), yielding guarantees for
influence queries at general, unseen test points.

First, we ask whether sketching can preserve the unregularized influence 79(g, g’). We show a
dichotomy: unless the sketch is injective on range(F'), uniform multiplicative approximation is
impossible, in the sense that no bound of the form |79(g, ¢') — To(g, ¢’)| < e70(g, ¢’) can hold for all
g, ¢  and any £ > 0. Conversely, injectivity on range(F') guarantees exact preservation.

Main Result 1 (Unregularized projection, Theorem 2.1): Let F' = 0 with r := rank(F). For
A =0, forall g,¢" € range(F), To(g,9’) = 10(g,g’) if and only if P is injective on range(F). If
P is not injective on range(F') (in particular if m < r), then for any constant factor, no uniform
multiplicative approximation guarantee is possible over g, ¢’ € range(F) \ {0}.

Theorem shows that, without regularization, influence preservation requires m to scale on the
order of r. In contrast, when ridge regularization is employed, we show that the required sketch size
is no longer governed by r but instead by the effective dimension dy(F) = tr(F(F + X)7!), a
classical notion in Bayesian model selection (Gull, |1989;|MacKayl [1991)). This quantity is always
bounded above by r and can be substantially smaller when the spectrum of F' decays quickly.

Main Result 2 (Regularized projection: Theorems2.2)and 2.4): Fix A > 0 and define d)(F) =
tr(F(F + M)™Y). If m = Q((dx(F) + log(1/5))/e?), then with probability at least 1 — 4, for
all g, ¢’ € range(F),

‘3:)\(97‘9/) - T/\(g7g/)| < E\/To(g7g)\/7'0(g/,g/)

Conversely, for Gaussian oblivious sketches, there exist F' = 0 such that if m = o(dy(F)/e?),
there exists some g, g’ € range(F') admits an O(e) error with constant probability.

' A mean-zero random variable X is sub-Gaussian with parameter o2 if E[exp(tX)] < exp(o?t?/2) for all
t € R; arandom vector is sub-Gaussian if all one-dimensional marginals are sub-Gaussian.
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In large neural networks, influence computation hinges on curvature inversion, yet forming or inverting
the full empirical Hessian or Fisher is infeasible. Consequently, practical pipelines adopt structured
curvature approximations, most notably Kronecker-factored approximate curvature (K-FAC). This
motivates us to develop a projection theory tailored to this setting.

As reviewed in Section K-FAC models the curvature as F' = A ® E (in a layerwise manner),
where A and E capture the empirical covariances of forward activations and backpropagated gra-
dients, respectively. To exploit this structure, one natural idea is to enforce the sketch to share the
same factorization P = P4 ® Pp, where P4 and Pg are oblivious sketching matrices (Choe et al.}
2024). While this yields substantial computational savings, the Kronecker structure breaks the i.i.d.
row assumption on P, rendering a direct adaptation of Theorems [2.1|and [2.2]inapplicable. We over-
come this technical challenge through a fine-grained analysis and establish rigorous approximation
guarantees.

Main Result 3 (Factorized influence, Theorems 2.5/ and 2.6): Assume FF = A® E = 0 and a
Kronecker sketch P = P4 ® Pg with factor sketch sizes m 4 and mg.

(i) Unregularized barrier. For A\ = 0, exact invariance on range(F') holds if and only if Py
is injective on range(A) and Pg is injective on range(E), which in particular necessitates
ma > rank(A) and mg > rank(E).

(i) Regularized approximation. Let P4 and Pg each to be oblivious sketch. For A > 0, letting
Ag = M| E|lz and Ag = N/[|All2, if ma = Q((dxr,(A4) + log(1/6))/e?) and mp =
Q((dx, (E) +log(1/5))/<?), then with probability at least 1 — &, for all g, g’ € range(F),

7(9:9") — ™a(9,9)] < ev/70(9,9)V70(d', 9).

Finally, we note that all of the above guarantees are stated for gradients lying in range(F’), which,
when F' is the empirical Fisher, includes all training gradients used for attribution. In practice,
however, a test gradient g’ may have a component in ker(F'). We show that, in both the unregularized
and regularized settings, these components do not affect the true (unsketched) influence, while
sketching introduces an additional leakage term. We quantify this “out-of-range leakage” and show it
decays at the usual O(mfl/ 2) rate with explicit dependence on \ and the spectrum of F.

Main Result 4 (Projection leakage, Theorems and : For a general ¢/ € R?, write
g = g’// + ¢/, with g;/ € range(F') and ¢/, € ker(F’). We show that in this case, for either A = 0
or\ >0,
T2(9:9') = 729, 9")| < [Talg, ) — ™9, 9))| + [Talg, 91,
with an additional leakage error |75 (g, ¢ )| beyond Theorem[2.2] We then prove in TheoremF
i

that for a collection of k test gradients {g; }g‘?:l, with sketch size m = Q((r + log(k/§))/<?)

(i) Unregularized: [7(g, 9", )| < ellgll2llg’. 12/ fin (F)-
(ii) Regularized: [7x(g, 9/ )| < ellgll2llg’ [l2(1/A + 2] Fll2/A?).

Moreover, in Theorem [3.2] we show that a similar leakage guarantees extend to the factorized
influence setting.

“Or alternatively linear in k¥’ = dim (span({g} | }j—1)). which in practice is usually worse than log(k).

Taken together, we develop a unified theory for when projection can provably approximate influence-
style data attribution scores of the form g " (F' + \I)~!g’. Specifically, without regularization, pro-
jection preserves influence for all g, ¢’ € range(F') only when the sketch is injective on range(F'),
which essentially forces m > rank(F’); otherwise, uniform multiplicative approximation is impos-
sible. With regularization, the required sketch size is instead governed by the effective dimension
dx(F). We further extend these guarantees to Kronecker-factored (K-FAC-style) curvature and
sketches. Finally, we quantify an additional sketch-induced leakage term that can appear when test
gradients have components in ker(F'). Overall, our results provide principled, instance-adaptive
guidance for choosing m and clarify how projection interacts with regularization and structured
curvature approximations.
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1.1 RELATED WORKS

Influence functions were originally introduced as a classical tool in robust statistics (Hampel, |1974)
and later adapted to machine learning by [Koh & Liang|(2017). Owing to their flexibility and generality,
influence-based methods have since been widely applied to tasks such as data cleaning (Teso et al.,
2021), model debugging (Guo et al.| 2021), and subset selection (Hu et al., 2024), and have been
extended to large-scale models, including large language models (Grosse et al.,|2023)) and diffusion
models (Mlodozeniec et al.|[2025)). However, applying influence functions to modern neural networks
poses significant computational challenges due to the need to invert a high-dimensional, often
rank-deficient, curvature matrix F' (Koh & Liang| 2017; Schioppa et al., 2022).

Several recent works propose scalable approximations based on random projection and related
sketching techniques, where they typically project per-sample gradients into a lower-dimensional
space before computing influence scores (Wojnowicz et al.l|2016} [Schioppa et al., 2022} |Park et al.,
2023)), sometimes in combination with explicit regularization (Choe et al.| [2024; Hu et al.| [2025).
Despite their empirical success, the theoretical guarantees underlying these methods remain limited,
and their correctness is often justified heuristically.

Specifically, existing theoretical justifications for projection-based influence methods typically appeal
to the Johnson-Lindenstrauss (JL) lemma (Lindenstrauss & Johnson, |1984) in the data attribution
literature (Wojnowicz et al., [2016; [Park et al., 2023; |Deng et al., 2025). Given a finite set of
vectors of size n in R?, the JL lemma guarantees that m = O(log(n)/e*) suffices to approximately
preserve the pairwise distances between the n points up to a (1 + ¢) factor. While powerful, this
guarantee is fundamentally misaligned with the structure of influence functions. Influence scores
are not determined by Euclidean distances between gradients, but by inverse-sensitive bilinear forms
10(9,9") = g" F~'g’ involving the inverse (or pseudoinverse) of a second-order matrix F, and
sketching changes the operator to be inverted. Thus, preserving || Pg||2 (even uniformly over a finite
set) does not directly control either the stability of matrix inversion after projection, nor the resulting
bilinear form.

Consistent with this mismatch, empirical studies on hyperparameter sensitivity show that the quality
of projected influence does not improve monotonically with the sketch size in certain scenarios (Park
et al.| 2023). More detailed ablation analyses further attribute this behavior to a coupled interaction
between sketch size and regularization strength (Wang et al.,[2025). Taken together, these observations
underscore the need for a formal theoretical understanding of how projection interacts with the
curvature operator, in order to guide the principled use of influence function methods in practice.

2 PROJECTION-BASED INFLUENCE APPROXIMATION

2.1 UNREGULARIZED PROJECTION

In this section, we show that in the absence of regularization, projection alone encounters a funda-
mental barrier in the sketch size m. In particular, there is a sharp phase transition: when m < r, no
multiplicative approximation guarantee is possible; whereas when m > r, a continuous sketch yields
exact invariance with probability one.

Theorem 2.1 (Barrier of unregularized projection). The equality 70(g,9') = To(g, ¢’) holds for any
g, 9" € range(F) iff P is injective on range(F), i.e. rank(PU) = rank(F) = r where F = UAU "
is the compact eigendecomposition of F with U € R4*" orthonormal and A € R"*" positive definite.
Subsequently, for any PSD F € R and any matrix P € R™*9, one cannot hope to obtain any
multiplicative approximation of 70(g, g') via To(g, g') when rank(PU) < r.

The proof can be found in Section[A] Theorem [2.1]shows that exact preservation of unregularized
influence requires the sketch to be injective on range(F'), forcing m > r. In overparameterized
regimes where the high-dimensional per-sample gradients are likely to be in general position, one
typically has r & n, and thus m must scale with the dataset size. In contrast, we will show that
introducing ridge regularization (A > 0) fundamentally changes this requirement, with the sketch
size governed instead by the effective dimension d) (F'), which can be substantially smaller than 7.
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2.2 REGULARIZED PROJECTION

Unlike the unregularized case, in this section, we show that for the projected influence function,
the extra damping term Al; helps control the effective dimension by shrinking small eigenvalues
of the curvature operator F, effectively reducing the Gaussian complexity governing the uniform
concentration bound. In particular, we show that the sketch size requires only to scale with the
effective dimension of F with A\ > 0:
" \(F
dA(F) :tr(F(F‘FAId) 1) = Z)\](}g)_’_))\ ST

j=1
In practice, as we shall observe in Sectiond] the spectrum of F' decays rapidly, and thus d) < r < d
for moderate \. Hence, having the sketch size m to only scale with the effective dimension d), at
scale A rather than the ambient dimension d or the rank r of ' makes the regularized projection
approach feasible at scale. We now state the theorem and sketch the proof below.

Theorem 2.2 (Upper bound of regularized projection). Let P € R™*% be a oblivious sketching
matrix with rows P,” = ﬁW;, where {W;}".; ~ W are i.i.d. sub-Gaussian random vectors in

R satisfying E[W] = 0 and EWW T = Id. Foranye,d € (0,1), if the sketch size satisfies
. (dm ¥ log<1/6>> |

22
then with probability at least 1 — 0, the following bounds hold for all g, g' € range(F):

(9.9') — (9,9 < ev/70(9.9)V/T0(d', 9')-

Proof. Letg, g’ € range(F) and write g = F'/?y and ¢’ = F''/?3/. Using the push-through identity
A(ATA+ M)t = (AAT + A\I)"' A with A = PF'/2, and defining G := F'/2PT PF'/2 yields
7a(9.9) = (Pg) (PFPT + MI)"'(Pyg)
=y FY2PT(PFPT + AI)'PFY2y = yTG(G 4+ M) Yy,
On the other hand, define B := F'/2(F + X)~'/2. Since F and F + \I are simultaneously
diagonalizable (they share the eigenbasis of F'), all matrix functions of these operators commute; in
particular, F1/2, (F 4+ XI)~/2, and (F + AI)~! commute and BB = FY2(F 4+ X\I)"'F/? =
F(F + X\ )~!. Hence, we have
™(9:9) =g (F+ )¢ =y BBy =y F(F+ )"y,
which gives [Tz (g, ') — 7a(9,9")| = [y TG(G + XI)~Yy' —y T F(F + A\I)~'y/|. Thus, it suffices to
control the spectrum of FI(F + AI)~t — G(G + X )7L
Let B := F'/2(F+XI)~/2,sothat BT B = (F+AI)"Y2F(F4+X)~Y2and | B||3 = || BT B2 <
1. Applying Theorem [B.2]with M = B and m = Q(e~2(dx(F) + log(1/4))) yields | BT (PT P —
I)B||s < /2. Conjugating by (F' 4+ AI)'/? and using G = F'/2PT PF'/2  this implies a PSD
sandwich
(1-5)(F+AX) =2 (G+A) =2 (1+5)(F+ ).

Inverting the sandwich gives [|(G + A1)~ — (F + AI) 7!z < £ - 112/2 < g/A. Finally, using the

identity A(A+ AI)~' =1 — A(A+ XI)~! for any PSD A, we get

|er+an= —c@+an| =@ an= - a7 <=
which is the desired operator control (formal details are in Theorem . Therefore,

T (9,9") — ™ (9,9")| = <ellyll2ly'll2-

yT [G(G FAD) PP+ /\I)‘l} Y

As ||y|13 = 10(g, 9) and ||y ||3 = 70(¢’, g'), we conclude the proof. O

2Since we only assume bounded sub-Gaussian norm on the random vectors W;, the result applies to a wide
range of random projection matrices, including Gaussian, Rademacher, and sparse JL transform.
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Remark 2.3. The core technical challenge in the proof of Theorem is to bound | F(F + \I)~! —
G(G+ M)~ t||o. A natural alternative (see Section is to invoke an oblivious subspace embedding
(OSE) (Woodruff, 2014). For a fixed matrix A € R¥T, P € R™*4 js an £-OSE for range(A) if

—cATA<AT(PTP-1)A<cAT A

Instantiating A = F'/? yields a sandwich (1 — ¢)F < G = (1 + €)F, which implies ||F(F +
M)t — G(G + M)~ Y2 = O(e) by operator monotonicity of t — t/(t + \). However, OSE
enforces uniform multiplicative accuracy over range(F'/2), so even directions with \;(F) < X
must be preserved up to a (1 & €) factor, leading to m = Q(r/e?) (Woodruff, 2014 Theorems 2.3
and 6.10).

Our proof instead exploits the weaker, \-dependent requirement: it suffices for P to be an approximate
isometry on the whitened subspace B = F*/?(F + XI)~%/2,i.e, |B"(P"P—1I)B|s < O(e). This
yields the ridge-regularized sandwich (1 — &)(F + \I) <X G+ A\ <X (1 4 &)(F + AI). Importantly,
this condition controls F + \I rather than F itself: in directions where \;(F') < X, both F' + \I
and G + A are dominated by ), so even large relative errors in F' have negligible impact on the
inverse. Consequently, such low-eigenvalue directions need not be preserved multiplicatively, and the
required sketch size is governed by the effective dimension at scale ), yielding the sharper bound

m = Q(dy(F)/e?).

We now complement Theorem|[2.2] with a worst-case matching lower bound, showing that the effective
dimension dj (F’) characterizes the tight dependence of m for oblivious sketching in regularized
influence. Concretely, we show that for Gaussian oblivious sketches, if the sketch size is smaller than
©(dx(F)/e?), then there exist problem instances on which the sketched influence incurs Q(¢) error
with constant probability.

Theorem 2.4 (Lower bound for regularized projection). Let P € R™*? be a Gaussian oblivious
sketch with rows i.i.d. N'(0, I). There exists a family of F € R¥*? such that if m = o(dy(F)/e?),
then there exists g € range(F) with |T\(g, 9) — 7A(g, 9)| = Q(e)70(g, g) with constant probability.

Full details are in Section[Bl We see that Theorem 2.4] formalizes a worst-case limitation for this
class of sketches: with Gaussian oblivious projections, one cannot uniformly beat the dy(F')/c?
scaling. Combined with the instance-adaptive upper bound in Theorem this identifies dy (F') as
the fundamental complexity parameter governing regularized projection.

2.3 FACTORIZED INFLUENCE

In many large-scale settings, explicitly forming or inverting the empirical Fisher/Hessian F' is
infeasible, and second-order methods instead rely on structured approximations. A common choice
is a Kronecker factorization (e.g., K-FAC (Martens & Grosse, 20135} |Grosse et al., [2023)), which
models each layerwise block as F' =~ A @ F for smaller PSD factors A € R4aXda gnd F € Riexds
which are forward activation and backprop-gradient covariances, respectively.

This structure suggests a natural computational counterpart on the sketching side: use a factorized
sketch P = P, ® Pg, where Py € R™4%94 and Py € R™#*?5 are respectively the standard
oblivious sketching considered in Theorem The resulting sketch has ambient dimension
d := dadg and sketch dimension m = mamg, i.e., P € R™*< Moreover, write a per-example
layer gradient as a matrix G € R?#*?4 with g = vec(G) € R<. Then the projection can be computed
without materializing the full m x d sketching matrix as Pg = (Pa ® Pg) vec(G) = vec(PpGPj).
Consequently, the per-example cost reduces to two smaller multiplies PG and (PrG)Pj , plus
solving the resulting regularized system in sketch dimension m. Similarly, we can also form the
sketched curvature efficiently: using the mixed-product identity of Kronecker products, PFPT =
(PA® Pg)(A® E)(Py ® Pg)" = (P4AP]) @ (PEEPy,).

In the unregularized case (A = 0), the exact invariance barrier becomes strictly more stringent under
a Kronecker sketch: exact preservation on range(F') holds if and only if both factor sketches are
injective on their respective ranges.

3Concretely, rows of P4 and Pg are i.i.d. isotropic sub-Gaussian random vectors with scaling 1/./m 4 or

1/,
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Theorem 2.5 (Barrier of unregularized projection for factorized influence). Let F = A®@ E = 0
and P = Pa ® Pg as above. Then Ty(g,9') = 70(g,9’) for all g,¢' € range(F) if and only
if Py is injective on range(A) and Pg is injective on range(E). In particular, this necessitates
ma > rank(A) and mg > rank(FE), hence m = mampg > rank(A) rank(E) = rank(F).

See Section [C.T|for a proof. This motivates integrating regularization and consider

™a9,9') = (Pg) " (PFPT + X,,)" ! (Pg')

= vec(PgGPJ)T ((PAAP;{) ® (PEEPL) + )\Im) vec(PpG'P)).

However, factorization changes the sketching analysis: when P = P4 ® Ppg, the matrix P P is
no longer a standard i.i.d. sample covariance, so the covariance-type deviation driving the proof
of Theorem [2.2]requires a dedicated argument. We now present the corresponding approximation
guarantee for regularized projection under this factorized model. The key technical step is a factorized
covariance deviation bound (Theorem|[C.T)), proved in Section|[C|

Theorem 2.6 (Upper bound of regularized projection for factorized influence). Let F = A®Q E = 0
and P = Py ® Pg be as above, with the factors Py, Pg denote the sketching matrix defined in
Theorem[2.2] Assume X < || A||2||E||2, and define the rescaled regularization levels A\g == \/|| E||2
and Ay = N/ ||All2. Foranye,d € (0,1), if the sketch sizes for P4 and Pg satisfy

0 <dAE(A) +10g(1/5)) C me—a <dAA(E) +10g(1/5)) |

g2 g2

then with probability at least 1 — 0, the following holds for all g, g’ € range(F):

7(9:9") — ™a(9,9) < ev/70(9.9) V709, 9).

Proof. The proof follows the same template as Theorem Let B :== FY2(F + \I)~'/2 and
G = F'/2PT PF'/2 and the key step is again to control the covariance-type deviation || BT (PT P —
I)B||2. We apply Theorem [C.1] (proved in Section [C) with parameters € := /10 and &y := /2.
Under the stated conditions on m 4 and m g, this yields that with probability at least 1 — 26p = 1 — 6,

IBT(PTP—1)B|a <20 + 32 < ¢/2,

where the last inequality uses ¢ € (0,1). On this event, the same PSD sandwich and resolvent
perturbation argument used in Theorem B.3|implies || F'(F + AI)~* — G(G + M)~ !||2 < &, which
in turn gives the stated bilinear (and quadratic) influence error bounds. O

Remark 2.7. Theorem [2.6] highlights a fundamental computationalstatistical trade-off. While
factorized sketches offer clear computational advantages over unfactorized ones, they incur a higher
statistical cost in terms of the required sketch size. In particular, the total sketch size is m = mamg,
and achieving e-approximation error requires m = mampg = Q(e*(dx, (A)dx, (E))). This
exhibits a worse dependence on ¢ (from €2 to e=*) compared to the unfactorized sketch guarantee
in Theorem[2.2} Informally, factorized sketches regularize each mode independently, replacing joint
regularization with separable computation. As a result, they are most effective in regimes where the
computational and memory savings dominate the statistical overhead.

3 INFLUENCE WITH OUT-OF-RANGE TEST GRADIENTS

The analysis in Section [2] assumes that both arguments of the (regularized) influence bilinear form
lie in range(F'). This assumption is natural for training gradients: when F is instantiated as the
(empirical) Fisher information matrix, F' = % Z?:l gig; , every training gradient lies in range(F)
by construction. In practice, however, we are often interested in the influence of an unseen test point
z' with respect to a training point z, for which the corresponding test gradients g’ need not lie in

range(F).

We extend the above guarantees to this setting by explicitly characterizing the additional sketch-
induced error arising from the component of ¢’ orthogonal to range(F').
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3.1 LEAKAGE OF PROJECTION

To make the source of this additional term explicit, we decompose g’ = g’// + ¢/, , where g’// €

range(F) and ¢/, € ker(F), such that the decomposition is orthogonal in the Euclidean inner
product. Using linearity of 7(-,-) and 7)(+,-) in their second argument, we have 7(g,g9') =

7(9,97) + (9,9 ) and Ta(g,9') = Ta(9. 9))) + Ta(g, 9" ). Consequently,

1Tx(9,9") — ™a(9,9)| = ‘(?A(gyg’//) —(9,97)) +7a(g:91) — a9, 91)|-

Observe that the true (regularized) influence does not couple range(F') and ker(F), i.e., 7A(g, ¢ ) =
g"(F+X)~1g", =0forall A > 0: indeed, F and (F + A\I)~! share the same eigenbasis, and since

g € range(F) and ¢/, € ker(F), hence (F' + A\I)~'g and ¢/ lie in orthogonal subspaces. Hence,
72 (9,9") = (g, 9| < [7alg,97)) — (g, 9))| + [Talg, 9]

The first term can be bounded via Theorem on the other hand, the remaining term is a purely
sketch-induced artifact: the sketch can introduce a nonzero leakage term 7Ty (g, ¢’ ) due to mixing
between range(F) and ker(F) under P P. We now present a general bound on the leakage:

Theorem 3.1. Let {g };?:1 C R, and for each j let 951 = e (r)gj denote the orthogonal
projection of g; onto ker(F). Let k' := dim(span({l’[ker(p)% };‘:1)) Foranye,é € (0,1), if

. (7’ + min {log(k/d), k" + log(l/é)}>

o2
then with probability at least 1 — 0, the following holds for all j € {1,... k}:
* Unregularized: |7(g, 9 )| < ellgll2llg) o ll2/Ahin (F), where X}, (F) denotes the smallest
non-zero eigenvalue of F.

* Regularized: |7\(g,9; )| < ellgll2llg} 1 l2(% + 2L512) for any A > 0.

Proof sketch. The proof is organized around a deterministic reduction: Theorem D.I](in Section D)
shows that both the unregularized and regularized leakage bounds follow as soon as two concentration
conditions hold for the sketch P: (i) an operator-norm bound on range(F), [UT (PTP—1)U|s < ¢
for an orthonormal basis U of range(F'), and (ii) a cross-term bound between range(F') and the
kernel direction(s), ||[U T (PTP — I)g'||2 < €||g'[|2- For a single test gradient ¢/, , both conditions
follow from applying Theorem to the (r 4+ 1)-dimensional subspace span(range(F) U {¢'}),
which yields the claimed m = Q((r + log(1/6))/?) scaling. To obtain uniform control over
multiple test gradients, we use two complementary arguments: a subspace argument, which applies
the same concentration bound to span(range(#') U {g’; 1 }5_1) and yields the dependence on k" =
dimspan({gj , }) (Theorem ; or a union-bound argument, which establishes a fixed-¢’ tail

bound and unions over k, yielding the O(log k) dependence (Theorem |D.4). O

3.2 LEAKAGE OF FACTORIZED INFLUENCE

Theorem [3.1]is stated for oblivious sketches with i.i.d. rows. We now extend and prove an analogous
leakage guarantee for factorized sketches P = P4 ® Pg when F' admits a Kronecker factorization.

Theorem 3.2. Let A, E = O and F := AQE, with P = P4 ® P, be the same setting as Theorem[2.6]
and let r 5 = rank(A), rg = rank(E), and r := rank(F) = rarg. Let {g; }2?:1 be test gradients
of the form g; = d; @ €}, and write aj = a} , +a; | withd; , € range(A) and a’; | 1 range(A),
and similarly €; = €/, + € | . Define ky = Z?Zl I(aj, #0), kg = 2?21 1(e} | #0), and
Ky = dim(span({a;7L};’?:1)), ki = dim(span({e;7L};?:1)). Foranye,d € (0,1), if

<TA+min{log(k5A),kf4—|—log(cls)}> . Q<7«E+min{1og(’i§>,kg+1og(;)}>
) E —

ma = Q
g2 g2

bl

then with probability at least 1 — 6, the following bounds hold simultaneously for all j € {1, ..., k}:
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* Unregularized: |79(g, ¢ )| < ellgll2l|g} 1 ll2/Mhin (F).
* Regularized: |7x(g, 9} )| <ellgll2llg}  ll2(3 + 27=) for any X > 0,

Proof sketch. The factorized theorem is proved by following the same high-level template as The-
orem 3.1} we first reduce the leakage bound to the two concentration conditions in Theorem [D.T]
(stability on range(F') and a cross-term bound between range(F') and ker(F')). For a Kronecker
sketch P = P4 ® Pg, the stability condition on range(F') = range(A) ® range(F) is obtained by
controlling the factor-level subspace deviations ||U§ (P4 Pa — I)Ual||2 and ||UL, (Pp Pe — Ug||2
(with U4, Ug bases of range(A), range(E)). For the cross-term condition, we expand P T P — I into
factor deviations and use Theorem|[E.2|(in Section[E) to reduce |U T (PT P —I)g/, || to a small collec-
tion of factor-level “primitive” quantities such as ||U | (P Pa — I)(:)||2 and || UL (Pg Pg — I)(-)]|2.
Finally, as in the proof of Theorem [3.1] these primitives are controlled via a union-bound argument
(yielding the O(log k.) terms) or a subspace argument (yielding the &’ terms). Plugging these bounds
into Theorem [D.T]yields the stated leakage guarantees; full details are in Section O

Remark 3.3. Which argument is tighter depends on the geometry of the test gradients. When {g;}
are strongly correlated or effectively low-dimensional, one can have k' < k, in which case the
subspace argument is preferable. In contrast, in high ambient dimension, moderately many generic
test gradients are typically in general position, so k' rapidly grows to min{k, d} and in particular
satisfies k' ~ k once k < d. In this common regime, the union-bound argument yields the more
practical scaling in k, requiring only an additional O(log k) sketch size to ensure uniform control.

4 EXPERIMENT AND DISCUSSION

We empirically illustrate several implications of our theory. Throughout, we consider F' to be the
empirical Fisher, and P to be the sparse JL transform (Kane & Nelson, 2014), and we always
report the results across 5 independent runs with different sampled P. Following the data attribution
library dattri (Deng et al.l|2024), we consider three dataset—-model pairs: 1.) MNIST-10 + LR,
2.) MNIST-10 + MLP, and 3.) CIFAR-2 + ResNet9. Each setting uses 5000 training examples and
500 held-out test examples, so the empirical Fisher has rank at most » < 5000.

Firstly, we show the effec- MNIST + LR MNIST + MLP CIFAR-2 + ResNet9
. ; . o
tive dimension d)(F) = w0 10 10
T 1072 107!
S A/ (i + ) can be

o .
much smaller than r = <%

rank(F). Specifically,
Figure [I] plots the or-

dered elgenvalues {)\1}2‘21 0 1000 20?0 3000 4000 0 2000i 4000 0 2000/ 4000
of F'. The spectrum decays

quickly, hence for moderate Figure 1: Ordered spectrum \; of the empirical Fisher F'.

A, the terms \; /(A; + ) be-

come small for large ¢, and consequently d (F') can be far smaller than r.

10-6 10-3 10°°

107® 107 10-7

We next test the predictions of Theorems[2.2]and [3.1] by directly measuring the approximation error.

Given A > 0, we consider ) (g,9") = [7a(g,9") — ™2(9, )|/ /70(9, 9)/T0(g', ') for gradients g
and ¢’, which is the normalized error considered in Theorem

MNIST + LR MNIST + MLP 101 CIFAR-2 + ResNet9 Figure |Z| supports the
o 2 1074 %\ ) % scaling predicted by
10 105 Wa&%\ 10 Wt::: our theory. Each
w - Py

S0 o] T ‘*‘\1\\ 102 TR curve plots the 95

o ., G SO Seete e .
102 2 | 10 NI =ty percentile of £3(g, 9')
10°¢ 108 - against the normalized
102 100 102 10T 100 10° 102 10° 102 10° sketch size m/d)\ (F)

m/dy m/dy m/dy .
A Once m is on the or-
B

108 10¢ 10 102 10° 10° der of dy(F), the er-
ror begins to decay in
Figure 2: Approximation error versus normalized sketch size. the manner suggested
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by Theorem [2.2] Empirically, this indicates that (i) the hidden constant in the sketch-size requirement
is modest and (ii) the additional leakage effect from Theorem [3.1]decreases quickly as m grows.

Faithfulness—Ultility Tradeoff. A small approximation error does not necessarily imply strong
downstream performance. In particular, optimizing € to be very small typically favors larger A and
larger sketch size m, because stronger regularization makes the influence computation less sensitive
to sketching. As a result, the A that minimizes € need not be the A that maximizes downstream
utility, especially when the curvature information in F' is important for the task. We illustrate this
using LDS 2023), a standard metric in data attribution. Figure [3|reports LDS over a range
of sketch sizes and regularization strengths, and as we expect, the best-performing \* is typically
intermediate.

MNIST + LR MNIST + MLP CIFAR-2 + ResNet9
0.60 0.25 =
0.20 0.20
a
0.40 0.151 «
|
0.10
0.10
0.20
0.05 0.00
1073
10744 258 1073
1074 s
PO 10 10
§ 10 10-6 s
o 10
10-° 10-7
. . 1076
10~ 10~
1077 1073 1073 1073 107t 10t
A A

% A"=argmaxLlDs; M T
A 10? 103 104 10°

Figure 3: Approximation error and LDS versus .

These observations suggest a simple
0.6 two-stage procedure. First, using

a small validation set and a suffi-
ciently large sketch size m, sweep

02 @ over A and select \* that maximizes
the downstream metric. Second,

0.6

0.4

0.0 \x . )

Ry T e fix A = \* and increase m until
A midy: m = Cdy-(F), which ensures that

—e—MNIST + LR MNIST + MLP —e— CIFAR-2 + ResNet9 the influence estimates are faithful.

Figure []illustrates this strategy for

. . . Sy . LDS: the square markers in the right
Figure 4: Left: selecting A* on a validation set using large m. panel (95" percentile LDS) indicate

Right: held-out test LDS versus m/d~(F). how large m must be to approach

the best attainable LDS. In our ex-
periments, a constant C' € (10, 100) is sufficient, making the dependence on d~(F') operational.

5 CONCLUSION

In this work, we show that projection-based influence is governed by the interaction between the
sketch and the curvature operator, and that conventional JL arguments, which only control Euclidean
geometry, are inapplicable (Park et all, 2023} [Schioppa, 2024} [Hu et all, 2025). By precisely
characterizing how projection interacts with common heuristics such as regularization and structured
curvature approximations, our unified theory provides principled and actionable guidance for applying
influence functions reliably at scale.

10
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A PROOFS FOR SECTION[2.T] (UNREGULARIZED PROJECTION)

In this section, we prove Theorem [2.I] which we first repeat the statement for convenience:
Theorem. The equality 70(g,9") = To(g,g’) holds for any g, g' € range(F) iff P is injective on
range(F), i.e. tank(PU) = rank(F) = r where F = UAU " is the compact eigendecomposition
of F with U € RY*" orthonormal and A € R™™" positive definite. Subsequently, for any PSD
F € R4 and any matrix P € R™*, one cannot hope to obtain any multiplicative approximation
of 10(g, g") via 70(g, g') when rank(PU) < r.

Proof. For the “if” direction, suppose rank(PU) = r. Let A := PUAY? € R™*" and it follows
that A has full column rank. Then for any g € range(U) = range(F'), write ¢ = Uz and ¢g'U%’

for some z,2 € R” and note Pg = PUz = AA~'/2% and similarly, Pg’ = AA='/2%/, and
PFPT = AAT. For full-column-rank A, AT (AAT)T A = I,.. Therefore

(Pg)T(PFPT)(Pg') = 2T ATV 2AT(AATY AN"Y2 = 2 TA Y = gTFlg.

For the “only if” direction, suppose rank(PU) < r. Then there exists a nonzero z € R” such that
PUz = 0. Let g = Uz € range(F) be the corresponding vector. Then, as g Ffg = 2TA~12 > 0,
(Pg)T(PFPT)(Pg) =0+ g" F'g > 0, proving the result. O

B PROOFS FOR SECTION @ (REGULARIZED PROJECTION)
This section collects technical results used in Section [2.2] that are omitted in the main text.

B.1 PROOF OF RESOLVENT PERTURBATION CONCENTRATION FOR REGULARIZED
PROJECTION

We prove the key operator-norm perturbation step used in the proof of Theorem The general idea
is to use the concentration of the sample covariance (Theorem[B.2)) to control the resolvent-type map
A+ A(A+ M)~ in operator norm, enabling the comparison of F'(F + AI)~! and G(G + \I)~*
in the proof of Theorem 2.2}

To prove Theorem[B.2] the key input is a standard high-probability covariance estimation bound for
sub-Gaussian vectors (Vershynin| (2018} Exercise 9.2.5)), which we restate and prove as Theorem

Proposition B.1 (High-Probability Covariance Estimation). Let Y = 0 and let X, X1, ..., X,, € R?
be i.i.d. mean-zero sub-Gaussian random vectors with covariance . = E[X X T|. Define the sample
covariance

1 m
Y= — Y XX,
TR
Then for any u > 0, with probability at least 1 — 2e™",

r(X)+u rX)+u
||zm—z||2§c< E) tu, (B )||z||2,
m m

where r(3) i= tr(X)/||||2 is the stable rank of /% and C > 0 is a universal constant.

Proof. Write X = ni/izy , where Z is an isotropic, mean-zero, sub-Gaussian random vector, and
similarly X; = ©1/27; with i.i.d. copies Z1, ..., Zy,. Let A € R™*? be the matrix whose i-th row

“This can be viewed as a special case of approximate matrix multiplication for sub-Gaussian sketches; see
Cohen et al.| (2016 Theorem 1). Here, we state and prove the special case for clarity.
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is Z;. As in the proof of Vershynin| (2018, Theorem 9.2.4), define 7' := ¥'/259~! where S¢~!
denotes the Euclidean unit sphere, then

1
1S — Zll2 = — sup ||| Az||3 — m|lz|3
m ger

Consider the stochastic process

Y, = ||Az|l2 — vm]|z|2, zeT.

By [Vershynin| (2018} Theorem 9.1.3), (Y,.).cr has sub-Gaussian increments. Applying the high-
probability Talagrand comparison inequality (Dirksenl 2015, Theorem 3.2), we obtain that with

probability at least 1 — 2677‘)2,

sup|Yz| < C (v(T) + vrad(T)) ,
zeT

where rad(T') := sup ¢y 2|2 denotes the radius of T, and v(T') := E[sup,c|(g, z)|] denotes the
Gaussian complexity of T, for g ~ N(0, I ).

Since T = £1/259-1 we have rad(T) = ||S||4/2. Moreover,

AT) = E[|%ll2] < \/ElgTSg] = /Eltr(SggT)] = Vr(S),

where the inequality follows from Jensen’s inequality. Setting u = v? and recalling that tr(X) =
r(2)]|X]|2, we conclude that, with probability at least 1 — 2e™%,

Sup|Y | < CI2IEA(V/r(S) + V).

Fix x € T and write a := ||Az||2 and b := \/m||z||2. Then b < \/EHEHé/
la? — b?| < |a —b|(|la — b| + 2b).
Using the bound above on |a — b| and the fact that b > 0, we obtain

2gg|a2 — b2| < CHZHZ(\/@—F \/a) (\/@+ N \/E) .

Dividing by m yields

I, = S < S, <’”(Z,1f Sl “) ,

m
where we used (1/7(X) + v/u)? < 7(2) + u. This completes the proof. O
We now prove the concentration of sample covariance formally.
Lemma B.2. Let P € R™*? be a sketching matrix whose rows are given by P,;' = %W
where {W;}, ~ W are i.i.d. sub-Gaussian random vectors in R? satisfying E[W] = 0 and

E[WW ] = I. Let M € R%*® be a matrix and define > .= M " M. For any ¢, € (0, ]1) if
= Q) <T(E) +81;>g(1/5)> ’
where 7(X) = tr(X)/|| 2|2 is the stable rank of /2, then with probability at least 1 — §,
IMT(PTP — I)M|> < || M]3.

Proof. The rows of P satisfy P,/ = ﬁX T, where { X;}™ | are i.i.d. isotropic sub-Gaussian vectors.
Observe that

m

1 & 1
TpT _ T v T _ NT .
MTPTPM =M *E XX | M= 75 MTX)"T =%,
=1 =1

15
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Define Y; :== M " X;. Then {Y;}7 are i.i.d. mean-zero sub-Gaussian vectors with covariance
EYY' =M'EXX'|M=M"M=%.
Applying [Vershynin| (2018, Exercise 9.2.5, Theorem yields that, with probability at least

1—2e™%,
r(X)+u  r(X)+u
IIEmEII2SC< ) + L) >||2||2,
m m

Choosing m > (r(X) +u)/e? ensures 1/(r(X) + u)/m < cand (r(X) +u)/m < &2 < efore < 1.
Since || 2|z = ||M T M||2 = || M]|3, we conclude that

IMTPTPM —MTM|> = |MT(PTP —Iq)M|l2 < <[ M]}3.
Setting © = ©(log(1/0)) completes the proof. O

We can now state and prove the concentration of resolvent perturbation for regularized projection as
follows:

Lemma B.3. Let F = 0 and \ > 0, and define G = F*/?PT PF'/2, Then for any €,6 € (0,1), if
m = Qe 2(dx(F) + log(1/6))), with probability at least 1 — §,

|F(F+ M) — GG+ M) s <e.

Proof. Applying Theorem with M = B = FY2(F + XI)~/2, for any 6,¢ > 0, if m =
Qe 2(r(B" B) + log(1/6))) then with probability at least 1 — 4,

|BT(PTP—1I4)Bll2 < €| Bl3-

We first note that if ||B||3 = 0, then the bound is trivial. Assuming ||B|lz > 0. Then we see
that ||B||2 = |[BTB|z = ||F(F + M)tz < 1 since the eigenvalues of F(F + \I)~! equal
Xi(F)/(Ai(F) 4 X). Now, pick € := min(1,&/2|B||2), and note that || B||% = tr(F(F + A\ )~1) =
dx(F), we have

_u(BTB) _IBI2 _ di(F)

BBl Bl IBI3
After substitution, with || B||3 < 1, we conclude that if

r(B' B)

m=0 |2 (Cﬁ}gFg + 10g(1/5)) -0 (5*2 (dr(F) + log(1/§))) :

we have |[BT(PTP — 1,;)B||2 < €||B||3 < £/2. This implies
—%I <~BT(PTP-I)B < %I — B'B- gl <B'PTPB<B'B+ %I.
With
B'B = (F+ X)) Y2F(F + \I)~Y2,
BTPTPB — (F + /\1)71/2 F1/2PTPF1/2(F+ )\1)71/2’

G

we can conjugate by (F + \I)'/2

€ g e g
l— ) F—X<G=<(1+2)F+2aL
( 2) 5 _G_(+2) + 5

, which yields

Adding AT gives

2
Define S := (F + AI)~'/2(G + \I)(F + A\I)~'/2. Conjugating the above by (F 4 AI)~/2 yields

e 3
—2)I=8= ~ I
(1-5)r=s=(1+5)1

16
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Hence, S = O and ||S — I|2 < &/2and ||S71|2 < / . From the definition of S,
(GH+ A" = (F4+ )~ 1/25 (F +\)~Y/2
hence
(GH+ M) — (F+ X)) = (F+ X)"V3(S™ = I)(F + XI)~/2,
giving

G+ AT = (F+ M) o < |(F + A7 H|21S™F = I]]2.
From the identity S~ — I = S~1(I — S), we have

_ £/2
— Il < |87 I .
57 =1l < 5~ ellS ~ 1 < 125
With ||(F + M) 71|z < 1/, we have
_ _ 1 €/2
DT (F+XD) o< < .
G +AD™ = (4D < Sy

From the identity A(A + M)~ = I — A(A + \I)~! for any PSD A, we have
F(F + M)~ = G(G+ M)~ = A ((G FADT - (F M)—l) ,

and hence /2 /2
€
F(F 4+ M) — GG+ A1) Mo < At .
I R e PR
Finally, note that 7 / =) < ¢ forany ¢ € (0, 1), this proves the result. O

B.2 OSE-BASED ALTERNATIVE ANALYSIS

We record a self-contained proof of the OSE-based alternative analysis sketched in discussion
following Theorem Let A € R?*" be a fixed matrix. A random matrix P € R™*4 is an oblivious
subspace embedding (OSE) for range(A) with distortion € € (0, 1) if, with high probability,

(1 - o)l Azll3 < [[PAz|3 < (1 +e)|Ax]3, Vo eR".
Equivalently,
—cATA<AT(PTP - I;)A<cAT A
It is well known that standard oblivious sketches (Gaussian, Rademacher, SJLT) satisfy this property
provided m = Q( 2rank(A )) (Woodruff] 2014, Theorems 2.3 and 6.10). In our case, we apply

the OSE framework with A = F'/2_ It is straightforward to see that rank(A) = rank(F) = 7, so
achieving an e-OSE for range(A) requires m = Q(r/£?).
Define G := F'/2PT PF'/2_The OSE condition gives

(1-e)F K G=X(1+¢)F.
Consider f(t) := 3 fort > 0. Since ¢ ~ (¢ + A) ™" is operator monotone decreasing on [0, 00), it
follows that f(¢) = 1 — A(t + A)~! is operator monotone increasing.

Applying f to the sandwich gives
(A =9)F) 2 f(G) = f((L+e)F),

(1= F(1=—)F+ M) X GG+ A" = (1+)F((1+&)F + Al)
Since F' commutes with any function of itself, the resulting operator-norm deviation reduces to a
scalar supremum. For example,

[f((1+e)F) = f(F), = sup

or
-1

(I+e)t l et
A+e)t+t A t+A| yob (A+e)t+N)(E+N)
The same bound holds with (1 + 5) replaced by (1 — €). A short calculus argument shows the
supremum is at most €; hence
1£(G) = F(F)|l, = |GG+ X))~ = F(F+ AI)7!||, < O(e).
Combining the above operator control with the argument in the proof of Theorem 2.2]yields the same

bilinear and quadratic influence error bounds. The key difference is the sample complexity: the OSE
route fundamentally scales with r, whereas our main analysis scales with the effective dimension

dy(F).

17
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B.3 PROOF OF ANTI-CONCENTRATION OF GAUSSIAN SAMPLE COVARIANCE

Next, we prove the worst-case lower bound (Theorem [2.4)). The proof consists of two main compo-
nents:

1. An anti-concentration result for the sample covariance of Gaussian matrices, which shows
that deviations of order /k/m occur with constant probability (Theorem .

2. A carefully constructed hard instance ' for which such deviations translate directly into a
large error in the regularized quadratic form.

We note that since the proof of Theorem [B.4] contains many technical computation, we defer them for
a cleaner presentation after the main proof.

Lemma B.4. Let W € R™** have rows wy, ..., wy, ~ N(0, 1) i.i.d., and define S := %WTW.

Then for allm,k > 1,
1 /k 3
—Iillo > =/ — | > —.
: <”S kll2 = 2 m) — 80

1 m
A=8—1, = EZX% X; = wmw, — I.

Proof. Define

Then E[X;] = 0 and X1, ..., X,, are independent. Let g := ||A||% > 0. Expanding, we have
2

1 1 «—
- [E5x) - S
h =1
Since E[(X;, X;)] = 0 for i # j from independence and IE[X%] =0,

" ZE I1XillE] = —E[I X7

A direct computation gives E[|| X1]|%] = k(k + 1), hence

k(k + 1)
.
On the other hand, as g = ;.5 >, ; Vi; where Yij = (Xi, X;), we have

> E
m4 Jpq

4,5,P,4

Elg] =

By independence and centering, only overlapping index patterns contribute, and one obtains
1
E[g?] = — (ma +m(m — 1)p® + 2m(m — 1)b) ,
m

where p1 = E[|| X1]|%], @ :== E[|| X1||%], and b := E[(X,Y)?],and X = ww — I}, Y == uu' — I}
with w L w i.i.d. (0, I},). Moreover, a moment calculations yield

pw=k(k+1), a=k* +10k3 + 25k2 4 24k, b= 2k? + 2k.

Substituting these expressions into the above formula for E[g?] and simplifying gives the explicit
comparison

(Elg)? | 1
E[g?] 15’
uniformly for all m, k > 1. Equivalently, E[¢g?] < 15(E[g])?. Then, by Paley-Zygmund (Paley &
Zygmund, 1932), for any 6 € (0, 1),
Elg)? _ (1-0)°
Pr(g > 0E[g]) > (1 — 0)2 > :
(o > 0Bl]) = (1 - 0l > B
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Taking 6 = 1/4 yields

1 (3/4)2 3
P > -k > = —.
' (g =4 [g]> =715 80
On this event,
1 k(k+ 1)
= Al > - ———=.
g= Az > 2
Using ||A]|% < k|| A|3, we obtain
1 1 k(k: +1) k+1 k
AlZ > 214 .z = > .
141z = ” ” k 4 m dm — 4m

Hence, with probability at least 3 /80,

1 [k
Alls = —Iplls > =4/ —.
14ll2 = IS = Tull2 2 5/ =

We now provide the routine calculations used in the proof of Theorem[B.4] In partlcular we compute
moments of Gaussian rank-one matrices and enumerate the index patterns in E[|| A||%].

O

Chi-square moments. Letr ~ x2. Forany n € N,

n—1

E[r"] = [] (k +2i).

i=0
In particular,

Efrl=k, E[r’]=k(k+2), Er’]=k(k+2)(k+4), Er'=k(k+2)(k+4)(k+6).
Moments of X = ww ' — I,. Letw ~ N(0, 1) and define X = ww ' — I},. Write 7 :== ||w||3 ~
X3. We compute p1 := E[|| X ||%] and @ := E[|| X ||3]. First,

[ X% =tr(XTX) = tr(X?) = tr ((wa - Ik)z)
= tr(ww ww") = 2tr(ww ") + tr(I}).
By trace cyclicity, tr(ww Tww ') = tr(w(w w)w ") = (ww) tr(ww ") = r2, while tr(ww ") =
r and tr(I;) = k. Hence
| X% =r* —2r + k.
Taking expectation and using the moments above gives
p=Er?—2r+kl=k(k+2)—2k+k="k(k+1).

Moreover,
a=E(r*—2r+k)?>=E[r' —4r® + (4 + 2k)r* — dkr + k.

Substituting E[r], ..., E[r*] yields
a = k* + 10k® + 25k + 24k.
The mixed term b = E[(X,Y)2]. Letw,u ~ N(0, I1) be independent, and define X := ww " —1Ij
and Y = uu' — Ij. Set 7 :== ||w||%, s := ||u||2, and ¢ := w " u. A direct expansion gives
(X, Y)=tr ((ww" — L) (uu" — 1)) =t* —r — s+ k,
since tr(ww Tuu') = tr(w(wu)u") = (w u)? = t2. Therefore,
b=E[t> —r—s+k)’] =E[t'] +E[(r + s — k)?] = 2E[t*(r + s — k)].

To evaluate these terms, write ¢t = 25:1 Zy with Zy == weuy. Then E[Z,] = 0, E[Z?] = 1, and
E[Z}] = 9, and hence

E[tY] = Z (Z{1+6 Y E[Z]E[Z]] _9k+6<k):3k2+6k.

1<i<j<k
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Next, since 7, s ~ X3 are independent, we have E[r] = E[s] = k and Var[r] = Var[s] = 2k, so
E[(r 4+ s — k)?] = Var[r + s — k] + (E[r + s — k])* = 4k + k*.

Finally, conditioning on w gives ¢t | w ~ N(0,||w|3) = N(0,7), so E[t? | w] = r and hence
E[t?] = E[r] = k. Moreover,

E[t*r] = E[rE[t* | w]] = E[r?] = k(k + 2).
By symmetry, E[t?(r + s — k)] = 2E[t?r] — kE[t?] = k2 + 4k, so altogether
b= (3k% + 6k) + (k* + 4k) — 2(k* + 4k) = 2k + 2k.
Enumerating index patterns in E[|4||}.. Let A= 13" X; with X; = w;w] — I} i.i.d. and
mean-zero, and set Z = ||A[|%. With Y;; = (X, X;), we have

m m

Z Yij, z? Z YiiYpq, m4 Z YijYpq)-

1,j=1 ,5,p,qg=1 4,5,

The expectation E[Y;;Y,,] is zero unless {4, j} N {p,q} # @. Indeed, if {i,5} N {p,q} = @,
then the two factors depend on disjoint sets of independent random variables. Moreover, for i # 7,
EY;;] = E[(X;, X;)] = (E[X;], E[X;]) = 0, so such disjoint products vanish. The only contributing
configurations are:

(T1) (i,5) = (p, q), contributing E[Y;2];

(T2) (i,5) = (g, p), contributing E[Y;;Y};] = E[Y;3] since Y;; = Yji;

(T3) i = j and p = g with i # p, contributing E[Y};]E[Y,,] = p?.
Counting multiplicities, type Item|(T1) gives >, ; E[Y;3] = ma-+m(m—1)b, where a = E[|| X, %]

(since Y11 = (X1, X1) = || X1]|%) and b = E[(X, Y')?] for independent copies X, Y. Type Item|(T2)
contributes another m (m — 1)b, and type Item [(T3)|contributes m(m — 1)u?. Hence

E[Z2] = % (ma +m(m — 1) + 2m(m — 1)6).

Using u = k(k + 1), a = k* + 10k3 + 25k? + 24k, and b = 2k? + 2k, one checks that for all
m,k>1,
15k2(k +1)2

E[Z?] < "

B.4 PROOF OF WORST-CASE LOWER BOUND

We restate Theorem 2.4 below for convenience:

Theorem. Let P € R™*? be a Gaussian oblivious sketch with rows i.i.d. N'(0, 1,;). There exists a
family of matrices F € RY*? such that if m = o(dx(F)/e?), then with constant probability, there
exists g € range(F) such that

IT2(9,9) — ™9, 9)| = Q(e)T0(9, 9)-

Proof. Fix integers k < r = rank(F’) < d and define
F =diag(\, ..., A\ 7\, ..., 0\, 0,...,0),
k Zk d-

where 77 > 0 will be chosen sufficiently small (as a function of ¢ and fixed constants only). Then

d
(F) kA (r—FEkEmx k n
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Let P = \/%W where W € R™* has i.i.d. N(0, 1) entries, and partition

P = (P, Ps, Pz)
according to the blocks of F, i.e. P, € R™** Pg € R™*("=k) Choose

12 YL
g=F"%y,  y= 8 o el =1,

for some y. We see that g;, = v \yr. Now, we see that

B B A 1
™2(9,9) =g (F+AX)tg=y  FV2(F + X)) FV2y = yfmfkyL =3

and . .
70(9,9) =9 Flg=y"y = |lysll3 = 1.
On the other hand, the sketched quantity equals

2(g,9) =g ' PT(PFPT + XI)"'Py.
Since g = F'/?y and F = \diag(Iy,nI,_,0), we have Pg = v/ APLy, and
PFP" + X = A(PLP] +nPsPd +1).

Therefore .
#2(9,9) =yl Pl (PLP] +nPsPd +1) Prys.

Decomposing the error, write

17alg,9) — 7a(g.9)| = Ty — T,

where
1
Ty = |y, Pl (PLP] + 1) " Pryr — 20
Tyi= |yl PL [(PLP + D)7 = (PP +nPsPS +1)7| Py,

Lower-Bounding 77. Let M = P;' P;, € R***. Using the push-through identity
Pl (P P} +1)'PL=M(M+1)"",

we have )
- 1 -

yi PL (PLP] +1) 1PLyL_§ yp M(M +1) 1yL_§

Let A1, ..., Ag be the eigenvalues of M and choose yy, to be a unit eigenvector corresponding to an

eigenvalue \,. Then

y, M(M + 1)y, =

and hence

yL M(M + 1)y, —

1 | A 1
20 A +1 2
Using A, + 1 < |\ — 1] + 2, we obtain

_ 1 [Ae — 1 (A —1]1
T 1

MM +1 e >m - 0.
yr M(M + 1) yr, 2‘2”\*_1“_4 1n{ 85 1

Now observe that || M — Il = max;|A; — 1], so if |M — I||a > t, then there exists A, with
|[A« — 1| > t and the above choice of y, yields

A — 1 ‘_ A — 1]

’2(& 0 200+ 1)

1 1
sz(M“‘])_lyL - 2’ > min{é,4}.
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Since P;, = \/%WL with Wy, € R™** i id. Gaussian rows, we have
1
M =P P, = EWLTWL.
Applying Theorem B.4]to W, gives

1 (& 3
Pr||M =L > =/~ | > 2.
r(” kll2 = m> <30

On this event we may take t = %\ /k /m above, giving

1 1 [k 1
T -1 .
MM+ 1 s —JE 2
y MM + 1) yr zl—mm{w m’4}’

with probability at least 3/80.

Upper-Bounding 7. Let A := P,P; + 1 > 0and B := A+ nPsPJ = 0. By Woodbury matrix
identity,
Bl = (A4 nPsPg) ' =A"' — A Ps(n T+ Pg A7'Pg)"'Pd A7 L.
Hence
Al - BV = A" 'Pg(n ' T + P AT Ps) Py AT
Using |y} (-)yz| < ||||l2, we obtain

—1
T, < HPLT(A—1 - B—l)pLH - ’ P A 1Py (n—11+PSTA—1PS) PIA"IP,
2

2
Define

X =A"Y2p,,  C:=A"Y?Pp;.
Then P/ A='Ps = X"Cand P; A~'Ps =C"C,so

T, < HXTC (n-lf + CTC)_1 cTx

-1
<X Hc (n-lf + CTC) c’

2 2

We claim || X || < 1. Indeed,

X'X=P AP, =P/ (PP + ) ‘P =M(M+1)"t <1,
where M = PLT Py, = 0, and the last inequality holds since the eigenvalues of M (M + I)~! are
A/(A+1) € [0,1). Therefore || X |2 < 1, and hence

T, < HC’ (77*11 + CTC)A cT

2

Next, diagonalize C'T C and let 02, = ||C||3 be its largest eigenvalue. The nonzero eigenvalues of
Cin ' I+CTC)1CT are

of __ o}
nl+o?  1+no?
" 1 el
- - n 2 2
c(nr+ctc) o7l =Bl <pcl3
o .~ Trglopg ="
Finally, since A > I, we have ||C||2 = |A~/2Ps||2 < || Ps||2, and thus
0|l Ps|l3 2
b < o= <l Psll3.
1+n||Ps|3 ’
It remains to control || Pg||2. Since Ps = \/%WS is Gaussian, standard spectral norm bounds imply

that for any ¢ € (0, 1), with probability at least 1 — §,
r—k log(2/d
IPsll < 14T |l

m

In particular, if r — k& < m and m > log(2/4), then on this event || Ps||2 < 3 and hence

22



Under review as a paper at DATA-FM workshop @ ICLR 2026

Choosing Parameters. Fix § := 145 and assume  — k < m and m > log(2/0). This is possible

by choosing r appropriately, e.g., r = k 4+ m or r = 2k when m < k. Then the above bound
on 75 holds with probability at least 1 — . By Theorem [B.4] the lower bound on T} holds with
probability at least 3/80. By the union bound, both events hold simultaneously with probability at
least 3/80 — 1/160 = 1/32. On this intersection event, using the bound from the 7} part,

_ 1 [k 1
— >T, —Th >mind —1/ —., = 5 —9on.
172(9,9) — (9, 9)| > T — T > mm{m\/ — 4} 9n

We work in the nontrivial regime /k/m < 4, so the minimum equals 1—16 \/k/m. Now choose
€

" o

If m < k/e?, then \/k/m > ¢, and hence

. 1 k1 gn > 1 9 1
min< —p/—, = » — —e— —g=—¢.
YV T 16" 288t T 32t
Therefore, with probability at least 1/32,

~ 1
— > —e¢.

7x(9,9) = a(9.9)| = 55¢

Recalling that 79(g,g) = 1 and that d)(F') = ©(k) for n < 1, this shows that whenever m =

o(dy(F)/e?), with constant probability there exists g € range(F') such that

172 (9, 9) — (g9, 9)| = Q(e)70(9, 9),
as claimed. O

C PROOFS FOR SECTION (FACTORIZED INFLUENCE)

C.1 PROOF OF THE BARRIER OF UNREGULARIZED FACTORIZED INFLUENCE

We first record the factorized counterpart of the sharp barrier for exact preservation (Theorem [2.1)
discussion in Section[2.3] i.e., Theorem [2.5] While Theorem [2.1] characterizes exact invariance for
general sketches, the factorized sketch P = P4 ® Pr admits a more explicit, factor-level injectivity
condition. We restate Theorem [2.5and prove it below:

Theorem. Let A = 0 € R¥4*da E = 0 € R¥eXe aqnd F = A® E = 0 € Rdade)x(dade) [
ra = rank(A), rp = rank(E), and r := rank(F) = rarg. Fix Py € Rma*da pp ¢ Rmexds,
and define P .= P, ® Py € R(mame)x(dade) Then the following are equivalent:

(i) Forall g,q" € range(F), we have 7o(g,9") = 10(g9, 9').

(ii) P is injective on range(F), i.e., rank(PU) = r for any orthonormal basis U € R(dade)xr
of range(F).

(iii) P4 is injective on range(A) and Pg is injective on range(FE). Equivalently, for or-
thonormal bases Uy € R¥4%"4 of range(A) and Ug € RIEZX"E of range(E), we have
rank(PaUa) = 74 and rank(PgUg) = rg.

In particular, ma > ra and mpg > rg are necessary, hence m = mampg > raTg = 1.

Proof. The equivalence between [(1)] and [(iD)]is exactly Theorem[2.1] It remains to relate [(iD)]and [(iiD)] in
the factorized setting. Let U4 and Ug be orthonormal bases of range(A) and range(F), respectively.
Then U := U4 ® Ug is an orthonormal basis of range(F’). Using the mixed-product identity,

PU = (PA ® PE)(UA ® UE) = (PAUA) ® (PEUE).
Moreover, rank(X ® Y') = rank(X) rank(Y") for any matrices X, Y. Therefore,
rank(PU) = rank(PaUy) rank(PgUg).
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Since rank(P4U4) < ry and rank(PgUg) < rg, we have rank(PU) = rarg if and only if
rank(PaUa) = 74 and rank(PgUg) = rg, which is equivalent to injectivity of P4 on range(A)
and Pg on range(E).

The dimensional necessity ma > ra, mg > rg follows immediately from rank(PaU,s) <
min{ma,r4} and rank(PgUg) < min{mg,rg}. O

C.2 PROOF OF FACTORIZED RESOLVENT PERTURBATION CONCENTRATION FOR
REGULARIZED PROJECTION

This section proves the key technical lemma used in the factorized influence analysis in the main text
(Theorem [2.6). The main technical challenges relative to the i.i.d. sketching setting are that, for a
Kronecker sketch P = P4 ® Pg, the matrix P P decomposes into a sum of Kronecker-structured
error terms rather than a single sample covariance, and P no longer satisfies the i.i.d. assumptions.

In the following, we prove the factorized version of Theorem [B.2}
Theorem C.1 (Factorized covariance deviation for K-FAC). Let ' = AQ E = 0and P = P, ® Pg
be as above, and fix €,6 € (0,1). Assuming X < || A||2|| E||2, and define the rescaled regularization
levels \g .= N/ ||E||2 and Aa = \/||A||2. If
dx, (A) +log(1/6 dx,(E)+log(1/6
a = (BB g (4ha(E) lost1/9))

g2 g?

then with probability at least 1 — 26,
|BT(PTP —I)B|y < 2¢ + 3¢2.
Proof. Write
Ay=PiPy—1I4,, Ap = PpPgp—1,,.
Using (X @Y) (X ®Y)=(X"X)® (YY), we have
P'P—TIj4p = (PAPa)® (PaPr) — Iy, @ Iay = Aa® Iy, + 1y, @ Ap + Ay @ Ap.
Therefore, by the triangle inequality,
|IBY(P"P —I)B|s < Ty + To + T, (1)
where

Ty = ||BT(As ® I4,)B]|

5 T=|B"(Is, ® Ap)B]|

,» Ts=|BT(Ax®Ag)B|,.

Bounding 7). Let A = UsAAUj and E = UgAgUj, be eigendecompositions with Ay =
diag({a; }94)), A = diag({v; }?il), and U4, Ug, orthonormal. Then F' = A ® E is diagonalized
byU :=Ujs ® Ug, and

B=FYXF4+X)"V?2=UDUT,

where D is diagonal with entries 3;; such that

b= [l () € ldal X [ds)

Define A4 == U 1 AaUp4. Then using the basic identity (X @ Y)(Z @ W) = (XZ) ®@ (YW),
Ty = [UDUT(Aa ® 14, )UDU T ||
= [|D(Uf @ Ug)(Aa @ Iay)(Ua @ Ug)Dl|2
= IDWUIALUA ® 11;)D]l2 = |[D(B4 @ Ia,)D2-
The matrix D(ﬁ 4 ® I)D is not itself a Kronecker product, but it becomes block diagonal after a
permutation of coordinates. Let IT € {0,1}(¢44#)x(dadr) pe the canonical commutation matrix

satisfying
MXY)I'=Y®X for all conformable X, Y.
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Since I1 is orthogonal, || M ||z = |[IIMIIT |5 for any M. Thus,
Ty = ||ID(As ® 1) DI ||z = || Dr(Lap © A a)Drla,

where Dyj := IIDII " remains diagonal. The matrix D (I, ® A 4) D1y is block diagonal with dg
blocks; the j-th block (corresponding to the j-th eigenvalue «y;) equals

DDA DU DD — di - 1da ) g QY
ADY, lag({Bi;}i2,) = diag Y

Ty = max |[DYWALDD]|,. )
J€E[dE]

da

i=1

Hence,

We now compare each DY) to a single dominating diagonal depending only on A. Since ; < || E||

and o; > OE]
;75 a ; a;

< < — .
@i+ AT @i+ Ay T ai+ A[Ell2 o+ Ap

da
Ry
D .= dia, -
! ° { i +/\E}‘ 1
i=

Define

Then for each j there exists a diagonal contraction S/) such that
DU = S(j)DEaX — D‘XaxS(j), HS(J')H2 <1,
and therefore,
IDDAADW|z = SV DF*AADEXSW |5 < ||DR™A4DE™ 5.
Combining with Eq. ) yields
Ty < [[DA**A4DE™ 2.
Finally, note that
DE™AADR™ = (UaDE™) " (P4 Pa — I0,)(UaD3™).

Let M4 := Us D3**. Applying Theoremto M 4 and sketching P4 (with failure probability J)
gives that when

0 <r(MgMA) +log(1/6))
ma 2 )

we have T < ¢ with probability at least 1 — 4. It remains to identify r(MXM 4). Since MXM A=
(D%2x)2 is diagonal with spectral norm at most 1,

da
tr(Dy™)?) ) o
rMTMAziztr D)%) = — =dy,(A4).
( A ) ||(Df§ax)2”2 (( A ) ) ; i + AE )\E( )
Thus, under the stated condition on m 4, with probability at least 1 — 6,
T1 S E. (3)

Bounding 7>. The bound for 75 is identical by symmetry (and is in fact simpler because 15, ® A E
is already block diagonal in the A-first ordering). Specifically, define A := U, ApUg and

dp
1] X M ,yj max
DE* = dia , Mg = UgDp*.
L 8 { v+ Aa }j—l E

Applying Theorem[B.2]to My and Pg yields that, when
FE) +log(1
0 (al P S/5)).

o2
we have with probability at least 1 — 4,
Ty <e. G)

>Note that the inequality holds trivially when ~y; = 0.
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Bounding 75. We show that the diagonal D is dominated by a Kronecker product of the dominating
diagonals D'}** and D'p®*, up to a universal constant, provided A < || A||2|| E||2. For each (i, j),

S 0
¥} al’Y] + )\
We claim that
Qi <3. G N (5)
;Y + A o;+Ag v+ Aa
Indeed, Eq. (3) is equivalent (after taking reciprocals of positive quantities) to
(i +Ap) (v + Aa) < 3(auy; + A).
Expanding the left-hand side gives
(0 + A) (7 + Aa) = @iy + @ida + A + Mg,
Using o < [|Al|2,v; < ||E||2, and the definitions Ay = A/[|Al|2, Ag = A/||E||2, we obtain
A2
o dg <A, ’Yj>\E <A, AAE = m <A
where the last inequality uses the assumption A < || A||2|| E||2. Therefore,
(i + Ap) (7 + Aa) < @iy +3X < 3y + N),
which proves Eq. (5). Taking square-roots yields
fia < \/g\/ai ilAE \/’yj ;yrj)\A'
Therefore, there exists a diagonal contraction .S such that
D =V3S(D3™ ® Dg™) = V3(D3™ ® DE™)8,  [IS[2 <1,
and therefore
Ts = 3||S(D3™ @ Dp™)(Aa ® Ap)(DF™ @ DE™)S|
< 3||(DR*AADE™) © (DE*ApDE™)|2.
Since || X ® V|2 = [| X||2|Y||2, this becomes
Ty < 3| DY™A 4D 5| DE™A p DE™ >
On the event where both Eq. (3) and Eq. @) hold, we obtain
T3 < 362, (6)

Putting together. By Eqs.(I), (3). @) and (6). on the intersection of the two concentration events
(one for Py, one for Pg),

|IBT(PTP —1)Bl||s <e+e+3e% =2+ 3.
The two concentration events each fail with probability at most 4, so by a union bound, the intersection

holds with probability at least 1 — 2§. This completes the proof. O

C.3 NOTE ON PROOF OF THEOREM [2.6]

We note that while Theorem is stated with failure probability 20 and deviation level 2¢ + 32, in
the proof of Theorem we require it to be with failure probability § and deviation level . This
is only for notational convenience: given target parameters (¢, ), one may apply the theorem with
€ := £/10 and n := §/2, which yields probability at least 1 — 2n = 1 — § and deviation at most
2¢+3e2 <g/2<efore € (0,1).
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D PROOFS FOR SECTION[3.1] (LEAKAGE OF PROJECTION)

In this section, we prove Theorem [3.1] which we first repeat the statement for convenience:

Theorem. Let {g; ;‘f:l C R, and for each j let g; | denote the orthogonal projection of g; onto
ker(F). Let k' = dim(span({g}vj_}le)). Foranye,d € (0,1), if

_q <r + min (log(k/d), k" + 10g(1/6))>
m = = ;

then with probability at least 1 — 0, the following holds for all j € {1, ... ,k}:
* Unregularized: For T == (Pg)" (PFP")!(Pg] | ), we have
lgll2llg; 1 2
Ain(E)

min

T <e

where AT

min

(F) denotes the smallest non-zero eigenvalue of F.
* Regularized: For Ty j = (Pg)" (PFP" + XI)~'(Pg] | ), we have

1 2||F||2>

+

/
131 < el (5 + 25

D.1 PROOF PLAN FOR THEOREM [3.1]

The main organizing step is a deterministic reduction: Theorem shows that both the regu-
larized and unregularized leakage bounds follow once the sketch P satisfies two concentration
conditions with respect to an orthonormal basis U of range(F'): (i) subspace stability on range(F’),
|UT(PTP —1I;)U|2 < ¢, and (ii) cross-term control between range(F') and the kernel direction(s),
[UT(PTP —14)g} | |l2 <¢llg),, |l2 for each j. Indeed, this is shown formally in Theorem

Lemma D.1. Let {g] };?:1 C RY, and for each j let g; | denote the orthogonal projection of g; onto

ker(F). Fix a realization of P, and let U € R%*" be an orthonormal basis for range(F). Assume
that for some ¢ € (0, 1), the following two inequalities hold:

(i) [UT(PTP—1,)Ul|2 <¢,
(ii) |UT(PTP = 1a)g; |2 < ellg; . ll2for every j € {1,... k}.

Then for any fixed g € range(F), the following bounds hold simultaneously for all j € {1,...,k}:

L+e  gll2llg) o ll2
Py (PFPT(Pg. V| <e . J:
|( g) ( ) ( gj7l)| = (1—8)2 Ar—;m(F)

and

(Po)T(PFPT A1) Py < lallllas e (5 + 2L

LAY

Proof. We prove the unregulairzed case first.

Unregularized Case. Fix j. Using range(PFP ") = range(PU), let
Mpy == PUWUPTPU)" Y (PU)T
denote the orthogonal projector onto range(PU ). Then
(Pg)T(PFPT)!(Pg,.,) = g PT(PFPT) Tlpy Py, .,
and hence

[(Pg) T (PFPT)!(Pg; )| < [(PFPT) 2| Pgll2|lTpu Pgj o [|2-
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We bound the three terms on the right-hand side.

First, we bound ||(PFPT)T||5. Write the compact eigendecomposition F' = UXU T, where X = 0
is diagonal and ||X Y| = 1/AF. (F). Since PFPT = (PU)S(PU)T, we have

1 1
Omin(PU)2 AT (F)

min

Moreover, assumptionimplies that all eigenvalues of U PT PU = (PU) " (PU) liein [1 —¢,1+
¢], hence o in (PU)? >'1 — ¢ and

IPFPT) s = [(PUYYEI=T2 =

N
(1= )X (F)
To bound || Pg||2, write g = Uh, we have ||Pgl|2 < /1 + ]|g]|2 since
1Pgll3 =rT(UTPTPU)R < (1+e)|hll3 = (1 + )93

Finally, to bound ||Tlpy Pg) | ||2, with U Tg} | =0, wehave UTPT Py} | = U (PTP — I4)g) |,
hence

I(PFPT)T> <

IMpu Py 2 = HPU(UTPTPU)‘lUTPTPg;»,LH2
<||PU|2|(UTPTPU) ol |[UT(PTP = 1)g} _ ||2-

By assumptlon( 4|PU||2 = omax(PU) < V1+eand [[(UTPTPU) Y, < 1/(1 —¢). By
assumptlon (PTP—1,) )95 1 M2 < 5||9]L||2 Therefore,

Vi+e

[TpuPg; ll2 <e = ||9],¢||2

Combining the bounds yields

tte lalalgy e
022 Aha(F)

min

(Pg)T (PFPT)!(Pg; )| <

Regularized Case. Fix g € range(F) and j. Write g = Uh. Set V := PF'/?, so that PFP' =
V'V T. By the Woodbury identity,

1 1 1 -1
VVT A = 21— V(14 ,VTV) VT
( +A) A A2 + A
Therefore, writing Ty ; = (Pg)" (VV" + X)~'(Pg) | ), we have the decomposition T} ; =
1
T/sj) — T( ) where
W _ 1 757 @ _ 1 v571 501 Lo\ o2 pT
) =9 P Py T = 59  PTPFVA(1+5VTV) FY2PTPg)
Since ng’- 1 =0,
1 1 €
101 = 10T (PP~ 1| = 5| TUT(PTP — gl | < Slgllal, .o
using Cauchy-Schwarz and assumption
Next, we bound 7\”). Note that VTV = FY/2PTPFY/2 = 0,50 I + VTV = I, which implies
I+ 3VTV) 1“2 < 1. Moreover, since range(F1/2) = range(F'), we have F/2 = TIpF1/? =

F/ 2H r, and hence we may insert I on both sides of each F1/2 factor. Using sub-multiplicativity
and || F''/2||2 = || F'||2, we obtain

(2
T3] < 55 I PT Pl F LT PT Py, s
Since IIp = UU " and g = Uh,

L PT Pgll = U T PTPUA2 < [|UTPTPU2lgll2 < (1 +¢)]gll,
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where weused UT PTPU = I, +UT(PT P —1,)U and assumption Moreover, since U ' g, | =
07

[LpP ' Pg; |l2= U P Pg; [l2= U (PP —1a)g; |2 < ellg] L |2,
by assumption [(if)] Hence

2 - IFl
T < 5521+ 2)elglallgh, o o

Combining the two pieces and using € < 1 gives

+

/
731 < ellglelig e (5 + 205

1 2||F||2>

O

Thus, the remaining work in the proof is to verify these two conditions in the single-gradient and
multi-gradient regimes. We break the proof into the following cases:

1. For a single kernel component ¢/, € ker(F):
* Theorem[D.2} prove the bound for unregularized and regularized case.

2. Extend both cases to {g} | }}_, C ker(F) with k" = dim(span({g , }}_,)):
. Theorem subspace argument with m = Q (%‘;g(l/é)).

€

. Theorem union-bound argument with m = ) (%W)
We now start the proof.

D.2 PROOF OF SINGLE TEST GRADIENT LEAKAGE

Proposition D.2. Assume g € range(F) and let g’ € R%. Foranye,§ € (0,1), if m = Q(e~2(r +
log(1/4))), then with probability at least 1 — 6,

1. Unregularized: Let T := (Pg) " (PFPT)(Pg), then

lgll2lg’ 12
Ain (F)

min

IT|<e

where \t. (F) denotes the smallest non-zero eigenvalue of F.
2. Regularized: Let T\ = (Pg)" (PFPT + \I)~Y(Pg)), then

1 2H1 H2
T < ! —+ )
1T < ellgll2llg|l2 (/\ 22

Proof. From Theorem D.] it suffices to verify conditions [()]and

Let S := span(range(F) U {g' }), so dim(S) = r + 1, and let W € R?*("*+1) be an orthonormal
basis for S. Fix any n € (0, 1) and define the event

Em) = {|WT(PTP—1)W|, <n}.

On &(n), for any orthonormal basis U € R?*" of range(F) C S there exists R € R+1)X" with
RTR = I, such that U = W R. Thus,
[UT(PTP —1)U|ls = |RTWT(PTP - I))WR|2 <.
Moreover, since ¢/, € S, we have ¢, = WW ¢/ and [|[W "¢/ ||2 = ||¢’, |2, and hence
IUT(PTP ~Ia)g ||l = IRTW T (PTP — I)WW g |l < nllg,||2.
Therefore, on £(7) the assumptions of Theoremhold with parameter 7.
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Unregularized. By Theorem[B.2Japplied to S, if m = Q(((r+1)+log(1/6))/n?), then P(€(n)) >
1 — . Taking 17 = /4 and applying Theorem [D.1]yields

e L4+e/4 gl2llgll2
T < . . .
< G 3 )

min

As in the previous argument, % < 29—0, hence the prefactor is < €.

Regularized. Taking n = ¢ and applying Theorem gives

1 2lF)
73] < ellglelie e (5 + 2452

O

This result shows that, in the unregularized case, the kernel leakage term decays at rate O(m’l/ ),
with constants that depend on the smallest non-zero eigenvalue of F'. On the other hand, in the
regularized case, the kernel leakage term also decays at rate O(m~'/2), but with constants depend-
ing on ||F'||2 and the regularization parameter A. This dependence reflects the sensitivity of the
pseudoinverse to near-degeneracies in the spectrum of F'.

D.3 PROOF OF MULTIPLE TEST GRADIENTS LEAKAGE

Having established the deterministic reduction in Theorem [D.1] we now show how to enforce its
two assumptions uniformly over multiple test gradients. First, we observe that the previous analysis
naturally generalizes by considering the subspace spanned by all test gradients.

Proposition D.3. Let {g; }§:1 C RY, and for each j let g} | denote the orthogonal projection of g
onto ker(F). Let k' = dim(span({g} | }¥_))). Foranye,é € (0,1), if
Q) (r + K+ log(1/5)> 7

2

then with probability at least 1 — 0, the leakage bounds in Theorem[D.2| hold simultaneously for all
je{l,...,k}

Proof. Let S := span(range(F) U {g] | }}_,), so that dim(S) = r + k', and let W € RAX (r+k)
be an orthonormal basis for S. By Theorem B.2] with probability at least 1 — 4,
|WT(PTP—I)W||, <e,
provided that m = Q(¢2(r + k' + log(1/4))). On this event, for all z,y € S,
2" (PTP — Loyl = |(WTa) "W (PTP — L)W (W Ty)| < el|z[l2]yll2.

Now let U € R%*" be an orthonormal basis for range(F'). Since range(F) C S, the columns of U
are contained in S, and hence

|[UT(PTP—I)U|, < [[WT(PTP—-I)W|, <e.
Moreover, for each j, using that U has orthonormal columns and range(F') C .S, we have
[HPTP ~1og1]l, = sup |a’UT(PTP ~ T |
llall2=1
= sup |2 (PTP—1Ia)gj .| <elg] 2,
z€range(F)

lz|l2=1

where the last inequality applies the bilinear bound above with = € range(F') C Sandy = gg L €S
Thus, the assumptions of Theorem [D.T]hold simultaneously for all j, and the corollary follows by
applying Theorem O
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‘While Theorem m is effective when the test gradients are low-dimensional, as gg» € R4 lies in
high dimension, it is almost certain that k&’ will be large, and most likely &’ = k. In this case, by
directly controlling the concentration of the bilinear form, we can obtain a bound that scales only
logarithmically with the number of test gradients.

Proposition D.4. Let {g’ }§:1 C R?, and for each j let g, denote the orthogonal projection of g
onto ker(F). For any e,0 € (0,1), if
log(k/d
’[’)’L:g2<7d—i_0g2(/)>7
€
then with probability at least 1 — 0, the leakage bounds in Theoremholdfor allj e {1,... k}.

Proof. Let U € R?*" be an orthonormal basis for range(F). We will verify the two assumptions
of Theoremuniformly over { g; 1} ?:1- Since Theorem incurs a benign factor (11_%8)2 in the

unregularized case, we will run the concentration argument below with accuracy parameter £/4; the
resulting constant-factor strengthening is absorbed by the €)(-) sample complexity.

Controlling |UT(PTP — 1;)U||. By Theorem m applied to the r-dimensional subspace
range(F'), with probability at least 1 — §/2,

[UT(PTP—1)Ull2 <&,
provided that m = Q(e72(r + log(2/4))).

Controlling [|[UT (PTP — 14)g} , |2 forall j. Fix ¢/ € ker(F) with ||g/ [|2 = 1. Note that

[UT(PTP—14)g\|la= sup |(Ua) (PTP—1y)g,|= sup |z'(PTP—14)9,|
acSr—1 zeUSr—1

where US™™! = {Ua: a € R", ||al]|a = 1} is the unit sphere in range(F).
By the polarization identity z "y = (|| + y||3 — ||z — y||3), the bilinear form can be written as:

1

1
2" (PTP—1a)g) = 7 (IP@+ g3~ o+ gL 13) - 7 (IP@ = 1)~ llz = g1 13)

To bound this uniformly over x € US" ™!, define the set 7' =T, UT_, where Ty = {x + ¢/ : x €
US 1}, It follows that

1
sup |27 (PTP —1I)g| < isupIIIPzH% —|IzI13]-
zeUSr—1 z€T

Define the sub-Gaussian stochastic process Y, = ||Pz||s — ||z||2 for z € T, similar to the proof of
Theorem [B.1] Applying the Talagrand comparison inequality (Dirksen| 2015, Theorem 3.2), with

u

probability at least 1 — 2e™",
C
sup|||Pz||2 — ||2]l2] £ —=(T) 4+ Vu - rad(T)).
ZeTIH ll2 = llzll2 \/a( (T) (7))
We analyze the radius and Gaussian complexity of 7":

e rad(T): Forany z € T,z =zt ¢/ . Since z L ¢/, as x € range(F') and ¢/, € ker(F), the
Pythagorean theorem gives ||z(|3 = [|z[2 + ||¢’ |3 = 1 + 1 = 2, giving rad(T) = V2 =
o(1).

* ¥(T'): By definition, v(T') = E[sup,cp|(h, z)|| for b ~ N(0,1;). For z = . + ¢/, , we
have (h,x £ ¢’ ) = (h,z) £ (h, ¢/ ). Thus,

(T) <E

sup |(h, z)|| +E[|(h, g')].

zeUSr—1

The first term is the Gaussian complexity of the unit sphere in an r-dimensional subspace,
which is bounded by +/r. The second term is E[Z] for Z ~ AN(0,1), which is \/2/7.

Overall, y(T) < /T 4+ /2/7 S /T
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With again |a? — 2| < |a — b|(Ja — b| + 2b) with @ = ||Pz||2 and b = ||z|2 = /2, we have
supll[ P22 — [12]3] < “S= (4(T) + varad(T)) (C
zeT \/ﬁ \/a

Distributing the terms and substituting rad(T) = v/2 and v(T') < /7 + 1, we have

(Y(T) + Vurad(T)) + 2rad(T)> .

+

r+u r+u
supl| P21 = 12112 < c( )
zeT m m

Setting u = log(4k/§) ensures that 2e~* = §/(2k). Hence, for a fixed ¢/, we have |[U " (PTP
I4)d, |2 < e with probability at least 1 — §/(2k), provided that m = Q((r + log(k/d))/e?). B

a union bound over j € {1,...,k}, the bound holds simultaneously for all k test gradients w1th
probability at least 1 — 6/2.

Finally, taking a union bound over the two failure events (the subspace event and the k bilinear
events), the same argument (with £ replaced by £/4) yields that with probability at least 1 — 4,
|[UT(PTP - 14)U||, < e/4and

HUT(PTP - Id)g‘;,lHQ < (5/4)Hg;,J_H2 for all] € {17 . >k}

On this event, we apply Theorem with parameter e /4. The regularized leakage bound then holds
with prefactor £ /4 < e. For the unregularized leakage bound, we obtain

L+e/4  lgll2llg; ol lgll2llg 1 ll2
Pg)T(PFPT)(P < . g2 1902075 12
|( g) ( ) g]L |—4 (1-8/4)2 A+ ( ) € )\+ ( ) )

min min

using % < % as in Theorem This completes the proof. O

E PROOFS FOR SECTION [3.2] (LEAKAGE OF FACTORIZED INFLUENCE)

In this subsection, we extend the leakage analysis in Section[D]to the factorized influence setting. We
consider curvature matrices of the form

F = A®E € Rl@ade)x(dads)
where A > 0 and E = 0. We analyze a factorized sketch
P=Py®Pg,  PycR™*% pgeRmE¥E

so that P € R(mame)x(dade) — Rmxd \with m = m mpg and d = dsdg. Throughout, we assume
P4 and Pg are both oblivious sketches as defined in Theorem @} We will show that the only
new work needed is to bound the cross-term quantity ||[U T (P TP — )¢/, ||2 (for kernel components
g, € ker(F)) appearing in Theorem [D.1]via factor-level primitive bounds.

Theorem. Let A,E = Oand F = AQ E, and let P = P4 ® Pg with P4 € R™a%da gng
Pp € RmeXde Letr, = rank(A), rg := rank(FE), and r := rank(F) = rs7p.

Let {gj 1 C R492 pe test gmdtents of the form 97 = a ® e . For each j, define the kernel

componentg 1= Hyer(rygj. Write d; = a; st as | witha, iy € range(A) and a; | 1 range(A),
k k

and similarly €} = €’ , + €} . Define ka :=3_;_ 1(a} | #0), kg =3 ;_;1(e) | #0), and

K, = dim(span({a;#};?zl)), k= dim(span({e;#}le)). Foranye,d € (0,1), if

A+ 1vﬂin{log(’%f‘)7 Ky + log(%)} rg + mln{log(TE) ke + log(%)}
ma = Q M = Q 5

e? g2
then with probability at least 1 — 6, the following bounds hold simultaneously for all j € {1,... k}:
* Unregularized: |7’:0(gag]7 )| < 6“9“ ||g]7j_|| /)‘mln( )

2|‘/\ﬁ)for any A > 0,

* Regularized: |7:(9,9] 1 )| < ellgll2llgj L l2(5 +
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Setup and Notation. We fix orthonormal bases U4 € R%4*"4 and Ur € R4=*" for range(A)
and range(F), respectively, and write U = Uy ® Ug for the induced orthonormal basis of
range(F') = range(A) ® range(FE) (so r = rank(F') = rarg).

For factorized test gradients g’ = o’ ® €', we decompose a’ = a, + a, with a/, € range(A) and
a, L range(A), and similarly e’ = €, + ¢/, . The orthogonal projection of g’ onto ker(F") is

gi:a’//®e’l+al®e'//+al®e’l. )

In particular, ¢/, € ker(F), so (as in the i.i.d. case) it suffices to analyze leakage terms with kernel
components g, € ker(F).

E.1 PROOF PLAN FOR THEOREM[3.2]
The factorized proof follows the same structure as the i.i.d. sketch case in Section D}

1. Deterministic reduction to two concentration conditions. By Theorem [D.1] it is enough
to verify (i) subspace concentration on range(F), i.e., |[UT(PTP — INU||> < ¢, and
(ii) cross-term concentration |[U " (PTP — I )95 1 ll2 < €llgj 1 ||2 for the relevant kernel

components {g’; L
2. Stability on range(F) = range(A) ® range(F). We control |[UT(PTP — I)U|2 by
bounding the corresponding factor-level deviations on range(A) and range(E).

3. Cross-term via Kronecker reduction with primitive bounds. We expand P" P — I into
factor sketch deviations and use Theorem|E.2|to reduce the cross-term [|[U T (PT P—1I)g) | ||
to a collection of factor-level primitive quantities. These primitives are then controlled
uniformly over the & test gradients using either a union bound over the nonzero out-of-range
factor components (yielding the logarithmic dependence on k 4, k) or a subspace argument
on their spans (yielding the &/, k%, dependence); see Theorem

4. Conclusion. Plugging the primitive bounds into Theorem[E.2]and then into Theorem D.]]
yields Theorem [3.2]

The single-gradient proofs in Theorem- (and the uniform extensions in Theorem [D.3)) depend
on P only through two inequalities in Theorem @ In the factorlzed influence setting, the only
additional step is to control the cross-term |U T (P g\ ||2 for ¢’ € ker(F) from factor-level
primitive quantities. Define the factor sketch deviations

Ay =P Py—1;,, Ap=PLPg—1I,,.
A direct expansion shows
PTP—IdAdEZAA®IdE+IdA®AE+AA®AE. ®)

The same expansion also makes the stability condition in Theorem [D.T]explicit.

Lemma E.1. Assume |[UJAaUxll2 < € and |[UL ApUg||2 < € for some ¢ € (0,1). Then with
U=Us®Ug,

[UT(PTP—D)U|2 < UL AaUall2 + IU5 ApUg|l2 + UL AaUall2||Ug ApUgs||2 < 3e.

Proof. UsingEq.(8) and U™ = (Ua ® Ug)" = U, ® UJ, we have
UNPTP = DU = (Vs AaU) @ Iy + Iy © (Ug ApUs) + (Us AaUa) © (Up ApUp).
Taking operator norms and using || X @ Y||2 = || X||2]|Y||2 gives the claim. O

Lemma E.2. Fix P4, Pg (hence P), and let Ua,Ug be orthonormal bases for range(A) and
range(E), and U :== Ux @ Ug. Let g’ = ' ® €/, decompose o' = o/, + d| and ¢’ = e’// +¢€\, and

let ¢, be the orthogonal projection of g' onto ker(F') given by Eq. 1i Define Ay = PXPA -1,
and Ag = PEPE — 1.
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Then
|UT(PTP —1D)g\ll2 <UL Ad! |l2]l€)ll2 + llayl|l2|Ug Are |2
+ UL DAy 2lUg Age |2+ UL Aad ||2||UE Ape)ylla ()
+ U4 Aad [|2||Ug Ape, ||2-
In particular, if for some € € (0,1),

|UAAazllz < ellzllz forz € {al),d}, 1Ug Apylla <ellyllz fory € {e)y, e}, (10)

then
IUT(PTP—1)g' ll2 < (2e +3%) (lay l2lle |2 + 1o/, l12ll€y 12 + 1’y [l2]l€’ [|2) < 5V3ellg |2
(11

Proof. Start from the decompositions Eqgs. (7) and (8):
(PTP—Ig, =(Aa@I+10Ap+A84@Ap)(d)y @€, +d| ®e)+d| ®€)).

Expanding gives nine Kronecker products. Applying UT = U} ® U yields the explicit expansion
Ut(PTP -1y,

= (Uidaay) ® (Ugel) + (Uidadt) @ (Uge)) + (UsAadl) ® (Uge,) (12)
(Aa®I)(a), e ) (AaRI)(a), ®¢€))) (AaI)(a! @e)
+ (U;‘ra’//) ® (UgApe )+ (Usd) ® (U;AEe’//) (Usd)) @ (UgAge)) (13)
(I®AE)(a),®¢ ) (I®AEp)(a/, @) (I®AEp)(a’ ®@¢)
+ (UiAad)) @ (UsApe ) + (UiAad)) @ (UgAge)) + (UsAsd') ® (UgAge ).
(Aa®AR)(a),®e, ) (Aa®AR)(a, ®e))) (Aa®AR)(a), ®€))
(14)
Since UJ a', = 0and U ¢/, = 0, four terms vanish, leaving the five nonzero contributions
UT(PTP-1I)g, (15)
= (UiA4d)) ® (UEe//) (UAa//) ® (UgApe) + (UXAAa///) ® (UgAge) (16)
+ (UiAad)) ® (UgApe)y) + (UiAad)) @ (UgApe)). (17)
Taking Euclidean norms and using ||u ® v||s = |Ju||2]|v]|2, together with ||UXa’//||2 = |la/y||2 and

IUE €y ll2 = ll€)y 2. yields Eq. ).
Under Eq. , the first two (single-factor) terms in Eq. (EI) are bounded by ¢l|a’, |2[|¢/,[|> and

ella’y [l2]le’, |[2, respectively. The last three (product) terms are each bounded by 2||a’||2]|€’||2, where
a’ can be either a'// or &/, , same for ¢/. Summing and regrouping gives the first inequality in Eq. (L1).

For the second inequality, note that the three summands in Eq. (7) are pairwise orthogonal (since
aly La'| ande), Le'), s0
gL 13 = llay 1311113 + la’ 13 M€l 13 + a3 ]e’ 13-
By Cauchy-Schwarz,
lalyllzlle’, 12 + lla’, 2llelll2 + lla'y llzlle’, |2 < v3llg) |12
Since € < 1, we have 2¢ 4 3¢2 < 5e, yielding the second inequality in Eq.. O
Theorem [E-2] shows that to apply Theorem [D.1] in the factorized influence setting, it suffices to

control factor-level deviations ||U f Aa(-)||2 and ||UL Ag(+)||2 on the relevant vectors. Once these

are controlled with parameter ¢, the cross-term condition ||[U T (PTP — I)¢ |l2 < &g, ||2 holds
with & = O(e).
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E.2 PROOF OF CONCENTRATION OF FACTOR-LEVEL PRIMITIVES

We now show how to obtain the factor-level bounds Eq. (I0) with high probability from the same
concentration tools used in Section[D.3] The key point is that the K-FAC structure allows us to control
the relevant quantities by augmenting and controlling U4 and Ug, separately, rather than working in
dimension dsd g directly.

Proposition E.3. Let {g }5:1 with g; = a’; @ €/, and let g; | be the projection onto ker(F"). Define

; I 5 ! ! /
Ua,Ug as above and write a; = a; , + a; | and e = €} , + ¢e; | . Denote

k k
k=) 1(df L #0), = Leju #0),
=1 =1
and also,
Ky = dim(span({a}l}?:l))’ = dim(span({e;#}?:l)).

Assume Py and Py satisfy the same sketch assumptions as in Theorem[B.2](independently across
factors). Then, for any €,6 € (0, 1), if

I (7‘,4 + min{log(ka/d), k' + 10g(1/6)}>

2

and

mp — Q <1"E erin{log(kEig),k}E +10g(1/5)}) ’

then with probability at least 1 — 6, the following bounds hold simultaneously for all j € {1, ... k}:
U4 (PA Pa—Daj yllz <ella] ylla, UL (PAPa—Daj 1 |l2 < ellaj o [l2,
and
|Ug (Pg Pe —1)e} yll2 < elle] ylla, UL (P P —1)ej 1 [l2 < ellef 1 |2
Consequently, the cross-term condition
[UT(PTP—1)g; [l < 5V3¢]gj 1|12
holds for all j simultaneouslyﬁ

Proof. We prove the A-factor bounds; the E-factor bounds are identical. Firstly, by Theorem
applied to the r 4-dimensional subspace range(A), with probability at least 1 — §/4,

|UA (P4 Pa—1)Ual2 <e,
provided ma = Q(e?(r4 + log(4/9))). Next, to control [|U 1 (P4 P4 — I)a); | || uniformly over

J, we use either:

(i) aunion bound over the k4 nonzero vectors {a’j |}, giving a log k4 dependence, or

(i) a subspace argument on span(range(A4) U {a; L }5_1). giving a dependence on k/;. These
two routes yield the stated min{log k 4, £’y } dependence.

Concretely, route [(1)| follows exactly as in Theorem [D.4] - for a fixed unit vector v L range(A),
UL (PiPa—1 ) 2 < € holds with probability at least 1 — 6 /(4 max{k 4, 1}) provided

ma =0 (TA + log(4 max{ky, 1}/5))

2

and a union bound over the nonzero a;- | gives the desired uniform control.
;

SEquivalently, one can run the primitive bounds Eq. l) with accuracy /(5+/3) to obtain a cross-term
tolerance of ¢; this only changes m 4, mg by constant factors in the (-) conditions.
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On the other hand, route is obtained by applying Theorem [B.2|to the (r4 + k4 )-dimensional
subspace span(range(4) U {a; 1 }5_1). which yields the same uniform bound with

!/
R (m + Ky —&;log(4/6)> .
5

For a; ) € range(A), the desired inequality follows deterministically from the operator-norm event:

|UA (P Pa—1)d} ylla = Ui (PiPa—DUAULA, )2
<NUA(PAPa—DUall2 - ld} yll2 < ellaf yll2.
Repeating the above argument for the E-factor and union bounding the A and F events gives the

four primitive inequalities simultaneously for all j. The claimed cross-term bound then follows by
Theorem[E.2] O

On the event in Theorem [E.3] Theorem [E.2] gives the cross-term condition required by Theorem D.T]
The stability condition on range(F’) follows from the factor operator-norm events via Theorem [E. ]|
Thus Theorem [D.T|applies and yields the stated unregularized and regularized leakage bounds for
g; 1 » uniformly over j.
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