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ABSTRACT

We study the generalization properties of the overparameterized deep neural net-
work (DNN) with Rectified Linear Unit (ReLU) activations. Under the non-
parametric regression framework, it is assumed that the ground-truth function is
from a reproducing kernel Hilbert space (RKHS) induced by a neural tangent
kernel (NTK) of ReLLU DNN, and a dataset is given with the noises. Without
a delicate adoption of early stopping, we prove that the overparametrized DNN
trained by vanilla gradient descent does not recover the ground-truth function. It
turns out that the estimated DNN’s Ly prediction error is bounded away from 0.
As a complement of the above result, we show that the ¢5-regularized gradient
descent enables the overparametrized DNN to achieve the minimax optimal con-
vergence rate of the Lo prediction error, without early stopping. Notably, the rate
we obtained is faster than O(n~'/2) known in the literature.

1 INTRODUCTION

Over the past few years, Neural Tangent Kernel (NTK) [Arora et al., 2019b; Jacot et al., 2018; Lee
et al., 2018; Chizat & Bach, 2018] has been one of the most seminal discoveries in the theory of
neural network. The underpinning idea of the NTK-type theory comes from the observation that
in a wide-enough neural net, model parameters updated by gradient descent (GD) stay close to
their initializations during the training, so that the dynamics of the networks can be approximated
by the first-order Taylor expansion with respect to its parameters at initialization. The linearization
of learning dynamics on neural networks has been helpful in showing the linear convergence of
the training error on both overparametrized shallow [Li & Liang, 2018; Du et al., 2018] and deep
neural networks [Allen-Zhu et al., 2018; Zou et al., 2018; 2020], as well as the characterizations of
generalization error on both models [Arora et al., 2019a; Cao & Gu, 2019]. These findings clearly
lead to the equivalence between learning dynamics of neural networks and the kernel methods
in reproducing kernel Hilbert spaces (RKHS) associated with NTK. ! Specifically, Arora et al.
[2019a] provided the O(n~'/?) generalization bound of shallow neural network, where n denotes
the training sample size.

Recently, in the context of nonparametric regression, two papers, Nitanda & Suzuki [2020]
and Hu et al. [2021], showed that neural network can obtain the convergence rate faster than
(’)(n_l/ 2) by specifying the complexities of target function and hypothesis space. Specifically, Ni-
tanda & Suzuki [2020] showed that the shallow neural network with smoothly approximated ReLU
(swish, see Ramachandran et al. [2017]) activation trained via {s-regularized averaged stochastic
gradient descent (SGD) can recover the target function from RKHSs induced from NTK with swish
activation. Similarly, Hu et al. [2021] showed that a shallow neural network with ReLU activation
trained via {>-regularized GD can generalize well, when the target function (i.e., f}) is from HYTK,

"Henceforth, we denote HY'® and H}™® as RKHSs induced from NTK of shallow I = 1 and deep neural
networks L > 2 with ReLU activations, respecitvely.
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Notably, the rate that the papers Nitanda & Suzuki [2020] and Hu et al. [2021] obtained is minimax
optimal, meaning that no estimators perform substantially better than the ¢5-regularized GD or
averaged SGD algorithms for recovering functions from respective function spaces. Nevertheless,
these results are restricted to shallow neural networks, and cannot explain the generalization abilities
of deep neural network (DNN). Similarly with Arora et al. [2019a], Cao & Gu [2019] obtained
the O(n~1/?) generalization bound, showing that the SGD generalize well for f; € HY'®, when
f; has a bounded RKHS norm. However, the rate they obtained is slower than the minimax rate
we can actually achieve. Furthermore, their results become vacuous under the presence of additive
noises on the data set. Motivated from these observations, the fundamental question in this study is
as follows:

When the noisy dataset is generated from a function from HY™X, does the overparametrized
DNN obtained via ({s-regularized) GD provably generalize well the unseen data?

We consider a neural network that has L > 2 hidden layers with width m > n. (i.e., over-
parametrized deep neural network.) We focus on the least-squares loss and assume that the acti-
vation function is ReLU. A positivity assumption of NTK from ReLU DNN is imposed, meaning
that Ao, > 0, where )\, denotes the minimum eigenvalue of the NTK. We give a more formal math-
ematical definition of ReLU DNN in the following Subsection 2.2. Under these settings, we provide
an affirmative answer to the above question by investigating the behavior of Ly-prediction error of
the obtained neural network with respect to GD iterations.

1.1 CONTRIBUTIONS

Our derivations of algorithm-dependent prediction risk bound require the analysis on training dy-
namics of the estimated neural network through (regularized) GD algorithm. We include these
results as the contributions of our paper, which can be of independent interests as well.

* In an unregulaized case, under the assumption A, > 0, we show that the training loss con-
verges to 0 at a linear rate. As will be detailed in subsection 3.3, this is the different result
from the seminal work of Allen-Zhu et al. [2018], where they also prove a linear conver-
gence of training loss of ReLU DNN, but under different data distribution assumption.

* We show that the DNN updated via vanilla GD does not recover the ground truth function
I, € HYTK under noisy observations, if the DNN is trained for either too short or too long:
that is, the prediction error is bounded away from 0 by some constant as n goes to infinity.

* In regularized case, we prove the mean-squared error (MSE) of DNN is upper bounded
by some positive constant. Additionally, we proved the dynamics of the estimated neural
network get close to the solution of kernel ridge regression associated with NTK from
ReLU DNN.

* We show that the ¢5-regularization can be helpful in achieving the minimax optimal rate
of the prediction risk for recovering f € HYTK under the noisy data. Specifically, it is
shown that after some iterations of ¢s-regularized GD, the minimax optimal rate (which is

__d_ . . i .
O(n 2d—1 ) where d is a feature dimension.) can be achieved.

Note that our paper is an extension of Hu et al. [2021] to DNN model, showing that the ¢2-regularized
DNN can achieve a minimax optimal rate of prediction error for recovering f) € HYTK However,
we would like to emphasize that our work is not a trivial application of their work from at least two
technical aspects. These aspects are more detailed in the following subsection.

1.2 TECHNICAL COMPARISONS WITH HU ET AL. [2021]

Firstly, in the analysis of training loss of regularized shallow neural-net, Hu et al. [2021] begin the
proof by decomposing the difference between two individual predictions into two terms: one that
is related with the gram matrix evaluated at each iteration of the algorithm and the perturbation
term. Henceforth, we name this decompostion as “Gram-+Pert” decomposition. This decomposition
can be checked with the equality (E.2) in the supplementary PDF of Hu et al. [2021]. The key
ingredients for the decomposition are (i) the simple gradient structure of the shallow neural net, and
(ii) the partitioning of the nodes in the hidden-layer into two sets: a set of nodes whose activation
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patterns change from their initializations during training, and the complement of the set. This
construction of the sets peels off the ReLU activation in the difference so that the GD algorithm can
be involved in the analysis. However, because of the compositional structure of the network, the
same nodes partitioning technique cannot be applied for obtaining the decomposition in the DNN
setting with ReLU activation. To avoid this difficulty, we employ a specially designed diagonal
matrix 3 and this matrix can peel off the ReLU function for each layer of the network. (See

the definition of 3 in the proof of Theorem 3.5 in the Appendix.) Recursive applications of this
diagonal matrix across the entire hidden layers enable the Gram+Pert decomposition in our setting.
It should be noted that the diagnoal matrix 3 had been employed in Zou et al. [2020], which
analyzed the behavior of training loss of classification problem via ReLU DNN under logistic loss.
However, since their result is dependent on different data distribution assumption under the different
loss function from ours, they didn’t employ the Gram+Pert decomposition. Thus their technical
approaches are different from ours.

Secondly, Hu et al. [2021] directly penalized the weight parameter W by adding |[W||% to
the objective function. The ¢5-regularization solely on the W has an effect of pushing the weight
towards the origin. This makes |[W®) — W@ ||, < O(1)?, allowing most activation patterns of
the nodes in the hidden layer can change during the training, even in overparametrized setting.
Here, W(¥) denotes the updated weight parameter at kth itertaion of algorithm, and || - ||o denotes
the spectral norm of the matrix. Nonetheless, this doesn’t affect the analysis on obtaining the
upper-bound of MSE in shallow neural net, since the network has only a single hidden layer. In
contrast, in the DNN setting, we allow the non-convex interactions of parameters across the hidden
layers. To the best of our knowledge, a technique for controlling the size of ¢2-norm of network
gradient has not been developed under this setting, yet. We circumvent this difficulty by regularizing
the distance between the updated and the initialized parameter, instead by directly regularizing
the updated parameter. This ensures that the updated parameter by fs-regularized GD stays in
a close neighborhood to its initialization, so that with heavy over-parametrization, the dynamics
of network becomes linearized in parameter and we can ignore the non-convex interactions of
parameters across the hidden layers. Specifically, under suitable model parameter setting, we prove

that [W —w ||, < (’319(\/—1771)3 overall ¢ € {1,...,L}. Here, Op(-) hides the dependencies on
the model parameters; L, w, and n. This result allows us to adopt the so-called “Forward Stability”

argument developed by Allen-Zhu et al. [2018], and eventually leads to the control of network
gradient under /5 sense.

1.3 ADDITIONAL RELATED WORKS

There has been another line of work trying to characterize the generalizabilities of DNN under noisy
observation settings. Specifically, it has been shown that the neural network model can achieve
minimax style optimal convergence rates of Ly-prediction risk both in regression [Bauer & Kohler,
2019; Liu et al., 2019; Schmidt-Hieber, 2020] and classification [Kim et al., 2021] problems.
Nonetheless, a limitation of the aforementioned papers is that they assume an adequate minimizer
of the empirical risk can be obtained. In other words, the mathematical proofs of their theorems do
not correspond to implementable algortihms.

Recently, several papers, which study the generalization properties of neural network with
algorithmic guarantees, appear online. Specifically, Kohler & Krzyzak [2019] showed that the data
interpolants obtained through DNN by vanilla GD is inconsistent. This result is consistent with our
result, but they consider the overparametrized DNN that is a linear combination of Q(nwdz) smaller
neural network, and the activation function they consider is sigmoid function, which is smooth and
differentiable. Along this line of research, Kuzborskij & Szepesvari [2021] (regression) and Ji et al.
[2021] (classification) showed that when training overparametrized shallow neural network, early
stopping of vanilla GD enables us to obtain consistent estimators.

2This was empirically shown to be true in paper Wei et al. [2019]. See Figure 3 in their paper. We provide
a brief mathematical explanation on why this result is hard to be shown in Appendix C.
3Readers can find the proof of this result in Appendix G.
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Notation. We use the following notation for asymptotics: For sufficiently large n, we write f(n) =
O(g(n)), if there exists a constant K > 0 such that f(n) < Kg(n), and f(n) = Q(g(n)) if f(n) >
K'g(n) for some constant K’ > 0. The notation f(n) = ©(g(n)) means that f(n) = O(g(n)) and
f(n) = Q(g(n)). Let (A, B)y, := Tr(A" B) for the two matrices A, B € R%*%_ We adopt the
shorthand notation denoting [n] := {1,2,...,n} forn € N.

2 PROBLEM FORMULATION

2.1 NON-PARAMETRIC REGRESSION

Let ¥ € R and ) C R be the measureable feature space and output space. We denote p as a
joint probability measure on the product space X x ), and let py be the marginal distribution of
the feature space X'. We assume that the noisy data-set D := {(x;,y;)}, are generated from the

J— *

non-parametric regression model y; = f(x;) + €;, where ¢; kS N(0,1%) fori = 1,...,n. Let

fw( %) () be the value of neural network evaluated with the parameters W at the k-th iterations of GD
update rule. At k& = 0, we randomly initialize the weight parameters in the model following He ini-
tialization [He et al., 2015] with a slight modification. Then, the Lo prediction risk is defined as the

difference between two expected risks (i.e., excess risk) R(fw(k)) = Epu(xy) [(y — fw(k)(x))Q]

and R(f}) = Epupey (v — f;(x))2], where f;(x) := E[y|x]. Then, we can easily show the
prediction risk has a following form:

R(ﬁwf;) = R(fW(k)>—R(f*) Ep.e (fW ) (x )‘f;(x>)2 . (1)

Note that the expectation is taken over the marginal probability measure of feature space, px, and
the noise of the data, . However, the (1) is still a random quantity due to the randomness of the

initialized parameters (Wéo)) —t 1
2.2 DEEP NEURAL NETWORK WITH RELU ACTIVATION

Following the setting introduced in Allen-Zhu et al. [2018], we consider a fully-connected deep
neural networks with L hidden layers and m network width. For L > 2, the output of the network
fw(-) € R with input data x € X can be formally written as follows:

fw(x) = Vi VT (Wio(Wp_y -0 (Wix) -+ ), @
where S9! is a unit sphere in d-dimensional euclidean space, o(-) is an entry-wise activation
function, W; € R™*4 W, ..., W € R™*™ denote the weight matrices for hidden layers and

v € R™*! denote the weight vector for the output layer. Following the existing literature, we will
consider ReLLU activation function o(z) = max(x, 0), which is the most commonly used activation
function by practitioners.

Random Initialization. Each entries of weight matrices in hidden layers are assumed to be
generated from (W, ;) ~ N(0,2), and entries of the output layer are drawn from

0=1,....L
v; ~ N(0, ). This initialization scheme helps the forward propagation neither explode nor vanish
at the initialization, seeing Allen-Zhu et al. [2018]; Zou et al. [2018; 2020]. Note that we initialize
the parameters in the last layer with variance %, where w < 1 is a model parameter to be chosen
later for technical convenience.

Unregularized GD update rule. We solve a following ¢s-loss function with the given dataset
D:

1 & 2
- ; — fw(x)?. 3)
Let Wgo), ceey W(LO) be the initialized weight matrices introduced above, and we consider a follow-
ing gradient descent update rule:
Wi = WY —nw, (Ls(WY)), Lelll, k=1, )
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where Vw, (Ls(+)) is a partial gradient of the loss function Ls(-) with respect to the (-th layer
parameters Wy, and 7 > 0 is the learning rate of the gradient descent.

ly-regularized GD update rule. The estimator is obtained by minimizing a ¢5-regularized
function;

L
% 0) [|2
®p(W) = Ls(Wp) + 5 2 W _ng;HF. 5)

Naturally, we update the model parameters {W Dt } i1 via modified GD update rule:

oL
W, = (1= map)WHY = mVw, [Ls(WH™)] + mapW ), Wee[L], Vk>1. (6)

The notations 7;, 12 are step sizes, and p > 0 is a tuning parameter on regularization. We adopt
the different step sizes for the partial gradient and regularized term for the theoretical conveniences.
Furthermore, we add the additional subscript D to the update rule (6) to denote the variables are
under the regularized GD update rule. Recall that the Wg?z are initialized parameters same with
the unregularized case. For simplicity, we fix the output layer, and train L hidden layers for both
unregularized and regularized cases.

3 MAIN THEORY

First, we describe the neural tangent kernel (NTK) matrix of (2), which is first proposed by Jacot
et al. [2018] and further studied by Arora et al. [2019b]; Du et al. [2019]; Lee et al. [2018]; Yang
[2019]. NTK matrix of DNN is a L-times recursively defined n x n kernel matrix, whose entries
are the infinite-width limit of the gram matrix. Let Vwy, [ Jw0) ()] be the gradient of the ReL.U
DNN (2) with respect to the weight matrix in the ¢th hidden layer at random initialization. Note that
when ¢ = 1, Vw, [fw(0)(-)] € R™*andwhen ¢ € {2,..., L}, Vw,[fw(o)(-)] € R™*™. Then,
as m — oo,

nxn

L
( Z Vw, [fw©) ()], Vw, [fW(O)(Xj)]>Tr) — HY, (7
=1

n

where HY® := {Ker(xi,xj)}ij:1
follows:
Definition 3.1. (NTK function of (2)). For any x,x' € X and ¢ € [L], define

o0 (x,x") = (x,x),

U (x,x) dED(x,x
@(Z)(X7 x') = <¢)(£_1)((X/ X)) q>(1’~—1)((x’ X/))) € R2*2,

. Here, Ker(-, -) denotes a NTK function of (2) to be defined as

o (x,x)=2- E [o(u) - o(v)], and
(u,v)~N(0,00)
oW (x,x')=2- E o(u) - d(v)},

(u,0)~N(0,0(0)
where 5(u) = 1(u > 0). Then, we can derive the final expression of NTK function of (2) as follows:

L

Ker(x,x') = % . Z <<I>(/ 1) (x,x") H (I>([) (x,x’ ) 8

{=1 0=t

The expression in (8) is adapted from Cao & Gu [2019]. As remarked in Cao & Gu [2019], a coef-

ficient 2 in ®© and ) remove the exponential dependence on the network depth L in the NTK
function. However, when compared with the NTK formula in Cao & Gu [2019], (8) is different from
two aspects: (i) An additional factor w in (8)) comes from the difference in initialization settings
of the output layer, in which Cao & Gu [2019] considers v; ~ N(0, %) whereas we consider

vj o~ N(0, %) (i1) ®©L) is not added in the final expression of (8)), whereas it is added in the
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definition provided in Cao & Gu [2019]. This is because we only train the L hidden layers but fix the
output layer, while Cao & Gu [2019] train the entire layers of the network including the output layer.

As already been pointed by several papers, Cho & Saul [2009] and Jacot et al. [2018], it can
be proved that the NTK function (8) is a positive semi-definite kernel function. Furthermore, Cho &
Saul [2009] prove that the expectations in ¢ and & have closed form solutions, when the covariance
matrices have the form (} ) with |¢] < 1:

E [o(u) - o(v)] = L (t - (m — arccos(t)) + v/'1 — t2>,
(u,0)~N(0,0(0)) 2 ©)
(u,v)~g(0,@(@>) [6(u)-&(v)] = 217r (m — arccos(t)).

Clearly, (8) is symmetric and continuous on the product space X x X, from which it can be implied
that Ker(-, ) is a Mercer kernel inducing an unique RKHS. Following Ghorbani et al. [2020], we
define the RKHS induced by (8) as:

Definition 3.2. (NTK induced RKHS). For some integer p € N, set of points {X;};_; C X, and
weight vector o :== {a, ..., a,} € RP, define a complete vector space of functions, f : X — R,

HY'™K = cl<{f(-) - éajKermij)}), (10)

where cl(-) denotes closure.

In the remaining of our work, we assume the regression function f7(x) := E[y|x] belongs to HY"X.

3.1 ASSUMPTIONS.
In this subsection, we state the assumptions imposed on the data distribution with some remarks.

(A1) py is an uniform distribution on S?~1 := {x € R? | ||x||2 = 1}, and noisy observations
are assumed to be bounded. (i.c., px ~ Unif(S41), y; = O(1), Vi € [n].)

(A2) Draw n i.i.d. samples {xz, (x;)}7_, from the joint measure p. Then, with probability at
least 1 — §, we have Apin (HL ) = Ao > 0.

Remark 3.3.

* When the feature space is restricted on the unit sphere, the NTK function in (8) becomes
rotationally invariant zonal kernel. This setting allows to adopt the results of spectral decay
of (8) in the basis of spherical harmonic polynomials for measuring the complexity of
hypothesis space, HYTK. See the subsection 3.2 and references therein.

* Assumption (A2) is commonly employed in NTK related literature for proving global con-
vergence of training error and generalization error of both deep and shallow neural net-
work, Du et al. [2018; 2019]; Arora et al. [2019a]. Note that the (A2) holds as long as no
two x; and x; are parallel to each other, which is true for most of the real-world distribu-
tions. See the proof of this claim in Du et al. [2019].

3.2 MINIMAX RATE FOR RECOVERING f+ € H)YTK

The obtainable minimax rate of Ly-prediction error is directly related with the complexity of func-
tion space of interest. In our setting, the complexity of RKHS HETK can be characterized by the
eigen-decay rate of the NTK function. Since Ker(x,x’) is defined on the sphere, the decomposition
can be given in the basis of spherical harmonics as follows:

N(d,k)

Ker X X Zuk Z Ykﬂ }/}g,7 )
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where Yy j,j = 1,...,N(d, k) are spherical harmonic polynomials of degree & and {y}7°
are non-negative eigenvalues. Recently, several researchers, both empirically [Basri et al., 2020]
and theoretically [Chen & Xu, 2020; Geifman et al., 2020; Bietti & Bach, 2021], showed that,
for large enough harmonic function frequency k, the decay rate of the eigenvalues uy is in the

order of ©(k~%) *. Given this result and the fact N (d, k) = 2k£d=3 (*19°3) orows as k42 for
large k, it can be easily shown A\; = @(jfd%l), when Ker(x,x') = 7%, \;¢;(x)¢;(x'), for
eigen-values A\; > Ay > --+ > 0 and orthonormal basis {d)j ‘;‘;1. Furthermore, it is a well known
fact that if the eigenvalues decay at the rate A\; = ©(j~2"), then the corresponding minimax rate for
estimating function in RKHS is O (n‘ﬁ), [Raskutti et al., 2014; Yuan & Zhou, 2016; Hu et al.,

. .. . . __4d
2021]. By setting 2v = 5%, we can see the minimax rate for recovering /5 € HY™ is O(n™70-1).

Remark 3.4. We defer all the technical proofs of the Theorems in subsections 3.3 and 3.4 in the Ap-
pendix for conciseness of the paper. We also provide numerical experiments which can corroborate
our theoretical findings in the Appendix A.

3.3 ANALYSIS OF UNREGULARIZED DNN

In this subsection, we provide the results on the training loss of DNN estimator obtained via mini-
mizing unregularized ¢2-loss (3) and on the corresponding estimator’s Lo-prediction risk R( frs f;) .

Theorem 3.5. (Optimization) For some § € [0,1], set the width of the network as % >
Q(ii\ﬁsgs ), and set the step-size of gradient descent as n = O(Tﬁ’}%m) Then, with probability at

E with W)

least 1 — & over the randomness of initialized parameters W) := {W§O) }521 L1

we have for k =0,1,2,...,

=V,

Ao )"
Ls(WW) < (1 - > Ls(WO). (1
In other words, the training loss drops to 0 at a linear rate.

We acknowledge a series of past works Allen-Zhu et al. [2018]; Du et al. [2019] have similar spirits
with those in Theorem 3.5. However, it is worth noting that their results are not applicable in our
problem settings and data assumptions. Specifically, the result of Du et al. [2019] is based on the
smooth and differentiable activation function, whereas the Theorem 3.5 is about the training error of
ReLU activation function, which is not differentiable at 0. Furthermore, the result of Allen-Zhu et al.
[2018] relies on ¢-separateness assumption stating that the every pair of feature vectors {xi, X; }:L 4

is apart from each other by some constant ¢ > 0 in a Euclidean norm. In our work, the positivity
assumption on the minimum eigenvalue of the NTK is imposed (i.e., Ao > 0).

Remark 3.6. Reducing the order of network width is definitely another line of interesting research
direction. We are aware of some works in literature, but we chose not to adopt the techniques since
this can make the analysis overly complicated. To the best of our knowledge, the paper that most
neatly summarizes this line of literature is Zou & Gu [2019]. See the table in page 3 in their paper.

The order of width they obtained is ) ( n’ ¢L812 ), where they impose ¢-separateness assumption.

Remark 3.7. There has been an attempt to make a connection between the positivity and ¢-
separateness assumptions. Recently, Zou & Gu [2019] proved the relation oo = Q(d)n*Q) 3 in
a shallow-neural net setting. See Proposition 3.6. of their work. However, it is still an open ques-
tion on whether this relation holds in DNN setting as well. The results in Theorem 3.5 suggest a
positive conjecture on this question. Indeed, plugging the relation A\, = Q(dm”) in (11) and in

the n = O(n;\ﬁ) yield the discount factor (1 - Q ( "m¢))k and step-size n = (9( , which

n2

)

“In shallow neural network with ReLU activation without bias terms, it is shown that i, satisfy po, 1 > 0,
e = 0if k = 25 + 1 with j > 1, and otherwise ju; = G)(k’d). See Bietti & Mairal [2019]. However, in
ReLU DNN, it is shown that these parity constraints can be removed even without bias terms and p, achieves
(C] (/c’d) decay rate for large enough k. Readers can refer Bietti & Bach [2021] for this result.

SWe conjecture that this is not the tightest lower bound on A... Recently, Bartlett et al. [2021] proves that
Aoo 2 d/n in shallow neural net setting. See Lemma 5.3 in their paper.
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are exactly the same orders as presented in Allen-Zhu et al. [2018]. See Theorem 1 of their ArXiv
version paper for the clear comparison. We leave the proof of this conjecture as a future work.

Theorem 3.8. (Generalization) Let f; € H)"™. Fix a failure probability 6 € [0,1]. Set the width
of the network as —5— > Q(%) the step-size of gradient descent as n = O(nZ)\Liogm)

m
log?(m) =

and the variance parameter w < (’)(()‘—M‘;)Q/g). Then, if the GD iteration k > Q(Lg(n)) or

n NMAso
k<O (m), with probability at least 1 — & over the randomness of initialized parameters W°),

we have
R(fe, f2) = Q(1).

This theorem states that if the network is trained for too long or too short, the Lo-prediction error of

fw(lc) is bounded away from 0 by some constant factor. Specifically, the former scenario indicates
that the overfitting can be harmful for recovering f; € HYTK given the noisy observations.

Remark 3.9. Readers should note thgt the Theorem 3.8 does not consider if the GD algorithm
can achieve low prediction risk ’R(fk,f;) over the range of iterations (nmwL)™t < k <
(nMmAso) " tlog(n). In the numerical experiment to be followed in Appendix A, we observe that
for some algorithm iterations k*, the risk indeed decreases to the same minimum as low as the
{o-regularized algorithm can achieve, and increases again. This observation implies that the unreg-
ularized algorithm can achieve the minimax rate of prediction risk. However, analytically deriving
a data-dependent stopping time k* in our scenario requires further studies, since we need a sharp
characterization of eigen-distribution of NTK matrix of ReLU DNN, denoted as H$® in this paper.
Readers can refer the Theorem 4.2. of Hu et al. [2021] in shallow-neural network and equation (6)
in Raskutti et al. [2014] in kernel regression context on how to compute k* with the given eigen-
values of the associated kernel matrices.

3.4 ANALYSIS OF /5-REGULARIZED DNN

In this subsection, we study the training dynamics of ¢5-regularized DNN and the effects of the reg-
ularization for obtaining the minimax optimal convergence rate of Lo-prediction risk. In the results
to be followed, we set the orders of model parameters p, 11, 172 in (6), and a variance parameter of
output layer, w as follows:

d-1 1 342 1 342 1 _5d—2

(12)

Theorem 3.10. (Optimization) Suppose we minimize {5-regularized objective function (5) via mod-
4
ified GD (6). Set the network width ; > Q(L20"2 ) and model parameters as in (12). Then,

m
og?(m) 6

with probability at least 1 — , the mean-squared error follows

k
Ls(WH)) /n < (1 - nguL> - Ls (W) /n + O(1), (13)

for k > 0. Additionally, after k > Q((ng,uL)_l log(n3/2)) iterations of (6), for some constant

C > 0, we have
1
< 0@()7 (14)
n

Several comments are in sequel. Theorem 3.10 is, to our knowledge, the first result that rigorously
shows the training dynamics of ¢,-regularized ReLU DNN in overparametrized setting. Observe
that the first term on the right-hand side of the inequality (13) converges linearly to 0, and the
second term is some positive constant that is bounded away from 0. This implies that the MSE of
regularized DNN is upper-bounded by some positive constant. Note that we only provide the upper

-1
up(k) — HY (Cu I+ Hf) y

2

where we denote up (k) = [fw(k) (x1),-- -5 fw(k) (xn)] T
D D
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bound, but the results of our numerical experiments indicate that the MSE is lower-bounded by
Op(1) as well. We leave the proof of this conjecture for the future work.

The inequality (14) states that the trained dynamics of the regularized neural network can
approximate the optimal solution (denoted as g};) of the following kernel ridge regression problem:

. 1o Cu
f%n{2§<y — F6)” + S gy } (15)
where || - ||z denotes a NTK-induced RKHS norm. Note that the optimization problem in

(15) is not normalized by sample size n. The inequality (14) states that after approximately
(nepL) ™! iterations of (6), the error rate becomes Op(%). The approximation error is computed
at the training data points under ¢5 norm. This should be compared with the Theorem 5.1 of Hu
et al. [2021], where they showed that the similar approximation holds “within” a certain range of
algorithm in shallow neural network setting. In contrast, we show that the approximation holds
“after” k > Q((nopL) ! log(n®/?)) in deep neural network. It should be noted that the difference

of results comes from the regularization scheme, where we penalize the Zle W, — Wéo) 1%,
whereas Hu et al. [2021] regularized the term ||[W1||%.

As another important comparison, Hu et al. [2019] showed the equivalence of a solution of
kernel ridge regression associated with NTK and the first order Taylor expansion of the regularized
neural network dynamics; note, however, that the up (k) in (14) is a full neural network dynamics.

Let R( fw“”)  f *) be the Lo-prediction risk of the regularized estimator fw(’” via modified GD (6).

Next theorem states the result of generalization ability of fw(k).
D

Theorem 3.11. (Generalization) Let [} € HY™. Suppose the network width + Sy 2 Q(LQU 24)

and model parameters are set as suggested in (12). Then, with probability tending to 1, we have

(fw(m,f) OIP(” 2= 1)

The resulting convergence rate is O(niﬁ) with respect to the training sample size n. Note that
the rate is always faster than O(n_l/ 2) and turns out to be the minimax optimal [Caponnetto &
De Vito, 2007; Blanchard & Miicke, 2018] for recovering f; S "HIETK in the following sense:

lim hmlnfmfsupP{ (f, f;) > Tn_wdl] =1, (16)
for

r—0 n—oo

where p is a data distribution class satlsfylng the Assumptions (Al), (A2) and f € ’HNTK and

infimum is taken over all estimators D — f . It is worth noting that the minimax rate in (16) is
same with the minimax rate for recovering f} € HYTK (i.e., Hu et al. [2021]) This result can be

derived from the recent discovery of the equivalence between two function spaces , HYTK = HNTK,
See Geifman et al. [2020] and Chen & Xu [2020].

Remark 3.12. A particular choice of y = @(n%) in (12) is for obtaining an optimal minimax
rate for prediction error in Theorem 3.11. Specifically, the order of p determines the Lo distance
between the f} and the kernel regressor g%. That is, || f5 — g} |13 = Op(£). With the result HY™ =

’HIZTK, the same proof of Lemma D.2. in Hu et al. [2021] can be applied for proving this result.

4 CONCLUSION

We analyze the convergence rate of Ly-prediction error of both the unregularized and the regular-
ized gradient descent for overparameterized DNN with ReL.U activation for a regression problem.
Under a positivity assumption of NTK, we show that without the adoption of early stopping, the
Lo-prediction error of the estimated DNN via vanilla GD is bounded away from 0 (Theorem 3.5),
whereas the prediction error of the DNN via ¢5-regularized GD achieves the optimal minimax rate

(Theorem 3.11). The minimax rate (’)(n‘ﬁ) is faster than the O(n~'/2) by specifying the com-
plexities of target function and hypothesis space.
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A NUMERICAL ILLUSTRATIONS

(a) Optimization (b) Generalization Error (c) Generalization Error
5 0.6 0.18
— n =100 --- n=100, Unreg 0.16 1
-==- n =300 0.5 —— n=100, Reg .

— n =500

0.14

|
o
-
N

0.10 1
0.08

Mean Squared Error

Prediction Risk
=)
w
Prediction Risk

0.06

pemmm——mmm e —————

0.04
0.02

T T T T T T T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000 0 1000 2000 3000 4000 5000
Epochs Epochs Sample Size

Figure 1: Results on synthetic data.

In this section, we use synthetic data to corroborate our theoretical findings. We use the He
initialization [He et al., 2015] and employ (¢5-regularized) GD as introduced in subsection 2.2. For
the experiments, we run 1000 epochs of GD and use a fixed step size, setting 71 = 72 = 0.001. We
uniformly generate n feature data x;"™" from S%~* with d = 2 and generate y; from f} (x{") with
ei ~ N(0,1). To create a function f; € H)}"™, we use the definition in (10) with o € Unif(S?~1)
and with p fixed points {X;}/_, C Unif(S91), where p is simply set as 1. Note that Ker(-, ")
in (10) can be calculated via the formulas (8) and (9) with specified network depth L. We consider a
scenario where we have a network with depth L = 8 and width m = 2000. The variance parameter
of the output layer (w) is set as 1 for unregularized and 0.001 for regularized cases.

In Fig 1.(a), we record the training errors of regularized networks over the GD epochs £ < 1000,
where we have n € {100, 300, 500, 1000, 5000} training samples. This aims to verify the inequal-
ity (13) that the MSE of regularized network is bounded away from 0 by some constant. In Fig 1.(b),
the prediction risks of both unregularized and regularized networks are displayed. We approximate

. . 1 500 N 2 . E
the risk with z55 3277 (fx ('X?St) - f (x;-es")) with a new test data set {x|*, f>(x*) 3?20'1 over
k <1000 for both unregularized and regularized cases. In both cases, they reach the same minimal
risks, but the risk of unregularized network increase after it hits the minimal point, whereas the
risk of regularized network stays stable. Theorem 3.6 tells us that for the iteration less than the

order O ( nmlw T ) the prediction error is bounded away from 0. In the experiment for unregularized

case, we set 7 = 0.01, m = 2000, L = 8, and w = 1. Plugging in these parameters in the bound

says that the minimum can be achieved within a very few iterations. Note that the optimal risk is
. . __d_

non-zero as long as we have finite sample sizes n, but converges to 0 at the rate (’)(n 2d—1 ) In

Fig 1.(c), we verify that the more training sample sizes we have, the closer the risks of the regu-
larized networks get to 0. The risk is evaluated at the sample sizes n = {100, 300, 500, 1000, 5000}.

We have to acknowledge that there is a discrepancy between our experiment setting and the-
ory. Specifically, due to the limited computing power, we could not run the experiment under the

regime of width logg’;m) > Q(“i\ggs ) But the prediction risk behaves similarly as expected

by our theorems, which can be a partial evidence that the statement in theorems still holds in the
narrower width of the network.

B PRELIMINARY NOTATIONS

Before presenting the formal proofs of Lemmas and main results, we introduce several notations
used frequently throughout the proofs. First, we denote x, ; the output of the ¢th hidden layer with
the input data x; after applying entry-wise ReLU activation function.

Xgi = U(WgU(Wg,l . U(W1Xi> - ))
Denote fy )(z) a value of neural network (2) evaluated at the collection of network parameters
wk) = {Wék) }oy , and W ") denotes the ¢th hidden layer parameter updated by kth GD

13
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iterations.

Partial gradient of fw (7). We employ the following matrix product notation which was
used in several other papers [Zou et al., 2018; Cao & Gu, 2019]:

17
T otherwise. an

ﬁA {AnggQ Lo Ag i 0y < o,

Tfl

Then, the partial gradient of fyy (i) (z) with respect to Wék) for 1 < ¢ < L has a following form:
fori e {1,...,n},

Vw, [fww (x:)] = vm - [xy“)“ T( H 2(.’“)wk>>2<k>} . Lell),

r=0+1

where EE{? = Diag(]l((wékl),xék)1 D =0),... ]l((wékgl,xék)l ) = 0)) € R™™ and wék)
denotes jth column of the matrix W§k).

Gram matrix H(k). Each entries of empirical gram matrix evaluated at the kth GD update
are defined as follows:

L

H, (k) = % > (Vw. [fwie x0)], Vw, [Fwe (%)) ), -
=1

Note that H(0) — H? as m — oo which is proved in Jacot et al. [2018]; Yang [2019]; Lee et al.
[2018]; Arora et al. [2019D].

Perturbation region of weight matrices. Consider a collection of weight matrices
W:{Wg}é=1 ,, such that

W e BWO, r) = {WZ W WO, <7, wee [L]}. (18)

Foralli € {1,...,n}and ¢ = 1,..., L, we denote x, ; and X ; as the outputs of the /-th layer of
the neural network with weight matrices W) and W, and Y, and Xy ; are diagonal matrices with
) S . :

(Egyi)jj = ]l((wh,x; 1) > 0) and (E&i)jj = ]l((w&j,Xg_M) > O), respectively.

C  WHY IS IT HARD TO PROVE [|[W), — W), ||, < O(1)?

In this subsection, we provide a heuristic argument on why it is hard to prove ||W53k)€ - Wg)ZHQ <

O(l), where Wg)/ is the model parameter of /th layer in kth iteration of algorithm. Here, we
regularize solely on the model parameter, instead on the relative to the initialization. In this case, we
can write the update rule as follows :

WS, = (1= mp)WH Y —mVw, [Ls(WH V)], VI<(<L and VE>1. (19

By recursively applying above equation (4.3), we can write W(Llf)e with respect to Wg)e as follows:

W, = (1 — )" W, — Z 1— o) Vw, [Ls (W5 V)],
£=0

Then, we can control the bound as follows:

Wy = Will2 < (1—(1—n2u )H 3 ax || Vw. s (W5

m
772,[1@ 0,. 2

14
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We know under the initialization setting in our paper, ||Wg€7)e||2 < O(1) with high-probability
(see Vershynin [2018]), and as long as we can prove the ¢5-norm of gradient is bounded, then we
can conclude ||W%€)€ _Wg,)e |2 < O(1). However, we are not aware of works in which they control
the size of | Vw, [Ls (Wg_z_l))] |l2 where the non-convex interactions between model parameters
across the hidden layers are allowed. To the best of our knowledge, we know the work Allen-Zhu
et al. [2019] deals with the three layer case under this setting. But we need further investigations

on whether the techniques employed in their paper can be generalized to arbitrary L-hidden layer
setting.

D USEFUL LEMMAS

A simple fact. Suppose V; N (0, =) for j € [m]. Then, with probability at least 1 —
exp [-Q(m)]. [v[|3 < Ow).
Proof. Since va” v, S O(£) for j € [m], where | - ||w, denotes a sub-exponential norm, Bern-

stein’s inequality for i.i.d. centered sub-exponential random variables can be employed : For any
t >0,

Ui t2 t
]P’( <V2—w) zt) §2exp<—cmin< , , >>, (20)
Z J m Z(rb HVJQH\Qpl max; ||VJ2H\1;1

Jj=1 7=1

where ¢ > 0 is an absolute constant. Note that we used the fact centering does not hurt the sub-
exponentiality of random variable. Choosing ¢t = O (w) concludes the proof. O

Lemma 4.1 (Lemma 7.1. Allen-Zhu et al. [2018]). With probability at least 1 — O(nL) -
exp[—Q(m/L)], 3/4 < |[x\)||l2 < 5/4 foralli € {1,...,n} and ( € {1,...,L}.

Lemma 4.2 (Lemma B.1. Cao & Gu [2019]). If 7 < O(L~°/?[log(m)]~?), then with probability
at least 1 — O(nL) - exp[—Q(m7?/3L)], 1/2 < [[Xe;ll2 < 3/2 for all W € BW, 1), i €
{1,...,n}and L € {1,...,L}.

Lemma 4.3 ( Allen-Zhu et al. [2018]). Uniformly overi € {1,...,n}and 1 < £y < {5 < L, the
following results hold:

1. (Lemma.7.3, Allen-Zhu et al. [2018]) Suppose m > Q(nLlog(nL)), then with probability
at least, 1 — O(nL?) - exp[—Q(m7*/3L)],

L2
H 27(“0) Wﬁo)

32

<O(VL).

2

7"=€1

2. (Lemma.7.4, Allen-Zhu et al. [2018]) Suppose m > Q(nLlog(nL)), then with probability
at least, 1 — O(nL) - exp[—Q(m/L)],

L
vT( 11 ES’?W?))

7‘=él

< O(vVw).

2

3. (Lemma.8.2, Allen-Zhu et al. [2018]) Suppose 7 < O(L~%/2[log(m)]~*). For all W €
B(WWO), 1), with probability at least, 1 — O (nL?) - exp[—Q(m71*/3L)],

o) , < O(TL5/2\/10g(m)).

Hifl,i - Xél,i
4. (Corollary.8.4, Allen-Zhu et al. [2018]) Suppose T < (’)(L_Q/Q[log(m)]_?’), then with
probability at least, 1 — O(nL?) - exp[—Q(m7*/3L)],

S 0
[Zes - =2

S O(mr*L).
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5. (Lemma.8.7, Allen-Zhu et al. [2018]) For all £ € [L], let 37 ; € [—3,3]™*™ be the diag-

onal matrices with at most s = O(m72/3L) non-zero entries. For all W e B(VV(O)7 T),
where T = O( 115 ), with probability at least 1 — O (nL) - exp[—Q(slog(m))],

L
(1 e mw) om0 v T1 sowe)se,

r=0;+1 r=£1+1

< (’)(7’1/3L2 wlog(m)).

Lemma 4.4 (Lemma B.3. Cao & Gu [2019]). There exists an absolute constant k such that, with
probability at least 1 — (’)(nLQ) cexp[—Q(m7r?3L)], i € 1,...,nand { € 1,...,L and for all

W e BW®O), 1), with T < kL~[log(m)] =3, it holds uniformly that
IVw. [few (][], < O(Vem).
Lemma 4.5. Suppose W € BOW®O ., 7) and 7 < O(L™?[log(m)]~3). For all uw € R™ with a

cardinality ||ullo < s, forany 1 < ¢ < Landi € {1,...,n}, with probability at least 1 — O(nL) -
exp (— Q(slog(m))) — O(nL) - exp ( — Qm7r*3L)),

L
T ( I gr’iwm)u’ < wslog(m) O(|lull2).
r=¢

m

Proof. Recall Lemma 4.2. For any fixed vector u € R™, with probability at least 1 — O(nL) -
exp[—Q(m7?/3L)] for 7 < O(L~?[log(m)]~3), forany 1 < ¢ < Landi € {1,...,n}, we have
the event T,

< 3ully- 21
2

L
'| ( H ir,iwr,i> (%
r=~0

Conditioned on this event happens, it is easy to see the random variable v ( Hf:a Em‘Wm')u ~
SG(22||ul3). Based on this observation, we have the probability,

L
P( VT ( H imwr,i) U
r=~{

ol ()1

O(nL) - exp ( — Q(slog(m))) + O(nL) - exp ( — Q(m72/3L)),

> |2 o)

m

=) 0(ull) | T) + B(T)

where in the last inequality, union bounds over the indices £ and ¢, and over the vector u € R™ with
|lullo < s are taken. O

Lemma 4.6. Suppose 7 < m for some constant C > 0. Then, for all i € [n] and
¢ € [L], with probability at least 1 — O(nL) - exp[—Q(m72?/3L)], we have

7w, v 0] = T, [ ], < O (7222 mTog )
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Proof. By using the results from Lemma 4.3, we can control the term :

IVw, [fw) (x:)] = Vw, [fwo)(xi)] |2

L L
= vin- [t (] =ewe )5 x0T Bowe )z
r=0+1 r=_(+1

2

L
; ; k
VT( H E&k)wgk)>2§)

k 0
<vm- ||X§7)1 - X§21 2 -
— re=t41

<O(7L5/2/log(m))

2

<0(v@)
L L
e (T mowe)s v (( ] sowe )z
N—— r=~0+1 r=0+1 2
<0(1)
<O(1Y/3L24/wlog(m))
< 0(71/3L2 wm log(m)>7
where, in the last inequality, we used the condition on 7 < m < 1. O

Remark 4.7. Note that the results in Lemmas 6.3 (second and fifth items), 6.4, 6.5, 6.6 are in the
setting of v; ~ N (0, &) for j € [m].

For the notational convenience, in following Lemmas we denote fyy(x)(x;) as u; (k) and let u(k) :=
[uy(k),...,u,(k)]" for k > 0.

Lemma 4.8. For some § € [0,1], if m > Q(Llog(nL/§)), then with probability at least 1 — 6,
[lu(k)]l2 < O(@)forany k>0.

X[

recall that v; ~ N'(0, £) for j € [m], x; € R™ and u;(k) = /mv 'xz; ~ N(0,0(w)). Then,
we have a following via simple Markov inequality: for any ¢ > 0,

Proof. Recall the Lemma 4.2 stating that

= O(1) for any input data x; for ¢ € [n]. Also
2

E[[uk)l,] _ E[u®)l] _ o(vmw)

t t - 4

P luwl, > ) <

O
Lemma 4.9. For some § € [0,1], if m > Q(Llog(nL/d)), then with probability at least 1 — 4, we

have
Ju(0) - yll, < o(\/f)

Proof. By Markov’s inequality, for any ¢t > 0,

E-woyv | Iu(0) — v
t2 '

P( [u(0) —yll, > t) < (22)

Note that the expectation in the nominator of (22) is taken over the random noise ¢ and initialized
parameter W (0), v. We can expand the nominator as follows:

2
E-woyw | 10(0) = ¥1I3 | = Ewy[u(O)]3 + Eclly] - 2E-wiow [y u(0)]. @23)
For the convenience of notation, let y* := [f3(x1),..., f3(x,)]" and € := [e1,...,e,] . Recall

that we have y = y* + ¢, and |ly*||3 = O(n). Also note that by Lemma 4.1, with probability at
least 1 — O(nL) - exp[—Q(m/L)], foranyi =1,...,n, ||x§){\|§ = O(1). Then, we have a random
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variable u;(0) = /mv "xz; ~ N(0,O(w)). Now, we are ready to derive the orders of three terms
on the RHS of (23).

Ew(o)v[u(0)]3 = O(n),
Ecllyll3 = Ee Iy 13 + llsll} — 25 7<) = 0(m),
T * T
E. w(0),v [y 11(0)] = EE,W(O),V[(Y +¢) U(O)} =0.

Combining the above three equalities, we conclude the proof. O

Lemma 4.10. Suppose 7 = (’)(\/:T\gf ). For some 6 € [0,1] such that § > O(nL) -

exp[—Q(m72/3 L)), then with probability at least 1 — §, we have

[H(k) - HO), < 0( MRty 1?55; )>

Proof. By the definition of gram matrix H; ;(k) for any k£ > 0, we have
[H; ; (k) — H; ;(0)]
L

— |+ Z <Vwe [fw (x)], Vw, [fW(k)(Xj)]> - <sz [fwo)(xi)], Vw, [fW(O)(Xj)}>
m -1 Tr Tr
L
< %Z { ‘<Vw[ Twwyx0)], Vw, [fw (x5)] = Vw, [fw<o)(Xj)]>
=1 Tr

+ ’<VVV£ [fwo) )] Vw, [fwa ()] = Vw, [fwo) (Xi)]>

}

Tr

L
= %Z { vaf fW Xl)] H2 ’ vaz [fW(k)(Xj)] - Vw, [fW(O) (Xj)] ||2
= <o(vam) <o(r1/312/amiostm)
+ [IVw, [fwo) ()]l - [V, [fwi (x0)] = Vw, [fwio) (x:)] ||, }
<o(vm) <0(r1/3L2\/am log(m))

6 log ( )
< 7/6,1/3 13
_O< L \/ moAZ, )

In the second inequality, Lemmas 4.4 and 4.6 are used, and in the last inequality, 7 = O( \/:T\g )

is plugged in. With this, using the fact that Frobenius norm of a matrix is bigger than the operator
norm, we bound the term ||H(k) — H(0)||2 as follows:

(k) ~ HO), < [H(k) ~ HO)| < O( rifa 2 102 L) )>

Lemma 4.11. For some § € [0, 1], with probability at least 1 — 9,

JFE5 — HO)l, < 0 wnz?? ez

Proof. For some = [0,1], sete = L3/2 \4/ % from Theorem 3.1. of Arora et al. [2019b].
For any fixed i, j € [n], we have

P||HS —H;;(0)] < O<wL5/QW>] >1-4.

18
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/

After applying the union bound over all ¢, j € [n], setting 6 = 2—2, and using the fact that Frobenius
norm of a matrix is bigger than the operator norm, we conclude the proof. O

For two positive semi-definite matrices A and B, if we write A > B, then it means A — B is
positive semi-definite matrix. Similarly, if we write A > B, then it means A — B is positive definite
matrix. With these notations, we introduce a following Lemma.

Lemma 4.12 (Lemma D.6. Hu et al. [2021]). For two positive semi-definite matrices A and B,

1. Suppose A is non-singular, then A = B <= \,x(BA™!) < 1and A - B <
Mnax(BATY) < 1, where \pax(+) denotes the maximum eigenvalue of the input matrix.

2. Suppose A, B and Q are positive definite matrices, A and B are exchangeable, then
A >B—=— AQA > BQB.

E PROOF OF THEOREM 3.5

For the convenience of notation, denote wu;(k) = fw)(x:) and let u(k) =

[u1(k), uz(K), ... ,un(k)]T. In order to achieve linear convergence rate of the training error,
2

[lu(k) — yl|5, we decompose the term as follows:

2 2
[ulk +1) = yll; = [[u(k) —y + (ulk +1) —ulk)) |}
T
= Ju(k) = yll; —2(u(k) —y) (alk+1) —u(k)) + [ulk+1) —u®)];.
Equipped with this decomposition, the proof consists of the following steps:

1. Similarly with Du et al. [2019], a term (u(k + 1) — u(k)) is decomposed into two terms,

) and ng), respectively. We note that the first term ng) is

related with a gram matrix H(k) and a second term ng) can be controlled small enough in
{5 sense with proper choices of the step size and the width of network.

where we denote them as ng

2. A term [ju(k+1) — u(k‘)Hg needs to be controlled small enough to ensure 2(u(k) —
y)—r (u(k+1) —u(k)) > [u(k+1) — u(/c)||§ so that the loss decreases.

3. Tt is shown that the distance between the gram matrix H(k) and the NTK matrix H is
close enough in terms of operator norm.

4. Lastly, we inductively show that the weights generated from gradient descent stay within a
perturbation region B (W(O), T) , irrespective with the number of iterations of algorithm,

We start the proof by analyzing the term u(k + 1) — u(k).

Step 1. Control on u(k +1) — u(k).  Recall (EE?)M = 1(<Wéf?,xé’i)17i> > 0) and we

introduce a diagonal matrix f]éki), whose jth entry is defined as follows:

(k+1) _ (k+1)
(EO) = (m0) -5 (W, X1 4)
i) g v i/ g k1) _ (k+1 k) (k) \°
» ? <Wg,j+ )7 éj,b - <Wé,j)’xé31,i>
With this notation, the difference x(L]fjl) - x(LkZ can be rewritten via the recursive applications of
(k)
[X)
k+1 k k) | (k k1) (k+1 k) (k
xips =i = (S0 B0 (W - Wik )

L L
3 (T 0+ WD ) () + ) (Wi - Wi,

(24)
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Then, we introduce following notations :

L
ol = ([T =wi )= B - (

L
[T (= + 2w (5 + 241).
r=0+1

r=~0+1

Now, we can write u;(k + 1) — u;(k) by noting that u,; (k) = /m - VTX(Lkg:
willk 1) = ws(k) = v/im VT (T = X0

_ - TZD(k)< (’““)Wg’“)) P, 25)

= —nvm- TZD Vw, [£s(W®)]x(",
(=1

i)

L
iy (B D ) T, s (WO,

=1
1
Here, ngl) can be rewritten as follows:
L n
k) k)
I( —nm v DE i Z —Yj sz [fw(k)(xj)]xé )1 B
(=1 j=1

M=

=-n- zn: (uj (k) —y;) - <\/ﬁ

v'D (k)VWf[fW y(x )]XEI?LJ
j=1

1

= e 3 (w0~ ) o

n

= —mn- Z (uj(k) — ;) - Hi (k).

M= 5

<Vw,Z [fwe) (%0)], Vw, [fwe) (%5)] >

Tr

~
[
—

For ng,), we need a more careful control. First, we pay our attention on bounding the term
HVT<]5§ l) Dékl )||2 as follows: By triangle inequality, we have
<

- (]52? 3 DE?) T (DZ? 3 DE?) T (]52? B DS?Q)
) ,

We control the first term of the right-hand side (R.H.S) in (26). By the fourth item of the Lemma 4.3,
we know ||E£k2 — E(O)H < O(m7*3L) and \(E(k.) - E(O.)). | < 1forj € [m]. Then, we can
plug 2;,’, i = 25{? — 2(0) in the inequality of the fifth item of Lemma 4.3. So, the first term of the
R.H.S in (26) can be bounded by O(rY/3L%\/wlog(m)).

+ ||V (26)

2 2

The second term of the R.H.S in (26) can be similarly controlled as the first term. Observe that
|(2(k) f](k)) | <1, then we have \(Eg’? —I—ii{? - Eﬁ?i))j7j| < 2forall j € [m]. Note that by the
definition of 25 L), we have Hi(k)ﬂ = ||Z(k+1) E(k)” < ||E(k+1) 2(0)||0+||Ef_lfi) 725,?2”0 <
O(m7?/3L). Thus, by the triangle inequality, we have =% 4 E( ) — (O)|\ < O(mr?/3L).
These observations enable us to plug El/,i = Ef,]fi) + 25’2 — E( ) in the inequality of the fifth item

of Lemma 4.3, and give the bound on the second term as O (!/ 3L2 wlog(m)).
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We have ||v' (ﬁék.) - DE{?)”Q < O(rY/3L?\/wlog(m)). Now, we control the ¢>-norm of

N

the ng) as follows:

k
0], <3

<nv/m- ZI[

o (5| fewlzstwent], [, |
2

<O(1) : Lemma 4.2

<O(L271/34/wlog(m))

<o(ngnL?r 1/3 wm log(m >ZHVW ES )]H2

IN

{=1

O

(
(’)(nnL5/2 /3 /wmlog(m) )) ZL:HVWe[ES(W(k))]Hi
(

IA

n L
L2713 /wmlog(m) )> S (i (k) = ) Y | Vwe [ ()] |15

j=1 =1

< (e /g ) k) = ol @n
Step 2. Control on ||u(k + 1) —u(k)||3. Recall that by (25), x(kH) (k) . can be written as follows:

L
(k+1) ZDE@( (k+1) Wék)) (k)l
/=1

L
—1- YD) Vw, [Ls(WH)]x(Y, .
=1

It is worth noting that,

2
[ 7w, s (WO = 37 (us8) — ) P, sy )]
pa 2
Z u;(k ZHVVW [Fwi ()] 15
< O(nmw) |lu(k) - yl3 . (28)

Also, observe that \(E(k) + 2 ) | < 1forall j € [m], soby Lemma A.3 of Zou et al. [2020], we
know ||D§k2 2 < O(VL). Combmmg all the facts, we can conclude:

2
fulk +1) - u(k ng—wz§j(vx$“> fD

2 k+1 k
S?n'HVHQE:HXEZ)‘*ng

2
<ntm- VI3 [Z [BE - [Fw, les (W [x62 ]
go@%%%ﬁﬁmmmfm@
< (9(172n2L2m2) [lu(k) — y||§ , (29)

21



Published as a conference paper at ICLR 2022

where in the third inequality, we additionally used the fact ||v||3 = O(w) with probability at least
1 — exp(—(m)), and the inequality (28). In the last inequality, we used the assumption w < 1.

Step 3. Awin (H (k)) > ’\7“ with sufficiently large m. Denote p(A) as a sprectral radius of a
matrix A. Then, we have
[H(k) - HE ||, > p(H(k) - HY)
> _/\min (H(k) - Hio)
> Amin (Hzo> — Amin (H(k))
> Moo — Amin (H(E)), (30)

where, in the second inequality, we used a triangle inequality, Amin (H(k) — H5®) + Apin (H®) <
Amin (H(k)). By Lemmas 4.10 and 4.11, setting m > <w7n8L181°§;£;”)> and O (W) <
w <1, we have

|H(k) — HT'[l, < [[H(k) — H(0)|l, + [H(0) — HF[|,

<Ol w6pa313 .5 log3(m) L 0| w22 a/log(nL/0)
- moAZ m
[{. 3
776, 4/3 13 ¢ log”(m)

Ao
< =2 31
< 5 (31
Thus, combining (30) and (31) yields that A (H (k)) > 5.
Step 4. Concluding the proof. Recall that ng) = —mn - H(k)(u(k) — y). Then observe
that
(u(k) =) "1 = —nm - (u(k) - y) "H(E)(u(k) - y)
< —nm - Amin (FL(K)) [u(B) — g3
Aco
<~ S (k) =yl - (32)

We set the step size 7, radius of perturbation region 7 and network width m as follows,

Aso
n= Q<n2L2m)7

n\/(;
=0 =2 ),
! <vm5>\oo>
log® (m)
7. 8718
m > Q(w n°L N )

With the above settings, we can control the [|u(k + 1) — y||3 by combining (27), (29) and (32) as
follows,

[uk+1) —yll2 = [utk) -y + (uk+ 1) —u®)|
= |[u(k) = y||2 — 2pm - (u(k) —y) H(k)(alk) - y)
— (u(k) — ) I + flu(k + 1) — (k)|

< (1 — MAs + O(nnL371/3mw\/log(m)) + O(n2n2L2m2)> [lu(k) — yllg

NMAso
< (17 ) ) ol
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So far, we have shown from Step 1 to Step 4 that given the radius of perturbation region 7 has the

order (’)( F/\ ) then we can show the training error drops linearly to O with the discount factor

(1- %) along with the proper choices of  and m. It remains us to prove the iterates Wék)

for all £ € [L] generated by GD algorithm indeed stay in the perturbation region B (W(O), 7') over

k> 0 with 7 = O(2L).

Step 5. The order of the radius of perturbation region. We employ the induction process
for the proof. The induction hypothesis is : Vs € [k + 1],

s = )\OO % v
Wi —w|, <o vimm) 5= (1) o (f5) <o L), @

First, it is easy to see it holds for s = 0. Now, suppose it holds for s = 0,...,k, we consider
s=k+1.

it = Wi, = [ s v

2

=" Z (uj (k) = 5) Vw, [Fww) (x5)]

2

n

Ji”vwg Jw(k) J)]H; Z(Uj(k)—yj)Q
<v-0(va

Jj=1

) 2Ls (W)

sn.o(\/m) (1_’7m;°°)20( Z) (34)

where in the second inequality, we used Lemmas 4.4. Note that since it is assumed that

Wék) € B(W®©, 1), the Lemma is applicable with m > Q w7n8Llslo§:(6m)). Simi-

larly, since it is assumed that the induction hypothesis holds for s = 0,...,k, we can see

u(k) —yll3 < (1 - %)kHU(O) — y||3. This inequality is plugged in the last inequality with
Lemma 4.9.

By combining the inequalities (33) for s € [k] and (34), and triangle inequality, we conclude the
proof:

e (o) 1) o £) <o 5)

Proposition 5.1. For some § € [0,1], set the width of the network as m > Q(oﬂnSLw%),

and the step-size of gradient descent as n = O(ﬁ%m) Then, with probability at least 1 — § over
the randomness of initialized parameters WO we have for k = 0,1, 2,

u(k) —y = (I - nmHP)" ((0) — y) + &(k),

AV 1_nm)\oo kil@ L WT/6pA/3 3 o/ log®(m) — (0
e, = - -t E ) 1y,

Proof. Define u;(k) := fw(x)(x:), then we have
u(k +1) — u(k) = —ym - H(k) (u(k) — y) + 1
= —nm-HY (u(k) —y) —gm - (H(k) — HY) (u(k) - y) + 1V
= —nm-HP (u(k) — y) + e(k).

where

(
(
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By recursively applying the above equality, we can easily derive a following for any k£ > 0,

k—1

u(k) —y = (I—gmHE)" ((0) — y) + > (I gmHE) ek —1-1). (35)
t=0

=¢(k)

Now, we want to show £(k) can be controlled in arbitrarily small number. First, e(k) needs to be
bounded in an ¢ norm:

k
le(o)l, < mm L = () k) -yl + |57

o log”(m
Snm-(’)< risgtssps 8 (m) (Q) (k) = yll,.

/o
VMmoo

lle(k)|l5, we can easily bound the ||£(k)||, as follows:

where, in the second inequality, 7 = (’)( ) is plugged in (27). Equipped with the bound on

k-1
X:I—anOo e(k—1—1)
t=0

2

w
;-.

||I — nmHE [ lle(k — 1 - 1)l

t [1.,3
. 4/3.3 ¢ log®(m)
<1 — nm)\oo) @) (nm LWT/OnA/3 3 W) lu(k —1—1t) —yl,
- ¢ 3 k—1—t
s/ log”(m) NMAoo
7/6,,4/373 9
< 2 (1 - 77on0> (’)(nm WAL AL 1-— S [u(0) — ]|,
nmise " o/ log®(m)
— o0 7/6,,4/373
_k<1— 5 ) O(nm.w/n/L e 52)” 0) —yll,- (36)

Note that in the third inequality, we used the result from Theorem 1. [

NT\“
= O

(]

I o+
e

F PROOF OF THEOREM 3.8

We begin the proof by decomposing the error fw<k) (x) — f*(x) for any fixed x € Unif(S?~!) into
two terms as follows:

Fwoo (@) = (@) = (fwm (2) — g"(@)) + (9" () — f*(2)) . (37)

JANY Ao

Here, we denote the solution of kernel regression with kernel H$® as ¢g*(z), which is a mini-
mum RKHS norm interpolant of the noise-free data set {x;, f (xz)}?zl. To avoid the confu-
sion of the notation, we write Ker(z,X) = (H (x,xl),...,HL (z,%,));_, € R™ and let

*

vy =1frx1),--n f) (x,,)]". Then, we have a following closed form solution g*(x) as,

1«

g% (x) := Ker(z, X) (Hio)7 y*.
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With the decomposition (37), the proof sketch of Theorem 3.8 is as follows.

1. Note that for any ¢ € [L], we have fw(k> (z) = (vee(Vw, [fww) (@)]), vec(ng))) We

can write the term vec(W ")) with respect to vee(W ("), H and the residual term via
recursive applications of GD update rule and the result from proposition 2.1. Readers can
refer (38). Using the equality (38), we can further decompose A; into three terms. That
is, A1 = A1 + A1 + Aqs. Then, using the boundedness of ¢2-norm of network gradient
and the fact that the size of ||(k)||2 can be controlled with wide enough network, we can
control the size of ||A12]|2 and || A;3]|2 aribtarily small.

2. In the term As, the g* is an interpolant based on noiseless data. For large enough data
points, g* converges fastly to f* at the rate Op(%).

3. Lastly, the Aq; is the only term that is involved with random error €, and we show that
IA11]]2 is bounded away from O for small and large GD iteration index k.

Step 1. Control on A,. For n data points (xl, e ,xn) and for the k™ updated parameter W (k),
denote:

Vw, [fw (X)] = {Vec (sz [fw ) (Xl)])v"' ,Vec(vwe [fw ) (Xn)]>}
Note that when ¢ = 1, Vwy, [ fw ) (X)] € R™¥*™ and when ¢ = 2,..., L, Vw, [ fw)(X)] €
R™” %" With this notation, we can rewrite the Gradient Descent update rule as
Vec(WgCH)) = Vec(Wék)) —nVw, [fwu(X)] (u(k) —y), k=0
Applying Proposition 3.8, we can get :
Vec(Wék)) — vec (WS)))

_ ki <vec(w§””) — veC(Wéj))>

Jj=0

k—1
=1 Vw, [fwy)(X)] (u(s) ~ y)

7=0
k—1 . k-1
=1y Vw, [fwe X)L —nmHE)’ (v = u(0) = n- Y Vw, [fwe (X)]E0)
=0 o
k—1 _ k-1
=Y Vw, [fweX)] T = nmmHF)’ (y —u(0)) —n- Y Vw, [fww (X))
Jj=0 =0
k—1 )
- ([Vwe [fwi)(X)] = Vw, [fw(o) (X)]] (I—nmHF)’ (y - u(O))>
j=0
k—1 .
=Y Vw, [fwo (X)] (T = nmHZ) (y = u(0)) +& (k). (38)
3=0

First, we control £5-norm of the first term of £ (k) as follows: Note that ||V, fwiX)]lr <
O(y/nmw) by Lemma 4.4 for 0 < j < k — 1. Then, we have
k—1
Y Vw, [fwi) (X)]E0)

j=0 9

k—1 i1 3
~ M Aso 7/6, 47373 ©10g”(m)
< E: O(n\/nmw>(9<] <1 5 > )O(nm~w /6t YRy lly —u(0)]l,

7=0
11/613,,5/3
(” = \/log<m>) Iy — u(O),. (39)

m2/3)\7/351/6

IN

0
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In the second inequality, Z;’il J(1— %)] = O(m) is used. Then, we control ¢5-norm

of the second term of ¢ (k) as follows:

k-1 .
n- [va [fwi)(X)] = Vw, [fwo) (X)]] (I—nmHF)’ (y —u(0))
Jj=0 5
k—1 . n )
< Y nlT=gmEE|l Iy = u0)ly | D [IVw. [fwei ()] = Vw. [fwo ()] 5
=0 i=1
k-1 , 1/8,,1/31,2,,2/3
<> (- nmAW)Jo(W log(m))O(ﬁ) ly = u(0)],
j=0 o0
n5/612,2/3
< 0(7712/3/\%351/6\/ 10%(’”)) ly —u(0)l,, (40)

where in the second inequality, we used Lemmas 4.6 with 7 = (9( \/%\gf )

Now, we are ready to control A term. By using the equality (38), we can decompose the term A
as follows: Let us denote G, = Zf;é nm (I — anio)j. Note that for any ¢ € [L], fywo (z) =

(vee(Vw, [fw k) (x)])wec(Wgc))} and recall that y = y* + ¢. Then, for any fixed ¢ € [L], we
have:

A = [<Vec(Vw/ [fw(k)(a:)]),vec(wy)» — Ker(z, X) (Hf’)_ly*}
+ Ker(z, X)Gry — Ker(z, X)Gry

- [Ker(x, X)[Gr — (Hzo)fl]y* + Ker(z, X)er}

=A11

L
+ [;L > vee(Vw, [fwie @)]) | Vw, [fwio)(X)] — Ker(z, X)} Gry
=

*% > vee(Vw, [fwi (#)]) ' Vw, [fwio) (X)] Gry
AL

=A12

+ Rvec(vwl, [fwk) (m)]),vec(WéP))> + vec(sz, [fw(k)(x)})Tg/(k)
41)
- %vec(vwg, [fw k) (LE)])TVWZ, [fw(0)(X)]Gru(0)|.

=Aq3

Our goal in this step is to control ||A12]|2 and || A1s]|2. Then, in the third step, we will show ||A1q |2
is the term, which governs the behavior of the prediction risk with respect to algorithm iteration k.
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First, we bound the /5 norm of the first term in A2 as:

L
H [; Z vee(Vw, [fw (k) (x)])vae [fw(0)(X)] — Ker(z, X)] Gry

{=1

2

) (@)]) = vee(Vw. [fwo @) [l, [ Vwe [Fwio) K] 1G]

1 L
< —Z |Vec ng[
mL —1
O( 1/3L2\/wmlog(m)) : Lemma 4.6 SO(\/wnm) : Lemma 4.4

n L 2
+ % > (;L > (Vw, [fwo @], Vw, [fwo) ()] ), — Ker(ﬂ%xi)> 1Gryll2

i=1 N =
n5/6 [2,7/6 ) \

< y273/2 M1os(nL/0)

- {O(m1/6(51/6,\1/3 log(m)) * O<wn L \/T Gkl 1yl
nB/6[2,,7/6 wnl/2L3/2 4

< og(nL/zS

< O<m1/651/axx/3 Vlog(m) - y||2> + 0( . lyle “2)

where, in the second inequality, we plugged 7 = (9( \/I ) in the result of Lemma 4.6 and used

Lemma 4.11. In the last inequality, we used |G|, < /\i) Similarly, we can control the o
norm of the second term in A1, as follows:

% 3 vee(Vw, [fwa (@)]) Vw, [fw(o) (X)]Gry

£~£;£E' 9
< — Z Ivee(Vw, [fw) (@)])ll2 - [Vw, [fwo (X)]lIF - IGkll;y lyll
" e ¥
SO(\/wm) SO(\/wmn) <(9( oo)
wly/n
<o(“2) - )
We turn our attention to controlling 1A13]]2. The first term in Ajs; Recall that
Hvec VW, fw(k) H mw) by Lemma 4.4. Then, the random variable

vee(Vw, [ fw) (@)]) vec(Wé )) is simply a (0, O(w)) for 1 < ¢ < L. A straightforward
application of Chernoff bound for normal random variable and taking union bound over the layer
1 < ¢ < L yield that: with probability at least 1 — 4,

T L
lvec(VwZ, [fwr)(@)]) vec(Wéf)))’ < (’)( wlog <6>> (44)
The ¢5 norm of the third term in A3 can be bounded as follows:

| ovee(Taw, (oo (0]) T, e ()] Gra(o)

2

< |vee(Vw, o @), [Fw, [wo (0], ||Gku<o>|2<o(”;i ;) 45)

<o(yma) <o(yamm) <o(¥2%)
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In the last inequality, we used the Lemma 4.8 and [|Gkl, < O(5-). By combin-
ing (39), (40), (44), (45) with vag, [fwio) (@)] HF < O(y/mw), we have a following :
(k)

T

1853l < | (vee(Vw, [ @)]). vee(W) )|+ | (vee(Vw, [fwio (@)])) "€ (b,

+ H;(VEC(VW/ [fW(o)(x)})Tle, [fw(o)(X)] Gru(0)

11/6 13,,13/6 ||y, _
< 0| |wlog L +tol2 w 4”3’ u(0)[, Tog(m)
5 m1/6)\0é351/6

5/6 1,2,,7/6 ||v — u(0 3/2
ml/G)\Zé351/6 Aol

oMLy —uO)ll, s\ o (w7 Ly~ uO)l, s
m1/6)\4/351/6 ml/6)\7/351/6

nw3 /2
@) . 46
+ < o (46)
Step 2. Control on A,. First, note that there is a recent finding that the reproducing kernel Hilbert
spaces of NTKs with any number of layers (i.e., L > 1) have the same set of functions, if kernels

are defined on S9~1. See Chen & Xu [2020]. Along with this result, we can apply the proof used in
Lemma.D.2. in Hu et al. [2021] for proving a following :

1
1Ay, = op(ﬁ). @)

Step 3. The behavior of L risk is characterized by the term A1;. Recall the decompositions (37)
and (41), then we have:

Fwoo (@) = [*(2) = Apt + (Ars + Arz + A) = Ayy + O, (48)

Our goal in this step is mainly two-folded: (i) Control E. ||© ||§ arbitrarily small with proper choices

of step-size of GD 7 and width of the network m. (ii) Show that how E. ||A1; ||§ affect the behavior
of prediction risk over the GD iterations k. First, note that we have

2

* * T *
E. |lyll; = Ec ly* +¢ll; < 2(v*) ¥" +2E- 3 = O(n). (49)
Second, recall Lemma 4.9 and note that over the random initialization, with probability at least 1 —4,
n
E-lly )l <0(5). (50

Now, by combining the bounds (42), (46) and (47), we have
2 2 2 2
E. O] < 3Ec([|Aw2]l; + [1Aws5 + 1A2]3)

nS/3L4W/3 5 w?nL? [log(nL/é) 9
O(Tw.é?’dl/?’log(m) yllz | +0 2 . iyl

W BLSW1 |y — u(0)]3 LTS |ly — u(0)]l3
+0 1/318/3 51 log(m) | + 0O 1/3)14/3 51 tog(m)
m1/3XE 35173 mi/3Ac" 81/

n2w? 1
o (w) +o(3)
w2n2I3 [log(nL/) n14/316,,13/3 /34,73
< ./ n LW _n?PLiw
< O( el - > +0 REVESCILPITE log(m) | +0O SEVESNETEFYT log(m)
n2w? 1
+o<w> +o(3) e
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where in the third inequality, we used (49) and (50).
Case 1. When k is large, the Lo risk is bounded away from zero by some constant.

Now we control E. HAHH;. Recall the definitions Hf||§ = [eegir [f(®)[Pdx and
Gi = Z;‘f;& nm (I —nmHF)”. Let us denote S = y*y* . Then, we have

E. || Ay :/ . Ker(m,X)[(Gk— (Hzo)_1>y*y*T(Gk— (Hi")_1> +Gi} Ker(X, z)dx
rzeSd—1

_ / Ker(z, X) (H3*) " My, (HF) " Ker(X, z)dz
reSd—1

where
My, = (T—gmHP) ST — nmHF)" + 1 - (1 - ymHF)")?
— [(@—nmHP) — (S+2) S+ ) [(T—pmHP)" = (S+1) '] +T - (S+1T) "

For the algorithm iterations k > (%)CO with some constant Cy > 1, we have

1
(I — an%o)k < (1 - nono)k ‘T R exp(—nmmAk) - T < exp(—Cplog(n)) = & -T.
n
Since 1 + |ly||3 < Cyn for some constant Cy, we have
1 1+ylz _ G
/\max<nco (s +I)) =— G Sooa<b (52)
Using the first item of Lemma (4.12) with the inequality (52), we have
k 1 —1
(Z—nmHE)" = - I=<(S+1I) . (53)
The above inequality (53) lead to a following result :
-1 oo K -1 1
(S+I) —(Z—nymHT)" = (S+1I) L (54)

1 1 1

It is obvious that both (S+Z) ~ — (Z — anio)k and (S+Z)  — —; - Z are positive definite
matrices due to (54), and it is also easy to see that they are exchangeable. By using the second item
of Lemma (4.12), we have

My, = [A—nmHP)" = (S+7) ' [(S+T) [A—nymHP) = (S+1) | +T— (S+1)”
~[(8+7) " — TS +D[(S+D) "~

" nCo
1 1\’
—nzcos+(1nco) L.

Then, we have

1

I +I-(S+17)""

) 1 1)\?
E. ||A11H2 = W.A—F 1-— nTo B> C()B,
where ¢ € (0,1) is a constant and

A= [Ker(z,X)(HP) 'y*]°de, and B= [Ker(z, X)(HF) '] da.
reSi-1 ves (55)

By triangle inequality with the decomposition (48) and the bound on E. || @||§ in (51), we have:

. 2
Ee || fw — JC*H2 =E. A + @Hg

1
> Ee || Anl, ~ E- O]
Co 1 n2w? ~ 1 1 1
> =_B-0(=-)-0|—=—=)-0—= —. = ).
= 58-0(;) -0 (5) -0 (wn o 5) ) o9
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. . 2/3
For the third term in (56), we can choose w < (Cy ()‘%ﬁ) / for some constant C> > 0 such that

112
the term can be bounded by ¢ || Ker(:, X) (Hio) ! H . Similarly, the width m can be chosen large
2

enough such that the fourth term in (56) is upper-bounded by < [|Ker (-, X) (H7°) ! ||2. Using the
above choices of k, w, and m, we can further bound (56):

%2 Co oo\ —1 2 1
E. || fwoo = 1, > 5 [Ker(. 30 (185) 7| - 0( ). (57)
Note that E. || foo — g*[|I2 = |Ker(-, X) (H‘ZO)_1||§ where g* := 0 and f, denotes the noise

interpolator. Then, by Theorem 4.2. of Hu et al. [2021], we know that E, ||J/f;O —g*||3 > ¢; for some
constant ¢; > 0. Then, we can take n large enough such that the term O(%) is upper-bounded by
%, and finish the proof.

Case 2. When k is small, the Lo risk is bounded away from zero by some constant.

Recall the definition of Ay in the decomposition (41),
Ay = Ker(z, X)Gy[y* + ¢] — Ker(z, X)HPy*
= A, — Ker(z, X)H y™. (58)

We denote the eigen-decomposition of the matrix H$® := Z?:l A\ivivi |, then we can easily see a
following:

k—1 n k—1 n
Gy = sz <Z(1 - UmAi)jViViT) = anZviviT < nmk - T.
Jj=0 *i=1 j=0 i=1

By using the above inequality, we have

E. ||A;1|\§:/ . Ker(@. X)Gi (S + T)GyKer(X. )iz
reSI—1

<n*m?k? (/ [Ker(z, X)y*]de + ||Ker(~,X)||§> = O<n2m2k2w2n2L2).
reSd—1
Recall the decompositions (37) and (41), then we have:

~ 2
E. || fwor = 1, = B 1AL, + © — Ker(, X)HEY |

v

1 o2 . 2
3 [Ker(-, X)H7y" |5 — Ec [[AT; + O3

v

1 00 * (|2 * (2 2
7 [IKer(, X)HEy"||; — 2B [AL [l; - 2E: O],

1 1
B |Ker(-, X)H?y* || — O(n2m2k‘2w2n2L2) — O()

Y

n

n’w? ~( 1 11

For some constant C’i > 0, let k < C’;(*) such that the second term in the bound (59)

nmnwlL
can be bounded by &|Ker(-,X) (H%O)fly*H% For the fourth term in (59), we can choose
w < Cé(%)w ® for some constant C) > O such that the term can be bounded by

_ 2
3 HKer(~7 X)(HY) Ly K Similarly, the width m can be chosen large enough such that the fifth

term in (59) is upper-bounded by £ ||Ker(-, X) (HOLO)_ly* 2. Using the above choices of k, w, and

m, we can further bound (59):
vl —oft) s 7lE-o 1 (60)
2 n) = 3ell2 nj)

1 _
E | fwa = /[y = 7 [Ker(. X0 (B15) 'y

In the second inequality, we used (47) with triangle inequality. In the third inequality, we can
take n large enough such that the term O(%) is upper-bounded by % H Iy H; Lastly, by using the
assumption that f} is a square-integrable function, we finish the proof.
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G PROOF OF THEOREM 3.10-TRAINING ERROR

For the convenience of notation, we denote up (k) = fyu(x;) and let up(k) =
D

[ul, p(k), ... un, D(k)} " In order to analyze the training error of /y-regularized estimator,
2
|lup (k) — yl|5, we decompose the term as follows:

lup(k+1) = yll5 = [lup(k+1) = (1 = neuLyup (k) + (1 = nonLup(k) = yll
T
—2(y — (1 = mepL)up(k)) (up(k+1) — (1 = napL)up(k))
(61)
Equipped with this decomposition, the proof consists of the following steps:

1. We decompose the decayed prediction difference up(k + 1) — (1 — nepL)up (k) into two
terms. We note that the first term is related with a gram matrix Hp (k) and denote a second

term as Ig).

2. The term I([];) can be further decomposed into three terms, where we denote them as ngl)),

Ié’% and I( ) . The crux for controlling the ¢>-norm of the above three terms is to utilize
the results from the Appendix A.4. The applications of Lemmas in the Appendix A.4 is
possible, since we can inductively guarantee that ||Wg€% - W[()O,)ZHQ is sufficiently small
enough for large enough m.

3. Given the decomposition (61), we further decompose it into four terms as follows:

(61) = ||(1 = n2pL)up(k) — yll3 + up(k + 1) — (1 — nzpL)up (k)|

+2m (y — (1 = mepL)up (k) Hp(k) (ap(k) —y)
~2(y — (1 = pepL)up(k)) T . (62)

In this step, we obtain the upper-bound of ||T;||2 for i = 1,2, 3, 4 obtained in Step 4.

4. We combine the upper-bounds of ||'T;||2 fori = 1,2, 3,4 in step 3 and obtain the bound on
lup(k + 1) — yl|3 with respect to [up (k) — y|3 and [[y|2.
5. Lastly, we inductively show that the weights generated from regularized gradient descent

stay within a perturbation region B (V\/(O)7 7'), irrespective with the number of iterations of
algorithm.

We start the proof by analyzing the term u(k + 1) — (1 — nopuL)u(k).
Step 1. Dynamics of up (k + 1)—(1—n2pL)-up (k). Recall (Eg’)&i)jj = ]1(<wg€)e e xg)é L) >
O) and we introduce a diagonal matrix ig)“, whose jth entry is defined as follows:
E+1) _(k+1
( (k+1) _ (k+1) )

WD XD -1,

(k+1) _ (k+1) (k) (k) )
D,,j 7XD,€—1,i> —{ D, XD -1, z>

(Ebri)y; = (St =S,

With this notation, the difference xsjkalz - X(IIJC)L ; can be rewritten via the recursive applications of

ig)e ;- Then, we introduce following notations :

L
k k ~ (k k k k+1 k
o= (I1 =88 )m8, B = (11 (560,50 )wii) o),
r=~0+1 r=~0+1
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Now, we can write up ;(k + 1) — up ;(k) by noting that up ;(k) = /m - VTX(D )L I

uD7i(l<: + 1) —Uup, 1(](5)
k+1) k
=Vm-v (X%L X(D)Lv')

k+1 k k
=vm- TZDD22< wiy WEQ)X%)@ 1,4
=~ (k k k
= x/ﬁVTZD(D,)z,i< mVw, [Ls(W))] ﬂquDﬁnqug,)e)X(D)e L

=—mvm- TZDthWp [ﬁs(Wg))}xg)g 1,
=1

(k)
Il D,i

L
it (B - D) T e (W,

=1
1),
L
T (k) (k) (k) (0) (k)
—nap/m - v Z <DD,€,i - DD,é,i) <WD,€ - WD,@)XD =1,
=1
o

k k
—Tapiy/m - TZD(D)éz D)/ 53)/ 1,4
(=1

1),
k k
Fn2p/m - TZD(D)Z’L D)Z (D)e 1, (63)
=1
i),

where in the second equality, we used the recursive relation (24), and in the third equality, modified
GD update rule (6) is applied.

Furthermore, ngj)j  can be rewritten as follows:

ng)Dz = —mym-v' Z DD i Z “D i yj)sz [fwgw (Xj)]xg,)é—l,i
/=1 j:1

m 3 (s ()~ ) - (mszD%“)“vwe [Fawgp (23] X u)
= =1

L
1
= —mi - Z (up,; (k) —y;) - — > <Vwe [Foww ()], Vw, [fyw (Xj)]>
Jj=1 /=1 Tr
= —mn - Z (up,j(k) —y;) - Hp (k). (64)
j=1
With Ifi) = (—mapL) - up (k) and (64), we can rewrite (63) as follows:
up,i(k+1) = (1= nopL)up (k) = —mm - > _ (up (k) —y;) - Hp (k) + Iék)Dz + Ii(’yk)Dz + ng)Dz
j=1
(65)
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Step 2. Control of the size HISDk) H .
—_— 2

Let I¥ = [1 g’% L+ Ig’f}ll + Ié’f])ll, . Ig’% ot Ié]fl)ln + Igj%u]T- Now, we control the

bound on the HID H . Recall that in Eq. (27), we have
2

HIS%HQ < (’)(nlnL3Tl/3wm 1og(m)> lup(k) —yll5 - (66)
Similarly, ’ Ig% H can be bounded:
“ll2
k k) k k 0 k
[, < pgﬂwwfz[ (mm—mmﬂwmu—wwM%wL”]
2

<7 <o)

<0 L2 1/3 wlog(m))

< O(ngunLST4/3\/wmlog(m)>. (67)

Lastly HIékz)) H2 can be bounded:

(k) [ (k)
[6]), < > .
=1

L
k k k
nap/m vy DR, WX,

<2 +2
=1 i=1

n n L
k) k
SnguL.zui,D(m+n2mrm-zlz vl [P [ W = W [ ]
\W_/

~——
=1
SOWW) o (v <r <o(1)

< O(nzunL\/wlog(L/(S)) + O(ngunL3/27\/mw>, (68)

L
a3 (W, - W ),
=1

=1 i=1

where in the last inequality, we employed the same logic used in (44) with the Lemma 4.2 to obtain
the upper-bound on the |u; p(k)|. We set the orders of the parameters 1, 171, 72, 7, and w as follows:

d—1 1  3a-2 1 3da-2
u e (—) mn2d—1 R 771 e (—) —n 2d-1 s 772 e (-—) Zn 2d—1 s
m

Lyw 1 _sda-2
TO(\Fan 1), wO(L3/2 2d1>. (69)

Plugging the choices of parameters (69) with sufficiently large m in (66), (67) and (68) yields

N log(m) 1
HI()H <O(L37/12n e GW Nun (k) = yll, + Op — ). (70)

Step 3. Upper-bound of | T;|2oni=1,2,3,4.

First, we work on getting the upper-bound on Ap,x (H D (k)) By the Gershgorin’s circle the-
orem [Varga, 2004], we know the maximum eigenvalue of symmetric positive semi-definite matrix
is upper-bounded by the maximum absolute column sum of the matrix. Using this fact, we can
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bound the Ayax (Hp(k)) as :

Amax (Hp (k) < max 3 [Hp,i;(k)]

L

< max %Z <ng [fwgy (xi)], Vw, [fwg;> (Xj)]>
T j=1 =1 Tr
n 1 L
< x50 3 [V g Gl | [Fwe g 01,
! - <o (vmw) <o (vmw)
< O(nlw). (71)

Recall the decomposition (62). Our goal is to obtain the upper-bound on T; for: = 1, 2, 3, 4.

Control on T. By using the inequality 2nopL(1—nopL)y " (y—up(k)) < nopl yll2+napL(1—
nopL)? ||y — up (k)||5. we have
2
ly — (1 = mopL)up (k)5 = [|(1 = n2pL) (y — up(k)) +nepLy|,
= (1= 1ouL)? |y — up (k)13 +n3uL* lyl3
+ 2nouL(1 = apuL)y " (y — up(k))

2
< (oepL + 3 L2) lyll3 + (1 +mopl) (1 — mopl)” |y — up(k)|3 .
(72)

Control on T5. Recall the equality (65). Then, through applications of the Young’s inequality
la+0b]2 < 2|lall3 + 2||b]3 for a,b € R™, we have

[up(k+1) — (1 = npL)up(k)|; = H*mm “Hp (k) (up (k) - y) + 1) Hz

9 2
< 20 A (Hp (1) ly — up (R) 3 + 2 [ 15[ 73)

Similarly with T and T, we can control T3 and T4 as follows:

Control on Ts. Recall Hp (k) is a Gram matrix by definition. Then, by using the fact
Amin (Hp(K)) > 0 and Cauchy-Schwarz inequality, we have

2ma (y — (1 - papL)up (k) Hp(k)(up(k) —y)
= —2m (1 — nouL) (y — up(k)) Hp(k)(y — up(k)) + (2mmnauL) -y Hp (k) (up(k) — y)
< (2mmmapL) - Amax (Hp(R)) [ly — up(B) 3 + (2mmnapL) - (Amax (Hp(B) [lylly |y — up(k)]l,)
— 2m Amin (Hp () [ly — up ()|
= (4mmnapL) - Max (Hp (k) lly — up(B) |5 + (4mmmapL) - Ama (Hp () llyll3 . (74)

Control on 'T,. By asimple Cauchy-Schwarz and Young’s inequality, we have

.
—2(y — (1 = npuL)up(k)) 15
-
= —2(1 —naul)(y —up(k)) ' 1 + 2oL -y Ip (k)

2
k k
<2(1 = mul) ly — oW, [ 1|+ mul gl +mnt [ KR @9)
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Step 4. Upper-bound of the decomposition on training error (62).

Before getting the upper bound of the decomposition (62), we first work on obtaining the
bound of (76). Set k = O(-) and notice nopuL = O() by (69), then we have

, 2
2 |97 + 201 = maL) by — wp )l |69 + st |19 .

<2+n2uL) (i )H +26(1 —n2uL) |y — up(k)ll, - HI ),

IN

<2+772uL+ >H1(k)H +w2(1 = nopL) |y — up (k)|

k 2
. HIg)H2 + 17 (1=mapLl)” |y — up (k)|

/<;2
1 a7/6 —94=8 log(m) 9 2 2 1 1
4 2
< (menL) (1 =mopl)” - lly = wp(R)ll; + nopl - lyl3, (77

where in the second inequality, the Eq. (70) is used with (a + b)? < 2a? + 2b* for a,b € R, and
in the last inequality, we used ||y||3 = O(n) and the sufficiently large m to control the order of the

coefficient terms of ||y — up(k)||3. Specifically, we choose m > Q(ngnQOng#).

Now, by combining the inequalities (72), (73), (74), (75), (71) and (77), we obtain the upper-bound
on the decomposition (62);

lup(k +1) = yli3

< <2n2uL+n§u2L2 + dmapinapl - Amax(HD(k’))) -yl
2 2

+ ((1 +mepLl) (1 = nopL)” + 2m*nfAmax (Hp (k)™ + dmminopL - )\max(HD(k)))

k) ||? k k) ||?

Ny = un () + (2 [ +2(1 = manL) Iy = wn ()1, 1] + marer 1]

< {SnzuL +n3pPl? + O (wmnmnzuLQ) } Nyl

+ {(1 + moul + 77§/L4L4) (1 — nguL) + O(w m n2772L2) +0 (wmnmnguLQ) }

Ny —up (k)|
=A-|yl3+ 1 —=B)|ly —up(k)|;. (78)

With the order choices of ,u, 1 and 72 as in (69), it is easy to see the leading terms of both .4 and
B are same as noul = o( ). Then, by recursively applying the inequality (78), we can get the
upper-bound on the tralmng error.

ly —up(k+ D)3 < A-|lyll2 + 1~ B) - ly — up(k)|3

(
k B
< Alyl- (Z(l - B)f) (=B g —up(0)]2
=0

A
<% lyls+ =B Iy —up (03
< O(n) + (1= n2ul)*** - |ly — up(0)]3 (79)

In the last inequality, we used 5 = o(1), B > nopL and ||y[|3 = O(n).
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Step 5. The order of the radius of perturbation region. It remains us to prove the radius of

perturbation region 7 has the order Op(%n 2d-1 > First, recall that the /o-regularized GD

update rule is as:

WO, = (1= ) WH Y — i Vw, [Ls(WE™)] + W), ¥1<€<L and Vk>1.
(80)

Similarly with the proof in the Theorem 3.5, we employ the induction process for the proof. The
induction hypothesis is

[w - Wi, < o( ™). wselkr 1)
, ||y N
It is easy to see it holds for s = 0, and suppose it holds for s = 0,1, ..., k, we consider k£ + 1. Using

the update rule (80), we have

HW(ICJr1 Wgc,)zHQ < M2p ng,)z - Wg?zHQ +n HVWe [LS (Wg))} H2

> (1= 09 T, o)

o)+ oy )1||y—up Ol
i)

o5 ) ro(mims) - (o <0 -mnio( 5
<o),

=n2u"W(k) W}%H +m

2

IA

IN

Vonap
In the first inequality, we use the induction hypothesis for s = k, and Lemma 4.4. In the second
inequality, since the induction hypothesis holds for s = 0,1, ..., k, we employ ||y —up(k)||, <

O(vn) +(1— n2pL)? ||y — up(0)|, with the Lemma 4.9. In the last inequality, we use 7ap < 1.
By triangle inequality, the induction holds for s = k + 1. Plugging the proper choices of 7, 172 and

ny/mw k 0
1 as suggested in (69) to O(m ) yields HW(D)e W(D)€|| < Op < NG = 2 1)

H PROOF OF THEOREM 3.10-KERNEL RIDGE REGRESSOR APPROXIMATION

We present a following proof sketch on the approximation of regularized DNN estimator to kernel
ridge regressor.

1. The key idea for proving the second result in Theorem 3.8 is to write the distance between
u;,p(k) (where D is to denote the prediction is obtained from regularized GD rule) and

kernel regressor B := H{° (C’,u -IT+ Hf’) _1y in terms of NTK matrix H?°, which is as
follows:

k
up () = B = ((1 = muL) 2 myFE3 ) (up(0) ~ B) + en(h).

Above equality describes how the regularized estimator evolves to fit the kernel regressor
as iteration of algorithm goes by.
2. We can bound the ¢2-norm of residual term ep (k) as O(1/n), and show that the /5 norm

of the first term on the RHS of equation (4.3) decays at the rate O (y/n(1 —napL) k) Here

the y/n comes from the bound ||B|2 < O(y/n), since we know ||u(0)||2 has O(y/nw) with
small w < 1. This yields the claim.

36



Published as a conference paper at ICLR 2022

Recall the equality (65). Then, we have
up(k+1) — (1 —nepuL)up(k)
=~ Hp () (up (k) =) + T + T + T,
= —mmn - HY (up(k) — y)
_ . (H k) — HOO)( k) — =+ I(k) I(k) + I(k)
mi p(k) ) (up(k) —y) optlsiptisp

= —mn - HP (up (k) —y) +En(k). (82)

With = O <\L/‘%55n2ddl> , similarly with Lemma 4.10 and a direct employment of the result from

Lemma 4.11, we can control the distance from Hp (k) to H$® under operator norm as follows:
IHp(k) —HE [, < [[Hp(k) —H(O)[, + IIH(O) —H7 |,

o 1 afl L/
of Lone - JI8 ) o1, s flog(n /)
mo2 m
< o(mmn st ¢ loi fm >>7 )

where in the third inequality, w = O(ﬁn_%) is plugged-in. The last inequality holds with

d > 2 with large enough n and the condition on width m > Q(ngn%log;#). Then, the ¢ norm
of £p (k) can be bounded as:

o) k
€p k), < mans - I — Hp (k) un (k) — yl, + |[18]|

19/12, —12a=5 /log(m) 1
< (’)<L M2p =5 ml/661/3> Jlup(k) = yll, +OP(n2

IN

<0(/a73)
19/12, —1sd_1 log(m) 1y 1
<o(penm B VIR o) = 0r () (34)

where in the second inequality, we used (83) withn; = O <;Ln S‘,ﬁ‘f) to control the first term and
employed Eq. (70) to control the second term. In the last equality, we used m > Q(L'9n?° bg;#) :

-1
Now, by setting B := <2"‘ﬁf T+ H°°> H$°y, we can easily convert the equality (82) as follows:
fork > 1,

up(k) —B = <(1 —noul) T — mmHzO) (up(k—1)—B) +&p(k—1). (85)

The recursive applications of the equality (85) yields

k
up(k) —B = ((1 —nppul) T — mn1Hi°> (up(0) - B)
k i
+ ((1 —noul) - T — manf> Ep(k—37—1)
§=0

k
= <(1 —nopl) - T — mmH‘ZC> (up(0) — B) + ep(k). (86)
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Now, we bound the ¢» norm of ep (k) in (86):

k J
len k)], = Z(l—wL I—mmHzO) eplk—j—1)
2
. 2
<3 nepL) - T — mpEE ] liep(k — j — Dl
=0
k 1
<Y (- mur) ok~ - 1l =0 1) )

7=0

<

in the last inequality, we used nop L = O (1) and Eq. (84). Now, we control the £2-norm of the first
term in (86) as:

k
< (1 =mepL)” [lup(0) — B,

((1 —noul) - I — mn1H‘Z°> k(uD(O) -B)

< O(ﬁ(l - nzuL)k>, (88)

where in the second inequality, we used ||[up(0)[|2 < O(y/nw/d) and the fact that

<772MLI + Hoo) 71Hoc
mm L L

Bl < Alylly < O(vn).

2

By combining (87) and (88) and using a fact (1 — nouL)* < exp(—nouLk), we conclude that after
k > Q((nopL) =1 log(n®/?)), the error [|up (k) — B||2 decays at the rate O(L).

I PROOF OF THEOREM 3.11

We begin the proof by decomposing the error fw<k> (x) — f*(x) for any fixed x € Unif(S?~1) into
D
two terms as follows:

Fap @)= 1°6) = () = 500 + (300 ~ 1) ®
A Ap,2

Here, we devise a solution of kernel ridge regression g;(a:) in the decomposition (89):

g5 () := Ker(z, X)(Cp - T+ Hio)ily,

for some constant C' > 0. Specifically, in the proof to follow, we choose 7; and 72 such that
C = "2L for the theoretical convenience. Our goal is to show that all the terms ||Ap 1|3, and

(1A D72||2 have the order either equal to or smaller than O(n~ T 7d-1) with the proper choices on
m, W, n1 and ny. Since the high-level proof idea is similar with that of Theorem 3.8, we omit
the step-by-step proof sketch of Theorem 3.11. The most notable difference between the proof
strategies of the two theorems is that the regularized DNN approximate the kernel ridge regressor
of noisy data, whereas in Theorem 3.8, unregularized DNN approximate the interpolant based on
noiseless data.

Step 1. Control on Ap,.  First, note that there is a recent finding that the reproducing ker-
nel Hilbert spaces induced from NTKs with any number of layers (i.e., L. > 1) have the same set
of functions, if kernels are defined on S?~1. See Chen & Xu [2020]. Along with this result, under
the choice of model parameters as suggested in (69), we can apply exactly the same proof used in
Theorem.3.2 in Hu et al. [2021] for proving a following :

1Apal2 = |lgs — 7|12 = O (n) oz l12, = 0w (1), 90)
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Step 2. Control on Ap ;. For n data points (X17 R xn) and for the k™ updated parameter W([];),

denote:

Vw, [fyw (X)] = |:Vec<sz [Foro (Xl)]>"" 7VeC(VWz [Foreo (Xn)o]-

Note that when £ = 1, Vw, [fy o0 (X)] € R™>™ and when £ = 2,..., L, Vw, [f (X)] €
D D
R™°xn_

With this notation, we can write the vectorized version of the update rule (80) as:

k1
vec(Wg’)L,) = VeC(W%’L) — Z (1= m2p)? Vw, [fwpk—j—1)(X)] (UD(k -j—-1)- y),
=0

V1 < ¢ < L and Yk > 1. Using the equality, we can get the decomposition :
k-1
vee(W),) = vee(W,) = Vw, [fw,0)(X)] D (1= o)’ <UD(k‘ -j—1) - y)
=0

———
Z:El J

=Eo

—m Z (1= n2p) | Vw, [fwp—j-1(X)] = Vw, [fwb(0) (X)]] (U-D(k —j—1)— y).

=E3
oD

Let zp i (z) := vee(Vw, [fyyw (x)]), and note that fi o) (z) = (zD,k(m)wec(Wg)Z)}. Then, by
D D ’
the definition of Ap ; and the decomposition (91), we have

L
1 (772ML

-1
Z <ZD,k(l’), E; + E; + E3) — Ker(z, X) T+ Hoo> y

mm

1 napL -
— - K X T+ HY 92
+LZ zp k(T er(z, )<771 + y 92)

:=C
First, we focus on controlling the /5 bound on the first two terms in (92). Observe that the first term

can be bounded as:

2 L
1 1
7 (zpk(7),E1)| < I ; [(zp k() E1)|?. (93)

in LM

Recall that ||zp x(z)], O(y/mw) by Lemma 4.4. Then, the random variable
szk(x)Tvec(W(I?)é) | zp,k(x) is simply a N'(0,0(w)) for 1 < ¢ < L. A straightforward ap-

plication of Chernoff bound for normal random variable and taking union bound over the layer
1 < ¢ < Lyield that: with probability at least 1 — 9,

2 L
7 Z ‘zp w(x) T vee Wg)z)‘ < (’)(w log (5)> (94)

The ¢ norm of the second term in (92) can be similarly bounded as (93) in addition with the Cauchy-
Schwarz inequality:

~

L L
<72 Gpa@) E)l* < ¢ Z\sz D3B3 ©9)
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The | E3||, is bounded as :

k—1
[Eslly = (| > (1= n2p) | Vw, [fwph—j—1)(X)] = Vw, [wa(O)(X)}] (llD(/’€ —j—-1) - y)
=0

(1 —m2p)

np

(1= nop)’ -

(1 = mop)? -

(1= m2p) -

[Vw, [fw o k- —1)(X)]

I vaz [fWD(’f—j—l)(X)]

- Vw, [fwo0)(X)] H2 Jlup(k —j—1)

- Vw, [fWD(O) (X

—yH2

)| llup(k —§ — 1) =yl

i=1

VW [fwo ey (xi)]

— Vw, [fwoo) )] |5 lup(k —j - 1)

2 Z ||thz [fWD(k—j—l) (X,)]

i=1

.0 (71/3L2 wmn log(m)> -0(v/n) < 0(

I10/3,, 1/6
2/351/3

- Vw, [fwo0)(xi)] ||§ lup(k —j—1) —

5153 \/log(m ))

(96)

In the first, second and third inequalities, we used a simple fact that for the matrix A € R4 *%2 with
rank 7, then || A[|2 < [|A||p < /r||Al|2. Recall that the rank of the matrix Vw, [ fw ,, (k—j—1)(%)] —

Vw, [f W (0) (x)] is at most 2. In the second to the last inequality, we use the result of Lemma 4.6

and the |[up(i) —

vll2 < O(y/n) for any ¢ > 1. In the last inequality, we plug the correct orders

as set in (69) to 7, 71, n2 and p. Back to the inequality (95), using the [|zp x(z), < O(vmw)

and (96), we can get

L

1

I > llzp.k(@)]3 | Bsll; < (’)ﬂ»(
=1

Before controlling the 5 norm of C in (92), recall that we set B :=

the dynamics of up (k) —

k
up(8) B = (1 = L) -~ mn 3 ) (up(0) ~ B) + ep()

B can be expressed in terms of H$®

1,20/3,,4/3
-1
’;;f;)fz +HY | HPyand

as follows: For any k > 1,

(98)

with [[ep (k)||, < O(L). Using (98), we can further decompose the term E in (91) as:

Es := - Vw, [fwp0)(X Z (1 —map)? ( (k—j—l)—y)

k—

=mVw, [fwp ) (X)]

[

7=0

1

=0

k—j—1
(1= nap)? ((1 —nopl) - T — m771H(ZO> B

—mVw, [fws ) (X)]

—mVw, [fwn)

- nlez [fWD(O

(X)]

(X))

=E31 +Exo +Eo3+ Eg;4.

N

> .

=

_ O

Y

<.

= o

(=)

) k—j—1
(1= (1= ) - T B ) (o)

(1—mnop)fep(k—j—1)

(1 —nap)’ <B - y)
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Then, we can re-write the error term C in (92) as:

L
=1 /=1 -
Ly naptL !
2 o0
+ {L ; (zpx(x), Bg.4) — Ker(z, X) ( o L+ HE > y} , (100)
=D

Our goal is to control the ¢ norm of each summand in the equality (100). For the first three terms
in (100), a simple Cauchy-Schwarz inequality can be applied: for¢ = 1,2, 3:

2
1

L
E zp,ie(2), Ea)
L

L

1

Z|2Dk Eo)| <*Z||2Dk 2)[l5 - [ Eall3 -
521

We work on obtaining the bound of Zngl (| Ea2 1 H; Let T be defined as
k—1 } k—j—1
Ti == Z (1 —nop)’ <(1 —nopul) T — mme’) .
7=0
Then, we have
L L .
2
Z B2 lly = ni Z <BT7}TVw5 fwoX)] Vw, [fwo o) (X)]ﬁB)
=1 =1
=mn;B" T,"H(0)7,B
T o) T Tyyoo
=mniBT T, ( (0) = HL>77CB+m771B T, HE' T:B
< gt [H(0) — HE|l, - BT 7B + myt BT 7, HE T, B. (101)
To obtain the upper-bound on (101), we need to control the terms 7, H*7;, and BT 7,2B. Let us

denote H® = >~ | A\;v;v; be the eigen-decomposition of H®. Using 1 — nouL < 1 — 1241, note
that

4 k—j—1
T 1— 1—mouL)* 771 (I— M H°°)
r= ;( no)’ (1 = mapuL) AL
P ity mn '
< (1— - T— ! H“)
< (o) Y (T
7 k k
B k1w (1 — (1 - 1Tnl21u>‘j) T (1 - 772#)
~ ) Z< e o] <SRz am)

A similar logic can be applied to bound 7, H 7y

T ry00 k—1 - 1- (1 - lm:]]glp)\.])k ? T
77{) HL 77(? j (1 - 772/”’) Z ( mny )\ > )\]v]'Uj

j=0 T—map ™M
2k
1—nop ooy —
= 4( mziﬁ) (HL> g (103)
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~1
Recall the definition of the notation B := H$° (%I + H%") y. Then, we can bound the term
B'7,H¥T,B

2k

o0 1 —map ooy~ 1
BTT;:HLEB<(m%%)'BT( ) B
(1 - 772,”)2]C NopL -t nopL -1

=z Y (77 I+H°°> H;O(nmI+Hz°) y

1 1m 1
2k
1 _

_ o(( ’272‘;) > (104)

many

where in the last equality, we used H g5 Hi = Op(1) in (90). Now we turn our attention to bound
the term BT 7,.2B,

T2 (1—772M)2k T ( mepnL o\ g\ (M1 )
B 7B < ~—; y 7 + HZ HY I+H®) y

m2n A2, mm mm
2k
_of L=mr)n (105)
m2nirZ, )’

where we used ||y||3 = O(n) in the last inequality. Combining the bounds (104), (105) and the
result from Lemma 4.11, we can further bound (101) and have:

2k 2k 2k
EL:HE H2 < O w(l _772ﬂ) n2L5/2 4/ lOg(nL/(s) + (]‘ _7721LL) < O (1 _UQNJ)
p 21ll2 = mAZ, m m - ’

m
(106)

where in the second inequality, we used m > Q<L19n201°gzém)). Similarly, we can bound

L 2
> im 1Bl

L
Z B2l = n} Z ( 0) " 7' Vw, [fw,0)(X )]TvWe [wa(o)(X)]EuD(0)>
—1
= mnfUD(O)TTJH(O)EuD(O)
= mnfup(0) " T, (H(O) — H%’) Trup(0) + mnPup(0) " 7, HE Trup (0)

< mni |H(0) = HZ ||, - up(0) ' T2up(0) + mniup(0) " 7,  HF Trup(0)

2k
1—772# 4/ log(nL/§
<mnf(W7ﬁ/\20<wnL5/2\/W lupn(0)]3

o (L=mn)™
+mny WUD(O) (HE) up(0)
<0 (1 - UQM) n w2L5/ 4/log(nL/$) + TZLLJ(l - UQM)Qk
- mAZ_ 02 m MAoo0?
2k
1—
= O]P,<nw(m)\772'u)>' (107)

Here, in the second inequality, we used the inequalities (102) and (103) and Lemma 4.11. In the
third inequality, we used the Lemma 4.8, [u(0)||> = O(¥2£) with probability at least 1 — 4. In the

3
last equality, we used m > Q L19n201°g5#
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Next, we bound ZELZI ||E23||§ as:

éllEzsli—mn? (:(1712@ (e 1))THD(0)<]§(1n2u) (ex—j- 1))

2 2 3

mni 2 _ mny 1 L —4d-3

< “Amax (Hp(k)) - i <—-=-0 L) O —=)=0| —w-n" 21,

< B A (b)) - el < - 0fenE)-0( 5 ) = O o8
(108)

Now, we focus on obtaining the {5 norm bound on D in (100). Recall the definition of the notation

—1
B:=HY <’7’721‘:TfI + H%O) y. A simple calculation yields that
—1

nopL nopL (mapL -
B-y=Hp 2 7+ HY yfy:fL > —I+HY y.
mm mny \ mm

Then, we can re-write the expression of the D as :
L

k—1 —1
L 1
D := (ﬁzu )'771L§ (zpx(@), Vw, [fwp(0)(X E (1 —nap)’ (Z;M I+H°°> y
j=0

mmn =1

19 -1
— Ker(z, X) (772“ T+ H‘f) y
nmm

= (;L ei (z0,8(2), Vw, [fwp(0)(X)]) — Ker(z, X)) (nzMLI + Hf) _13’

mm

L —1
(1-— 772# Z (2D (), Vw, [fwp0)(X)]) <73721/;1 7+ Hf) y

3 —1
=1

mm
- n2uL -
(1- TIQM Z (20%(x), Vw, [ fwp0)(X)]) ( 7721m T+ HOO) y

L -1
+ (1= (1= m2m)") (; > (zpk(@) = 2p.0(@), Vw, [fwp0) (X)] >> <n2uLI+ Hf) Y,
/=1

mm
(109)

1—(1—nap)*

where in the second equality, Zk T

c—1 i
j=0 (1 - 772.U) =
the (109) can be bounded as:

H (1711 XL: (zp.k(2), Vw, [fw 0 (X)]) — Ker(z, X)) <772uLI N HOO) —1y

=1 mm

is used. The ¢5 norm of first term in

2

1 & . B
<m; 2p.k(2), Vw, [fwo0)(X)]) —Ker(ac,X)) H 73721/“;11_,_}1%0) y 2
n 1 L 5 nluL )
= ; (m Kz::l <ZO(SU)7VW[, [fWD(O) (Xz)]> - Ker(m,xi)> . ‘ < 7721m T+ HOO) y 2
5/2 4/ log(nL/s) mm
vt ) oG )

=0

7N N

WImmn .59 4 10g(nL/5)> _ ( 5/2, 54— 4 1og(nL/5))
L2724/ = O wL?/ n2a-1 /2220 ) 110
napL " (10
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where, in the second inequality, we used Lemma 4.11, and also we used

-2 2,2
nap L o nym 2 mm
= \/y (m THHE > Y\ vl = O(nzuL\/ﬁ)
(111)

772ML 7
I—i—HL y

2

The ¢5 norm of the second term in (109) can be easily bounded as:

I -1
1 - 7’2# Z <ZO vW@ fWD(O)(X)]> (73721/“ I+ HL ) y

2
-1

<l ( 5" (o), T oo X)) - Ker(e. X)) (BAET 4 pr )y

m
=1 n

2

L —1
(1 = 72p1) "Ker(x, X) (737212 I+ Hi") y

2
L

< (1- 772M)k H; > (20(x), Vw, [fwo(0)(X)]) — Ker(z, X)

(=1

L —1
A (2 REL g oy
mm

2 2

I —1
+(1- ngu)k Ker(z, X) <772M 7+ Hio) y

mm

2

k 4/log(nL/é§) nm k
- a-of ) o 25 {0 )
< (1772,u)k~0(wL3/2n2ddl \4/“5("775/‘”) +(9((1772u)k>. (112)

Lastly, the ¢5 norm of the third term in (109) is bounded as:

L -1
(1-(1- nzﬂ)k) <; Z (zpk(x) — 2p0(2), Vw, [fw,0)(X)] >> <772#LI + Hf) y

m
— m

2

k 1 - napL 00 -
<(1-=(1=mnp))- o Z (zpk(x) = 2p0(2), Vw, [fwo0)(X)]) ( T+ Hy ) y
2

=1 mm

2

L —1
1 L
<(1-(01- 772M)k) : (m Z 2Dk (x) — 20,0(@) | & | VW, [fwo o) (X)] || & H nw T4 H°°> y

2

<(1-(- 772#)k) : <L0(71/3L2 wmlog(m)) - O( wmn)> .(9( mm \/ﬁ)

m nepL
k 7/6 710/3, —d log(m) 7/6110/3, d log(m)
< (1_(1_772/~L) )O(w/L /n5d3W> <O<w/L /nadﬂ%W ,
(113)

where in the fourth inequality, 7 = Op(%anﬂdl> is plugged in. Combining the inequali-

ties (110), (112) and (113), we get the bound on || D||2 in (109):

2 1 L/
HDH§ < O(W2L5n2dd1 og(n/)) + (1 o 772#)2160( 2L3n2d 1 lcwg(nmL/6)> —+ O((l — n2u)2k)

m

+0 <w7/3L20/3n a3 710g(m) )

ml/352/3

d log(m k
< O(w7/3Lzo/3n633 ml%a?)i’)) + 0<(1 — o)’ ) (114)
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Step 3. Combining all pieces. Recall ||zp ()|, < O(y/mw). With this fact, combining the

bounds (94), (97), (106), (107), (108) and (114), we can bound the HADJHg via the decomposi-
tion (92) as follows:

L L
1
HAD,1||§sfzjzn,mfvec( D[+ e sl s 2
/=1

L L
ZHZDk )5 B2, l5 + ZIIZDk )5 B2z 5 + LZIIZDk )5 I1B2.s15
Z: {=1

-1

L
1 ) nopL oo
T ; (2p.k(x), E2,4) — Ker(z, X) < mm L HHE )y

L L20/3w4/3 u
<O (w log <6>> + OP(Wn6§_3 log(m))
2k 2k
1— 2(1- L2 4a-s
+Op<w( 772#) ) _'_OP(nw ( 772#) > +Op<w-n2jl>
L L)y m

1
+0 <w7/3L20/3n6§d3 n%) + Op <(1 - 772#)%)

< Op <n2dd1>
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