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ABSTRACT

When training large-scale models, the performance typically scales with param-
eter count and dataset size via a slow power law. We show that comparable per-
formance can be achieved with far smaller models and much less data. We prove
that a generic permutation-invariant function of d objects can be compressed into
a function of polylog d objects with vanishing error, and that this rate is optimal.
This yields two key implications: (Ia) a large neural network can be compressed to
polylogarithmic width while preserving its learning dynamics; (Ib) a large dataset
can be compressed to polylogarithmic size while leaving the model’s loss land-
scape unchanged. (Ia) establishes the dynamical lottery ticket hypothesis: ordi-
nary networks can be strongly compressed without changing learning dynamics or
outcomes. (Ib) shows that a scaling law L ~ d™* can be accelerated to arbitrarily

fast power-law decay, and ultimately to exp (—a’ W)

1 INTRODUCTION AND PROBLEM SETUP

Training modern neural networks requires enormous computational and data resources. A central
empirical observation is that performance improves with scale according to slow neural scaling laws,
where the error decays as a power of dataset size or model width,

L(N) = N°©, (1)

with small exponents « € [0.1,0.3] for large language models (Kaplan et al., [2020). Such slow
decay implies that achieving even modest performance gains requires orders-of-magnitude increases
in data or parameters, raising the question of whether current learning systems are fundamentally
inefficient, or whether their effective complexity is much lower than their apparent size.

In this work, we provide a geometric explanation for this inefficiency and a constructive resolution.
We show that a broad class of functions relevant to modern machine learning—including losses,
predictions, and training dynamics—are permutation invariant in large collections of objects, e.g.,
data points, neurons, attention heads. Say there are d objects, each lying in a linear space V =
R™. Viewed geometrically, these functions are functions not on V¢, but on the quotient space
V/S4. Exploring the symmetry and the resulting quotient space leads to drastic improvement to
model training efficiency. Specifically, such functions can be approximated by only O(polylog(d))
objects.

This universal compression result has two main consequences. First, it implies a dynamical lot-
tery ticket hypothesis: wide neural networks can be compressed to polylogarithmic width while
preserving their entire training dynamics. Second, it provides a mechanism for improving neural
scaling laws by replacing large datasets or models with much smaller, geometrically equivalent rep-
resentatives. Together, these results show that large models often operate in a regime of extreme
redundancy induced by symmetry, and that respecting this geometric structure enables substantially
simpler representations.

A rigorous formulation and relevant proofs are deferred to the Appendix.
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Figure 1: (a) lustration of the main idea behind the compressibility of neural networks and datasets. (1)
Permutation symmetry allows a high-dimensional function to be decomposed into a composition of d low-
dimensional “objects” (dots in the figure). (2) When d is large, these objects become crowded, and those
lying in denser regions are essentially redundant; they can be compressed into d' = O(polylogd) objects.
The potential curse of dimensionality can thus be mitigated, or even removed, when the underlying function
is smooth—a lesson well known in nonparametric statistics. (b) Decomposing the linear weights of a neural
network into “objects” of symmetric status.

S Width = d ><

We start with the problem setup. A function f : V¢ — R is permutation invariant (or simply sym-
metric) if f(...,w;,...,wj,...) = f(...,wj,...,w;,...) for any i # j. The theory in this paper
applies to virtually all symmetric functions with finite radius of convergence. We show examples in
machine learning that respect permutation symmetry.

(i) Data symmetry. The loss function we minimize is L(6,{(x;,y:)}%,), where 6 stands for
the trainable parameters, and (x;,y;) is a data point consisting of input-label pairs. The loss
function is the average of a per-sample loss ¢ over training data: L = éZfﬂ U x4,9:,0).
Permuting any pair of these data points results in the same loss function for any 6.

(ii) Neuron symmetry. Consider a two-layer neural network f(z) = Woo(Wix), where Wy and
W, are weight matrices, and o is an activation function. Let sz be the row vectors of W7,

and v; be the column vectors of Ws. Then the output reads f(z) = Y%, v;o(w? ), where d
is the width of the hidden layer. The output is symmetric under the exchange of any pair of
(vi,w;) < (vj,w;) (see Fig.[I[b)). Other modules that have permutation symmetry include
fully connected layers, attention logits in self-attention, and attention outputs between differ-
ent attention heads (Brea et al.l 2019} [Ziyin et all [2025)). Particularly, we elaborate on the
permutation symmetry in attention modules in Appendix [H]

2  UNIVERSAL COMPRESSION THEOREM

The value of a symmetric function f(6) only depends on where 6 = (wy, ..., wy) lives in the quo-
tient space V¢/Sy. When d is large, the distribution of w;’s likely becomes crowded and the rep-
resentation becomes redundant. We show that this redundancy can be removed by replacing 6 with
a much smaller weighted subset that preserves all relevant symmetric evaluations up to vanishing
error. We defer the comprehensive theory to Appendix.

The first fact to notice is that the value of f(6) is entirely determined by the (tensorial) statistical
moments:

1 1
PRz wd = =Y w @S w. (2)
d4 PN
k repetitions

Let us consider f(#) that is Taylor-expandable. Expanding f to order k yields a symmetric poly-
nomial of degree k. We can match these moments with much fewer objects, and it follows that
the error starts from the (k + 1)th order. Specifically, it is possible to match the first & moments
P1, - -.,Pr With only finitely (i.e., not scaling up with d) many reweighted objects. This is guaran-
teed by Tchakaloff’s theorem (Tchakaloff, [1957), and is algorithmically executable by Algorithm 2}

We propose a family of compression algorithms (Algorithm [T). The overall strategy is that, in each
iteration, one finds a subset of objects within a small diameter (~ d-/ ™); then one replaces these
objects by fewer objects with modified weights while preserving the first ¥ moments. We prove
that (see Appendix [E] for the precise statement and proof), with this compression strategy, one can
compress a d-object set into polylog(d) with vanishing error:
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Figure 2: Compression of the training dataset in a teacher—student setup. Details described in Appendix @
Green dashed line: training with the original dataset of size d = 10%; Orange line: training with a compressed
dataset of size 10%, using order k = 5 moment matching. Blue line: training with a size-10® subset of the
original dataset.

Theorem 1 (Universal compression; informal statement). Assume |w;|| < R and f is permutation
invariant and analytic with radii of convergence independent of d. Then for any target error £(d) —
0, there exists a weighted subset 0’ supported on

7 - O((log Eé))m) )

objects, such that |f(0") — f(0)| < e(d). Moreover, this rate is optimal up to constants: there exist
d-object configurations for which no universal method can compress to o(log™ d) weighted objects
while preserving all symmetric functions.

Numerical simulation.  Figure2]is our first validation of the moment-matching compression. We
train a simple neural network with a large (10%) dataset. A much smaller (10%) compressed dataset
achieves almost the same training dynamics, whereas another independently sampled dataset of the
same size performs differently.

3 DYNAMICAL LOTTERY TICKET HYPOTHESIS

The lottery ticket hypothesis (LTH) (Frankle & Carbin, 2018)) postulates that within any sufficiently
wide neural network, one can find a subnetwork that, when trained in isolation, achieves perfor-
mance comparable to the original. While widely observed, its theoretical understanding has re-
mained elusive. As a corollary of the universal compression theorem, here we establish that any
layer of a neural network with width d can be compressed losslessly to a polylog(d) size, such that
the training dynamics before and after compression are identical. We refer to this statement as the
dynamical LTH, which can be viewed as a stronger and more quantitative variant of the original
hypothesis, which postulates that the final results are almost identical.

The dynamical LTH is rigorously presented in Theorem [9] of Appendix [F} The key idea is that
predictions and loss functions are not only symmetric functions of the trained parameters, but can
also be regarded as symmetric functions of the initial parameters. This holds because common
update rules are equivariant, i.e., they commute with permutations (see Appendix [F). Let f denote
a symmetric function, let 7 denote the training dynamics (a mapping from initial parameters to
trained parameters), and let 6 denote the initial network parameters. By equivariance, f(7 (6)) is
again a symmetric function of 6. Therefore, the moment-matching compression established earlier
applies directly to f o T, leading to the dynamical LTH.

Numerical simulation. _Figure [3] validates the dynamical LTH. The task is to learn the function
f(x1,22) shown in Fig. 3[a) from 10° data points of the form (z1,z2,N'(f(x1,22),0.22)), with
19 sampled uniformly from [~1,1]. Across a wide range of update rules and learning rates, the
predictions of a wide network and its compressed counterpart are shown to be nearly indistinguish-
able throughout the training dynamics.

4 IMPROVING NEURAL SCALING LAWS

Theorem [I] can be leveraged to asymptotically improve neural scaling laws. A commonly used
empirical form of neural scaling laws is L(d) = Lo + (dop/d)®, where L denotes the loss and d may
represent dataset size, number of parameters, or similar resources (Henighan et al., [2020). If we



GRaM workshop at ICLR 2026 Tiny Paper Track

(a) (b) SGD, Ir =10° (c) Rprop, Ir =10 (d) AdamW, Ir =10+
| | |
3 -2 6x1072
8 ex102 || 6x10 L\ , |
& LAy, 5x102 { e 5x107 11
= e

5x10-2 SV — | T 4x10-2 i, e S—

82x102 1 2x102 1| 1072 4
8 \ L | — "
% A 1073 VAR
Q |~ b -
K VA ——6x10 = 1084 N
102 4, M [4x109 | s . "'V\""I'u-_
0 2000 0 2000 0 2000
Epoch Epoch Epoch

Figure 3: Dynamical LTH (Theorem EI) Details of the task are described in Appendix |G| (a) Ground-truth
function f(x1,z2) = Js(20r) cos(60), where 2 = x% + 23 and 0 = arctan(zz2/z1), known as a cylindrical
harmonic. (b—d) MSE loss vs epoch under three different update rules. Green dashed line: randomly initialized
network of width 10*; Orange line: compressed network of width 10%, using & = 5 moment matching; Blue
line: random subnetwork of the 10*-width network, also of width 10°.
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Figure 4: Improving neural scaling laws through compression. (a) MSE loss of the teacher—student task after
training on an original dataset of size d vs a compressed dataset of size d’. (b) MSE loss of the cylindrical
harmonic task after training a two-layer neural network of width d versus its compressed counterpart of width

d'. In both panels, we compress d objects to d’ = [16\/3] using k£ = 6 moment matching. The exponent « is
obtained by fitting L o< d”® or d'~¢.

compress d to d' = O(log™ d) (inducing arbitrarily fast power law error, which is negligible), any
power-law scaling will be improved to a stretched exponential scaling as

L(d") = Lo+ d™ = Lo + exp(—o/ V/d'). 4)

With a more efficient compression algorithm (see Theorem |§|) we may also compress d to d' =
O(d?), where 0 < o < 1, so that the neural scaling exponent « is divided by c—a smaller but
computationally manageable improvement on neural scaling laws.

Numerical simulation. We demonstrate improvements in scaling laws with respect to dataset size
in Fig. ((a) and with respect to network width in Fig. [@(b). The learning tasks in Figs. #{a) and 4[b)
are the same as those in Figs. 2] and [3] respectively; additional details are provided in Appendix
In both cases, compressing d objects to [16\/3] objects effectively doubles the scaling exponent.

5 CONCLUSION AND OUTLOOK

We introduced a system-agnostic framework proving that any permutation-symmetric function ad-
mits strong compression without sacrificing performance, yielding a unified perspective on the com-
pressibility of both models and datasets. The central contribution of our work is a proof of concept
that it is theoretically possible to strongly compress neural networks and datasets, enabling far more
efficient use of data and parameters.

The main future direction is to improve the practicality of universal compression. Our compression
procedure is currently too slow and memory-intensive in high data dimensions; we expect future
works to optimize it or derive accurate, scalable approximations. A second direction is to extend the
framework to high ambient dimension by exploiting structure: many real-world objects concentrate
near low-dimensional embeddings (Abbas et al.,2021)), and language in particular appears to have
small effective dimension (Gromov et al.l |2023). Finally, the theory suggests that there exist better
sampling and initialization schemes that are “compressed by construction,” potentially connecting
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to importance sampling (Hammersley}, 2013} Bengio & Senecal, |2008)) and orthogonal initialization
(Saxe et al., [2014).
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A NOTATIONS AND CONVENTIONS

Let V = R™ denote the space in which each object w; is embedded. ® represents tensor product.
The shorthand [d] refers to the index set {1,2,...,d}, but when x is a non-integer real number,
[x] denotes its closest integer. Sy denotes the symmetric group on d elements. For a nonnegative
weight vector {c;}% ,, the support is defined as supp(c;) = {i € [d] | ¢; # 0}. Foraset S ¢ V, the
diameter is diam(.S) = max, yes | — 2’|, where we use the Euclidean norm throughout this paper.
We write N'(j1,02) for the normal distribution with mean j and variance 2. All other notations
will be introduced in context.
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We use 6 = (wi,...,wyq) as a collective notation for all objects. To analyze the error induced
by compression, we impose a mild regularity assumption on f. Specifically, it is known that any
symmetric function admits a “deep set”—style universal representation (Zaheer et al., 2018)) of the
form

d
Foneeess) = 1S atw) ®

where h and g are suitable functions. Importantly, for smooth f, one can choose h and g to be
smooth as well (Tabaghi & Wang [2023). We will use the following regularity assumption for the
symmetric functions considered in this paper.

Assumption 1. For all symmetric functions f(0) studied in this paper, we assume that there exists
a deep—set representation of f as in Eq. (3), such that

1. Neither h nor g depends on d;

2. h and g are both Taylor-expandable with finite radii of convergence.

While many ML models are non-smooth (e.g., ReLU networks), our compression results often ex-
tend to such settings at the level of conclusion (concretely, ReLU networks are studied in the numer-
ical results in Figs. 2] [3|and ), suggesting broader applicability beyond the analytic regime treated
formally here.

B RELATED WORKS

Compression in AI. Model and dataset compression has long been a central problem in Al (Han
et al., 2015} [Frankle & Carbin, 2018} |Sorscher et al., 2022; Salomon, 2002} |Wang et al., [2018]).
Yet, almost no theoretical framework exists to explain why, or to what extent, such compression is
possible. A primary conceptual framework is the lottery ticket hypothesis (LTH) (Frankle & Carbin,
2018)), which posits that within every network there exists a small subnetwork that, when retrained,
can achieve the same performance as the original. Several theoretical works have established vari-
ants of the LTH (Malach et al., |2020; [Pensia et al., |2021; /da Cunha et al., [2022). However, these
results typically fail to imply that the compressed model exhibits the same learning dynamics as the
original—that is, that it reaches the same performance after training—which is arguably the most
practical implication of the LTH. To date, the original formulation of the LTH remains unproved,
precisely because of its dual requirement of both training and compression. We provide a more
detailed discussion of this point in Sec. E} Another closely related work is [Ziyin| (2024), which
suggests the connection between symmetries and emergent sparsity during training.

Neural Scaling Laws. A major empirical guideline for training large language models (LLMs) is
the neural scaling laws, which state that as the size of models and datasets increases, the generaliza-
tion error decays as a power law: L o< d~“, with « often small (Kaplan et al.| 2020). Such small
exponents pose a central obstacle for scaling LLMs. For example, when « = 0.1, reducing the gener-
alization error by half would require increasing the dataset size by a factor of 1000—an impractical
demand given today’s limited data availability. [Sorscher et al.| (2022)) suggest the possibility of im-
proving scaling laws through data pruning; however, their theory applies only to linear regression
and assumes knowledge of the ground-truth model. Whether scaling laws can be improved in more
general settings, and without requiring access to the ground truth, remains unknown.

C PRELIMINARIES FOR THE UNIVERSAL COMPRESSION THEOREM

C.1 MULTIVARIATE FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS
Here, we prove the fact asserted at the beginning of Sec.[2} the value of a symmetric polynomial is
completely determined by the tensorial statistical moments. It is formally stated as Theorem 3]

We first quote the following well-known theorem without proof.

Theorem 2 (Fundamental theorem of symmetric polynomials (FTSP) (Macdonald, |1998))). For any
symmetric polynomial f(x1,...,2q), where z; € R for all i € [d], there is a unique polynomial P
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such that
f(xla"'wrd):P(pla"wpd)? (6)
where py; (k € [d]) is called the kth moment and is defined as

14,
pk=g§xi. (7
i=1

An arguably more common statement of the FTSP is that any symmetric function is a function
of power sums Zle x¥ for k = 0,1,...,d, which differs from our statement by a normalization
of d. However, our convention fixes each moment p; to constant order of magnitude. With our
convention, we can treat P as dependent on d.

Theorem 3 (FTSP, Multivariate Variant). Let 0 = (w1,...,wq) with w; € R™, and f(0) be a
polynomial in all scalar components w; o. Then, any symmetric function f(0) can be expressed as
a function of the moments py, k € [d], defined by

1 1
®k _
pk=72wi :wai®--~®wi. ®)
d*5 d5—
k repetitions
Proof. We write the coordinates of w; as (w; 1, ..., w; ). For convenience, we use the multi-index
notation v = (a1,...,am), such that w$ = w;'} ... w;™ . For a multi-index o, |a| = a1 + -+ + am.
d

Also, we define g, = Y;_; w§* (we use g to distinguish from p with a 1/d factor). Our proof is
divided into a few steps: (1) Represent f in terms of g,’s (2) Repack {q,} into tensor moments
{pr} (3) Show that only py for k = 1,...,d are independent (4) Show that the representation in
terms of {py} is unique.

Generally, a polynomial f is linearly spanned by monomials in the form w'' wg* ... w{'Y (note that
N < d), where all subscripts are distinct and each |a;| > 0. Imposing permutation symmetry Sy,
such monomials differing by index permutation must appear with the same coefficient. That is, the
space of symmetric polynomials is linearly spanned by terms in the form

[e%% [} an a1, 00 anN
Z W W gy -+ Wy (hy Z wilw? . wp s 9)
oeSq K (i1,0eerin)
Here, we introduced the notation X (i1, . ..,4x) to denote the set of index list (i1, ...,y ) such that

all 4, are distinct and range from 1 to d.

We prove by induction on N that such terms can all be written as polynomials of g,,’s. When IV =1,
Eq. O) is simply ¢, by definition:

d
Y wi = ga. (10)
i=1

Now, suppose Eq. (9) is proved to be a polynomial of ¢,’s. Replacing N — N + 1, we look at

Z wMw? L wSN (11)
11 2 TN +1
X (i1, iN+1)

We use the set decomposition

X(in,in) x {ine1}d = X(in, .. ine ) UX (in, ... in) x {i1}

(12)
UeuX(ig,.. . 0n) x {in}
to rewrite Eq. (TI) as
(05 N e%>) QAN+1 _ @, 00 QON+1
. _ witwg . wy Y= Z _ w;twg? L wy N
X (41,..,iN+1) X(i1,..iN)
iN+1 (13)
_ (e Ne3)) aN, XN+1 _ . . _ ay o2 QN ON+1
Z witwp? L wy Y w; iy Wa e wy Y wy T
X (i1,..,iN) X (i1, yiN)
On the right-hand side, the first term can be written as
[e5] a9 QN
( Z witwp L wy s )qQNH, (14)
X(i1,...,iN)
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in which the parenthesis is a polynomial of ¢,’s by induction assumption. The second term can be

written as
.041+DtN+1w{12 anN (15)

wy, iy Wi

X(i1,...,iN)
which is a polynomial of ¢, ’s as well, and so are the other terms in the ellipse. Therefore, we proved
that all terms in the form of Eq. (9) can be written as polynomials of g, ’s.

Next, we repack ¢, into tensors. Define p,, = ¢, /d. Note that the set {p,, | |a| = k} is exactly the
set of coordinates of the tensor py = 3, w?k /d. So indeed, the value of f relies only on the tensor
moments py.

To show that f only requires the first d moments, we try to represent any py, (k > d) as a function of
P1,---,Pd- Dk is a symmetric tensor of rank k. It is easy to see that the space of symmetric k-tensors
is isomorphic to the space of homogeneous polynomials of degree k (the argument is denoted as
u € R™), by the homomorphism

T Z Ty i Wiy - - Uy - (16)
U1 yeens 1k
Specifically, py is mapped to
1 N
sp(u) = y S (uTw;)k (17)
i=1
Using Theoremfor the variables {u"w; | i =1,2,...,d}, there is a polynomial P such that
sip(u) = P(s1(w),...,sq(u)). (18)
Because this holds for arbitrary u, it follows that py, is a function of py, ..., pq as well.

The fact that the representation of f in terms of moments is unique is obvious: assume two poly-
nomials f and f’ are mapped to the same function. Taking the difference of the two equations

f(0) = P({px}) and f'(0) = P({px}), we find f(0) - f'(#) = 0 for any 6. O
C.2 REDUCING SUPPORT WHILE MATCHING MOMENTS

Theorem 4 (Tchakaloff] (1957)). Let u be a measure supported on D c R™. Then there exist N

points w; € D, with N < Ny, 1, = (m]:k), and positive weights c;, such that the first k moments are

matched: V1 € {0,1,....k}, [Hw® du(w) = Zj]\il cjw;®

A proof follows from Carathéodory’s theorem in dimension Ny, ;. (Leonard & Lewis, |2015). Note
that IV, i is precisely the dimension of the linear space of all moments up to order k (including
one fictitious dimension corresponding to py). Algorithm [2| in Appendix guarantees such a
compression: whenever there are more than N,, ;, weighted objects, we can always reduce the
support to at most N, ;, objects while preserving the first K moments.

In the spirit of Tchakaloff’s theorem, one can compress the original parameter set ¢ into a smaller
set of weighted parameter set §”:

Definition 1. A weighted parameter set 0’ is defined as a collection of weight-parameter pairs

0" ={(c1,w1), (c2,w2),..., (ca,war)}, (19)

where each ¢; > 0 and wj € V = R™. The moments of ¢ and the values of symmetric functions are
defined as if there exist cj copies of w;:

, 1 & , &
Pp=_—g — 1cjw§3’k7 f(0 ) = p(zjlcjg(wj)). (20)
fa

=16 j=

We remark that the original 6 can also be viewed as weighted, with unit weight for each object. A
feature of our compression is that it does not change any of the w;’s but instead adjusts the weights
so that they are supported on a smaller subset. When f and {wi}ie[d] are fixed, we may regard the
output as a function only of the weights {c; };c[4]. Specifically, if f4(0) = p(¥; g(w;)), we denote

o(c) = p (S cig(wy)).
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We are now ready to study approximating symmetric functions f that are Taylor-expandable. Ex-
panding f to order k yields a symmetric polynomial of degree k, and these moments can be matched
with very few weighted objects. Consequently, the approximation error begins at order (k + 1).

Theorem 5 (Moment matching in a small ball). Let f be a symmetric function acting on a weighted

parameter set 0 = {(c;,w;)}ie[q), and let ¢ be its corresponding function acting on weights. Let

7 =maxgsj |w;—w;|. Then, there exists a 0" = {(c;, w;) }ie[a) Such that no more than Ny, y, = (m,:k)

weights are nonzero, and

6(c") - ¢(c)| = O(dr**h). 1)

Proof. Choose an m-dimensional ball of diameter r that contains all w;’s, and let the center be
wq € R™. We first Taylor-expand f(6) around 6y = (wy, . .., wp) up to the kth order. The expansion
is a symmetric polynomial of degree k, so it can be written as a function of (p1,...,px). By

Theorem@ we can find another set of weights {c;} supported on N, 5, = (m,: k) points, such that

S i (wi —w)® =Y e (wi —wo)® =p forl=1,...,k (22)

Let 0" = {c}, w;}, and denote its moments by {p; }. By construction, we have p; =p; forl =1,... k.
Since the first £ moments all match, there is no difference between ¢(c¢) and ¢(c¢") up to the kth
order.

Next, we look at the (k + 1)th order in the Taylor expansion of f(#) around 6. It is written as

1 «
> —0a.f(60)(6 - 6o) (23)
lof=k+1 &
It is a degree-(k + 1) homogeneous symmetric polynomial, and we denote it as Pry1(p1,- - -, Prt1)-
Hence,
fa(0) = fa(0") = Prsr(p1,- -, Prs1) = Prrr(P1s- - Do Plst)- (24)
In Piy1(p1,---,Pk+1), the only term that depends on py. 1 is linear in itself—(bg1, pr+1), Where

bi+1 is a (k + 1)-index symmetric coefficient tensor and here (-,-) denotes tensor contraction; all
other terms are completely determined by {pl}le. To see that b1 is at most of order d, we use the
deep-set-representation: f(6) = p(X;c[q) 9(wi)). Then by can be written down explicitly as

d

i Z (ak+1, (w; = wo)®(k+1)>

b1, =
( k+1 pk+1) ay &

(25)
of
=d ;yak+lapk+l )
where y = ¥;c141 9(wi), and (ag+1, (w; - wo)®¥F+1)) is the (k + 1)th order in the Taylor expansion

of g around wy. All derivatives are taken at 6 = 6. By our convention that p and g are independent
of d, we thus have by, = O(d).

Also, since each |w; — wo| < 7/2 we have py,1 = O(r**1). Therefore, we conclude that f;(0) -

fa(9") = O(dr**). O

Theorem 5]is a main ingredient of our compression theory. A lesson from this theorem is that dealing
with a group of objects of small diameter is very effective in suppressing error, as we can choose a
large enough k to greatly suppress the compression error.

C.3 SPHERE PACKING LEMMA

This lemma is used in proving Theorems [ and [7]
Lemma 1 (Sg)here packing). Given d >> 1 objects in a closed m-dimensional ball of radius R: that

is, 0 = {w;}5_, |w;i| < R. For any 0, the diameter of the smallest ball containing N points is at
most of order (N |d)"/™. That is,
sup rgig diam(S)=RO ((N/d)l/m) . (26)
0 c

[S|=N

10
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Proof. We use B(z, ) to denote a closed m-ball centered at x.

Cover B(0,R) by M balls of radius r. By the pigeonhole principle, if d > (N - 1) M, some ball
contains at least IV points, giving an N-point subset of diameter < 2r.

We show that there exists a covering with M = (1 + 2R/r)™ points. We choose a set of points
{z;}}1, ¢ B(0, R) to form a maximal r/2-packing of the ball B(0, R), meaning
Hxi_xj” 2T, v’iijv (27)

and no further points can be added while maintaining this separation. By this definition, the balls
{B(xj,r)} form a covering of B(0, R), but the smaller balls {B(x;,7/2)} are mutually disjoint
and contained in B(0, R + r/2). By comparing volumes, we find

M(r/2)™ < (R+7/2)™. (28)
Hence, if the radius of each ball is r, there exists a covering of B(0, R) with [(1 + 2R/r)™] balls.
Also requiring d/(N - 1) > [(1 + 2R/r)™], we conclude that

4R

1/m

sup min diam(S) <
o Scé

=RO((N/d)"/™). (29)
|5I=N N1 T 1

D A COMPRESSION ALGORITHM FAMILY

Theorem [5] shows that compressing points in a small diameter enables a tight control on the error.
By a sphere packing argument (see Lemma [I), if we put many (d) objects in a finite region, then
we can always find a subset of diameter O((N/d)*/™) containing N objects. This gives rise to a
general strategy of compression in Algorithm|l} and any concrete algorithm that fits in this strategy
is guaranteed to have vanishing compression error.

Algorithm 1: A compression algorithm family.

Input : a set of objects 6 = {w; };eq, target size d’, moment-matching order k € Z.,
Output: 0" = {¢;,w; } jesupp(c)> Where |supp(c)| < d’
Initialize ¢; = 1 for all i € [d];
while |supp(c)| > d’ do
Step 1 (clustering): Find a cluster S < supp(c) such that |S| > N, j and
diam{w;} jes = O(d~Y™) ;
Step 2 (moment matching): Update weights {c; } jes such that they are supported on N,,,
objects, and the first K moments are kept unchanged.
end

In terms of a practical compression algorithm, we first remark that Step 2 (moment matching) can
be realized by Algorithm [2|in Appendix although several other moment-matching algorithms
exist, especially in the case of peeling many points in one cluster (Piazzon et al.,|2017). The most
time-consuming part in Algorithm [2]is finding null vectors, so we estimate its time complexity as
dN, 51 > Which tells us that matching higher moments takes a much longer time. For clustering, ide-
ally in each iteration one wants to greedily find the (N, ;, + 1)-subset with the smallest diameter,
but the k-nearest neighbor problem is known to be NP hard in general. For clarity, in Theorem [6] of
this section, we prove error bounds associated with the greedy strategy, indicating that a compres-
sion map satisfying our asserted error bounds universally exists. However, we perform numerical
experiments using k-means clustering (see Appendix [D.I)), which is much faster in practice.

D.1 AN EXAMPLE OF THE MOMENT MATCHING ALGORITHM

Here, we describe the concrete algorithm for compression that is used in all our numerical simula-
tions.

11
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Figure 5: Runtime benchmark of the hybrid compression algorithm. See description in Sec.
The original dataset is i.i.d. uniformly sampled in an m-dimensional cube. The moment-matching
order is k = 5 for all trials in this plot. Each marker on the plot is an average over 5 trials, with error
bar representing one standard deviation.

Recall that in Algorithm |I| we identified two main steps of the algorithm: (1) clustering and (2)
moment matching. We first describe our moment matching strategy. For moment-matching, we
consistently use Algorithm [2} in which vect(-) represents flattening all the moments into a vector.
We remark that the existence of Algorithm [2] is effectively a constructive proof of Tchakaloff’s
theorem ]

Our actual clustering strategy is slightly more involved, because finding the smallest cluster in d > 1
points is known to be NP hard. We implement a coarser k-means clustering instead. Only when
|supp(c)| becomes close to the desired stopping size d’, we switch to a greedy strategy, since the
diameters of clusters are likely to be large when |supp(c)| is small. Concretely, in a k-means round,
we divide 6 into o< | supp(c)|/ Ny, i clusters. Then we apply Algorithm to each cluster containing
more than IV, ;, objects in parallel. In a greedy round, we find the approximately smallest cluster
of N, i + 1 points, which is implemented using the k-nearest neighbor algorithm provided by the
faiss package |Douze et al.|(2024).

For the above k-means/greedy hybrid strategy, we present the runtime benchmark in Fig. [5} The
calculation is conducted on a personal computer with Apple M4 Pro CPU. The runtime is observed
to be roughly proportional to d. This is because the number of iterations over moment-matching
reduction of support is proportional to d.

Finally, we remind the reader that our error bound Theorems [6] and [7] are proved for the greedy
strategy, where in each round one finds the smallest cluster of IV, , + 1 objects and reduce one
object. For the above-mentioned hybrid clustering strategy, there is no theoretical guarantee as
strong as Theorem [] for the error, but all numerical simulation turns out to meet our expectation.

Algorithm 2: Reducing support while matching moments

Input : Moment matching order &k
Input : N weighted parameters {(c;,w;)}X |, where Ny, j = ("”k)

=1 k
Output: Adjusted weights {c; } where |supp(c)| < N, i
function ¢(w) = vect(1,w,w®? ..., w®*)"  /» dim@(w) = Ny i %/
while |supp(c)| > N, do
Let supp(c) = {jla s 7j|supp(c)|}; A= (¢(w]1) ¢(wj2) d)(wj\ supp(c)|));

Find a nonzero v € RI5"PP(I)l guch that Av = 0; Ensure that at least one v; >0;
t= minjesupp(c):uj>0 Cj/vj;
Cj <~ Cj - tUj.

end

12
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E UNIVERSAL COMPRESSION THEOREMS

E.1 COMPRESSION ERROR LOWER BOUND: FINITE k

The following theorem shows that with sufficiently large k& (compared to m, but still much smaller
than d), one can compress the number of active objects to any power of d with vanishing error.
Theorem 6 (Universal Compression). Let |w;| < R for all i € [d]. Algorithm |I| with moment-
matching order k can compress 0 = {w;}%, into d' < d weighted objects 0', such that for any
symmetric function f satisfying Assumption

1. The erroris ot
£ =16(c) - 9(c)| = 0 (d(d) ), (30)

where ¢ stands for the function f treating weights as variables;

2. If k> m -1, d original objects can be compressed into

d‘o«d@) ) GD

weighted objects, such that the error is no larger than e(d).

Proof. Denote Ny, i, = (ml: k) In this proof, we show that the general algorithm (Algorithm with
greedy clustering strategy satisfies the asserted error bounds. By the greedy strategy (also described
in Appendix [D.1), we mean that in each iteration we choose a subset S < |supp(c)| of Ny, i + 1
objects among the active (i.e., with nonzero weight) objects. Then we reduce one object in S while
maintaining up to the kth moment.

By Theorem [35| the output error of one step is of order c57**1, where cg is the total weight of this

cluster, and r is the diameter. Because the greedy strategy always look for optimizing the diameter,
after O(d) steps, there is no better upper bound for cg than d. By Lemma when there are N active
objects, the smallest diameter is upper-bounded by

Nm,k+1 1/m B -1/m
0((N) )—O(N ). (32)

Now, we sum up the error of all the steps. Denote the function’s error as £ = |¢(c¢”) — ¢(c)|. Then,
in one step of pruning, the error is

AE = O(dr**t) = O(aN~—k+D/my. (33)

We upper-bound the sum over NV by an integral using Z‘f\,zd, aN*< [ dcf N™dN, and find that
pruning d original objects into d’ objects results in

£ = O(fddN—(k+1)/TrL dN)
dl

d , 1_1%1 e+l

or logarithmic if £ + 1 = m; but as we are only concerned with vanishing error, we will skip the
analysis of k + 1 = m. Since d’ < d, we conclude that the error is upper-bounded by

£=0(d(@) ), (35)

(34)

which completes the proof of statement 1.

To show statement 2, we look at the equation

e(d)=€=0(d(d) ) (36)

Solving this equation with respect to d’ gives the asserted scaling of d’. [

13
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E.2 COMPRESSION ERROR LOWER BOUND: OPTIMAL k

In establishing Theorem[7} we have been fixing k as a hyperparameter which can be chosen at will.
Here, we will optimize over the choice of % to study the smallest achievable final size d’ such that
the error is vanishing. In the derivation below, k& could scale up with d, but we always set m to be a
finite constant.

Theorem 7. Assume |w;| < R for all i € [d]. There exists a mapping from d uniformly weighted
objects to d' weighted objects, such that for any symmetric function f satisfying Assumption

1. The error is
1
€ =164(8") - 0a(®)] = O (A(@) " exp |-~ (mbpd) ™). 37
e
where p is the radius of convergence of the function g in the deep-set representation of f
(Eq. @)):
2. d uniformly weighted objects can be compressed into
d m
d =0|log — 38
(12 oY

weighted objects, such that the error is no larger than £(d).

Proof. Essentially, we follow the same greedy strategy and the same reasoning as the proof of
Theorem@ However, since k can be large, here we keep track of all factors that scales with & or d.

Recall that the upper bound for the radius of a cluster is (( N, x + 1)/N)™, and the upper bound
for ¢g is d. Also, since the convergence radius of g be p, the constant factor for the (k + 1)th
order Taylor expansion scales as p~*. Putting these together, the error of one step of pruning is

upper-bounded by
k+1
Npp+1y ™
AE=0 (d,o_k (Tk+) ) (39)

For notation simplicity, we will drop the big-O notation and use AE to refer to the upper-bound
expression on the right-hand side of Eq. (39). There is an optimal k,p that minimizes the single-
step error. We solve it by taking derivative of log(AE/d).

k+1

log(AE/d) = -klogp + (log(Np i +1) —log N)
m

k+1

=-klogp + (log(m + k)! —log k! — log(m!N)) + O(1) (40)

m
k+1

=klogk +logk — log(m!Np) + O(1).

m

In the third line, we used Stirling’s formula log(n!) = nlogn—-n+ 1 log(2rn) + 1o +O(n™*) when
n — oo and simplified the expression. The derivative of the above reads

% log(AE/d) =logk +1 - 1 log(m!Np) + O(k™). 41)
m

Setting the derivative to zero, we obtain
1
log kopt = — log(m!Np) =1+ O(k™") (42)
m

Plugging this value into Eq. (0), we get
IOg(Agopt/d) = _kopt + O(l)

= A&yt =0 (dexp [—é(m!Np)l/m]) . 43)

14
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Moving forward, we integrate over A&, from d’ to d:

d
Eopt = O(d /d, exp [—é(m!Np)l/m] dN)

(44)
1 n1/m
=0 dT |m,—(m!pd") ,
e
where I is the incomplete Gamma function:
T'(m,z) = f tm et 45)
z

Its asymptotic behavior at z — oo reads
I'(m,z) = exp [—Z+O(zfl)] 21+ 0(zh). (46)
Inserting this expansion into Eq. (@4), we get the asserted error scaling in part 1 of the theorem.

To obtain part 2, we solve the inequality
1
e(d)=£=0 (d(d’)l’l/m exp [—f(m!pd’)l/m]) (47)
e

with respect to d’. One can take log on both sides of this inequality and safely neglect the factor
(d")'=1/™ to eventually get

d m
Z-0 (log 5(@) . 48)
O

E.3 polylog COMPRESSION RATE IS OPTIMAL

In this Appendix, we show that our algorithm of compressing d objects into O((logd)™) weighted
objects is optimal up to a constant factor. The strategy to prove this is to find a d-point uniform
distribution 1, show that for any d’-point distribution 1’ we can always find a function that evaluates
to sufficiently distinct values on these two distributions.

What distribution is hard to compress? Inspired by the fact that we prioritize merging close-in-
distance points in the main Algorithm [T} in an adversarial distribution, all points should be roughly
equidistant from the neighbors, so there is no cluster that is particularly “easy” to compress. Hence,
we introduce the following notion of quasi-uniformity:

Definition 2 (Quasi-uniformity). Let D c R™ be a fixed compact set with nonempty interior. A set
Xg=A{z1,...,24} c D is quasi-uniform if there is a constant Cp (independent of d) such that each
Voronoi cell of x; has volume less than or equal to %.

A quasi-uniform point set obviously exists: for example, it can be a maximal O(d~*/™)-packing of
the region D (see the proof of Lemmal[I|for the definition).

Another lemma we are going to use is the following. The basic message is that a nontrivial degree-k

polynomial cannot be exponentially small on most of D; a set of finite measure must remain above
- Ak

e,

Lemma 2. Let D ¢ R™ be a convex compact set, and let |D| denote its volume. Let p be a real
polynomial on D of degree < k normalized by |p||L=(py = sup,.p [p(z)| = 1. For any t > 0, define

Si={zxeD: |p(x)|>t}. (49)

Then |S|
VS 1 - (t/2)YE, 50
D] (t/2) (50)

Proof. We begin by quoting a multivariate Remez inequality (Theorem 1.2 in Brudnyi & Yomdin

(2015)): for any measurable E c D with \ = % € (0,1] and any real polynomial ¢ of degree < k,
1+(1=\)m

lallLe(py < Tk
(D) 1- (1 _A)l/m

) lall =y, (1)

15
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where T}, is the Chebyshev polynomial of the first kind.
For t € (0,1), we use E; to denote the sublevel set:

E
B = {xeD: [p(x)|<t), A = '|D|' (52)

Applying (51) with ¢ = p, E' = E; and using |p[ = (p) = 1 gives

_ 1/m
1< Tk(“(lml) t. (53)
1-(1=x)Ym

Then, we make simplifications to the Chebyshev term in Eq. (33). For > 1,

Tk(x):%(x+\/x2—1)k+%(x—\/x2—l)k > 1k (54)

2
Moreover, since v — v/™ is increasing and ™ > v on [0,1],
L+ (1= 1 1
+( /\)1/ > G 2y forAe(01], (55)
I-(1-0"" 1-a-xn"" A
Combining (54) and (53) in (53)), we obtain

1<in®t = A <@/2)V" (56)

Now we pass to the superlevel set S;. Note that |S| + |E;| = |D|. Then

|5t 1/k
—=1- 1-(t/2 . 7
D) Ae>1-(t/2) (57)

O

The following theorem constructs an adversarial polynomial (i.e., has moderately large error how-
ever we compress). Remember from Appendix [A] that our global assumption for functions is this
paper is that they have finite convergence radius, so the polynomial constructed here lies within the
assumption.

Theorem 8. Let i1 and 1’ be non-negative distributions supported on D: p = Zle Oz, B =

Z?;l c;j0y; where all z;,y; € D and c; > 0. There exists a p such that for any W', there exists a
polynomial g and constants A, B > 0 such that

‘fgw—fg@’
D D

Proof. Let k be the smallest integer with N,, j, = (mﬂfbk) >d. Letq: R™ — R be a degree-k
polynomial. Since there are Ny, ; parameters in ¢, there exists a non-zero polynomial such that
q(y1) = -+ = q(yar) = 0. Also, ¢ is normalized so that |q|.~(p) = 1. Let g = ¢* be the adversarial
function that will be shown to satisfy Eq. (58). For g and p/, we have

> Adexp[-Bd'*'™]. (58)

dl
f gdp' =Y ciq(y;)* = 0. (59)
i

Next, we consider [/, g du. Denote the point set of {x,-}flzl by X 4. Quasi-uniformity of X; implies
that the number of points inside a region is comparable to the volume: #(X4nS) > % |S| for some
constant cp > 0. Let S be the superlevel set .S;, we have

D]

d
[ gdi= Y q(w)? > —disi? > Da(1- (t2)) 2, (60)
D =1 CD CD
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where we used Lemmain the last line. We further plug in ¢ = 2¢"“* to have
D
f gdu > ud(l—e_c)e_wk. (61)
D CD

. . . ’_ _ |D] _-C
Putting this together with [, gdu’ = 0 and denote A = o (1 e ),

‘fgw—fgW’
D D

Finally, recall that k is the minimal integer with IV, 5. > d’. Since Npio = (mwtk) ~ k™ [m, there
exist constants ¢; and ce (depending only on m) such that

c1d"™ < k < cod'™. (63)

‘[ngu—/ng// > Adexp[-Bd'"'™], (64)
where B = -2C - ¢5. ]

> Ade 2CF. (62)

Therefore,

Finally, we show that Theorem (8| leads to a ©((logd)™) compression lower bound. We require
the compression error to be at most €(d), which is a vanishing function when d — oco. This is not
possible if

Adexp[-BdY™] > (d), (65)
which is equivalent to
1 Ad \"
d<—=[log—| . 66
"B ( * a(d)) “

Usually, say e(d) o d~¢, the right-hand side is proportional to (logd)™. Therefore, a universal
compression from d objects to O((logd)™) is optimal.

F FORMAL THEORY ON THE DYNAMICAL LTH

In this Appendix, we formulate all ideas mentioned in Sec. [3| with mathematical rigor.

Let Sy be the permutation group of d elements. Let V' = R™. We define the representation R : Sy
End(V?) as
R(G)(wla"'vwd) = (wa(l)v--~7wo(d))' (67)

Note that the definition of f : V¢ +> V¢ being symmetric is equivalent to: for any o € Sy, fo R(o) =
I
Definition 3 (Equivariant map). A function T : V¢ — V% is called an equivariant map if for any
[0S Sd,

ToR(c)=R(0)oT. (68)

The dynamics induced by equivariant maps has been studied in conventional settings of dynamical
systems |Field| (1980) but has not received much attention in deep learning. In fact, almost all up-
date rules that we commonly use are equivariant, which we will verify for SGD and Adam later in
this Appendix. Because compositions of equivariant maps are also equivariant, it follows that the
entire training dynamics (i.e., the mapping from initial model parameters to trained parameters) is
equivariant.

The following lemma shows that the composition of a symmetric function with an equivariant map-
ping is also a symmetric function.

Lemma 3. If f is a symmetric function and T is an equivariant map, then f o T is a symmetric
function.

Proof. Forany o € Sy,
(foeT)oR(o)=(foR(c))oT =foT. (69)
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Thanks to this lemma, we can treat f o 7 as a single symmetric function, and thus we expect that
compressing the weights by our moment matching method induces a vanishing error in the value of
f o T, that s, literally any prediction of the trained model.

The following lemma establishes a general representation of equivariant maps in terms of moments,
so it can be viewed as an extension of the multivariate FTSP.

Lemma 4. T is an equivariant map if and only if for all i € [d],

where p is a collective notation for {py = é > w?k}z;%. Note that T is a function that does not
depend on i, and is uniquely determined by T .

Proof. First, we verify that 7;(6) = T'(w;, p) for any function T is an equivariant map. Note that
o(p) = p. Following the definition of equivariance,

Tioo(0) = Ti(We(ry, - - » Wo(ay) = T(Wo(5), P) = To(i)(0)- (71)
Thus, 7 co=0coT.

The rest of this proof is to show that all equivariant maps can be written in the asserted form. For a
fixed i, let & € Sy be any permutation group element such that 5(7) = i. Consider the ith component
of the equation 7 (6(0)) =6(7(9)):

Ti(6(0)) = Ti(0)- (72)

This means that 7; is invariant under any permutation on [d]\{¢}, which forms a representation of
Sa-1. By Theorem [3 7; can be uniquely written as a function of w; and power sums 3., w;@k.
Since ¥, wf’k is uniquely determined by w; and pj as dpy — w?k, we conclude that there is a
unique function 7; such that

7:i(0) = Ti(wi, p). (73)

The final task is to show that 7; does not depend on i. We use 7; ; to denote the permutation group
element that only exchanges ¢ and j. The ith component of the equation 7 (7; ;(6)) = m; ; (T (0))
reads

T (wj, p) = Tj(w;, p), (74)
which completes the proof. O

To make the dynamical LTH practically applicable, we must define a compressed dynamics 7,
which maps compressed initial parameters to compressed trained parameters. The formal definition
is given below, but in practice it is straightforward. For gradient-based update rules such as SGD or
Adam, the compressed dynamics acting on 6’ = {(c;,w;) } je[a] is identical to the original dynamics

on 0, except that each gradient dL/Owj is replaced by ¢; 'OL/0w;.
We use Lemma[d]to unambiguously define the compressed training dynamics:

Definition 4 (Compressed dynamics). Suppose a training dynamics is determined by an equivariant
map 0 = T (00) (arbitrarily initialized weights to trained weights), which can be written as in
Eq. (70). For the weighted parameters 0" = {c;j,w;} jc[a), we define the compressed dynamics T as

T/ (0') = T(wj,p"), (75)

where p' is a collective notation for {p;, = é > cjw?k}gzl. Note that T is uniquely determined
by T. Also note that c; never changes with the dynamics; some c; might be zero so that they are
actually pruned.

The mapping from original learning dynamics to compressed ones is in fact easy in practice. Below
are some common examples.

1. Stochastic gradient descent (SGD). Consider a two-layer neural network used in supervised
learning. For simplicity, we write the output as y = Z,‘f:l g(w;, x), which is symmetric in
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6 = (w1, ..., wq). Each time we choose a batch of training data { (x4, ¥4 ) }aes- We denote
the per-sample loss function as ¢, = £(y(0,24),vs ). The SGD update rule is
ol,
7i(0) =w; -n E
aeBB Gwl (76)
o Ola D0 )
Swimh aeB Oy ow;

where 7) is the learning rate. Note that 8¢, /0y is a function of y, which is thus permutation
invariant in 6. We can explicitly compute (7 o R(¢))(#) and (R(c) o T)(8), which are
both equal to
aga 8g('wo’(i) ; xa)

Wo(py =1 B T 71
@ =1 aeB 8y 8wg(i) 7
so SGD is indeed equivariant.
Then, we derive the compressed SGD. Remember that the weighted neurons compute the
outputas y = Z;Ll ¢;jg(w;, x). Eq. can indeed be written in the form 7'(w;, p) because
00, /0y is a function of p, and dg(w;,x,)/Ow; solely depends on w;. Therefore, the
compressed update rule still looks like

%ag(whxa)

THO) =w; — 78
5 (0) = w; nalgB Jdy  Ow; (78)
However, we emphasize that it is not w; — 7 Eqep 04, /O0w;, because
ga ga 0 jya
oy, 0 . g(wj, zq) (79)

8wj - 87;(; I 811)j

Effectively, whenever there is a gradient 0 L/Ow; in the original update, we should replace
it by c]‘-laL /Ow;. This rule applies for all other gradient-based updates as well.

Finally, we remark on non-deterministic updates. It seems that choosing mini-batches turns
the update into a stochastic process, which complicates the problem. But in fact, for any
fixed trajectory of mini-batch choices, the update is explicitly equivariant (choosing a mini-
batch breaks the permutation symmetry among the training dataset, but not the permutation
symmetry of neurons). Therefore, we always expect to see good agreement between the
original and compressed dynamics if we use the same choice of mini-batches for both.

2. Adam. The Adam update rule for standard (i.e., uniformly weighted) parameters reads
0l
— (6,
9= Vo E g (0-1)
my < Bime-y + (1= B1)ge

v < Boviy + (1 - B2) g}
m

N t
my < (80)
1- 8
b bt
t< 7
1-p4
m
O < 01 - 77\/{)—716,
t

where ¢ denotes time step. To check that Adam is equivariant, we only need to note that the

gradient (g;) for w; takes the form
0, Og(w;, x4)
— 81
aIEEB oy ow; (81)

where 0¢,/0y is symmetric, and dg(w;,x,)/O0w; is solely a function of w;. Using this
fact, it is straightforward to check that (7 o R(o))(6) and (R(c) o T)(0) are identical.

To define the compressed version of Adam, we need to keep the gradient exactly as in
Eq. (B1), as in our discussion on SGD. This in turn tells us that we just need to replace
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OL[Ow; by c;laL/awj. Special to Adam, because 1/c; appears in both 1, and \/7y,
the compressed update rule is basically the same as the original if we neglect the small e.
Indeed, in the numerical simulations we conducted with AdamW (the reasoning is the same
as Adam), we did not observe any visible difference whether or not to scale the gradients

by 1/c;.

Finally, we prove the dynamical LTH.

Theorem 9 (Dynamical lottery ticket hypothesis). Let 6 = {w;};c[a) be a set of permutation-
symmetric trainable parameters of a neural network, and each |w;|| < R. Suppose the model predic-
tion f : V? - R is permutation invariant, and the training dynamics T : V¢ - V4 is equivariant.
Also, suppose f o T satisfies Assumption|l| Then, for any initial parameter 0y, there exists a com-
pressed weighted parameter 0, (which does not depend on f or T ), supported on d’ = O(log™ - ‘fi)

points, such that

|F(T"(6)) - F(T(60))| = e(d). (82)

Proof. We compress 6 using moment matching. By construction, forall { = 0,1, ...,k we have

d
;(wo)?l =3 ¢j(wo)$ (83)

jes

For any f, f o T and f o 7' can both be written as a function of moments. In this representation,
using the definition in Eq. (73)), one can check that they are exactly the same function. The difference
is that f o 7 takes in (po)i = % X;(wo)®*, while f o 7" takes in (p)r = 5 ¥; ¢; (wo)®"; they are
identical in the first & moments by construction. Using Theorem [6] we conclude that using large
enough k, the difference between f(7(6p)) and f(77(6()) can always be made vanishing, with
the same error upper-bound as asserted in Theorem @ Ultimately, using the optimal k,p¢ given in

Theorem we achieve d' = O(logm ﬁt)) with error at most £(d). O

G DETAILS ON NUMERICAL EXPERIMENTS

We studied two main numerical tasks in Figs. 2] [3|and[d} For all these experiments, the loss function
in training is the mean squared error (MSE) loss. The test loss shown in figures is the MSE loss
evaluated on a randomly sampled dataset of the form (z1, 2, f(x1,22)), where f(x1,22) is the
ground truth function. For Figs. and the test dataset size is 10°, and for Fig. [4]it is 2 x 10%. All
unspecified training hyperparameters follow PyTorch defaults. In particular, for AdamW, they are
B1=0.9, B2 = 0.999, (weight decay) A = 0.01, and € = 1075,

Figures[2)and[]a) concern compressing the training dataset. We study a supervised learning problem
in a teacher—student setup. Specifically, the teacher f(x1, x2) is implemented as a random two-layer
neural network of width 50 with ReLU activation. The student receives d data points of the form
(z1, 20, N(f(x1,22),3%)), where x; and x5 are uniformly sampled from [-1, 1], and the goal is to
learn f(x1,x2) using an identical network architecture. When the training dataset is weighted, the
data loader is implemented as follows: We draw i.i.d. samples from {wj } jc(a], using {c; } je[ar] as
the unnormalized probability distribution, to form a mini-batch.

The loss function is exactly symmetric in the dataset. For full-batch update rules, which depend on
the gradient of the full-batch loss, any model prediction or performance metric is thus a symmetric
function of the dataset. Consequently, if the student is given a compressed dataset of size d’ derived
from an original dataset of size d, the performance approximates that of training on the full dataset,
and typically surpasses that of training on d’ naively subsampled data points (Fig. a,b)).

In practice, however, stochastic update rules based on mini-batches are more common. In this case,
permutation symmetry holds only in an averaged sense. Nonetheless, we find that compression
remains useful. Figures [2Jc,d) show the loss evolution with batch size 256, supporting this claim.

Figures [3|and b) concern compressing the width of a two-layer neural network. The task is fitting
an oscillating bivariate function known as a cylindrical harmonic, described in the caption of Fig. 3]
The training dataset size for Fig.[3is 10°, and for Fig. {]is 2 x 10%.

20



GRaM workshop at ICLR 2026 Tiny Paper Track

In Fig. 4 we show the test MSE loss scaling with respect to training dataset size (a) and neural
network width (b). For both (a) and (b), the update rule is AdamW. The learning rate is initially
0.001, and is modulated by a cosine annealing learning rate scheduler, reaching O at the final epoch.
Each data point is obtained by averaging 10 random instances of the train and test dataset and the
neural network initialization, and the error bars indicate the standard deviation. For (a), we train
each instance for 2048 epochs, each epoch containing one mini-batch of size 512, so that there is
a constant compute budget for the original and the compressed datasets. For (b), we train each
instance for 2000 epochs, each epoch enumerates over the train dataset. The batch size is 128.

H PERMUTATION SYMMETRY IN ATTENTION MODULES

In principle, the compression theory developed in this work can be applied to attention mechanisms
in two distinct ways. We briefly alluded to these ideas in Section 2; here, we provide a self-contained
and more detailed discussion. The two applications concern (1) the compression of the query and
key weight matrices, and (2) the compression of attention heads.

Compression of query and key matrices. The first application serves as a straightforward verifi-
cation of the theory. Consider the query and key matrices W and Wy The attention logits depend
only on their product, which can be written as

a=a(WoWk) (84)
with
d o
WoWik = Y wp (wk) (85)
=1

where w’é denotes the i-th row of W, and w’; the i-th column of W . Since the index i is a dummy
summation index, its ordering is immaterial. This reveals an explicit permutation symmetry among

the pairs {(wp, wi)}i;.

Because the output depends only on the sum of these outer products, the symmetry implies that
the collection of these row—column pairs can be compressed. Moreover, if the left dimension of
Wgq is m, then WoWy has rank at most m, and the effective number of degrees of freedom is
independent of d. Consequently, one can achieve not merely a polylog(d) compression but, in fact,
a constant-size representation. This serves as a useful sanity check for the consistency of our general
theory.

A more interesting direction arises when the key—query interaction becomes nonlinear. For instance,
one may consider replacing the bilinear form with

d . . T

Zwés(w}{,X) , (86)

i=1
where s is a nonlinear function and X denotes the input data. In this setting, the permutation
symmetry persists, and our theory guarantees that an polylog(d)-size compressed representation of
this nonlinear attention layer is achievable in principle.

Compression of attention heads. The second application concerns the compression of entire at-
tention heads, which is intrinsically more meaningful. Consider an attention layer with d heads, and
let

Ai = B(wZaX) (87)
denote the output of the ith head, where w; denotes its trainable parameter (including the
query/key/value weight matrices Wq, i /v,; in the ith head) and B the head-level transformation.
The standard output (denoted by y, of the attention layer is

y=U concat(Ay,...,Aq), (88)

where U € R¥%" is the output projection matrix, z is the dimension of the final output, and A is the
dimension of each head output. Partitioning U into blocks U; € R**", this expression becomes

d
=,

i=1
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Figure 6: Dynamical LTH extended to transformers. The training dynamics of a large, dpeads =
4000-head attention model shows good agreement with its compressed multi-head attention model
with d, 4 = 800 heads. See description of the task in Appendix

This summation structure again exposes a permutation symmetry: the parameters
0; = (Ui, w;) (90)

enter the model only through their sum over 7, and their ordering is irrelevant. By the general
theory, any such collection of d symmetric objects admits a compressed representation of size
O(polylog(d)). Hence, the entire set of attention heads can be compressed to polylog(d) effec-
tive parameters while preserving the functional form of the output.

With the permutation symmetry among heads, it is easy to formulate a similar dynamical LTH for
multi-head attention. Figure@is a numerical demonstration of LTH in transformers. Here, the task is
in-context learning on random piecewise-linear functions. We consider a scalar in-context regression
task in which each episode defines a random continuous piecewise-linear function f : [0,1] — R.
For a given episode, we first draw an initial value fo ~ N (0, 0;0) and segment slopes s; ~ N'(0,02)
for j =0,...,K -1, with K = 16, oy, = 0.5 and o, = 1.0. The interval [0, 1] is partitioned into
K equal sub-intervals of length 1/K, and f is defined by enforcing continuity and setting the slope
on segment j to s;. For each episode we sample n. = 8 context inputs x; ~ Unif[0, 1] with noisy
observations y; = f(x;) +&;, where &; ~ N'(0,02,;..) with ooise = 0.3, together with an additional
query point x, ~ Unif[0,1] and a clean target y. = f(z.). The episode is presented to the model
as a scalar sequence of tokens [Z1, Y1, .-, Tn.s Yneer, T ] € R2=*1 (token dimension dy, = 1),
which is processed by a single-layer causal multi-head attention module with dyeaqs = 4000 heads
and per-head dimension dye,q = 2. The model outputs a scalar prediction ¢, from the final token
position. We compare three variants that share the same initialization: (i) the full model with all
4000 heads, (ii) a compressed model obtained by reducing the number of heads to dj,, 4, = 800 via
compression of order k = 3 (the effective dimension of each symmetric object is m = 8), and (iii)
a naive head-pruned model where 800 heads are selected uniformly at random and the remaining
heads are discarded. All three models are trained with Adam (learning rate 1074, batch size 256)
on the same sequence of mini-batches, using 5 gradient steps per epoch for 50 epochs. At epoch 0
(before training) and after each epoch we report the MSE loss, for both training-like and test-like
evaluations.

I FURTHER NUMERICAL VALIDATIONS

I.1 ERROR SCALING WITH DIFFERENT DATA DIMENSIONS AND MATCHING ORDER

Figure [7] presents a direct numerical test of the compression error scaling predicted in Theorem [6]
We study the following function:

141 &
flwy,...,wg) = aZ—O Z sigmoid ({w;, z4)), (Ch))
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Figure 7: Error scaling for compressing a general symmetric function (Eq. (91)) using the moment-matching
method. (a—d): each point shows the error in f after compressing d — max([0.1d], Ny i) input objects.
Matching higher-order moments leads to faster error decay. (e): « is the fitted exponent in | £ (0)— f(6")] o< d™.
The dashed lines indicate (k + 1)/m + 0.5, which show good agreement with the numerical results.
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Figure 8: Error scaling of compressing a general symmetric function using the moment-matching
method. Here, various different values of &k (the order of moment matching) are attempted, from
small to large, until the smallest error is found. Each data point is an average over 5 random in-
stances, plotting the average with error bar standing for one standard deviation.

where all w; and z,, are m-dimensional vectors, and (-,-) denotes the inner product. We compress a
fixed fraction of the original dataset across different dimensions and with varying moment—matching
orders. Specifically, we randomly sample vectors x, and inputs {wj }jc[4], perform compression, and
average results over 20 trials to obtain each data point in Fig.[7] (a—d) error bars indicate standard
deviation. Figure [7(e) shows that the error decays approximately as £ ~ d~**1/m=05_ While
Eq. (30) predicts an upper bound £ ~ d~(k+1)/m+2 ‘the observed error lies well below this bound and
shows a dependency on k and m that is similar to the theoretical bound.

1.2 COMPRESSION TO polylog(d)

In this section, we numerically demonstrate the possibility of compressing to the optimal rate, that
is, compressing d objects into O(log™ d) objects. As we argued in Theorem and Appendix
compressing to this rate is computationally heavy for the moment-matching algorithm, so we only
show it in low dimensions, i.e., m = 1 or 2.

The error scaling is shown in Fig.[8] The function we study is

1d110

flwi,...,wg) == 2102A+( (92)

Wi, Tq)
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For m = 1 (Fig.[§[a)), we use A = 1.05; for m = 2 (Fig.[§[b)), we use A = 2.05. In Fig. [8a), we
plot the error of compressing d 1d random objects into [1201og d]; in Fig. b), we plot the error
of compressing d 2d objects into [20 log? d]. All unspecified setting of this numerical experiment is
identical with that of Fig.[7} Despite pruning bigger fraction of the objects when d increases, we see
that the error is not increasing with d, but rather overall vanishing with d. Thus, this shows that it is
possible to compress d to O(log™ d) objects losslessly. However, the numerical error shows visible
oscillation, possibly due to the volatile moment-matching order k¢ and finite-size (d) effect.
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