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1. Introduction

Testing for sphericity is an important work in the fixed effects panel data model, see an overview in Baltagi et al.
(2011). Using the Random Matrix Theory-based approach of Ledoit and Wolf (2002), Baltagi et al. (2011) propose a test
for the null of sphericity of the remainder disturbances with large dimension N and sample sizes T. To consider the trace of
higher-order of the covariance matrix, Mao (2014) extends a new sphericity test recently developed by Fisher et al. (2010)
to the fixed effects panel data model. Both the above two methods need the normality assumption of the disturbances.
So Baltagi et al. (2015) extend Chen et al. (2010)’s test and proposed a new test without assuming normality of the
disturbances. However, the above three tests can only be used in fixed effects panel data model and perform poorly if
the disturbances are from the heavy-tailed distributions, such as the multivariate t-distribution, the multivariate mixture
normal distributions.

In this article, we consider testing for sphericity in a more general model—panel data model. We allow the slope
parameters f3; to vary across i. Under the panel data model, there are two main drawbacks of the above three test
procedures. First, if we directly use the above three test procedures in the panel data model, there would be a non-
negligible bias term in their test statistics, even under the normality assumption. It is not surprised because the coefficient
Bi is only +/T-consistent in the panel data model, while j is ~/NT-consistent in the fixed effect panel data model. Second,
the above three tests perform poorly if the disturbances are from the heavy-tailed distributions, such as the multivariate t-
distribution, the multivariate mixture normal distributions. Both the above two distributions do not satisfy the distribution
Assumption 1 in Baltagi et al. (2015), see Appendix 3 in Zou et al. (2014).
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To overcome the above two issues, we adopt the multivariate-sign method to construct a robust test for sphericity in
the panel data model. The multivariate sign- and rank-based methods are very popular in the classic statistics (Oja, 2010).
In an important work, Zou et al. (2014) proposed a multivariate-sign-based high-dimensional test for sphericity for the
raw data. They show that the multivariate sign based methods also are very robust and effective in handling non-normal
data in high-dimensional settings. A natural method to extend Zou et al. (2014)’s method is replacing the disturbances
with its estimators. However, there would be a non-negligible bias term in the corresponding testing statistics when the
dimension N gets larger, which will limit the scope of application. So we adopt the sample-splitting and leave-out method
and propose a novel test procedure for the sphericity in the panel data model. In the theoretical analysis, we show that
the proposed test statistic is not biased under the null hypothesis. The asymptotic distributions of this test statistic under
the null and alternative hypothesis are derived. Simulation results suggest that the proposed tests outperform the other
tests under the heavy-tailed distributions.

The rest of the article is organized as follows. We introduce the proposed test for the panel data model in Section 2.
The numerical performance of the proposed test is demonstrated in Section 3. Finally, we relegate the technical proofs to
the Appendix.

2. Our method

Here we state the problem of testing for sphericity in the panel data model. We consider the following heterogeneous
panel data model:

Vie=XgBi+ ug, i=1,....,N, t=1,...,T, (2.1)

where i indexes the cross-sectional units and t the time series. y; is the dependent variable, and x;; is the exogenous
regressors of dimension p x 1 with slope parameters g; that is allowed to vary across i. The error u; is allowed to be cross-
sectionally dependent but is uncorrelated with x;.. Let X; = (X;1, ..., Xir)' andy; = Vi1, ..., yir)". Letuy = (uqe, ..., une) '
and assume that u,’s are i.i.d. over time t. And the covariance matrix of u; is . The null hypothesis of interest is sphericity:

H()IE:UZIN, vs H; IZ#O’ZIN. (22)

The alternative hypothesis allows cross-sectional dependence or heteroskedasticity or both. To the best of our knowledge,
there are no methods of testing sphericity for the panel data model.

For testing the sphericity of the variance-covariance matrix of the disturbances, Zou et al. (2014) proposed a test
statistic based on the multivariate-sign method, i.e.

2N

R =)

> (Uu) Uuy)) - 1.

1<t;<tr<T

They showed that the above procedure has good size and power for a wide range of dimensions, sample sizes and
distributions. So, building upon the work of Zou et al. (2014), a natural idea is replacing the disturbances u, with its

estimators #t; = (i1, ..., Ujy) where il = y; — x;:8; and B; is the corresponding least-square estimator of 8;, i.e.
~ 2N
T;= —— U, U, — 1.
t= o 2 (U) UG
1<ty <ty <T

However, due to the only +/T-consistency of the estimator Bi and the non-independence between the two estimators iy,
and i1, there would be a non-negligible bias term in T, when the dimension N gets larger than T. So to avoid this bias
term in Tz, we adopt the sample-splitting and leave-out method in our new test procedure.

Define the set A;,;, = {1,..., T} \ {ty, tz}. And the first half subset of A, is Ay;,¢,, the second half subset of A, is
Aztity- SO Ay, | = |Aoyry | = % and Ay, NAztyr, = 9. B1k(t1.t2) is the corresponding least square estimator of 8, based on

the sample {(x, th)}teAnlrz' k=1,...,N, respectively. B¢, 1, is the corresponding least square estimator of B, based
on the sample {(xm,ykt)}teAZt1 6 k=1,...,N, respectively. We propose the following test statistic
2N ST T 2
o D O,Un0) -1
1<t1<tp<T
where ﬁtl,tz = (ﬁq,tz)) ﬁtz‘tl = U(ﬁtz,tl ) ﬁtl.tz = (ﬂ1t17 cees ﬁNtl » ﬁktl = Ykt; — le—nlélk([],tz), ﬁtz.tl = (ﬂltz’ cees ﬁNtz).

Uy, = Yiey — kafz ﬂZk(tl.,tz)' In the new test statistics Js, Uy, r, are independent of Uy, ;,. So the expectation of Js would be
negligible to the standard deviation of Js, i.e. E(Js) = o(+/var(Js)), under the null hypothesis. And then there would be no
bias term in our test statistics under the null hypothesis.
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To facilitate our analysis, we require the following assumptions:

(A1) The error vectors {uq,...ur} are independently and identically distributed (i.i.d.) from the N-variate mean zero
elliptical distribution with probability density function:

det(=) gy (1=~ ul)), (2.3)
where |lu|| = (u'u)!/? is the Euclidean length of the vector u, = € R¥*¥ is the symmetric positive define scatter
matrix. The moments E(rfk) for k = 1,...,4 exist for large enough N where r; = |u;|. And for k = 2, 3,4,
E(rt‘k)/(E(rt‘l))" — di € [1, +00) as N — oo where d, are constants.

(A2) The regressors xi, i = 1,...,N,t = 1,..., T are independent of the idiosyncratic disturbances u;,i = 1,...,N,
t=1,...,T. The regressors x;; have finite fourth moments.

The above assumptions are very common. Assumption (A1) is the same as Assumption 1 in Zou et al. (2014). Assumption
(A2) is the same as Assumption 2 in Baltagi et al. (2015).

Theorem 2.1. Under Assumptions (A1)-(A2) and Hy, as N — oo and T — oo, we have Js/or1 — 9 N(0, 1), where aT21 =
4/T(T — 1).

According to Theorem 2.1, we will reject the null hypothesis at the significant level « if Js/or1 > z, where z, is the
1 — « quantile of the standard normal distribution N(0, 1).

Next, we consider the asymptotic distribution of Js under the alternative H; : Ay = Iy + Dy where A = tr(l):)z.
Define of, = of, + T">N"*{8Ntr(D}, ;) + 4tr*(D}, )} + T~ 'N~28tr(Ay).

Theorem 2.2. Suppose that Ttr(D,z\,yT)/N = O(1). Under H, and (A1)-(A2), as N— o0 and T — oo,we have {Js —
N='r(DR )} /o2 = N(O, 1),

According to Corollary 1 in Zou et al. (2014), our proposed test is consistent. If Ttr(D,z\,’T)/N — 090, P(Js/oT1 > 24) — 1.
In the fixed effect panel data model, Baltagi et al. (2015) showed that the power function of J, is the same as Chen et al.
(2010). By Corollary 2 in Zou et al. (2014), our test Js is asymptotically as efficient as J, under the normal distributions.

3. Simulation

We consider the data generating process used in Pesaran et al. (2008), which is specified as

p
yit:ai—kal,-t,Bi—}-uit, i=1,...,N, t=1,...,T, (34)
I=1
where «; ~ N(0, 1), B ~ N(1, 0.04). The covariates are generated as
xie = 0.6x550_1 + vy, i=1,...,N, t=-50,...,T,[=2,...,p,

with x; _s; = 0, where v ~ N(0, £2/(1 — 0.6)), {7 ~ x?(6)/6. Here we choose p = 3. We consider five models for the
eITors Ujs:

(I) Multivariate normal distribution: u; ~ N(0, X);

(D) e =222, 20 = (z1e, ... 2w ), zie ~ (5)/4/5/3;

() ue = 22, 20 = (21, -, 2w), Zie ~ (x5 — 4)/V8;

(IV) Multivariate t-distribution: u; ~ ty(0, =, 4);

(V) Multivariate mixture normal distribution: u,’s are generated from yNy(0,Z) + (1 — y)Ny(0,9%), denoted by
MNy ,, 9(0, X); y is fixed to be 0.8.

First, to show the necessity of sample-splitting and leave-out, we summarize the simulation results using the mean-
standard deviation-ratio (MDR) E(T)/+/var(T) under the null hypothesis, = = Iy. Because the explicit forms of E(T) and
var(T) are difficult to calculate, we estimate them by simulation. Table 1 shows the MDR of T; and Js with different sample
sizes and dimensions. We observe that the MDR of Js is close to zero, while the MDR of T; is significantly larger than zero.
So there is a non-negligible bias term of T;.

Next, we choose = = (0.4'1*1")19;]-5,\, under the alternative hypothesis. We compare our test with the tests proposed
by Baltagi et al. (2011) (abbreviated as Jgrc ), Mao (2014) (abbreviated as Jy), and Baltagi et al. (2015) (abbreviated as J,).
Table 2 summarizes the results of each test. Our test Js also controls the empirical sizes very well in all cases. However,
the empirical sizes of Jgg and J, are larger than the nominal level in all cases. It is not surprising because there is a
non-negligible bias term in their test statistics in the panel data model. And the J, test also cannot control the empirical
sizes, even under the normal distributions — Scenario (I). We also proposed a size-corrected power comparison for these
tests. In the size-corrected power comparison procedure, the critical values of each test are calculated by simulation
under the null hypothesis. In Scenarios (I)-(III), the power of our test Js is a little less than Jprc and J,. However, our test
Js outperforms the other three tests in Scenarios (IV)-(V). It shows that our test procedure is very robust and efficient in
testing sphericity in the panel data model.
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Table 1
The mean-standard deviation-ratio (MDR) of tests under scenarios (I)-(V).
T =30 T =50
Js T, Js T,
N 50 100 200 50 100 200 50 100 200 50 100 200
m 0.03 0.04 0.03 1.2 2.24 4.48 —0.08 —0.02 0.01 0.55 1.22 2.48
(1m) —0.04 —0.06 0.06 1.4 2.52 483 0.02 —0.04 —0.02 0.8 1.36 2.64
(1) —0.06 0.05 —0.01 1.31 2.61 4.84 —0.04 0.02 —0.01 0.82 1.48 2.66
(V) —0.04 —0.03 0.02 1.87 3.70 6.80 0.03 0.01 0.01 1.18 2.19 4.39
V) 0.06 0.01 —0.01 2.03 3.91 7.75 —0.01 —0.04 —0.07 1.17 2.34 4.70
Table 2
Sizes and size adjusted power of tests for panel data model under scenarios (I)-(V).
Size Size Adjusted Power
T =30 T =50 T =30 T =50
N 50 100 200 50 100 200 50 100 200 50 100 200
M
Is 5.3 4.5 5.9 5.5 5.5 6.3 78.6 834 83.7 99.8 99.9 100
Jerc 11.1 15.6 29.3 7.7 8.7 12,5 97.4 98.6 98.4 100 100 100
Ju 10.5 15.5 30 7.2 8.6 124 96.1 98.3 98.2 100 100 100
v 3.9 8.5 7.5 5.1 5.5 3.6 53.1 34.2 26.6 97.1 87.3 77.2
(I
Js 5.7 39 4.9 5.0 5.7 4.6 77.2 80.2 834 99.7 100 100
Jerx 58.1 68.8 83.3 56.9 64.9 73.5 54.6 68.1 70 99.2 99.9 100
Ju 22.3 27.4 41 13.8 15.5 19 88.9 93.7 93.8 100 100 100
In 30.1 325 26.3 42.1 40.5 426 20.1 145 5.6 4.4 8.8 15.9
(1)
Js 5.1 5.8 5.4 5.7 5.4 45 77.8 82.5 84.7 100 100 100
Jerx 48.4 57.1 73.7 48 49.9 58.5 88.6 93.6 95.4 100 100 100
Ju 18.1 22 39.6 115 133 18.3 92.1 95.5 96.9 100 100 100
In 15.2 129 10.4 29.2 23.6 175 47.8 38.7 31.1 86.5 70.2 54.1
)
Js 5.8 4.8 4.7 5.6 4.8 438 66 69.6 73.1 98.9 99.7 99.7
Jsrk 100 100 100 100 100 100 48 35 5.1 6 5.1 5.4
Ju 25 39 56.4 18.9 25.6 36.3 53 32.6 10.2 86.1 83 55.2
In 99.2 97.6 100 100 100 100 5.3 4.7 4.6 12.1 7.6 6.3
V)
Js 55 5.5 45 45 42 5.0 60.9 59.7 64.2 98.7 99.6 99.9
Jsrx 99.9 99.7 99.9 100 100 100 17.5 124 8.1 445 244 16.2
Ju 28.3 412 61.7 19 23.8 34.1 51.3 40.4 325 90.3 87.6 84.9
In 100 98 95 100 100 100 33 12.1 133 171 6.6 7.6
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Appendix. Proof of theorems
Define U, = U(u,), r; = llug |, €., = s, r, — U, First we restate the Lemma 4 in Zou et al. (2014).

Lemma A.1. Suppose that U is uniformly distributed on the unit N sphere. For any N x N symmetric matrix A, we have
E(UTAUY* = {tr’(A) + 2tr(A?)}/(N* 4 2N),
E(UTAU)* = {3tr’(A?) + 6tr(A*)}/N(N + 2)(N + 4)(N + 6).
Second, we restate Lemma 3 in Zou et al. (2014).
Lemma A.2. Under Hy, as N — oo and T — oo, {% Zrﬁﬂz(Uf1 U, )? — 1}/oso > N(0, 1), where 02 = 4N — 1)/T(T —
1)(N + 2).
Below we will propose the following lemma, based on which we can directly obtain the proof of Theorem 3.1.

4
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Lemma A.3. Under the conditions given in Theorem 2.1, we have

N

= — T
k=10 t;}” Uy = 14 05(050).

Proof of Lemma A.3.

Utlffz = U(ut] + r[:1ét],t2)(] + ZTQIUtTlét],fz + rtjzéz-l,tzét1~[2 )71/2
= U("n + r;]étl,tz)(l + th,tz)_l/z,

— 91T & -25T &
where y, r, = 2r; Uy €, +1,°€; €. And

E(r;'U] &, = O(N~")tr{E(U;, U] )E(&y, r,&] tz)} =O(N"'T™),
E(rt:zéz;ytzéﬁ,[z)z = E(rt:‘l)E( t1, tzefl tz) - O( _2)7

due to the fact that E(r;*) = O(N™"), E(&, ,&[ ,,) = O(NT ') and E(r;,;*) = O(N~?). Thus, we have y;, ;, = Op(N~"/2T~'/2).
So

N 2
5= 107 tg(url Unn ) =1
1 2
_ L T -1 L T -1 1 -1 _
=TT =D Z(U Ul — 1+ 5 D U UL+ ¥) T (A + ) = 1
t1#ty t1#ty
Z r_luT UtIU[T]étz.tl(l + V[l,tz)_l(l + Vo4 )
fﬁﬁfz
— 1 Z r_lUtlUtz etl.tz(l + V[l,tz)_l(l + V6.4 )t
fﬁﬁfz
N _ - . _ _
e 2 T U U1+ 7))
ty £ty
N _ - . _ _
* m 3 U8 & UG (14 vi0) (1 )
ty £ty
— 1 Z ’}1 etl,rzé[T]_tZUtz(l + th.t2)7](1 + V.4 !
fl#fz
Z r UL @ € U (T4 1.0) 7 (14 i)
fl#fz
Z rt1 etz,rléfz,tlétl,tz(l + Vrl,tz)il(] + Vo4 )71
fl#fz
TT—1) Z ’}1 etl,rzéfl,tzétz,tl(l + Vi) (1 + Vi) ™!
fl#fz

N —2,.— -1 -1
m Z T Ty etz [1et1 tzetl [zetz t(1+Y0.6) (T+vu0)

t1 £t

= ) 2o U Ual — T+ Au Ay b As o+ Ay A5 + A Ay +As + Ay + A,

ty £t
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Here, we only prove A; = 0p(050), Ay = 0,(0) these two items. The rest of A; = 0,(0%), for i = 3,4, 5...10 are similar.
In fact

E(A}) = 2 D ENUL UM + v .6) " (14 Vo0 — 1]
£t
+4Z ZZE[ LU (UL U)H(T 4 v.6) (T4 )™ = 1)
ty £t #t3

x {(1+ J/tl,tz)_l(l + V3.0 )_1 —1}]

+ YD D EIUL U UL UL P+ 1.6) 7 (14 )™ — 1)

tFEL A ALY
x {(1+ Vt3‘t4)71(1 + yt4,[3)71 —1}]
= A1 +An + A

After some tedious calculation, we have

Ay < OINT)E(U{ Up,)" = O(N~'T %) = o(ay),

A1z < O(NT?)E((U, Uy, (U}, Uy, *) = O(N'T %) = o(op),

A1z < O(NT)E((Uf, Uy, (UL, Uy, *) = O(N™'T7%) = o).
So Ay = op(050). And

E(A%) = Y E(r,'ULUGUL & (14 vy ) (T )
17

= O(N’T*)E(r,,*)E{U] U, U] &, . & U, U] Uy} = O(T>) = o(o).

So Ay = o0p(050). Here we complete the proof. O

Proof of Theorem 2.1. Based on Lemmas A.2 and A.3, we can easily obtain the result by Slutsky’s Theorem. O

Next, we proof Theorem 2.2. Define uf, = =~ "2u,,, Uf = u; /|lu; ||, and 1} = |[uj ||. & , = =78 ,,.

Proof of Theorem 2.2.
Upy o, = (AP0 + 177 A8 1+ U DUy +2r 7 T Ey e e
+2r;7'U; D € % Drve; )
(A”ZU* +Tt*1 1A1/2é;f1 ) 1+ ;. [2} 1/2
where of = U;"Dr NU;, + 21, 1U*Te[1 + 18 et1 & +ar R TDrne; 417728 2g &Drné; . And
E{U;/Dr NU}, }? = O(N~*tr(Df ) = O(N~'T~1) = o(1),
E{ri "0} TDmetl,fz} = O(N~"E(U; Dy n&; ) = O(N~'T~%) = o(1),
E{r;~*& Drné; ) = O(N"'T~?) = o(1).

1L
Similarly to Lemma A3, r;;"'UTe; |+ 1 2€T & = O,(N~'2T~1/2) = 0,(1) then we have o},

= 0,(N"12T7172)
1 P .
Then we have

i¥)

N T 2
s = =gy 2 Ol -1
t1#ty
N
- (U*TANU* )2 _
TEEDPIARLE
N B .
+ e D (U AU P (1 + ], ) (T 0, ) = 1)
(-1~
*T * =T * -1 * 1
T(T—l > 2 T ANULET U (14 o], )+ 0 )
ty £ty
T 2 20 U AU ET U 1+ 0, ) )
t #t)
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D U ANEL P14 o )T+ 0y )

T(T 1)
t15t
T(T -1 Z 1’* 2 U*TANé?l,fz)z{l + wfl’[2}71{1 + w;kz,h}i]
tl#fz
er* T ANULET ANE (T4 o) VT T o )
T(T— 1 't N t1, 62Nt 1 t1,t t.t1
t b
N s—1 . x—T1ypxT ~xT -1 * -1
+7T(T—1) D2 T U ANE & ANUY (T o], )T+ 0 )
t17t
#2217 A & T P -1 -1
T(T -1) Z 2ry” rfz Up Ane;, € Ane {1+ oy ) {1+ 0, )
tl#fz
Z ZT* 2T 71U*TA é* é*T A é* {1+w* }71{1_’_0)* }71
T(T— t1 ' U ONEH N G t1,ty t2,t1
t #0

} : 2,.%—2 -1 -1
T(T -1 rf*l rfz (efl szNefz fl) {1+ 60;‘],[2} {1+ “)Zn}
cﬁér

N
= T > (U ANU},)? — 1+ By + By + Bs + Ba + Bs + Bs + By + Bg + Bo + Buo.

t17#ty

Here, we only prove By = 0,(072), B, = 0p(o72) these two items. The rest of B; = op(or2), for i = 3,4, ... 10 are similar.
In fact

E(B}) = ON’T™ME{2 Y (Ui ANUL ) ({1 + o], ) "1+ 0]y} — 17
t1#ty
+4Y S U AU XU AU (1 + o ) e )= 1)
t1 £t £ty
x{1+of ) {1+, —1)
+ 0SS U AU U ANUE (1 + 0f, )T ol )= )
£ #t3#ty
x ({140, {1+, = 1)
= B + Bz + Bis.
And
Bi1 < O(NT?)E(U;T ANU;))* = O(N'T>(3tr*(A}) + 4tr(AR)}) = 0(o7,),
Biy < O(NT2)E{(U;] ANU;, (U ANU}, P} < O(NT>T2{tr(AR) + 2tr(AR)}) = o(o7,),
Bi3 < O(NT?)E{(U; ANU}, E(US] ANU;, Y’} = O(N T 2tr* (A7) = o(o7,).
So By = op(o72). Next,
E(B3) < O(N°T™*) ) " 2E(r; )E(U; ANU; UL &, 1, )P
t1#£t)
= O(NT*)E(U;T AN} U*Tetl L& UL U ANUY)
= O(N"'T>tr(A})) = O(N"'T>(N + tr(D} 1)) = o(ofy).
So By = 0,(ot2). Thus, Js = ﬁ >t 26, (Ui ANUE 2 — 14 0p(072). By Lemma A1,

E(UST ANU P = tr{E(AY U, U AV = N72tr(A%) = N72(N + tr(D}, 1)),
E(U;T ANU; )t = (3tr2(A) 4 4tr(AR)}/IN*(N + 2)},
E(U;T ANUL P(U;T ANU;, P = {7(A) + 2tr(AR)}/ANP(N + 2)).

Combining all above, we can get

1 *T * \2
var | sy 2 (U AnU;)
ty#ty

_ 4tr’(A%) 8tr(Af)
B [T(

T —1)N2(N +2)2  TN%(N +2)2] (14 o(1)).

7
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so we have
E(Js) = N™'tr(D}, 1) + o(o72),
B 4tr’(A%) 8tr(Ay)
var(ls) = |:T(T “DIN+22 TN 2)2] (T4 o(1)).

By Theorem 2 of Zou et al. (2014), we can complete this theorem. O
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