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Abstract

Positional encodings are fundamental to Trans-
formers, yet explicit methods like RoPE often
incur high computational overhead and strug-
gle with length extrapolation. In this paper, we
propose Scoped Position Encoding (SCOPE),
a novel framework that reimagines structured
sparsity as an intrinsic position encoding mech-
anism. Instead of relying on explicit arith-
metic signals, SCOPE assigns exponentially
distributed look-back scopes to attention heads.
We theoretically demonstrate that this simple
topological constraint transforms the model
into a hierarchical processor, inducing exponen-
tial Order Awareness (OA) with network depth.
Consequently, SCOPE is parameter-free and
avoids the resolution decay typical of explicit
methods. Empirically, it significantly enhances
efficiency by masking the majority of atten-
tion computations—offering a theoretical 8x
reduction in FLOPs. Extensive evaluations on
LLaMA-3-8B architectures reveal that SCOPE
achieves superior native length extrapolation
and robust retrieval fidelity compared to RoPE,
all while substantially reducing training and
inference latency.

1 Introduction

Large Language Models (LLMs) have fundamen-
tally reshaped the landscape of artificial intel-
ligence, demonstrating remarkable capabilities
across tasks ranging from code synthesis to com-
plex logical reasoning (Achiam et al., 2023; An-
thropic, 2024; Team et al., 2023; Dubey et al., 2024;
Bai et al., 2023; Liu et al., 2024; Zhao et al., 2025).
However, despite this success, scaling these models
to process extensive contexts remains a formidable
architectural challenge.

The backbone of modern LLMs, the Transformer
architecture (Vaswani et al., 2017), relies on Multi-
Head Self-Attention (MHA) to capture dependen-
cies. This power comes at a steep cost: standard
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Figure 1: Latency reduction analysis. Comparison of
absolute prefill latency between RoPE and SCOPE. The
shaded green area highlights the substantial time savings
achieved by our approach. At the maximum length of
256k, SCOPE reduces the wait time by approximately
62.5 seconds.

MHA exhibits quadratic computational and mem-
ory complexity (O(7?)) with respect to sequence
length 71" (Tay et al., 2022), causing inference la-
tency and memory usage to explode as sequence
length increases (see Figure 1).

To mitigate these efficiency hurdles, sparse at-
tention mechanisms (Child et al., 2019; Beltagy
et al., 2020; Zaheer et al., 2020) have been widely
explored. While effective at reducing FLOPs,
heuristic or fixed sparsity patterns often compro-
mise the model’s ability to capture dense, long-
range dependencies, leading to performance degra-
dation in tasks requiring precise retrieval or com-
plex reasoning. Consequently, achieving high com-
putational efficiency without sacrificing the model-
ing fidelity of full attention remains an unresolved
tension in the field.

In this work, we propose a paradigm shift by
revisiting this challenge through the lens of Posi-
tion Encoding (PE). Traditionally, PE is treated
as an explicit, arithmetic signal—injected via em-
beddings or rotational modulations (RoPE) (Su
et al., 2024) or attention biases (ALiBi) (Press et al.,



2022). However, these explicit methods face two
critical limitations in long-context scenarios: (1)
they incur additional computational overhead; and
(2) they suffer from numerical instability when scal-
ing to ultra-long sequences under low-precision for-
mats (e.g., BFloat16), as highlighted by Wang et al.
(2024). Conversely, recent studies on NoPE (No
Positional Encoding) (Haviv et al., 2022; Kazem-
nejad et al., 2023; Irie, 2025) suggest that causal
masks alone can implicitly encode position via
“predecessor counting.” However, standard NoPE
typically suffers from weak resolution in shallow
layers, failing to match the precision of explicit
PEs (Haviv et al., 2022).

Instead of treating sparsity and position encod-
ing as separate problems, in this paper, we propose
SCOPE, a novel framework that bridges the di-
chotomy between efficient sparse attention and ro-
bust position modeling. We demonstrate that struc-
tured sparsity itself is a potent position encoder.
Our core innovation lies in configuring attention
heads with exponentially distributed receptive
scopes. By assigning varying look-back windows
to different heads, we enable the model to capture
dependencies at diverse granularities—from local
patterns to global contexts. Crucially, as layers
are stacked, the resolution capacity of Transformer
compounds exponentially, transforming a cascade
of sparse layers into a precise sequence processor
capable of resolving global order without explicit
arithmetic encodings. Consequently, our approach
significantly reduces computational overhead while
preserving—and in many cases enhancing—the
model’s ability to capture complex dependencies
compared to standard Transformers.

This design yields a "best-of-both-worlds" out-
come: it significantly reduces computational com-
plexity while achieving superior length general-
ization and retrieval precision (surpassing explicit
PEs). To validate SCOPE, we conducted compre-
hensive evaluations spanning language modeling,
long-context retrieval, and standard NLU bench-
marks. Our contributions are summarized as fol-
lows:

* Theoretical Framework for Implicit OA:
We propose SCOPE, a mechanism that in-
duces Order Awareness (OA) through expo-
nentially distributed scopes. We provide a the-
oretical guarantee that this hierarchical struc-
ture achieves exponential resolution growth
with network depth, eliminating the need for

explicit arithmetic position encodings.

¢ Elastic Structure & Efficiency: We demon-
strate that SCOPE exhibits a hierarchical al-
location of positional capacity, adapting nat-
urally to varying lengths, unlike RoPE. This
design reduces attention computation by up
to 8 (theoretically) and achieves a 2x mea-
sured speedup at 128k context.

* Superior Extrapolation & Performance:
Empirical results on LLaMA-3-8B show that
SCOPE achieves remarkable native extrapola-
tion (up to 4 x training length) and maintains
> 90% accuracy on “Needle-in-a-Haystack”
retrieval at 128k context. Crucially, this ef-
ficiency comes at almost no cost to generic
capabilities, as SCOPE maintains competitive
performance on standard NLU benchmarks.

2 Preliminaries

In this section, we revisit the decoder-only Trans-
former formulation and formally define Order
Awareness (OA), a critical property indicating that
the model can distinguish sequences based on to-
ken order.

2.1 Decoder-Only Transformer

A standard decoder-only Transformer layer (Brown
et al., 2020) transforms input X € RT*? via
Causal Multi-Head Attention (MHA) and a Feed-
Forward Network (FFN). The core routing mecha-
nism in MHA for a head h at step ¢ is:

W< g™
o, = Z Softmax tThl +my; | vi,
i=1
(D

where q, k and v € R7*% are queries, keys and
values, projected from the input, and m; ; repre-
sents the causal mask. Without explicit positional
encodings, the attention weights depend solely on
content (q ' k), rendering it a permutation-invariant
“bag-of-words” model incapable of resolving se-
quential order (Yun et al., 2020).

2.2 The Goal: Order Awareness.

To overcome this limitation, PE mechanisms are
employed to imbue models with Order Aware-
ness (OA)—the ability to distinguish sequences
based on token order. While prior literature has
largely bifurcated into absolute or relative position-
ing schemes, we instead focus on the essence of



PE: the fundamental capability to distinguish se-
quences based on token order. We formally define
this critical property:

Definition 2.1 (Order Awareness). A model f
possesses OA of length T, denoted OA(T), if for
any input X € R7*? and any non-identity permu-

tation 7, f(X) # f(m(X)).

This implies that distinct token orderings yield
distinct representations. We can then derive a
straightforward corollary.

Corollary 2.1 (Monotonicity). OA(T) = OA(t)
forall1 <t < T, as shorter sequences can be
viewed as suffixes of fixed contexts.

This property is fundamental to understanding
how our proposed SCOPE leverages hierarchical
composition to achieve exponential growth in se-
quential perception.

3 Methodology

In this section, we detail SCOPE, a streamlined
mechanism designed to instill OA into Transform-
ers by imposing structured sparsity. By assigning
exponentially distributed scopes to attention heads
and stacking layers, SCOPE transforms the model
into a hierarchical sequence processor.

3.1 Scoped Attention

(a)Head 1(S; =2) (b)Head2(Se =4) (C) Head3(S3 = 8)

Figure 2: Visualization of scoped attention masks
(I' = 8, H = 3). By assigning exponentially growing
look-back scopes (e.g., 2%, 22, 23), different heads cap-
ture dependencies at varying granularities, from local
patterns to global context.

In SCOPE, each attention head h is constrained
to a specific look-back distance, or scope Sy, € NT.
We implement via a modified head-specific mask
M™) based on Equation 1:

M =

)

o -
{0 ift— S, <i<t, o

—oo otherwise.

To maximize coverage, we assign scopes exponen-
tially across the H heads in each layer. Specifically,

letting Sp = 1, we ensure the scopes for heads
h € {1,..., H} satisfy the geometric progression:

Sh—1 < Sp <2Sh1. 3)
In practice, we set:

Sy =|~"], wherel <~y <2. 4)
This distribution ensures that heads collectively
cover the context history efficiently.

3.2 Scoped Position Encoding

We now demonstrate that stacking layers with these
exponentially distributed scopes leads to an expo-
nential growth in OA capability, effectively serving
as an implicit position embedding.

Theoretical Setup: While scopes are distributed
across heads h, the effective resolution of the model
grows with depth [. Let the effective resolution of
the model at layer [ be denoted as S;. Ideally, .S;
expands exponentially with depth, i.e., S; ~ ~..
We define the embedding layer as [ = 0 with scope
So=1.

Theorem 3.1 (Exponential Order Awareness).
Consider an L-layer Transformer with scoped at-
tention. If S; grows exponentially by Equation 4,
and assuming the FFN and Attention are injective
functions, then the L-layer model achieves Order
Awareness of range St = v (denoted as OA(S1)).

A rigorous proof is provided in Appendix A.
To provide intuition for Theorem 3.1, Figure 3
visualizes this mechanism as a recursive reduction.

Attn head Attn head
H— |:| |
window = 2¢ / window = ¢

Figure 3: Visual intuition of Theorem 3.1: Doubling
the Order Awareness. Assuming the input already pos-
sesses OA(c) (represented by unique colors for unique
contexts), the representation of the last token of a length-
c sequence acts as a unique signature. Consequently,
the complex problem of resolving a length-2¢ sequence
reduces to the simpler problem of identifying the rela-
tive order of rwo such signatures. This is structurally
equivalent to resolving a length-2 sequence using heads
with varying scopes.



The core logic proceeds as follows: If the pre-
vious layer can achieve OA(c), the unique repre-
sentation of a length-c sequence acts as a latent
signature. Consequently, resolving the order of a
length-2c sequence reduces to determining the rel-
ative order of rwo such signatures. This scenario is
structurally isomorphic to the base case of resolv-
ing a length-2 sequence—distinguishing (x1, x2)
from (x2,x1)—which is solvable by contrasting
a short-scope head (observing only x2) against a
long-scope head (observing both z; and x3). By
stacking layers, SCOPE recursively applies this
logic, doubling its resolving power at each step.

3.3 Properties of SCOPE
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Figure 4: Position reconstruction error map for
SCOPE. Brighter areas indicate lower error (higher ac-
curacy). The superimposed red dotted line follows a log-
arithmic curve, empirically validating that the model’s
capacity to resolve sequence order grows exponentially
with depth.

To elucidate the internal mechanisms of SCOPE,
we employ linear probing analysis (Haviv et al.,
2022). Using a small-scale Qwen3 (Yang et al.,
2025) architecture (16 layers, 16 heads, 1024 con-
text length), referred to as Qwen-Nano, we train
linear classifiers (probes) on hidden states to pre-
dict token absolute positions. See Appendix B.1
for detailed configurations.

Exponential Growth of Effective Receptive Field.
Figure 4 visualizes the position prediction error
across layers and tokens. A clear pattern emerges:
the "effective receptive field"—the region where
the model can accurately resolve positions (indi-
cated by brighter colors)—expands exponentially
with network depth. The boundary of this resolved
region aligns closely with a logarithmic curve (red
dotted line, y o logex. This empirical evidence
strongly corroborates Theorem 3.1, confirming that
SCcOPE achieves global order awareness through a
cascade of exponentially growing local scopes.
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Figure 5: Layer-wise position probe errors across
varying model depths. Each line represents a model
with a specific total number of layers. While RoPE (top)
always resolves positions in the first ~4 layers, SCOPE
(bottom) scales adaptively, utilizing a proportional depth
of the network for structure learning.

Adaptive Layer Allocation. We further investi-
gate how position encoding behavior scales with
model depth by comparing SCOPE against RoPE
(Su et al., 2024) across Qwen-Nano with varying
numbers of layers. As shown in Figure 5, we ob-
serve a distinct behavioral divergence:

* Front-loaded RoPE: RoPE exhibits a rigid,
"front-loaded" pattern. Regardless of the to-
tal model depth, it consistently resolves po-
sitional information primarily within the first
few layers (= 4 layers). Subsequent layers
contribute minimally to position resolution,
presumably focusing on semantic modeling.

 Elastic SCOPE: In contrast, SCOPE demon-
strates an adaptive allocation strategy. Instead
of confining position learning to a fixed initial
budget, it dynamically partitions the network
capacity, utilizing roughly the first half of the
layers to progressively build positional con-
text.

This "elastic" property suggests that SCOPE en-
courages a more distributed structural representa-
tion, which may facilitate better adaptation during



length extension or fine-tuning compared to the
rigid encoding of RoPE. For extended comparisons,
including ALiBi, please refer to Appendix B.2.

3.4 Efficient Implementation

Implementation. We leverage the FlexAttention
framework (He et al., 2024) for efficient training.
As shown in Figure 19 in Appendix E, the scope
mask can be defined logically without materializing
the full 7' x T matrix.

Complexity. Standard causal attention costs
O(3HT?). SCOPE reduces this by limiting com-
putation to active scopes. With geometric scopes
Sj, = v" (where Sg = T'), the cost is proportional
to Y Sp. The reduction ratio approximates:

PHT? _ H(y—1)

%TZ 27y

Ratio ~

&)

For v = 2 and H = 32, this yields a theoretical 8 x
FLOPs reduction, enabling efficient long-context
processing.

4 Experiments

In this section, we evaluate SCOPE across three
dimensions: (1) Length Extrapolation, (2) Retrieval
Fidelity in ultra-long contexts, and (3) Downstream
Capabilities on both general NLU and long-context
benchmarks.

4.1 Experimental Setup

We conduct experiments using the LLaMA-3-8B
architecture (Dubey et al., 2024). To rigorously
benchmark long-context capabilities, we adopt a
progressive training protocol consisting of three
stages: Pre-training (4k context), Long-Context
Fine-tuning (32k context), and Ultra-Long Adapta-
tion (128k context). To demonstrate architectural
universality, we also provide training details and
results for Qwen architectures in Appendix D.

Baselines. Our primary baseline is RoPE (Su
et al., 2024), the de facto standard for modern
LLMs. For fair comparison in long-context stages,
we employ YaRN (Peng et al., 2024) as the extrapo-
lation method for RoPE. For SCOPE, we adhere to
a simple scaling strategy by aligning the maximum
scope Smaz With the current sequence length T,
without employing additional complex extrapola-
tion tricks.

Implementation. Models are trained using
Torchtitan (Liang et al., 2025) on NVIDIA A100
clusters, utilizing FlexAttention (He et al., 2024)
for efficient kernel implementation. For inference,
we implemented a sliding-window-per-head ver-
sion of FlashAttention (Dao et al., 2022) using Tri-
ton (Tillet et al., 2019). Source code will be made
publicly available upon acceptance. Detailed con-
figurations for hyperparameters, training protocols,
and data mixtures are provided in Appendix C.

4.2 Training Dynamics and Efficiency
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Figure 6: Training loss comparison on LLaMA-3-8B
(Pre-training Stage). SCOPE (Orange) consistently
achieves lower training loss compared to the RoPE base-
line (Blue) throughout the training run. This indicates
that the structured sparsity imposed by SCOPE serves
as an effective inductive bias, facilitating more efficient
convergence.

One of the most compelling findings is the su-
perior convergence behavior of SCOPE. As illus-
trated in Figure 6, SCOPE consistently maintains a
lower training loss compared to the RoPE baseline
throughout the pre-training stage. Notably, this per-
formance advantage persists during the subsequent
long-context fine-tuning stages (see Appendix Fig-
ure 14 for 32k and 128k loss curves), indicating
that our method provides a more efficient optimiza-
tion landscape.

4.3 Long-Context Modeling & Extrapolation

We utilize Perplexity (PPL) as the primary metric
to evaluate long-range modeling and extrapolation
capabilities. We evaluate models on a curated sub-
set of 100 long documents (lengths ranging from
64k to 128k) from the Proof-Pile (Azerbayev et al.,
2023) and Gov-Report (Huang et al., 2021) datasets.
To measure performance stability across varying
lengths, we compare the zero-shot perplexity of
the last 256 tokens across different input lengths.
Results are summarized in Figure 7.
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Figure 7: Perplexity extrapolation on long docu-
ments (up to 128k). We compare: (1) Base: Native
4k-trained models; (2) Fine-tuned: Models adapted to
128k. SCOPE exhibits superior native extrapolation (up
to 64k) compared to RoPE.

In the Base regime (trained on 4k), SCOPE
demonstrates exceptional robustness. While RoPE
and ALiBi fail catastrophically immediately be-
yond the training window, SCOPE maintains stabil-
ity up to 16k tokens (4 x training length) without
any parameter updates. Furthermore, even within
the standard 32k window, the base SCOPE model
yields consistently lower perplexity than the un-
tuned RoPE baseline (even when aided by YaRN
extrapolation). This confirms that our hierarchi-
cal scope structure naturally generalizes to unseen
lengths. For post-adaptation (128k fine-tuning),
both models converge to comparable low perplex-
ity, confirming that SCOPE preserves the capacity
to learn from long-context data while offering su-
perior initialization properties.

4.4 Needle-in-a-Haystack (NIAH)

We assess fine-grained retrieval fidelity using the
Needle-In-A-Haystack (NIAH) Passkey Retrieval
task (Kamradt, 2023). The results are visualized in
Figure 8.

Zero-shot Extrapolation. We first evaluate base
models (trained on 4k context) without fine-tuning.
SCcOPE exhibits remarkable intrinsic extrapolation
capabilities. As shown in Figure 8b, it maintains
high retrieval accuracy up to ~16k tokens—4x its
training context—before degradation. In contrast,
the RoPE baseline (Figure 8a) fails to generalize,
with performance collapsing immediately beyond
the ~6k boundary.

Ultra-Long Adaptation. Following 128k fine-
tuning, SCOPE demonstrates superior consistency
over the full context window. While RoPE (Fig-
ure 8c) suffers from attention degradation at deeper

positions (averaging 86% accuracy), SCOPE (Fig-
ure 8d) preserves sharp attention focus, achieving
92 % average accuracy and effectively eliminating
"lost needles" across the entire 128k sequence.

4.5 Downstream Benchmark Performance

We assess SCOPE in two distinct regimes: (1) Gen-
eral Natural Language Understanding (NLU), to
ensure structural sparsity does not compromise fun-
damental modeling capabilities; and (2) Real-world
Long-Context Understanding via LongBench.

General NLU Benchmarks. We evaluate
the models on a suite of standard zero-
shot and few-shot benchmarks utilizing the
lm-evaluation-harness library (Gao et al.,
2024). For a detailed breakdown of the evaluation
protocol, including the specific number of few-shot
examples and metric specifications for each task,
please refer to Table 6 in Appendix C.3.

Table 1 presents the comparison. Despite enforc-
ing structural sparsity, SCOPE maintains highly
competitive performance. Notably, it outperforms
ROPE on reasoning tasks such as ARC-Challenge
(Clark et al., 2018) and HellaSwag (Zellers et al.,
2019), suggesting that the hierarchical structure
may benefit semantic abstraction. While there is a
slight regression in logic-heavy tasks like GPQA
(Rein et al., 2024), the overall performance con-
firms that SCOPE is a robust general-purpose mech-
anism. Furthermore, the performance gain from
4k to 32k indicates support for continuous learning
without catastrophic forgetting.

LongBench Performance. To evaluate real-
world capabilities, we utilize LongBench (Bai et al.,
2024). Table 2 summarizes the results. After fine-
tuning, SCOPE outperforms the dense baseline
(ROPE + YaRN) in Few-shot Learning and Single-
Document QA. Although strict-syntax tasks like
Code Completion see minor degradation—Ilikely
due to the sensitivity of code to local mask con-
straints—SCOPE remains highly effective across
most categories, offering a favorable trade-off be-
tween performance and efficiency.

4.6 Computational Efficiency

We stress-test the prefill phase with sequence
lengths up to 256k tokens using a chunked prefill
strategy (Agrawal et al., 2025), where the reported
metrics represent the average of 10 independent
runs. As shown in Figure 1 (Introduction) and Fig-
ure 9, SCOPE demonstrates significant gains. At
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Figure 8: Needle-in-a-Haystack (NIAH) Heatmaps. Top Row (Zero-shot Extrapolation): Comparison of base
models trained on 4k context. (a) RoPE fails to retrieve information beyond ~6k tokens. (b) SCOPE surprisingly
maintains retrieval capabilities up to ~16k tokens without any fine-tuning. Bottom Row (128k Adaptation):
Comparison of models fine-tuned on 128k context. (c) RoPE achieves 86% average accuracy with visible degradation.
(d) SCOPE achieves 92% average accuracy, demonstrating superior information retention over ultra-long sequences.
The X-axis represents context length, and the Y-axis represents needle depth.
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Figure 9: Prefill performance on Llama-3-8B. Com-
parison of throughput (bars) and speedup ratio (line)
demonstrates that SCOPE effectively handles long-
context inference. At 256k tokens, we achieve a 2.1x
speedup over the RoPE baseline.

128k context, we observe a 2x speedup, expanding
to 2.1x at 256k. We also provide a training time
comparison in Appendix C.4.

This empirical evidence validates our theoreti-
cal complexity analysis, confirming that SCOPE
effectively mitigates the quadratic cost of attention,
making it highly suitable for ultra-long context ap-
plications.

5 Related Work

5.1 Positional Encodings

Position modeling has evolved from Absolute Po-
sitional Embeddings (Vaswani et al., 2017; Devlin
etal., 2019) to Relative schemes (RPE) (Shaw et al.,
2018; Raffel et al., 2020) and Rotary Embeddings
(RoPE) (Su et al., 2024), with recent bias-based
methods like ALiBi (Press et al., 2022) improving
extrapolation. However, these explicit methods rely
on arithmetic operations that incur computational
overhead and potential precision instability in long
contexts (Wang et al., 2024). In contrast, SCOPE
induces order awareness structurally via hierarchi-
cal patterns rather than explicit arithmetic. We
discuss the theoretical connection between SCOPE
and ALiBi in Appendix B.4.

5.2 Length Extrapolation

Extending context windows typically requires post-
hoc interpolation (e.g., PI (Chen et al., 2023),
YaRN (Peng et al., 2024)) or efficient fine-tuning
(Chen et al., 2024). Unlike these methods, SCOPE
handles length variation intrinsically by simply ex-
panding scope bounds. Moreover, our approach
is orthogonal to attention-logit scaling techniques
(Peng et al., 2024; Nakanishi, 2025), allowing



Table 1: Zero-shot and Few-shot performance on standard NLP benchmarks. We compare models at both
the Pre-training stage (Base) and Long-Context Fine-tuning stage (32k). SCOPE achieves comparable or superior
performance on 8 out of 10 tasks, validating that structural sparsity does not compromise general language

capabilities.

Model GPQA BBH Wino ARC-C Hella BoolQ TruthfulQA Lambada OBQA PIQA
Stage 1: Pre-training (4k context)

RoPE-Base 0.255 0.250 0.542 0285 0.483 0.543 0.379 0.469 0.324  0.705
ScoPE-Base 0.243 0.229 0.568 0.299 0.516 0.551 0.383 0.480 0.330 0.714
Stage 2: Long-Context Fine-tuning (32k context)

RoPE-32k 0.268 0.242 0.529 0.288 0.482 0.567 0.382 0.496 0.328  0.708
SCOPE-32k 0248 0.232 0.566 0.307 0.518 0.577 0.384 0.508 0.338 0.721

Table 2: LongBench Results (Average Scores). Com-
parison between finetuned models: RoPE (with YaRN
extrapolation) and SCOPE at 32k and 128k checkpoints.
SCOPE shows strong performance in Few-shot learning
and QA tasks.

Context: 32k Context: 128k

Task Category RoPE SCOPE RoPE SCOPE
Code Completion 0.261 0.232 0.263 0.218
Few-shot Learning 0385  0.410 0.396  0.402
Multi-Document QA 0.063  0.059 0.067  0.057
Single-Document QA 0.061 0.073 0.060 0.072
Summarization 0.127 0.121 0.121 0.119
Synthetic Tasks 0.028  0.033 0.031 0.033

potential integration with advanced extrapolation
tricks for future enhancements.

5.3 Implicit Positional Awareness (NoPE)

Recent studies suggest decoder-only models pos-
sess implicit order awareness via “predecessor
counting” (Haviv et al., 2022), with Irie (2025).
However, standard NoPE mechanisms rely on the
gradual accumulation of counts across many layers
to resolve positions. SCOPE amplifies this latent
capability. By enforcing exponentially varying re-
ceptive fields, we transform implicit counting into
an explicit hierarchical feature, enabling the model
to resolve sequence order with exponential effi-
ciency compared to standard NoPE transformers.

5.4 Efficient and Sparse Attention

Sparse attention variants like Longformer (Belt-
agy et al., 2020), BigBird (Zaheer et al., 2020),
and newer block-based methods (Yuan et al., 2025;
Lu et al., 2025) primarily aim to reduce O(7?)
complexity. While sharing the property of spar-
sity, SCOPE fundamentally utilizes it for positional
encoding rather than solely for computational re-
duction. The closest parallel is Mistral’s Sliding
Window Attention (SWA) (Jiang et al., 2023; Xiao

et al., 2024). Crucially, however, Mistral applies
a uniform window size, limiting the effective re-
ceptive field. In contrast, SCOPE employs geomet-
rically distributed scopes. This design creates a
hierarchical resolution that preserves global con-
text, effectively preventing the “horizon blindness”
associated with fixed-window approaches.

6 Conclusion

In this work, we propose SCOPE, a novel mech-
anism that induces positional awareness in Trans-
formers solely through structured sparsity. By re-
placing explicit arithmetic positional encodings
with exponentially distributed attention scopes, we
transform the model into a hierarchical sequence
processor capable of resolving global order from
local views.

Our theoretical analysis and empirical observa-
tions confirm that SCOPE achieves exponential Or-
der Awareness (OA) with depth, exhibiting an “elas-
tic” allocation of positional capacity that adapts nat-
urally to sequence length. Experimentally, SCOPE
demonstrates superior properties over the prevail-
ing RoPE baseline: it converges faster during pre-
training, exhibits remarkable native length extrap-
olation (up to 4x the training context), and main-
tains high retrieval fidelity in ultra-long contexts
up to 128k tokens. Furthermore, this structural
efficiency is achieved without compromising per-
formance on general NLU tasks.

These findings challenge the necessity of ex-
plicit, arithmetic-heavy positional embeddings,
suggesting that appropriate topological constraints
alone are sufficient for robust sequence model-
ing. Future work will explore scaling SCOPE to
larger parameter regimes and investigating its syn-
ergy with other long-context techniques such as
attention-logit scaling and state-space models.



Limitations

Despite the promising results, our work has several
limitations that invite future research:

Theoretical Assumptions. Our proof of Order
Awareness (Theorem 3.1) assumes that FFN and
Attention layers function as injective mappings. In
practice, the finite hidden dimension may act as an
information bottleneck relative to input complex-
ity. Consequently, strictly resolving all positional
ambiguities might be challenging in high-entropy
scenarios due to potential information loss.

Engineering Realization. While SCOPE theoret-
ically reduces FLOPs, translating these gains into
wall-clock speedups requires specialized kernels.
We currently rely on FlexAttention (He et al., 2024)
and Triton kernels (Tillet et al., 2019); naive imple-
mentations lacking kernel fusion may fail to fully
manifest the efficiency advantages of our method.

Generalization to Other Architectures.
SCOPE is primarily designed for Decoder-only
(Autoregressive) models where the "scopes" act as
a look-back window. Its applicability to Encoder-
only (Bidirectional) models or multi-dimensional
modalities (e.g., 2D images, 3D point clouds)
remains underexplored. Extending SCOPE to these
non-causal settings—potentially by adapting the
"scopes" from a "left-aligned" causal window to
a "center-aligned" neighborhood—is a promising
avenue for future work.
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A Proof of 3.1

Proof. We proceed by induction on depth /.

Base Case (I = 0): Syp = 1. A sequence of
length 1 has no non-identity permutations. Holds
trivially.

Inductive Step: Assume the first (I — 1) layers
achieve OA(.S;_1). We show that layer [ achieves
OA(S;) where S; < 25;_;. We partition a se-
quence of length .S; into a suffix of length S;_; (the
most recent tokens) and a prefix of length S; — S;_1.
Any non-identity permutation must alter the suffix
or the prefix:

* Change in Suffix: By the inductive hypothe-
sis, the input to layer [ (output of [ — 1) already
distinguishes these permutations. The FFN
preserves this distinction.

Change in Prefix: The prefix length is <
S;_1, so previous layers distinguish its local
order. Crucially, layer / has a scope S; that
covers this prefix. The attention mechanism
effectively “sees” the distinct representation
of the prefix (aggregated from previous layers)
relative to the suffix. Since the representation
of the prefix is unique, the attention output
changes.

Therefore, layer [ is capable of resolving permu-
tations over the entire length S;. By induction, an
L-layer model achieves OA(.Sy,) where Sy, grows
exponentially. O

B Supplementary of Probing

B.1 Experiment Configurations

We performed probing experiments using the
Owen-Nano architecture, trained from scratch on
the Refined-Web dataset (Penedo et al., 2023) with
the Llama tokenizer (Touvron et al., 2023) on
NVIDIA A100 GPUs. Detailed hyperparameters
are provided in Table 3.

For probing, we sampled 100 sequences (length
> 1024) from the Proof-Pile dataset (Azerbayev
et al., 2023). Following Haviv et al. (2022), we
extracted layer-wise hidden states and trained a 2-
layer MLP probe on 80% of the data for 5 epochs
to predict absolute token positions. The remaining
20% served as the test set for calculating the Mean
Absolute Distance (MAD) error.
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B.2 Comparative Analysis of PE Dynamics

Layer-wise Functional Transition. Figure 10
illustrates that most positional encoding (PE)
schemes (excluding sinusoidal) exhibit a "U-
shaped" error curve. This trend aligns with Haviv
et al. (2022), suggesting a network-wide functional
transition: early layers prioritize position resolu-
tion (reconstructing structural order), while deeper
layers shift focus to semantic prediction, leading to
a gradual abstraction of exact positions.

v
b3
S

—e— ALiBi
NoPE
—#— RoPE

—&— ScoPE
—%— Sinusoidal
=== Random Baseline

S
S

SR SR
G
S

=3
S

100

Mean Abs. Distance (MAD)

Layer Index

Figure 10: Layer-wise probing error across different
PEs. SCOPE exhibits a learning trajectory most similar
to ALiBi, characterized by a smooth, progressive reso-
lution of positions in early layers.

Dynamics Comparison. Notably, SCOPE’s
learning dynamic closely mirrors ALiBi. Both
achieve a smooth, concave resolution of position in
initial layers. In contrast, RoPE and NoPE exhibit
a sharper, almost immediate resolution trajectory.
This suggests SCOPE encourages the model to pro-
gressively aggregate local structural information
into global awareness hierarchically, rather than
resolving global positions strictly in the first few
layers.

Visualizing Representation. Figure 11 provides
a granular visualization. SCOPE effectively synthe-
sizes the strengths of existing methods: it mirrors
the structural clarity of ALiBi in early layers while
maintaining the robust representational capacity
characteristic of RoPE in deeper layers.

B.3 Synergy with Causal Masking

Our theoretical analysis (Theorem 3.1) establishes
a sufficiency condition where doubling the scope
size guarantees global order awareness. How-
ever, empirical results (e.g., Figure 5) indicate that
SCOPE can resolve positions faster than this bound
suggests (e.g., an 8-layer model resolving 1024
positions in ~ 4 layers).



Table 3: Configuration of Qwen-Nano. We adopt a standard configuration for small-scale language modeling

experiments to ensure reproducibility.

Model Hyperparameter Value | Training Hyperparameter Value
Layers (L) 16 Training Seq. Length 1024
Hidden Dim (d) 768 Batch Size 96

Heads (H) 16 Learning Rate 3e~4

KV Heads (Hv) 16 Training Steps 40000
Head Dim (d},) 64 Optimizer AdamW
FFN Dim 3072 | Betas (0.9,0.999)
Params 212M | Precision BFloat16
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Figure 11: Position reconstruction heatmaps. Brighter colors indicate lower error. SCOPE (c) achieves similar
position resolution comparable to ALiBi (d) but retains the representational characteristics similar to RoPE (b).
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Figure 12: Performance scaling with model depth.
In shallow networks (e.g., 2 or 4 layers), RoPE out-
performs SCOPE. However, as the number of layers
increases, enabling a deeper cascade, SCOPE surpasses
RoPE.

This acceleration occurs because SCOPE oper-
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ates in synergy with the causal mask. The causal
mask inherently leaks positional information by
encoding the number of predecessors (Haviv et al.,
2022; Irie, 2025). SCOPE amplifies this intrinsic
"NoPE" mechanism. However, this synergy has
limits: when layer depth is severely restricted, the
benefits of the exponential cascade cannot fully ma-
terialize. As shown in Figure 12, performance de-
grades in very shallow networks (2-4 layers), where
RoPE outperforms SCOPE. As depth increases, the
hierarchical advantage of SCOPE dominates.

B.4 Theoretical Connection with ALiBi
Our analysis suggests a fundamental link between
SCcOPE and ALiBi (Press et al., 2022). ALiBi

introduces a linear bias —m - |t — i| to attention
scores. We hypothesize that this bias functions as



a soft scope: when the penalty term is sufficiently
large, the effective attention weight approaches
zero, mathematically mimicking a hard mask.

Hypothesis Validation: Uniform-ALiBi. To test
this, we trained a "Uniform-ALiBi" variant where
all heads share an identical slope (using the small-
est slope value intended for long-range dependen-
cies). As shown in Figure 13, this variant fails
to outperform NoPE, showing a nearly identical
training loss curve. This implies that ALiBi’s ef-
fectiveness—much like SCOPE—is driven by the
hierarchical diversity of effective receptive fields
across heads, rather than the bias term itself.
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Figure 13: Training loss comparison. Standard ALiBi
(geometric slopes) performs well, whereas "Uniform-
ALiBi" (identical slopes) degrades to the performance
of NoPE. This confirms that hierarchical diversity is the
primary driver of performance.

Soft Decay vs. Hard Hierarchy. Despite this
connection, a key distinction remains: SCOPE
enforces a hard, deterministic hierarchy via ex-
plicit masking, whereas ALiBi relies on soft, data-
dependent decay. Because ALiBi’s effective scope
fluctuates with the magnitude of attention logits
(which evolve during training), it may introduce
unnecessary noise. SCOPE eliminates this ambi-
guity by structurally defining the information flow,
ensuring a stable hierarchy.

C Experimental Details

In this section, we provide comprehensive config-
urations for our experiments. Table 4 details the
data composition across different training stages,
ensuring a balance between domain diversity and
long-context modeling. Table 5 lists the specific
model hyperparameters and progressive training
settings used for the LLaMA-3-8B experiments.
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C.1 Experimental Setup
C.2 Additional Training Loss Curve

The superior convergence of SCOPE is not limited
to the pre-training phase. As shown in Figure 14,
our method maintains a consistent loss advantage
over RoPE during both the 32k Long-Context Fine-
tuning and the 128k Ultra-Long Adaptation stages.
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Figure 14: Training loss comparison on LLaMA-3-
8B (Fine-tuning Stage). SCOPE (Orange) consistently
achieves lower training loss compared to the RoPE base-
line (Blue) throughout the training run.

C.3 Benchmark Configurations

We evaluate the models on a suite of standard zero-
shot and few-shot benchmarks. The detailed config-
uration (shots and metrics) follows standard prac-
tices: GPQA (0-shot) (Rein et al., 2024), BBH
(3-shot) (Suzgun et al., 2022), HellaSwag (10-shot)
(Zellers et al., 2019), and others listed in Table 6.

C.4 Training Time comparision

Beyond inference, SCOPE significantly accelerates
training. As detailed in Figure 15, the average
training time per step at 32k context is reduced
from 232s (RoPE) to 163s (SCOPE). This advan-
tage widens dramatically at 128k context, where
ScOPE completes a step in 1180s compared to
2223s for RoOPE—a near 2 throughput increase.



Table 4: Data Mixtures across Training Stages. We increase the proportion of long-context data during fine-tuning
to encourage long-range dependency modeling.

Data Source Domain Pre-training LCFT (32k) & (128k)
RefinedWeb (Penedo et al., 2023) English 70% 30%
mC4 (Raffel et al., 2020) Chinese 20% 20%
StarCoder (Li et al., 2023) / The Stack (Kocetkov et al., 2022) Code 10% 10%
SlimPajama (Soboleva et al., 2023) (L > 16k) Long Context - 40 %

Table 5: Configuration of LLLaMA-3-8B Experiments. We detail the model architecture and the progressive
training hyperparameters across the three stages: Pre-training (PT), Long-Context Fine-tuning (LCFT), and Ultra-
Long Adaptation (Adapt).

Model Hyperparameter Value \ Training Hyperparameter Value
Architecture LLaMA-3 | Context Window

Layers (L) 32 Stage 1: Pre-training 4,096

Hidden Dim (d) 4096 Stage 2: LCFT 32,768

Heads (H) 32 Stage 3: Adaptation 131,072

KV Heads (H) 8 (GQA) Training Duration

Head Dim (dp,) 128 Stage 1: Pre-training 50B Tokens
FFN Multiplier 1.3 Stage 2: LCFT 2B Tokens
Vocab Size 128,256 Stage 3: Adaptation 50 Steps
ROPE 6 (Base) 10,000 Optimization

Norm RMSNorm | Optimizer AdamW
Precision BFloat16 Learning Rate (Max) 3e74 3¢5, 1e7°
Activation SwiGLU Weight Decay 0.1

Params ~ 8B Global Batch Size 500K, 2M, 4M

Table 6: Configuration of General NLU Benchmarks.
We report the number of few-shot examples used for
each task during evaluation.

Benchmark Shots  Metric
GPQA (Rein et al., 2024) 0-shot  Accuracy
PIQA (Bisk et al., 2020) 0-shot  Accuracy
Truthful QA (Lin et al., 2022) 0-shot  Accuracy
BoolQ (Clark et al., 2019) 0-shot  Accuracy
Lambada (Paperno et al., 2016) 0-shot  Accuracy
OpenBookQA (Mihaylov et al., 2018)  0-shot  Accuracy
BBH (Suzgun et al., 2022) 3-shot  Exact Match
WinoGrande (Sakaguchi et al., 2019) ~ 5-shot  Accuracy
HellaSwag (Zellers et al., 2019) 10-shot  Accuracy
ARC-Challenge (Clark et al., 2018) 25-shot  Accuracy

D Supplementary Experiments of Qwen3

To verify the architectural universality of our
method, we conduct additional experiments us-
ing the Qwen3-2B architecture (Yang et al., 2025).
For a fair comparison, we train four variants from
scratch: NoPE, RoPE (Su et al., 2024), and
ScoPE. To standardize the vocabulary across ex-
periments, all 2B models utilize the LLaMA tok-
enizer with a vocabulary size of 32k.

Model Configuration. To accelerate training and
strictly isolate the impact of position encoding, we
standardize the vocabulary across all models using
the LLaMA tokenizer (32k vocabulary size), de-
viating from the standard Qwen vocabulary. All

I [lama3-8B ScoPE
I Llama3-8B RoPE

2000

1500 4

1000

500 4

Avg. Training Time per Step (s)

Context Length

Figure 15: Training efficiency on Llama-3-8B. Aver-
age training time per step (in seconds) drastically re-
duces with SCOPE, dropping from 2223s to 1180s at
128k context.

models follow the Qwen3-2B specification: 32 lay-
ers, a hidden dimension of 2048, 32 attention heads,
and a head dimension of 128. Training is conducted
on the RefinedWeb (Penedo et al., 2023) dataset for
100,000 steps with a global batch size of 96 and a
sequence length of 4,096 tokens.

Implementation Details. We utilize the
Torchtitan framework (v0.2.1) for distributed
training. While we incorporated a community
patch to enable Sequence Parallelism for our
LLaMA experiments, this modification proved
incompatible with the Qwen3 architecture. Conse-
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quently, our Qwen3 experiments are restricted to
the pre-training stage with a 4k context window,
without the subsequent long-context fine-tuning
stages employed in the main experiments.

D.1 Training Loss Curve
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Figure 16: Training loss curve of Qwen3-2B. Con-
sistent with our LLaMA-3 findings, SCOPE (Orange)
exhibits superior convergence compared to both RoPE
(Blue) and NoPE (Green) baselines.

D.2 Perplexity
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Figure 17: Perplexity extrapolation on Qwen3-2B.
ScOPE demonstrates robust length extrapolation capa-
bilities, maintaining lower perplexity on long documents
compared to RoPE, mirroring the trends observed in the
8B experiments.

Figure 17 reports the zero-shot perplexity on
long documents. SCOPE exhibits superior stability
when extrapolating to unseen lengths, confirming
that the hierarchical scope mechanism generalizes
effectively even in smaller architectures.

D.3 NIAH

To assess zero-shot context extension, we evaluate
the 4k-trained models on an 8k context window
(2x training length) using the NIAH task.
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Figure 18: Needle-in-a-Haystack (NIAH) Heatmaps
on Qwen3-2B. Models trained on 4k context are tested
at 8k length. (a) RoPE fails to generalize (0.62 accu-
racy). (b) While YaRN improves RoPE (0.88 accuracy),
it still shows degradation. (c) SCOPE achieves the high-
est performance (0.92 accuracy) natively, without addi-
tional extrapolation tricks.

E Code Implementation

We provide the core implementation details for
SCOPE using the FlexAttention API. The mask
generation logic is concise and efficient, as illus-
trated in Figure 19. Furthermore, Figure 20 com-
pares the implementation of NoPE, ALiBi, and
SCOPE via the score_mod interface.



1

5

from torch.nn.attention.flex_attention import flex_attention
S = [Tx*(i/H) for i in range(l, H+1)]
def scope_mask_mod(b, h, q_idx, kv_idx):

return (gq_idx - kv_idx <= S[h]) & (gq_idx >= kv_idx)

flex_attention(query, key, value, block_mask=scope_mask_mod).sum().backward()

Figure 19: Pseudo-code for SCOPE Masking in FlexAttention. The logical mask avoids materializing the full
T x T matrix, ensuring memory efficiency.

from torch.nn.attention.flex_attention import flex_attention

3 scopes = generate_scopes() # [num_heads]

4

alibi_bias = generate_alibi_bias() # [num_heads]

def nope_score_mod(
score: torch.Tensor,
b: torch.Tensor,
h: torch.Tensor,
g_idx: torch.Tensor,
kv_idx: torch.Tensor,

return score

def alibi_score_mod(
score: torch.Tensor,
b: torch.Tensor,
h: torch.Tensor,
g_idx: torch.Tensor,
kv_idx: torch.Tensor,

alibi_bias = (kv_idx - g_idx) * alibi_bias[h]
return score + alibi_bias.to(score.dtype)

def scope_score_mod(
score: torch.Tensor,
b: torch.Tensor,
h: torch.Tensor,
g_idx: torch.Tensor,
kv_idx: torch.Tensor,

return torch.where((q_idx - kv_idx) <= scopes[h], score, -float("inf"))

flex_attention(query, key, value, score_mod=scope_score_mod).sum().backward()

Figure 20: Comparison of Score Mod Implementations. We contrast the implementation of NoPE, ALiBi, and
SCcOPE. Note that SCOPE employs a hard masking strategy (via torch.where), whereas ALiBi adds a soft bias.
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