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Abstract

Proper initialization is critical for Recurrent Neural Networks (RNNs), particularly
in long-range reasoning tasks, where repeated application of the same weight matrix
can cause vanishing or exploding signals. A common baseline for linear recurrences
is Glorot initialization, designed to ensure stable signal propagation—but derived
under the infinite-width, fixed-length regime—an unrealistic setting for RNNs
processing long sequences. In this work, we show that Glorot initialization is in
fact unstable: small positive deviations in the spectral radius are amplified through
time and cause the hidden state to explode. Our theoretical analysis demonstrates
that sequences of length t = O(

√
n), where n is the hidden width, are sufficient to

induce instability. To address this, we propose a simple, dimension-aware rescaling
of Glorot that shifts the spectral radius slightly below one, preventing rapid signal
explosion or decay. These results suggest that standard initialization schemes may
break down in the long-sequence regime, motivating a separate line of theory for
stable recurrent initialization.

1 Introduction

Recurrent Neural Networks (RNNs) have long been foundational models for sequential data, powering
applications that range from time-series forecasting [Salinas et al., 2020, Rangapuram et al., 2018]
to natural-language processing [Mikolov et al., 2010, Sundermeyer et al., 2015, 2012, Gers and
Schmidhuber, 2001]. Recent advances in sequence modeling have centered on State-Space Models
(SSMs) [Gu et al., 2021, Gu and Dao, 2023, De et al., 2024], and a prominent concurrent work
has demonstrated that a class of RNNs known as Linear Recurrent Units (LRUs) [Orvieto et al.,
2023] can match the performance of SSMs with simpler architectures. In both LRUs and SSMs, the
recurrent blocks are linear, enabling efficient parallel-scan computations and thereby fast training
and inference. The success of these models on long-range reasoning tasks reaffirms the relevance of
RNNs in modern deep learning.

Despite this potential, RNNs remain difficult to train on long sequences due to the well-known
problem of vanishing and exploding gradients [Bengio et al., 1994, Pascanu et al., 2013]. The core
issue lies in the repeated application of the same weight matrix at every time step: even a slight
spectral imbalance is exponentially amplified, causing hidden states—and hence gradients—to either
explode or vanish. While deep feedforward networks suffer from similar pathologies, each layer in
such architectures uses an independent weight matrix, making the dynamics of signal propagation
easier to analyze and control.

In deep feedforward networks, instability is typically mitigated by principled initialization schemes
such as Glorot [Glorot and Bengio, 2010] or He [He et al., 2015] initialization. These methods
are derived under the infinite-width limit, where the width tends to infinity while the depth is kept
fixed. In this regime, one can compute the exact signal propagation statistics and tune the weights
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variance so that activations and gradients remain of the same magnitude [Glorot and Bengio, 2010].
Although these initialization schemes have been immensely successful in practice, recent theoretical
work reveals that their underlying infinite-width approximation becomes increasingly inaccurate as
depth grows [Hanin and Nica, 2019, 2020, Li et al., 2021, Seleznova and Kutyniok, 2022]. This
raises questions about the applicability of such schemes to RNNs, which can be viewed as extremely
deep networks in time—typically of modest width but unbounded depth. As in the feedforward case,
analyzing RNNs under the joint limit of infinite width and infinite input length poses significant
theoretical challenges: standard random matrix theory techniques used in the infinite-width setting no
longer apply when both dimensions grow [Tao, 2012]. In RNNs, this limitation is further exacerbated
by the repeated application of the same weight matrix at each time step.

Yet, recent approaches to long-range RNNs continue to be guided by infinite-width heuristics.
Notably, the LRU method [Orvieto et al., 2023], whose success stems from its initialization and
parametrization, is inspired by the Glorot scheme. The goal of LRU initialization to construct a
diagonal matrix whose eigenvalue spectrum matches that of a Glorot-initialized weight matrix. This
implicitly assumes that replicating Glorot’s spectral behavior is sufficient to ensure stable recurrent
dynamics. In contrast, we show that standard Glorot initialization becomes unstable when iterated
over long sequences in linear recurrent networks, thereby challenging this assumption.

Our main contributions are as follows:

• Instability of Glorot: Prior work has correctly noted that, in the infinite-width limit, the spectrum
of large non-Hermitian Gaussian matrices (real or complex) used in Glorot initialization lies within
the unit circle, in accordance with the circular law [Bai, 1997, Girko, 1985]. However, we highlight
a subtle but critical point often overlooked in prior works: the spectral radius of such matrices
converges to one from above (see Section 4). In other words, the largest eigenvalue typically has a
modulus slightly greater than one. While this deviation is asymptotically small, it is sufficient to
cause exponential growth in the hidden state over long sequences. This makes the standard Glorot
initialization inherently unstable in long-sequence recurrent settings.

• Rescaled Glorot initialization: To address this instability, we propose a simple rescaling of
the weight matrix by a dimension-dependent constant. This adjustment lowers the probability
that the radius exceeds one by shifting it approximately one standard deviation below its original
expectation (see Section 5). As a result, the rescaled initialization prevents exponential growth in
hidden state norms, even over long sequences. Consistent with prior work, our initialization favors
eigenvalues close to one from below, as slow signal decay is generally preferable to amplification
for memory retention in RNNs [Orvieto et al., 2023, White et al., 2004, Ganguli et al., 2008]. We
therefore argue that this rescaling provides a more principled and robust baseline for long-sequence
modeling than the standard Glorot scheme.

• Signal propagation over long sequences: We analyze the hidden state norm in linear RNNs with
complex Glorot initialization, beginning with a lower bound in the finite-width, finite-sequence
setting under i.i.d. Gaussian inputs (Section 6.1). In the infinite-width-and-length regime, our
analysis guarantees exponential growth of the hidden state with time (see Section 6.1.2). Notably,
we show that a sequence length of Θ(

√
n) (where n is the width) suffices to induce explosion. In

contrast, in the infinite-width but fixed-length regime, the norm of the hidden states grows only
slowly with time (see Section 6.1.1), failing to reflect long-sequence behavior.

• Numerical experiments: We validate our theoretical findings empirically, evaluating both the
statistical behavior of hidden states at initialization and the downstream performance of linear
RNNs on real-world sequential data (see Section 7). As expected, standard Glorot initialization
leads to signal explosion on long-range reasoning tasks, while our rescaled initialization remains
stable and trainable across multiple tasks.

Overall, our work introduces a simple yet theoretically grounded modification to Glorot initialization,
establishing it as a principled baseline for long-range reasoning tasks. In doing so, we underscore the
often-overlooked importance of the theoretical setting—particularly assumptions about width, depth,
and scaling—that underpin initialization schemes in recurrent architectures.
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2 Related Work

Existing initialization theory primarily addresses feedforward networks with fixed depth. Extending
these insights to recurrent architectures, especially in the long-sequence regime, remains an open
problem. In this section, we survey works on signal propagation, stability in RNNs, and recent efforts
to understand the double-scaling limit of neural networks.

Initialization and signal propagation in feedforward networks. Glorot and He initialization
schemes [Glorot and Bengio, 2010, He et al., 2015] were originally developed to prevent vanishing
and exploding gradients in deep feedforward networks. Their theoretical justification typically relies
on the analysis of signal propagation in the infinite-width, fixed-depth regime. This framework was
formalized for fully connected networks by Schoenholz et al. [2016] and Poole et al. [2016], and
later extended to other architectures [Xiao et al., 2018, Tarnowski et al., 2019, Gilboa et al., 2019].
Overall, signal propagation theory has had a significant impact on network design and initialization,
contributing both theoretical insights and strong empirical performance.

Initialization and stability in RNNs. Extending initialization theory to recurrent nets is challenging
due to weight sharing across time and the unbounded effective depth introduced by repetitively
applying the recurrent matrix. While signal propagation techniques have been adapted to vanilla
RNNs and simple gated units in the infinite-width, fixed-length setting [Chen et al., 2018, Gilboa et al.,
2019, Alemohammad et al., 2021], they do not fully capture long-sequence processing properties.

Recent work has begun to address infinite-length regimes in simplified settings, such as single-neuron
or diagonal recurrent systems [Zucchet and Orvieto, 2024], revealing new instability mechanisms
not accounted for by standard initialization theory. However, in the absence of a general frame-
work, stability in earlier RNNs was often enforced through architectural interventions—such as
LSTM [Hochreiter and Schmidhuber, 1997] and GRU [Cho et al., 2014] gating—alongside nor-
malization layers [Ba et al., 2016, Gu et al., 2021], gradient clipping [Pascanu et al., 2013, Zhang
et al., 2019], or spectral regularization during training [Jose et al., 2018, Zhang et al., 2018, Kanai
et al., 2017]. While these methods rely on nonlinear operations, the linearity of SSMs and LRUs
is crucial for computational efficiency because it enables parallel scan operations. Consequently,
modern recurrent models typically avoid complex gating (as in LSTMs and GRUs) and normalization
within the recurrent block. This linearity, which prevents the use of earlier stabilization techniques,
can reintroduce the problem of exploding signals [Orvieto et al., 2023, Gu et al., 2021]. To mitigate
this issue, modern SSMs typically adopt structured initializations with predefined spectra to preserve
stability of the recurrent unit [Gu et al., 2020, Fu et al., 2023, Gu and Dao, 2023, Gu et al., 2021].
Some works also proposed orthogonal or unitary initializations [Biegun et al., 2024, Henaff et al.,
2016, Mikolov et al., 2014, Le et al., 2015] to preserve the norm over time and enable stable propaga-
tion, but these can be difficult to maintain throughout training and may be suboptimal for memory
retention [White et al., 2004, Ganguli et al., 2008].

Recent interest in linear RNNs (in particular, LRUs [Orvieto et al., 2023]) has renewed attention
on initialization strategies for long-horizon regimes. Despite their effectiveness, these models are
sensitive to initialization, and often adopt Glorot-style variance scaling as a baseline, inherited from
feedforward networks. As we discussed, this practice lacks theoretical justification in recurrent
contexts, especially under long sequences. A systematic understanding of initialization in linear
recurrent models under such conditions remains an open problem.

Double scaling limit and random matrix theory. The theoretical challenge at the heart of signal
propagation in long-range RNNs is the double scaling limit, where both the network’s width n
and the sequence length (or depth) t become large. This regime is natural for RNNs and other
deep architectures, but it lies outside the reach of standard random matrix theory tools. Classical
methods—such as free probability, spectral theory, or genus expansions—assume independent
matrices or fixed depth, and thus fail when the same matrix is applied repeatedly [Tao, 2012].
Although recent work has addressed the double-scaling limit in specific architectures [Hanin and
Nica, 2020, 2019, Li et al., 2021, Roberts et al., 2022, Razin et al., 2024, Seleznova and Kutyniok,
2022], to the best of our knowledge, the recurrent setting has not been explored. Our work addresses
this gap by characterizing the failure of Glorot-style initialization in linear RNNs under double
scaling, and proposing a theoretically grounded correction.
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3 Problem Setup

Before presenting our contributions, we review the theoretical background relevant to this work: the
linear recurrent layer, Glorot initialization, and its spectral behavior in the infinite-width regime.

3.1 Linear Recurrent Layer

While classical RNNs rely on non-linear activations, recent work on Linear Recurrent Units (LRUs)
has shown that linear recurrences can effectively model long-range dependencies in sequential
data [Orvieto et al., 2023]. In addition to their empirical performance, linear RNNs allow for more
tractable theoretical analyses, particularly with respect to the spectral properties of the weight matrix.
In this work, we focus on this class of models.

Given an input sequence (x1, . . . ,xt) with xi ∈ Rn, the corresponding hidden states (h1, . . . ,ht)
are computed via a time-invariant weight matrix W ∈ Rn×n as:

ht := Wht−1 + xt =

t∑
k=0

Wkxt−k, (1)

where we set the initial state h0 = 0 for simplicity. Here, t ∈ N denotes the sequence length, which
may be large in long-context applications. This formulation corresponds to a vanilla linear RNN
without gating.

As evident from the power series expansion, each input xt−k is amplified (or attenuated) by Wk,
meaning the overall dynamics are highly sensitive to the spectral radius of W. This highlights the
susceptibility of linear RNNs to the exploding or vanishing gradients problem [Bengio et al., 1994,
Pascanu et al., 2013], especially as the sequence length increases. The initialization of W thus plays
a critical role in determining the stability of the model over long horizons.
Remark 3.1. A more general formulation of the recurrent layer includes an input projection term:
ht = Wht−1 +Bxt, where B ∈ Rn×n is a non-recurrent input matrix. In this work, we omit B
without loss of generality, as it does not affect our main results. For analytical purposes, we treat xt

as the effective input, implicitly assuming B is the identity or absorbed into the distribution of xt.

3.2 Glorot Initialization

Glorot initialization was originally proposed for feedforward networks to preserve the variance of
activations and gradients during forward and backward propagation [Glorot and Bengio, 2010]. It
prescribes initializing dense weight matrices with i.i.d. entries drawn from a normal distribution
N (0, σ2), where σ =

√
2/(nin + nout), and nin, nout denote the input and output widths of the layer.

When applied to a square recurrent matrix W ∈ Rn×n, this yields:

Wglorot ∼ N (0, 1/n), i.i.d. (2)

In classical RNNs, the recurrent matrix W is real and non-Hermitian. However, some recent
works—including the LRU architecture [Orvieto et al., 2023]—have employed complex-valued
initialization, primarily because of its analytically convenient spectral properties. Motivated by this,
we also consider the complex Glorot initialization:

Wglorot =
1√
2
Z1 +

i√
2
Z2, where Z1, Z2 ∼ N (0, 1/n) i.i.d. (3)

This complex formulation enables using tools from non-Hermitian random matrix theory and yields
cleaner spectral statistics than its real-valued counterpart. Below, we review existing random matrix
theory results on the eigenvalue distribution of W under both real and complex Glorot initializations.

3.3 Spectral Distribution of Large Gaussian Matrices

There is a substantial body of mathematical literature analyzing the eigenvalue distribution of
Gaussian random matrices in the large-n limit [Ginibre, 1965, Bai, 1997, Tao and Vu, 2008, Rider,
2003, Rider and Sinclair, 2014]. One of the most well-known results in this area is the circular law,
first conjectured by Girko [1985] and later made rigorous by Bai [1997] and others:
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Theorem 3.2 (Circular law). Assume a matrix W ∈ Fn×n with F ∈ {R,C} is sampled from a
complex or real Glorot initialization. Then, the empirical distribution of the eigenvalues of W,
denoted µn(λ), converges almost surely to a uniform distribution on a unit disk in the complex plane:

µn(λ)
a.s.−−−−→

n→∞
U({z ∈ C : |z| ≤ 1}). (4)

This result implies that, in the infinite-width limit, the spectrum of W is contained within the unit
disk, and the spectral radius converges to 1. Consequently, each term in the linear recurrence
formula (Eq. (1)) maintains bounded magnitude in expectation for any fixed k, suggesting that Glorot
initialization yields stable signal propagation in the infinite-width setting.

Although prior work reported the empirical need to rescale Gaussian-initialized matrices to prevent
hidden state explosion [Gu et al., 2021], the LRU architecture [Orvieto et al., 2023] motivates its
initialization scheme based on Glorot and the circular law. In particular, they aim to imitate the
spectral behavior of dense Gaussian matrices via complex diagonalized initialization. This reflects a
common assumption in the RNN literature that using Glorot is enough to ensure stability.

However, this assumption overlooks the fact that recurrent networks apply the same weight matrix
repeatedly, and small deviations in spectral radius—though negligible at each time step—can quickly
compound over long sequences. In this work, we show that Glorot initialization is generally unstable
when applied to linear recurrent layers, especially under the double-scaling limit of large width and
sequence length.

4 Spectral Radius Deviations in Glorot-Initialized Matrices

While the spectral radius of Glorot initialization converges to one in the infinite-width limit, recent
results from random matrix theory provide a more refined characterization of the spectral edge. In
particular, Rider and Sinclair [2014] and Rider [2003] derive the asymptotic statistics for the largest
eigenvalue of Gaussian matrices in the real and complex cases, respectively.

Theorem 4.1 (Spectral radius, Theorem 1.1 of Rider and Sinclair [2014] and Theorem 1 of Rider
[2003]). Assume that W ∈ Fn×n is sampled from real or complex Glorot (Eqs. (2) and (3)), and
denote the spectral radius by

|λmax(W)| := max{|λ| : λ is an eigenvalue of W}. (5)

Then, we have the following convergence in distribution:

√
4ρnn

(
|λmax(W)| − 1−

√
ρn
4n

)
d−−−−→

n→∞
G, (6)

where ρn := log(n/(2π(log n)2)), G is a Gumbel variable with CDF FG(x) = e−(1−δR/2)e
−x

, and
δR ∈ {0, 1} is one for real W and zero otherwise.

This result shows that the spectral radius converges to 1 from above, and the expected size of the
largest eigenvalue of Glorot initialization for sufficiently large n is given by:

E
[
|λmax(W)|

] ∼= 1 +

√
ρn
4n

+
γ − δR ln 2√

4ρnn
, (7)

where γ is the Euler–Mascheroni constant. In words, the expectation of the largest eigenvalue exceeds
one by O(1/

√
n). Additionally, Theorem 4.1 implies the following about the likelihood of stability:

Corollary 4.2. For real and complex Glorot-initialized W, the probability that the largest eigenvalue
lies inside the unit disk satisfies:

P
(
|λmax(W)| < 1

)
≤ P

(
|λmax(W)| < 1 +

√
ρn
4n

)
−−−−→
n→∞

1

e1−δR/2
. (8)

Thus, even though the bulk spectrum lies within the unit disk, eigenvalues outside the unit circle are
likely for large n, particularly in the complex case.
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Figure 1: Top vs bottom: Glorot and rescaled initialization, respectively. Left: Empirical density
of spectral radius for 100 independent samples of W ∈ R500×500, with entries drawn i.i.d. from
N (0, 1/n). Glorot often yields eigenvalues with magnitudes exceeding one. Middle: Norms of
∥Wkx∥2 as a function of k, with each curve corresponding to a different realization of W. Inputs x
are sampled i.i.d. from N (0, I500). We report the mean and variance over 50 random input samples.
Glorot leads to exploding norms; the rescaled variant produces slowly decaying norms. Right: Norms
of hidden states ∥ht∥2 in a recurrent layer with i.i.d. Gaussian inputs. The mean and variance are
computed over 50 input realizations. Glorot initialization results in unstable (exploding) hidden states,
while the rescaled initialization maintains stability over time.

Connection to the double-scaling limit of neural networks. The correction to the largest eigen-
value of order Θ(1/

√
n) implies that sequence lengths on the order of t = Θ(

√
n
1+ϵ

) are sufficient
to induce exploding hidden states in linear LRUs. We make this statement precise in Section 6. This
stands in sharp contrast to the circular law intuition underlying Glorot initialization, which assumes
stability based on the bulk spectrum being contained in the unit disk. However, our observation
fits naturally into the emerging body of theoretical work on the double-scaling limit, where both
network width and depth grow large [Hanin and Nica, 2020, Li et al., 2021, Roberts et al., 2022]. In
this regime, it has been shown that a depth scaling of L = Θ(n) suffices to cause the explosion of
fourth moments in MLPs [Seleznova and Kutyniok, 2022]. Thus, our observation with respect to the
spectral radius does not only reveal a flaw in the stability assumption behind Glorot initialization,
but also quantifies the faster onset of instability in RNNs—arising from the repeated application of a
shared weight matrix—compared to MLPs with independently sampled weights.

5 Rescaled Glorot Initialization for Long-Range Stability

We now introduce a corrected initialization scheme with Gaussian matrices, aimed at stabilizing signal
propagation in long-sequence settings. As shown in the previous section, the spectral radius of Glorot-
initialized matrices often exceeds one by a small but non-negligible amount of order O(1/

√
n). When

the same weight matrix is applied repeatedly in linear recurrent layers, this small bias is sufficient to
induce an exponential growth of hidden states. Our goal is to modify the initialization so that the
spectral radius remains slightly below one, thus suppressing explosion while simultaneously avoiding
premature vanishing.

To achieve this, we propose a variance rescaling that shifts the spectral radius to lie below one with a
specified confidence level. This shift is guided by the quantiles of the Gumbel distribution, which
govern the asymptotic behavior of the spectral radius under Glorot initialization (see Theorem 4.1).
Let ap denote the p-quantile of the Gumbel distribution, that is, P(G < ap) = p. Then, for sufficiently
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large n, the spectral radius of a Glorot-initialized matrix satisfies:

G < ap ⇐⇒ |λmax(W
glorot)| ≲ 1 +

√
ρn
4n

+
ap√
4ρnn

. (9)

Since scaling the entries of a Gaussian matrix rescales all its eigenvalues proportionally, we define
our corrected initialization by reducing the variance accordingly:

Wrescaled ∼ N

(
0,

1

n

(
1 +

√
ρn
4n

+
ap√
4ρnn

)−2
)

i.i.d. (10)

By design, this initialization has the following property for large enough n:

P
(
|λmax(W

rescaled)| < 1
) ∼= p, (11)

and the following holds for the expectations:

E[|λmax(W
rescaled)|] = E[|λmax(W

glorot)|]
(
1 +

√
ρn
4n

+
ap√
4ρnn

)−1

≲ 1. (12)

Choice of ap parameter. The value of ap should be chosen so that the spectral radius is likely to
remain below one, but close enough to one to avoid rapid signal decay—since vanishing dynamics
limit the memory capacity. Importantly, the consequences of positive and negative deviations from
the unit spectral radius are asymmetric: while a slight contraction reduces memory gradually, a slight
expansion leads to rapid exponential growth due to the repeated accumulation of unstable terms in
the hidden state. This asymmetry makes explosion far more damaging than mild vanishing.

In our work, we set ap = γ − δR ln 2 + π/
√
6, corresponding to one standard deviation above the

Gumbel mean, and yielding p ≈ 0.86. This choice significantly increases the likelihood that the
spectral radius lies within the unit disk: from roughly p = e−1/2 ≈ 0.61 in the real Glorot case and
p = e−1 ≈ 0.37 in the complex case, to p ≈ 0.86 after rescaling. Notably, at the infinite-width limit,
the largest eigenvalue modulus still converges to one, preserving compatibility with the circular law.

Empirical validation. Numerical simulations in Fig. 1 (Left) clearly show that real Glorot-
initialized matrices often exhibit a spectral radius exceeding one, whereas our corrected initialization
makes this much less likely. As shown in Fig. 1 (Middle), the proposed scaling also prevents the
norm ∥Wkx∥ from exploding for sequence lengths of order k = O(

√
n), in contrast to the standard

Glorot initialization, where ∥Wkx∥ grows rapidly. Furthermore, we compare the effect of both
initializations on the evolution of the hidden states, demonstrating that our scaling mitigates instability
in both Wkx and the hidden states hk. A rigorous analysis covering both finite and infinite input
sequences is provided in Section 6, theoretically supporting the observed numerical behavior.

6 Explosion of Hidden States with Long Sequences

We analyze forward signal propagation in linear recurrent layers initialized with complex Glorot. Our
key result is a lower bound on the hidden state norm in the setting of finite width and finite input
length. By examining how this bound behaves in two regimes—one where width tends to infinity
with fixed sequence length, and another where both grow simultaneously—we show that hidden
states remain stable in the former, but grow exponentially in the double-scaling regime.

6.1 Lower Bound on Hidden State Growth

Since the distribution of eigenvalues of a complex Glorot matrix is known exactly from random
matrix theory and has a relatively tractable form [Tao, 2012], we can use it to lower bound the growth
of the hidden state summands for finite n and k in the following theorem (see proof in Appendix B).
Theorem 6.1 (Variance lower bound). Suppose W ∈ Cn×n is sampled from a complex Glorot
initialization (Eq. (3)), and x ∼ N (0, In) is independent of W. Then the following holds for any
k, n ∈ N:

E[∥Wkx∥22] ≥
1

nk

n

k + 1

(n+ k)!

n!
. (13)
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Suppose the inputs sequence (x1, . . . ,xt) is such that each input is sampled i.i.d. from N (0, In).
Then the above result is directly related to the hidden state as follows:

E[∥ht∥22] =
t∑

k=0

E[x⊤
t−k(W

k)⊤Wkxt−k] =

t∑
k=0

E
[
∥Wkxt−k∥22

]
. (14)

Since the result is derived for finite width and sequence length, both the infinite-width and double-
scaling regimes arise as special cases of this general setting. Finite-width results remain relatively
rare in deep learning theory, as they often require tedious combinatorial arguments—such as the
path counting techniques used for ReLU networks [Hanin and Nica, 2019]. In contrast, our proof
avoids path counting entirely and relies instead on the distributional density of eigenvalues, enabling
a concise and tractable analysis.

In the following, we examine the implications of this result for the behavior of hidden states in both
the infinite-width and double-scaling regimes.

6.1.1 Stability with Infinite Width and Finite Length

We first consider the fixed-length and infinite-width regime, i.e. t = O(1) and n → ∞, which is the
prevalent setting in the literature. In this regime, we get the following for a single summand of the
hidden state variance, for each k ≤ t:

lim
n→∞

1

n
E[∥Wkx∥22] ≥

1

k + 1
(15)

From this, it follows that the hidden state variance lower bound is described by the harmonic series:

lim
n→∞

1

n
E[∥ht∥22] ≥

t∑
k=0

1

k + 1
= log(t− 1) + γ +

1

2t
−O

( 1

t2

)
. (16)

The hidden states exhibit logarithmic growth with respect to t. Although this implies that the variance
of the hidden states is theoretically unbounded, in practice the growth remains mild and is unlikely to
significantly disrupt stability when sequences are short. This finding aligns with existing literature
on signal propagation in recurrent networks. However, as we demonstrate in the next section, this
benign behavior does not extend to the more realistic scenario of long sequence lengths.

6.1.2 Instability with Infinite-Width-and-Length

We analyze the behavior in the infinite-length regime, which is the central focus of our work. To
obtain a meaningful bound in this setting, we consider the limit as t, n → ∞ with t = Θ(

√
n). Under

this scaling, we can use the following asymptotic approximation:

1

nk

(k + n)!

n!
=

k∏
d=1

n+ d

n
=

k∏
d=1

(
1 +

d

n

)
≈ e

k(k+1)
2n ≈ ek

2/2n, (17)

where we observed that the terms d
n satisfy 0 < d

n ≪ 1 for all d ≤ k ≤ t and vanish in the limit.
This approximation can be seen as the following first-order expansion of the logarithm, and we make
it more precise in Appendix B.3:

log

(
1 +

d

n

)
≈ d

n
=⇒ log

(
k∏

d=1

(
1 +

d

n

))
≈

k∑
d=1

d

n
=

k(k + 1)

2n
. (18)

Therefore, under standard Glorot initialization, the expected norm ∥Wkx∥ grows with the power
k ≤ t when the sequence length is sufficiently large—unlike in the infinite-width regime (Eq. (15)):

lim
t,n→∞

t/
√
n→α∈R+

k + 1

n
E[∥Wkx∥22] ≳ ek

2/2n. (19)

This asymptotic growth matches empirical observations in both the real and complex settings (see
Fig. 1 and Appendix A). Consequently, as we show in Appendix B.3, the hidden state norm for large
t and n can be approximated as follows:

lim
t,n→∞

t/
√
n→α∈R+

1

n
E[∥ht∥22] ≳

t∑
k=0

exp(k2/2n)

k + 1
≈ n

t2
exp
( t2

2n

)
. (20)
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Hence, when the sequence length t is at least of order Θ(
√
n), the hidden state norm begins to

diverge—and this behavior becomes more pronounced under more aggressive scaling. For instance,
when t = α

√
n
1+ϵ for any ϵ > 0, the lower bound diverges rapidly.

Remark 6.2 (Real case). While the analysis in this section focuses on the analytically tractable
complex Gaussian setting, we note that real Gaussian matrices exhibit qualitatively similar behavior.
This is due to the close agreement in spectral statistics between real and complex non-Hermitian
Gaussian ensembles [Tao and Vu, 2008]. However, the spectral density in the real case involves more
intricate expressions, making analogous derivations significantly more tedious. We provide supporting
numerical simulations and an additional theoretical discussion of the real case in Appendix B.2.

To summarize, our findings underscore the need to rescale Glorot initialization in order to ensure sta-
bility during long-sequence processing, especially in the double-scaling regime. Next, we demonstrate
the applicability of our findings to the training of linear recurrent networks.

7 Experiments

In addition to our empirical validation of signal propagation at initialization (Figure 1), we evaluate
the effectiveness of our rescaled initialization on standard long-range sequence modeling benchmarks.

Table 1: Classification accuracy for dense and di-
agonal linear recurrent models. Note the benefit of
using our rescaling.

CIFAR-10 IMDB ListOps

Glorot ✗ ✗ ✗
Glorot/2 76.4± 0.004 88.74±0.002 46.21 ± 0.045

Rescale 81.54± 0.009 87.55 ± 0.002 47.51 ± 0.011

Diag. Glorot ✗ ✗ ✗
Diag. Glorot/2 71.6± 0.006 86.67± 0.002 49.01± 0.004

Diag. Uniform 81.47± 0.002 86.34± 0.004 48.93± 0.004

Diag. Rescaled 79.53± 0.009 87.31± 0.001 49.49 ± 0.005

We conduct experiments on three classifica-
tion tasks drawn from the Long Range Arena
(LRA) benchmark [Tay et al., 2020]: Sequential
CIFAR-10, IMDB, and ListOps. In the Sequen-
tial CIFAR-10 task, image pixels are flattened
into sequences of length 3K. ListOps consists of
nested arithmetic expressions over single-digit
integers, with a 10-class output and maximum
sequence length of 2K. IMDB is a binary senti-
ment classification task with input sequences of
up to 8K tokens.

We compare our rescaled initialization against
the standard dense Glorot initialization, and a
naive non-exploding baseline of Glorot/2 (i.e.,
W ∼ N (0, 1/2n)). Additionally, we implement diagonalized variants of these initializations, which
improve computational efficiency in both runtime and memory consumption. These are more closely
aligned with the LRU architecture [Orvieto et al., 2023]. To evaluate our method in the diagonal
setting while preserving spectral characteristics, we sample a dense matrix and initialize the diagonal
using its eigenvalues. Additionally, we include a circular-law baseline in which diagonal entries are
sampled uniformly from the complex unit circle, following prior work [Orvieto et al., 2023].

We release the code with the paper, and provide more details on the experimental setup in Appendix C.

Results. Table 1 summarizes our results. As expected, models initialized with standard Glorot failed
to train due to exploding hidden states. Across the remaining baselines, our rescaled initialization
achieved the highest accuracy in 4 out of 6 settings, outperforming both Glorot/2 and the unit-circle-
based diagonal initialization. These results demonstrate that our simple rescaling provides a practical
and theoretically grounded improvement over the standard approaches. Although these experiments
are conducted on linear RNNs and do not directly compete against state-of-the-art LRUs or SSMs,
they offer important initial evidence supporting theoretically-principled initialization. Additional
comparisons with prior RNN stabilization techniques and an investigation of parameterization effects
appear in Appendix D.

8 Conclusion

We revisited the widely used Glorot initialization in the context of linear RNNs and showed that,
contrary to common assumptions, it leads to instability when applied to long input sequences. Our
findings highlight that initialization schemes derived under the infinite-width, fixed-depth regime may
not generalize to the infinite-input-length setting characteristic of recurrent architectures. This work
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contributes to the growing body of theoretical research on the double-scaling limit in deep learning,
and to the best of our knowledge, is among the first to explore this regime in the context of RNNs.

Limitations and Future Work. Our analysis focuses on the analytically tractable setting of complex
Gaussian initialization in linear recurrent networks. A key limitation is that it provides only a lower
bound on the hidden state norm, derived under the simplified assumption of uncorrelated Gaussian
inputs. Extending this analysis to more realistic scenarios with temporally correlated inputs—and
refining the bound to an exact characterization—would likely require addressing open problems in
random matrix theory, particularly regarding the spectral behavior of high powers of random matrices.

Another promising direction is the development of a rigorous theoretical framework for common
initialization heuristics used in practice, such as those that enforce a minimum spectral radius or
constrain eigenvalues to lie predominantly along the positive real axis. A deeper understanding of
these strategies could yield more stable and effective architectures for long-sequence modeling.

Finally, like many existing works, our analysis is limited to the behavior of networks at random
initialization. While this provides foundational insight, a natural next step is to study the optimization
dynamics of recurrent models in the infinite-input-length regime.
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1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Throughout the paper, we develop the proposed initialization scheme and
rigorously analyze the hidden state dynamics, as outlined in the abstract and introduction.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: We explicitly discuss the limitations of our work in Section 8.
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• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.
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• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
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Question: Does the paper fully disclose all the information needed to reproduce the main ex-
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information is sufficient to reproduce the main experimental results that support our claims.
We also include our code files in the supplementary material to facilitate exact reproducibility.
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• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
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be necessary to either make it possible for others to replicate the model with the same
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of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.
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to reproduce that algorithm.
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the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should
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the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
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Answer: [Yes]
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• The answer NA means that paper does not include experiments requiring code.
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• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
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• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
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Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We provide full training and evaluation details. Where possible, we adopt
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• The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

• The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: We report standard deviations over three random seeds for experiments on
real datasets, and use a large number of seeds for numerical simulations to ensure statistical
reliability. Exact details, including the number of runs and error bar definitions, are provided
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• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
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• The method for calculating the error bars should be explained (closed form formula,
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• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: We report the compute resources used for the experiments—including hardware
type, memory, and runtime estimates—in the appendix.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
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Answer: [Yes]
Justification: Our work involves theoretical and empirical analysis without ethical concerns,
and adheres to the NeurIPS Code of Ethics.
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• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
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eration due to laws or regulations in their jurisdiction).
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Answer: [NA]
Justification: Our work is theoretical in nature and does not directly raise any foreseeable
societal impacts.
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• The answer NA means that there is no societal impact of the work performed.
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to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
Answer: [NA]
Justification: Our work does not involve the release of models or data with a high risk of
misuse.
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All external assets used (e.g., datasets) are properly credited, and their licenses
and terms of use have been respected.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: We do not introduce new assets beyond a minimal training script used to
reproduce our results.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This work does not involve crowdsourcing or research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: We did not use crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: We used LLMs only for standard writing assistance and visualizations, with
no impact on the core methodology or scientific contributions.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Numerical Simulation for the Complex Case

Along with the experiments illustrating the behavior of the hidden state and its summands for real
Glorot matrices in Section 5, we include numerical simulations for the complex case here. The results
are shown in Fig. 2. As in the real case discussed in the main text, complex Glorot initialization leads
to an explosion in the hidden state norm, while our proposed rescaling effectively mitigates this.
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Figure 2: Top vs. bottom: Complex Glorot and rescaled initialization, respectively. Left: Empirical
density of spectral radius for 100 independent samples of W ∈ C500×500, with entries drawn i.i.d.
according to complex Glorot (Eq. (3)). Glorot often yields eigenvalues with magnitudes exceeding
one. Middle: Norms of ∥Wkx∥2 as a function of k, with each curve corresponding to a different
realization of W. Inputs x are sampled i.i.d. from N (0, I500). We report the mean and variance over
50 random input samples. Glorot leads to exploding norms; the rescaled variant produces slowly
decaying norms. Right: Norms of hidden states ∥hk∥2 in a recurrent layer with i.i.d. Gaussian
inputs. The mean and variance are computed over 50 input realizations. Glorot initialization results
in unstable (exploding) hidden states, while the rescaled initialization maintains stability over time.

B Proofs and Additional Theory

In this section, we present formal proofs of the main theoretical results discussed in the paper. We also
provide additional analysis and discussion related to real Glorot matrices, as detailed in Section B.2.

B.1 Variance Lower Bound (Theorem 6.1)

We provide a proof for the lower bound on the growth of ∥Wkx∥ in the finite-width and -length
setting stated in Theorem 6.1.
Theorem (Variance lower bound). Suppose W ∈ Cn×n is sampled from a complex Glorot ini-
tialization (Eq. (3)), and x ∼ N (0, In) is independent of W. Then the following holds for any
k, n ∈ N:

E[∥Wkx∥22] ≥
1

nk

n

k + 1

(n+ k)!

n!
. (21)

Proof. We begin by applying a standard identity involving expectations and traces (sometimes called
Hutchinson’s trick):

E[∥Wkx∥22] = E[x⊤(Wk)∗Wkx] = Tr(E[xx⊤]E[(Wk)∗Wk]) = E[Tr((Wk)∗Wk)],

where we used the independence between x and W, and the fact that E[xx⊤] = I. This reduces the
problem to estimating the expected trace Tr((Wk)∗Wk).
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Next, we analyze this trace via the Schur decomposition. Any complex matrix W admits a decompo-
sition of the form:

W = UTU−1,

where U is unitary and T is upper triangular with the eigenvalues of W on its diagonal. This can be
derived from the eigenvalue decomposition via Gram-Schmidt orthogonalization of the eigenvectors.

Raising both sides to the k-th power gives:

Wk = UTkU−1,

and thus:
Tr((Wk)∗Wk) = Tr((Tk)∗Tk).

Because T is upper triangular, the diagonal of Tk consists of λk
i , where λi are the eigenvalues of W.

Consequently, the trace splits as:

Tr((Wk)∗Wk) =

n∑
i=1

|λi|2k +
∑
i>j

|(Tk)ij |2 ≥
n∑

i=1

|λi|2k.

Equality holds when W is normal (e.g., Hermitian), so the bound is tight.

To compute the expectation of this lower bound, we use the known eigenvalue density µn(λ) for
non-Hermitian Gaussian matrices:

µn(λ) =
1√
nπ

e−n|λ|2
n−1∑
s=0

ns|λ|2s

s!
.

This expression is due to Ginibre [1965]; see also Proposition 2.2 in Byun and Forrester [2022] for a
modern treatment. Since we use Glorot initialization (i.e., standard Gaussians scaled by 1/

√
n), we

apply the change of variables λ 7→
√
nλ to preserve the correct scaling.

Using this density, we compute the expected eigenvalue moments:

E[|λi|2k] =
1

nπ

n−1∑
s=0

ns

s!

∫
C
|λ|2(k+s)e−n|λ|2d(

√
nλ).

We now evaluate the integral in polar coordinates:∫
C
|λ|2(k+s)e−n|λ|2d(

√
nλ) =

∫ 2π

0

∫ ∞

0

r2(k+s)e−nr2
√
nr d(

√
nr) dθ

=
1

2nk+s

∫ 2π

0

∫ ∞

0

(Rn)k+se−Rnd(Rn) dθ

=
π

nk+s
Γ(k + s+ 1) =

π(k + s)!

nk+s
.

Plugging this back in:

E[|λi|2k] =
1

nk+1

n−1∑
s=0

(k + s)!

s!
=

1

nk
· 1

k + 1
· (k + n)!

n!
.

Finally, summing over all i and plugging into the lower bound, we obtain:

E[Tr((Wk)∗Wk)] ≥ 1

nk
· n

k + 1
· (n+ k)!

n!
,

which completes the proof.

21



B.2 Real Glorot Initialization

While our discussion of the spectral radius in Section 4 and the rescaling strategy in Section 5 covered
both real and complex Gaussian initialization, the results on hidden state growth in Section 6 were
presented only for the complex Glorot case. This restriction is due to the greater analytical tractability
of the spectrum in the complex Gaussian setting.

Although complex-valued initialization is increasingly common in RNNs (e.g., Orvieto et al. [2023]),
most classical results for feedforward networks focus on real Glorot initialization (Eq. (2)). In this
section, we examine how our signal propagation results extend to the real-valued case and outline the
specific analytical challenges it presents.

The main difficulty in analyzing the eigenvalue moduli for real Gaussian matrices is the lack of
perfect spectral symmetry with respect to the real and imaginary axes. Unlike in the complex case,
the eigenvalue distribution for real matrices is slightly biased toward the real line, and the empirical
densities of real and non-real eigenvalues require separate treatment [Edelman et al., 1994]. We
formalize this distinction in the following two propositions, which give the density expressions for
each spectral component.
Proposition B.1 (Real-eigenvalue density [Edelman et al., 1994, Cor. 4.3]). Let W ∈ Rn×n be
sampled from real Glorot initialization. Then the density of a real eigenvalue λ ∈ R of W is

µreal
n (λ) =

√
n

Creal
n

1√
2π

(Γ(n− 1, nλ2)

Γ(n− 1)
+

(
√
nλ)n−1e

−nλ2

2

Γ(n2 )2
n
2

γ( (n−1)
2 , nλ2

2 )

Γ(n−1
2 )

)
,

where Γ(s, z) =
∫∞
z

ts−1e−t dt is the upper-incomplete gamma function, γ(s, x) =
∫ x

0
t s−1 e−tdt

is the lower incomplete gamma function, and we use the shorthand Γ(s) := Γ(s, 0), and Creal
n =

O(
√
n) is a normalizing constant equal to the expected number of real eigenvalues.

Proposition B.2 (Complex-eigenvalue density [Edelman, 1997, Thm. 6.2]). Let W ∈ Rn×n be
sampled from real Glorot initialization. The density of a complex eigenvalue λ = x+ iy of W in the
upper half-plane (y > 0) is

µcomplex
n (x, y) =

2n

Ccomplex
n

√
2

π
y exp

[
n (y2 − x2)

]
erfc
(√

2n y
) n−2∑

k=0

(
n(x2 + y2)

)k
k!

, y > 0,

where erfc(x) := 2√
π

∫∞
x

e−t2 dt is the complementary error function, and Ccomplex
n = O(n) is a

normalizing constant equal to the expected number of complex eigenvalues.

Note that the above proposition considers only eigenvalues in the upper half-plane, as the complex
eigenvalues of real Gaussian matrices occur in conjugate pairs. Consequently, the spectral distribution
in the lower half-plane mirrors that of the upper half.

As a result, computing the expectation of the 2k-th moment of the spectrum—analogous to the
approach used in the proof of Theorem 6.1.1 for the complex Gaussian case—reduces to the following
expression in the real case:
Proposition B.3 (Expected k-th absolute moment). For any integer k ≥ 0, the expectation of the
2k-th absolute moment of the spectrum of W can be computed as follows:

E
[ n∑
i=1

|λi|2k
]
=

Creal
n

n

∫
|x|2k µreal

n (x) dx︸ ︷︷ ︸
real eigenvalues

+
Ccomplex

n

n

∫∫
y>0

(x2 + y2)k µcomplex
n (x, y) dx dy︸ ︷︷ ︸

complex conjugate pairs

.

Unlike the complex Glorot case, there is no known closed-form expression for the corresponding
integral in the real setting. Nevertheless, numerical results indicate that the behavior is remarkably
similar across both cases. As shown in Fig. 3, the expected hidden state growth under real and
complex initialization closely aligns. While the mean spectral radius for real matrices is slightly
lower than that of complex matrices, the real case exhibits a noticeably heavier tail in its distribution.

This suggests that although real Glorot initialization is, on average, less prone to instability (as
discussed in Section 4), it can lead to more rapid exponential growth when the spectral radius does
exceed one.
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Figure 3: We show histograms of the maximal eigenvalue sizes for both the real and the complex
Glorot ensembles (i.e Glorot initializations) . One can see that the behavior is similar overall, and
furthermore that the upper bound in Eq. (9) is indeed satisfied with high probability (90.2 percent
in the real case, and 99.2 in the complex case) NB: I’m not sure if the reference is correct. maybe
1− p is needed . There are however two notable differences: the mean of the real Glorot matrices is
slightly smaller than in the complex case, but nevertheless the right tail of the distribution is longer.
While the typical size of the largest eigenvalue is similar in both cases, this latter feature results in the
expected k-th absolute moment being larger in the real case for large k.
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Figure 4: Norms of hidden states ∥hk∥2 in a recurrent layer with i.i.d. Gaussian inputs. The mean
is computed over 100 realizations of W and 5 independent inputs. Both real and complex Glorot
initializations lead to similar unstable (exploding) hidden states.

B.3 Infinite-Width-and-Length Limit

In this section, we formally justify the asymptotic expression for the lower bound of ∥Wkx∥
and ∥ht∥2 in the infinite-width-and-length regime. These result were introduced informally in
Section 6.1.2.

We first show that the bound on E[∥Wkx∥2] in Eq.(19) indeed holds in the double-scaling limit by
the following lemma:
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Lemma B.4. Suppose n, k → ∞ with k = α
√
n for some fixed α ∈ R. Then we have:

1

nk
· (k + n)!

n!
→ eα

2/2. (22)

This type of asymptotic expressions is well-known in mathematical analysis and arises frequently in
the study of factorial approximations and exponential limits.

Proof. Let k = α
√
n for some fixed α > 0. We begin by rewriting the expression:

1

nk
· (n+ k)!

n!
=

k∏
d=1

(
1 +

d

n

)
.

Taking logarithms and using the Taylor expansion log(1 + x) = x− x2

2 + · · ·, we write:

k∑
d=1

log

(
1 +

d

n

)
=

k∑
d=1

(
d

n
+O

(
d2

n2

))
.

Since d ≤ α
√
n, we have d2/n2 ≤ α2/n, so:

k∑
d=1

log

(
1 +

d

n

)
=

1

n

k∑
d=1

d+O

(
k

n

)
.

Using
∑k

d=1 d = k(k+1)
2 , we obtain:

k∑
d=1

log

(
1 +

d

n

)
=

α2n+ α
√
n

2n
+O

(
1√
n

)
=

α2

2
+O

(
1√
n

)
.

Exponentiating both sides yields:

1

nk
· (n+ k)!

n!
= exp

(
α2

2
+O

(
1√
n

))
= exp

(
α2

2

)(
1 +O

(
1√
n

))
,

which completes the proof.

We next formally justify the exponential growth of the hidden state variance E[∥ht∥2] presented in
Eq. (20):

Lemma B.5. Fix 0 < ϵ < α and set t = α
√
n. Define

Sn(ϵ, α) :=

⌊α
√
n⌋∑

k=⌊ϵ
√
n⌋

exp
(
k2/2n

)
k

. (23)

Then

Sn(ϵ, α) =

∫ α

ϵ

ex
2/2

x
dx + Oϵ,α

(
n−1/2

)
, (24)

and the integral admits the asymptotic estimate∫ α

ϵ

ex
2/2

x
dx =

1

2

(
Ei(α

2

2 )− Ei( ϵ
2

2 )
)

=
eα

2/2

α2

(
1 +O(α−2)

)
+ Oϵ(1), (25)

where Ei denotes the exponential integral. In particular,

Sn(ϵ, α) =
n

t2
exp
( t2

2n

)(
1 +O

(
n
t2

))
+ Oϵ(1) + Oϵ,α

(
n−1/2

)
, t = α

√
n. (26)
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Proof. Let ∆n := n−1/2 and f(x) := ex
2/2/x, which is C1 on [ϵ, α]. Writing xk := k/

√
n,

Sn(ϵ, α) =

⌊α
√
n⌋∑

k=⌊ϵ
√
n⌋

f(xk)∆n, (27)

i.e., a left Riemann sum for
∫ α

ϵ
f(x) dx with mesh ∆n. By the mean value theorem on each

subinterval together with endpoint rounding,∣∣∣Sn(ϵ, α) −
∫ α

ϵ

f(x) dx
∣∣∣ ≤

(
(α− ϵ) sup

x∈[ϵ,α]

|f ′(x)|+ 2 sup
x∈[ϵ,α]

|f(x)|
)
∆n = Oϵ,α(n

−1/2),

(28)
which proves (24).

For (25), substitute y := x2/2 (so dy = x dx) to obtain∫ α

ϵ

ex
2/2

x
dx =

1

2

∫ α2/2

ϵ2/2

ey

y
dy =

1

2

(
Ei(α

2

2 )− Ei( ϵ
2

2 )
)
, (29)

where Ei(z) := PV
∫ z

−∞ et/t dt. Using the standard asymptotic expansion Ei(z) ∼ ez

z

(
1 + 1

z +

O(z−2)
)

as z → ∞ yields

1

2
Ei
(

α2

2

)
=

eα
2/2

α2

(
1 +O(α−2)

)
,

1

2
Ei
(

ϵ2

2

)
= Oϵ(1), (30)

which gives (25). Replacing α2 by t2/n in the leading term gives (26).

C Implementation Details

Our implementation is provided anonymously at the following link, and is based on the publicly
available minimal-LRU codebase originally developed by Zucchet et al. [2023]. All experiments are
conducted using the Adam optimizer, with weight decay applied only to non-recurrent parameters.
We employ a cosine annealing learning rate schedule, starting from a base learning rate of 10−3,
with warm-up steps specified in Table 2. All models are trained with six recurrent layers. Model
dimensions and additional hyperparameters are detailed in Table 2.

Table 2: Hyperparameters used for each dataset.
Hyperparameter CIFAR-10 IMDB ListOps
Warmup End 18 7 5
D 512 192 256
H 384 256 192
Batch Size 50 32 32
Epochs 180 65 50
LR Factor 0.025 0.025 0.05
Dropout Probability 0.05 0.05 0

Compute resources and training time. All experiments were conducted on a single NVIDIA
GeForce RTX 2080 GPU, with peak memory usage reaching up to 9 GB. Training the full dense RNN
on CIFAR-10 required approximately 26 hours, while training times for other datasets were notably
shorter. The diagonal variant was more computationally efficient and trained faster; for instance,
training on CIFAR-10 completed in approximately 21 hours. All our experiments are limited to 1K
GPU hours on a single device.

D Additional Experiments

We complement the main results by comparing our approach to two stabilizing strategies for recurrent
models: (i) Layer Normalization [Ba et al., 2016] and LRU parametrization [Orvieto et al., 2023].
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Layer Normalization (LN) (Table 3). LN is a standard normalization technique in classical RNNs
that stabilizes training by normalizing hidden activations within each time step [Ba et al., 2016]. In
our experiments setup in Table 3, we insert LN after each recurrent matrix multiplication in otherwise
linear RNN block. While LN can mitigate optimization instabilities, it breaks strict linearity in the
recurrence, undermining the scan-based parallelism that makes linear models efficient.

We observe that LN enables Glorot to train but at a notable computational overhead; moreover, the
final performance does not surpass our rescaled initialization without LN. For example, in the dense
setting our rescaled model attains the best accuracy (87.55%) while training ≈ 29% faster per epoch
(09:08 vs. 12:51). In the diagonal setting, LN brings Glorot to 80.64%, still well below our rescaled
model without LN (87.31%) and with additional runtime cost. Overall, these experiments suggest
that while LN can mitigate exploding states for otherwise unstable inits, it sacrifices efficiency; our
simple, theory-guided rescaling attains higher accuracy without normalization and preserves the
linear-time scan advantages.

Table 3: Accuracy and time per epoch with IMDB dataset.
Accuracy Training Time [min]

Glorot Dense LN 86.82 12:51
Rescaled Dense LN 86.7 12:51
Glorot Dense - -
Rescaled Dense 87.55 09:08
Glorot Diag LN 80.64 3:25
Rescaled Diag LN 87.28 3:25
Glorot Diag - -
Rescaled Diag 87.31 2:58

LRU parametrization (Table 4). We evaluate our scheme on the complete LRU architecture [Orvi-
eto et al., 2023], which differs from a standard linear RNN in both initialization and parametrization.
Holding the LRU parametrization fixed but replacing its dedicated initialization with our rescaled
scheme yields a modest drop in accuracy relative to the original LRU setup. This is expected, as the
LRU parametrization and initialization were designed to be used in tandem. Nevertheless, our scheme
remains competitive, highlighting that principled rescaling can transfer across parametrizations and
providing a strong baseline for future co-designed variants.

Table 4: Accuracy results with LRU parametrization with IMDB dataset.
LRU 87.32
Diag. Uniform 85.84
Diag. Rescaled 85.67
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