Curse of Attention:
A Kernel-Based Perspective for Why Transformers Fail
to Generalize on Time Series Forecasting and Beyond

Yekun Ke!, Yingyu Liang>3, Zhenmei Shi®, Zhao Song?, Chiwun Yang®
!Independent Researcher, 2The University of Hong Kong, *University of Wisconsin-Madison,
*The Simons Institute for the Theory of Computing at UC Berkeley, *Sun Yat-sen University
keyekun06280@gmail .com, yingyul@hku.hk, yliang@cs.wisc.edu, zhmeishi@cs.wisc.edu,
magic.linuxkde@gmail.com, christiannyang37@gmail.com

The application of transformer-based models on time series forecasting (TSF) tasks
has long been popular to study. However, many of these works fail to beat the
simple linear residual model, and the theoretical understanding of this issue is
still limited. In this work, we propose the first theoretical explanation of the in-
efficiency of transformers on TSF tasks. We attribute the mechanism behind it to
Asymmetric Learning in training attention networks. When the sign of the previous
step is inconsistent with the sign of the current step in the next-step-prediction
time series, attention fails to learn the residual features. This makes it difficult to
generalize on out-of-distribution (OOD) data, especially on the sign-inconsistent
next-step-prediction data, with the same representation pattern, whereas a lin-
ear residual network could easily accomplish it. We hope our theoretical insights
provide important necessary conditions for designing the expressive and efficient
transformer-based architecture for practitioners.

1 Introduction

Attention-based architectures, particularly Transformers, have revolutionized artificial intelligence.
Large language models such as Llama [[1f], Claude-3 [2]], GPT-4 [3], and et al. have significantly
transformed the Al landscape. Besides, vision models like Vision Transformer (ViT) [4] and Data-
efficient Image Transformer (DeiT’) [5] have revolutionized the visual domain by directly processing
image patches, bypassing the limitations of traditional Convolutional Neural Networks (CNNs).
These models demonstrate outstanding performance in fields of natural language processing and
computer vision, driving advancements across diverse fields, including content creation [[6HS]],
software development [9H11]], multimodal application [[12H14]], machine translation [[I5HI7] etc.

Time series prediction tasks are crucial for forecasting future trends and have been widely used
in making data-driven decisions in various fields, such as finance [[18-20]], healthcare [21H23]] and
traffic flow forecasting [24H26]]. In addition to their success in NLP, Transformer models have recently
gained significant attention in time series prediction tasks. The ability of Transformers to capture
involuted patterns and model long-range dependencies has led to their growing adoption in time
series prediction tasks, with several recent studies [27H32]]. These models utilize self-attention
mechanisms to focus on relevant time steps, which makes them particularly well-suited for handling
time series data with irregular intervals and high dimensions. Furthermore, some transformer-based
methods integrate techniques such as temporal fusion [[33]], hierarchical attention [[34]], and patching
process [30]] etc., allowing them to better capture multi-scale temporal dependencies and adapt to
non-stationary patterns in time series.

However, recent studies have challenged the performance of Transformers in time series prediction
tasks. Some researchers have found that simple linear layers can outperform more complex Trans-
formers in terms of both accuracy and efficiency [35}[36]]. Many works have provided explanations
for why Transformer performs worse than simple linear layers on TSF tasks. [35] argue that the
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poor performance of Transformer on TSF tasks stems from its permutation-invariant self-attention
mechanism, which results in the loss of temporal information. [37]] and [38]] attribute the issue to
the Transformer’s practice of embedding multiple variables into indistinguishable channels, leading
to a loss of both variable independence and multivariate correlations. However, there is a lack
of theoretical understanding regarding why transformers often perform worse than simple linear
models in time series forecasting tasks. To address this gap, we present the first theoretical analysis
of this issue, shedding light on the underlying factors contributing to the performance discrepancy.

To demystify the black box, we conducted the following analysis: First, we utilized data generated by
the State Space Model (SSM) [139] to model time series data. This approach builds on the work in [40]],
which demonstrated the SSM'’s robust modeling capabilities for sequential data. Notably, based on
our observation that the linear residual network (N-Linear) [35] performs well in fitting sequential
data, we designed a simple task. In this task, the model only needs to apply a straightforward linear
mapping to the core features of the time series, which results in relatively small errors.

For the sake of subsequent theoretical analysis, we consider an over-parameterized attention network
with a d = 1 in our setting where d denotes the input feature dimension, i.e.,

f(z,w,a) = % iar . <softmax(xd Swy - ), m>
r=1

where m is the hidden neurons number, @ and w are the output and hidden layer weights respectively
and z is the input data. Our theoretical analysis shows that the training method for next-token
prediction induces asymmetric feature updates during gradient descent. Specifically, the parameter
w, will be updated in the direction of the parameter a,. By connecting our setup with vanilla
Attention, the above conclusion means that the weights of Wy and Wy will be updated in the
direction of Wy . Our results show that in the case of d = 1, such asymmetric learning is detrimental
to the generalization of sequential data. Then, we introduce inconsistent next-step prediction.
Specifically, because w, updates along the direction of a,, when the model overfits and a, = —1, w,
becomes negative, leading to very small weights for the final timestep feature after applying Softmax.
This makes it difficult for the model to learn residual features effectively.

Besides, we further propose a theoretical insight: linear models can exhibit exceptional performance
on the task in generalization on SSM sequence data. In contrast, no matter how over-parameterized
the attention mechanism is, how large the dataset is, or how long the training time is, it will fail to
generalize on SSM sequence data.

Our main contributions can be outlined as follows:

o We demonstrate that asymmetric learning in transformer-based models is the root cause
of their underperformance in time series forecasting. Specifically, when the sign of the
previous step conflicts with the current step in next-step prediction, the attention mechanism
fails to effectively learn residual features, which limits the model’s ability to generalize on
out-of-distribution (OOD) data.

e We provide a theoretical analysis showing that linear residual models outperform trans-
formers in generalizing to sequential data, as even over-parameterized attention networks
fail to match the generalization capability of simple linear models. Moreover, we extend our
analysis to d > 1 case and discuss several potential solutions for future study.

2 Related Work

Time Series Forecasting. Time Series Forecasting (TSF) [41H44]] is a classical task of predicting
future values based on historical data, widely used in finance, weather, traffic, and healthcare.
Traditional methods like ARIMA [[45]] and ETS [[46]] have been reliable due to their solid theoretical
foundations, but they are limited by assumptions such as stability and linearity, affecting real-world
accuracy. In recent years, the rapid development of deep learning (DL) has greatly improved



the nonlinear modeling capabilities of time series forecasting (TSF) methods. For example, Liu
et al. [47]] utilize LSTM [48]] for multi-step forecasting in time series tasks and demonstrate that
its performance outperforms traditional models. Li et al. [49] present a bidirectional VAE with
diffusion, denoise, and disentanglement, improving time series forecasting by augmenting data and
enhancing interpretability, outperforming competitive methods in experiments. With Transformer’s
outstanding performance in NLP and CV, it has quickly been applied to time series forecasting
tasks, demonstrating superior performance compared to traditional methods. Notable works include
Informer [27]], Autoformer [28]], FEDformer [29]], PatchTST [30], Pyraformer [[31]], iTransformer [32]].

Neural Tangent Kernel. The Neural Tangent Kernel (NTK) was initially proposed by Jacot et al.
[50] to provide a framework for understanding over-parameterized neural network training behavior.
This work showed that, under specific conditions, deep neural network training can be approximated
by a linear model, with the NTK governing parameter evolution during gradient descent. Since
its introduction, NTK has become a key tool for analyzing training in over-parameterized models.
Building on this work, many studies have focused on generalizing the NTK theory to various network
architectures at over-parameterization, such as [5IH60]. It has been demonstrated that Gradient
Descent can effectively train a sufficiently wide neural network and will converge in polynomial time.
The NTK technique has gained widespread application in various contexts, including pre-processing
analysis [58] 61H64]], LoRA adaptation for LLM [[65H68]], federated learning [[69], and estimating
scoring functions in diffusion models [[70, [71]].

Theory for Understanding Attention Mechanism. The attention has become a cornerstone in Al,
particularly in large language models (LLMs), which excel in NLP tasks such as machine translation,
text generation, and sentiment analysis due to their ability to capture complex contextual relationships.
However, understanding the attention mechanism from a theoretical perspective remains an ongoing
challenge. Several works have explored the theoretical foundations and computational complexities
of attention [558,[72H92]], focusing on areas such as efficient attention [93HI13]], optimization [114],
and the analysis of emergent abilities [II5H125]. Notably, [73] introduced an algorithm with provable
guarantees for attention approximation, [[126]] proved a lower bound for attention computation based
on the Strong Exponential Time Hypothesis, and [75] provided both an algorithm and hardness
results for static attention computation.

14 W Niinear A Background feature
A DlLinear )
1.2 & FEDformer Grad.of x -x | >0
¥ Autoformer examples
Informer
" 1.0 & Pyraformer
S e N T r
Sos : } Feature Contamination
w
(2] L
Z06 + sum of gradient >
Core feature
0.4 ¢
o L 2 Grad.of x -x |, <0
0.2 examples
0.95-1 100 ot 102 Asymmetric Learning of Attention

Model Parameters (Millions)
(a) (b)

Figure 1: (a) We compare the work of previous model [28, 29, 31} 35, 47] on the benchmark dataset
ETTh1 and ETTh2. The experimental results show that, even though the simple linear models,
NLinear and DLinear, have far fewer parameters than Transformer-based models, they exhibit
superior generalization ability on TSF tasks. (b) Theoretical-expected gradient direction of training
transformer-based model on TSF tasks. In our setup, we focus on the features at the last time step
(also referred to as core features), denoted as x;41 and the features at previous time steps (also
referred to as background features), denoted as z;, (k € [d]). Our theoretical findings suggest that
the asymmetric feature updates in attention make it difficult for the attention mechanism to learn the
recent residual features when the directions of x4, and z;, are not aligned. In detail, the gradient
when training data satisfies . - x4+1 < 0 is contaminated by background features due to the learning
disadvantage of attention.
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3 Background: Transformer Fails to Beat Linear Model in TSF

As a crucial research direction for data science and statistics, time series forecasting (TSF) tasks
have played an important role in various domains, including finance analysis, health care, energy
management, etc. In recent years, with the outstanding performance of Transformers in the field
of Computer Vision (CV) and Natural Language Process (NLP), many studies have applied the
Transformer architecture to time series forecasting tasks [27H32} [127]]. The primary reason for
introducing Transformer-based methods into TSF tasks is their attention mechanism, which effectively
models long-range dependencies in the time domain. For instance, Informer [27]] introduces the
ProbSparse self-attention mechanism and self-attention distilling techniques, enabling Transformer-
based methods to handle long sequence time-series forecasting (LSTF) efficiently; FEDformer [29]]
introduces seasonal-trend decomposition and frequency enhancing techniques, enabling the model
to capture global time-series trends; Crossformer [[37]] introduces the Dimension-Segment-Wise
embedding and Two-Stage Attention techniques, enabling Transformer-based models to efficiently
capture both cross-time and cross-dimension dependencies for multivariate time series forecasting.

However, it is still debated whether Transformer-based models are more efficient than other deep
learning models for time series tasks. The suitability of Transformer-based models for long-term time
series forecasting tasks is questioned in [35]. The authors highlight that although these models are
effective at capturing semantic correlations, their permutation-invariant self-attention mechanism
causes a loss of temporal information. To support this, they introduce a one-layer linear model,
LSTF-Linear, which outperforms advanced Transformer-based LTSF models across several TSF
Benchmarks. They also suggest revisiting the effectiveness of Transformer-based approaches for
TSF tasks. Recently, [128] introduced a novel frequency-domain MLP approach for TSE. By utilizing
a global perspective and energy compaction in the frequency domain, this MLP-based method
surpasses Transformer-based models, delivering exceptional performance in both short-term and
long-term forecasting scenarios. Furthermore, we present the experimental results of existing work
(128} 29] 31}, 135} [47]] on prediction performance on the benchmark datasets ETTh1l and ETTh2, as
shown in Figure[I] (a). The data indicates that, despite Transformer-based methods having model
parameters 1000 times larger than those of simple linear models, their prediction performance on
time series data remains significantly inferior to that of the linear models. This discrepancy raises
questions about the effectiveness of such large-scale models in time series forecasting tasks.

Therefore, why vanilla transformers are not efficient for time series prediction tasks has become a
hotly debated issue recently. A lot of work has shed light on this question: [35] proposed that the
permutation-invariant self-attention mechanism may lead to the loss of temporal information. After
that, [[129]] highlights that Transformers in time-series forecasting suffer from overfitting due to their
data-dependent attention mechanisms. In contrast, linear models with fixed time-step-dependent
weights effectively capture temporal patterns and demonstrate better generalization on datasets with
strong temporal dependencies. [[32] highlighted the inefficiencies of vanilla Transformer models in
time series forecasting, arguing that embedding multiple variables of the same timestamp into a
single token results in the loss of crucial multivariate correlations, which hinders the model’s ability
to capture variable interactions. The token formed at a single time step may fail to capture useful
information due to its limited receptive field and the misalignment of events occurring simultaneously.
However, the lack of a theoretical explanation behind why the vanilla Transformer model is less
efficient than simple linear models in time series tasks remains unexplained. In our paper, we use
the NTK framework to analyze and provide a theoretical explanation for the underlying cause of
this issue.

4 Preliminary: Problem Definition

We present our formal problem definition in this section. In Section 4.1, we introduce the task within
our framework, the Residual State Space Model (SSM), and describe how we use the Residual SSM to
generate training data. Section[.2]introduces our two-layer attention model and its training details.



4.1 Task and Data

We consider a time series forecasting task with an input space X' € R, a label space ) € R, a model
classH : X — R,and aloss function L : Y x Y — R.

For every dataset D := {(x;,y;)}}—; over X x ) and model h € H, our training objective of h is given
as L(h) := 3 31" | (h(x;) — y;)*. In our times series forecasting task, there exists a set of distributions
D that consists of all possible distributions to which we would like our model to generalize. In
training, we have access to a training distribution set Dy, € D, where Dy, may contain one or
multiple training distributions. It’s clear that without further assumptions on D4, and D, the time
series forecasting task is impossible since no model can generalize to an arbitrary distribution.

In recent years, State Space Models (SSM) [39, 40} 130HI35]] have been widely applied in various
fields, particularly in time series analysis, computer vision, and machine learning. Specifically, [40]
offered a simple mathematical explanation for S4’s ability to model long-range dependencies and
demonstrated the strong performance of S4 and its various variants on benchmark tasks. This also
indicates that state space models can represent almost all known time series data. To formalize this,
in this work, we assume that our training data and testing data are generated by a residual state
space model defined as follows.

Definition 4.1 (State space model (SSM), informal version of Lemma|C.1)). The state space model is
defined as follows:

e For matrices A € RV*N B c RN*1 ¢ ¢ RNx1

o For k € [d], the state space model is given by:
hgy1 = Ahy + Bup € RY
Uk41 1= CTh;Hl e R.

e Denote Ky, :=CT A*"1B e R for k € [d].

Denote Gy, := CT AF=t € RN for k € [d].

o We can rewrite uy, = Zﬁ: Kr—w - g + Grhy,Vk € [d].

Also, we have the following claim about Residual SSM for generating data:

Claim 4.2 (Residual SSM for generating data, informal version of Claim[C.2)). Since we define the state
space model in Definition we can show that for a initial state hy € RY, there is:

Up 1= <Pk,h1>, Vk € [d+ 1],
where Py, := G, + Zi: Ki_y - P € RN,

Hence, we define residual SSM here. We consider {Py }i11 C RN as the features of this SSM. The residual
SSM focuses on the last few features to be the core features of the next step prediction. Otherwise, the rest of the
features are the background features. We define:

Toore :={d — k +1,Yk € [do]}
7Tag = [d]/7—core-
Besides, by choosing some appropriate value for A, B and C, we can show that for a certain v < 1, we have:
e Property 1. The norm for features: ||Py|l2 = 1,Vk € [d + 1].

e Property 2. Similarity of features:

<Pkapd+1> - 'YaVk S 7—Core
<Pk17pk2> = 07Vk1 € 7zore; k2 € Rg-

o Property 3. We especially consider dy = 1.



With the above definitions, we introduce our data generation model as follows:

Definition 4.3 (Data Generation, informal version of Definition [C.3)). Let the residual state space model
be defined as Definition then we define the data generator, for i € [n]:

o Sample h; 1 ~ N (0, In). Generate u; = [u;1,u; 2, ,Uid,Wiar1) € R via Claim

o Sample & ~ N (0,0 - I411) where o > 0 is a small constant.

oz, =[1;1,Ti2,  ,Tia) €RIwherex; =y + & fork € [d.

® i :=Ujgy1+&iar1 €R

We define the training dataset as D = {(x;,y;)}; C RY x R.

4.2 Model and Training.

In this section, we state our model setting and details of its training.

Model. In this paper, we consider a two-layer attention model:

m

flz,w,a):= % ;ar : <softmax(:cd “wy ), .1‘>

with the hidden-layer weights w(0) := [w1(0), w2(0), - - 7wm(O)]T € R™ and output-layer weights
a € R™. To simplify our analysis, we keep output layer weights fixed during training, which is a
common assumption in analyzing two-layer neural networks[l68} [71} [136]]. Such a stylized setting has
been widely used for studying the learning behavior of transformer-based models [[114] 137, 138]],
and they gave detailed derivations and guarantees for its connection to attention.

Assumption: Zero Initialization on Training Data. For hidden-layer weights, we randomly initialize
that w(0) := [w1(0),w2(0),--- ,wm(0)] € R™, where its r-th column for r € [m] is sampled by
wy(0) ~ N(0,1). For output layer weights, We randomly initialize a € R™ where its r-th entry for
r € [m] is sampled by a,. ~ Uniorm{—1, +1}. And let training dataset D := {(z;,v;)}7; C R? x R.
Then we assume that f(z;, w(0),a) = 0,Vi € [n] in our setting.

Training. Consider a training dataset D = {(z;, y;)}?_; where the i-th data point (z;,y;) € R? x R
which are generated in Definition[4.3} The training loss is measured by the ¢, norm of the difference
between the model prediction and ideal output y;. Formally, the training object is

L(w(t)) =

N | =

Z(f(%,w(t)va) —y:)%

where w and a denote hidden-layer weights and output-layer weights, respectively. Then, we use
gradient descent (GD) to update the trainable weights w(t) with a fixed learning rate > 0. Then
for t > 0, we have

w(t +1) = w(t) —n - VuL(w(?)),

where 1 denotes the fixed learning rate in the training process.

5 Training Convergence with Asymmetric Learning

In this section, we present the analysis of training convergence with asymmetric learning. In Sec-
tion[5.1} we will present the key tools we used: the Neural Tangent Kernel (NTK) induced by our
model, Kernel Convergence, which is key needed for the NTK analysis, assumptions on NTK, and
the associated assumptions. In section[5.2} we present the main result of our paper, which provides a
convergence guarantee for asymmetric learning within our framework.



5.1 Neural Tangent Kernel

Neural Tangent Kernel (NTK)[50] provides a powerful tool for understanding gradient descent in
neural network training, particularly for analyzing the behavior and convergence of deep networks[l60}
69, [139H141]]. Here, we give the formal definition of NTK in our analysis, which is a kernel function
that is driven by hidden-layer weights w(t) € R'*™. To present concisely, we first introduce an
operator function in the following. For all i € [n] and r € [m], we have

Uir(t) == exp(xi, () - we(t) - x;) € R¢,
oz”(t) = (u; (1), 1q) € R,
(t) —O‘H’( ) ! Uir( ) e R

H(

Then, we define the kernel matrix H(¢) as an n x n Gram matrix, and the (i, j)-th entry of the block is

o) = a3 (10 (00,25%) = (S0, (0,2) - (183(0.03) = (55, (0),2,)%).

where we define z°2 := z o z. Here, we introduce the assumption of NTK, which is widely used in
literature.

Assumption on NTK. In the NTK analysis framework for the convergence of training neural networks,
one widely used and mild assumption is that H* := H(0) is a positive definite (PD) matrix, i.e.,
its minimum eigenvalue A := Ay (H*) > 0. With this, the theorem of training convergence with
Asymmetric Learning is presented as follows.

Next, we introduce the convergence property of the kernel, which is key for the NTK analysis and is
formalized below (details in Section [H).
Lemma 5.1 (Kernel Convergence, informal version of Lemma [F.4). For § € (0,0.1), B = max{1,

V(I + 02)1og(nN/5)} and D = max{/log(m/J),1}. For any r € [m], we have |w,(t) — w,(0)] < R
and let R < npoly(exp(32) ooy - Then with probability at least 1 — 6, we have |H(t) — HO)||r <

O(nR) - exp(O(B2D)) and Amim (H(t)) > A/2.

Proof sketch of Lemma[5.1} For Part 1, we first decompose |H; ;(t) — H; ;(0)| into the sum of four
subparts using the triangle inequality. Then, we apply the inequality proven in Lemma to
the upper bound for each part. Then, using the definition of the Frobenius norm, we prove that
|H(t) — HO)||r < O(nR) - exp(O(B?D)). For Part 2, we can easily get the result by taking the
appropriate value of R and Fact Please see Lemma|[F.4|for the detailed proof of Lemma O

5.2 Training Convergence with Asymmetric Learning

Now, we present our first theorem regarding the convergence of training with Asymmetric Learning:

Theorem 5.2 (Informal version of Theorem [LI)). Given an error e 0. For 6 €
(0,0.1), B = max{\/1—|—02 Ylog(nN/6),1} and D = max{\/log( m/5 1}, Let m =
Q(poly(A ™1, exp(B?),exp(D)),n, d) and the learning rate n < O(poly(exp(Bz)exp(D)),n d)). Let T >
Q(n/\ log(nB?/¢), we have: L(T) <

Denote vy = min{% > k-=1($z K — )2}, whereT; = a ZZ x; . The Asymmetric Learning of
model weights is expressed by w,(t) updatzng with a, as formulated below forany t = Q(7—):

o Part 1. Pr[w,(t) > Ola, =1] > 1 —4.
o Part 2. Pr[w,(t) < Ola, = —1] > 1 —4.

Proof sketch of Theorem For the upper bound of L(T'), we can get the result by combining the
result of Part 2 of Lemma Part 1 of Lemma and taking the appropriate value of m,n, T For
the analysis of asymmetric learning, we can get the result by combining the result of Lemmal(l.3|and
taking the appropriate value of mm, 7, T'. Please see Lemmal[.T]for the detailed proof of Lemmaf.2, [



Residual Feature and Asymmetric Learning. In our setting, the residual feature represents the
feature of the last time step in time series data, which plays a crucial role in the next-step prediction
task. For the input data » € R?, we take x4 as the residual feature. Our Theorem suggests that as
training progresses, the direction of the hidden layer weight update w, tends to align with the sign
of the output layer parameters a,.. This implies that if a,, = +1, w, is likely to converge to a positive
value as the training of the model progresses. Now, we consider the case where the residual feature
x4 and the next step label y have the same sign; if a, = 1 and after training progress, the parameter
w, converges to a negative value, the attention score of the residual feature x4 after Softmax function
will be extremely small. As a result, the model will struggle to learn the residual feature. A similar
analysis can be applied when z; and y have opposite signs. It depends on a, taking the value of —1
to learn the residual feature effectively.

Based on the analysis above, we have our second main result as follows:

Theorem 5.3 (Attention fails to learn residual feature, informal version of Theorem [[.2)). Let all
pre-conditions in Theoremhold.For any Gaussian vector  ~ N(0,0'* - I;). For all v € [m)] that satisfies
ar = —1, with a probability at least 1 — §, we have:

E[softmax,(zq - w,(t) - )] < E[softmaxy (x4 - w,(t) - x)]

Please see Lemma [L.2)for the proof details of this theorem.

6 Attention Fails in Sign-Inconsistent Next-step-prediction

In this section, we define the sign-inconsistent next-step-prediction evaluation task and provide
a theoretical analysis of the attention mechanism and residual linear model based on this task.
Specifically, we introduce this task in Section We present the Residual Linear Network in
Section[6.2] In Section[6.3] we give each model a theoretical boundary on this task.

6.1 Sign-Inconsistent Next-step-prediction

In this section, we present a new task named Sign-Inconsistent Next-step-prediction. In subsequent
sections, we will analyze the theoretical capabilities of the attention mechanism for this task. We
define the task formally as follows:

Definition 6.1. Let the residual state space data model be defined as Definition then we define the
sign-inconsistent next-step-prediction evaluation task, considering d = N:

_ T d+1
1. SamPle htest ~ N(07 IN) Generate Utest,i — [Utest,i,la Utest,i,2y " ** 5 Utest,i,d» utest,i,d—‘—l} eR +
via Claim

2. If Upest,i,d - Utest,i,d+1 > 0, redo 1.
3. Sample Eest i ~ N(0,0 - Iq11) where o > 0 is a small constant.
4. Ttest,i = [mtest,i,h Ttest,i,2) " " ° 7$test,i,d]—r € R? where Ttest,i,k ‘= Utest,i,k T ftest,z‘,kfor ke [d]
5. Ytest,i 1= Utest,i,d+1 + Etest,i,d+1 € R.
We define the test dataset as Dyest, := {(Ttest.is Ytest,i) Ji" C REIxR. Especially, {x;}7_y N {qest i 1ot = 0.
For any mapping function H : RY — R, the OOD risk is given by:

D . J— . 2
R(H) T htesc,iN%(O,[N)[(H(xteSt’Z) ytest,z) ]

6.2 Residual Linear Network

In this section, we present residual linear network[[35] mainly to compare it with the attention
mechanism on the Sign-Inconsistent next-step-prediction evaluation task. Specifically, the residual



linear network first subtracts the last value of the sequence from the sequence from the input
data. This operation removes certain biases or trends in the data, aiming to eliminate unnecessary
components that might negatively impact prediction accuracy. Then, the data is passed through a
linear layer. This layer can apply more intricate transformations to capture the underlying linear
patterns within the data. Finally, the subtracted part will be added back. The purpose of this step is
to retain the original characteristics of the data after removing some of the shifts while still benefiting
from the transformations applied. The formal definition of the residual linear network is as follows:

Definition 6.2. Given an input vector x € R<. Denote wy, € R as the model weight. The residual linear
network is defined by:

flin(x) = <w1in7x — X4 - 1d> + 4.

6.3 Generalizations

This section provides a proposition demonstrating the bound on the OOD risk of the residual linear
network and attention mechanisms for the Sign-Inconsistent next-step-prediction evaluation task.

Proposition 6.3 (Informal version of Proposition[J.3). We have:

o Part 1. Let all pre-conditions in Theoremhold, thereis now(t) € R™ that satisfies R(f) < 5(02).

o Part 2. There exists and exists only one wy,, that satisfies ZZ;} wity k- P = Pat1 — Pa. Hence,
we have R( fiin) < O(c?).

Please see Proposition[J.3|for the detailed proof of this proposition.

Remark. Part 1 of Proposition [6.3|shows that even if the width of the hidden layers is sufficient, and
the model is trained for a long enough time, the attention mechanism fails to reduce the OOD risk to
a sufficiently low level in this task. In contrast, Part 2 shows that a set of parameters exists for the
residual linear model that can reduce the OOD risk to the same bound in this task. In conclusion, we
theoretically prove that the attention mechanism performs worse than a simple residual linear model
on OOD generalization tasks. This proof provides insight into why Transformers underperform on
TSF tasks compared to simple linear models.

7 Discussion

Based on our theoretical results above, we provide a discussion about Asymmetric Learning in
the case of the multi-dimensional transformer in Section|7.1|and a discussion about some potential
solutions to Asymmetric Learning in Section[7.2}

7.1 Asymmetric Learning in Multi-Dimension Case

We consider the real-world case of training a transformer-based model. For each layer of attention,
we define:

Attn(X, W) := SXWy,

where X € REX4 is the output of previous layer, S := softmax(XWX ") € R"*" is the attention
matrix, L is sequence length and d is dimension. Moreover, W := WoW/ /Vd € R%*9 is the
combination of query and key projections, Wy, € R4*? is the value projection. Therefore, by simple
calculation, we have the gradient of W in the back-propagation process. Given the gradient of the
next layer G € RE*4, we have:

AL s d

i=1 j=1

=XT(SO@EWyXT — (Attn(X, W) ® G)1axn)) X,



where the L denotes the training objective of the whole model. Thus, we update W using the learning
raten > 0:

dL
X(W - 77W)XT =XWX"T —nXXT (S (GWy X" — (Attn(X, W) © G)1gxn)) XX .

Since X X T is a positive definite matrix, attention matrix S is an all-positive matrix and every column
of matrix (Attn(X, W) ® G)1axn is provably to equal, affecting little to attention matrix, we suggest
the updated attention matrix will greatly depend on the term GW;} X T.

We now focus on diagonal entries, so-called local entries, for ¢ € [n], we have the following two cases:

e Case 1. When (G;, WJ X;) > 0, attention fails to allocate larger values on local entries but
attends to other entries.

e Case 2. When (G;, Wi} X;) < 0, attention successfully allocates larger values to the local
feature.

7.2 Potential Solutions

We provide several potential solutions as follows:

o Differential Transformer. [142] introduces Differential Transformer that implements
DiffAttn(X, W) := (S1 — AS2)XWy where A € (0,1) is a trainable parameter, S; :=
softmax(XW1X) and Sy := softmax(XW,X). It amplifies attention to the relevant con-
text while canceling noise, which might be a potential approach to relieving the asymmetric
learning in attention.

e Patching. Due to the sensitivity of the TSF tasks, patching is a constructive trick that
enhances the capability of the attention mechanism to catch precise features [4]. Usually,
a patching layer is a reshape transformation, denoted P(-). For a time series z € RT for T
steps, P(z) € RE*4 not only reshapes the data but also combines padding and reusing it.

o Rotary Position Embedding (RoPE). Since the property of long-term decay of RoPE [[143]],
this solution will force the attention to allocate larger values to the local feature. On the
other hand, our theoretical results also emphasize the importance of time-varying inductive
bias in attention.

e Gradient Correction, Regularization and Weight Decay. We believe utilizing the correction
or regularization term could help relieve the situation in Case 2. For instance, Adam opti-
mizer performs better than SGD in training a transformer. Few prior works have discussed
the importance of these terms on fast training and generalization [[144-147]].

8 Conclusion

In this work, we give the first theoretical explanation of the learning mechanism behind the
transformer-based models’ inefficient performance on TSF tasks. We focus on the attention network
to predict the next-step in the time series, whereas we find that the value of output-layer a, (value
projection in attention network) will lead the asymmetric learning to the hidden-weights w,., and it
further leads the softmax scores on some important features unavoidably being low value. That is,
attention fails to learn the most common behavior in TSF tasks, residual feature (a.k.a differential
feature). Our theoretical confirmation could provide more constructive insights for practitioners to
design and improve more efficient transformer-based architecture for the field of time series.
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A Notations

We denote the Gaussian distribution with mean ;1 and covariance X as N'(p, ¥). For any positive
integer n, we denote the set {1,2,...,n} as [n].

In our paper, we use E[] to denote expectation. We use Pr[] to denote probability. Given a vector

z € R", we represent the £, norm of z as ||z|2 = (3, 22)}/2. We denote the ¢; norm of z as

(3
[ 2]l1 == >_1; |2] and ||z]|o as the number of non-zero entries in 2, ||z||oc as max;c(,) |2i|. We use 27

to denote the transpose of a z. We use (-, -) to denote the inner product. Given a matrix A € R"*4,
we use vec(A) to represent a length nd vector. We use [|Al|r := (3¢ jeja 45 ;)1/2 to represent the
Frobenius norm of A. For a function f(z), we say f is L-Lipschitz if || f(z) — f(y)|2 < L |2 — y]|2-
Let D denote a distribution. We use  ~ D to denote that we sample a random variable z from
distribution D. The p.s.d is denoted the positive-semidefinite matrix.

As we have multiple indexes, to avoid confusion, we usually use 7, j € [n] to index the training data,
¢ € [d] to index the output dimension, r € [m] to index neuron number.

Given a matrix X € RV*N we define X° = Iy, X! = X, X? = X - X, etc. In this paper, d represents
the number of time steps in the time series.

B Probability Tools and Facts

Firstly, we present Hoeffding bound lemma as in [[148]].
Lemma B.1 (Hoeffding bound, [148]]). Let Z1, ..., Z, be n independent variables bounded in [a;, b;] for
a;,b; € R. Define Z := Y| Z;, then we will have:

2t
>ima (bi — a;)?
Then, we present some useful facts which will be used in our paper.

Fact B.2. For a Gaussian variable x ~ N'(0,0? - I;) where o € R, then for any t > 0, we have:
2t

2o
Fact B.3. For n variables X; ~ N (0,0?) where o; € R for i € [n], we have:

=1 =1

Fact B.4. Given a Gaussian vector x ~ N(0,021,) with o € R, for any fixed u € R?, we can show that:

(@, u) ~ N(0,0°||ull3 - Ia)
Fact B.5. For a variable X ~ N (0,0?), with probability at least 1 — &, we have:

1X| < Coy/log(1/5)

Fact B.6. For x € (—0.01,0.01), the following approximation holds

exp(z) = 1+ 2z + 60(1)z2
Fact B.7. For two matrices H, Hc R™*™ we have:

Awin(H) > Mwin(H) — | H — Hl|

Fact B.8. Given a softmax vector s € R where (s,14) = 1 and s, > 0,Vk € [d] and a vector x € R%.

Pr(|Z — EIZ]| > 1] < 2exp(~ )

Prlz <] <

We define @ := L SO0 _ @y, v, := L300 _ (¢ — T)2. There exists a small constant ¢ > 0 such that:
1
ﬁ<1d’x — 14 (s,x)) > c vy
Fact B.9. For x € (0, 1), integer t > 0, we have:
t
1 2
o) <<=
Z( @) = log(l—z) ~— z

T=1
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C Data
C.1 Residual State Space Model

Definition C.1 (State space model (SSM)). The state space model is defined as follows:
e For matrices A € RV*N B e RN*1 ¢ c RNx1
e For k € [d], the state space model is given by:
hit1 := Ahy + Bug € RN
Upsr :=C hgpyr €R
Denote Ky, :=CT A*"1B € R for k € [d].
Denote Gy, := CT A*~1 € RN for k € [d].

o We can rewrite uy, by:
k—1
up = Y Ki—n -t + Geha, Vk € [d]

k=1
Claim C.2 (Residual SSM for generating data). Since we define the state space model in Definition
we can show that for a initial state hy € RY, there is:

U = <Pk,h1>,Vl€ S [d+ 1],
where Py, := Gy, + Zi;i Ki_r - P. € RV,

Hence, we define residual SSM here. We consider {Py }i+1 < RN as the features of this SSM. The residual
SSM focuses on the last few features to be the core features of the next step prediction. Otherwise, the rest of the
features are the background features. We define:

Teore :={d — k + 1,Vk € [do]}
%g = [d]/%ore

Besides, by choosing some appropriate value for A, B and C, we can show that for a certain v < 1, we have:

e Property 1. The norm for features:
|Prlle = 1,Vk € [d + 1]

o Property 2. Similarity of features:

<,Pk:773d+1> = ’Y,Vk‘ S 7::ore
<7)k1,7)k2> =0,Vk1 € Teore, k2 € ’H)g

o Property 3. Residual features:

d—1 1 1 1

Pasi=—— Y. — Prt= — Pk
d 0 0

kenore k‘€7’bg

o Property 4. We especially consider dy = 1.

Proof. We have:

k=1
up = Y Kion -t + Gha, Vk € [d]
rk=1
= <Pk:a h1>
Above, the first equation is trivially from Definition|[C.1} The 2nd equation is based on simple algebra
and the definition of Py, Vk € [d]. O
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C.2 ID Data Generator

Definition C.3. We define the residual state space model as specified in Definition Then, we are able to
define the data generator for i € [n]:

o Sample h; 1 ~ N (0, Iy).

o Generate u; = [u; 1,U; 2, ,Uid, Uiar1] € RIT! vig Claim

o Sample & ~ N (0,0 - I411) where o > 0 is a small constant.

o u;=[v1,Ti0, T4 €RIwherex; = u;+ &k for k € [d).
® y;:=1uqr1+&ar1 €ER

We define the test dataset as D := {(z;,y;)}7-; C R x R,

C.3 OOD Sign-Inconsistent Next-step-prediction Task

Definition C.4. Let the residual state space data model be defined in Definition Then we can define the
sign-inconsistent next-step-prediction evaluation task:

1. Sample hiesy ~ N (0, 1,,). Generate test i = [Utest.i15 Utest.i25 " > Utest,i.ds Utest,idi1] | € RET
via Claim[C.2)

2. If Uest,i,d - Utest,i,a+1 > 0, redo 1.

3. Sample Eest,i ~ N (0,0 - Iy41) where o > 0 is a small constant.

4 Tiosti = [Trestil, Tresti2s  » Trestind] | € RE where Teest ik = Utest.ik + Evest.ik for k € [d].

5. Ytest,i 1= Utest,i,d+1 T+ Etest,i,d+1 € R.

We define the test dataset as Diest, := {(Ttest.is Ytest,i) Jit C REIxR. Especially, {2;}7_y N {@test i 1t = 0.
The OOD risk is given by:

1 Ntest

Z (H(xtestﬂ’) - ytest,i)Q
i=1

R(H):= lim

Ntext —>+00 Niext

D Problem Setup

D.1 Weights and Initialization
Definition D.1. We give the following definitions:

o Hidden-layer weights w € R™. We define the hidden-layer weights w := [w1, ws, - - - 7wm]T
R™ where w, € R,Vr € [m].

S

o Output-layer weights a € R™. We define the output-layer weights a := [a1,az, - - ,am]T eRrR™,
especially, vector a is fixed during the training.

Definition D.2. We give the following initialization:

o Initialization of hidden-layer weights w € R™. We randomly initialize that w(0) :=

[w1(0)7 w2(0)> T awm<0)}—r
N(O,1).

€ R™, where its r-th column for r € [m] is sampled by w,(0) ~

o Initialization of output-layer weights o € R™. We randomly initialize a € R™ where its r-th
entry for r € [m] is sampled by a, ~ Uniorm{—1,+1}.
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D.2 Model
Definition D.3. Suppose we have the following:

e For a input vector x € R,
e For a hidden-layer weights w € R™ as Definition|[D.1}
e For a output-layer weights a € R™ as Definition

We define:

f(z,w,a):

Zm: <softmax Ty Wy T), x>

ﬂ\

D.3 Training
Definition D.4. Suppose we have the following:
o Initialize w(0) € R™ as specified in Definition
e Initialize a. € R™ as specified in Definition[D.2]
o Define f: R x R™ x R™ — R as specified in Deﬁnitz’on
e Foranyt > 0.
o Let training dataset D := {(z;,y;)}1; C R? x R be given in Deﬁnition

Then we can define:

n

Z(f(xi,w(t),a) — i)

=1

L(t) :=

N

Definition D.5. Assuming the following conditions are satisfied:
o Initialize w(0) € R™ as specified in Definition
o Initialize a € R™ as specified in Definition
e Define f : R x R™ x R™ — R as specified in Deﬁnition
o Define L(t) be specified in Definition
o Denote the learning rate n) > 0.
We define:
w(t+1) :=w(t) —n-Aw(t)
= w(t) = NV L(t)
D.4 Evaluation
Definition D.6. Assuming we have the following conditions:
e Initialize w(0) € R™ as specified in Definition
o [nitialize a € R™ as specified in Definition
e Define f : R x R™ x R™ — R as specified in Deﬁnitz’on
o Let test dataset Diest := {(Ttest,is Ytest,i) o' C R x R be defined as Deﬁnition
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We define:

Z(f(xtest,iy w(t>7 CL) - ytest7i)2
=1

1

2ntest

Ltest (ﬁ) :

D.5 Assumption 1: Zero Initialization on Training Data
Assumption D.7. Assuming the following conditions are satisfied:

o Initialize w(0) € R™ as specified in Definition

e Initialize a € R™ as specified in Definition[D.2]

o Let f:RY x R™ x R™ — R be given in Deﬁ'nitz’on

o Let training dataset D := {(z;,y;)}7_; C R? x R be defined in Deﬁnition
We assume that:

f(zi,w(0),a) =0,Vi € [n]

E Gradient Descent

E.1 Simplifications
Definition E.1. Suppose we have the following:

o Initialize w(0) € R™ as specified in Definition|D.2

Initialize a € R™ as specified in Definition [D.2}
o Let f:R% x R™ x R™ — R be given in Deﬁ'nition
e Let training dataset D := {(z;,y;)}7_, C R? x R be specified in Deﬁnition
e Fori € [n],r € [m].
e Foranyt > 0.
Now, We define u; ,-(t) as the following:
u;r(t) :=exp (xi,d cwy(t) - xi) € R?
Definition E.2. Suppose we have the following:

o Initialize w(0) € R™ as specified in Definition|D.2

Initialize a € R™ as specified in Definition|[D.2}
e Foranyt > 0.
o Let training dataset D := {(z;,y;)}"_; C R? x R be specified as Deﬁnition
e Fori € [n],r € [m].
e Define u; -(t) € R? as specified in Deﬁnitz‘on
We define:
o (t) = (uir(t),1q) €R

Definition E.3. Suppose we have the following:
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Initialize w(0) € R™ as specified in Definition|D.2

Initialize a € R™ as specified in Definition [D.2}

Foranyt > 0.

Let training dataset D := {(z;,v;)}7_; C R? x R be specified as Deﬁnition
Fori € [n], r € [m].

Define u; -(t) € R as specified in Deﬁnitz’on

Define «; »(t) € R as specified in Definition

We define:

Si7r(t) = ai7r(t)_1 . Ui7r(t) € Rd

Definition E.4. Suppose we have the following:

Initialize w(0) € R™ as specified in Definition

Initialize a € R™ as specified in Definition

Foranyt > 0.

Let training dataset D := {(z;,v;)}7-, C R% x R be specified as Deﬁnition
Fori € [n], r € [m].

Define u; ,-(t) € RY as specified in Definition

Define c; »(t) € R as specified in Definition

Define S; . (t) € R as specified in Definition

We define:

E.2 Gradient Computations

Lemma E.5. Suppose we have the following:

Initialize w(0) € R™ as specified in Definition|D.2}

Initialize a € R™ as specified in Definition

Foranyt > 0.

Let training dataset D := {(z;, ;) }7_; C R% x R be specified as Definition

Forie [n],rem] k< ld].
item Define u; .(t) € R? as specified in Deﬁnition

Define a; -(t) € R as specified in Definition
Define S; (t) € R as specified in Definition
Define F;(t) € R as specified in Definition|E.4}
Define L(t) € R as specified in Definition

Then we have
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e Part 1.
_d . (t) = ziaq - uir(t) o z; € R
dwr(t) i,7 = Ti,d 7,7 Z;
e Part 2.
() = wialua () o 1) € R
. — ) o T
dwr(t)am“ L, d\Ui,r Ly Ld
e Part 3.
d ;. (t) —Ziq - ()N Sin(t) oz, 1g) €R
dwr(t) 2,7 = i,d @, i,r iy +d
o Part 4.
d
, — i z —(S. 1 , R4
dwr(t) Sz7r(t) Ti,d (xz <S’L,T(t)) > d) o Sz,r(t) €
e Part 5.
d Fi(t) = L T - <<S (t) a?92> — (S (2) £C>2) cR
dwr(t) 7 \/7’% T, @, s Lg 1,7 s L
e Part 6.

d IR 02 2
WL“) = ﬁaT ;(Fi(t) —Yi) Tid- ((Si,r(t)al“i ) — (Sir(t), z4) ) eR

dw,
Proof. Proof of Part 1. Consider the following reasoning:

d
dw,(t)

u;r(t) = exp(xiq - wr(t) - x;) - Tiq0x;
= Tjd - Uir(t) o T;
where the first equation is due to simple differential rules, and the second step is trivially from
Definition [ET]
Proof of Part 2. We have
T = (o

=X;q-" <ui’r(t) o Xy, 1d>

Uir, 1q)

where the first equation is due to Definition and the second step is because of part 1 of this
lemma.

Proof of Part 3. We have
d d
04 ()7 =~ ()72 s ()

dwr (t)

= —@pa- @ip(t)72 (Ui (t) 0 24, 1a)

= —@ia o ()7 (Ui (1) - i ()71 0 @i, 1a)
—Zig- i ()7 (S () oz, 1)
where is a result of applying the chain rule, the second step is derived from Part 2 of this Lemma,
the third step is a consequence of basic algebraic manipulation, and the last step follows from
Definition[E.3
Proof of Part 4. We have

TS ) = g @) )
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d d
== ——u (1)) - i ()7
(dwr(t) dw () o (t) - ir ()
= — g ()7 (Sip(t) 0z La) Ui (t) + Tia - i ()7 Ui, () 0 2y
= — g (Sip(t),xi) 1ao Sir(t) +xiq-Sir(t)owx;
= @id - (i = (Sir(t), 2i) - 1a) © Sir (1)
where the first step is based on Definition the second step is derived using basic differentiation

rules, the third step is based on Part 1 and 3, and the last two result from straightforward algebraic
manipulation.

Proof of Part 5. We have

d
dw,(t)

i ()71 i () +

Fult)i= = Yo (o Sest))

=1

Ay <xi,d . (.Z‘, — <S,7T(t),£€l> . 1d) o Si,r(t), l‘,>

-4l 5l

= —=a,%i,a((Sir (8), 25%) = {((Siir (8), i) - La) © Sy (1), 1))

-5

= ﬁam,d(<5¢,r(t%x?2> — (S (), 2:)%)

where the first step is a consequence of Definition the second step is derived from Part 4 of this
lemma, and the third and last steps result from basic algebraic operations.

Proof of Part 6. We have

dw(j(t)L(t) = ;(Fi(t) ~ i) dw(j(t) Fi(t)
- %ar i:(Fz(t) — i) Tia- (<Si7r(t)7$?2> (S ), )

i=1

where the first step is based on Definition[D.4] while the second step is derived from Part 5 of this
Lemma. O

F Neural Tangent Kernel

F.1 Kernel Function

Definition F.1. Assuming the following conditions are satisfied:

e Initialize w(0) € R™ as specified in Definition [D.2]

Initialize a € R™ as specified in Definition|D.2

For any integer t > 0.

Define training dataset D := {(z;,v;)}"_; C R? x R as specified in Deﬁnition
o Let S, ,(t) € R be defined according to Definition
e For (i,j) in [n] x [n].

We define the kernel function as H(t) € R"*", where its (i, j)-th entry is given by:

Hij(t) = it 3 ({51 0:082) — (Sunlt),22) - (85,00 — (S3r(0).2,)
r=1
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F.2 Assumption 2: NTK is PD

Definition F.2 (Neural Tangent Kernel (NTK)). Assuming the following conditions are satisfied:

Initialize w(0) € R™ as specified in Definition

Initialize a € R™ as specified in Definition|[D.2}

For any integer t > 0.

Define training dataset D := {(z;,y;)}?_; C R¢ x R as specified in Deﬁnition
Let S; - (t) € R be defined according to Definition

For (i,7) in [n] X [n].

Let H(t) € R"™" be defined in Definition|F.1}

We define the kernel function as H* € R™*™, where its (i, j)-th entry is given by:

H}; = H;;(0)

= it 3 (1510052 = (S0 (0, 2) - (183(0).057) — (53,(0).2,?)

Assumption F.3. We assume that H* (defined in Definition [F2)) is positive definite, with its smallest
eigenvalue, denoted as A := Ain (H ), being greater than 0.

F.3 Kernel Convergence and PD Property during Training

Lemma F.4 (Kernel Convergence, formal version of Lemma5.1)). Assuming the following conditions
are satisfied:

Initialize w(0) € R™ as specified in Definition|D.2}

Initialize a € R™ as specified in Definition

For any integer t > 0.

Define training dataset D := {(x;,y;)}7; C RY x R as specified in Deﬁnition
Define S; . (t) € R as specified in according to Definition

For (i,7) in [n] X [n)].

Define H(t) € R™ " as specified in Definition [F.1]

Define B specified in Definition

Define D specified in Definition

We define R := max;>o max, e[, |wr(t) — w,(0)[.

Let R < Gron e oD

Let 6 € (0,0.1).

Thus, with probability at least 1 — ¢, the following holds:

Part 1.
|H(t) = H*||[r < O(nR) - exp(O(B*D))

Part 2.
Arnin(H(t)) Z >\/2
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Proof. Proof of Part 1. Firstly, we have
‘Hi,j(t) —H,; (0)‘

= | wavia i (i (8, %) = (Sin(0),20)2) - ({808,252 = (S, (8),21)?)

1 - [e] [e]
— —iawja Y ((Sir(0) %) — (Sir(0),2:)?) - ((1(0),25%) = (8,(0), 25)?))|
m r=1
< |@i,a2;,4] max (Ulyz‘,m + Usijir + Usijor + U4,i,jm) (1)

Above the first equation is a consequence of Definition [F.T|and Definition[F.2} and the 2nd step can
be obtained by applying the triangle inequality.

We define:

Ut = | ({Sir(0,252) = (Sir(®),2)%) - ({850 (1), 25 = (S, (1), ,)?)

= ((86r0),052) = (Sin (1), 0)) - ((S5(8),25%) = (S5 (8), )2
Un,igor = | (48:.r(0),282) = (Sir(t) 7)) - ((8(8),5%) — (S, (8),5)%)

— ((86r(0),252) = (81 (0),00)2) - ({85(0),25%) = (S (1), 3,)?)|
Us,ior = | ({81.r(0),272) = (S5 (0),0)?) - (5.0 (0),25%) = (S5 (0), 25)?)

— ((56r(0),282) = (S50 (0),20)2) - ({80 (0),5%) = (S0 (8), 2%
Ut = | ({8i.r(0),27) = (S0 (0),:)?) - ({10 (0), 25%) = (S (1), 3,)?)

~ (810, 282) = (S0 (0),00)2) - ({8(0), 252) = (S3,(0), 7)) |

Before we bound all terms, we first provide some tools:
lzill2 < Vd - O(B) (2)
where this step uses £ norm and can be trivially obtain from Part 1 of Lemma
We can show
15:,(t) = Si.0(0)]2 < exp(O(B?D)) - O(RB®)/Vd (3)
where this step uses the definition of £, norm and is a consequence of Part 1,3 of Lemma
Next, we can get

|22l = [ > aty
]

keld
<Vd-0(B?) (@)
where the first is based on £, norm, while the 2nd step is based on Lemma [K.3Part 1.
We proceed to show
[(Sir (0, 25%)] < [1Sir (B)]l2 - 25]l2
<V exp(O(B%(D + R))) Vd- OB

d
= exp(O(B*(D + R))) - O(B?) (5)
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Above, the first equation uses Cacuchy-Schwarz inequality. The second step combines the result of
Eq. (@), Part 9 of Lemma[K.3|and definition of /> norm. The final step applies basic algebra.

In the same way, we have

1(S1,0(0), &) < 11850 (0) 12 - [|¢52] |2

< va. o205°D)) Ei ). va.oB?)

— exp(O(BD)) - O(B?) (6)

where the first step is a result of Cauchy-Schwarz inequality, the second step is derived from Eq. (@),
Part 8 of Lemma [K.3|and definition of ¢, norm, and the last equation applies basic algebraic manipu-
lation.

Furthermore, we can have

(S, (), z0)] < 1S5, @)ll2 - [[ill2

<V exp(O(B%(D + R))) ~\/JO(B)
- d
< exp(O(B(D + R))) - O(B) 7)

where the first step is a result of Cauchy inequality, the second step is derived from Eq. (2)), Part 9 of
Lemmaand definition of ¢, norm, and the final equation comes from basic algebraic manipulation.

In the same way, we can have
[{Sir (0) i) < 1155,5(0)l2 - [lill2

<Vd- exp(O(B2D)) Vd-O0(B)
= d
< exp(O(B2D)) - O(B) (8)

Above the first equation is a result of Cauchy inequality, the second step is based on Eq. (2)), Part 8 of
Lemma and definition of /; norm, and the last step comes from basic algebraic manipulation.

Then we are able to bound Ui ; j.r, U2,i j.r, Usijr and Ug; j .

To bound U, ; ;,-, we have

Ul,m—\<Si,7~<t>—si,r<o>,x ) (858, 25%) = (830 (0),2)%) |
(S (1) = i (00,25 1(S5r (0, 25%) = (S50 (8),,)?)
< 15 (5) = S O)ll2 - 28212 - (S5 (8), 35%) = (S5 (t), 7))
< 1850 (5) = SirO)ll2 - 282112 - (1 (6), 553 + (80 (8),25)7))
1

< —= - exp(O(B*D)) - O(RB?) - V- 0<B2> exp(O(B*(D + R))) - O(B?)
= exp(O(B*(D + R))) - O(RB®) 9)

where the first and second steps are based on basic algebraic manipulations, the third step is a
consequence of the Cauchy inequality, the fourth step can be trivially obtained by applying the
triangle inequality, the 5th step is a consequence of Eq. (B), #@), (B)) and (7)), and the final step results
from basic algebraic manipulation.

To bound Us ; ; », we have
Us,ijir = [(Sir(0),20)% = (Si.r(8), )] - [{Sjr (1), 257) = (Sjr(2), 25)?|
= [(Si,r(0) = S (8), i)| - [(Si,r(0) + Sir(£), )| - [(Sjr (1), 252) = (S0 (), 5)?|
<H5w( ) = Sip@ll2 - [zill2 - ([(Sir(0), z)] + [(Sir(2), zi)])
(S50 (1), 25%) = (S (1), 75)]
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<1 (0 )—S r(Oll2 - [lill2 - ([(S,r(0), 20| + [(Sir(8), 2i)])
'(|<Sjr() SO+ (S50 (1), 2)°))

< 5 ep(O(ED)) - O(RE) - Vi O(p) - D)
-Vd-O(B) - exp(O(B*(D + R))) - O(B?)
= exp(O(B*(D + R))) - O(RB®) (10)

where the first and second step are based on basic algebraic manipulations, the 3rd step is a conse-
quence of the Cauchy inequality and triangle inequality, the 4th step is due to triangle inequality, the
fifth step follows from Eq. (2)), (3), (B)), (7)) and (8)), and the last step results from basic algebraic

manipulations.
To bound Us ; ; », we have
Us,ijr = |(5,-(0), 25%) —
< (Sl r(0), 272
< (1(53,(0)

< exp(O(B*D) ﬁ
= exp(O(B%D)) - O(RB®) (11)

where the first two steps are based on basic algebraic manipulations, the third step is a consequence
of triangle inequality, and the 4th step can be obtained by applying Cauchy inequality, the 5th step is a
consequence of Eq. (3)), @), (6) and (8), and the final step results from basic algebraic manipulation.

(0),24)?] - |<sﬂ<t>—sjr<0>7x22>l

(S0 (0),20)2]) - (S (t) — <>,x§2>\
[(S2(0), 20)2) - 1|0 (1) — <>|Iz 125712
Vd-O(B?

(Si
| +
)| +

;")
?)
)

O(B?) - exp(O(B*D)) - O(RB?) -

To bound Uy ; ;,», we have

Usigor = 148:.0(0),25%) = (Si,r(0),2:)%] - [(S;.r (0), 25)* — (S (), %)
= [(Sir ()@2) ( ”(0)7%>2| (55,0 (0) = S (8) )] - [(S5,r(0) + 55,0 (2), 25) |
< (1S40 (0), 25%)] + 1(81,0(0), 23)?[) - 1S5 (0) = S (8), )] - \< (0) +85.0(8), )]
< ({83, (0), 25)| + 1485, (0), ) 1) - 185,(0) = Sj.r ()12 - ;2
|

- (1685.0(0), )| + [(Ss.r (£), 25)])
1

< exp(O(B*D)) - O(B?) - 7 +exp(O(B*D)) - O(RB?)
Vd-O(B) - exp(O(B*(D + R))) - O(B)
= exp(O(B*(D + R))) - O(RB®) (12)
where the first and second steps are the result of basic algebraic manipulations, the third step follows
from triangle inequality, the fourth step is derived from Cauchy-Schwarz inequality nad triangle
inequality, the fifth step is due to Eq. (@), (3)), (), (8) and (7)) and the last step follows from basic
algebraic manipulationsic manipulations.
Then, we can have
|H; j(t) — H; j(0)] < |2i,a%5,4 Hel[ED(](Ul,i,j,r + Uzijir + Uzjiyjir + Us,ijr)
O(B?) - exp(O(B*(D + R))) - O(RB®)
= O(RB®) - exp(O(B*(D + R)))
< O(R) - exp(O(B*D)) (13)
where the 1st step is derived from Eq. (]), the 2nd step combines the result of Eq. (9), (I0), (1))
and (T2)), the third step is based on basic algebraic manipulations, the final step can be obtained
from R € (0,0.01), B > 1 and then O(poly(B)) < exp(O(B)).
Finally, with probability 1 — 6,
IH(t) = H(0)|[r < O(nR) - exp(O(B*D))
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this step results from Eq. and the definition of Frobenius norm.
Proof of Part 2. We have

[H(t) = H(0)||r < O(nR) - exp(O(B°D))
<A/2 (14)

Above, the first inequality can be derived from Part 1 of this lemma, and the second inequality is a
consequence of the choice value of R.

Then, we can have

Amin(H(t)) 2 Amin(H™) — [[H(t) — H"||F
Z >\min(H*) - )‘/2
=\/2

Above the first inequality is a consequence of Fact[B.7] The second inequality can be trivially obtained
from Eq. and the final equation is based on Apin (H*) = A. O

G Training Dynamic

G.1 Decomposing Loss
Lemma G.1. Assuming the following conditions are satisfied:
o Leti€[n],re[mlandk € [d].
o Let integer t > 0.
o Let training dataset D := {(z;,y;)}7_, C R x R be specified as Deﬁm‘tz’on
e Initialize w(0) € R™ as specified in Definition [D.2]
e Initialize o € R™ as specified in Definition[D.2
e Define L(t) € R as specified in Definition
e Define 1) > 0 as specified in Definition
e Define Aw,.(t) € R as specified in Definition
e Define u; ,(t) € RY as specified in Definition|E.1]
e Define a; - (t) € R as specified in Definition
e Define S; .(t) € R as specified in Definition|[E.3]
e Let F;(t) € R be defined as Definition|E.4]

o Define
Crim —n DR =) D ar ((Sual0) (radun(e) %)
 (Sin(t)wi)? - (wiaduw, (1))
o Define
Cr = —1PO(1) = S (Filt) = 1) - D - (S5, (1), (g (1) - 5%)
i=1 r=1



o Define

Cs:= _772@(1)% Z(FZ(t) _yZ)'Zar (Sir(t), (xi.aAw, ()2 - 252) - (Si,r(t), )
i=1 r=1
o Define
1 n m
Ca ——ﬁ;(ﬁ(f)—yi)';ar'< (t), Bir () - (Sir(t +1) = Sir(t), 24)
o Define

Cs = 5 IF(t) ~ F(t + 13

Then, we can obtain the following:

L(t+1)=L(t) + C1 + Co + C3 + C4 + Cs
Proof. First, we denote that:

Bir(t) = xia  nAw,(t) - z; + O(1) - (w50 - nAW(2) - 2;)°
We have:
Ui r(t) — U (t+1) = uy - (t) — exp (xzd wy(t+1) )
= i (t) = exp (w0 (w, (1) = nAw, (1)) - )
( id - W (t z) © exp ( — @i, nAwy(t) - xz)

= i) = i (t) o exp (= ia - nAwn (t) ;)
=i (1) o (w0 nAW (1) @i+ O(1) - (w10 nAW,(1) - 7))
= Ui (t) 0 B (1) (15)

Above, the first equation is derived from Definition Then the second equation follows from
Definition[D.5|and the third equation is a result of basm algebralc manipulations, the fourth step is
because of Definition[E.T} and the final step is based on the definition of 8; ,(%).

:u”t — exp

Next, we have:
i (t) — it +1) = (Ui (), 1a) — (uir(t +1),1a)
= (ujr(t) —u;r(t+1),1g)
= {Uir t) /Bzr() 1d>

= <u” t), Bir(t )> (16)

Above, the first equation is derived from Definition[E.2} And the second step follows from basic
algebraic manipulations, the third step is a consequence of Eq. (15)), the last step is due to basic
algebraic manipulations.

We obtain:
Sin(t) =Sir(t+1) =i, t)_lu”(t) i+ 1) ug(t+ 1)
—u(t+1))+ (ai,r(t)_1 — i (t+ 1)_1)um(t +1)
Ui (1)) 4 @i ()7 (i () = i (t+1))Si(E+ 1)
= i,r(t) o Bir t) + O‘i,r(t)il(az,r(t) - O‘i,r(t + 1))Si,r(t +1)

35



= Sin(8) 0 Bir (1) + (Sir (1), Bin (1)) - Sip (£ 4+ 1) (17)

where the first step is based on Definition the second step follows from basic algebraic manipu-
lations, the third step comes from Definition [E.3] the fourth step is derived from Eq. (15)), the fifth
step follows from Eq. (16)).

Hence, we get:

Fz(t) - Fz(t + 1) = \/17% ia,« . <Szyr(t) - Si’r(t + ].),{IT>
- i Sunl) 0 Burt) 4 (Sur (1), Bur(D)) - St 4 1), 22
1 ™
= \/7% ;aﬂr ' (<St,r(t)7ﬁz,r(t) o xz> + <Sz,r(t)a/81,7(t)> : <Si,r(t + 1), x¢>)
1 m
= ﬁ Z 7 (<Si,r(t)7 ﬂi,r(t) o l’l> + <Si,r(t)a Bi,r(t» : <Si,r(t)v Iz>

(S (8), Bir (1) - (Sir(t 1) = Sip(t), 22))
=1, V2,5 + V3 + V4
where the first step is derived from Definition [E4] the second step is a consequence of Eq. (7)),
the third and fourth step follow from basic algebraic manipulations, and the last step follows from
defining:

m

1 02 2
V1= nﬁ ;aT . ((Sm(t), (@s,aAwy(t)) - 277) + (Sir(t), z4)° - (xi,dAwT(t)))

Vg 1= 7]2@(1)% ;ar (Sin(t), (s,aAwy (1)) - 25°)
V3,4 = 7]2@(1)% Zar ~(Si,r(t), (xi,dAwr(t))z 'x§2> (Sir(t), i)

Il
_

r

’U4’Z‘ = % Z Ay - <S7;$T(t), Bz,r(t» . <Si’r(t + 1) — Si’r(t)7 £C1>

Finally, we can show that:

n

Lt+1) =2 > (Fi(t+1) —y;)?

i=1

1
= IR+ 1) - yl3

N —

:%W@+U_H@+Hw—m@

= SIF() — yl3 — (F() — F(t+ 1), F(0) — ) + 5 IF(0) — Ft + DI
=L{t)+C1+Co+C3+Cy+Cs
Above, the first equation is based on Definition the second, third, and fourth steps are the result
of basic algebraic manipulations, and the last step is due to the statement of the lemma and defining:
Ci1 = (v1,y — F(t))
Cy = (v, y — F(t))
Cs := (vs,y — F(1))
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04 = <’U47y — F(t)>

1
Cs 1= 5 IF(t) — F(t+ 1)

G.2 Bounding C}
Lemma G.2. Assuming the following conditions are satisfied:
o Leti€[n],re[mlandk € [d].
o Let integer t > 0.
o Let training dataset D := {(z;,y;)}"_; C R? x R be specified as Deﬁnition
o Initialize w(0) € R™ as specified in Definition|D.2
e [nitialize a € R™ as specified in Definition
o Define L(t) € R as specified in Definition
o Define n > 0 as specified in Definition
o Define Aw,(t) € R as specified in Definition
e Define u; ,-(t) € R? as specified in Deﬁnitz’on
o Define «; ,-(t) € R as specified in Definition
e Define S, .(t) € R? as specified in Definition
e Define F;(t) € R as specified in Definition [E.4)
e Following Lemma[G.1|to define

Then we have:

Proof. We have:

- o
C =~ v ;(Fi(t) —y) Y ar (<5m~(t)a (z1,aw, (1)) - 25%) + (Sir(b), 20)% - (:vi,dAwr(t)))

Then by plugging:

Aw,(t) = ar Z(Fi(t) — i) mia - ((Sin(t),z3%) — (Sin(t), xi)?)

We can show that:

n

1= = SRl — i) - DO (F5(0) — )

i=1 j=1
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NE

(451 (0,25) + (i (@), 2)?) - ({80 (1), 852) + (S, (1), )%

—n(F(t) —y) TH(t)(F(t) — y)
—nA/2-|[F(t) —yll3
—nA- L(?)

L, dTj.d

Il
\_/ﬁ
—

IN

where the first step is the definition of C}, and the second step is derived from Definition [F.T} the
third step can be obtained from Part 2 of Lemma[F.4} the last step is due to Definition[D.4] O

G.3 Bounding C,

Lemma G.3. Assuming the following conditions are satisfied:
o Leti€[n],re[m]andk € [d].
o Let integer t > 0.
e Define training dataset D := {(z;,v;)}7_, C R? x R as specified in Deﬁnition
o Initialize w(0) € R™ as specified in Definition
e Initialize a € R™ as specified in Definition|[D.2]
o Define L(t) € R as specified in Definition|D.4
o Define Aw,(t) € R as specified in Definition
o Define S, ,(t) as specified in Definition|E.3
e Define F;(t) as specified in Definition|E.4]
o Let learning rate n < 1.
e Define B > 1 as specified in Definition
o Define D > 1 as specified in Definition
e Let R € (0,0.01/B?).
o Let 5 € (0,0.1).
o Let m > Q(A"2n"d - exp(O(B2D))).
e Following Lemma to define

Cy = —nZem% SRt =) - > ar - (Sin(t), (wsabhwn (1) - 25%)
=1

Consequently, with probability at least 1 — ¢:

1
Cy < gﬁ/\ - L(t)

Proof. Firstly, we have
[(Si.r(8), (wi.adwn (8))* - 23?)] < [1Sir(B)ll2 - | (w1.aB00p () - 2372
<Vd- W.O(32).ﬁ.0(33)

d
3

2 exp(O(B2D) - [F(t) =yl
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n3
= exp(O(B*D)) - [|F(t) — I3 (18)

where the 1st step is a consequence of Cauchy inequality, the 2nd step is based on Part 1, 9 of
Lemma Lemma and the definition of /; norm, and the final step is derived from basic
algebraic manipulations and O(B) < exp(O(B?)).

And we proceed to bound ||F(t) — y||2, we have
IF() — yll2 = v2L(t)

< e (0(22D) - 00012 + O(u

< e (0°D)) - 0(0) + /O

= exp(O(B%D)) - O(v/nR) + O(v/nB) (19)
where the first step is based on Definition the second step follows from Lemma and the
third step and fourth step result from basic algebraic manipulations.

Now, we can show that

m

|ZU2,Z' : (Fi(t) - yz)‘ = ‘ 2772@ Zar : zr xz dAwT( ))2 : xfg> : (Fi(t) - yi)

= 7= \zzar (1), (wialw, () - %) - (Filt) = y2)
=1 r=1

n2
<. \zar% 1), (@108, (1) - 2)| - IF(®) — yll
< |3 (i 0, a0 42 - IFO) ~

2
<" md - (exp<0<B2D>> -O(ViiR) +0(vnB))

‘ Z ar max(S; - (t), (v; gAw,.(t))? - xf3>‘ (20)

i€[n]

where the first step derived from deﬁmtlon of vy ; in Lemma the second step results from basic
algebraic manipulations, the third step comes from definition of ¢; norm along with basic algebraic
manipulations, the fourth step leverages the inequality ||z||; < v/d||z|2, and the final step is due to

Eq. (19).

We can then use Hoeffding’s inequality (Lemma for the random variable
ay m%u]((Si,r(t), (z5.aAw,(t)? - 223)
i€n

7

for r € [m], and by E[a, max;e(,,) (S r(t), (25,0Aw,(t))? - 27%)] = 0, we have with probability 1 — 4,
3
| Zar (S (1), (rialn (1))” - 25°)| < OC) exp(O(B*D)) - IF(1) ~ yll3 - v/mlog(m/5)
3

sO(%)exmow? ) - IIF(t) = yl13 - Viog(m/5) (21)

Above, the first inequality is derived from Hoeffding Inequality (Lemma and Eq. (18). The
second inequality follows from basic algebraic manipulations.

Then we can have

1> wai - (Filt) — i)
=1
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2

5

d n3

< L) ~ vl - (L) explO(B*D) - [F(0) — ol - Vioglin /5]
2713 oglm
< 0TV, o 0(52D) (exp(0(BD)) - O(ViR) + O(ViB)) - [F(t) ~ w3

oL O8 ) o 0(52D)) - OB+ B) - IF() ~ i
< oV IS)) i 0(52D)) - O(28) - IF(t) — ol

IN

n35 . 405

< O(WQW) -exp(O(B%D)) - [[F(t) — yl3
n35 . 405

< O(WT) -exp(O(B?D)) - [F(t) — yl3

Above, the first inequality combines the result of Eq. and Eq. (21)). The second step can be
obtained from basic algebraic manipulations; the third step is due to R < B and basic algebraic manip-
ulations, and the fourth step leverages the inequality /log(m/d) < /m and O(B) < exp(O(B?D)),

Finally, by the lemma condition, we have
n35 . 405

O(UT

Then, we complete the proof. O

) exp(O(B2D)) - (1) — yl < Snd- L(1)

G.4 Bounding C;
Lemma G.4. Assuming the following conditions are satisfied:
o Leti€[n],re[mlandk € [d].
o Let integer t > 0.
e Define training dataset D := {(z;,v;)}7-, C R? x R as specified in Deﬁnition
e Initialize w(0) € R™ as specified in Definition|[D.2}
o Initialize a € R™ as specified in Definition |D.2
e Define L(t) € R as specified in Definition |D.4]
o Define Aw,(t) € R as specified in Definition |D.5
o Define S, ,-(t) as specified in Definition
e Define F;(t) as specified in Definition|E.4]
o Let learning rate n < 1.
e Define B > 1 as specified in Definition [K.]
o Define D > 1 as specified in Definition
e Let R € (0,0.01/B2).
e Letd € (0,0.1).
o Let m > Q(A"2n"d - exp(O(B2D))).
e Followsing Lemma to define

m

C3 = —7729(1)% Y (Filt) =) - D ar - (i), (wi,adw, () - 25%) - (S (1), 21)
=1

r=1
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Consequently, with probability at least 1 — ¢:

Cs < guA- L(1)

Proof. Firstly, we go to bound |(S; ,-(t), (z;.aAw,(t))? - 222)|, we have

[(Sisr(8), (ws,08w, (8)) - 25%)] < (1S (B)l]2 - [ (5,080, (6))? - 5] |2
< Vi eXp(O(BQd(D ) o). Vi o(B?)
n3
o -exp(O(B?D)) - [F(t) — yl3

n3
< exp(O(B*D)) - — - [[F(t) — y|3 (22)

where the first step is a consequence of Cauchy inequality, the second step is based on Lemma K.3Part
1, 9, definition of ¢; norm and Lemma and the last step is because of O(B*) < exp(O(B?)) and
basic algebraic manipulations.

Then, we can show that

|CB‘ = ‘ - nze(l)im Z(F’L(t) - yz) Zar ' <Si,r(t)v (xz dAwT(t))z x?2> : <Si,r<t)7xz>

7]2 S 2 02

= ﬁ\ ;; (Si,r (), (wi,aBwp (1)) - 25%) - (Sir (), i) - (Fa(t) — 2)

< | 2t ma (i), (wiabhue (1) 25?) - (S5 (0) 22| - [F(0) =
772\/Zi m o

< \/ﬁ ‘ ; Qr ?612[173]( <Sz r(t)’ (331 dAwT(t)) Z; > <Si,r(t)7xi> ’ HF(t) - sz
n’vd 2

<25 (OB D)) - O(VaR) +O(ViB))

’ ‘ Z Qr ?Elé[lrz]i '<Si,r(t)v (zi,dAwT(t))z : l’?2> : <S1’,T(t>7 xi> (23)

where the first step is from the condition given in this Lemma, the second step is derived through
basic algebra manipulations, and the third step comes from the definition of /; norm and basic
algebraic manipulations, the fourth step utilizes the inequality ||z||; < v/d||z||2, and the final step is
because of Eq. (19).

We can then use Hoeffding’s inequality (Lemma for the random variable
ap - max (S, (1), (zialwn (1)) - 252) - (S0 (0), 1)
emn

7

for r € [m], and by Ea, - maX;e ] (Sir(t), (i gAw,(1))* - 1'22) - (Sir(t), ;)] = 0, we have with
probability 1 — 4,

ar - max(S; (1), (zi aAw, (t))* - 23%) - (Si (), ;)

i€[n] ¢

w

< 0(%) -exp(O(B?D)) - exp(O(BD)) - [[F(t) — yl3 - /mlog(m/6)

TLS
< O(ﬁ) ~exp(O(B?D)) - [[F(t) = ylI3 - v/log(m/9) (24)

where the first step is derived from Eq. and Lemma [B.T} the second step is due to basic algebraic
manipulations.
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Now, we are able to bound

2 nB

04 < X (exp(O(B*D) - O(ViR) + O(/iB)) - O )

- exp(O(B?D)) - [F(t) = |3 - v/log(m/d)

2n3 0.5 og(m
< o( LIS, o 0(52D)) - ((expl(O(B2D)) - O(aR) + O(v/aB)) - [Ft) —

m

< o(TEVI08m/0)) L 0(B2D)) - O(a(R + BY) - [F(t)  yll

n3.5d0‘5m

< 04" —2) - exp(O(B*D) - O(B) - [F(t) —
n3.5 0.5

<o \/‘% ) - exp(O(B2D)) - [F(t) - y]2

Above the first inequality is a combination result of Eq. (23] and Eq. (24)). The second and third
inequalities follow from basic algebraic manipulations. The fourth step is a consequence of n < 1,
R < Band +/log(m/d) < /m, and the last step is based on the fact that O(B) < exp(O(B?D)).

Finally, by the lemma condition, we have
n35 . 405

—

Then, we complete the proof. O

ol ) exp(O(B*D)) - [F(t) ~ yl < SuA- L(1)

G.5 Bounding C,
Lemma G.5. Assuming the following conditions are satisfied:
o Leti€[n],re[m]andk € [d].
o Let integer t > 0.
e Define training dataset D := {(z;,v;)}7_, C R? x R as specified in Deﬁnition
o Initialize w(0) € R™ as specified in Definition|D.2
e Initialize a € R™ as specified in Definition[D.2]
o Define L(t) € R as specified in Definition
o Define Aw,(t) € R as specified in Definition
o Define S; ,-(t) as specified in Definition |E.3
e Define F;(t) as specified in Definition|E.4]
o Let learning rate n < 1.
o Define B > 1 as specified in Definition
o Define D > 1 as specified in Definition
e Let R € (0,0.01/B2).
e Letd € (0,0.1).
o Let m > Q(A73n%d? - exp(O(B2D))).
e Following Lemma to define
Bir(t) =44 nAw,(t) - 2 + O(1) - (zia - nAw,(t) - 2;)°
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e Following Lemma[G.1|to define
Cy = —ﬁ ;(Fi(t) — i) ; ar - (Siyr (), Bir (D) - (Sir(t+ 1) = Sir(8), 24)

Consequently, with probability at least 1 — ¢:

Cy < ém - L(t)

Proof. Firstly, we begin to bound [(S; (t + 1) — S, ,(t), z;)|, and we have
[Sir(t+1) = Sir(t), za)| < N1Sir(t+1) = Sip(B)l2fl2:l2

<Vd. eXp(O(Bde)) OWRBY) /5 oB)
exp(O(B?D)) - O(RB?)
exp(O(B?D)) - O(R) (25)

<
<

Above, the first inequality is a result of using Cauchy inequality, and the second inequality combines
the result of Part 1, 13 of Lemma the 3rd step is derived from basic algebraic manipulations and
the last step is based on the fact that O(B?) < exp(O(B2D)).

Then we proceed to bound ||z; 4 - nAw, (t) - ;||2.

We have
n3/2
2.4 - nAw,(t) - zilla <1+ O(B) - Vd - O(B) - T exp(O(B?D)) - |[F(t) = yll2
15405
<n N ~exp(O(B*D)) - [F(t) — yl2 (26)

Above the 1st step is based on Part 1 of Lemma|[K.3} Lemma[H.3|and definition of £ norm, the second
step comes from basic algebraic manipulations and the fact that O(B?) < exp(O(B?))

Thus, we can get that
3

o n
191) - (@ia - nAwy(8) - 20) 2 < V- - — - exp(O(B*D)) - [F(t) - 3
,n3d%5 ) )
<7 -exp(O(B™D)) - [[F(t) — yll2
,n3d"5

- exp(O(B2D)) - ((exp(O(B2D)) - O(V/nR)

+O(/nB)) - [IF(t) = yll2

L, n35d05
<7

+exp(O(B*D)) - [IF(t) = ]| (27)
Above the first step is a consequence of Eq. and definition of /; norm, and the second step is
derived from basic algebraic manipulation.
Now we are able to bound to bound |(S; . (¢), 5; »(t))|. We have

[(Si.r (8); Bir N < M1Si,r ()2 - [1Bir (B) 12

< va. 22 OELEIN. 15, o)

< Xp(OfffD” g - 1w, (8) - zilla + [©(1) - (s - ndawy (£) - 2:) o)

< exp(O(BzD)) d0'57’l1'5 2n3.5d0.5

< Nz v ) - exp(O(B*D)) - [|F(t) — yll2
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nl5 035

<" ") - exp(O(BD)) - [F() vl
nlb
vm
15
N +exp(O(B°D)) - [F(t) - yll2 (28)
where the 1st step follows from Cauchy inequality, the second step is a consequence of Part 9 of
Lemma and definition of ¢, norm, the 3rd step is because of basic algebraic manipulations
and triangle inequality, the fourth step is obtained using Eq. and Eq. (27)), and the fifth step

follows from basic algebraic manipulations, the sixth step is derived from ||z; 4 - nAw,(t) - ;]2 >
1©(1) - (w4 - nAw,(t) - 2;)°?||2, and last step follows from O(1) < exp(O(B?D)).

Then, we can show that

< 2n—= - exp(O(B?D)) - IF(t) — yll2

<=7

|C4 = —7ZZGT- zr ﬁzr( )>< zr(t+1)_si,r(t)vxi>'(Fi(t)_yi)

S [ D (S0, B ) (Sialt + 1)~ 10 0,2 IFCO)

< V8|S (S (0) B () - (Su £+ 1) = S (0,3 - [F(6) — ol
r=1

(29)

Above, the first step is derived from the condition stated in this lemma, the second step results from
basic algebra and the definition of the ¢, norm, the final step is based on the inequality |z|; < v/d|x|s.

Next, We use Hoeffding’s Inequality (Lemma on the random variable
Ay - ?615[15](< (), Bir(t)) - (Sir(t +1) = Sin(t), )

for r € [m], and by E[a, - max;c(,)(Si,r(t), Bi,r (t)) - (Si,r(t + 1) — S r(t), 2:)] = 0, we have probability
1-9,

ar - max(S; ,(t), Bi,r () - (Sir(t +1) = Sip(t), i)

1€[n]
1 5
<O0(n \/ﬁ) exp(O(B?D)) - [F(t) = yll2 - exp(O(B?D)) - O(R) - \/mlog(m/9)
< O(n-n*?) - /log(m/6) - exp(O(B*D)) - O(R) - |F(t) — yl|2 (30)

where the first step combines the result of Eq. (25)), Eq. and Lemma the second step is
obtained through basic algebraic manipulations.

Now, we are able to bound

1l < j% -0y n'%) - \/log(m/8) - exp(O(B>D)) - O(R) - [F(t) — |1
n1‘5 0.5 og(m
<o jmg( 1) exp(O(BD)) - O(R) - [F(t) — 2
<0 m -exp(O(B?D)) - O(R) - ||F(t) — ||
(n NG ) - exp(O( vl
n1.5d0.5
< 0™ - xp(O(B2D) - O(B) - [F(0) -
7’L1'5d0'5
< 0™ —1=) - explO(B*D)) - [F(1) — I3
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Above, the 1st inequality combines the result of Eq. (29)) and Eq. (30]), and the second inequality is

derived through basic algebraic manipulations. The third step uses the inequality /log(m/3) < ms,
the fourth step is based on R < B and basic algebraic manipulations, and the final step relies on the
fact that O(B) < exp(O(B%D)).
Finally, based on the lemma condition, we will get
nt-540-5 5 9 1
O(n———) - exp(O(B"D)) - [IF(t) — yllz < gnAL(®)

m3

Then, we complete the proof. O

G.6 Bounding C;
Lemma G.6. Assuming the following conditions are satisfied:
o Leti€[n],re[mlandk € [d].
o Let integer t > 0.
e Define training dataset D := {(z;,v;)}7_, C R? x R as specified in Deﬁnition
o Initialize w(0) € R™ as specified in Definition
e Initialize a. € R™ as specified in Definition[D.2]
o Define L(t) € R as specified in Definition
o Define Aw,(t) € R as specified in Definition
e Define S, ,-(t) as specified in Definition|E.3
e Define F;(t) as specified in Definition|E.4]
o Let learning rate n < 1.
o Define B > 1 as specified in Definition
e Define D > 1 as specified in Definition[K.2}
e Let R € (0,0.01/B2).
e Letd € (0,0.1).
o Letn < O(An~*d lexp(O(B%D))™1).
e Following Lemma[G.1|to define
Bir(t) = xia  nAw,(t) - z; + O(1) - (4,4 - nAW,(¢) - ;)
e Following Lemmal|G.]|

1
Cs = S|IF() = Ft+DI3

Then, with a probability at least 1 — §, we have,

1
Cs < §77/\ - L(t)

Proof. We have
SIFGE+ 1)~ FOI3 = 3 SO(Filt+ 1) — Fi()?
i=1
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n m

;iZa Sir(t+1)=Si (1), 2:))?

;Z ZaT Qi+ 1) i (1) = e ()7 (1), 20))?
= IS o407 st w1

+ iarqui,r(t +1) = uip(t) - i ()7 20))?
;i(cz”wzz)

Above, the first equation is because of the definition of the {2 norm. The 2nd equation comes from
Definition[E.4] The 3rd equation results from basic algebraic manipulations. The fourth equation is
derived from Definition [E.3} The fifth equation follows from basic algebraic manipulations. The last
equation is based on the following definition:

Qi,l:: Zar avrt+1 azr() ) Uvr(t+1) >
Qi = Zar<(ui,r(t +1) —ui () - e (t) 7 )

To bound Q); ;. For the first term, we first bound

(i (t4+1)7" = e (6)71) - ui e (E+ 1), 35)
<o +1)7" = i ()7 uip (4 12 - |22

n1.5
<0 exp(O(BD) - [F() — yll Vd - exp(O(B2D)) - Vd - O(B)
< n% -exp(O(B2D)) - |[F(¢) — yll2 (31)

where the first step is based on the Cauchy-Schwarz inequality and basic algebra, the next step
combines Part 1,5 of Lemma definition of £, norm and Lemma [G.7} and the final step follows
from o(B) < exp(O(B?D)) and basic algebraic manipulations.

Then we can apply Hoeffding bound to random variable a, ((cv; - (t +1) 7! — ;- (£)71) - us o (E+ 1), 25)
forr € [mland E[}", ar((vip (b +1)7 — i (£) 1) - Ui (E + 1), 24)], we have
Qi 1D ar{(@ir(t +1) 7" = ain(t) ™) - uip(t + 1), ;)|
r=1

:l/l;) ~exp(O(B?D)) - [[F(t) — yllz - v/mlog(m/s)

= O(nn"®) - exp(O(B*D)) - [|F(t) — yll2 - /log(m/d)

where the first step follows from definition of @; 1, the second step follows from Eq. and
Lemma the last step follows from basic algebraic manipulations.

<O(n

To bound @); 2. For the second term, we first bound

[{(uir (t+1) = i (£)) - i p(8) 7" 24
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<o ()7 uir (84 1) = ug ()12 - [l

ex 2
< M . \/;Z O(B) . Huiyr(t) o ﬂi,r(t)nz

- d
- eXP(O\gQD)) ~O(B) - [Juir(®)ll2 - 185, (#)]l2
exp(O(B?D))

< Nz -O(B) - Vd - exp(O(B*D))

n1'5d0'5 277/3.5d0.5 0 B2D Fr)
~(n N ) - exp(O(B7D)) - [[F(t) = yll2

n1.5 0.5
<7 exp(O(B?D)) - [[F() = yll2 (32)

where the 1st step is derived from basic algebraic manipulations and Cauchy inequality, the 2nd step
utilizes Lemma Part 1 and 7 along with the definition of the ¢, norm, the third step is a result
of applying the Cauchy inequality, the fourth step combines Part 5 of Lemma the definition
of ¢, norm, Eq. (26) and Eq. (27), the last step leverages the inequality ||z; 4 - (—nAw,.(t) - z;)||]2 >
10(1) - (ia - (—nAwy(t) - 2:)° 2.

We then can use Hoeffding Inequality (Lemma to random variable a, ((u; ,(t + 1) — u; () -
i ()7t x), forr € Imland E[3°7  ap ((ui e (E+ 1) — u; () - i (8) 71, 2)] = 0.

Then we have

1Qial 1D ar{(ui(t 4 1) = uin(t)) - i ()7 2)]

=1n1.5 0.5
<o Jf% ) - exp(O(B2D)) - [F() — ]}z - v/mlog(m/3)
< O™ - d°%) - exp(O(B>D)) - [F(t) — yll2 - /log(m/5) (33)

where the first step is a consequence of the definition of Q; 2, the second step is derived from Eq.
and Lemma [B.1|and the final step is a result of basic algebraic manipulation.

Hence we have

% ;(Qi,l + Qi,2)2
< %n : ?61%5]((2Qi,2)2
< 2n-O(n°n’d) - exp(O(B*D)) - log(m/6) - |[F(t) — yl3
< O(n’n'd) - exp(O(B*D)) - D* - [|F(t) — |3
< O(n’n'd) - exp(O(B*D)) - |[F(t) — yll3

where the first step is based on Q; 1 < Q; 2, the second step is a consequence of Eq. and basic
algebraic manipulations, the 3rd step is based on Definition[K.2land basic algebraic manipulations,
and the final step uses the inequality O(D?) < exp(O(B?D)). O

G.7 Helpful Lemma

Lemma G.7. Assuming the following conditions are satisfied:
o Letie[n],re€[mlandk € [d].
o Let integer t > 0.

e Define training dataset D := {(z;,v;)}7_, C R? x R as specified in Deﬁnition
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e Define a € R™ as specified in Definition
e Define Aw,.(t) € R as specified in Definition
e Define u; - (t) € R? as specified in Deﬁnition

o Define o; ,(t) € R as specified in Definition

)
e Define F; .(t) € R as specified in Definition|E.4]
e Define j3;.-(t) € RY as specified in Lemma
e Define B > 1 as specified in Definition [K.1]

e Define D > 1 as specified in Definition[K2}

e Let R €(0,0.01/B2).

e Letd € (0,0.1).

With probability at least 1 — §, we obtain:

e Part1.
n'-%d 9
i (t+1) = @i ()] < n—=exp(O(B°D)) - [IF(t) — yll2
e Part 2.
1 1 n'® 2
i+ 1) = a1 (0)] < m g - exp(O(BD)) - [F(1) = ol

Proof. Proof of Part 1. Firstly, we will have
i (4 1) = i ()]
= |<ui77'(t)7ﬁi,r(t)>‘
< luir @2~ 18ir (@)l
< Vd-exp(O(B*D)) - (||zia - (=ndwr () - @:)[|2 + [O(1) - (wi.a - (~nBwy(2) - ) |2)

n1.5d0.5 n3.5d0.5
<V O D) (" ) exp(O(B7 D)) [F(6) ol
<y md exp(O(B2D)) - [F(t) — ylla

where the first step is derived from Eq. (T6]), the second step is obtained by using Cauchy-Schwarz
inequality, the third step combines Part 5 of Lemma [K.3|and triangle inequality, the fourth step can
be obtained by Eq. and Eq. (27), the last step is a consequence of basic algebraic manipulations
and [[@i.q - (—nAwe(t) - zi)ll2 = 1O(1) - (@i.a - (—=nAwy(t) - 2:)°% 2.

Proof of Part 2. We have

i, (E+1) 71 =i ()7
= Oziﬂn(t —|— 1)71 . ai77«(t)71|a,-7,«(t —|— 1) — Otiﬂ«(t)‘
exp(O(B?D)) . exp(O(B2D)) ' nt5d

pi 7 v ~exp(O(BD)) - [[F(t) = yll»

L5

<07 exp(O(B2D) - [F(t) ~
where the 1st step involves basic algebra, the 2nd step applies Lemma [K.3|Part 7 and the definition
of the ¢, norm, and the final step results from basic algebraic manipulations. O
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H Inductions

H.1 Induction for Loss

Lemma H.1. Assuming the following conditions are satisfied:

Let i € [n] and r € [m].

Let C > 0 be a sufficiently large constant.

Let o > 0 be a small constant.

Define u € R as specified in Claim

Define P € RN as specified in Claim|C.2}
Define t > 0 be an integer.

Define h € RY as specified in Deﬁnition
Define £ € R as specified in Definition
Define training dataset D := {(x;,y;)}7; C RY x R as specified in Definition
Define L(t) € R as specified in Definition |D.4
Define F;(t) € R as specified in Definition|E.4}

Define B € R as specified in Definition
Define D € R as specified in Definition
Define
Cuim == 30 =) 3 (810 (a4 277
+ (Sin(t) @) (200w, (1))
Define
Cy = _772@(1)% Z(Fz(t) Yi) Z ar - (i (), (xi,0Aw,())* 3373>
i=1 r=1
Define
Cs := _772@(1)% Z(FZ(t) —Yi) - Zar (Sir(t), (2 dAw,(8)? - 23?) (Sir(t), m4)
i=1 r=1
Define
C(4 - _% Z(Fz(t) - yz) : Z (78 <Sz 'r‘(t)y ﬁlT(t» <Sl,7(t + 1) - Si,7'(t)7 xl>
i=1 r=1
Define
Cs = 3IIF(0) — Flo+1)I3

With probability at least 1 — §, we obtain:
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e Part 1.
L(t+1) < (1—n)\/2)- L(t)

o Part 2.
L{t) < (1 - nA/2)! - L(0)

Proof. Proof of Part 1. Firstly:
L(t+1) = L(t) + Cy + Cy + Cs + Cs + Cs
< L(t) —nAL(¥) + én)\L(t) + én)\L(t) + én)\L(t) + én)\L(t)
= (L=nA/2)- L(t)
where the first step is based on Lemma the second step combines Lemma

and the final step results from basic algebraic manipulations.
Choice of m and 7. Following Lemma|[G.2} [G.3}[G.4, 27|and [G.6, we choose:
m > Q(/\*Sn7d2 poly(exp(B?), exp(D)))

n < O()\n_4d_1 - poly(exp(B?), exp(D))_l)

Proof of Part 2. We have
L) < (1-nA/2)" - L(0)
which can be derived from Part 1. O
Lemma H.2. Suppose we have the following:
o Leti € [n]andr € [m].
o Let C > 0 be a sufficiently large constant.
o Let o > 0 be a small constant.
e Define u € R as specified in Claim|[C.2}
e Define P € RV as specified in Claim [C.2]
o Define t > 0 be an integer.
e Define h € RY as specified in Definition
e Define £ € R as specified in Definition|C.3]
e Define training dataset D := {(z;,v;)}7_, C R? x R as specified in Deﬁnition
o Define L(t) € R as specified in Definition|D.4
e Define F;(t) € R as specified in Definition E.4)
o Define B € R as specified in Definition
e Define D € R as specified in Definition [K.2}
With probability at least 1 — §, we obtain:

o Part 1.



o Part 2.
L(#) < exp (0(321))) .O(nR?) + O(nB?)

Proof. Proof of Part 1. Firstly, we have

Yi = Ui,d+1 + Eidt1
= (Pi,a+1, hi1) + &ide1 (34)

Above, the 1st equation is based on Deﬁnition The 2nd equation is trivially from Claim And
we have &; 411 ~ N(0,02) and h; 1 ~ N(0, Iy) which follows from Deﬁnition and || P;at1l2 =1
which follows from Claim[C.2]

Then we can show
(Pi,a+1,hi) ~N(0,1)

where this step comes from Fact[B.4}
Thus, we can get

yi ~ N(0,1 4 0?)
where this step comes from Eq. (34)), Fact[B.3)and & 41 ~ N(0,02).
Consequently, with probability at least 1 — 6, we have

1l < CVIT o yoB(1/8)

<0(B) (35)

where the first inequality is derived from Fact[B.5 and the second inequality uses Definition

Finally, we can show

=33 w?
i=1
<0(nB?) (36)

Above, the first equation is trivially from Definition[D.4} The second equation is due to Assump-
tion[D.7] and the last step uses Eq. and basic algebraic manipulations.

Proof of Part 2. Firstly, we can show that

L(t) = 5IF(®) - vl

IN
— N =
/N
—
—
n
-
—~
~
N
|
-n
-
—
(==}
S—
S—
o
+
7
—
=
-
~—~
(=)
S—
|
<
S
S—
N
N

IA
I

5 [F(®) = F0)[13 + O(nB?)

< exp (O(BQD)) .O(nR?) + O(nB?)
Above the first equation is due to Definition [D.4) The second equation is a result of basic algebra and
the /; norm definition. The third inequality comes from further algebraic manipulation, and the

fourth inequality is based on Definition [E.4and Eq. (B6]). The final step is based on Lemma[[.5 Part
2. O
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H.2 Induction for Gradients
Lemma H.3. Assuming the following conditions are satisfied:
o Letic [n]andr € [m].
e Let training dataset D := {(z;,y;)}7_, C R%
e Define a € R™ as specified in Definition [D.2}
o Define L(t) € R as specified in Definition
e Let w(0) € R™ be initialized as Definition[D.2)and updated by Definition
e Define S; ,.(t) € R as specified in Definition|E.3]
e Define F;(t) € R as specified in Definition E.4)
e Define B > 1 as specified in Definition [K.1]
o Define D > 1 as specified in Definition
o Let 5 € (0,0.01).

With probability at least 1 — §, we obtain:

n3/2
|Aw, ()] < T exp(O(B?D)) - [[F(t) = yll2

Proof. Firstly, we have that Vi € [n]
|(Fit) = i) wia - ((Sin(t),25%) = (Sin(t), 20)*)| < [Filt) — il - O(B) - exp(O(B*D))
= exp(O(B*D)) - [Fi(t) — vl (37)

where the first step is trivially from Lemma [[.4{and Part 1 of Lemma the second step uses the
fact O(poly(B)) < exp(O(B)).

Then, we can proceed to show that

B (1) = | dw‘j(t)L(wl
-1 ; i (i), 3%) — (Sin(0), 2207
< % | (Fu(t) = ) @i - (Sar(8),25%) = (S0, (8). 7))
< = - O(B) - max|(F(0) = )| - (54, (0).2%%) = (Su,(0).)°
< =1 0(B) - max (Fu(0) = )| (508,253 +1(5:, 1) )7
< % -n-O(B) - exp(O(BX(D + R))) - O(B?) - |[F(t) — yllx
< % ‘- exp(O(BD)) - [F(t) — I
< (0B D) - IF(D) ol

Above, the first equation is derived from Definition[D.5 The second equation uses the result of Part
6 of Lemma and the third inequality is derived from a, ~ Uniorm{ L+1}and | >0 o] <
n|max;e) il The fourth inequality is a consequence Part 1 of Lemma and the fifth inequality
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is trivially from triangle inequality, the sixth step combines the definition of ¢; norm, Eq. (B]) and
Eq. (@), the seventh step applies the fact that O(poly(B)) < exp(O(B?)), R € (0,0.01) and B > 1
and the last step uses the inequality ||z||; < v/n|z||2. O
H.3 Induction for Weights
Lemma H.4. Assuming the following conditions are satisfied:

o Leti € [n]andr € [m].

o Let training dataset D := {(z;, )}, C R<

e Define a € R™ as specified in Definition [D.2}

e Define L(t) € R as specified in Definition

e Let w(0) € R™ be initialized as Definition|[D.2)and updated by Definition [D.5]

o Define S, ,-(t) € R as specified in Definition

o Define F;(t) € R as specified in Definition

o Define B > 1 as specified in Definition

o Define D > 1 as specified in Definition

o Let 5 € (0,0.01).

o Choose m > Q(A~2n" poly(exp(B?), exp(D))).

Then, with probability no less than 1 — §, we will get

A
= — <
= Y20 rem] fur (§) = wr (O) < n poly (exp(B?), exp(D))

Proof. We have:

R:= max max [wr () — wy (0)]

<7 lim max Z |Aw,. (T

T e e [m] 4

<7 lim Z \F exp(O(B2D)) [IF(7) = yll2

t—>+oo

<n lim Z \F -exp(O(B%D)) - (1 —nA/2)TL(0)

t—>+oo

<p lim Z\F -exp(O(B2D)) - (1 — n\/2)"O(nB?)

t—+oo

n5/2

NZD)

< O( ) - exp(O(B*D))

A
<
~ npoly(exp(B?), exp(D))
Above the first step is based on the definition of R, the second step results from basic algebra, the
third step follows from Lemma [H.3} the fourth step use basic algebraic manipulations and Part 2

of Lemma the fifth step is based on Lemma[H.2|Part 1, the sixth step is based on Fact[B.9/and
B? < exp(O(B?D)), last step is a consequence of the choice of m. O
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I Asymmetric Learning

I.1 Main Results 1: Attention Convergence with Asymmetric Learning

Theorem 1.1. Assuming the following conditions are satisfied:
o Denote vy 1= min{é 22:1(9%16 — )2,

e Choose m > Q(/\_gn7d2 poly(exp(BQ),eXp(D))).
e Choose n < O()\n*‘id’1 - poly(exp(B?), exp(D))fl).
e Choose T > Q(n%\ log(nBz/e))

Consequently, the following holds with probability at least 1 — o:

L(T) <e.
Asymmetric Learning. We can also show that for any t > Q(_50—):
e Part1.
Pr{w,(t) > 0la, =1] > 19§
e Part 2.

Pr{w,(t) < Ola, = —1]>1—-90

Proof. We have:
1—nA/2)"L(0)

L(t) < (
< (1-nA/2)"-O(nB?)
<e€

Above, the first inequality is due to Part 2 of Lemma and the second inequality is due to
LemmaPart 1. The final step uses Fact.and pluggmg t= ( log(nB?/e)).

Choice of m and 7. Combining Lemma [H.T|and [H.4} we have:
m > ()\_3n7d2 poly(exp(B?), exp(D)))

n< O(/\n*‘*d*1 - poly (exp(B?), exp(D))’l)

Proof of Part 1. When a,. = 1, we have:

wy(t) = w,(0) =0 Y Aw,(7)

> —O(B)+1tn- 0(”%1“) -exp(—O(B2D))

>0

Above, the 1st equation is based on Definition[D.5] and the 2nd inequality is based on Lemma

Part 1 and LemmauPart 1. The last inequality follows from plugging ¢ > Q(, 7).

Proof of Part 2. When a,, = —1, we have:
t
w,(t) =w,-(0) — 7 Z Aw,.(T)
T=1
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TVYUmin ) .

<0(B) —tn-O( exp(—O(B2D))

vm
<0
Above, the 1st equation is based on Definition|[D.5 and the 2nd inequality is based on Lemma
Part 1 and LernrnaPart 1. The last inequality follows from plugging ¢ > Q(57—). O

I.2 Main Results 2: Attention Fails in Learning Residual Feature

Theorem 1.2. Let all pre-conditions in Theoremhold.For any Gaussian vector  ~ N'(0,0"* - I). For all
r € [m] that satisfies a, = —1, with a probability at least 1 — §, we have:

E[softmaxq(xq - w,(t) - )] < E[softmaxy(xq - w,(t) - )]

Proof. Define:
hi(z) := softmax(x) — softmaxy(z)
Note that hy(x) is a convex function for [z, z4] for any k € [d — 1].

Then following Jensen’s inequality, we have

Elhi(z)] > hi(E[z]) <= E[softmaxy(x) — softmaxy(x)] > softmax (E[x]) — softmaxy(E[z])
<= Elsoftmax(z)] — E[softmaxq(x)] > softmaxy (E[z]) — softmaxy(E[z])

Above the 2nd step is based on simple algebras.
Since = ~ N (0, o'?. 1), then we have:
E[z7 - w, ()] = wr(t)
Elzqzy - w,(t)] =0
Besides, following Theorem [[.T) when a, = —1, with probability at least 1 — §, we have:
w,(t) <0
Thus we obtain:

softmaxg (E[z]) — softmaxy(E[z]) > 0

Finally, we have:

E[softmaxy (x)] — E[softmaxg(z)] > softmaxy (E[z]) — softmaxq(E[z])
>0

I.3 Gradient Direction

Lemma I.3. Assuming the following conditions are satisfied:
e Denote vy 1= min{% ZZ:1(xi,k — 7)),

With probability at least 1 — §, we have:
e Part 1. If a, = 1, we have:




e Part 2. If a, = —1, we have:

7Y Umin )

Aw,.(t) > O( i

~exp(~O(B*D))

Proof. For i € [n], we have:
Elzi,qyi] = E[h; P - PdTJrlhi +hi Pa-&ia+ 73;+1hi - &idt1)
= Elh) Pa- Pyi1hi]
= (P, Pc}—+1>
=7
Above the first equation follows from Claim[C.2Jand Definition [C.3} and the 2nd equation is based

on hix ~ N(0,1) and &; , ~ N(0,0?) independently. Basic algebras and Claim [C.2|can obtain the
last step.

Hence, we apply Hoeffding inequality to > _." , z; 4y;, we have:

‘ Zmi’dyi — ZE[acldyl] < O(BQ\/nlog(n/é))
i=1 i=1

< O(vnB?) (38)

Above the first inequality follows from z; 4 < B and y; < B, and the second inequality follows from
Vlog(n/d) < B.

We can obtain:

> @iy > ny — O(vVnB®) (39)

i=1
Above, the inequality can be derived from Eq. (38]).

Next, we can show that:

n

Z(Fi(t) —Yi) Tid = Z Fi(t)xia — Z YiTi,d
i1 i1

) exp(O(B2D)) - O(nRB) — ny + O(y/nB?)
—ny + O(v/nB?)
—O0(n) (40)

INIA TN

Above, the first equation is trivially obtained by simple algebra, and the second inequality follows
from Part 1 of Lemma [[.5] Part 1 of Lemma [K.3|and Eq. (39). The third inequality follows from
plugging R < O(exp(—O(B?D)) - /(n®>B*)), the last step follows from n > O(N/7).

Proof of Part 1. When «a, = 1, following Lemma we have:

A, (t) = % S (Filt) = ) @i (Sir(0),2) = (i (0).)%)
< eXp(_OE/B;D))Umm a, ;(Fl(t) —Yi) " Tid
< —O(=/2%) - exp(~O0(BD))

where the second step follows from Lemma([.4] the third step follows from Eq. (40).

Proof of Part 2. This proof is similar to the Proof of Part 1 of this Lemma above. O
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I.4 Basic Lower Bound
Lemma I.4. Assuming the following conditions are satisfied:
o Leti € [nlandr € [m].
o Let integer t > 0.
e Let training dataset D := {(z;,v;)}7_, C R
e Define S; - (t) € R as specified in Definition
e Define B > 1 as specified in Definition [K.1]
o Define D > 1 as specified in Definition
e Let R e (0,0.01).
e Let § € (0,0.1).
e Denote vy := min{é 22:1(%‘7!@ — )2}, where T; := é 22:1 Ti k-
Then, with a probability no less than 1 — &, we have:

(Sir(t),27%) = (Sin(t), z:)* > exp(—=O(B?D)) - Umin
Proof. Define
T o= (Sir(t), s)
We have:

(Sir(t), 25%) = (Sin(t), i) = (Sin(t), (z — 1 Tir)°?)

i Sirt 17 _1 '7ir02
moin (O (La, (2= 1a-7ip)°7)

in'S; (1) O(dvy
min (1) - O(dvy,)

exp(—O(BzD)) * Umin

(A\VARR Y]

v

where the first two steps can be derived from simple algebras, the second step follows from Fact[B.8]
and the last step follows from Part 9 of Lemma|K.3|Jand R < B. O
I.5 Model Outputs Concentration during Training
Lemma L.5. Assuming the following conditions are satisfied:

o Letic [n]andr € [m].

o Let integert > 0.

e Define training dataset D := {(z;,y;)}7_, C R? x R as specified in Deﬁnition

e Define a € R™ as specified in Definition|D.2}

e Define S, .(t) € R? as specified in Deﬁnition

e Define F;(t) € R as specified in Definition [E.4)

o Define B as specified in Definition

e Define D as specified in Definition K2}

o Let R € (0,0.01/B2).
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e Let § € (0,0.1).
Then, with a probability at least 1 — &, we have

e Part1.
Filt) - Fi(0)] < exp (O(BD)) - O(R)

e Part 2.
IF(5) = FO)ll2 < exp (O(B2D)) - O(R/m)

Proof. Proof of Part 1. Firstly we have
1 m
Fi - ar' 1r i) — —F— Q-+ Si,roaxi
IFi(t) =Fi(0)] = | 7= Z ) = ; (Sir(0), i)

= ‘\/>ZCL7 . 17 - Sz,?(o)vxl>|

where the first step is trivially from Definition [E.4/and the second step follows from simple algebra.
Then we proceed to show that, Vi € [n] and r € [m)],
|ar - (i (8) = Si,r(0), i) = [(Si,r(8) = 53,0 (0), 20)|
< 1Sir () = Sir (0) 2|2
<Vd-exp(O(B*D))-O(RB?)/d-Vd - O(B)
= exp(O(B%D)) - O(RB?) (41)
Above, the first equation can be obtained from Definition[D.2] The second inequality is a consequence

of Cauchy Inequality. The third inequality is from Part 1,13 of Lemma and the definition of ¢
norm, and the final equation is trivially from basic algebra.

Now we can use Hoeffding Inequality (Lemma B.1]) to random variables a, - (S; »(t) — S; »(0), z;),
for r € [m]. Besides, we have

m

Za'r' 17 - 17(0),$i>]:0

where this step follows from a, ~ Uniform{—1, +1}.
Also, we have:
la, - (Sir(t) — Sir(0),2;)] < exp(O(B?D)) - O(RB?)
< exp(O(B2D)) - O(R) (42)

Above, the 1st inequality is based on Eq. and the 2nd inequality is based on O(poly(B)) <
exp(O(B?)).

Then, with probability at least 1 — ¢:
|ﬁ Z: ar - (Sin(t) = Sin(0),25)] < % exp(O(B2D)) - O(R) - /mlog(m)5)
< exp(O(B*D)) - O(RD)
< exp(O(B’D)) - O(R)

where the first step is a consequence Hoeffding Inequality (Lemma [B.T)) and Eq. (42), the second
step is trivially from simple algebras and Definition and the last step is derived from the fact

O(poly(D)) < exp(O(D)).
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Proof of Part 2. We have

IF(t) = FO)ll2 = \J > _(Fi(t) = Fi(0))

< exp(O(B®D)) - O(Ry/n)

Above, the first equation is trivially from ¢, norm, and the second inequality can be obtained by
applying the result of Part 1 of this lemma and simple algebra.

Then we finished the proof. O

J Generalization

J.1 Main Results 2: Attention Fails in Generalizing Sign-Inconsistent
Next-step-prediction While Residual Linear Does Well

Proposition J.1. Assuming the following conditions are satisfied:
o Let all pre-conditions in Theorem [[.1)hold.
e Define R(-) as specified in Definition|C.4]
o Letd=N.
Then with a probability at least 1 — 6, there is not existing w,(t) € R™ satisfies:
R(f) < O(0?)
Proof. We have:

Ntest

Z ay - softmaxq(Tiest,i,d - Wr(t) * Tiest,i) > 0
i=1

where this step follows from w,(t) < 0 when a,, = —1 in Theorem[[.2}
Denote:

Pp:=[P1 P2 -+ Psile RN xd-1
and

Py = Pd+1 € RN

Then there doesn’t exist any vector watn € R4~ that satisfies:

PrWattn = Py

J.2 Residual Linear Network

Definition J.2. Given an input vector x € R¢. Denote wy, € R as the model weight. The residual linear
network is defined by:

flin(z) = <wlin,x — Xq 1d> + Tqd
Proposition J.3. Assuming the following conditions hold:
e Define R(-) as specified in Definition|C.4]
e Letd=N.
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Then there exists and exists only one wy,,, that satisfies:

d—1

Z Wiin,k * Pr = Pat1 — Pa

k=1
Hence, we have:

R(flin) < 0(02)
Proof. Denote:
Py = ['Pl —Pg Po—Pg -+ Pyg_1—"Pyg 'Pd*'Pd] c RNV*d
and
Py :=Pat1 —Pa € RN

We choose:

Wiy = (Py Pa) "' Py Py

Since d = N, we have:

Ntest

R(fiin) = mexlﬁig}%o — Z(f“n@test)i) ~ Yrest)’
-~
= B o0 T ; (Stest.ia — Erest ia+1)”
< 0(0?)

where the last step is based on the variance of &iest,i.d — Etest,i,d+1-

K Taylor Series

Definition K.1. For § € (0,0.1), 0 € R and a sufficiently large constant C' > 0, we define:
B := max{/(1 + 02)log(nN/j), 1}
Definition K.2. For § € (0,0.1), 0 € R and a sufficiently large constant C' > 0, we define:

D := max{+/log(m/é),1}

Lemma K.3. Assuming the following conditions are satisfied:

e Define training dataset D := {(z;,v;)}7_, C R? x R as specified Deﬁnition
e Define B > 1 as specified in Definition [K.1]

e Define D > 1 as specified in Definition[K2]

o Define R := max;>0 maX,¢[m] |w,(t) — w,(0)].

e Let w(0) € R™ be initialized as Definition[D.2)and updated by Definition[D.5]

e Define u; -(t) € R? as specified in Deﬁnitz’on

o Define o; ,(t) € R as specified in Definition

o Define S, (t) € R as specified in Definition

o Let R € (0,0.01/B2).
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o Vi€ [n],r €[m],keld,t>0.
e Let § € (0,0.1).
Consequently, with probability at least 1 — 6, we have:
o Part 1. |x; 1| < O(B).
o Part 2. |w,(0)] < O(D).
e Part 3. |w,.(t)] < O(D + R).
O(B?D)) < uirk(0) < exp(O(B?D)).
O(B?*(D + R))) < ui,(t) < exp(O(B*(D + R))).

e Part 4. exp(—
e Part 5. exp(—
e Part6. d-exp(—O(B?D)) < o +(0) < d - exp(O(B*D)).

o Part7.d-exp(—O(B*(D + R))) < a;,(t) < d-exp(O(B*(D + R))).

e Part 8. w < S 1(0) < w.

o Part 9, SROBADIR) <5 (1) < SROBAD+R)

o Part 10. |uipo(t) — uiri(0)] < exp(O(B2D)) - O(RB?).

o Part 11. |ay,(t) — i, (0)] < dexp(O(B2D)) - O(RB2).

o Part12. |ay, (t)~" — ;. (0)"!| < exp(O(B2D)) - O(RB?)/d.
o Part 13. |S;,,.1(t) — Sir(0)] < exp(O(B2D)) - O(RB?)/d

Proof. Proof of Part 1. We have
Tik = Uik + ik
= (Pi ks hi1) + &k

Above, the first equation is trivially from Definition[C.3] and the second equation is also trivially
from Claim And we have &; ;. ~ N(0,0%) and h; 1 ~ N(0, Iy) following from Definitionand
(IP; k]2 =1 from Clairn

Hence, we can have

(Pik,hia) ~N(0,1)
where the step is a consequence of Fact[B.4]
And we have

Tip ~N(0,1+0?)
Thus, with a probability 1 — ¢:

|z k] < CV(1 4 02)log(1/6)
<0(B)

Above, the first inequality is derived by using Fact[B.5] and the second inequality is trivially from the
Definition of B (Definition [K.1]).

Proof of Part 2. We have
w,(0) ~ N(0,1)
Above the step can be trivially from Definition[D.2]
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Thus, with a probability no less than 1 — , we have
|w:(0)] < C/log(1/9)
=0(D)

Above the first inequality is a consequence of Fact[B.5 and the second equation is trivially from the
Definition [K.2]

Proof of Part 3. By following the Lemma statement, we can show that
lwr(t) —wr(0)] < R
where the step can be obtained from the definition of R.
Then we have
lw,(t)| < |w,(0) + R
< |lw,(0)| + | R|
<O +R)

Above, the first inequality is a result of simple algebra, the 2nd inequality applies triangle inequality,
and the last step is trivially from Part 2 of this lemma.

Proof of Part 4. We have

|20 - wr(0) - 25 x| < O(B*D)
The inequality above can be trivially obtained by using Part 1,2 of this lemma.
Hence, we get

Uik (0) = exp(zi g - wr(0) - @i k)
€ [exp(~O(BD)),exp(O(B*D))]

Above, the first equation is trivially from Definition and the second step is derived by using
basic algebra.

Proof of Part 5. We have
|Zia - w(t) - zi1] <O(B*- (D + R))
where this step combines Part 1,3 of this Lemma.

Hence, we get

Uik (t) = exp(xiq - wp(t) - T 1)
€ [exp(—O(B*(D + R))),exp(O(B*(D + R)))]

where the 1st step is trivially from Definition [E.T} and the 2nd step applies basic algebra.
Proof of Part 6. We have

041'77”(0) == <Ui,r(0)a 1d>

d
= > uirk(0)
k=1

where the first step is trivially from Definition [E.2} and the second step applies simple algebra.
Thus we have

d-exp(—O(B2D)) < a;,-(0) < d- exp(O(B2D))
where this step can be trivially derived from Part 4 of this lemma.

Proof of Part 7. We have
@i (t) = (ui,r(t), 1a)

62



d
E uzrk

where the first step is trivially from Definition[E.2 and the second step comes from the definition of
the inner product. Thus we have

d-exp(~O(B2(D + R))) < i (t) < d- exp(O(B*(D + R)))
where this step can be obtained by Part 5 of this lemma.
Proof of Part 8. We have
Sirk(0) = ;i (0)~" - us 0 x(0)
where this step follows from Definition[E.3] Then we have

exp(~O(B*D)) exp(O(B*D))
d d
where this step can be obtained by combining Parts 4,6 of this lemma.

Proof of Part 9. We have

< Si,r,k(o) <

Si,r,k(t) = Oéi,r(t)il . Ui,r,k(t)
where this step follows from Definition[E.3} Then we have
exp(—O(B%(D + R))) exp(O(B%(D + R)))
d d
where this step can be obtained by combining Part 5,7 of this lemma.

Proof of Part 10. We have
|Usrg () — Uik (0)]
= |exp(zi,a - wr(t) - @i x) — exp(zia - wr(0) - Ty k)|
) wik) - (xp (wiamin - (wp(t) = wr(0))) = 1))
zi) - (savig - (we(t) = w,(0)) +O(1) 2242, - (wn(t) = w,(0))%) |

) - (RB*4+0(1) - R?BY)|
k) - O(RB?)|

< Si,r,k(t) <

= |exp(ziq - w

-(0
= |exp(x;,q - wy(0) -
< |exp(@i,a - wy(0) -
<lexp(ziq - w(0) -z
= |uir.1(0) - O(RB?)]
< exp(O(B®D)) - O(RB?)
Above the first equation is trivially from Definition the second equation can be obtained by
using simple algebra, the third equation is a consequence Fact[B.6} the fourth inequality combines
the result of Part 1 of this lemma and |w,(t) — w,(0)| < R, the fifth inequality applies simple algebra,

the sixth step comes from Definition[E.T|and the last step is derived from Part 6 of this lemma.
Proof of Part 11. We have
|i,r (1) — @i (0)]

| Z ui,r,k(t) - Z ui,r,k(o)
ke(d]

keld]

§ Z |uz T, k ui,r,k(0)|

keld)
< d- exp(O(B2D)) - O(RB?)

Above the first equation is trivially from Definition the second step can be obtained by using
triangle inequality, and the last step is derived from Part 10 of this lemma.
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Proof of Part 12. We have

oy ()7 = i (0) 7Y = @i (8) 71 @ (0) 7 i (0) — i (8))]
<d-exp(O(B2D)) - O(RB?) - exp(O(B d(D +R))) exp(O((iB D))

= exp(O(B%D)) - O(RB?)/d

Above, the first equation is based on simple algebra, the 2nd step is due to Parts 6, 7, and 10 of this
lemma, and the last step can be obtained from applying basic algebras and the fact that R < D.

Proof of Part 13. We have

S8 () = Si,rk (0)]
= lair ()7 g (t) = @i (0) 71 - ug 11 (0)]
= (i ()™ ik () = @i (70 03,0k(0)) + (@i ()71 - 030 (0) — i (0) 7 - i1 (0))]
<Jair ()7 g (1) = ui e (0)] + |Uzrk( )| e (7 = @i (0)77
exp(O(B?D)) - O(RB?)/d + exp(O(B*D)) - O(RB?)/d
_ exp(0(B2D))
- d
Above the first equation is trivially from Definition [E.3} the 2nd step is due to simple algebra, the 3rd

step can be obtained by applying triangle inequality, the fourth step combines Parts 4, 7, 10, 12 of
this lemma, and the final step is based on simple algebra.

IA

-O(RB?)

O
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