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Abstract

Systems of interacting continuous time Markov chains are a powerful model class,
but inference is typically intractable in high dimensional settings. Auxiliary infor-
mation, such as noisy observations, is typically only available at discrete times,
and incorporating it via a Doob’s h−transform gives rise to an intractable posterior
process that requires approximation. We introduce Hidden Interacting Particle
Models (HIPMs), a model class parameterizing the generator of each Markov chain
in the system. Our inference method involves estimating look-ahead functions
(twist potentials) that anticipate future information, for which we introduce an effi-
cient parameterization. We incorporate this approximation in a twisted Sequential
Monte Carlo sampling scheme. We demonstrate the effectiveness of our approach
on a challenging posterior inference task for a latent SIRS model on a graph, and
benchmark different methods to approximate the twist function.

1 Introduction

Many real-world phenomena, from epidemics to wildfires, can be modeled as systems of interacting
components evolving in continuous time, where the underlying dynamics are governed by discrete
latent states. This approach builds upon concepts from continuous time hidden Markov models
[1, 2] and extends them to spatially structured, high dimensional processes. Interacting particle
systems (IPSs) [3, 4] provide a powerful mathematical framework for describing local propagation
dynamics in discrete state spaces and continuous time, and are an important subset of the broader
class of continuous time Markov chains (CTMCs). We formulate our goal as performing probabilistic
inference on systems whose latent dynamics follow an IPS, given only incomplete or indirect
information. We refer to this model class as Hidden Interacting Particle Models (HIPMs). Our model
can be thought of as a discrete analogue to latent stochastic differential equations [5]. The core
challenge within the HIPM framework lies in sampling from a smoothed path measure over latent
trajectories. To address this problem, we make the following contributions:

• We propose a twisted sequential Monte Carlo (tSMC) scheme tailored to our model. Our
approach involves learning a twist function [6], for which we extend the mass-covering
loss proposed in [7]. A distinctive characteristic of our approach is that we do not require
learning a separate proposal distribution as in [8? ? ].

• We identify an invariance property that the twist function should satisfy, and use it to
design an architecture with favorable inductive biases. We benchmark twist objectives and
parameterizations on posterior path inference for a spatial SIRS model.

We provide an introduction to CTMCs and SMC, as well as references to related work, in A.
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Figure 1: Example of an HIPM as a state space model. Here, the latent trajectory is sampled from a
continuous time SIR model, and potentials are emission distributions of partially masked observations.

2 Background

2.1 Interacting Particle Systems

While CTMCs can be extended to high-dimensional systems, the size of the associated rate matrix
increases exponentially with the number of dimensions, making exact inference intractable. We
consider state spaces of the form Z = Vd, where V = {1, . . . , V } is a fixed vocabulary. In many
real-world scenarios it is reasonable to assume that each transition only involves a jump in a single
dimension. The rates for each dimension i can still depend on the global configuration Zt, and this
spatial dependence can be made explicit by considering a graph G = (I, E), where I is a set of d
indices and E is the set of edges. It is then natural to define the CTMC using local transition rates [9],
corresponding to

rit(v | zt) = lim
∆t→0

1

∆t
P(Zit+∆t = v |Zjt = zjt : (i, j) ∈ E), v ̸= zit, (1)

and rit(z
i
t | zt) = −

∑
v∈V r

i
t(v | zt) for any i ∈ I. The assumption that transitions occur for a single

dimension at a time can be formalized by letting the rate matrix of the CTMC on the global state space
Z be Rt(zt+∆t | zt) =

∑
i∈I r

i
t(z

i
t+∆t

| zt)
∏
j ̸=i δzjt

(zjt+∆t
). CTMCs following these assumptions

are known as IPSs on a finite state space and a finite graph [3, 4].

3 Twisted SMC for Hidden Interacting Particle Models

3.1 Hidden Interacting Particle Models

We are interested in scenarios where the underlying system dynamics follow an Interacting Particle
System (IPS) {Zt}t∈[0,T ] with a prior path measure P , as described in Section 2.2. However, the
inference task often involves conditioning this process on auxiliary information, which might arise
from partial observations or specific desiderata on the process outcomes. We assume auxiliary
information is present at discrete time points τ1, . . . , τK ∈ [0, T ], and we represent it using non-
negative potential functions Gτk : Z → R+, for k = 1, . . . ,K, which we assume to be tractable
to evaluate pointwise. We let the target distribution of our Hidden Interacting Particle Model
(HIPM) be the smoothed path measure P ⋆, obtained by reweighting the original IPS path measure P
according to the potentials:

P ⋆(dZ[0,T ]) ∝

(
K∏
k=1

Gτk(Zτk)

)
P (dZ[0,T ]). (2)

The construction in equation 2, for a general choice of prior dynamics, is commonly known as a
Feynman-Kac (FK) path measure [10–12]. A crucial property of the HIPM target measure P ⋆ is that
the underlying stochastic process {Z⋆t }t∈[0,T ] it induces is, itself, an IPS. This insight stems from
Doob’s h-transform applied to the original IPS dynamics [13, 14]. To characterize the dynamics of
this transformed process, we introduce the "look-ahead" function h⋆t : Z → R+ for t ∈ [0, T ). At
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times τk, k ∈ [1 : K] when a potential is observed, h⋆t undergoes discontinuities known as reset
conditions [? ]:

h⋆t (z) := EP
[ ∏
k:τk>t

Gτk(Zτk)
∣∣Zt = z

]
, h⋆T (z) = 1, h⋆

τ−
k

(z) := lim
t→τ−

k

h⋆t (z) = Gτk(z)h
⋆
τk
(z).

(3)
The smoothed dynamics is then described by the following proposition:
Proposition 1 (Doob’s h-transform of an IPS). Let P be the path measure of an IPS with initial
distribution p0 and local transition rates rit(v | z). The process {Z⋆t }t∈[0,T ] governed by the HIPM
path measure P ⋆ defined in equation 2 is also an IPS. Its initial distribution is p⋆0(z) ∝ p0(z)h⋆0(z),
and its time-dependent local transition rates r⋆,it are given by:

r⋆,it (v | z) :=

rit(v | z)
h⋆t (z

i→v)
h⋆t (z)

, v ̸= zi,

−
∑
u̸=v r

i
t(u | z)

h⋆t (z
i→u)

h⋆t (z)
, v = zi.

(4)

where zi→v denotes the state z with its i-th dimension changed to state v ∈ V , and h⋆t (z) is the
look-ahead function defined in equation 3.

This result can be derived using conditioning properties for Markov processes [13, 14], and generalizes
the posterior distribution used in reward-guided fine-tuning for discrete diffusion models [15–17].
We provide a complete proof of 1 in Appendix B.1. Simulating directly from these transformed rates
r⋆,it is generally intractable because computing the look-ahead function h⋆t (z) requires solving high-
dimensional expectations over future trajectories under P . This computational challenge motivates
the need for approximate inference techniques, such as the twisted Sequential Monte Carlo method
we introduce next.

3.2 tSMC for HIPM

Classic design choices for SMC algorithms, such as the bootstrap particle filter (BPF) [18] notoriously
display poor performance in continuous time problems with sparse potentials, as weights are uniform
in between potential times, leading to degeneracy [19].

Twisted Targets. Twisted SMC (tSMC) addresses this limitation by modifying the intermediate
target distributions of SMC [20, 6]. The core idea is to introduce a learnable function hψt : Z → R+,
the twist function, approximating the look-ahead function h⋆t (z) from equation 3. The tSMC algorithm
targets a sequence of twisted distributions Pψt , defined by substituting

∏
k:τk>t

Gτk(zτk) in equation 2
with hψt (zt). Following Proposition 1, this is also an IPS. We can then use the twist-induced proposal∏
i∈I δzis,zit +∆ ris(z

i
t | zs)

hψs (z
i→zit
s )

hψs (zs)
. The resampling procedure will correct errors induced by time

discretization, and account for observed potentials.

Twist Learning. Prior work has explored approaches based on consistency inspired by optimal
control theory [6, 8], and density ratio estimation [? ? ]. Recently, [7] proposed to minimize the mass-
covering forward KL divergence with respect to the true posterior in the context of autoregressive
language models. We adapt this approach to our setting, and learn an amortized twist function by
optimizing the following loss:

L(ψ) = EP⋆T

[
−
∑
i∈I

(∫ T

0

rψ,it (Zit |Zt)dt+
∑

t:Zit ̸=Zit−

log rψ,it (Zit− |Zt)
)]
, (5)

which can be approximated using tSMC weights, discussed in C.3. A similar approach has been
proposed for learning the proposal distribution [21? ]

Efficient Twist Parameterization. Parameterizing the twist-induced optimal proposal poses a
notable challenge: at each sampling step, for a given starting state zt, the proposal requires evaluating
ratios of the twist for each value of hψt (z

i→v), for i ∈ I, v ∈ V . We denote this mapping as
Hψ
t : Z → Rd×V+ , where Hψ

t (z)[i,zi] = hψt (z) for i ∈ I. Note that, at the optimum, each element
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(a) Example of ground truth and generated latent trajectories,
with counts of each state averaged over the graph at each
timestep. The model is the SIRS IPS described in 4, with
d = 128 nodes. Observation times are dashed gray lines;
intervals are 95% quantiles over one SMC run with 25
particles.
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(b) Latent trajectory reconstruction, measured by
NLL of ground truth trajectories with respect
to the posterior approximations. Methods using
TwistNet are highlighted by a thicker line. Error
bars correspond to two standard errors.

in Hψ
t (z) should correspond to a conditional expectation where a single dimension of the input is

swapped, bearing close resemblance to the numerator of the concrete score [22]. It follows that the
learned mapping should satisfy the following invariance property:

hψt (z
i→v) = Hψ

t (z
i→u)[i,v], u, v ∈ V, i ∈ I. (6)

In principle, this property can only be achieved by applying the twist function to each zi→v . However,
it can be the case that we have access to highly informative contextual and positional information
et, ct. For instance, in SSM ct could correspond to future observation states and times, i.e. x≥t, τ≥t.
We can leverage this by considering a context head Φt(et, ct) ∈ RV×d×m,

hψt (z) = ρ

(⊕
i∈I

Φt(et, ct)[i,zi]

)
, (7)

where ρ : Rm → R+ can be a learned function. When computing Ψt(z), this formulation re-
quires a single forward pass of the context head and the operation in equation 7 can be easily
parallelized by pre-computing the sum St(z) =

⊕
i∈I Φt(et, ct)[i,zi] and letting hψt (z

i→v) =

ρ
(
St(z) + Φt(et, ct)[i,v] − Φt(et, ct)[i,zi]

)
, v ∈ V, i ∈ I. We refer to this parameterization as

TwistNet. By [23, Thm. 9], this formulation characterizes an arbitrarily accurate function approxima-
tor, for suitable choices of Φt and ρ. Note that, while [23, Thm. 9] was introduced for permutation
invariant functions, including positional information effectively bypasses this limitation. Another
option is to use a discrete Taylor approximation, as we discuss in C.3.

4 Experiments

Latent SIRS model. We study posterior path inference in a latent spatial SIRS IPS on a graph
with local state space V = {S, I,R} [4]. Observations arrive at K = 10 irregular snapshots
τ1 < · · · < τK and follow a state-space model: conditioned on the latent trajectory, the per-node
emissions at each τk are independent across i ∈ I. At each snapshot, node states are masked with
50% probability, and potentials are defined by the emission distribution of observations. We fix the
parameters of the forward model P , and let the target of our inference procedure be the smoothed P ⋆
from equation 2 for a prescribed test set of observations. We compare our approach to NASMC [21]
and NAS-X [? ]. For our approach, we experiment learning the twist using both our forward KL loss
5 and the DRE loss [? ]. Experimental details are discussed in C.

5 Conclusion

We introduced an efficient posterior inference framework for systems of latent interacting CTMCs.
Our method improves upon alternatives on a task of latent trajectory reconstruction, showing favorable
scaling with dimensions. In future work, we plan on testing our approach on parameter learning tasks,
and on including real world data such as WildFireSpreadTS [24], a dataset of wildfires trajectories.
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A Background

A.1 Continuous time Markov chains.

Consider a Markov process {Zt}t∈[0,T ], taking value in a discrete state space Z = {1, . . . , S} over a
finite, continuous time interval [0, T ]. This system, known as a CTMC, can be fully characterized by
an initial probability distribution p0 ∈ P(Z), and a transition rate matrix R : Z×Z×[0, T ]→ RS×S ,
where each entry represents an instantaneous probability rate defined as

Rt(zt+∆t | zt) := lim
∆t→0

1

∆t
P(Zt+∆t = zt+∆t |Zt = zt), zt+∆t ̸= zt,

and Rt(zt | zt) = −
∑
z∈Z Rt(z | zt) for any zt, zt+∆t ∈ Z . Random trajectories z : [0, T ] → Z

are càdlàg paths with a finite number of jumps, between which trajectories stay constant. We refer to
a distribution of these a trajectories as path measure, denoted P (dz[0,t]) for t ∈ [0, T ]. A detailed
introduction to the topic can be found in [25, 26].

A.2 Sequential Monte Carlo in Continous Time

Suppose we can define a sequence of intermediate target distributions {P ◦
t }t∈[0,T ], P

◦
t ∈ P(Ω[0,t]),

such that P ◦
T = P ⋆. Moreover, we assume that P ◦

0 ∈ P(Z) is a distribution we can easily sample
from and whose unnormalized density γ◦0(z) we can evaluate, and that we can evaluate unnormalized
densities of transition probabilities P ◦

t+∆t | t(zt, dzt+1), denoted as γ◦t+∆t|t(zt+∆t | zt). Then, we
can decompose the problem of sampling from P ⋆ into a series of subproblems, where samples are
evolved from one intermediate target to the next. Sequential Monte Carlo (SMC) methods are an
ideal choice for approximating sequences of distributions of this kind [18, 27]. In an SMC algorithm,
a set of S ≥ 1 particles z1:S0 = (z

(1)
0 , . . . , z

(S)
0 ) ∈ ZS is initialized as z1:S0

iid∼ P ◦
0 , and importance

weights are initialized as w̄s0 = ws0/
∑S
j=1 w

j
0, where ws0 = γ◦0 (z

(s)
t )/p0(z

(s)
t ). Then, particles are

evolved in a discrete time mesh

t0 = 0 < t1 < · · · < tn < tn+1 < · · · < tN = T. (8)

This is achieved by iteratively performing the following steps for n = 1, . . . , N − 1:

• Sample ancestry variablesA1:S
tn = (A1

tn , . . . , A
S
tn) independently from a categorical distribu-

tionA1:S
tn

iid∼ Cat(w̄1:S
tn ) and reset weights to wstn = 1/S. In adaptive SMC [18], ,resampling

is only performed if the effective sample size, defined as ESStn =
(∑S

s=1(w̄
s
tn)

2
)−1

, falls
below a pre-specified threshold. If this is not the case, weights are left unchanged.

• Propose new states z(s)tn+1
at a future time tn+1 using a pre-specified proposal kernel

Q(z
(Astn )

tn , dz
(s)
tn+1

), whose density qtn+1|tn(z
(s)
tn+1
| z(A

s
tn

)

tn ) we assume we can evaluate.

• Update the trajectories by setting z(s)[t0:tn+1]
← (z

(Astn )

[t0:tn]
, z

(s)
tn+1

)

• Update the weights as

wstn+1
= wstn ×

γ◦tn+1|tn(z
(s)
tn+1
| z(A

s
tn

)

tn )

qtn+1|tn(z
(s)
tn+1
| z(A

s
tn

)

tn )
, w̄stn+1

=
wstn+1∑S
j=1 w

j
tn+1

. (9)

A.3 Related work

Inference for CTMCs. Inference methods for CTMCs have been extensively studied. Maximum
likelihood estimation for time-homogeneous CTMCs is discussed in Jackson [28], Bladt and Sørensen
[29], McGibbon and Pande [30]. Expectation-maximization techniques for continuous-time hidden
Markov models have been developed in Liu et al. [31], and an overview of the topic can be found in
Wang [32]. Bayesian approaches include Markov chain Monte Carlo methods [33–35] and variational
methods. The latter include mean-field [36, 37], moment-based methods [38], combinations with
MCMC [39], and extensions to hybrid processes [40]. Novel methods include black-box variational
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inference with neural networks [41], foundation models [42], and expectation propagation [? ]. We
do not compare to these approaches, since to the best of our knowledge they can’t easily be scaled to
high dimensional systems of interacting CTMCs.

Another directly related line of research focuses on simulation methods for Markov bridges, notably
[14, 13] and Golightly and Sherlock [43]. While less directly related, it is worth noting recent
work discrete flow matching and diffusion methods [44, 22, 45–48]. In particular, reward-guided
generation for discrete diffusion models targets a path measure that is a special case of 2 where a
potential is only observed at the endpoint T [16, 49], see [50] for a review.

B Proofs

B.1 Proof of Proposition 1

Proof. We proceed by analyzing the transition kernel of P ⋆ in an arbitrary interval [s, t] ⊆ [0, T ].

Let

MT :=
P ⋆(dz[0,T ])

P (dz[0,T ])
=

∏K
k=1Gτk(zτk)

EP [
∏K
k=1Gτk(zτk)]

, (10)

then, let the filtered path measure P ⋆t be a restriction of P ⋆ to the filtration Ht, where 0 < t < T ,
and denote

P ⋆t (dz[0,t])

Pt(dz[0,t])
=Mt. (11)

For an event B ∈ Ht, by a simple application of the Radon-Nykodym theorem and the tower property
we can write

P ⋆t (B) = P ⋆(B) = EP [1BMT ] = EP [1BEP [MT |Ht]] = EPt [1BEPt [MT |Ht]], (12)

where the last step follows from EP [MT |Ht] being measurable with respect toHt. Hence,

Mt = EPt [MT |Ht] =
1

EP [
∏K
k=1Gτk(zτk)]

EP

[
K∏
k=1

Gτk(Zτk)

∣∣∣∣Ht
]
. (13)

By change of measure under conditional expectation, it follows that

EP⋆ [f(Zt) | Zs = z] =
EP [f(Zt)Mt | Zs = z]

EP [Mt | Zs = z]
=

EP [f(Zt)ht(Zt) | Zs = z]

hs(z)
, (14)

where h is defined as in equation 3 By definition, we can express the generator L⋆t of P ⋆t as

L⋆t (f)(z) = lim
∆t→0

EP⋆ [f(Zt+∆t) | Zt = z]− f(z)
∆t

(15)

= lim
∆t→0

EP
[
f(Zt+∆t)

ht+∆t (Zt+∆t )

ht(z)
| Zt = z

]
− f(z)

∆t
(16)

Moreover, we can approximate ht+∆t(z) for t ∈ [τk, τk+1 − ∆t), k ∈ [1 : K] using a Taylor
expansion around time t

ht+∆t(z) = ht(z) + ∆t
∂ht(z)

∂t
+ o(∆t) (17)

= ht(z)−∆t

∑
i,v ̸=zi

rit(v | z)
[
ht(z

i→v)− ht(z)
]
+ o(∆t), (18)

where the last line follows from Kolmogorov backward equation [25]:

∂ht(z)

∂t
= Lt(ht)(z) =

∑
i,v ̸=zi

rit(v | z)
[
ht(z

i→v)− ht(z)
]
.

For small ∆t, we can express EP
[
f(Zt+∆t)

ht(Zt+∆t )

ht(z)
| Zt = z

]
using the law of total expectation,

where we split the expectation based on the number of jumps in the interval [t, t+∆t].

10



EP [f(Zt+∆t)ht(Zt+∆t) | Zt = z] (19)

= f(z)ht(z)

(
1−∆t

∑
i,v ̸=zi

rit(v | z)
)
+
∑
i,v ̸=zi

f(zi→v)ht(z
i→v)∆tr

i
t(v | z) + o(∆t) (20)

= f(z)ht(z) + ∆t

∑
i,v ̸=zi

rit(v | z)
[
f(zi→v)ht(z

i→v)− f(z)ht(z)
]
+ o(∆t). (21)

Combining equation 18 and equation 21, we obtain

EP [f(Zt+∆t)ht+∆t(Zt+∆t) | Zt = z] (22)

= f(z)ht(z) + ∆t

∑
i,v ̸=zi

rit(v | z)ht(zi→v)
[
f(zi→v)− f(z)

]
+ o(∆t). (23)

Then, plugging equation 23 back into equation 16, we get

L⋆t (f)(z) = lim
∆t→0

∆t

∑
i,v ̸=zi r

i
t(v | z)

ht(z
i→v)

ht(z)

[
f(zi→v)− f(z)

]
+ o(∆t)

∆t
(24)

=
∑
i,v ̸=zi

rit(v | z)
ht(z

i→v)

ht(z)

[
f(zi→v)− f(z)

]
(25)

By inspection, we recognize in equation 25 the generator of an IPS, with local rates

r⋆,it (v | z) :=

{
rit(v | z)

ht(z
i→v)

ht(z)
, v ̸= zi,∑

u̸=v r
i
t(u | z)

ht(z
i→u)

ht(z)
, v = zi.

(26)

The initial distribution follows from a simple application of the Bayes theorem, and is equal to

p⋆0(z) =
p0(z)h0(z)

Ep0 [h0(Z0)]
. (27)

C Experimental details

C.1 Data generation

We simulate SIRS epidemics on undirected graphs with |I| = d nodes. Graphs are sampled from an
expected-degree model. Each node i has a feature vector ξi ∈ Rp and we write ξ̂i = ξi/∥ξi∥2. For
any global state z ∈ Z , define S(z) = {i : zi = S}, I(z) = {i : zi = I}, R(z) = {i : zi = R}.
The local SIRS rates are

rit(I | z) =
(
α0 + α1

∑
j ̸=i aij σ(⟨ξ̂i, ξ̂j⟩) δzj ,I

)
δzi,S , (28)

rit(R | z) = β δzi,I , rit(S | z) = γ δzi,R, (29)

rit(z
i | z) = −

∑
v ̸=zi

rit(v | z), (30)

with adjacency aij and σ the logistic function to maintain positivity. We fix (α0, α1, β, γ) throughout.
Ground truth paths on [0, T ] for the test set are drawn using Gillespie’s algorithm.

C.2 Observation model

At K = 10 snapshot times τ1 < · · · < τK , emissions are conditionally independent across nodes
given Zτk . For each node i ∈ I we include an explicit mask token ∅ and use a node-factorized
emission

p(xτk | Zτk = z) =
∏
i∈I

g
(
xiτk | z

i
)
,
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with a masking probability set to pmask = 1
2 and small symmetric label noise δ > 0, for numerical

stability:

g(c | zi) =

{
pmask, c = ∅,

(1− pmask)
[
(1− δ(V − 1))1{c = zi}+ δ 1{c ̸= zi}

]
, c ∈ V,

where V = |V|.

C.3 Methodology

We discretize each interval [τk, τk+1] with a uniform grid of step ∆ (rescaled inside each interval)
following [51], and run twisted SMC with M particles. At each sub-step we simulate jumps in
parallel for each dimension using the twisted transition implied by hψt (Eq. equation ??), update
importance weights with the incremental Radon–Nikodym factor between prior and twisted kernels,
and, at τk, multiply by Gτk , i.e.

We resample using systematic resampling [10]. All methods share ∆, M , and the resampling rule.

Baselines.

• Bootstrap particle filter (BPF)[18]: this method is an SMC algorithm using the filtering
distributions as intermediate targets, and the prior transition probabilities as a proposal
distribution.

• NASMC and NAS-X[21? ]: we learn a proposal distribution by fitting a free-form score
network minimizing the forward KL loss in 5, i.e. we parameterize

log
ht(z

i→v)

ht(z)
≈ sψt (z)[i,v],

where sψt : Z → Rd×V and sψt (z)[i,zi] = 1 for i ∈ I. In [21], the intermediate targets
are the filtering distributions. In [? ], the intermediate targets are the twisted distributions,
where the twist function is learned using a density ratio estimation loss.

• Taylor-approximated guidance (TAG): to overcome the inefficiency of computing d×
(V − 1) + 1 forward passes of the twist function, [52] proposed to compute a first-order
Taylor approximation of the log-twist evaluated at a specific value z, i.e.

logψt(zt) ≈ logψt(z) + zt
⊤∇z logψt(z) (31)

where z, zt are one-hot encoded versions of z, zt, enabling a single forward pass at z of the
twist function.

For all of our methods (except BPF), we also train a variational initial distribution q0(z0) with a
forward KL loss on generated trajectories. For simplicity, we let this be a different head of our twist
network.

Twist training. We train ψ on trajectories simulated from the forward model, following [? ? ]. We
use the following losses for the twist:

L̂KL-sleep(ψ) =

M∑
m=1

∑
t∈T

∑
i∈I

(
rψ,it (z

i,(m)
t | z(m)

t )dt− δ(zit − zit−∆t) log r
ψ,i
t (zit− | zt)

)
(32)

Note that an alternative approximation to 5 is given by the reweighted wake loss

L̂KL-wake(ψ) =

M∑
m=1

∑
t∈T

w̄mt
∑
i∈I

(
rψ,it (z

i,(m)
t | z(m)

t )dt− δ(zit − zit−∆t) log r
ψ,i
t (zit− | zt)

)
(33)

where {z(m)
t , w

(m)
t }t,m are generated from previous runs of tSMC and stored in a buffer, and

w̄
(m)
t = stop_grad(w(m)

t ).
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Figure 3: Latent trajectory reconstruction, measured by Brier score of ground truth trajectories with
respect to the posterior approximations. See Figure 2b.

The density ratio estimation loss is:

L̂DRE(ψ) =
∑
t∈T

∑
i∈I

log σ(log hψt (z
+
t ;x≥t, τ≥t)) + log(1− σ(log hψt (z−t ;x≥t, τ≥t)) (34)

where σ : R → [0, 1] is the logistic function. Positive samples z+t are generated by the forward
model using ancestral sampling of z+[0,T ] ∼ P first, and then x1:K , τ1:K . Negative samplese z−t ∼ P ,
and are hence uncoupled from x1:K , τ1:K . Using this loss is equivalent to training a classifier to
distinguish between coupled and uncoupled sampled.

We parameterize the score networks and the encoder of the TwistNet with a Graph Transformer (GT)
from [53]. For all of our models we use 2 GT layers and 4 heads, with a node embedding dimensions
of 128, an edge embedding dimension of 32, and global information embedding of 128. We did not
tune any of these hyperparameters.

For any time t ∈ [0, T ], we feed as input the feature vector, future observation x≥t and observation
times τ≥t, and graph statistics computed on the adjacency matrix as in [53]. The score network also
takes as input the current state zt, while in the TwistNet this is only considered when aggregating
encoder outputs. For the TwistNet, we let the last layer be a two-layer MLP with m = 512. For
optimization, we use the Adam optimizer [54] with learning rate 0.001 and the default PyTorch
hyperparameters 1.

We do not perform parameter learning of (α0, α1, β, γ) in these experiments, but rather consider
them fixed at the ground truth. We are interested in inferring unknown latent trajectories for a given
set of observations, i.e. inverting the forward model. Note that our procedure could be alternated
with parameter fitting in a Monte Carlo EM algorithm, yielding a procedure similar to reweighted
wake-sleep [55] or wake-wake [56], reweighted by SMC weights as in [57]. At the time of writing we
are finalizing these experiments, and they will likely be included in future versions of this manuscript.

C.4 Evaluation metrics

We are interested in understanding whether, for a prescribed forward model, our method can be used
to perform posterior inference given a set of observations.

From weighted particles we form per-time nodewise marginals p̂t(z) =
∑M
m=1 δz(m)

t
(z), and we add

a small uniform weight to avoid numerical issues when support is scarce:

p̃t = (1− ϵ) p̂t + ϵUnif(V).

Let z⋆t ∈ Z be the ground-truth state of the latent trajectory at time t ∈ [0, T ]. We report an average
of the following metrics over a test set of 50 trajectories:

NLL = − 1

|T |
∑
t∈T

log p̃t(z
⋆
t ), Brier =

1

|T |
∑
t∈T
∥p̃t − z⋆t ∥22.

where T is the set of discretized time indices, and zt is the one-hot encoded z⋆t . For each method
we consider 25 particles (M = 25), except for BPF for which we take 250 particles. The NLL over

1https://docs.pytorch.org/docs/stable/generated/torch.optim.Adam.html
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ŜTwistNet-KL
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Figure 4: First example of latent trajectories, with counts of each state averaged over the graph at
each timestep.

dimensions is displayed in Figure 2b, and the Brier score in Figure 3. In Figures 4 and 5, we show a
summary of generated latent trajectories for each method for different graphs with d = 128 nodes.
In line with the evaluation in Figures 2b and 3, the TwistNet-KL method seems to display much
better performance than the alternatives in terms of closeness to the ground truth. In the future, we
plan on expanding this evaluation to evaluate whether the model can recover multiple modes of the
smoothing path measure.

While twisted SMC methods shows huge improvements in performance over traditional schemes for
high dimensional problems, this comes at a cost: the need to perform a forward pass of the neural
network at each timestep. This significantly increases the runtime of this family of methods, and this
is possibly the biggest limitation of these methods when applied to large datasets.
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ŜTAG-DRE
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Figure 5: Second example of latent trajectories, with counts of each state averaged over the graph at
each timestep.
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