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Abstract

This paper introduces the Discrete Markov Prob-
abilistic Model (DMPM), a novel algorithm for
discrete data generation. The algorithm operates
in discrete space, where the noising process is a
continuous-time Markov chain that can be sam-
pled exactly via a Poissonian clock that flips labels
uniformly at random. The time-reversal process,
like the forward noise process, is a jump process,
with its intensity governed by a discrete analogue
of the classical score function. Crucially, this in-
tensity is proven to be the conditional expectation
of a function of the forward process, strengthening
its theoretical alignment with score-based gener-
ative models while ensuring robustness and effi-
ciency. We further establish convergence bounds
for the algorithm under minimal assumptions and
demonstrate its effectiveness through experiments
on low-dimensional Bernoulli-distributed datasets
and high-dimensional binary MNIST data. The
results highlight its strong performance in gener-
ating discrete structures. This work bridges the-
oretical foundations and practical applications,
advancing the development of effective and theo-
retically grounded discrete generative modeling.

Introduction

Score-based Generative Models (SGMs) have become a key
reference for generating complex data, such as images (see,
e.g., Rombach et al., 2022; Ramesh et al., 2022; Saharia
et al., 2022), audio (Chen et al., 2020; Kong et al., 2020),
and video (Ho et al., 2022; Villegas et al., 2022; Bar-Tal
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et al., 2024). In continuous time, this approach benefits
from a strong theoretical framework, and a scalable, stable
learning objective.

By contrast, discrete generative modeling continues to pose
significant challenges. Multiple diffusion-based methods
have recently been proposed for discrete spaces (Austin
et al., 2021; Hoogeboom et al., 2021; Shi et al., 2024; Camp-
bell et al., 2022; Holderrieth et al., 2024; Ren et al., 2024),
or spaces of mixed type (Bertazzi et al., 2024), but there
is still no consensus on which approach is theoretically
sound or most practically efficient. Various formulations
rely on complex forward kernels or computationally unsta-
ble ratio-based estimators for backward transitions, leading
to limited convergence guarantees and high computational
costs in high dimensions. Furthermore, recent analyses of
discrete diffusions have introduced valuable theoretical tools
(Campbell et al., 2022; Holderrieth et al., 2024; Ren et al.,
2024), yet most methods remain either overly generic or
require strong assumptions, making them difficult to scale
or to deploy with simple, stable training objectives.

Contributions. In this paper, we introduce Discrete Markov
Probabilistic Models (DMPMs), a score-based generative
models for discrete data inspired by Sohl-Dickstein et al.
(2015) and Austin et al. (2021) that bridges these gaps.
Our framework specializes the forward noising process to
a continuous-time Markov chain on the hypercube {0, 1}.
Leveraging theoretical insights on time-reversal Markov
dynamics of this process, this choice preserves the key
strengths and structure of continuous SGMs, addressing
the issues raised in prior work. Our main results are sum-
marized as follows:

* Forward-Backward Construction. We provide a prin-
cipled derivation of the noising (forward) and denois-
ing (backward) processes.

* Score and denoiser function and stable estimation.
Our analysis reveals that the time-reversed process in-
herits a score function with an explicit conditional ex-
pectation form. By formulating the learning objective
as an L2 projection onto this score, we obtain a simple
and principled regression loss term, as opposed to the
high-variance estimators based on probability ratios
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used in some prior work. Furthermore, we introduce
a denoiser reparameterization of the score function,
closely paralleling the continuous setting, which pro-
vides an interpretable and practical target for model
training.

* Theoretical Guarantees. We prove that DMPMs con-
verge to the underlying data distribution under minimal
assumptions, providing non-asymptotic error bounds
that underscore the method’s reliability. In contrast to
many earlier works, we prove that the sampling error
grows linearly rather than exponentially with respect
to dimension.

¢ Empirical Performance. We demonstrate that our
approach attains competitive or superior performance
on discrete datasets, including binarized MNIST, fre-
quently with fewer function evaluations compared to
existing discrete diffusion frameworks (e.g., 2.89 vs
7.34 FID compared to Discrete Flow Matching, Gat
et al., 2024, with 2.5x fewer network calls).

Notation. Given a measurable space (E,&), we denote
by P(E) the set of probability measures on E. Given two
probability measures p, v € P(E), the Kullback-Leibler di-
vergence (also called relative entropy) of 1 with respect to v/
is defined as KL(u|v) := [log g—’jdu if p is absolutely con-
tinuous with respect to v, and KL(u|v) = +o00 otherwise.
The total variation distance between y and v is defined as
|l — v||Tv = supaee |1(A) — v(A)|. Consider a random
variable X, we denote by Law (X) the law of X. We denote
by 0, the Dirax mass at x.

1. Forward and backward process of DMPMs

We propose a generative modeling framework that adapts
diffusion-based methods to discrete spaces. Let (X ¢):c[0,7]
be a forward Markov process on {0, 1}4, initialized from the
data distribution p*, and evolving over a fixed time horizon
Ty > 0 toward a simple base distribution. In the continuous
setting, this role is often played by the Ornstein—Uhlenbeck
process converging to a Gaussian. We define the correspond-
ing backward process ( t)te[ony] as yt := X 7_4, which
reconstructs p* from the base distribution. While the back-
ward process can be Markovian too, its transition rates or
drfit terms are typically intractable and must be approxi-
mated from forward trajectories, commonly done via score
matching in continuous domains.

To adapt this idea, we introduce a forward CTMC on {0, 1}¢
where each bit flips via an independent Poisson clock. We
show that its time-reversal remains a tractable CTMC with
backward rates given by conditional expectations over the
forward process, enabling efficient regression-based training
in the discrete setting.

1.1. CTMC:s on discrete state-spaces

A CTMC (X¢)s¢[0,1,) defined over the discrete space X is a
Markovian stochastic process which is piecewise constant
with jump at random times following a non-homogeneous
Poisson process. As we shall see, under mild assumption,
a (non-homogeneous) CTMC is uniquely characterized by
a family of rate matrices (q:)seo, 75> @ * X X X = R,
which constitutes the infinitesimal generator of the process,
and should satisfy >, x g:(z,y) = 0, forany z € X. In
particular, this object allows to define a Markov process
whose transitions are informally characterized as h — 0 by:

P(Xeyn = y| Xt = x) = 0,(y) + haqi(x,y) +o(h) , (1)

where o is the standard little-o Landau notation.

Definition and sampling procedure. When a simple char-
acterization of the transition probability matrix is not avail-
able or does not exist, it is possible to simulate the process
using the rate matrices, as suggested by equation (1). Pop-
ular sampling strategies include Gillespie’s algorithm or
T-leaping (Gillespie, 2007). In our case, we introduce the
former which uses the jump rate and jump kernel associated
to the process, defined as:

yeX

Informally, the jump rate governs the frequency of the ran-
dom jumps of the process, and the jump kernel the next
state at these jumps. More precisely, starting from a drawn
Xy from po and a sequence of i.i.d. random variables dis-
tributed according to the exponential distribution with pa-
rameter 1, {E; : ¢ € N }, we can define the jump times
(T})ien of the process and its transition by induction setting
Ty = 0. Given (T;, X,), we define the next jump time as
Ti+1 = ﬂ + ATi+1a where

t
AT,y =inf{t >0 : / Ar (Xp)dr > B} . (3)
0

Then, set X; = X, fort € (T;,T;11 A Ty), and finally
itTi1 < Ty, X7,,, = Y for Y distributed according to
Cate({kr,,,(X1,,¥)}yex). Note that in the case where
At = A > 0foranyt € [0,TY], (T;)ien simply corresponds
to the jump times a simple homogeneous Poisson process
with rate A, defined as 91; = Zi>1 17, <. Another equiva-
lent procedure for simulating the process is provided in the
supplement (see Appendix C.1). In practice, since the inte-
gral in (3) cannot be computed exactly, a time-discretized
sampling strategy must be employed. We present these
methodological considerations in Section 1.5 below.

Kolmogorov equation. As a final remark, the time-
marginal distributions of the process (X;)ic(o,7,) starting
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from X, z/t(X“)(x) = P(X; = x) and identified as a tuple,
satisfy the backward Kolmogorov equation:

Zyt 0) qt Y,z )

yeX

“)
Here, we identify ¢, as a matrix, similarly to z/t(XO). When
the rate matrix is simple (e.g., as we use in our forward
process in Section 1.2), we can use the Kolmogorov equa-
tion to derive the transition probability matrix p;(xo, ) =
z/t(“)(xt) = P(X: = 24| Xy = x0), for xg,z: € X,0 <
t < Ty, yielding a simulation-free procedure.

atl/t(XO)( ) = [V} (Xo)

1.2. Simple case X = {0, 1}

To introduce the key ideas, we first consider the simple case
where the state space is X = {0, 1}, i.e., whend = 1. We
will then extend our method to d > 1 by factorizing the
forward process over dimensions.

Forward process. We define the forward process
(Xt)icjo,r;) as the homogeneous CTMC starting from

o ~ w*, and driven by a simple bit-flip process associated
with the rate matrix defined for any z,y € X, as

ify #x,
otherwise .

0 ®)

71(33’:9) = { A

In the case of a constant forward rate matrix ?1 the transi-
tion probability matrix ?t, for 0 <t < T, is known to be
?t = exp( t7 ) (Liggett, 2010), which we compute as:

+ 1. .—2X\t

1 .
1 5t 3€ , ifr=yvy,
T,y) = : 6
Pil@y) {; — Ze T2t otherwise . ©)

The detailed derivations are given in the supplementary
material B.1 and rely on equation (4). We note that us-
ing a time-dependent rate \; is a straightforward exten-
sion, as deﬁning 7} =\ ¢! yields the transition matrix
exp(q! fo Aods) = Pt JEauds , and leave it to future work.

Backward process. To recover the data distribution, we
analyze the time-reversed process, which is denoted by
( t)te[o,Tf}’ and defined as Xy = X, forany t €
[0, T]. Conforti & Léonard (2022, Theorem 2.8) show that

( )te[o 7,] is also a non- homogeneous CTMC, associated
with a family of generator matrices ( q t)telo, T, satisfying
the time-reversal formula:

W7 y,2), (D)

t <Tyandx # y € X, where for any ¢ €

pry ()T (@, y) = pry—o

for any 0 <

[0, T¢], we denote by p; the forward marginal distribution:
pe(z) = P(Xy = ) . ®)

Since our chosen rate matrix 7 is symmetric (see (5)) and
pry—¢(x) > 0 for all x e X, t € [0,Ty), we deduce that
the backward generator q + for 0 < t < Ty is given for any
x #y € Xby

pry—¢(y)
:qu f(‘r) .

Thx,y) =7 (y, ) )

Discrete score function. Define s;
by

: X — Rforany x € X

piry—¢(x) — pry—¢(1 — )
l'LTf —t (:E)

s¢ acts as a discrete derivative in X of log 14, and thus serves

as a discrete analogue of the score function in continuous

models. With this notation, <E,g(ac, y) (9) can be expressed,

forany x # y € X, for 0 <t < TY, as:

1 o )\(17815(1’)) )
il = {—m —sla)

se(x) =

(10)

if
ity # T
otherwise .
Access to the sequence (s¢);c[0,7,] is equivalent to having
access to ( q; )tE[O ;1> and therefore allows to sample from

?t for any ¢ € [0,T%] using the procedure described in
Section 1.1. However, the score function s is generally
intractable, as it depends on the unknown marginal distribu-
tions (f1¢)¢e[o,1,]- To address this, we derive an alternative
expression for s; in terms of a conditional expectation over
the forward process. For z € X and ¢ € [0,T%),

si(x) =
2o, 4an*t]l?0(YTf*t) YT =
1+O[Tf_t I*Oé%f_t ! )
(12)
with
ap = e 2 (13)

Indeed, the score function can be computed as

so(z) =1 — KTy —t y _1_ Z Py —tjo\Y|%o) y|$0 PT,—t001T0) + (50)
/’(‘Tf t .'L' zoEX ,LLTf t
pr —t|o(y\xo)
=1- — Lo, ¢ (0| )

oy pry—to(lo)

:Ell_

and plugging in the expression for our forward transition

_)
pr7t|()<y|X0)
- =
pr—t|0(33|X0)




Discrete Markov Probabilistic Models

matrix given in (6) we obtain equation (12). Therefore, the
function s is an L2-projection and its approximation boils
down to a regression problem.

1.3. General state space X = {0, 1}

Forward process. We generalize the previous results for
the hypercube in R?, i.e., the state space is X = {0, 1}d with
d € N*. We consider the homogeneous CTMC (X} )ec(o,1y]

starting from 70 ~ p*, defined with the following rate
matrix:

A, if ly —z* =1
, ify=ux, (14)

0, otherwise .

7<$,y) =

The corresponding sampling procedure following the one
provided in Section 1.1 is given in Appendix B.2 for com-
pleteness. Similarly to the one-dimensional case, we can
establish an explicit expression for the transition probability
matrix ?t for0 <t < Ty as

d

[I7iEy), (15)

=1

?t(%y) =

where 7'} is defined in (6) and = = (z%)%_,,y = (v')L, €
X. The detailed computation is given in the supplementary
material B.2.1 The factorization of the transition probabil-
ity in (15) is of great practical interest, as this tells us that
the dynamic of the forward process simply consists in the
single-bit forward dynamic applied independently to each
component, as described in Section 1.2. As a consequence,
the forward marginal distribution f; of
mula

+ admits the for-

ZMO

zeX

H?t Z,) (16)

Backward process and score function.
(y )tclo,1;]> the time-reversal process associated with

(Xt)tefo,1;]> and defined as ?t = YTf ¢ for any ¢t €
[0,T¢]. As in the case d = 1, Conforti & Léonard

(2022, Theorem 2.8) shows that (yt)te[ojf] is also a
non-homogeneous CTMC, with backward generator matrix
( q t)tejo,1,] that satisfies (7) and therefore (9), proceedmg
as before. As in the case d = 1, we show that ( q t)tefo,Ty]
depends only on a discrete score function, which we now
introduce.

Denote by

First, note that (9) and (14) yield 7 ¢(z,y) = 0, forz,y € X
satisfying ||z — y||* # 1 and x # y. Then, for 0 < ¢ < T},
define s, : X — R? forany x € X, s4(z) = {s{(z)}¢_; as

the vector in R?, with components ¢ € {1,...,d},
¢ piry (@) — pry—o (1 ()
si(x) == ) a7
pry—¢(2)
where p(©) : X — X is defined as ¢ (x) =, with y

obtained by flipping the (-thbitof z, ie., y* =1 — 2¢, and
y* = ' for i # £. Then, f0r0<t<Tf,x7éy€X we
can write the backward generator g t(m y), as given in (7),
as:

d
Z/\l_st Ly—por(a) -
=1

Score function. Note that the function s thus defined is an
extension to the case d > 1 of the function s defined for
d = 11in (10). As a result, s; is a conditional expectation
over the forward process, where each of its components
admits an expression similar to the 1d case (12).

Proposition 1.1. The score function can be expressed as a
conditional expectation:

si(e) =B [f{(X0. Xn,-)[ X =a] . (8)

where t € [0,Tf), x € X, £ =1,...,
component of the score function sy, and

fte(?g,YTfft) — _4an t YTf . }Z

2
l—a7,

d, Sf is the (-th

QQTf —t

1 —‘rOéTf_t
(19)

The proof of this result is given in Appendix B.2.2. Simi-
larly to the 1d case, access to the score allows to simulate
the backward process following the procedure descrlbed in

Section 1.1 s1nce the the non-homogeneous jump rate )\ ¢
and jump kernel k + of the backward process are given by

d
Ne@) =251 = sl(2)
(2) Z( (2)) o0
T2, ) = 1y o - M1 — s4(@)/ Ni(a)

forz #y € Xandt € [0, TY].

1.4. Approximating the score function

In this section, we derive the training objective to estimate
the score function (st);c(o,r,) defined in (17), which gov-
erns the backward rate matrix. As in standard diffusion
models, our goal is to sample from the time-reversed pro-
cess, requiring approximation of the (intractable) score.
Leveraging its conditional expectation structure (Proposi-
tion 1.1), we approximate s; using a parameterized family
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(t,x) > s{(2)peq. Where 6 is optimized via an adapted
score-matching objective, defined as the function

6‘l—>/ X0~ fr (X0 X at

2
Another objective function to fit § can be derived by using
the fact that for any z € X, t € [0,Ty],¢ € {1,...,d},
1 — st(z) is non-negative. Thus, we introduce the following
entropy-based term:

Tf d 1—sb
9*—>/0 Z ST —t <19f€ (Yt) dt,
= _

STf —t
where h(a) = alog(a) — (a — 1). Minimizing this function
is equivalent to minimizing:

I '9»—>/TfE i(-ﬂ (X))
e - 0 — Ty—t t

+ (f, (K1) — 1) log(1 — s%f_t@»ﬂ dt .
(22)

|STf t

We further derive a discrete denoiser structure in Ap-
pendix C.3, rewriting the score function as

sz(qj) _ 2an7t _ 40éTf,tdf($C) (23)
t ]_—i—an,t 1—a%f7t )

where df(z) = ]P’()_gf) # :v€|?Tf _¢ = x) serves as a clas-
sifier referred to as a discrete denoiser. We leverage this
structure by reparameterizing our score model as:

6,0
se’z(z) _ 20(Tf_t - 4an—tdt (1‘) (24)
¢ 1+ Osz,t 1— Oé%«fit '

As a result, we modify our objective £12 to Qi‘?}‘ to fit the
conditional expectations (dt)te[O,Tf] instead of the score
functions (s¢):e[o,7]- as follows:

n_ 6,0
o gH/ lZdet

1z, <7f>||2] d,
(25)

see Appendix C.4 for more details. This reparameteriza-
tion moves the approximation from a space of ratios into
probability space, which is smoother and more amenable
to learning, mitigating the instability of direct score or rate
estimation as reported in (Lou et al., 2024). To fit d?(z) to

di(z), we introduce an additional cross-entropy loss £cg:

Ty d
Lcg: 0 — / E[Z ]1?2#?13 log d?e(?g}—t)
0 = 0 Tyt
-ty g, )log(l—d (X5, )| dt.

Based on the previous discussions, we consider a linear com-
bination of the losses Siez“, Le, £cE, respectively weighted
by factors wy, ws, w3, which results in the loss £,:

Sw = wl»giezn + WQEe + WBSCE . (26)

The expected value of d? is given by
we=E [d{(Xr, )] =(1-ar, /2, @D

as detailed in Appendix C.4. Thus, we scale losses £1,2, £cg
by 1/w;, ensuring a more balanced average magnitude
across timesteps; see (54) and Figure 4 in Appendix C.4.
This leads to the updated loss £ (see (56)). Detailed deriva-
tions are provided in Appendix C.4. The final training pro-
cedure is outlined in Algorithm 2.

1.5. Generative process

Alike classical continuous diffusion models, exact simula-
tions of the reverse process are not possible and face the
same challenges: i) we do not have access to i.i.d. samples
from pr,, ii) the backward process characteristics depend
on the score function of the forward process defined in (17),
which is intractable, and iii) we have to discretize the con-
tinuous process.

Initialize the backward from the uniform distribution.
We show that (X )¢c(o,,) converges geometrically to 74,
the uniform distribution over X (see Appendix B.2.3 in the
supplementary document). This should be put in parallel
with diffusion-based models, where the stochastic process
at hand, e.g., Ornstein—Uhlenbeck, converges geometrically
fast to some Gaussian distribution. The generative model
can then be initialized to ¢ rather than My

Score approximation. We have access to a score ap-
proximation (Sf*)te[o,Tf]’ so the generative model can
then be sampled analogously to the backward process, re-
placing (s;)se(o,r,) With (s{")ie(o,,). leading to the non-
homogeneous jump rate and kernel approximating (20):

d
M) =AD" -8 (@),
=1

A= s @)/ (@)

(28)

kf* (3), y) = ]lych(e)(:r)
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for z,y € Xand t € [0,7f], where we denote by s?*’g

the ¢-th component of sf*. For completeness, Algorithm 1
in Appendix C.2 provides the pseudo-code for an ideal,
continuous-time approximation of the backward process.

Time discretization. Exact integration of jump rates is in-
feasible in practice, so we discretize time and approximate
the backward rate and kernel using piecewise constant func-
tions A and & based on (28). For z,y € Xandt € [tg, tkt1),
we set:

M) =X (x), k] (x,y) =k (z.y), (29
where {tk.},[fzo is a time grid with step sizes hy = tp —tr_1.
This yields a tractable CTMC (?;)te[ony], which can be
simulated starting from vd. Under mild conditions, its final
law converges to the target distribution. The associated
DMPM sampler is given in Algorithm 3, Appendix C.5,
with time-schedule choices listed in Table 2.

Flips sampler. The standard sampler updates one bit at
each timestep. To improve parallelism and sample diver-
sity, we propose a flip-schedule where M, components are
flipped simultaneously at step ¢;, based on the probability
distribution defined by k?. We consider linear and cosine
flip-schedules (Table 3), implemented in Algorithm 4, Ap-
pendix C.5.

Denoise-renoise sampler. We also introduce a denoise-
renoise sampler based on the discrete denoiser from Equa-
tion (23). Inspired by multistep consistency models (Song
etal., 2023), this method alternates denoising from ¢y = 0 to
T and re-noising back to ¢1, and so on. The full procedure
is detailed in Algorithm 5 and Appendix C.5.

2. Convergence of DMPMs algorithm

This section provides quantitative error estimates between
the generated final distribution Law( X% ) and our data
distribution p* via the Kullback-Leibler divergence KL.
To this end, we consider the following assumptions on the
parameterized score and the original data distribution:
Assumption 2.1. Let h(a) := alog(a) — (a — 1) fora > 0.
There exists € € (0,1) such that

d x 1—s!
Z(l — ka ’Z)h (]ﬁ) (?Tf_tk)‘| <e.

/=1 T Oty
(30)

max [E
0<k<K

Note that Assumption 2.1 is induced by the entropic term
£ defined in (22) of the loss function we consider in prac-
tice. This condition naturally appears as we bound the KL
divergence of the path probability measures corresponding
to the approximate score s and the ideal one s respec-
tively. Indeed, we prove a Girsanov type theorem which

provide an explicit expression of the density between these
two measures in Theorem F.13 in the supplement F.2.1.
While standard Girsanov theorem for diffusion implies an
L2-type approximation error condition for generative mod-
els (see, e.g., Conforti et al., 2025; Lee et al., 2023; Chen
et al., 2022a), our result naturally involve the entropic-type
condition (30) due to the discrete structure of our noising
process.

Assumption 2.2. The data distribution does not admit any
zero-value, i.e., p*(z) € (0,1) for any z € X.

Assumption 2.2 implies that the data distribution has the
finite Fisher-like information

i Ro—aleO (R
Boa(p*) =E lzh (eg( 0)=9(#( 0))) < 400,
=1
(31)
with g := —log(dp*/dy?). Note that Assumption 2.2 is

put in parallel with the finite relative Fisher information
condition provided by Conforti et al. (2025). However,
Assumption 2.2 is much simpler as the state space is finite,
and the function A is only infinite if ©* has not full support.

We are now ready to state the error’s bound of the generated
data using DMPMs given in Algorithm 3, noting that every
measure on the hypercube possesses finite entropy.

Theorem 2.3. Under Assumption 2.1 and Assumption 2.2,
the following bound holds

KL(u*|Law(XF,)) < e KL (')
+ ATBya (1) + ATy

(32)

with 7 := max{hg,k=1,..., K}

Theorem 2.3 is one of our distinguishing results, which guar-
antees the convergence of DMPMs algorithm, and makes
it stronger than other algorithms built before for discrete
target distribution.

The term €T’y in (32) appears because the score function s;
is replaced in the discretization by its approximation sf* sat-
isfying Assumption 2.1. The term e~ 477 KL(pu*|y?) repre-
sents the initialization error, as our backward dynamic starts
at v instead of 17, . Finally, the term 73, (1*) means that
the data distribution p* cannot be peculiar, in the sense that
w* does not admit any zero-value. The detailed proof of

Theorem 2.3 is given in the supplementary material F.4.1.

Following Conforti et al. (2025, Theorem 3), a tighter
bound on the sampling error, one that scales logarithmi-
cally rather than linearly with the discrete Fisher informa-
tion, is achieved with an appropriate sequence of step sizes
{hu} i{:l'

Theorem 2.4. Let ¢ € (0,1/2] and Ty > 1+ 2c. Sup-
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pose Assumption 2.1 and Assumption 2.2 hold, and L =
d=! Bya(p*) = 2. Choose an exponentially decreasing
step-sizes, i.e., hyy1 = cmin{max{Ty —ty,a},1} for
k < K, with a = 1/ L, then we have that

KL (u*[Law(XF, ) S e T KL (%) + AeTy
+ Acd[1 + log(L)] . (33)

The proof of Theorem 2.4 benefits from the choice of the
step-size’s scheme and is postponed to Appendix F.4.2.
We deduce the following complexity result for DMPMs
to achieve an ¢ > 0 discretization error.

Corollary 2.5. Consider the sequence of step-size as in The-
orem 2.4 and suppose Assumption 2.1 and Assumption 2.2
hold. Choosing

€ 1 KL(u*y%)
T N[It+logm) MM TIN®T e
(34)

we get
K < d[1 +log(L)] [log(KL(k*|7?)/€) + Alog(L)] /e ,

and makes the approximation error O(elog(KL(u*|y%)),
where the notation O means that logarithmic factors of d, €
have been dropped.

The proof of Corollary 2.5 is provided in Appendix F.4.3.

In our next result, we get rid of Assumption 2.2 using an
early stopping strategy.

Theorem 2.6. Under Assumption 2.1, for any ) € (0,Ty),
letc € (0,1/2) and Ty —n > 1+ 2c. Set L = d ' B4 (1)
and assume that L > 2. Choose the constant and expo-
nentially decreasing sequence of step-size, i.e., satisfying
hit1 = emin{max {Ty —n —ty,1/L},1} for k < K
and the associated discrete time scheme {tk}szo such that
to = 0andtyg =Ty — . Then, the following bound holds

KLty |Law (X, _,)) S di~"e 2 T17 4 xe(Ty — 1)
+ Aed[1 +log(n™)] . (35)

Theorem 2.6 is a consequence of Theorem 2.4 when the
backward dynamic stops early at p,, instead of p*. We
benefit from the structure of 1, to obtain a bound growing
linearly with dimension, which is advantageous for high-
dimensional sampling. The full proof is deferred to Ap-
pendix F.5.1. It is worth noting that (16) ensures that y,,
is always positive for any n € (0,7T%), thus the Fisher-like
information (3, a(f1,) is always finite. As a result, Assump-
tion 2.2 is no longer required. To obtain then a complexity
bound for DMPMs on its discretization error without As-
sumption 2.2, we bound in our next result, the total variation
distance between p* and p,, for n > 0.

Proposition 2.7. For any n € (0, max {TY, 1 }), the fol-
lowing holds

g — v < 2—2(1 = An)?. (36)

The proof of Proposition 2.7 is provided in the supplement
F.5.2. Combining Theorem 2.6 and Proposition 2.7, we
deduce that

Corollary 2.8. Consider the sequence of step-size as in
Theorem 2.6 and let Assumption 2.1 hold. Choosing

1—-(1-e)ld €

TN logr ] (4,

implies that
K < d[1+log(Ad/e)][log(d/e*) + (A +1)log(Ad/e)] /€,

and the following bound holds

i = Law (X%, _)llrv S e+ /ATy —n) .

The proof of Corollary 2.8 is given in Appendix F.5.3.

3. Existing works on diffusion-based
generative models for discrete data

We briefly review existing approaches to discrete gener-
ative modeling based on diffusion processes. Additional
discussion is provided in Appendix A.

A first class of methods maps discrete variables into continu-
ous spaces, enabling the use of classical diffusion machinery
(Dieleman et al., 2022; Chen et al., 2022b; Richemond et al.,
2022), but struggle to scale in dimensions and lacks theoret-
ical guarantees.

Other methods, such as Argmax Flows and Multinomial
Diffusion (Hoogeboom et al., 2021), operate directly in
discrete spaces and use categorical noise models or argmax
transformations to handle discrete tokens, but can impose
considerable computational overhead.

More recently, CTMC-based frameworks were introduced
(Campbell et al., 2022), upon which flow matching tech-
niques were adapted to the discrete domains (Gat et al.,
2024; Campbell et al., 2024), using conditionally con-
structed rate matrices built ad-hoc, contrasting with our
principled time-reversal derivation.

Holderrieth et al. (2024) proposed a general framework
for generator matching over arbitrary Markov processes,
assuming access to a conditional interpolating distribution,
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leaving the choice of interpolating process and loss function
to problem-specific adaptation.

Alternative directions include masked diffusion models
(Austin et al., 2021) and stochastic integral formulations
(Ren et al., 2024), aiming to balance tractability and the-
oretical soundness. Shi et al. (2024); Sahoo et al. (2024)
propose efficient training via absorbing-state kernels, opti-
mizing model parameterization and loss. Meanwhile, Lou
et al. (2024) model the score function as a density ratio
rather than a discrete denoiser. This yields an entropic regu-
larization loss equivalent to (22), missing the L? projection
and cross-entropy terms applied to the discrete denoiser
employed in our formulation.

Concurrently with our work, Bach & Saremi (2025) propose
a discrete analogue of Gaussian smoothing, entirely forgo-
ing the continuous-time framework. Their denoising-based
method offers a static-noise alternative to CTMCs, yielding
Langevin-type sampling dynamics on the hypercube.

Theoretical results for discrete generative models are much
scarcer than for their continuous counterparts. To the best
of our knowledge, only Campbell et al. (2022); Ren et al.
(2024) provide theoretical guarantees, and these rely on
significantly stronger assumptions than those used in our
work.

Regarding Theorem 1 in Campbell et al. (2022), we note that
our approach does not require an L.°°-bound on the score
approximation error, but only an L2-bound. Moreover, we
do not impose any assumptions on the marginal density of
the forward process (cf. Assumption 2), but only on the data
distribution itself. We also avoid placing assumptions on the
backward transition rates (cf. Assumption 3). In contrast
to Campbell et al. (2022), we impose no conditions on the
rates or densities of the forward and backward processes.
Additionally, their discretization error scales linearly with
the time horizon, whereas our bounds do not incur such a
cost.

Concerning Ren et al. (2024), and in particular Theorems 4.7
and 4.9, we highlight that we make no assumptions on the
score function. In their Assumption 4.4, a time-dependent
L°°-bound of the form |s;(x)] < 1V ¢! is imposed on
the true score s;, and a time-uniform L°°-bound is assumed
for the learned score sf. As in Campbell et al. (2022),
these assumptions are arguably unnatural, as they are not
placed directly on the data distribution but on more com-
plex transformations of it. Furthermore, Assumption 4.5 in
Ren et al. (2024) imposes a quantitative form of Lipschitz
continuity on s;, and as the authors themselves state, ” As-
sumption 4.5 corresponds to the Lipschitz continuity of the
score function.” However, it is now well known that such an
assumption is unnecessary in the continuous setting.

4. Experiments

The full experimental details are available in Appendix D.
We evaluate our Discrete Markov Probabilistic Model
(DMPM) on two datasets. The first is a low-dimensional
synthetic sawtooth dataset, with dimension 4 < d < 16.
The second is binarized MNIST, with d = 32 x 32. We ex-
plore various design choices, and compare DMPM against
MD4 (masked diffusion) (Shi et al., 2024) and DFM (dis-
crete flow matching) (Gat et al., 2024), two state-of-the-art
discrete generative approaches.

4.1. Experiments on Small-Dimensional Bernoulli Data

We study a discrete data distribution p such that each com-
ponent of X = (X;)%_, ~ pis independently distributed
as Bernoulli(p;). The map i — p; forms a sawtooth pattern
(see Figure 6). We evaluate performance using a custom
Sliced Wasserstein Distance (SWD) between the learned
and true distributions (see Appendix D.3). Indeed, the state
space size 2¢ can get too big for traditional histogram-based
metrics like KL divergence or Hellinger distance.

SWD

cosine, Tf=3
cosine, Tr=10
linear, Tr=3
linear, Tfr=10
quadratic, Tr=3
quadratic, Tr=10

10-24

MEXEXXX

4 8 12 1620 30 50 100
Reverse Steps

Figure 1. Comparison of time-schedules (cosine, linear, quadratic)
and time horizon (T = 3 vs. Ty = 10).

Time horizon and time-schedule. We study the impact of
the time horizon T’y and various time-schedules—uniform,
quadratic, and cosine (see Table 2)—on model performance.
Figure 1 presents results for a model trained with the basic
£12 loss on data with d = 16, evaluated across multiple
reverse step counts. The cosine schedule with Ty = 3 yields
the best performance in terms of sliced Wasserstein distance
(SWD), outperforming other schedules and longer horizons,
while also requiring fewer reverse steps. This indicates that
Ty = 3 is sufficient to reach near-uniformity during forward
diffusion, without excessive transitions to uniform states.
We adopt this configuration for all subsequent experiments.

Comparison with state-of-the-art methods. We compare
DMPM (with cosine schedule, Ty = 3, and £;2 loss)
against MD4 and Discrete Flow Matching (DFM). Fig-
ure 2 shows SWD scores across varying data dimensions
d. DMPM consistently outperforms both baselines, achiev-
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d 4 8 12 16

DFM 6.102 8.864 5.019 8.302
MD4 9.376 7.670 4.045 8.037
DMPM 3.174 3308 2.342 2515

Figure 2. SWD |, in le-3, for DMPM, MD4, and DFM across data
dimension d. Selected the best result with #steps 2 < K < 200
for each method.
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Figure 3. FID], on MNIST, linear vs. constant flip-schedules scaled
for d total bit flips, with various loss configurations.

ing superior results with significantly fewer reverse steps
(typically 30 vs 100), highlighting its sampling efficiency.

4.2. Experiments on Higher-Dimensional Binary
MNIST

DMPM sampler and flip-schedule. We evaluate the
DMPM sampler using constant and linear flip-schedules
{M,, }¥_,. Empirically, performance is optimal when the
total number of flipped bits matches the input dimension,
ie., Zle M;, = d. We scale each flip-schedule accord-
ingly. Figure 3 illustrates that performance remains stable
across different values of K as long as the total number of
flips is held constant, allowing for significant speedups by
reducing the number of reverse steps and thus network calls.

Using a model trained with the weighted loss 271"/371 /3.1/3
and a linear flip-schedule, we achieve a best FID of 4.77
using only 25 network calls. The linear schedule consis-
tently outperforms the constant variant; flipping fewer bits
early helps guide the model toward more coherent samples,

similarly as what is reported for MD4 (Shi et al., 2024).

Loss function configuration. Among the losses we tested,
the balanced form £7’ ; ; consistently yields the best results.
The weighting factor w helps normalize the scale of the
{5, cross-entropy, and KL components at each timestep,
improving overall synergy. Figure 5 illustrates these effects.
Nonetheless, simpler variants such as £;2 and £ already
achieve near-optimal performance in many settings.

Denoise-renoise sampler and comparison with state-of-
the-art. We further exploit the discrete denoiser struc-

Method 10 25 50 100 200 500
DFM FID 22755 15626 8893 39.62 1626 7.34
Fie 000 000 001 014 041 068
MD4 FID 9797 3350 1406 683 448 343
Fi 004 029 057 076 083 086
FID 1630 998 11.07 9.07 7.80 10.84
DMPMjis Fc 064 092 093 093 093 070
DMPM,,,,, TP 7820 2094 862 398 28 436

Fe 0.13 067 087 09 100 1.00

Table 1. FID] (first row of each method) and F$€ 1 (second row)
on MNIST for various total reverse steps. We highlight the best
result in bold, the 2™ best in italics, and underline the 3™ best.

ture through a denoise-renoise sampler (Algorithm 5, Ap-
pendix C.4), which alternates single-step denoising and
re-noising in a multistep loop. This approach leverages
the model’s learned transitions more effectively, leading to
notable gains in sample quality.

We compare DMPM, trained with the balanced loss £Y; ;,
under two sampling strategies—denoise-renoise and lin-
ear flip-schedule—against state-of-the-art baselines: MD4
(masked diffusion) and DFM (discrete flow matching). Re-
sults are reported for varying numbers of reverse steps K,
using both Fréchet Inception Distance (FID) and the F‘liC
metric, a harmonic mean of coverage and density (Naeem
et al., 2020). While FID captures overall realism, F‘fc re-
flects local distributional fidelity; full details are in Ap-
pendix D.3.

As shown in Table 1, both DMPM variants (rows 3 and 4)
consistently outperform the baselines. At K = 200, DMPM
(denoise-renoise) achieves the best FID (2.89) and perfect
F‘liC (1.00), surpassing MD4 (4.48) and DFM (16.26). Even
with K = 50, it maintains strong results (FID 8.62, F(lic
0.87). Similarly, DMPM with flip-schedule achieves FID
below 10 and F{¢ above 0.90 at K = 25, demonstrating
excellent efficiency with minimal network calls.

Sample grids illustrating visual quality are shown in Figure 7
and Figure 8.

4.3. Conclusions

Our experiments show that DMPM consistently matches
or surpasses state-of-the-art performance on both low- and
high-dimensional discrete datasets. On binarized MNIST, it
achieves better FID and F‘i“ than competing methods, with
fewer network calls. These gains stem from our princi-
pled reparameterization of the score function as a denoiser,
and a stable, well-structured training objective. Together,
they yield a scalable and theoretically sound framework for
discrete generative modeling.
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A. Existing works on diffusion-based generative models for discrete data

This section provides details of the recent researches on discrete generative models.

Embedding discrete structure in the continuous space. To keep the benefits of continuous representations, Dieleman
et al. (2022) and Chen et al. (2022b) mapped discrete structures into Euclidean space, while Richemond et al. (2022) placed
them into the simplex, all while continuing to use forward continuous diffusion models. In particular, Dieleman et al. (2022)
proposed a continuous diffusion model for categorical data, which has some advantages over autoregressive models, such
as the ability to perform arbitrary infilling and a more flexible sampling process. However, this method comes with an
expensive training cost and lacks of strong theoretical guarantees.

Argmax flows and Multinomial Diffusion. Hoogeboom et al. (2021) introduced two new generative models, Argmax
Flows and Multinomial Diffusion, to handle categorical data like text and image segmentation. Argmax Flows connect
discrete data with continuous models by using an argmax function combined with a probabilistic inverse, making categorical
distributions easy-learning. Multinomial Diffusion process uses a categorical distribution to add noise to discrete data and
then trains a model to reverse the process. However, both Argmax Flows and Multinomial Diffusion have some limitations:
computational costs increase due to additional steps , and the theoretical guarantee is missing.

Designing the flow processes over the discrete state space. Campbell et al. (2022) introduced the first complete
continuous-time framework for denoising diffusion models applied to discrete data. They used CTMCs to model the forward
noising process and its time-reversal dynamics. While the core idea is similar to ours, their approach is more complex
because their method consider generic CTMC and is not specialized to the noising process that we consider. As a result, their
method essentially boils down learning density ratios which can be computationally demanding and fail to offer efficient
approximation in high dimensions. They also added a correction step to bring the sample distribution closer to the desired
one, which increased the practical training cost Gat et al. (2024). By focusing on the random-walk CTMC on X, we were
able to provide a discrete counterpart to the score function that is learn in continuous diffusion models and also to establish
strong convergence guarantees for our method. Campbell et al. (2024) further extended this line of work by adapting
flow-matching techniques to discrete domains using conditionally defined rate matrices. However, their method does not
derive the reverse process from a time-reversal principle, and thus relies on hand-crafted dynamics with limited theoretical
justification.

Generator Matching. Another recent approach to handle discrete data is generative modeling with arbitrary Markov
processes using generator matching, introduced by Holderrieth et al. (2024). In this approach, the authors design an
appropriate Markov process that transforms a simple distribution into the desired data one using a generator, which can be
efficiently trained with a neural network. This method is quite flexible and can be applied to different state spaces, especially
in discrete settings. However, this method being very generic suffer from the same drawback as Campbell et al. (2022).

Masked diffusion models. One important step toward more advanced models is the “masked” diffusion process, a discrete
diffusion approach first introduced by Austin et al. (2021). Recently, Shi et al. (2024) looked into this model further,
simplifying its training objective by expressing it as a signal-to-noise ratio, which helps highlight some useful features.
However, despite these improvements, the model still lacks theoretical guarantees. Sahoo et al. (2024) improved upon this
direction by leveraging the structure of the absorbing kernel and refining the bridge-based reverse process, leading to more
efficient optimization. The model’s reliance on absorbing-state approximations and heuristic training objectives limits its
theoretical grounding.

Direct score parameterization. Lou et al. (2024) propose to learn the score function directly as a density ratio rather than a
denoising map. This formulation leads to a single entropic regularization loss equivalent to (22) in our paper. However, it
misses our discrete denoiser decomposition we use and the associated L2 projection and cross-entropy terms, which improve
training stability.

Discrete Diffusion Models via a Stochastic Integral Framework. Ren et al. (2024) introduced a new way to analyze
discrete diffusion models via Lévy-type stochastic integrals and expanded Poisson random measures. Specifically, they
established the stochastic integral expressions of the noising and denoising processes for the categorical data. They provided
a unified error analysis framework and showed the first error bound for their algorithms in KL divergence. However, their
results rely on strong assumptions in contrast to our results. Besides, our bounds are simpler and better, in particular with
respect to the time horizon.

Denoising without time dynamics. Concurrently with our work, Bach & Saremi (2025) propose a discrete denoising model

13
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that avoids continuous-time formulations altogether. Their method treats Bernoulli corruption as an analogue of Gaussian
smoothing, enabling a Langevin-style sampler on the hypercube. This approach is complementary to CTMC-based methods
and their dynamic interpretability.

Our paper takes a step toward bridging these gaps. By clearly describing the forward Markov process, we can express the
score function as a conditional expectation, which helps us avoid the costly signal-to-noise ratio training used in Shi et al.
(2024). This way, we not only offer a simpler and more affordable training approach, but also provide solid theoretical
guarantees for our models in practice.

B. Interpretation of DMPMs

B.1. The simple case X = {0, 1}

We start by explicitly constructing our forward process (XZ )teo, ;) starting from Xko ~ p*. Consider the fixed jump

times (13);e(1,.. . N} N ~ i Unif ([0, T%]) of a Poisson process over [0, 7] where N ~ Pn()\Tf) is the number of jump,

and A\ > 0 is a prescribed jump rate. Without loss of generality, we assume that 0 = Ty < 717 < ... < Tn. We define

recursively ( )te[o ;) over (T3, T;41]. Suppose that X 7, has been defined we set X; = X, forany ¢ € (T}, T;41) and

? T, =1— . It is well known that (?t)te[O,Tf] is a Markov jump process (Owen, 2021, Section 6) with generator
¢! defined for any x,y € X as

A ify #x
1 ’ )
T,y) = 38
7 () {—/\ , otherwise . (38)

The transition probability matrix P(Yt = y|70 =)= ?} (z,y), forz,y € X,0 < t < Ty, is known to be

+ 17 ifr=y,

2t (39)

otherwise .

7%(3:724) = {

N N

le
2¢

Detailed calculation of the transition probability in (6). Based on the Kolmogorov equation, the transition matrix ?} for
0 <t < T admits the following formula
Pi=eT",

where 71 is define in (5). Clearly, the generator 71 admits two eigenvalues 0 and —2\ associated with the eigenvectors
(1 I)T and (1 —l)T respectively. Thus we can diagonalize ¢! as

7= )6 )6 )

and the transition matrix 7'} follows
Si_gd (1 L) 0 Y (11 Tl 1pe 12N
t — € - 1 -1 0 e—QAt 1 -1 - 9 1— 6—2)\t 1 + e—2)\t .

B.2. General state space X = {0,1}*
B.2.1. FORWARD PROCESS

We consider the jump times (7;);cq1,..., N} |V A Unif ([0, T¥]) of a Poisson process over [0, 7] where N ~ Pn(AT})
is the number of jump. Without loss of generality, we suppose that Ty, = 0 < T} < ... < Tx. We define recursively
(X}t)te[o,Tf} over (T;,T;+1] as follows. Suppose X 7, has been defined. We set = X, fort € (T}, Ti4+1), and finally,
set ?_H =1- YT , where ¢; ~ Unif({1,...,d}), with ¢; independent from the past, and Xk T Xk . for j # £;.
The associated generator matrix is given in (14) We now seek to obtain the associated transition matrix.
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Proof of (15). We start with a note that the generator matrix 7 can be expressed as a sum of matrices 75 as follows

d A, if * = 9 fori # ¢ and z* # y* |
7=Z?Z, with (2, 9) = { =\, ifr=y,
=1 0, otherwise .

Notice that ¢* also admits the following formula with respect concerning the tensor product

7 =1019. 0l Aele..ol, (40)

d times

-2 A
A=A
definition of tensor product, for any = = ()%, y = (y*)L, € X, we observe that

with I the 2 x 2 identity matrix and Z = which is the ¢! matrix in the previous product. Indeed, by the

IQI® ... ®H®\Z/®H® @Dz y) = Iz, g2, y?)... A (e, yt).. Iz, y?)

Zth
A, if ' =y fori # ¢ and z* # y* ,
=< =), ifxr=y,
0, otherwise .

which is exactly the expression of 75(9{:, y). We now use the Kolmogorov equation combined with the expression of 7f in
(40), and apply the formula e!®A+5%l — ¢4 @ B for any matrix A, B (Gavrilyuk et al., 2011, Appendix) to get

Fr=elT =Tt —otd g gotd
N——

d times

We are thus left with the computation of etj. It is clear that the eigenvalues of Z are 0 and —2), with the corresponding
. T T . A
eigenvectors (1 1)” and (1 —1)" respectively. Consequently, we can compute ' as: for any a,b € {0,1},

1 1.,—2Xt :
1 tX §+§e y lfa—b,
vi(a,b) = ,b) =
t(a ) e ((l ) {%_562)\1‘/’ ifa éb,

and the formula of transition probability 7' for 0 < ¢ < T follows: for any z = ()%, andy = (y*)%_; in X,

d 1 1,.—2Xt BP) i
o . o =+ ze , ifx" =9y",
Pelzy) =[[PiEy), wih P’ y)=2"2" .
ey 5 — 53¢ , otherwise .

B.2.2. CONDITIONAL EXPECTATION EXPRESSION OF THE SCORE FUNCTION

Proof of Proposition 1.1. Fix x € Xand £ = 1,.. ., d. First note that by definition of j17, _; as the marginal distribution of
the noising process, we have

pry—1(x) = pry (09 () =Y o (2)(Pry—i(2,2) = Pryp—e(z,09 () - (41)

zeX
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The formula of transition probabilities ?Tf _i(2,0Y (x)) combined with the definition of ©(*)(z) lead to
_>
Pry—i(z,0Y () H?Tftz @i(@))

= ?’;fft 7@2 H?Tf t Z (E
i;éZ
?T, t 7% ))_>

T TG P

Substituting this into (41) implies

L O
pry (%) = pry—t (e ZMO )?%Ff—t(zgx)(l - ?Tfft( L )))

2eX ?%’fft(zéaxe)

2672)\(Tf7t) 4672)\(Tf7t)( 0

— \2
= E b — 25

[1 4 e—2\(T5—1) 1 — e—4A(Ts—1) ] F {}‘0 =z, X —t = x} ,
zeX i

where the last equality comes from the formula of ?1Tf_t and the fact that if ¢ = ©(©-(z) then 2¢ # z¢. Therefore, the
score function in components are

e(x) KTy — —t(z )—MTf—t(<P(Z)(l’))

S
t M1y~ +()
,2>\(Tf t) 4e *2>\(Tf t) (x _ ZZ)2
_ ;( |:1 +e —2X(Ty— 6 1 _ o~ 2 (T5—1) :| P {YO = Z‘YTfft _ .’E}
_E 2o, dag, 4 ?Tf . Yf X? B
B 1+ a N 1_ a2 Tt =2T| ,
Tyt 2

where a; = e~2*, and we finish the proof of Proposition 1.1.

B.2.3. INVARIANT MEASURE OF THE FORWARD PROCESS

As we have a comprehensive understanding of the forward process, we observe that its invariant measure is the uniform
distribution over X, denoted by 'yd. Indeed, for any x € X and ¢ € [0, Tf],

BT = AT ie0) = 5y 3 Fule1) = 5 =7()
zeX zeX

Furthermore, by formula of ? given in (15), we have ?t(x, Y) toeo, o for any 2,y € X. Consequently, the following
holds for any x € X,

() = Y o) el ) 2% L3 () = o =44)

zeX zeX

meaning that the forward dynamic (}t)te[O,Tf] converges geometrically fast to <.

C. Implementation of DMPMs
C.1. Alternative ideal backward simulation

Besides the simulation of the backward process provided in Section 1.3, we can also use the following procedure to produce
the time-reversal dynamic.
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The second procedure to sample (yt)te[oﬂ“f] is to consider a sample ?0 from pr, and a sequence of i.i.d. random variables
distributed according to the exponential distribution with parameter 1, {Ef : i € N, £ € {1,...,d}}, we can define the
jump times (73);en of the backward process and its transition by induction setting Tp = 0. Given (T3, X 1,), we define the
next jump time as 7/ 1 =T; +A 7. 1» where ATfJrl =inf{t>0: fo (1-s ? .))dr > E’}. Then, set Ty, = Tﬁl,
where ¢; = argmmje{1 +1’ and X; = X, fort € (T;,Ti41 AN Ty), and finally if T, ., < T, yTiH =1- %

for¢; € {1,...,d}.

.....

C.2. Perfect backward approximation

We provide here the pseudo-code of backward approximation sampling in continuous time scheme:

Algorithm 1 DMPMs Algorithm (Continuous time scheme)

Input: a time horizon Ty > 1 large enough, a prescribed jump rate A, an approximate score function
0

Backward process:
Set Ty = 0 and initialize ?0 ~ 74
140
while T; < T do
Draw E; ~ Exp(1)
Solve ATy =inf{t >0 : [N, (Xp)dr > B}, with A" (2) = AT (1 — s ()
Set Tip1 =T + AT
ifT;, <t< min(TiH, Tf) then
Set §t = T;
end if
if T; 1 < Ty then
Draw ¢; € {1,...,d} ~ Cate({\(1 — s? +€1<§Tw)> T1+1<y )
Set Xr,,, = o) (X1,)
end if
14 1+1
end while
Output: ny

C.3. Discrete denoiser and score reparameterization
Discrete-denoiser structure.

Recall from Proposition 1.1 that each score component admit the following conditional expectation:
st(@) =B [f{(X, X 1,0\ X1y =] | (“2)

where

2a _ 4CKT t 7 ?E
%% _ Ty—t =t Ay 4
ft( 0 Tfit) 1ﬂLOle—t 17a2Tf—t “3)
fort € [0,77),x € Xand £ =1,...,d.
Remark that
AV T _
200, _ 4an—tE [(?T —t 0) | Ty—t = ‘T}
E [ff(xzﬁ,?n—t)\?n—t = zr} = = ! . (44)

2
1+ OéTfft 1-— anft
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Thus we introduce the function d? defined as
df o B (X, — XX g, = 2], 43)
which can be further rewritten as

#w) =& | (R4, - F8) oo =4

=K [llyge 5d YTf—t = fc]
Tf—t 0
=P <?é 7& S(}e ?Tf,t = (E) .

In some sense, this is the discrete version of the continuous denoiser E[?d?t] approximated by classical diffusion models
(Song et al., 2021), as obtained from the score by Tweedie’s formula. Thus we call d (=) the discrete denoiser.

Score reparameterization. Based on the previous derivations, each score component s¢ () can be written as a function of
dﬁ .
i

2007, — 4oy, _4dl(x
sta) = otpe_ Lon (@) (46)

1+ Osz_t 1-— an—t

So we can reparameterize our score models s¢ as

0,0

39’2(17) . 2an—t _ 4an—tdt (Jf) (47)
t - 2 )
1+ ar, ¢ 1-— O,y

where 7" (z) aims to approximate d’ ().

C.4. Objective functions derived from the discrete denoiser structure

Inspired by the previous derivations, we modify our existing £1,2 loss function to replace by a denoising loss equivalent. We
introduce a cross-entropy loss, and finally propose a scaling of the loss functions, based on the average output magnitude of
the discrete denoiser, thus helping with the learning, and improving synergies between loss elements.

Score-matching objective £; 2. We rewrite the objective function £y 2 to fit the discrete denoiser, considered as a conditional
expectation:

Ty
eden gy /0 Laa(0)dt, Lo12(0) = E[llaf, _,(X0) - (Xo - Xd(Xo - X0)J?] . (48)

where d is the element-wise product.

Cross-entropy objective £cg. Instead of the £12 loss suggested by the conditional expectation structure, we can consider
a cross-entropy loss to fit our model to the correct distribution: classical derivations from the conditional log-likelihood

22:1 E [logpf’e(feTf_A}f;)] , where

de’z(x —t) ifxp, ¢+ #x
0,0 t Ty—t Ty—t 0
TT,—t|To) = y 49
Py ( Ty t‘ O) {1 — df’e(foft) else ( )

lead to the following cross entropy loss:
Ty

Se(0) =— [ Lice(8)dt, (50)
0

18



Discrete Markov Probabilistic Models

where

d
Lice(6) = E | Y Y/ logd (X, )+ (1 - ) log (1 - &' (X7, )

= 0 else.

Ytg:{1 it X§# X5,

Further improvements. To address training efficiency, we inspect the average magnitude of the loss across the dataset, at
each timestep. Indeed, the average value of d? is

wry =B [di(Xr, )] = E [E[df(Xr, ) [Xo]] 51)
—E [P (75 £3X5 YO)} (52)

1

= 9 (1 - an_t) ) (53)

as given by the formulas for the transition kernels of the forward process. We can see that the value of w; is close to zero for
small values of ¢, which stalls the learning process. Empirically, we find that dividing the integrand of either loss terms £1 2
or £cg by w; yields improvements. As a result, we modify the losses to counterbalance their diminishing magnitude across

~denoiser
: . Quw . ~tL2 w _ LicE .
timesteps: St’]ﬁ = Lk = , and define the associated losses

Ty Ty
v, (0) = / L0, S8(0) = / vop(0)dt . (54)

Comparing £12, £cg, £1%, £&-

In Figure 4, we plot the average loss per timestep, for a trained model on MNIST (following the specifications given in
Appendix D.2)). It shows that, on average, the £, loss effectively becomes a scaled variant of the cross-entropy objective,
which is reflected in similar performance results. This corroborates our derivation that L2 acts as an effective lower bound to
the log-likelihood. This also supports its relevancy with respect to the underlying structure of this generative model. It must
be noted that both losses still benefit from positive synergies when used together.

Importantly, dividing by w; = (1 — «y)/2 particularly helps at smaller timesteps, and keeps the loss values at the same
magnitude across timesteps, enhancing training dynamics. This is illustrated in Figure 5, where scaling the losses with the w
scale factor consistently yields improvements.

1024
1014

FID

Loss

10-2 104

1073 o

£0.0,00,1.0
4
£0.0,00,1.0
200 05,05
4
XUO 05,05
£95,00,05
£05,00,05
£05,05,00
£05,05,00
£10,00,00
£10,00,00

£0.33,0.33,0.33

Time t

Figure 5. FID|, on MNIST, for models trained with £ and £
losses, evaluated using 200 reverse steps with the denoise-renoise
sampler. Scaling with w yields consistent improvements, with the
best loss configuration £7’/5 ; /3 1,3 involving all the methodologi-
cal improvements we discussed.

Figure 4. Comparison of £;2, £cg, £1%2, £¢g average losses over
timesteps. The two losses become scaled version of one another
only when averaged over data, but otherwise benefit from positive
synergies when mixed together.
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Final objective functions. We choose a linear combination of the previous loss objectives, weighted by positive coefficients
w1, W2, Ws3:
Lo = T L9 + @w2Le + w3LcE (55)

and, if we choose their version weighted by 1/w;:

LY = w1 L£1% + wale + w3 LiE - (56)

Algorithm 2 Training Algorithm for DMPM (Reparameterized Score)

Require: Dataset D of samples X € {0,1}%;
Time horizon Ty > 0 and rate A > 0;

Parameterized discrete denoiser model {d*(z) : 6 € O} 00

. . QOLT —t 4OLT _tde . .
Derived score function sf = £ — f—" (score reparameterization (24));
1+an,t 17an7t
Define oy as in (13), f; as in (19);

Loss coefficients wq, wo, w3 > 0;

1: while optimization has not converged do

2:  Sample a batch {X;}2 | from D.

3 Drawty, ...tz 2 Unif([0, Ty))

4:  Forward sampling: fast simulation via p; o = (ptl‘o)@)d

5: for% =1to B do

6: i,0 < X

7 PTy—t; (1 - an—ti)/Q

8: Compute X'; 1, ¢, by flipping each bit of ?LO independently with probability pr, ¢,
9: if Scaling losses with average d; magnitude then
10: w; (1 —ar,,)/2
11: else
12: w; 1
13: end if
14:  end for
15 £1200) « 5 X2, LI (Kirya) = (Rizya, — Xoo)d(X o = Xio) 2
16 Lon(6) « & 0, 5 <]1736¢?9f_ti logdf:! (X4, )+ (1~ L3yuzy, , )08 = dff(yéf_t»

17 L(0) ¢« X0, T, ( 9 () + (o (X1) — 1) log(1 - s%f_ti<7ti>>>

18:  £5(0) « @ L9 + @ L + w3 Lcp

19:  Perform a gradient step on £ (6) w.r.t. 6.
20: end while

21: Return the final parameter 6*.

C.5. Generative process and sampling procedures

Once we obtain our neural network df approximating d;, we use it to produce fresh samples that closely mimic the observed
data. To do so, we first introduce a DMPM sampler based on the true reverse process. We then propose a slight modification,
leveraging the distribution on indices available at each step, by flipping multiple bits instead of just one, using a flip-schedule.
Finally, we derive a denoise-renoise sampler, solely based on the discrete denoiser structure of the problem, as inspired by
similar lines of work in conitnuous diffusion.

DMPM sampler. A first sampling procedure is given in Algorithm 3. It is designed to be as close as possible to the true
backward process, while enabling efficient parallelization when implemented. It consists in a piecewise-approximation of
the functions of interest, parameterized by the choice of a time discretization grid 0 = g < t; < --- < txg = T, which we
call a time-schedule.
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In Table 2, we give the different time-schedules we experiment with. We draw inspiration from numerous lines of work on
continuous and discrete diffusion (Shi et al., 2024; Karras et al., 2022), in which these are common choices.

DMPM sampler with flip-schedule In Algorithm 4, we further take advantage of the specific structure of our backward
process, by leveraging the distribution over indices given by the learned score model at each timestep ¢. Instead of flipping a
single bit per timestep ¢, we flip a total of M, bits sampled without replacements from the given distribution. We call the
sequence { M; }o<¢<T, the flip-schedule. When a time-schedule {tx H< | has been chosen, we also call the corresponding
discrete sequence { My, }5_| a flip-schedule.

In Table 3, we give the two flip-schedules we explore in this paper. The choice for the linear schedule is inspired from the
philosophy of the masking schedule introduced in the context of masked diffusion by Shi et al. (2024).

Time-schedule Value of t; Flip-schedule  Value of M,
. k

Linear Ty ) Constant M

Quadratic Ty (£) Linear M Tif

Cosine T cos (%)

Table 3. Different flip schedules (M;)ogt<T; used in our experi-
ments. In both schedules, M is a constant to be fixed and controls

Table 2. Different time schedules (¢4 )7, used in our experiments.
the total number of bits flipped during generation.

T denotes the final time, and K is the number of reverse steps.

Denoise-renoise sampler. In Algorithm 5, we introduce the following denoise/renoise cycle, interpreting the model output
df as the probability that each bit should be flipped at timestep ¢ to reach timestep 0. After doing a full denoise pass (from
time Ty — 0), we noise the sample with the transition kernel of the forward process (from time 0 — 7'y — A). Then we can
do another denoise pass from (Ty — A) — 0, etc.

Algorithm 3 Backward sampling of DMPM with piecewise-constant score

Require: Time horizon Ty > 0 and rate A > 0;
K > 0 number of reverse steps and time-schedule 0 = to <ty < --- <t =T};
Flip-schedule, i.e., sequence of positive integers { My, }< ;
Discrete denoiser model d?;

. . 20, —t dag, o d? .
Derived score function s? =17 I — T f—" (score reparameterization (24));
an—t *OtTf,t

Define oy as in (13);

: f?g ~ Unif(0,1)®4
c E~E()
A0
: for;k:OtoKd—ldo ot
At <_)‘Zl:1(1_st1;)
Atk%tktl_tk
A(—A—f—)\tk Atk
if A > FE then "y
A1 —s) d
¢ care({20)Y Y
Aty =1
10: Yff <—1—§f1f
11: A«~0

PRDIN AR

hd

12: E~&(1)
13:  end if

trt+1 « ytek
15: end for

14: ye
Output: ?%f
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Algorithm 4 Backward sampling of DMPM with piecewise-constant score and flip-schedule

Require: Time horizon Ty > 0 and rate A > 0;
K > 0 number of reverse steps and time-schedule 0 = to <ty < --- <t =T};
Flip-schedule, i.e., sequence of positive integers { M, }_;

Discrete denoiser model d?;

. . 200, ¢ dar, —d
Derived score function s? = I S ‘ (score reparameterization (24));

1+an,t 1— an7
Define a; as in (13);
1: f?g ~ Unif(0,1)®4
2: E~&(1)
3: A+ 0
4: fork—OtoK—ldo

5 )\tk A )‘Zl 1( S?ké)
6: Aty  tie1 — g
7o A A+, Aty
8: if A > FE then
. A (1 — sf"l) d

9: [07,..., 03] ~ Hypergeometric ({Xi"}lﬂ, Mtk)
10: for ¢ = 1to M, do tk
1 X0 1 - XOk
12: end for
13: A+0
14: E~&(1)
15:  endif
16 X0« X0,
17: end for

Output:

Algorithm 5 Denoise—Noise Cycling with a Discrete Denoiser Model

Require: Time horizon Ty > 0 and rate A > 0;
K > 0 number of reverse steps and time-schedule 0 = to < t; < --- <t =T};
Discrete denoiser model d?;
1: X9 ~ Unif(0, 1)®¢ {initial sample in {0,1}}
2: fork—OtoK—ldo
3:  Denoise phase:
4 dy —d? (X))
5: Compute ?9 by flipping each component [ of ?9 with probability d}
6
7
8:

Noise phase:
: Sample y ~ DTty o |§ , as in Algorithm 2
end for
Output:
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D. Experiments

All experiments are conducted using PyTorch. All the training and experiments are conducted on four NVIDIA RTX8000
GPU.

We use the score parameterization introduced in (47):

200, _ dap, _d?(z
Plg) = it Tt @) (57)
1+ Osz_t 1— an—t

where the neural network d*‘(z) aims to approximate d!(z) = P(?é £zt ‘ ?Tf_t = z). Since the output of the neural
network is d? (z) € (0,1)%, we add a sigmoid activation function at the last layer.

We consider various loss configurations £, £ as introduced in (26), (56), with 6 choices of coefficients (o1, wa, ws)
normalized in the 2-simplex Ay C R®. We test all 22 — 1 = 7 possible non-empty combinations, minus the single £ loss
combination (wy = 1), as the latter only acts as entropic regularization and does not perform well by itself. This lets us
study the synergies between the different loss terms.

D.1. Small dimension data

We first conduct experiments on a discrete data distribution p supported on {0, 1}%. Each component of X = (X;)¢, ~ p
is independently distributed as a Bernoulli distribution with parameter p;:

d
p(a) =[] pi(z:) (58)
=1

where the map ¢ — p; forms a sawtooth-like pattern, oscillating linearly between 0.05 and 0.95, as can be seen in Figure 6.

Probability p;

Index i

Figure 6. Sawtooth pattern used to define ¢ —> p;, plotted with d = 16. Values oscillate linearly from 0.05 to 0.95, and back.

For training, we use 20 000 datapoints resampled at each epoch, and a batch size of 1024. We train each model for 300
epochs, using AdamW with a learning rate of 1e-3. We employ a network composed of multiple MLP blocks: 4 residual
blocks, each consisting of two feed-forward layers of width 256; layer normalization and SiLLU activations in each block; a
feed-forward embedding for the timesteps, mapping R to a hidden dimension of 256, whose output is then injected into each
residual block by an additional MLP of dimension 256 x 256.

For evaluation, we estimate each distribution with 20,000 samples, and draw 1000 vectors uniformly on the simplex Ay to
compute our SWD metric (see Appendix D.3).

D.2. Image data

‘We work on the binarized MNIST dataset, which we scale from 28 x 28 to 32 x 32 in order to fit in the U-Net architecture.
We set the pixel value to 0 if its intensity is below 0.5, and to 1 otherwise.

We compare DMPM to MD4 (masked diffusion, as in Shi et al. (2024)) and DFM (discrete flow matching, as in Gat et al.
(2024)). We reimplement MD4 with the cosine schedule and the algorithms given in Appendix F of Shi et al. (2024). We
implement DFM based on the Pytorch implementation in https://github.com/gle-bellier/discrete—fm,
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and we use corrector sampling for better results.

For DMPM, we are using the cosine time-schedule and time horizon Ty = 3. For both MD4 and DFM, we set the mask
value to the integer 2.

To establish a fair comparison, we use the same network model for every method. We use a U-Net following the implemen-
tation of (Nichol & Dhariwal, 2021) available in https://github.com/openai/improved-diffusion. We
dimension the network as follows.

The first layer is an embedding layer of output dimension 32 and input dimension dinpu;, Where dippye = 2 for DMPM (input
values are either 0 and 1) and diypy = 3 for MD4 and DFM (input values are either 0, 1 or the mask value 2).

We set the hidden layers to [128, 256, 256, 256], fix the number of residual blocks to 2 at each level, and add self-attention
block at resolution 16 x 16, using 4 heads. We use an exponential moving average with a rate of 0.99. We use the silu
activation function at every layer. Timestep ¢ is fed to the model through the Transformer sinusoidal position embedding.

For DMPM and MD4, we set the number of output channels to 1 and add a sigmoid activation at the last layer. For DFM,
we set the output channels to 3 and apply softmax channel-wise.

The optimizer is AdamW with learning rate 5e-4. We use the StepLR scheduler which scales the learning rate by v = .99
every 400 steps. We train on MNIST for 120000 steps with batch size 256. A single training run on MNIST takes
approximately 6 hours per GPU, and requires about 6-12GB of VRAM for our settings.

To assess the quality of our generative models, we compute our metrics between 4 000 real images and 4 000 generated
images. Generating 4 000 images with 1 000 reverse steps takes approximately 2 hours on one GPU.

D.3. Metrics

For low-dimensional data, we use a custom sliced Wasserstein metric. For image data, in addition to the classical FID metric,
we use a F?C summary score, based on the density and coverage metrics.

F'l)c' as summary metric of density-coverage The density and coverage metrics are introduced in the setting of generative
models by (Naeem et al., 2020). They assess the overlap of sample distributions using local geometric structures. Density
measures how much the generated distribution is contained in the original data distribution (measuring quality), and coverage
measures how much of the original data distribution is covered by the generated distribution (diversity).

These metrics are improvements of the precision and recall metrics for generative models (Kynk&ddnniemi et al., 2019). They
offer different measures to characterize the performance of generative models. For instance they can decorrelate the negative
effect of mode collapse from the negative effect of noisy/blurry generations, each of them decreasing respectively coverage
and density, and have been of importance in recent studies, e.g., in heavy-tailed generative modeling (Shariatian et al., 2024;
Yoon et al., 2023).

We consider a single summary Flfc score, which we define as the harmonic mean of these two values:

FOC — density - coverage 59)

" density + coverage -

Sliced Wasserstein metric SWD.

Since the state space of our dataset over {0, 1} is of size 2%, we cannot work with histogram-based metrics, which would
require exponentially many samples when d increases.

We address this issue with our sliced Wasserstein metric SWD. This metric is defined between distributions z, v on {0, 1}4
as:

SWD(u,v) = W (ug i, uzv)du , (60)
Ag
where, for u € Ag4, the pushforward u is derived from the function
r€{0,1}4 = (u,x) € [0,1] . (61)

Simple Monte-Carlo averages are used to evaluate the integral with respect to the uniform distribution over the simplex Ay,
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and we compute the Wasserstein distance between the pushforward measures with the pyemd package (Laszuk, 2017).

E. Additional results

In this section, we give grid images of generated samples for DMPM models trained on binarized MNIST, with the loss

271U/3,1/3,1/3'

Figure 7. Default DMPM sampler, 25 reverse steps, cosine time- Figure 8. Denoise-renoise sampler, 200 reverse steps, cosine time-
schedule, linear flip-schedule dimensioned for 1000 total bit flips. schedule.
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F. Convergence of DMPMs

The proof of DMPMs’ convergence requires understanding the backward dynamic under the canonical process point of view
equivalent to the transition matrix point of view we provided in Section 1. We provide first some essential preliminaries on
Poisson measures and the corresponding 1t6’s formula.

F.1. Some basic facts on stochastic calculus for CTMCs
F.1.1. POINT PROCESSES AND POISSON POINT PROCESSES

Let (2, F, (Fi)i>0,P) be a filtered probability space satisfying the usual conditions. We say that a non-negative measure
pon (Y,Y) is a counting measure if p(A) € NU {400} forany A € Y. Let (Y,)) be a measurable space. Let .4
be the set of counting measures on (Y,)). Let My be the smallest o-field on .#y with respect to which the maps
p € Ay — p(B) € NU{+o0o}, B € Y, are measurable.

Definition F.1 (Poisson random measure). An (.#, M)-valued random variable  (i.e., a mapping p : 2 — .#y defined
on a probability space (€2, F,P) which is F/M-measurable) is called a Poisson random measure if

* for each B € Y, pu(B) is Poisson distributed; i.e., P(u(B) = n) = X\, (B)"™ exp[—\,(B)]/n| for any n € N where
Aa(B) = E[u(B)},B € V.

» If By, Bs...., B, € Y are disjoint, then p(B1), u(Bz2), ..., u(B,,) are mutually independent.

Remark that it is easy to show that \,, is a non-negative measure on (Y, )) that uniquely determined the distribution of
by the monotone class theorem; see (Ikeda & Watanabe, 2014, Chapter I, Section 9). It is called the mean measure or the
intensity measure of the Poisson random measure ft.

Definition F.2. We say that p : D, C (0,00) — Y is a point function if its domain D,, is a countable subset of (0, c0). p
defines a counting measure N, on (0, 00) x Y endowed with the product o-field B((0, c0)) x ) by

Ny((0,t] xU)y=Card{s e D, : s<t, p(s)eU}, t>0, Ue).

A point process is obtained by randomizing the notion of point functions. Let IIy be the set of point functions with values in
Y and B(Ily) be the smallest o-field on IIy with respect to which all p — N, ((0,¢] x U),t > 0,U € ), are measurable.

Definition F.3 (Point process). A point process p on X is a (Ily, B(Ily))-valued random variable, that is, a mapping
p : 2 — Ily defined on a probability space (€2, F,P) which is F/B(Ily)-measurable.

A point process p is called stationary if for every t > 0, p and 6;p have the same probability law, where 6, p is defined by
Dg,p ={s€(0,00) : s+t € Dp}and (6,p)(s) =p(s+1).

Definition F.4 (Poisson point process). A point process p is called Poisson if Ny, is a Poisson random measure on (0, 00) X Y.
A Poisson point process is stationary if and only if its intensity measure np (dtdz) = E[Np (dtdx)] is of the form

np(dtdr) = dtn(dx)
for some measure n on (Y, )).

F.1.2. STOCHASTIC INTEGRAL WITH RESPECT TO POINT PROCESS

Here, we review the construction and definition of stochastic integral with respect to Point Processes for completeness; see
(Ikeda & Watanabe, 2014, Chapter II, Section 3).

Let (£2, F,P) be a complete probability space with a right-continuous increasing family (F;)¢>o of sub o-fields of F each
containing all P-null sets. A point process p = (p(t)) on X defined on {2 is called (F;)-adapted if for every t > 0 and
Ue Y, Np(t,U) =3 cp, s<: Lu(p(s)) is Fy-measurable. p is called o-finite if there exist U, € ¥,n =1,2,... such
that U,U,, = Y and E[Npt,U,,)] < ocoforallt > 0andn = 1,2, .. .. For a given (F;)-adapted, o-finite point process p, let
I'p ={U €Y; E[Np(t,U)] < coforallt > 0}. If U € T'p, then ¢t — Np (¢, U) is an adapted, integrable increasing process
and hence there exists a natural integrable increasing process Ny (t, U) such that Ny, : t — Ny (¢, U) = Ny (t,U) — Np(t,U)
is a martingale.
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Definition F.5. An (;)-adapted point process p on (2, F,P) is said to be of the class (QL) (quasi left-continuous) (w.r.t.
(F)) if it is o-finite and there exists Np = (Np(t, U)) such that

1. forU € T'p,t — Np(t,U) is a continuous (F;)-adapted increasing process,

2. foreach t and a.a. w € Q, U — Np(t, U) is a o-finite measure on (Y, ),

3. for U € T, t +— Np(t,U) = Np(t,U) — Np(t,U) is an (F;)-martingale.

The random measure {Np(t, U)} is called the compensator of the point process p (or { Np (¢, U)}).
Definition F.6. A point process p is called an (F;)-Poisson point process if it is an (F;)-adapted, o-finite Poisson point
process such that {Np (¢ + h, U) — Np(t,U)}, . yey is independent of F;.

An (F;)-Poisson point process is of class (QL) if and only if ¢ — E[Np (¢, U)] is continuous for U € I'y; in this case, the
compensator Np is given by Ny (¢, U) = E[Np (¢, U)].
Theorem F.7. Let p be a point process of class (QL) w.r.t. (F;) on some state space (Y,Y) such that its compensator

Ny (dtdz) is a non-random o-finite measure on [0,00) X Y. Then p is an (F;)-Poisson point process. If, in particular,
Np(dtdx) = din(dx) where n(dx) is a non-random o-finite measure on Y, p is a stationary (F;)-Poisson point process
with n as its characteristic measure.

We are now going to discuss stochastic integrals w.r.t. a given point process of the class (QL). For this it is convenient to
generalize the notion of predictable processes.

Definition F.8. A real function f(¢,x,w) defined on [0, 00) x Y x Q is called (F;)-predictable if the mapping (¢, z,w) —
f(t, z,w) is S/B(R)-measurable where S is the smallest o-field on [0, 00) x Y x Q w.r.t. which all g having the following
properties are measurable:

1. foreacht > 0, (z,w) — g(t, z,w) is Y x Fi-measurable;

2. for each (z,w) — g(t, z,w) is left continuous.
We introduce the following classes

t+

Fp = {f(t,x,w); f is (F:)-predictable and for each ¢ > O,/ / |f(s,z,w)|Np(dsdz) < co a.s.} ,
o Jy

(62)

t
Fy = {f(t,x,w); f is (F:)-predictable and for each ¢ > 0,E {/0 /Y |f(s,z, -)|Np(dsdm)} < o0 a.s.} .

Definition F.9 (Stochastic integral). For f € F},, the stochastic integral fot + Jy f(s,x,-)Np(dsdz) is well-defined a.s. and
equals the absolutely convergent sum,

AH/YJC(S,z,-)Np(dsdx) = Z F(s,p(s),-) -

s<t,s€Dp

For f € F}l, itis known that the stochastic integral fot J fs,z, ) Np(dsdz) satisfies

5| " [ 15650 (asa0)| =2 [ t [ 1891y (asa0)|

This implies, in particular, that Fg C Fp. Denote the stochastic integral f € Fg W.I.t. Np as

/Ot+[/f(3,$v‘)Np(d8df) _/Ot+/Yf(s’x")Np(dex)/Ot/Yf(S,x,~)Np(dsdx),

Then ¢ — fg+ Jy f(s,2,-)Np(dsdz) is an (F;)-martingale.
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F.1.3. ITO’S FORMULA FOR POINT PROCESS

It6’s formula is one of the most important tools in the study of semi-martingales. It provides us with the differential-integral
calculus for sample functions of stochastic processes.

Let (Q, F,P) with (F;);>0 be given as above. Suppose on this probability space the following are given:
1. Mi(t) € M, i=1,2,...,d, with

MG = {X = (X})s>0; X is a locally square integrable (JF;)-martingale, Xo = 0 a.s. ;¢ — X, is continuous a.s.} ;

2. Ai(t),i=1,2,...,d: acontinuous (F;)-adapted process whose almost all sample functions are of bounded variation
on each finite interval and A*(0) = 0;

3. p: a point process of the class (QL) w.r.t. (F;) on some state such that f(¢,z,w)g’ (t,7,w) = 0,4, = 1,2,...,d;
furthermore, we assume that ¢(¢, z,w) is bounded, i.e.a constant M > 0 exists such that

lg'(t,z,w)| < M foralli,t,z,w .
4. X(0),i=1,2,...,d: an Fo-measurable random variable.

Define a d-dimensional semi-martingale X (t) = (X*(t), X2(t),..., X%(t)) by

XU(t) = X'(0) + M'(t) + A'(t /t+/f (s,2,)Np(dsdz) /t+/ ,)Np(dsdz) ,

fori =1,2,...,d. Denote also f = (f', f2,...,f%) and g = (g',4%,...,9%).

Theorem F.10 (It6’s formula, (Ikeda & Watanabe, 2014, Chapter 11, Section 5)). Let F' be a function of class C 2 on R4 and
(X (t)) a d-dimensional semi-martingale given above. Then the stochastic process F(X (t)) is also a semi-martingale (w.r:t.
(Fi)i>0) and the following formula holds:

d
F(X(t)) — F(X(0)) :Z/O V(X (s))dM(s +Z/ F/(X(s))dA¥(s)

/ / { $)+ g(s,2,)) — F(X(s)) - Zg%s,x,-)F;(X(s))} Ny (dsdz) .

F.1.4. APPLICATION TO CTMCs

Let (Xt)te[ony] be a homogeneous CTMC on the state space Y associated with the jump rate A : Y — R, and the
kernel k(X;_,x) determining the probability of jumping into z € Y given a jump, and the generator q(X;_,x) =
A(X¢—)k(X;—, x) represents the rate of jumping from the current state X; to the new state x € Y. The CTMC (X¢)co,7;]
defines a Poisson point process px = (Px (t)):c[0,7,) on the measurable space (Y, ), where

px :Dp, C(0,T7] =Y, px(t)=X,,t€ Dy, ,

with Dy, is the set of jump times of (X¢)c[0,7,)- We observe that px describes the new state after jumping at time
t € (0,Ty] and it constructs a corresponding Poisson random measure N, (dtdz) on (0,T%] x Y by
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NPX((Oat]aU):#{SGDPX :S<t7pX(S)EU}
D 8ex,)((0,] x U) fort >0, Uey,

s€Dp

that counts the total jumps into U C Y occurring during the time interval (0, t]. Then the compensator n% of Ny, is given by

nt(dtdr) = q(X;—,dz)lx, 2.dt,

since the corresponding compensated measure

N3 (dtdz) = Np (dtdz) — n9(dtdz)

is an (F;)-martingale, where (F7) is a o-algebra of (X}). Indeed, we can show the martingale property of Ngx as follows.
Define first the stochastic integrals by

/t+/fsx JNpy (dsdr) = 3 F(s,px(s).1)

0<s<t
s€Dp

/Ot+/Yf(S7x,-)N§X(dsdx):/OtJ“/Yf(S’:U,)NpX(dsdx)—/Ot/Yf(S’x’.)nq(dex)_

Then for 0 < s < t < T and for any function f € F, 1 where the class Fg is defined in (62), we have

E [/SH_ /Y f(z,2)Np (dzdx)

fs} —E| Y e X0|F

s<z<t
zED
/ § f(z,2)P(X, = z|F,)dx
s<z<t
zGD
! q(y, x)
— [ [ e BE L p (= g7 ddody
Y2 Js )‘(y)

t
=E U /Yf(z,x)q(Xzf,x)]lX%#dxdz _7-'5}

_]EU:/Yf(z,x)nq(dzdx) fs] :

meaning that n% is indeed the compensator of the Poisson random measure Ny, . With those notations in hand, we can
decompose the CTMC (X¢)c(o,7,] as

t+
Xi=Xo+ > (XSfXS_):XOJr/O /Y(:L'fXS_)NpX(dsdm).

0<s<t
sE€EDp

By applying It&’s formula to this process, for any measurable function ' : Y — R, we obtain:
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F(X)) — F(Xo) /H/ (F(Xo 42— Xo_) = F(X,_)} Ny, (dsda)
/ v / (Fa )} N (dsda)

Expressing the Poisson random measure as Ny, = Ng . 1% and plugging it into the formula above yield

P(X,) — F(Xo) / / (P )} n9(dsdz) / v / f(s,2,) N3 (dsdz) .

In other words, the process

(Fex) - P - | t [ @)~ PO (X anjas

te[0,T]

is an (F;)-local martingale as the compensated measure Ngx was shown to be an (F;)-martingale in the previous
computation.

It follows that for the CTMC (X t)tefo, 1] With generator g, It6’s formula asserts that the process

(F(Xa - P - | t qF(Xs>ds)

te[0,T%]

is an (F3)-local martingale for any measurable function F' : Y — R. This statement is equivalent to Dynkin’s formula.

F.2. Canonical process point of view

We now want to give a description of the time reversal process as the solution of an optimal control process like in
the continuous setting in Conforti et al. (2025). To this purpose, we consider the following canonical setting. Let
D7, = ([0, T¢]; X) be the canonical space of all cadlag (right continuous and left limited) paths from [0, 7] to X = {0, 1},
endowed with its canonical filtration (F;)co,r,)- With abuse of notation, we denote as (X;)c(o,r,] the canonical process
defined by

Xt(W) = W, fort € [O,Tf] s (wt)te[()’Tf] S ]D)Tf .
For any P € P(IDz, ) we denote by Ep the corresponding expectation. For any ¢ € [0, 7], we denote by P, the distribution
of X; under P.

We say that a process U : Dz, x [0,T] x X — R is a predictable if for any 2 € X, (w,t) = U(w,t, x) is predictable. As
usual convention, we simply denote the the random variable w — U(w, t, z) as U (¢, x).

For any random generator q : Dy, x [0,7f] x X* — R and predictable process U : Dy, x [0,T%] x X — R, the new
random generator Uq : Dr, x [0, T¢] x X? — Ris defined as (Uq)(w, t,2,y) := U(w, t,y)q(w,t,x,y) for x # y.

We now follow the approach for time reversal used in Léonard (2012) to characterize the distribution of (Xt)te[omf] as the
solution of a martingale problem.

Definition F.11 (Martingale problem). Let q : Dz, x [0, Ty] x X2 be a non-homogeneous predictable random generator.
We say that P € P(Dr,) solves the Martingale problem MP(q) with initial condition 10, and write P € MP(q), if under PP,
X has distribution py and the process

(rex0-s0x0 - [ t als) %, )05 )

te[0,Ty]

is an (Fi)¢>o-local martingale for any measurable function f : X — R, where we denote q(t)f(z) =

Zyex q(wv t7 Z, y)f(y)

30



Discrete Markov Probabilistic Models

Note that by It6 formula and Appendix F.1.4, if under P, (X¢);¢[o,7;] is @ CTMC with generator q, then I solves MP(q). In
addition by (Ethier & Kurtz, 2009, Theorem 4.1), the following condition is automatically satisfied.

Definition F.12 (Condition (U)). One says that P € MP(q) satisfies the uniqueness condition (U) if for any probability
measure P’ on D7, such that the distributions of X under IP and P’ coincide, P’ < P and P’ € MP(q), we have P = P’

Recall that for the forward process under consideration, the generator 7 is defined as

A, if y = ¥ (z) for some £ € {1,...,d} ,
7(x,y) =< —=)\d, ify=x, (63)
0, otherwise ,

where ©(*) : X — X is the function which flips the /-th component for £ € {1,...,d}. Note that by (15), ¢ = Unif(X)
is an invariant distribution for the CTMC with generator ¢, i.e., for any measurable function f, D ozex Tof ()i (z) =
> sex f(@)7?(z). In fact the transition density T+ is reversible with respect to 4 for any ¢ € [0, TY] using (15), i.e., for
any z,y € Xand t € [0, T¥],

Y @) Pl y) =7 () Pely. ) - (64)

As aresult, we get that forany 0 < ¢; < ... <1, < T, under ﬁ, where ﬁ denoted the distribution of the CTMC with
generator ¢ started at stationarity 7%, (X4, , ..., X, ) has the same distribution as (X1p—ty5- -+ X7, ) and therefore

the reference path measure ﬁ is reversible, i.e., ﬁ = %, where E is the distribution of (X7, ¢ ):e[o,7;) under ﬁ

From Appendix F.1.4, for any P € P(D7,) such that (X;)¢c[o,r,] is a CTMC with generator q : [0, Ty] x X* — R, we
denote by px the point process and by Nx the Poisson random measure associated with (X¢);c0,7;)-

We also define for any (wt)sejo,7,] € D7y
ﬁq((wt)te[ova] s dtdl’) = ]lwt_;éctqt (wt,, dx)dt . (65)

By convention, we denote 09((X¢)c(o,7,], dtdz) by n9(dtdz) which corresponds to the compensation of (X4)e[o,7]
under P, if under this distribution (X4)e[o,7;] is a CTMC with generator q : X2 — R. Consequently, the compensated sum

of jumps N;( = Nx — 0 forms a martingale under PP.

F.2.1. GIRSANOV’S THEOREM

From Léonard (2012), the relative entropy of two path measures associated to two jump processes can be decomposed
with the help of the Young function g(a) := e* — a — 1, for a € R, as proven in Léonard (2012, Theorem 2.6-2.9) that we
report in the following. Note that the convex conjugate ¢ is equal to o*(b) = (b+ 1) log(b + 1) — b, for b > —1, with the
convention ¢*(—1) = 1 and p*(b) = oo, for b < —1. We recall that the functions g and ¢* are respectively equivalent to
a?/2 and b? /2 near zero.

Theorem F.13 (Girsanov’s theorem). (Léonard, 2012, Theorem 2.6-2.9) Let P € P (D7, ) verifying KL(}P’|ﬁ) < 00. Then,
there exists a unique predictable non-negative process U : Dr, x [0,Tf] x X = [0,00), U(w, t,x) = us(wi—, ) for some
functions u : [0,Ty] x X2 — [0,00), that satisfies the integrability condition

Ep

/ o (|U(t,z) — 1|)ﬁ7(dtdx)] < o0, (66)
[0,T5] xX
and P € MP(U Q) where (U Q) (w, t,2,y) = U(w, t,y) ¢ (x,y) for = # y. Moreover, we have that
dp dPy / <7 / _
X 1) = X log U (t, dtdx) — log U(t, dtd )
ﬁ(( t)tefo,1y]) 3. O( o)eXp< oz pec B (t,2)Nx (dtdz) o1 o(log U(t, x))n 7 (dtdz)
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and the KL divergence reads as

KL(P| ) = KL(Po| Ko) + Es

/ WU (L, 2)ia? (dtdx)] ,
[0,T¢]xX

with h(a) := ¢0*(a — 1) = aloga — a + 1. Plugging in the formula ()fﬁ7 and q yields

d
KL(P|®) = KL(Po| Bo) + AEr [ /[ ]Zhwt(xt,w“)(xt)))dt] :
0.Ty] g=1

The proof of Theorem F.13 is based on several technical lemmas, which we introduce in the following framework. Let
P € P(Dr,) such that (X;)c[o,r,) is a CTMC v&iith generator q : [0,Ty] x X* = R, i.e., 35 o q(t,x,y) = 0 for any
(t,x) € [0,Ty] x X, and denote px, Nx, 19 and Ny as in previous Section. We define a measure n? on X by

n9(dtdz) = n9(¢, dx)dt .
Let x be a R-valued predictable process on Dr, x [0,Tf] x X such that x(w,t,z) = x¢(w;—,z) and
f[o,Tf]xx o1 (xt(Xy—,z))i%(dtdz) < oo, P-a.s. Define
ZY = exp </ xs(Xs—, 2) Nyt (dsdx) —/ Q(XS(XS,m))ﬁq(dsdx)> , fortel0,Ty] .
[0,t]xX [0,t]xX

Lemma F.14. (Léonard, 2012, Lemma 6.1) Assume that x satisfies the integrability condition
]E[p/ o(xt(Xs—,z))n(dtdz) < oo . (67)
[O,Tf] x X

Then f[o HxX xs(Xs_, 2) Nyt (dsdz) is a local P-martingale. Moreover, the process ZX defined as above is a local P-
martingale and a positive P-supermartingale, which satisfies

47X = 7% /(exdxtw) — 1) Ny (dtdz) .
X

Proof of Lemma F.14. This result is an adaptation of Lemma 6.1 in Léonard (2012). From its definition, we have that N)q(
is a P-martingale measure. Therefore the stochastic integral

MY ::/ xs(Xs_,x) ~)q((dsdx)
[0,t]xX

is a local P-martingale. Denote Y;X := M)X — f[o g Bsds with B, := Jx 0(xs(Xs—, x))n%(s,dz). Applying Itd’s formula

provided in Theorem F.10 for the jump process (th)te[o,Tf] and for a function f of class C? on R implies

df(V)) = [ / PO+ (X)) — FV) = VA - a(Xem, )] n (1, da) | dt
+ Vf(yvt{) . ﬂtdt + th 5 P-a.s. s

where M, is given by

M, = / [FVX + xa(Xam,2)) — F(V2X)] N (dsde)
[0,¢] xX
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is a local P-martingale, since the integrand is R-valued predictable process and N)q( forms a martingale under IP. Using this
formula for f(y) = e¥, we obtain

de¥? = [ / (¥ txe(Xe—sm) _ oYX _ oVE (X, 2))nd(L, dx)} dt — ¥ B,dt + dM,
X
= Y= Bydt — ¥ Bydt +dM, = dM, , P-as..

This implies Z) = e¥?" is a local P-martingale and, since Z;* is positive, we can conclude that Z)* is a P-supermartingale

thanks to Fatou’s lemma. In addition, we have
dM, = / (eytx,'f‘Xt(Xt—@) _ eytx,) N)q((dtdl’) = eYtX— /(ext(xt*’m) — 1) ~tq(dtdl') s
X X

ie,dZ} = Z)X [ (ex+Xi=2) — 1)N(dtdz) and we conclude the proof of Lemma F.14. O

We now define the stopping time for k, 5 > 1,
0;-“ := inf {t € [0, Ty] ;/ o(x)dn? = k or x¢(X¢—, Xy) ¢ [, k]} .
[0,t]xX

Lemma F.15. (Léonard, 2012, Lemma 6.2) Let P, Z},cr;-C be as above. For all j,k > 1, 7% = Z;(j is a genuine
P-martingale with X? = 19 ,+X, and the measure
I

k 5 ok
— J
Qj = ZTf P;
is a probability measure on D, which satisfies

Q) € MP(1(, ije¥q) .

Proof of Lemma F.15. Fix j,k > 1. We have

ot - _
Zy) =exp </ X dNx */ 9(X§)dn“> :
[0,Tf]xX [0, Tf]xX

where X? = ]l[o o)X is predictable since x is predictable and ]l[ ] is left continuous . For simplicity, we drop the

K
O,aj
k

subscripts and superscripts and write y = X? and Z = Z;; for the rest of the proof. From the definition of O';-C, we obtain

/[OT] XQ(X)dﬁq <k, forxe[—j k], Plas. (68)
> LplX

First, we prove that Z is a Pf-martingale. From Lemma F.14, Z is a local martingale, it is enough to show that
Ep: Z? < 0o forsomep > 1.
J

For all p > 0, we have

ZP = exp p/ XA —p/ o(x)dn? | <exp p/ XdNg |,
[O,Tf]XX [O,Tf]XX [O,Tf]XX
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and

exp (p/ XdAN% —/ 9(px)dﬁ“> > exp <p/ XdN§<> /C(k,p)
[07Tf]><X [O,Tf]XX [O,Tf]XX

for some finite deterministic constant C'(k,p) > 0 since o(px) < c(k,p)o(x) holds for all x < k and some constant
0 < ¢(k,p) < oo, which yields

exp ( / g(px)dﬁQ><exp ( / c(k,p>g<x>dﬁq>
[0,T¢]xX [0,T7]xX

This implies

ZP < exp p/ xdNg | < C(k,p)exp p/ xd Ny */ o(px)dn? | .
[O,Tf]XX [O,Tf]XX [0,Tf]><X

On the other hand, applying Lemma F.14 for py implies that exp (p f[o %X xdNg — f[o %X Q(px)dﬁq) is a P%-
supermartingale, which yields

Ep: exp | p / XdNg — / o(px)dii? | <exp (p / XdNg — / o(px)dn? | =1.
! [0,T5]xX [0,TF]xX [0,0]xX [0,0]xX

Plugging this estimate into the previous equation gives
EP’?ZP < C(k7p) < o0,
J

which allow us to conclude that Z is a IP’;? —martingale (see, e.g, Zitkovic, 2015). Thereby Epx (ZTf) =7y = 1andit
J
follows that 1 = [ Z, ]P’é? = [Q% e, Qf is a probability measure on Dy, .

Now, we show the second claim of Lemma F.15:

Q € MP(IL[y i e¥a) .

Let 7 be a finitely valued stopping time which will be specified later, and for any measurable function g, we denote
Fy =3 gcscins 9(Xs—, Xs), with convention g(X¢—, X;—) = 0 forall ¢ € (0,Ty]. By Lemma F.14, the martingale Z
satisfies the followings for ]P’f-a.s.

dZy =1y o1 (1) Zi- /(eX —1)dNy, and dF; = Ljp,()g(Xe—, Xy) |
7 X

and

d[Z, Fli = Tjg ok nr) (t)Zy— (X=X —1)g(X;, Xy) -

Using these formulas and recalling that (F;) is the o-algebra generated by X, for 0 < 1 < ¢t A 7, we obtain
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EQ’; Z g(XsvaS) }—77

NISKEAT

= Epr [Zins Fonr — ZnFy|Fy] = Epi / (F,dZ, + Z,dF, + d[Z, F),)
! N EAUR7Sd

| 4

=Epe / FodZo+ Y Zog(Xe, X+ Y Zo (605 %) — 1)g(X,,X,)|F,
[n,tAT]

NESKEAT NISKEAT

=Bp | D Ze e Xg(X X))y |

N<SKEAT

where the first integral is reduced as Z; is a P?-martingale (see Lemma F.15). Now using the fact that ]P’? € MP(q), the
calculation follows
fn]

g

/[\ ] Xg(Xsf7x)]lxsf7£a:exs(X87’x)qs(X577d.’I,')dS
n,EAT|X

Eq: > 9(Xe, X)) Fy | = Epe

NISKEAT

/ Zo g(Xs_, x)eXs X7 (dsdz)

=Eqr / g(Xy_, x)eXs K= D 59 (dsdr)
[ tAT] XX

fn] |

Recall that the random generator eXq : Dz, x [0, Ty] x X2 — Ris defined by (eXq)(w, t, z,y) = eX@t¥q(w, t,z,9) =
eXt@i—¥)q(t, 2, 7) for y # x, since the generator q under consideration is deterministic. Denote by n®"9 the corresponding
jump kernel for w = (wi)¢epo,7;] € Dy and (¢, ) € [0, Ty] x X,

1w, dtda) == Ty, 4. (eXq)(w, t,w;, dz)dt
= Lo, zo(eXq¢)(wi—, dz)dt

then the previous equation rewrites

m.

Egr | Y 9(Xeo X)|Fy| =Eq V[ ¢ 9(Xs—, 2)n I(dsde)
n,tAT] XX

NISKEAT

Applying this identity to the function

g<X57ax) = f(l’) - f(Xsf) )

we obtain

.7-"7,] for any function f .

Eqx [f(Xinr) = F(X,)| ;] = Bg [ /[ (©¥a) () (Xo-)ds

JAT]

Choosing 7 such that the above terms are meaningful, we conclude that Q;? € MP(eX;'c q) and finish the proof. O
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Proof of Theorem F.13. This proof is an adaptation of Theorem 2.6 in Léonard (2012) based on technical lemmas provided
above applying on the reference measure ﬁ € MP(?) defined at the beginning of Section F. By Lemma F.14, the process
Z%f is a R-supermartingale, thus 0 < Ex Z%f < 1 for all y satisfies integrability condition (67). For P € P(Dr,) such

that KL(IP|§) < 00, Léonard (2012, Proposition 3.1) showed that the KL divergence admits the following variational
representation

KL(IP’|§) = sup{/udﬂ”log/e“dﬁ; u: /e“dﬁ < oo} . (69)

Choose a function u = Y}; and note that log E Z%f < log1 = 0, we derive

Ep / (X, 2)N T (dtdar) — / o(xe(Xo_,2))a (dtdz) | < KL(P[B) |
[0,Tf]xX [0,T¢]xX
for any x satisfying the integrability condition (67). Therefore,
Ep / AN | < KL(P|E) + / o(x)dn? . (70)
[0,Tf]xX [0,T¢]xX

Consider ||.||, defined as

[xllo := inf {a > O;Ep/ o(x/a)di? < 1} .
[O,Tf]XX

This norm is the Luxemburg norm of the small Orlicz space

S, = {X : Dy, x [0,T] x X = R; x(w,t,2) = x¢(wi—, x) measurable s.t. EHD/ g(b|x\)dﬁ7 < oo, Vb = O} ,
0

7'Tf])()(

For any function ¢ € S,, taking x := ¢ in (70) implies

1l

J—
[0,T¢] xX

Consider now the space B of all bounded processes such that

Ep < [KLP|E) + 1]ll¢], Vo . (71)

Ep / o(|¢)di? < oo,
[O,Tf]XX

respectively its subspace H C B of the predictable processes. Since B C S, and any ¢ € H satisfies (67), Lemma F.14
entails (71) for all ¢ € H, as KL(]P’|§) < 00. This implies the linear mapping ¢ — Ep [ f[o T/1xX ¢>ng } is continuous

on H equipped with the norm || - ||,. Note that the convex conjugate of the Young function g(|al|) is ¢*(|b]). Therefore, as
showed in Rao & Ren (1991, Theorem 3.1.9), the dual space of (S, || - ||,) is isomorphic to the space

Ly := {K 1Dy, x [0,T] x X = R; K(w,t,2) = k¢(w;—, ) measurable s.t. Ep/
[0,T]xX

o (|K|)dn? < oo} ,
that means there exists some K € L,- such that

Ep

/ $ANJ | = Ep / Kodi?, foranyd e H . (72)
[0,T5]xX [0,Tf] xX
We now prove the uniqueness and predictability of K. Introduce the predictable projection of K € L,- as KP" :=
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Ep(K|[X[o,1)), for t € [0,T%]. Since B is dense in S,, H is dense in the subspace of all the predictable processes in S,,.
Then, any two functions K, Ky € L, satisfying (72) must share the same projection, i.e., K" = K5". It follows that
there exists a unique predictable process K in the space

K(P) := {K :Dr, x [0,Tf] x X = R; K(w,t,x) = k¢(w;—, v) predictable s.t. Ep /[OT] Xg*(|K|)dﬁ7 < oo} ,
sLflX

which satisfies (72). Moreover, for any function ¢ € H,

/[OT] qud(NE—Kﬁ?):/ ¢d(Nx —n 9 — Ki?)
L plX

[0,T5]xX

= / ¢d(Nx — (K +1)n7)
[O,Tf]XX

_ / sd(Nx — UR?)
[0,T5]xX

with U = K + 1, and the equation (72) is thus equivalent to

Ep / od(Nx — Uﬁ?) =0, forany¢p e H . (73)
[07Tf]><X

Thus, Un? isa positive measure and U is nonnegative. Furthermore, we can argue analogously to obtain equation (73) on
the interval [s, ¢] for 0 < s < ¢t < T then choose ¢(X,—,z) = f(z) — f(Xs-) to deduce

Ep [f(Xe) = f(Xs)|Fs] = Ep

/[ GG (X.2))(Un7)(dzdz)

.7-"81 ,  for any measurable function f .

Define the random generator U¢ on Dz, x [0,Ty] x X2 by (U?)(w7 t,x,y) = U(w,t, y)?(m, y) = ug(wi—, y)?(m, Y)
for y # x, then the previous equation rewrites

Ep [f(Xe) = f(Xo)|Fs] = Ep

/[ UKz

]-'S] ,  for any measurable function f .

As a result, we conclude that P € MP(U 7) We now show the formulation of the Radon-Nikodym density dP/ dﬁ. When

P~ ﬁ, define the stopping time Tf as

7’;C := inf {t € [0, Ty] ;/ o(log U)dﬁ7 > kor logUp (X, Xy) ¢ [, k}} ,
[0,T5] xX

which coincides with the stopping time J}“ when x = log U. By conditioning w.r.t. Xy, we can assume without loss of
generality that ﬁo =Py, i.e., %(Xo) = 1. Applying Lemma E.15 for P € MP(U¢) and x = — log U, we obtain
0

Q7 i =exp / (—log U)dNY T — o(—logU)d(Un?) | P
[0,T¢]xX [0,T¢]xX
€ MP(Ljy e 12 Uq) = MP(]I[O)T}.]?) , (74)
where ]\7)%7 = Nx — Al — Nx —U 77 . Since ﬁﬁk fulfills the uniqueness condition (U), using (74) and the fact that
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B e MP(]I[O#Q]?), we deduce
ot -

Now, applying Lemma F.15 with ﬁ € MP(¢) and x = log U, we obtain
P = exp / log UdNS — / o(logU)di? | B e MP(1 15U 7) = MP(1 Tk]Uﬁ
[0,T]xX (0.7

Secondly, applying Lemma F.15 with P e MP (1o .U ¢) and y = —log U yields
I

Q7 ;= exp </ (—log U)dNY T — o(—log U)d(Uﬁ7)> P
[0 Tf]XX [0 Tf]XX
€ MP(1jg ije 5VUq) = MP(1;y .1 7) -

From the uniqueness condition (U) satisfied by ﬁT;‘c, it follows that QT%’ = ﬁﬂk . Combining it with QTI'c = ﬁTjk implies

which means
exp / (—log U)d]\?;é7 - o(—log U)d(Uﬁ7) P77
[0,T¢] xX [0,T¢]xX
=exp </ (—log U)d]\?;é7 - o(—log U)d(Un7)> pr;
[0,T¢] xX [0,T¢]xX

Notice that exp (f[o,Tf]xx(f log U)d]\?’%7 — f[o,Tf]xX o(—log U)d(Uﬁ7)> > 0, we finally conclude that P = P
ie.,

dPy Nl 57
Tron X)) =1+ Xj) exp / Lo 5 log U)dNy — o(log U)dn .
[0, I NT¥] d?( ) [0, B NT¥] d?o ( ) ( [077—;“/\Tf]><x( [0, i ATy] ) X [077—j’“/\Tf]><X )

Letting k and j tend to infinity, since 7 := limy, ;o0 T]’-“ = 00, we get

dP dPy 7 <
(X)) = (Xo) exp / log Ud Ny / o(logU)dn .
ﬁ d EO 0 [0,TF]xX [0,T5]xX

We now extend the result above to the case when P might not be equivalent to ﬁ The idea is to approximate P by a
sequence (PP, ), which satisfies P, ~ R forall n > 1. Denoting

1. R
P,=(1-—-)P+— forn>1, (75)
n n

we have P,, ~ ﬁ and lim,,_, ., KL(P|P,,) = 0. For simplicity, we write x = logU and x" = log U™, which are well-
defined P-a.s. From the variational representation given in (69) and using P € MP(U 7) combined with Lemma F.14, we
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obtain

KL(P|P,) > Ep / (x —x")dNE T~ olx — x")d(U"rﬁ)] :
[O,Tf]XX [0 Tf]XX

By definition, we have
NY"T = Nx — U7 = Nx — Un? + (U - U™)a? = N7 + (U - U™)a? |

which yields

(- 1 g 1) ]

KL(P[P,) > Ep l/[O , ]Xx(x - X”)d(J\Nf)Ié7 + ﬁ7(U -U") — /

[0,T¢]xX

= U U
= Ep / (x—X")ANET + Ulog —din? — (n - 1) Unda? |
[0,T¢]xX [0,Tf]xX U [0,T5]xX U

Since P € MP U7 we deduce that the stochastic integral f 0.77] xX (x — x )ng7 is a local P-martingale. Therefore,

/ (U” U-— UlogU> din?
[O,Tf]XX U

ur o un -
— —log— —1)Ud
/[VO,Tf]XX ( U o8 U ) "

— Ep / o(x" — V)d(UaT) .
[0=Tf] X

KL(P|P,,) > Ep

:EP

Since lim,,_, o, KL(P|P,,) = 0, we obtain

lim E]p/ o(x" — x)d(Uﬁ7) =0.
[0,T¢]xX

n—oo

Furthermore, as f 0,.75]xX o(x™ — x)d(U ﬁ7) > 0, the above expression implies
lim o(xX" — \)A(URT) =0 P-as. (76)
n=90 J10,T7]x X

On the other hand, the fact that P,, ~ ﬁ yields

d]P)n d]P)n,O / n ~7 n —?
X)) = X dNy — d . 77
dﬁ( ) dﬁo ( o)exp< [O,Tf]XXX X [0,T7]xX olx")dn a7

To obtain the desired expression for the Radon—Nikodym density %, we represent it as
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dP X dpP dp,

TH(X) - R
an dP dP, / <7 7
(Xp) exp x"dNy — o(x™)dn
dp,’ E [0,T] xX x [0,T]xX &™)

dP dP, .o dPy / oq =q
= . (X Xp) exp xdNy — o(x)dn
dP,, dPg ( O)dﬁo( o) ( [0,T] xX X [0,T¢]xX )

P (/ (" — )Ny — (o(x™) — 9(X))dﬁ7) ,P-as.
[0,T¢]xX [0,Tf]xX

By equation (72), we can calculate the last term as follows

exp ( / (" — X)ANE — (olx™) — g(x))drﬁ)
[O,Tf]XX [O,Tf]XX

= exp / (X" = x)(eX — 1)da 7 — (e(x™) — 9(x))dn7>
[0,Tf]xX

[O,Tf]XX
= exp / (X" — x)(eX — 1)d1?17 - (exn —x" —eX+ x)dﬁ7
[0,T5] xX [0,T4]xX
[ =6 = e ejant
[0,T5] xX

Il
o]
M
kel
N N N N N

Therefore

dP dP dP, . . dP, / - 2
X)=-——.—nlix Xo) exp XANy — o(x)dn
dﬁ( ) dP, dPg ( O)dﬁo( 0) < [0,T¢]xX x [0,T¢]xX )

exp (/ —o(x — X")d(Urﬁ)) , P-a.s.
[0,77]xX

Tend n — oo and use (75) and (76), we arrive at our desired claim

dP dPy / 7 -7
X.) = Xy) exp logUdNy — o(logU)dn , P-as.
dﬁ( ) dﬁo( ) ( [0,T5] xX x [0,T7]xX ( )

Consequently, the KL divergence reads as

KL(P|B) = KL(Po|Ko) + Es

/ log UdNS — / o(logU)dii 7 | .
(0,77 xX [0,77]xX
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Applying (73) to the function ¢ = log U, we get

KL(P|K) = KL(Py| Ko) + Ep / (U —1)logUdn 7 — o(log U)dn7]
[O,Tf]XX [O,Tf])(x
:KL(P0|ﬁO)+EP/ (U~ D)logU — U +logU + 1]dn?
[O,Tf]XX

:KL(PO|§0)+EP/ (UlogU — U + 1)dn? .

[0,T7]xX

Replace ﬁ7(dtdx) = ]IXF#C?(Xt_, dz)dt and U(t, ) = us(ws—, x) together with the formula of the generator ¢
given in (63), we arrive at

KL(P|R) = KL(Po| Ro) + Ep/ (uelogus — us + 1) (Xo, 2)Ix, 207 (Xe, dz)dt
[0,T4]xX

d
— KL(Po| o) + )\EIP/[ ] > (urloguy — ue + 1)(Xe—, o9 (X42))dt .
0.14] 13

As X;_ =X, for Lebesgue almost all ¢ € [0, Ty, we conclude that

d
KL(IP’|§) = KL(Po|ﬁo) + AEP/ Zh(ut(Xt, 0(Xy4)))dt

(0,T%] y—1

with h(a) := p*(a — 1) = aloga — a + 1 for a > 0. The proof of Theorem F.13 is then finished. O

F.2.2. OPTIMAL CONTROL PROBLEM OF THE TIME REVERSAL PROCESS

In the continuous case, Conforti et al. (2025) demonstrated that the time reversal process can be formulated as a solution
to an optimal control problem. This characterization not only describes the dynamics of the process but also serves as a
powerful framework for proving convergence of algorithms simulating the backward process.

Leveraging Girsanov’s theorem (Theorem F.13), we derive an entropic formulation of this optimization problem. Let ﬁ
be the stationary measure on the path space Dr, introduced in the previous section. Then, the process R is reversible,

— g
meaning R = ﬁ, and corresponds to the invariant measure 7% = Uniform(X). Let P#" represent the forward probability
measure on the interval [0, T] starting from p* and governed by the forward generator ? given in (63). We denote the

corresponding backward probability measure ending at p* by F“*.

Proposition F.16. The time reversal process F“* satisfies the following optimization problem

*

. d
FM = arg min (KL(]P’|§) + /gdPTf) ,  withg = —log H

.
PeP(Dr, ): KL(P| B)<oo dy

Proof of Proposition F.16. From Léonard (2012, Proposition 3.1), for P € P (D7, ) verifying KL(IP’|§) < oo, the KL

divergence KL(P| ﬁ) admits the following variational representation

KL(]P’|§) = sup </ deP’—log/efdﬁ> .

fELY(P) s.t. fcfdﬁ<oo

For any P = Law(X.) € P(Dr, ) satisfying the finite KL divergence condition, taking f(X.) = —g(Xr,) implies
KL(P|R) > / —gdPr, — log / e 9d Ry, = — / gdPr, — log / dp* = — / gdPr, |
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sinceﬁ[ du*=1. As ﬁ“* is the backward process ended at p1* and ﬁ is a reversible path probability measure on [0, T],

. <~
i.,e., R = R, we have

dPw dyr* (%
ﬁ&.):W(?m:e Xrp)

This implies
* d:u* * *
KL(P () = KLGey?) = [1og P == [ adu = = [ 0B

Combining the previous results, we obtain that the time reversal ﬁ“* is the optimal solution to the following problem

P — arg min (KL(IP’ﬁ) + / ngP’Tf> ,

PEP (D, ): KL(P|H)<oo

which is the desired conclusion. O

Utilizing the expression for KL(]P’|ﬁ) given by Girsanov’s Theorem F.13, we can now frame the corresponding Optimal
Control problem.

Theorem F.17. Denote by D the set of all u : [0, Tf] x X* — [0, 00) satisfying the integrability condition

d
Ep [ S o (Ju (X, 0O (X)) — 1|>dt] < oo,

[0,T7] v =

which is indeed equivalent to condition (66). Then ﬁ“* is the law of yu* with u* is the optimal solution to

d
inf E l)\ /[ (X Ot +g<f?%f>] :
0,77] =1

u€D (78)
s.t. Law(y?‘) e MP(UQ) ,with (U )(w,t,2,y) == uy(wi—,y) q (x,y) forz #y .
Proof of Theorem F.17. Theorem F.17 is a consequence of Theorem F.13 and Proposition F.16. O

F.2.3. HAMILTON-JACOBI-BELLMAN EQUATION

The goal of this section is to characterize the previous optimization problem via the Hamilton—Jacobi-Bellman (HJB)
equation. To this purpose, we first consider the generalization of the previous control problem. Let J be the following cost

d

J(t,@,u) == E | A / S b (X5, 0O (X55)))ds + g(X 2 |
[thf] /=1

t,x,u
¢ =T,

Consider V (¢, z) to be the value function of the previous cost function, i.e.,

V(t,z):= ulIEl% J(t,z,u) .

The following Dynamic Programming Principle is the main tool to derive the HIB equation.
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Lemma F.18. (Touzi, 2012, Theorem 3.3) For any stopping time k € [t, T¢], the Dynamic Programming Principle (DPP)
implies

d
V(t,z) = inf E |\ / S (ug (Ko, o0 (Ko ds + v (s, Kooy (79)
ueD [t,x] =
Proof of Lemma F.18. Refer to Touzi (2012, Section 3.2). O

The expression of V' given in Lemma F.18 leads us to the following HIB equation, which is a characterization of the optimal
control to the problem (78).

Theorem F.19. Assume that V is continuously differentiable in time. Then, the optimal control u* to the problem (78) is
ui(z, 0O (x)) = eV EDVL @) g 12 .d,

with V satisfies the following HIB equation

) — A GVita) V(e (@) — _\g
{atv( ) A2 @ C for (t,a) €0,Ty) x X (80)

V(Ty,z) = g(x) = —log ¢ (x) ,

Proof of Theorem F.19. The proof is an adaptation of Proposition 3.5 in Touzi (2012). First, the DPP formula (79) for
t €[0,Tf) and k = t + o with a > 0 leads to

d

E /\/ S Ry (X5, 0O (X5 )))ds + V(t + 0, X2 = Vita)| 20,
[t.t+a] y—;

for any admissible control « € D. Using Itd’s formula on the process yt*w’“ with the law F € MP(U 7), we get

d
E[ / A" B (X570, O (X)) ds + / @V (s, Xt) + (u87>vg<§z’fv“>>ds] >0
[tit+a] =

1 [t,t+a]

Using the formula of ¢ and multiplying the both hand sides by é and pushing o — 0, we arrive at

d

A Z hug(z, 0P (2))) + 0,V (t, ) + A

(=1

o~
HM&
I

Vit e @) = Vit.2)| ula, ¢ @) >0,

for any v € D. Taking the infimum w.r.t. u, we get

d
OV (tw) + X inf S [, 9 @) + [Vt 9O (@) =Vt uie, o (@)] 20, for (t,2) € [0,77) x X.
(=1

We prove next the equality by contradiction. Assume that there exists (tg, zo) € [0, 7] x X such that

IsH

OV (to, o) + A inf Z { o (20,9 (20))) + [V (to, 01 (o)) = V (o, o) us, (0, ') (a0)) | > 0.

Denote AV (t, zo, 0 (x0)) := V(to, 9 (x0)) — V (to, z0). The previous inequality implies that there exists ¢ > 0 such
that

U

OV (to, x0) + A 1nf Z )+ uAV] (to, 2o, 09 (20)) =€ > 0. (81)
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Take £ > 0 small enough such that

€
5 (82)

d
)\Z TAVHE — AV kg, o, ) (w0)) <
(=1
and define the function f < V as
ft,x) =V(t,z) — £ [|t —to|> + 8oy (x)] , for (t,z) €[0,T¢] x X.
It is clear that

f(to,x0) = V(to,x0) , Ocf(to,x0) = 0,V (to,x0), and f(to,x) — V(to,x) = —Eforax # xg .

Therefore,

Oif(to, o) + A 1 [h(uto (o, %0(@ (0))) + [f (to, <P(é) (z0)) = f(to, zo)]uty (zo, ‘P(é)(%))}

nf
€D

=0,V (to, o) + )\ulng

&t

[t (@0, 0 (20))) + [V (t0, 0 (20)) = V(t0, 30) — € sy (w0, ) (x0))]

~
Il

1

=0,V (to, o) + /\ulgg

[h(u) + (AV = )u] (to, m0, ) (x0)) -

M=

~
Il

1

The minimum above is attained at u such that u(to, zo, 0 (z0)) = e 2V +E(tg, g, O (z)) , thus

L

O¢ f(to, zo) + A lnf Z [ Uty (0, 01 (20))) + [f (o, 9 (20)) — f(to, z0)]us, (0, 0 (20))
V(to, o) + )\Z TAVEY) + (AV = &em 2V (to, 20, 09 (z0))

t07$0 +)\Z 7AV+E t07x0790(£)(x0))

(efAV o efAV+€)(

V(to, xo) +>\Z ) (to, 0, 0" (x0)) + A to, z0, 9 (o))

o~
1
:

£ 13
>Se—-=->0,
T 973

where the last inequality relies on (82) and (81) with u = e~2V. Therefore, we obtain

d

4 f (to, o) +>\1an[ urg (20, (20))) + [f (to. ¢ (0)) —f(to,fUO)]Uto(mo’<P(€)($0))} >0.
=1

From the continuity in time of the Hamiltonian, the previous inequality yields that

U

Ouf(t ) + X inf S [Aua(w, o0 @) + £t 09 @) = F(t ), 00 ()] 20,
{=1

for (t,z) € (to — r,to +7) X {xo} , (83)
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for some r > 0. Defining the stopping time k" as

k" := inf {t S (thTf] : ?i"f‘)’“ 75 3’50} A (to + 7“) 5

for an arbitrary control u, we have

u to,To,u\ __ tO +, ?iofﬁ’ ’ if ?Zodzio,u
(K", X0 ) . yto Z0,u
f( if o

u to,xo,u
H? RKY )a

This implies that

o2 -
(I{u7 ?Z@dmo,U) o V(K/u, XEQJIU,U) _ { ( 57‘ 5 if

—E(|&" —to|*+1), if

Therefore,

d
B[ A3 h (e O + et T
[to,x]

=1

=1

d
= / NS b (Xm0, o0 (Xt o)) ds + f(x*, X -
L/ Ttk

=1

Using Ito’s formula and the fact that V' (tg, o) = f(to, o), we obtain

d
/ A Z h(us(yio,xo,u’ (p(f)(ygo,mo,u) ds + V(k ?to,ro, ]
[to.s™] =1

E

d
& | latﬂa KL0m0m) £ A Y b (Xm0, GO (K lom0)
[to”{u] =1

F (s, (X70)) = fls, X0y (Xm0, 0O (K foro))

This together with (83) yield

d
EV NS By (X100 pO (1000w ds 4 V (k" X550
[tf)’Ku] Vi

=1

d
> E / A Z h(us(yio,mo,u’ (p(f)(?Zo,Zo,u) ds + .f yto o, u + 67’2
[tO ,{u] Vi

=0,

#Zo.

to,To,u

Sfﬁodim =20,
to,zo,u

%Ku_ 7é Zo ,

th‘TO)

(t07 JCO) + g’/’

Since the above control u is arbitrary, (84) is indeed a contradiction to DPP formula (79).

Consequently, we can deduce the following HIB equation satisfied by the value function for (¢,z) € [0,T) x X,

{%(t»w) + Ainfuep S0, [(ui(@, 0O (@) + [V (1, 0O (2)) = V(t,2)us(z, 0 (2))] =0,

V(Ty,2) = g(x) .

Proceeding as before, we minimize (85) and directly obtain the optimal solution

wl(z, 00 (x)) = VDV @) - forp— 1,
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+ f(to, o) + &2 .

ds + V(te,xz) + &r? .

(84)
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Replacing the formulation of »™* into (85) boils down to

OVt ) — AT (V) -V(te (@) = _\g
{ V() = A e ’ for (t,x) € [0,Tf) x X,

V(Ty,x) = g(x) = —log $5 () ,

which concludes the proof of Theorem F.19. O

The previous HIB equation will be instrumental in the proof of our convergence bound. To do this, we first consider the
following martingale and monotone property, which follows from the above characterization of the optimal control.

Proposition F.20. With all the notations above, u;f(yg , 0 (?y ) isa P -martingale for fixed ¢ = 1, ... d. Conse-
quently, h(u} (?;‘ L0 (?? ) isa P -submartingale and the monotonicity follows:

Es,. [h(ui(X", oO(X0))] < B, [0 (X3, 0O(XE)N)],  for0<s <t <Ty.

Proof of Proposition F.20. Fixt € [0,Ty] and £ = 1,...,d, applying Itd’s formula on
Sy = (X, 0 (X)) = oV 6XED Ve X)) |

and note that Law(&?*) — P#* solves MP(U*77) as well as yt = ?t_ for Lebesgue almost all ¢ € [0, T], we obtain
that the process

t
S - 1088 - [ oK)+ e 7a(R)] as
0
isa ﬁ“* -martingale. Denote
b= 8, f (s, X ) + () fAXY), forse 0,1 .
We aim to prove that b = 0. Indeed, by the definition of f*, 7 and the HJB equation (80), we get that

b= ur (X0 pO(X) [0,7(5, X2) = 0, (s, 09 (X))
+§ [ (X2, 0O (0 (X)) = us(X, 0 O(X )] Mt (X2, o0 (X))
= (X2, 0 (X1) [i us(X, o0 (X)) - iu:w“)(?z*), w(“(@“)(??*)))]
oy [ (K)o (X)) = us(X 0O )] Mt (K2, o0 (X))

i=1
d
=AY [ (X, 0O (K (X, ¢ (X))
i=1
— (O (X, g (O (X (X, (X))
Using the identity u* (z, 0@ (z)) = eV (#:2)=V(s#(@) for § = 1,2, ..., d in Theorem F.19, we derive
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=
w s
I
>
M=

s
I
-

[evw,w)(?:*»V<s’w<“><so<’>><i?z*>>>+V<s,f?’; )=V (5,00 (X27)
Ve X))V (s (0O (X)) (s, X >—V<s,@<‘><?:*>>]

{e—ws,w“)(w“)(?z*)))w@,?:*) _ er(s,so(“(w‘“(§§'*)))+V(s§;"*)] —0,

I
_E%&

s
Il
—

as @(Z)(cp(i)(??*)) = <p(i)(<p(€)(§g*)) for any /,i = =1 ,d. We thus conclude that wu ( ?? O ( ? )is a P
martingale. Since h is convex, it follows that h(u} ( R f) y“ )isa ﬁ” -submartingale, which 1mphes the desired
monotonicity for £ = 1,2,...,d.

O

F.3. Connection between the transition matrix and canonical process point of view

As we see in previous sections, the time reversal process can be understood not only via the backward transition matrix
but also via the process corresponding to the optimal control problem. The transition matrix point of view provides an
approximation of the score to simulate the backward process, which is very useful in practice. In parallel, the canonical
process point of view gives us a better understanding of the evolution of the time reversal process, which allows us to show a
theoretical guarantee on our algorithm. These two points of view in fact have a strong relation, which will be specified in
this section.

Proposition F.21. The optimal control u* satisfies the following relation with respect to the score function defined in (17) as

up(z, 0 (x)) =1 —si(x), witht=1,...,dand (t,x) € [0,Tf) x X. (86)

Proof of Proposition F.21. The proof relies on the fact that the function ¢(¢, x) = — log HTf — (), for (t,x) € [0,Tf) x X
is a solution to the HJB equation (80). Indeed, for (¢, z) € [0,T}) x X, we have that

i 3tduT _t(l‘)
O(t,x) =AY eVt v te @) = ! d
ad Z dMTfft(x) dMTf #( Z KTy = -l (@)

= T, o) M) AZdqu—tw(x») .

Using the Kolmogorov equation d;dpr, —¢(v) = dur, () = > yex dqu,t(y)7(y, x) implies

d
Ot m) =AY o (tx) = (t.e' (x) _

i=1

d
| 2 T 0,0 =23 ()

(~Addpz, —i(x)) = ~Ad,

dMTf t

B 1
d/'[/Tfft(‘/E)

since 7 (z,y) = Nif y = o (), ¢ (2,y) = —Mdif y = z and ¢ (z,y) = 0 otherwise.

Moreover, v also satisfies the final condition

(7, 2) = ~log §5(0) = g(a)
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meaning that v solves the HIB equation (80). Consequently, the optimal control is

W (t,x)—p(te® (x)) _ pry—+ (9 ()

ul(z, 00 (z)) =e
t( , P ( )) ,quft(SU)

This implies the relation between the optimal control and the score function as

ui(z, 00 (x)) =1—sl(z) fort=1,...,dand (t,z) € [0,Ty] x X,

which demonstrates that the transition matrix and the canonical process perspectives are indeed equivalent. [

F.4. Convergence of DMPMs

Based on the canonical process perspective, we can characterize the backward evolution through martingales and optimal
control problems. These tools enable us to establish the error bounds presented in Theorem 2.3 and Theorem 2.4.

F.4.1. PROOF OF THEOREM 2.3

We first prove the curvature-dimension inequality satisfied by our forward dynamics, which is associated with the stationary
distribution ¥¢ = Uniform(X). This serves as the key estimate for deriving the entropy decay results later.

Lemma F.22 (Curvature-dimension inequality). The forward dynamic described above satisfies curvature-dimension
inequality CD(2), c0), i.e.,

To(f) = 2AT(f)  for any function f |

where T is the carré du champ operator and Iy is the iterated carré du champ operator.

Proof of Lemma F.22. Recall the formulations of I and I's for functions f and g, which are typically defined as follows:

[T (5 — 217 f]

N —

(T(f9)— f(d9)— (T f)g] and T(f f)=T(f) =
[IT(f) —20( f. f)]

L(f,g) =
Lao(f) =

N~ N~

where 7 is the forward generator defined in (14). These quantities capture the interaction between the functions f and g
under the generator ? and play a crucial role in establishing results related to curvature-dimension inequalities and entropy
decay. We now compute explicitly I'( f)(z) for € X as

[ (f?) -2 f]

|

N> NI

M-

U%¢”@D—f%@)—2ﬂﬂﬁé(ﬂ¢”@»—f@D]

1 =1

[FO@) - )]

~
Il

Il
Do | >
[~

o~
Il

1

Regarding the iterated carré du champ I'y(f), the first term can be calculated as
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=Ai[r L(f)(@)]
; A d , 9 A d 5
=AZ[QZ O(@)) — f(¢(@)) —QZ(f(sa“)(x))—f(x))] 87
1=1 =1 =1
Xy © (4 @ () © 2
—221;[( (@) = 10 @) - (1 <x>>—f<x>)]

=1
Therefore
d d
2(f, 7 1)) =AY [ (@) = 10 (@))] lAZ (£ @) = fl@)) = AZ (£ (D @) — f(so@(x)))]
=1 i=1
d d
=33 (@) - £ @)] [Fe (@) f(2) = SO0 @) + O @))]
(=1 1i=1 (88)
Plugging (87) and (88) into I'; yields
D)) = 5 [7T() — 20(7 £, )]
)\2 d d ' ‘ 9 9
=T [ (£ D @)) = £ @) = (@) = f(@))
=1 i=1
+2 (@) = FO0@)) =2 (f@) = FD @) (FD @) = F D" ><x>>>)]
2 d 9
=SS [0 @) — @) - feO @) + )]
(=1 i=1
2 d 2
> 23 [1@) — 160 @)~ £6O @) + ()]
=1
d 2
=223 £ (@) - f@)] =22T(f)(), foranyz € X.
=1
We conclude that the forward jump process satisfies CD(2)\, co).
O

We are now prepared to analyze the key distinguishing result of this paper.
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Proof of Theorem 2.3. We begin by establishing a bound on the “distance” between the backward path measure in
continuous time, P #", associated with the controlled process X * , and the path measure F corresponding to the simulated
backward process X * generated in Algorithm 3. For brevity, we denote the optimal control ©* by u, the backward path
measure P* by P, and the corresponding process yu* by X throughout the remainder of the paper. Using the stationary
forward path measure It = Law(X¢)¢cjo,7,] € MP(?) as the reference measure in Girsanov’s Theorem F.13, we obtain:

dﬁ _ dﬁo 7 -7
ﬁ&) = ﬁ(yo) exp (/[OﬁTf}Xng UidNy — /[O,Tf}xx o(log Uy)dii > .

With a partition 0 = ¢y < ... < txg = Ty for K > 1 of [0, T] associated with the sequence of step-size {hk}f:1 Sheyl =
tx+1 — tg, the previous expression rewrites as

dﬁ(?)— d(ﬁo(f? )ex Ki:l / log U, dNy — (log Uy)dn @
ﬁ . dﬁo 0P [tr tep1] XX BEETX [tk,tkﬂ]xxg S ’

Apply Girsanov’s theorem F.13 again for the path measure (ﬁ* of the process ?* in Algorithm 1, we obtain

P o dPp e / o oD
4 log UY" ANy — log U )dr? | .
T )= ?d expz ( o B AN = [ ellogUi)dn

Combining the previous equations, we see that

dF (X)= dby <i?o>eprZ_l / (log Uy —log UY, ANy — (o(log Uy) — o(log UYL ))dn? |
aP+ aPs =\ Sttt xx R it xx -
This leads to the following expression of the KL divergence

K-1

F|$ = KL( qu\*y + Z Es / (log Uy — log Uf;)dl\?z
[tk tk+1]><X

k=0

—/ (o(logUy) — o(log UL ))dn 7 | .
[fk7tk+1] X
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Using equation (72) and the definition of g, we derive

KL(P|P*) = KL(ur, v + Z E¢ l / ((logUt ~log U ) (U, — 1)
[tk,tk+1]><x

k=0

— (U —log Uy — 1) + (Uf" —logUf. — 1)) dﬁﬂ

U, U, U .
(;1og; — =+ 1) Ul dn?
ur et up v

K—-1
—KL(uz, b + Y Ee [ /

k=0 [thotrp1]xX

K—1

:KL(quhd)—F)\ZEF l/ Zu < )dt
k=0 [trstera] p—1
K—1

d
u
= KL(ﬂwad) +A Es / E ug (t> dt
[trstir1] p—1 Uty

k=0
/ <ufkh < il > —ugh (f)) dt] . (89)
tk,tk+1 tk tr

-1

RO

By definition of the function A and the tower property, the last term can be computed as

K-—1 d U u
B[] S ()
k=0 [trotret1] p—1 Uy, Uty
K-1 d u
=) Eg / > (Ut log — +uf — Utk> dt
k=0 L/ [teotret1] p—1 Ug,
K-1 r d
=Y Ee / 3 (log i [ut(f?tw(fz)&t))‘ftk} +ul - utk) dt] ,
k=0 L [thotor1] p—1 Uy,

with F;, the o-algebra of ytk. Proposition F.20 shows that ut(yt, ) (yt)) isa (ﬁ—martingale for/ =1,...,d, hence

l/ Z (mk log 9* + “tk - utk> dt]
[tkvtk+1] /=1
d U
0* t
=Y Eg V Zutkh<u9’i)dt]
k=0 [trstrt1] p—1 t
1

The last quantity can be bounded by Assumption 2.1 as

K-

E tk+1 - tk = E(tN — to) = ETf )
k=0

,_.

since ZkK:_ol (tg+1 — tx) is a telescoping sum. Replacing this into (89) yields

KL(P|P*) < KL(ur, |79 —i—)\Kz:lEF V Zutk ( )dt

[trstit1] p—1

+ )\ETf
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By definition of the function h, we have

L (“t) = L ) = hugy) + (g, — ) log(us,)

utk Utk

which leads to

K—1 d
F\F qu|’y )+ Z / Z (ue) — h(ug, ) + (g, — ue)log(ue, ) dt| + XeTy .
k=0 [tx,

tet1] y—1

We now apply the tower property of conditional expectations together with the martingality results established in Proposi-
tion F.20 to bound the second term above as follows:

=
L

d

KL(P|B*) < KL(ur, /) + 2 Y Eg / S (Elh(u)|Foy] — hlue,) + (w, — Elug|Fy,]) log(us, ) dt | + ATy

k=0 (e sths] =1
K-1 d

< KL(:U‘Tf h/d) + A Eﬁ / Z (utk+1)‘ftk} - h(utk) + (utk - utk) IOg(utk)) de| + AETf
k=0 [trstit1] p—1
K-1 d

= KL(ur, [v%) + A Es / (R(uty,y) — h(ug,)) dt | + AeTy .
k=0 [trstea] p—1

Now observe that the uniform distribution 7¢ is the invariant measure of the forward process, which satisfies the curvature-
dimension condition CD(2), 00) (see Lemma F.22). As a consequence, it satisfies a logarithmic Sobolev inequality by
Bakry et al. (2014, Theorem 5.10). This, in turn, implies exponential decay of entropy over time by Bakry et al. (2014,
Theorem 5.12), and thus we obtain:

d

E utk+1

L=

K-—1
L(BIB*) < e ™KL ) + A Y it (Eﬁﬁ

k=0

d
e
/=1

Defining the max step size 7 = max{hy }, we then obtain a telescoping sum on the right hand side of (90), which yields

) + ATy . (90)

d d
KL(P|P*) < e KLy + Ar (Eﬁ > hlue, )1 B [ h(u,) ) + AT
=1 =1
d d
= e WIKL( ) + AT (Eﬁ Z h(qu)] -Eg lz h(uo) ) + ATy .
=1 (=1

Since h in nonnegative function, we deduce that

KL(P|B*) < e KL |yY) + AMrEe + AT

d
Z h(ur,)
=1

= e KL |y?) + A Bya () + ATy 1)
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where 3. a(p*) = Es {Z?:l h(ur, )} represents a Fisher-like information functional of the data distribution p*, which is

finite by Assumption 2.2. Finally, noting that y* = Law(y%; ), we conclude that

KL(u*[Law (X%, )) = KL(Law(X # ) [Law(X7,)) < KL(Law(X ") |Law(X %)) = KL(B[F*) |

where the inequality is known as Data processing inequality for KL divergence (Nutz, 2021, Lemma 1.6). Combining this
with (91), we conclude that

KL (*[Law(XF, ) < oKL (%) + ArBya (i) + AT

and successfully provide a theoretical guarantee for our generative models. O

F.4.2. PROOF OF THEOREM 2.4

We demonstrate Theorem 2.4 through the following result:

Lemma F.23. Denoting y; = E [ZZ:I h(ut(yt, w(z)(yt))} then it holds for t € [0,T}),

92)

Proof of Lemma F.23. Recall the definition of h(a) = aloga — a + 1 for @ > 0, and the connection between the optimal
control u; and the score function s;, as provided by Proposition F.21, is given by

up(x, 0 (x)) =1 —si(x) forl=1,...,dand (t,z) € [0,T}) x X,

with the score function admitting a conditional expectation expression as given in (18),

2t

T—t =1| , with oy = e~

Using the above formulation of the score function, we estimate y; as follows
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yt:E‘ﬁ

[ d
S0 - (X)) log(1 — s{(X 1) + sﬁ&al

<Eg Z(l - sf(yt))(l - sf(yt) -1)+ sf(?t)] (since loga < a — 1)
Le=1
M d
=B | Y (sH(X0)
Le=1
_ -
d 207, 4 4an—t(X2ZTf—t - 26)2 I
=Y E||E - - — Tyt =T
—1 oy — Ty
- 2
d 204Tf—t 40¢Tf7t(?§“f—t - 26)2 Y
<D EE 15 - — T =1
— ATy —t — Ty
- ) -
R R taz, (XY, — Xb)?
=t 1+ ar, ¢ 1-— O‘2Tf—t

Expanding the last quantity and noting that (Yéf_t - ?6)2 = (Yéf_t - Yé)‘l since (?fo_t - ng) € {0,£1}, we
obtain that

1602, (X4, _, — Xb)?

d 2
dai _, 1
<3 E s (—1 + >
Yt EXZ; (1 + an*t)2 (1 + anft)(l — a%fft) 1-— OéTfft

g | 1603, (X%, , — Xb)?

=1 (1+ar,—)? (1- a%f*t)2
(oo [ Ry
h =1 (14 ar,—)? (1- a%f*t)2

Note that

E[(X4,_ - X0 =P (X4, # Xb)

Thus the upper bound of y; is

y < Xd: 40‘%}—1& 8a%f—t(1 an—t)
t X
2N\ Tran, 2 T (1-aZ,_)?
o 4da%f—t |:1 2an—t :|
(1 + OéTf_t)Q (1 — OéTf_t)
2
ddorp, _, < d d
T2, A0 _1~°T; ¢’
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where the last estimate follows from the elementary inequality e® > a + 1 for all @ € R. Therefore, the bound in (92) holds
forallt € [0,TY).

O

Proof of Theorem 2.4. We follow the same strategy as in the proof of Theorem 2.3, the only difference being the way we
handle the following term in (90)

K-1
E3 = Z hk+1 <E§?

k=0

d d K-1
Zh(utk+1)] - ]E$ lz h(“%)]) = Z hi+1 (ytk+1 - ytk) .
=1 =1 k=0

Following precisely the argument structure in the proof of Theorem 3 from Conforti et al. (2025), and fixing T, a, and c,
we choose the sequence of step-size as

Ty—tn k=N-1

o ca ko+k1<k<k0+k1+k2—1
hit1 = ©3)
C(Tf—tk) ko <k<ks+k —1
Cc nggk‘o—l,

and set the number of iterations K = ko + k1 + ko + 1, with

ko=max{k>0:Ty —tp > 1}, ks =max{k > 0: Ty —tg,4x > a} and ke = max{k > 0: Ty — txyth,+k = 0} .
94)
It is shown in Conforti et al. (2025) that
ko= (Ty = 1)], ki = log(a/(Ty — tx,))/log(1 — c)] < log(1/a)/c,

95)
K—ky—ki=k+1<1/e and hyyq = c(1 — )% (Tp —ty,) fork € {ko,..., ko +k —1} .

Using (93) and the monotonicity of y, established in Proposition F.20, we can bound E5 as

K-1
E; < hi+1 (ytk“ - ytk)
k=0
K-—1
= hicyie + >, Yo (e — hiyr)
k=1
ko ko+k1
= hi¥Yt, + Zytk(hk — hpy1) + Z Y, (hie — hiey1)
k=1 k=ko+1
ko+ki+ka—1
+ Z Yt (hk - hk-i-l) + Yo ks +ko (hK—l - hK)
k=ko+k1+1
ko+ki1—1
Sy le— Ty —te)l+¢ > vl
k=ko+1

1)

(2)
+ Yyt (Tf — thothi—1 — a) +ytchi-1 -
———
(3) (4)
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We now bound (1) — (2) — (3) — (4) one-by-one. We start with

Lemma F.23 cd 94)

(1)t yay, le — e(Tr — tho)] < cyay, S T —tn < ad.

Next, we bound the second term

kotki—1 Lemma F.23 kothki—1 dh kothki—1 h
(2):¢ Z Yi Pk hS c Z T—kt =c%d Z hk
k=ko+1 k=hot1 ~f Tk k=hkot1 B+l
ko+k1—1
09 2, UE c(1 =) =Fo=1(Tp — ty,)
—)kk _
fo 1 1 C O(Tf tko)
ko+k1—1 1 e<1/2
<fd Y —— 5 Adky Sedlog(l/a) .
ko1 — €
Recall that Ty — t5 4%, -1 < 1. As aresult, we have
Lemma F.23 cd cd
3) i Yty n, Lf —thgir, -1 —a N (T — thott,—1) =
( ) tk0+k1( f o+k1 ) Ts — thorhs ( f o+k1 ) Tt — thothn—1 — hikg 45y
93) ¢ed c©s1/2
S 7 < cd.
— C

Finally, for the last term, we have by definition of L = yr, /d,
(4) : Yt hx -1 = yr,ca = cadl .
Plugging all the bounds of (1) — (2) — (3) — (4) into E3 gives
Es5 < ced[l+1og(1l/a) +al] .
Moreover, choosing a = 1/L yields the following bound on the sampling error

KL (2 [Law(X%,)) S e KL [y%) + Aed[L + log(L)] + AT} ,

and this concludes the proof of Theorem 2.4.

F.4.3. PROOF OF COROLLARY 2.5

Proof of Corollary 2.5. Applying Theorem 2.4 with ¢, T’y chosen in (34) implies

L(u* d
KL(u*|Law(XF,)) S e + elog KLHY)
€

(T

— kg tky—1)

Therefore we obtain the approximation error O (e log(KL(x*|y%)). In addition, the number of iterations is given by
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09 T, —1  log(1 L T+ loe(L
K:k()+k1+K—k‘()—k1§ fc +Og(c/a)+22%mg()

39 ML+ log(L)]log(KL(*[1%)/e) /A + log(L)]

d[1 + log(L)][log(KL(u*|7*) /€) + Alog(L)]

€

)

which grows logarithmically rather than linearly with respect to the discrete Fisher information 3.4 (1*). We thus conclude
that this step-size sequence offers improved performance compared to the constant step-size.

O

F.5. Convergence of DMPMs with early stopping strategy
F.5.1. PROOF OF THEOREM 2.6

Proof of Theorem 2.6. Applying the proof of Theorem 2.4 with the target distribution y,, in place of p* leads to the
following analogous result:

KL (g [Law (X%, ) < e T DKL(j1,[7%) + Aed[L + log(L)] + Ae(Ty ) - (96)

Recall that the forward dynamic satisfies the curvature-dimension condition CD(2\, co) (see Lemma F.22) and consequently,
the logarithm Sobolev inequality holds (Bakry et al., 2014, Theorem 5.10):

1 du du
KL g =& (L2 log L2 .

As computed in Lemma F.22, we have

d
dpy dpiry dpn dpn A (o) d
SHn =23 ) (1og S (2) — log T2
£ (d’yd’ og dd )\x@u:l ayd (x) { log ayd (x) —log ayd (P (x)) ) dv*(=)

o)

=1 d:“n(%"(e)( )

= \E

On the other hand, the discrete Fisher information of y,, is given by
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dpin (e é)(yn
At ( ?n)

(
i
<

log

dn( (X)) dan(0 (X)) | 1)
gt ( YTI) dpun (Yn)

duy (09 (2))
) s

) log

Z

xeX f=1
d
d ©)
= 33 (40 g Pl D)
zeX £=1 Hn\T

I
M=

o~
I

4)
f)
o duy(a)
= 1<d“" lgdm ore )))
/~Ln

(e .4 >>]<98>;g(jﬂg,b )
1 dpn (¢ 77))

Plugging it into (97) implies that the discrete Fisher information dominates the KL divergence as

ﬁ

M“

o~
I

1
KL(py|y?) < 10 (1) -

To complete the proof, it remains to bound the discrete Fisher information. To this end, we employ the elementary inequality
loga < a — 1 for a > 0, and proceed using the same reasoning as in Lemma F.23, as detailed below,

d
ﬂ’yd (Nn) =E Z

(dun OF ) |, ol X0)  dny(p (X)) | 1)
dyin( Xk ) dﬂn(yn dﬂn(yn)
Qi sa“ (dun (¢9(Xy) 1) X)) 1)

dMn dpan an) dpey (X p)

=
—E (%"”(‘pw = 1>2

At (

=2 |3 (X))

< d d
Ty —(Tr—m) 1

It follows that

d _ .
KL (v < p and L=d 'Ba(p,) Sn".

Combined with (96), this leads to the desired conclusion:
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KL (py|Law (X7, _,)) S di~'e 2T 4 xed[1 + log(n™")] + Ae(Ty —n) -

F.5.2. PROOF OF PROPOSITION 2.7

Proof of Proposition 2.7. Recall that the total variation distance between fi,, and p* for € (0, max {T 't %}) is defined as

iy = 1 ey =D |y (2) = 1 ()]

zeX

By the triangle inequality, we obtain

i = v < (@) = 1 (2) Py, 2)] + [ (2) — p* (@) Ty (2, 2)]

zeX

where the transition probability ?n is defined in (15). The two terms above are nonnegative as

pi () = p*( @) = (@) Pz, z)

zeX

and the transition probability ?n(a:, x) < 1 for any x € X. This together with the formula of 7,7 in (15) yield

d
g — p*|lrv < Z [/Ln(x) + u*(z) — 2p*(x) <; + ;e—zm> ]

zeX

d

1 1
<2-2(=+2e ) |
(3

To simplify this upper bound, we apply the exponential inequality e* > a + 1 to e~ and note that 1 — A > 0:

11 d
[t — p*lrv < 2—2(2 2(—2An+1)) =2—2(1—An)*

and thus the proof is complete.

F.5.3. PROOF OF COROLLARY 2.8

Proof of Corollary 2.8. We observe the following by applying the triangle inequality and Pinsker’s inequality,

it = Law(X3, ) lrv < i = gllvv + g — Law(X%, _)|lvv

< [t = pllv + y/2KL(y [Law (X7, )

Then Theorem 2.6 and Proposition 2.7 together imply

[p* — Law(ny Dy S1T—(1- M) 4 \fdn=Le= M Tr=n) 4\ /Acd[1 + log(n=1)] + /Ae(Tf — 1)

The choices of 7, ¢ and T in (37) lead to
1—(1=M)?=¢ and dpte T =2 and Acd[l 4 log(n™)] = €2.
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Substituting (100) into (99) gives the desired upper bound

([ — Law&}f_n)HTv S et/ ATy —n),

with the number of iterations is

< Ty —n+log(n™") a7 Ad[L +log(n~")][log(d/ne®) /X + log(n~")]
d[1 +log(n~")][log(d/ne?) + Mog(n™~")]
d[1 + log(n~")][log(d/€*) + (A + 1) log(n~")]

= = : (101

K

Finally, the term log 7~ can be bounded from above by Bernoulli’s inequality (1 — €)'/¢ < 1 — Sforee (0,1)andd > 1,

A Ad
—1 _
log(n™") =log <1—(1—e)1/d> glog—6 .

Plugging it into (101) concludes the proof of Corollary 2.8.
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