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ABSTRACT

Length generalization — the ability to generalize to longer sequences than ones
seen during training, and compositional generalization — the ability to general-
ize to token combinations not seen during training, are crucial forms of out-of-
distribution generalization in sequence-to-sequence models. In this work, we
take the first steps towards provable length and compositional generalization for
a range of architectures, including deep sets, transformers, state space models,
and simple recurrent neural nets. Depending on the architecture, we prove differ-
ent degrees of representation identification, e.g., a linear or a permutation relation
with ground truth representation, is necessary for length and compositional gen-
eralization.

1 INTRODUCTION

Large language models (LLMs), such as the GPT models (Achiam et al., 2023) and the Llama
models (Touvron et al.| [2023), have led to a paradigm shift in the development of future artificial
intelligence (AI) systems. Despite being trained on a massive corpus of text data, these models
struggle with planning and reasoning tasks, as pointed out by [Bubeck et al.| (2023)), Stechly et al.
(2023), and [Valmeekam et al.| (2023)). The successes and failures of these models have sparked a
debate about whether they actually learn general algorithms or if their success is primarily due to
memorization.

A model’s ability to perform well across different distribution shifts — for example, solving tasks
involving longer problem instances than those seen during training — highlights its ability to learn
general algorithms. A considerable amount of research has demonstrated that the right inductive
biases, such as regularizers that enforce invariance or sparsity, lead to provable out-of-distribution
(OOD) generalization guarantees for models operating with fixed-dimensional inputs (Peters et al.,
2016; |Arjovsky et al.| [2019;|Ahuja et al., 2021)). Despite a large body of empirical works investigat-
ing OOD generalization in sequence-to-sequence models (Anil et al.,[2022; Jelassi et al.,|2023)), we
lack research efforts in developing provable OOD generalization guarantees for these models.

Length generalization — the ability to generalize to longer sequences than ones seen during training,
and compositional generalization — the ability to generalize to token combinations not seen dur-
ing training, are crucial forms of OOD generalization in sequence-to-sequence models. [Zhou et al.
(2023) provide a conjecture on the conditions under which transformers (Vaswani et al., 2017)) length
generalize, which has inspired the analysis we undertake here. In this work, we identify conditions
under which different sequence-to-sequence models achieve length and compositional generaliza-
tion. While transformers are the go-to choice for building LLMs, recently, alternative architectures
based on state-space models, as noted by |Gu et al|(2021), |Orvieto et al.| (2023b), and |Gu and Dao
(2023), have shown a lot of promise. This motivates us to study a range of architectures, including
deep sets (Zaheer et al.,[2017), transformers, state space models, and certain simple recurrent neural
networks. A common theme in the results is that depending on the architecture, different degrees
of representation identification (e.g., linear or permutation relationship to the ground truth represen-
tation) is necessary for length generalization. Our research confirms that these models can achieve
provable length and compositional generalization in specific scenarios, offering valuable insights.
However, frequent failures (Anil et al.,|2022; Zhou et al.| 2023) also reveal the urgency for a sharp
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characterization of these failures. This will enhance our comprehension of these models and help us
build better architectures.

2 PROVABLE LENGTH AND COMPOSITIONAL GENERALIZATION

We are given a dataset comprising of a sequence of inputs {z1,---,2:} and a corresponding se-
quence of labels {y1,---,y:}, where each z; € R™ and y; € R™. We denote a sequence
{s1,-++ ,8} as s<;. Bach x<; is sampled from some distribution Px_, and label y; is generated
from labeling function f(z<;). We define the set of input distribution and labeling function at all

lengths P = {{]P’ Xeibooys S } Further, P(T) denotes the subset of P comprising of input distri-

bution up to length T". We are tasked to learn a model from the dataset that takes an input sequence
< as input and predicts the true label y; as well as possible. If the model succeeds to predict well
on sequences that are longer than any sequence seen under training distribution, then it is said to
achieve length generalization (a more formal definition follows later). Further, if the model suc-
ceeds to predict well on sequences comprising of combination of tokens that are never seen under
training distribution, then it is said to achieve compositional generalization (a more formal definition
follows later.). We study both these forms of generalization from a first principles perspective.

Learning Objective Consider a map h that accepts sequences of n-dimensional inputs to generate
a m-dimensional output. We measure the loss of predictions of / against true labels as ¢ (h(l‘gt), yt),
where y; is the true label for sequence x<,. In what follows, we use /3 loss but appropriate gen-
eralizations for cross-entropy loss are possible. The expected risk across all time instances up to
maximum length T is defined as R(h; T) = S;_, E[¢(h(2<;),y:)]. The objective of the learner is
to learn an h* such that it minimizes

h* € argmin R(h; T), (D
heH

where H is the hypothesis class of models. We now make the notions of length and compositional
generalization formal.

Definition 1. Consider the setting where a model is trained on sequences (x<y,y<¢) of length up
to T drawn from P(T). If the model achieves zero generalization error on sequences (x<y,Yy<i) of

length up to T drawn from P(T ), VT > T, then it achieves length generalization.

Define the support of each token X; under Px_,, su pp(X;;P). Define the set of test input distribu-

tion and labeling function as Q = {{(@ X<, }Zl, f } We assume that the labeling function is the

same between train and test. Further, we also assume that the support of the marginal distribution
of each token is also equal, i.e., supp(X¢; P) = supp(Xy; Q), Vit € {1,--- ,00}. We collect all such
sets of test distributions Q, which have the same labeling function as the train and have the same
support over the marginal distribution of each token as train P, into a set Q.

Definition 2. Consider the setting where a model is trained on sequences (x<y,y<¢) of length up
to T drawn from P(T). If the model achieves zero generalization error on sequences (T<y,Yy<t) of

length up to T drawn from Q(T),VQ € Q, then it achieves compositional generalization.

In the first definition, we ask if the model generalizes to longer sequences. In the second defini-
tion, we ask if the model generalizes to unseen combinations for seen lengths. This definition of
compositionality follows from Wiedemer et al.[(2023). Let us consider the following example. Sup-
pose we train the model on sequences of length 7" where each z; is a scalar. Consider the sphere
D = {z € R”; ||z — 31|| < 1}, where 1 is a T dimensional vector of ones in each component.
If our sequences come from D, then the question we seek to understand is if the model generalizes
to all combinations in [0, 1]* for all ¢. This support D satisfies the assumptions that we make in the
subsequent sections and hence is a good example to keep in mind.

Impossibility of Length and Compositional Generalization We argue that in the absence of any
constraints on the hypothesis class H neither length generalization nor compositional generalization
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are achievable. Let us consider the case of length generalization. If we minimize equation [I] then
we learn an & that agrees with f on all sequences that are in the support (differences appear only
on measure zero sets). However, there is no constraint on the behavior of i on sequences longer
than T'. If there are no constraints on H, we can always construct a function that is equal to f on
all sequences of length up to 7" but disagrees on sequences longer than 7. Therefore, if this solution
were selected, then length generalization will not be achieved. The same argument applies to the
case of compositional generalization. In sections that follow, we study a constrained hypothesis
class H. We take inspiration from|Zhou et al.[|(2023)) and study the realizable case, i.e. true f € H
and constrain H to be somewhat simple.

2.1 DEEP SETS

Deep sets were introduced in [Zaheer et al.| (2017). Informally stated, |[Zaheer et al.| (2017)) show
that a function of a set X', which by definition is permutation invariant, can be decomposed as
p( Y owex ¢(x)), where = comes from a countable universe. Consider the example of addition oper-
ator, which takes {x1, 25} and returns the sum y = x; 4+ x2. This operation is permutation invariant.
Another example, can be sorting a list in increasing order, no matter the order of the inputs the out-
put remains the same. This functional decomposition describes one of the simplest forms to define
a function that accepts inputs of arbitrary lengths. Hence, we start with the H as deep sets.

Assumption 1. Each function in the hypothesis class H used by the learner is given as
w(z <i w(xj)), where w is a single layer perceptron with continuously differentiable bijective

activation (e.g., sigmoid) and 1) is a map that is differentiable (almost everywhere).

Assumption 2. The joint support supp(X<;; P) is a regular closed set (in standard topology in R™)
foralli <T.

The above assumption is a mild regularity assumption (Lachapelle et al.||2023), which allows us to
two equate the derivative of two functions if the two functions are equal as well.

Theorem 1. If H follows Assumption |I| and the realizability condition holds, i.e., f € H, and
supp(X;;P) = [0,1]", Vj € {1,---,00} and the regular closedness condition in Assumption [Z]
holds, then the model trained to minimize the risk in equation |l|with {5 loss, achieves length and
compositional generalization.

The proof is provided in the Appendix. An important insight from the proof is if the output layer
matrix has a left inverse, then the hidden representation learned by the model is a linear transform of
the true hidden representation, i.e., ¢ = A¢. As a result, we obtain that such linear representation
identification (Roeder et al.,|2021)) is necessary for length and compositional generalization.

2.2 TRANSFORMERS

Ever since their introduction in |[Vaswani et al.| (2017)), transformers have revolutionized all domains
of AL In this section, we seek to understand length generalization for these models. In a simplified
form, transformer architectures are represented as alternating layers of attention and position-wise
non-linearity; we drop layer norms for tractability. Following similar notation as previous section,
we denote position-wise non-linearity as p and attention layer as ¢, we obtain the simplest form

of causal transformer model as p( > i<i d(@isxj) + 1:1-). This decomposition captures linear at-

tention, ReLU attention, sigmoid attention, ReLU squared attention, which were studied previously
in [Wortsman et al.| (2023)); |Hua et al.| (2022); Shen et al.| (2023) and found to be quite effective in
several settings (See further discussion on it in the Appendix). This decomposition does not capture
softmax-based attention and developing provable length generalization guarantees for the same is an
exciting future work. Other works Bai et al.[(2023) also replaced softmax with other position-wise
non-linearities for the ease of analysis.

Assumption 3. Each function in the hypothesis class H used by the learner is given as
w(ngi (zi,xj) + xl) where w is a single layer perceptron with continuously differentiable

bijective activation (e.g., sigmoid) and v is a map that is differentiable (almost everywhere).
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Theorem 2. If H follows Assumption the realizability condition holds, ie., f € H,
supp(X;, Xj;P) = [0,1)>", Vi # j € {1,---,00} and the regular closedness condition in As-
sumption [Z] holds, then the model trained to minimize the risk in equation E] (with T > 3) with {5
loss, achieves length and compositional generalization.

The proof is provided in the Appendix. An important element that falls out of the proof is that if we
use residual connections, then exact identification, i.e., w = p and ¥ = ¢, turns out to be necessary
(and sufficient) for length and compositional generalization. If we do not use a residual connection,
then we obtain a condition exactly similar to the previous theorem, i.e., linear identification of the
attention head is necessary for length and compositional generalization.

We now extend Theorem [T|2]to general position-wise non-linearities.

Assumption 4. Each function in H is expressed as w(d_ j<i W(x5,5)), where w is a continuously
differentiable bijection with a continuously differentiable inverse.

The reader would notice that the summation carries a less than sign instead of less than equals. We
believe the theorem that we present next extends to the more general case with less than equals to
sign in the sum as well and the analysis for that case is underway.

Theorem 3. If H follows Assumption ] the realizability condition holds, i.e., supp(X;, X;;P) =
(0,12, Vi # j € {1,--,00} and mild assumption on the support (Assumption 7) holds, then
the model trained to minimize the risk in equation|l|(with T > 3) with {5 loss, achieves length and
compositional generalization.

The proof is provided in the Appendix. We obtain a condition exactly similar to the previous the-
orem, i.e., linear representation identification is necessary for length and compositional generaliza-
tion. The above result also extends to multiple attention heads (See the Appendix). We can use the
same proof technique to extend Theorem [I]to position-wise non-linearities.

2.3 LINEAR RECURRENCE AND POSITION-WISE NON-LINEARITY

In recent years, state space models |Gu et al.| (2021); |Orvieto et al| (2023b)) have emerged as a
promising competitor to transformers. In (Orvieto et al.| 2023ajb)), the authors give a first principles
perspective on these models. We adopt their formulation and use linear recurrent layer with position-
wise non-linearities as our main block towards understanding length generalization in these models.
We illustrate the dynamics of these models to show the generation of sequence y<r from x<7.

hi = Bx1; ho =Ahy + Bxg; -+ ,hy = Ahr_1 + Bxp
y1 = p(h1); y2 = p(ha); -+ s yr = p(hr),
where h; is hidden state at point £, A € R"** B € R"** and p : R¥ — R™. We can succinctly
write hy = 32, AV Bap_;.

Assumption 5. Each function in the hypothesis class H used by the learner is given as

2

w(Z?;Ol AjBLET_j)), where w is a single layer perceptron with continuously differentiable bi-
Jective activation o (e.g., sigmoid), parametrized as o o A. A, B, \ are square, i.e., k = m = n,
and invertible.

Theorem 4. If H follows Assumption[3] and the realizability condition holds, i.e., f € H, and a mild
regularity condition on the support, i.e., Assumption|8| holds, then the model trained to minimize the
risk in equation with Uy loss (T > 2), achieves length and compositional generalization.

The proof is in the Appendix. In the above result as well, linear representation identification, i.e., /i

(predicted hidden state) and true hidden state h; bear a linear relationship, turns out to be necessary
for length and compositional generalization.

2.4 VANILLA RNNS

Standard RNNs have a non-linear recurrence unlike linear recurrence studied in previous section. We
use the same notation as the previous section and only add an activation for non-linear recurrence.
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hi = O'(BJ,‘1); hoy = O'(Ahl + B$2); <o hp = O'(AhT_l + Bl‘T)
Yy = p(hl), Yo = p(h2)7 ......... , yr = p(hT)’

Assumption 6. Each function in the hypothesis class H used by the learner is a vanilla RNN, where
the position-wise non-linearity is a single layer perceptron o o A and A, B govern the hidden state
dynamics (as in equation[3). A, A, B are square invertible matrices, and o is the sigmoid activation.

3)

Theorem 5. If H follows Assumption [6] and the realizability condition holds, i.e., f € H and
regular closedness condition in Assumption 2| holds, then the model trained to minimize the risk in
equation[l|with {5 loss (with T > 2), achieves length and compositional generalization.

The proof is in the Appendix. Different from Theorem |4} here permutation identification, i.e., Ry
and h; are related by a permutation matrix, is necessary for length and compositional generalization.

Discussion on RASP conjecture from|Zhou et al. (2023) The RASP conjecture from Zhou et al.
(2023) states — if the task of interest is realizable on a transformer and has simple description in the
RASP programming language (Weiss et al., 2021])), then the transformer achieves length generaliza-
tion provided the data is sufficiently diverse. Our theoretical results capture the essential ingredients
of this conjecture — we require the tasks to be realizable and simple. From the point of view of
diversity, we require the marginal distribution of tokens or pairs of tokens to be sufficiently diverse,
i.e., supp(X;,PP) = [0, 1]". And lastly, our results apply to architectures beyond transformers. That
being said our characterization is far from complete. We believe a lot more work needs to be done
to arrive at a more complete characterization of success and failure cases and use the insights gained
to better tackle the empirical failures of length generization (Zhou et al., 2023} |Anil et al., 2022).

3 CONCLUSION

We have initiated the formalization and identification of conditions for provable length generaliza-
tion and compositional generalization in sequence-to-sequence models. This effort aims to give way
to a foundation for the recently proposed RASP conjecture Zhou et al.[(2023). Moving forward, it’s
crucial to extend our theory to cover even more complex tasks, reflecting the success and failure of
these architectures across a broad spectrum of real-world tasks.
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A APPENDIX

A.1 RELATED WORKS

Length generalization In the field of length generalization, significant strides have been made, as
evidenced by various studies. Shaw et al.| (2018)) discovered the drawbacks of absolute positional
embeddings and suggested relative positional embeddings as an alternative. Subsequent empirical
analyses, notably by |Anil et al.| (2022) and Jelassi et al.|(2023), explored length generalization in
transformer-based models and arithmetic tasks, respectively. Key findings revealed that larger model
sizes don’t necessarily enhance generalization and that the utility of scratchpads varies, improving
significantly when combined with in-context learning. Additionally, the effectiveness of relative
positional embeddings appeared task-dependent, proving beneficial in simpler tasks like addition
but faltering in more complex ones like multiplication. This led to the innovative approach of model
priming with a few long sequence examples. |Zhou et al.| (2023) proposed the RASP conjecture,
which we discussed already, to delineate the tasks where transformers excel or fall short in length
generalization, emphasizing the necessity of task simplicity and data diversity.

On a more theoretical side, in |Abbe et al.| (2023)), the authors showed an implicit bias of neural
network training towards min-degree interpolators. This bias was used to explain the failures of
length generalization on the parity task from |Anil et al.| (2022). In|Xiao and Liu/(2023)), the authors
use DAGs to formulate the computation in reasoning tasks and characterize conditions under which
there exist functions that permit length generalization. Our results crucially differ in the sense we
show a range of conditions under which both length and compositional generalization are actually
achieved.

Compositional generalization The breadth of research on compositional generalization, encom-
passing studies like [Lake and Baroni| (2018)); [Hupkes et al.| (2020); |[Loula et al.[ (2018), is too ex-
pansive to address comprehensively here. However, we reference several pertinent works that align
with a specific theoretical viewpoint focused on representation identification. Recent studies, no-
tably those by Wiedemer et al.| (2023)); |Lachapelle et al.|(2023), draw inspiration from object-centric
architectures and approach compositional generalization from a first principles perspective. Our
work adopts a definition of compositional generalization akin to these studies but diverges by cen-
tering on sequence-to-sequence models as the primary subject of interest.

A.2 PROOFS

In all the results that follow, we assume that the Radon-Nikodym derivative of X< is absolutely
continuous w.r.t Lebesgue measure. In all the results that follow, we work with standard topology in
R"T', where n is dimension of each token and T is the sequence length. We remind the reader the
definition of a regular closed set — if a set is equal to the closure of its interior, then it is said to be a
regular closed set.

Lemmal. Let X CR™ Iff : X — R™and g : X — R™ are continuously differentiable functions
that satisfy f(x) = g(x) almost everywhere in X, where X is a regular non-empty closed set, then
f(z) =g(x),Vx € X and V f(z) = Vg(zx),Va € X, where V is the Jacobian w.r.t .

Proof. Let us consider the interior of X’ and denote it as X", We first argue that the two functions
f and g are equal at all points in the interior. Suppose there exists a point x € X' at which

f(x) # g9(x).

Consider a ball centered at = of radius 7 denoted as B(z,7) C X' (such a ball exists as this
point is in the interior of X'.). We argue that there exists at least one point z; in this ball at which
f(x1) = g(x1). If this were not the case, then the equality will not hold on the entire ball, which
would contradict the condition that the equality f(x) = g(«) can only be violated on a set of measure
zero. Note this condition holds true for all » > 0. Suppose the distance of x; from x is 1 < r.
Consider another ball with radius 7o < r; and let zo € B(z,r2) where the equality holds. By
repeating this argument, we can construct a sequence {xzy }rcn that converge to x, where N is the
set of natural numbers. On this sequence, the following conditions hold.

f(wy) = g(wg),Vk € N 4)
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Further, from the continuity of f and g it follows that
Jim f(zx) = f(z), lim g(wy) = g(z) (5)
—00 k—o0

Combining the above two conditions, we get that f(x) = g(x). This leads to a contradiction since
we assumed that f(z) # g(x). Thus there can be no such x in the interior at which f(x) # g(x).
From this it follows that f(x) = g(z) for all z € X', Now let us consider the closure of X',
which is & itself since it is a regular closed set. Every point € X in the closure can be expressed
as limit of points in X", Consider an x € & and from the definition of regular closed set it follows
that limy_, oo T, = x, where x, € X', We already know from the fact that f and g are equal in the
interior

f(zr) = g(zk), ¥k € N (6)
From the continuity of f and g it follows
Jim f(zx) = f(z), lim g(wy) = g(z) (7)
—00 k—o0

Combining the above two we get that f(z) = g(z) for all z € X. After this we can use Lemma 6
from (Lachapelle et al., 2023) to conclude that V f(z) = Vg(z), Vo € X'. We repeat their proof here
for completeness. For all points in the interior of X, it follows that V f (x) = Vg(z),Vz € X'

Now consider any point x € X. Since X is a regular closed set, limg_,, , = x. Since each xy is
in the interior of X it follows that

Vf(xx) = Vg(zk), vk € N )

From the continuity of V f and Vg it follows that
lim Vf(zx) = Vf(z), lim Vg(zy) = Vg(z) ©)
k—o00 k—o00
Combining the above conditions, we get that V f(x) = Vg(x). This completes the proof.
O

Theorem 1. If H follows Assumption |I| and the realizability condition holds, i.e., f € H, and
supp(X;;P) = [0,1]", Vj € {1,---,00} and the regular closedness condition in Assumption E]
holds, then the model trained to minimize the risk in equation E] with {5 loss, achieves length and
compositional generalization.

Proof. Consider any h that solves equation |1} Since £ is /2 loss and realizability condition holds,
f is one of the optimal solutions to equation |I} For all z<p € supp(X<7;P) except over a set of
measure zero the following condition holds

h(z<r) = f(z<T). (10

The above follows from the fact that h solves equation [1} i.e., E[||[h — f||?] = 0 and from The-
orem 1.6.6. (Ash and Doléans-Dade| [2000). Since supp(X<r) is regular closed, f,h are both
continuously differentiable, we can use Lemma [1} it follows that the above equality holds for all

z<r € supp(X<r). From realizability condition it follows that true f(z<r) = p( doi<r gb(zj)).
We substitute the functional decomposition from Assumption [I]to get

(Y wlan) = (D olay)). (an

Jj<T J<T

Since w and p are single layer perceptron with bijective activation o. We substitute the parametric
form of w and p to obtain

(4D vla) =o(BY o) =
AN (a;) =B (x;).

J<T J<T

(12)
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The second equality in the above simplification follows from the fact that the activation o is bijective,
the inputs to o are equal. We take the derivative of the expressions above w.r.t z,. to get the following
condition and equate them (follows from Lemma . For all z,. € supp(X,;P), i.e., x, € [0,1]",

Ve, (43 (w)) = Vo (B Y 0(a,). (13)

We drop the subscript  to simplify the notation. Therefore, for all z € [0, 1]™

where V ,9)(x) is the Jacobian of ¢(z) w.r.t  and V,¢(z) is the Jacobian of ¢(z) w.r.t x.

Let us consider the derivative w.r.t some component * of 2. Denote the remaining components as
x~*. From the above condition it follows that for all € [0, 1]",

O(x) _ ,00(x)
At~ ), (15)

Using fundamental theorem of calculus, we can integrate both sides for fixed 27" and obtain the
following for all 2* € [0, 1],

Aw(xk, a:_k) = B¢(mk,x_k) + C’k(a:_k) =

—k (16)
Ap(z) — Bo(x) = Cp(z™").
The above condition is true of all k € {1, --- ,n}. Hence, we can deduce that for all = € [0, 1]¢ and
for k # j, where 5,k € {1,--- ,d},

AY(z) — Bo(x) = Cr(z™F) = C;j(x7). (17)

Take the partial derivative of C(x~*) and C;;(z~7) w.r.t 27 to obtain, for all 27 € [0, 1],

_k i

OCk(z™") _ 0C;(x~7) _ 0. (18)

oxJ oI

In the above simplification, we use the fact that Va7 € [0, 1], 80"8(;].73.) = 0. Therefore, Cy(x~%)

cannot depend on 2/. We can apply the same condition on all j # k. As a result, Cy, (%) is a fixed
constant vector denoted as C'. We write this as

A(z) = Bo(z) + C. (19)

Substitute the above into A}, 7 ¢ (2;) = B ;7 ¢(z;) to obtain

B> é(z;)+CT=B> ¢(x;) = C=0. (20)
J<T j<T
Therefore, we get
vz € [0,1]", AY(z) = Bo(x). @21

We now consider a sequence z 4 from the test distribution Qx _ .. The prediction made by £ is

10
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Moer) =o(AY vley) =a(BY o)) = f(oz): @2)

i<T §<T
We use equation [21]in the simplification above. From the above, we can conclude that i continues
to be optimal for distribution Qx _ ..

O

Remarks A few remarks and observations from the proof are in order. First of all notice that we
do not require ¢ and 1 to have the same output dimension. Suppose A has a left inverse. If that
is the case, then we can simplify equation [21|to obtain (z) = A~'B¢(x),Vz € (0,1)%. This
condition is known as linear representation identification in the literature (Roeder et al., [2021). We
call this condition as necessary as it is implied under the condition that the model / achieves zero
generalization error at a given length. In Theorem [I] we observe all the labels from ¢ = 1 to T,
i.e., y1 to yr. The result continues to hold if we only observe label at length 7', i.e., yp. This
is to clarify that the proof does not rely on equating the true prediction and the predictions of the
model for first token ¢ = 1, which would make the analysis very similar to that of models with fixed
dimensional inputs. Also, note that we would not need to separately require Assumption [2] if we
equated the predictions at ¢ = 1 because the support of each token’s marginal distribution is [0, 1],
which is regular closed. Since we want to emphasize that the result would continue to hold even if
we only observed data for some length 7" and not all lengths leading up to 7', we make the additional
Assumption[2}

Theorem 2. If H follows Assumption the realizability condition holds, ie., f € H,
supp(X;, X;;P) = [0,1)2", Vi # j € {1,---,00} and the regular closedness condition in As-
sumption 2| holds, then the model trained to minimize the risk in equation |l|(with T > 3) with {4
loss, achieves length and compositional generalization.

Proof. Consider any h that solves equation |1} Since ¢ is /5 loss and realizability condition holds,
f is one of the optimal solutions to equation|l| For all z<; € supp(X<;;P) except over a set of
measure zero the following condition holds

h(z<i) = f(z<i)- (23)
The above follows from the fact that h solves equation |1} i.e., E[||[h — f||?] = 0 and from The-

orem 1.6.6. (Ash and Doléans-Dade, |2000). Since supp(X<;) is regular closed, f,h are both
continuously differentiable, we can use Lemma [I] it follows that the above equality holds for all

x<; € supp(X<;). From realizability condition it follows that true f(z<;) = p( > ki (@i, xk))
We substitute the parametric forms from Assumption [3|to get

(D v ) + i) = o ol wn) +2:). 24)

k<i j<i

Since w and p are single layer perceptron with bijective activation o. We substitute the parametric
form of w and p to obtain the following condition. For all <; € supp(X<;),

U(AZ¢($i,$j) + Axi) = U(BZ(;S(%‘,%') + Bl‘i) =

k<t k<i (25)
AZ¢(Ii, ry) + Ax; = BZ d(xq, ) + B,
k<i k<i

The second equality follows from the fact that the activation o is bijective and hence the inputs to
o are equal. We take the derivative of the expressions above w.r.t x; to get the following (follows

11
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from Lemma |I|) For 5 < ¢ (there exists a j < ¢ as T > 3 and we can set ¢ > 2) and for all
xj € supp(X;; P), ie., z; € [0,1]",

Ve, (A kzgz (i, o) + Axi) =V, (B kzgl (i, ) + BICi) = 06

sz,lb(iﬂu xj) = sz7 ('b(x“ :L'j)’

where V. 1(xi,2;), Vo, ¢(x;, ;) are the Jacobians of ¢ and ¢ w.rt z; for a fixed z;. Note
that AV, Y(xs,25) = BV, ¢(xi, ;) holds for all z; € [0,1]",2; € [0,1]" (here we use the
fact that joint support of every pair of tokens spans 2n dimensional unit hypercube assumed in

the Theorem . In this equality, we now consider the derivative w.r.t some component :cf of

x;. Denote the remaining components as :cj_k. From the above condition it follows that for all
€0,1]",2; € [0,1]",

aw(x’ux) 8¢($Za$)
A . =B K
ax;? 83@? @7

Using fundamental theorem of calculus, we can integrate both sides for fixed m;k and obtain the
following for all z% € [0, 1],

A@D(Jci,[zf,xj ]) B¢(x1’[ TjTj ])“'Ck(x“ Jk):

o (28)
Ai/}(xi,:cj) = B¢(.’£l,$]) +Ck(xi; j )

The same condition is true of all k. Hence, Va; € [0,1]¢,Vz; € [0,1]¢ and for k # ¢, where
Qake {1a 7d}7

AYp(xi,x5) — Bo(wi ;) = C;g(xi,xj_k) = Cq(xi,xj_q). (29)

Take the partial derivative of both sides w.r.t =7 to obtain, V2§ € [0, 1],

OCy(wi, ;") C(xi,2;7)
o] - o]

=0. (30)

Therefore, C(x;, x k) cannot depend on xq We can apply the same condition on all ¢ # k. As

a result, Cy(z;, xj k) is only a function of x; denoted as C'(x;). Therefore, for j < ¢ and for all
€0,1]",z; € [0,1]"

AY(zi,zj) = Bo(xi, x5) + O(w;). (31)

If we substitute z; = x; = =z, then the above equality extends for i = j. Substitute the above
equatlonamto A ZJQ w(xl, zj) + Az; = B o, ¢(xi, ;) + Ba; to obtain

BZgbe,x] (HC (xl)—i—AxZ—BZ(bx“xj)—}—Bxl
7<i i<t (32)
In the above ¢ is at least two. Consider 7 + 1 (since 7' > 3 we can consider this length)

C(zit1) = (Bwiy1 — Azia) /(i + 1) (33)

12
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Equating the above for same values of x; = x; 1 = x, we obtain (B — A)z = 0 and thus C(z) = 0.
Since this identity is valid for all € [0, 1]™, we obtain that A = B . We can do this for all
x € [0,1]™ and thus C'(z) = 0,Vx € [0, 1]™. Thus we obtain

Vx; € [0, 1]n,$j S [0, 1]” ’(/J(Q?i,aij) = (b(l‘“l‘j) (34)

Since A = B and ¢ = v, f = h and optimality on longer sequences trivially follows.

We now consider the case when there is no residual connection. The entire analysis is similar up to
equation[31] Following similar steps as above, we get C(z) = 0,Vz € [0, 1]". From this it follows
that for j < i

Va; € [0,1)", 25 € [0,1]" AY(wi, z5) = B (wi, ;). (35)

In the above, case A and B need not be equal. If A is left invertible, then this implies linear
representation identification.

We now consider a sequence x4 from the test distribution Q € Q. The prediction made by  is

h(ng) = U(A Z Y(zz, IJ)) = U<B Z (15(17:?75”])) = f(zgf) (36)

J<T i<T

We use equation [34]in the simplification above. From the above, we can conclude that & continues
to be optimal for distribution Qx __..

O

Assumption 7. The joint support supp(X<;;P) is a regular closed set for all i < T. The support
of [p(X1, X2), p(X1, X3)] is R?¥,

We want to make two remarks on the above assumption. The assumption can be alternately stated
in a relaxed form and require the support of [¢(X1, X5), ¢(X1, X3)] to be a linear subspace of R,

Theorem 3. If H follows Assumption ] the realizability condition holds, i.e., supp(X;, X;;P) =
[0,1)%", Vi # j € {1, ,00} and mild assumption on the support (Assumption [71) holds, then
the model trained to minimize the risk in equation|l|(with T > 3) with {5 loss, achieves length and
compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f. We first
use the fact h(z<;) = f(x<;) almost everywhere in the support. We can use the continuity of h, f
and regular closedness of the support to extend the equality to all points in the support (follows from
the first part of Lemmall) to obtain the following. For all z<; € supp(X<;).

w(Z?/J(%xj)) = P(Z ¢($i»%‘)>,

j<i J<i
> (i, ) :w’lop(Z(b(fEia%))’ 37
j<i j<i
S bl z) = a3 dlai ;) ).
j<i J<i

In the above simplification, we used the parametric form for the true labeling function and the
learned labeling function and use the invertibility of p. Let us consider the setting when ¢ = 2.
In that case summation involves only one term. Substitute 1 = y and x2 = x. We obtain Vx €
[07 1]”7 y G [03 1]”7

Y(z,y) = a(o(z,y)). (38)

13
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The above expression implies that v bijectively identifies ¢. We substitute the above expression for
a summation comprising of two terms, i.e., case when ¢ = 3 (this is possible since T' > 3), (z,y)
and (z, 2) to give

a(¢(z,y)) + a(p(x, 2)) = a(d(x,y) + ¢(, 2)). (39)

We now use the that assumption [¢(z,y), #(x, z)] spans R?* and substitute ¢(x,3) = « and

¢(£L’, Z) =0

a(a) + a(B) = a(a+ B). (40)

Observe that (0) = 0.

We want to show that a is linear. To show that, we need to argue that a(ca) = ca(«) as we already
know a satisfies additivity condition.

Suppose ¢ is some rational number, i.e., ¢ = p/q, where p and ¢ are non-zero integers.
From the identity it is clear that a(pa) = pa(«), where p is some integer. This follows directly.

a(qza) = qa(za) = a(ga) = za(a), where g is some integer.

Now combine these a(p/qa) = pa(l/qa) = %a(a). We have established the homogeneity condi-
tion for rationals.

We will now use the continuity of the function a and density of rationals to extend the claim for
irrationals. Suppose c is some irrational. Define a sequence of rationals that approach c (this follows
from that rationals are dense in R).

a(ca) = a(limy, o0 ) = limy, 00 a(gna).

In the second equality above, we use the definition of continuity (a is continuous since composition
of continuous functions is continuous). We can also use the property that we already showed for
rationals to further simplify

lim,, o0 a(gne) = a(@) limy, o ¢, = ca(a).

‘We have now established that a is linear. As a result, we can write

Y(z,y) = A(o(z,y)),

o(x,y) = Cu(x,y)) (41

plow(z) =Cz = w(z) =p(Cz)

We use the above to simplify w ( > i (i, z;)) = p(C Yici¥(@i,zy)) = o( > j<i P@i, z;)).
This identity holds for all . Thus we obtain length and compositional generalization.

O

Remark In the above proof, we did not have a residual connection or a term that involves ¢(z, x).
We believe that the stated result should continue to hold for the case when we include these terms
and a different proof for that case is under active investigation. Our choice of the archictecture did
not invoke multiple attention heads. If we include multiple attention heads, then also we can arrive at
the same length generalization guarantees. However, an interesting consequence of multiple heads
is that the linear identification is not required to hold on a per head level. We explain that below.

Following the same steps as the proof above, we get

14
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w(Z%(%%‘) + ¢2(xi»xj)> = P(Z(bl(%xj) + ¢2($z‘a%’))v

Jj<i j<i
D (@ mg) + o(ws ) =w o P(Zﬁﬁl(%%‘) + ¢a(s, xj)), (42)
j<i j<i
Zwl(fﬂi,zj) + 2 (@i, x5) = Q(Z%(wuiﬂj) + ¢2(l’i>$j)>~
Jj<i j<i

We can also show that a is linear. If a is linear, then sum of ¢; + 15 linearly identifies ¢1 + ¢o.
Therefore, this implies that each learned attention head need not correspond to one of the ground
truth attention head.

Assumption 8. The joint support supp(X<;;P) is a regular closed set for all i < T. For some
length 2 < i < T an there exists in sequences x<; such that their concatenation forms a in x in
matrix of rank in.

Theorem 4. If H follows Assumption[d] and the realizability condition holds, i.e., f € H, and a mild
regularity condition on the support, i.e., Assumption|[8] holds, then the model trained to minimize the
risk in equation with {5 loss (T > 2), achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f. We first
use the fact h(x<;) = f(x<;) almost everywhere in the support. We can use the continuity of A, f
and regular closedness of the support to extend the equality to all points in the support (from first
part of Lemmall) to obtain the following. For all z<; € supp(X<;).

flx<i) = h(z<;) =

i—1 i—1
U(AZAjBxi_j) = J(AZAjBxi_j) =
7=0 7=0
i—1 i—1
AZAJBZL'Z,J = AZA]BI'Z,j =
7=0 7=0

Tj— Ti—

. 2 SO o 2
[AB, ANB,AAN?B,--- JAN"'B] | . | —[AB,AAB,AA*B,--- ,AN"'B]| . | =0 =
o o
[[AB,AAB,AAZB,-- ,ANT'B] — [AB, ARB, AA*B, -, AA'B]| X =0,
(43)
T
x
where X = .| . In the above simplification, we used the fact that o is a bijection.
o

Denote R = [[AB, AAB, AN?B,--- | AN—'B) — [AB, AAB, AN?B, - -, AN~ B]. We collect

a set of points X+ = [XM ... X "] where I > ni and rank of X+ = ni (from Assumption .
Since the matrix X T is full rank, we have

RXT=0 = R=0.

This yields
AB = AB,AAB = AAB,--- ,AN'B = AN'B. (44)

15
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First equality is restated as A~1A4 = BB‘{. Denote A=A = C. Thus B = BC. Ob-
serve that from the second equality, we get A = C’ACrl. Given the true data generation is
parametrized by the triplet (A, A, B), the set of triplets (A, A, B) that solve the first two equali-

A
ties are — { A is an arbitrary invertible matrix, A = CAC 1, B = BC, where C = fl’lA}.

Take any solution of the first two equalities and compute

AN'B = ACN'C~'B = AA'B

Since the above condition holds for all k£, we obtain the following condition, Vi > 1

i—1 i—1
h(a?gl) = U(AZ]\jél‘i_j) = U(AZAjBZ‘i_j) = f(l‘gl) (45)
7=0 7=0

Hence, we know that equating the predictions up to length 2 suffices to learn parameters that gener-
alize to all the lengths beyond.

O

Theorem 5. If H follows Assumption [6| and the realizability condition holds, i.e., f € H and
regular closedness condition in Assumption E] holds, then the model trained to minimize the risk in
equation[l\with {5 loss (with T > 2), achieves length and compositional generalization.

Proof. We start with the same steps as earlier proofs and equate the prediction of h and f everywhere
in the support of the training distribution (using first part of Lemma[T). We start with equating label
atlength 1, i.e., y;. For all z; € supp(X1;P)

o(Ao(Bzy)) = 0(Ac(Bz,)) =
AU(BCL’l) = AU(B(El) — (46)
o0(BB™'Bx,) = A™'Ao(Bx)

Say y = B:z:l, A-1A :NU , BB~! = V. We substitute these expres~sions in the simplificaction
below. Observe that y € Bsupp(X7;P). We pick a y in the interior of Bsupp(Xy;P).

o(Vy) =Uoa(y) (47)
Take the first row of V and U as v " and u ' to obtain
o(v'y) =u'o(y) (48)

Suppose there is some non-zero component of v say ¢ but the corresponding component is zero in u.

0o (viy; + v_iy—;) / oulo(y_s)
=0 (V¥ +V-Y-i)vi = ——(——
yi ( ) Oy

From the above we get a'(va) = 0. But sigmoid is strictly monotonic on R, ¢’ () > 0,z € R

and vy € R. Hence, o (v y) = 0 is not possible. Similarly, suppose some component is non-zero
in u and zero in v.

=0 (49)

9o (v]y—i) O(uio(yi) +ulio(y—i))
_—— - O =
0y; y;

Since the derivative of ¢ cannot be zero, the above condition cannot be true.

= uia/ (yi) (50)

From the above, we can deduce that both u and v have same non-zero components.

Let us start with the case where p > 2 components of u, v are non-zero. Below we equate the partial
derivative w.r.t all components of y that have non-zero component in u (since y is in the interior of
the image of Bz, we can equate these derivatives).

16
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o(v'y) =u'o(y),
dPo(s)
osP

o (s) (51)

0sP

Huﬁéoui =0 =

Since support X has a non-empty interior, the set of values v " 4/ takes also has a non-empty interior
in R. From the above, we obtain o(s) is a polynomial of degree p. If o(s) = ¢(s) over a set of
measure greater than zero in R, o0 = ¢ everywhere (from (Mityaginl 2015)), which cannot be true.

We are left with the case where v and v have one non-zero component each.
1 — u
1+e—vy 14e— v
to obtain e~ (*~1¥ = 1 /uv. We now again take derivative again w.r.t y to get v = 1 and substitute
it back to get u = 1. Note that no other row of U or V' can have same non-zero element because
that would make matrix non invertible. From this we deduce that U and V' are permutation matrices.

From o(Vy) = Uc(y) it follows that U = V = II. Thus B = I1B and A = AIL.

= 1+e7Y =u+ue " In the simplification above, we take derivative w.r.t y

Next, we equate predictions for yo to the ground truth. For all 21 € supp(Xi;P)

o(Ao(Ao(Bzy) + Bxy)) = 0(Ac(Ao(Bxy) + Bry)) =
Ao (Ao (Bzy) + Bxy) = Ao(Ao(Bxy) + Bry) — (52)
Ao(Aa(Bzy) + Bag) = Allo(All" o(Bzy) + 11" Bas) = Ac(IIAIL o(Bx1) + Bay).

We use the simplification in the second step to equate to LHS in the first step as follows.

Ao (IAIL" 0(Bxy) + Bxy) = Ac(Ao(Bx1) + Bxy)

Y (53)
= (ITAIl' — A)o(Bzy) = 0.
Since o(Bx1) spans a set that has a non-empty interior, we get that A =TITAIL
From the above conditions, we have arrived at A = I[IT AI[, B =1I" B, A = AIL
We want to show that for all k > 1
Ahy, = Ahy, (54)
where hy = o(Ahg_1 + Bxy,) and by, = o(Ahy_1 4+ Bxy) and hg = hg = 0.
We show the above by principle of induction. Let us consider the base case below.
Ahy = Ao(Bz,) = Allo(I1" Bzy) = Ao (Bxy) = Ah,. (55)
Suppose Vj < k
Ah; = Ah;. (56)
We can simplify the above to
h;y =Th;,¥j € {1, -, k}. (57)

From this we get

Ahyy1 = Ao(Ahp+Bxy) = Allo(ITT Allhy+11" Bxy) = Ao(Allhg+Bay,) = Ao(Ahg+Bxy) = Ahyy .
(58)

This completes the proof. O
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Discussion on Assumption[3] We show how to translate models in Assumption [3|to position-wise
non-linearity based transformers studied in the literature [Wortsman et al.|(2023). Standard attention
operates on a set of keys, queries and values {k;, ¢;, vi}le, where k; = Wix; +bg, ¢; = Wex; +b;,
ki = Wyx; + by, and (Wi, br), (Wy,by), (W, b,) parametrize the key, query and value weight
matrices and the biases respectively. The output of causal attention is computed as follows.

(673 :9([Q;rk17 aqi—rki])a

hi = Z Q;5V5, (59)
J=1
yi = p(hi + i),

where h; is the output of the attention, p is a non-linear transform (e.g., MLP) and y; is the final out-

put. Now suppose 6 is a position-wise function such as ReL.U, sigmoid that were studied in [Worts-
man et al.{(2023), we obtain h; = Y"_, ciju; = 3", 0(q; kj)v;. Define (s, ;) = 0(q kj)v;.
The final output of the one-layer transformer described above is stated as p(> i<i d(xi, ) + x4),

which is the same form that we assumed in Assumption 3]
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