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Abstract

The recently proposed stochastic Polyak stepsize (SPS) and stochastic line-
search (SLS) for SGD have shown remarkable effectiveness when training over-
parameterized models. However, two issues remain unsolved in this line of work.

First, in non-interpolation settings, both algorithms only guarantee convergence to
a neighborhood of a solution which may result in a worse output than the initial
guess. While artificially decreasing the adaptive stepsize has been proposed to
address this issue (Orvieto et al. [44]]), this approach results in slower convergence
rates under interpolation. Second, intuitive line-search methods equipped with
variance-reduction (VR) fail to converge (Dubois-Taine et al. [[14]]). So far, no VR
methods successfully accelerate these two stepsizes with a convergence guarantee.

In this work, we make two contributions: Firstly, we propose two new robust
variants of SPS and SLS, called AdaSPS and AdaSLS, which achieve optimal
asymptotic rates in both strongly-convex or convex and interpolation or non-
interpolation settings, except for the case when we have both strong convexity
and non-interpolation. AdaSLS requires no knowledge of problem-dependent
parameters, and AdaSPS requires only a lower bound of the optimal function value
as input. Secondly, we propose a novel VR method that can use Polyak stepsizes or
line-search to achieve acceleration. When it is equipped with AdaSPS or AdaSLS,
the resulting algorithms obtain the optimal rate for optimizing convex smooth
functions. Finally, numerical experiments on synthetic and real datasets validate
our theory and demonstrate the effectiveness and robustness of our algorithms.

1 Introduction

Stochastic Gradient Descent (SGD) [46] and its variants [[7] are among the most preferred algorithms
for training modern machine learning models. These methods only compute stochastic gradients
in each iteration, which is often more efficient than computing a full batch gradient. However, the
performance of SGD is highly sensitive to the choice of the stepsize. Common strategies use a
fixed stepsize schedule, such as keeping it constant or decreasing it over time. Unfortunately, the
theoretically optimal schedules are disparate across different function classes [8]], and usually depend
on problem parameters that are often unavailable, such as the Lipschitz constant of the gradient. As a
result, a heavy tuning of the stepsize parameter is required, which is typically expensive in practice.

Instead of fixing the stepsize schedule, adaptive SGD methods adjust the stepsize on the fly [[15} 26].
These algorithms often require less hyper-parameter tuning and still enjoy competitive performance in
practice. Stochastic Polyak Stepsize (SPS) [34, 6} 45] is one of such recent advances. It has received
rapid growing interest due to two factors: (i) the only required parameter is the individual optimal
function value which is often available in many machine learning applications and (ii) its adaptivity
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utilizes the local curvature and smoothness information allowing the algorithm to accelerate and
converge quickly when training over-parametrized models. Stochastic Line-Search (SLS) [52] is
another adaptive stepsize that offers exceptional performance when the interpolation condition holds.
In contrast to SPS, the knowledge of the optimal function value is not required for SLS, at the cost of
additional function value evaluations per iteration.

An ideal adaptive stepsize should not only require fewer hyper-parameters but should also enjoy robust
convergence, in the sense that they can automatically adapt to the optimization setting (interpolation
vs. non-interpolation). This will bring great convenience to the users in practice as they no longer
need to choose which method to use (or runinning both of them at double the cost). Indeed, in many
real-world scenarios, it can be challenging to ascertain whether a model is effectively interpolating
the data or not [11]. For instance, the feature dimension of the rcvl dataset [10] is twice larger
than the number of data points. A logistic regression model with as many parameters as the feature
dimension may tend to overfit the data points. But the features are actually sparse and the model
is not interpolated. Another example is federated learning [23]] where millions of clients jointly
train a machine learning model on their mobile devices, which usually cannot support huge-scale
models. Due to the fact that each client’s data is stored locally, it becomes impractical to check the
interpolation condition.

While SPS and SLS are promising adaptive methods, they are not robust since both methods cannot
converge to the solution when interpolation does not hold. Orvieto et al. [44] address this issue for
SPS by applying an artificially decreasing rule and the resulting algorithm DecSPS is able to converge
as quickly as SGD with the optimal stepsize schedule. However, the convergence rates of DecSPS in
interpolation regimes are much slower than SPS. For SLS, no solution has been proposed.

If the user is certain that the underlying problem is non-interpolated, then applying variance-
reduction (VR) techniques can further accelerate the convergence [22, 40, [13} 27, 49, 33]]. While
gradient descent with Polayak stepsize and line-search perform well in the deterministic settings, there
exists no method that successfully adapt these stepsizes in VR methods. Mairal [36] and Schmidt
et al. [49] proposed to use stochastic line-search with VR. However, no theoretical guarantee is shown.
Indeed, this is a challenging open question as Dubois-Taine et al. [[14] provides a counter-example
where classical line-search methods fail in the VR setting. As such, it remains unclear whether we
can accelerate SGD with stepsizes from Polyak and line-search family in non-interpolated settings.

1.1 Main contributions

In this work, we provide solutions to the aforementioned two challenges and contribute new theoretical
insights on Polyak stepsize and line-search methods. We summarize our main contributions as follows:

* In Section[3] we propose the first robust adaptive methods that simultaneously achieve the best-
known asymptotic rates in both strongly-convex or convex and interpolation or non-interpolation
settings except for the case when we have strongly-convexity and non-interpolation. The first
method called AdaSPS, a variant of SPS, requires only a lower bound of the optimal function value
as input (similar to DecSPS) while AdaSLS, the second method based on SLS, is parameter-free.
In the non-interpolated setting, we prove for both algorithms an O(1/e?) convergence rate for
convex functions which matches the classical DecSPS and AdaGrad [[15] results, whereas SPS and
SLS cannot converge in this case. In the interpolated regime, we establish fast O(log(1/¢)) and
O(1/e) rates under strong convexity and convexity conditions respectively, without knowledge of
any problem-dependent parameters. In contrast, DecSPS converges at the slower O(1/¢?) rate and
for AdaGrad, the Lipschitz constant is needed to set its stepsize [56].

* In Sectionfd] we design a new variance-reduction method that is applicaple to both Polyak stepsizes
or line-search methods. We prove that to reach an c-accuracy, the total number of gradient
evaluations required in expectation is O(n + 1/¢) for convex functions which matches the rate of
AdaSVRG [14]. With our newly proposed decreasing probability strategy, the artificially designed
multi-stage inner-outer-loop structure is not needed, which makes our methods easier to analyze.

Our novel VR-framework is based on proxy function sequences and can recover the standard VR
methods [22]] as a special case. We believe that this technique can be of independent interest to the
optimization community and may motivate more personalized VR techniques in the future.



Stepsize Interpolation Non-interpolation

strongly-convex convex required input strongly-convex conve)ﬂ required input
SPS/SPS .y [34] O(log(L)) o) It e>Qotg) > otp) It
SLS [52] (log(é)) (’)(é) None e> Q(O‘%B) e> Q(a/% B) None
DecSPS [44] 0(%) o(%) &, o(%) O(%) &,
AdaSPS (this work) O(log(1)) o) I o(%) o(%) o,
AdaSLS (this work) O(log(1)) o) None 0(%) o(%) None

“The assumption of bounded iterates is also required except for SPS and SLS.

Table 1: Summary of convergence behaviors of the considered adaptive stepsizes for smooth functions. For
SPS/SPSmax and SLS in non-interpolation settings, {(-) indicates the size of the neighborhood that they can
converge to. In the other cases, the O(+) complexity provides the total number of gradient evaluations required
for each algorithm to reach an O(e) suboptimality. For convex functions, the suboptimality is defined as
E[f(Xr) — f*] and for strongly convex functions, the suboptimality is defined as E[||x7 — x*||?].

strongly-convex-+tinterpolation strongly-convex+non-interpolation convex+interpolation convex-+non-interpolation
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Figure 1: Illustration of the robust convergence of AdaSPS and AdaSLS on synthetic data with quadratic
loss. SPS and SLS have superior performance on the two interpolated problems but cannot converge when the
interpolation condition does not hold. DecSPS suffers from a slow convergence on both interpolated problems.
(Repeated 3 times. The solid lines and the shaded area represent the mean and the standard deviation.)

1.2 Related work

Line-search procedures has been successfully applied to accelerate large-scale machine learning
training. Following [52]], Galli et al. [[16] propose to relax the condition of monotone decrease of
objective function for training over-parameterized models. Kunstner et al. [30] extends backtracking
line-search to a multidimensional variant which provides better diagonal preconditioners. In recent
years, adaptive stepsizes from the AdaGrad family have become widespread and are particularly
successful when training deep neural networks. Plenty of contributions have been made to analyze
variants of AdaGrad for different classes of functions [[15 51} 431155 156]], among which Vaswani
et al. [53]] first propose to use line-search to set the stepsize for AdaGrad to enhance its practical
performance. More recently, variance reduction has successfully been applied to AdaGrad stepsize
and faster convergence rates have been established for convex and non-convex functions [14} 23]

Another promising direction is the Polyak stepsize (PS) [45] originally designed as a subgradient
method for solving non-smooth convex problems. Hazan and Kakade [20] show that PS indeed
gives simultaneously the optimal convergence result for a more general class of convex functions.
Nedi¢ and Bertsekas [38]] propose several variants of PS as incremental subgradient methods and
they also discuss the method of dynamic estimation of the optimal function value when it is not
known. Recently, more effort has been put into extending deterministic PS to the stochastic setting
[47. 16} 42]]. However, theoretical guarantees of the algorithms still remain elusive until the emergence
of SPS/SPS.x [34]. Subsequently, further improvements and new variants such as DecSPS [44]
and SPS with a moving target [17] have been introduced. A more recent line of work interprets
stochastic Polyak stepsize as a subsampled Newton Raphson method and interesting algorithms
have been designed based on the first-order local expansion [[17, [18] as well as the second-order
expansion [31]]. Wang et al. [54] propose to set the stepsize for SGD with momentum using Polyak
stepsize. Abdukhakimov et al. [1]] employ more general preconditioning techniques to SPS.



There has been a recent line of work attempting to develop methods that can adapt to both the
interpolation setting and the general growth condition beyond strong convexity. Using the iterative
halving technique from [3]], Cheng and Duchi [11]] propose AdaStar-G which gives the desired
property if the Lipschitz constant and the diameter of the parameter domain are known. How to
remove these requirements is an interesting open question for the future research.

2 Problem setup and background

2.1 Notations

In this work, we consider solving the finite-sum smooth convex optimization problem:

min lf(x) = % > fi(x)l : ()

This type of problem appears frequently in the modern machine learning applications [[19], where each
fi(x) represents the loss of a model on the i-th data point parametrized by the parameter x. Stochastic
Gradient Descent (SGD) [46] is one of the most popular methods for solving the problem (T)). At
each iteration, SGD takes the form:

X1 = X¢ — 0V fi, (Xt) (2)
where 7, is the stepsize parameter it C [n] is a random set of size B sampled independently at each
iteration t and V f;, (x) = § >_,c,, Vfi(x) is the minibatch gradient.

Throughout the paper, we assume that there exists a non-empty set of optimal points X* C R¢, and
we use f* to denote the optimal value of f at a point x* € X*. We use f7 to denote the infimum
of minibatch function f;, (), i.e. f} = infycra 5 Y ;e i, fi(x). We assume that all the individual
functions { f;(x)} are L-smooth. Finally, we denote the optimal objective difference, first introduced
in [34], by O'J%’ g = J* — Ei,[f{]. The definitions for the interpolation condition can be defined
and studied in various ways [48, 9, 4, [11]. Here, we adopt the notion from [34]]. The problem (II])
is said to be interpolated if a?,l = 0, which implies that O’J%, 5 = 0 forall B < n since 012[_’ B is
non-increasing w.r.t B. Note interpolation implies that the global minimizer of f is also a minimizer
of each individual function f;.

2.2 SGD with stochastic polyak stepsize

Sy (x¢)— f

Loizou et al. [34] propose to set the stepsize 7; as: 1y = 2W’ which is well known as the

Stochastic Polyak stepsize (SPS). In addition to SPS, they also propose a bounded variant SPS, .«

which has the form 7, = min{QM, fyb} where v;, > 0. Both algorithms require the input

of the exact f which is often unavailable when the batch size B > 1 or when the interpolation
condition does not hold. Orvieto et al. [44] removes the requirement for f and propose to set 7; as:

¢
N = \/tlT min { |{vt](th()xt)||2 V- 1} for t > 1 (DecSPS), where g > 0 is a constant and £} is an

mput lower bound such that £, < f*. In contrast to the exact optimal function value, a lower bound
£, is often available in practlce in partlcular for machine learning problems when the individual loss
functlons are non-negative. We henceforth denote the estimation error by:

errfB =K, [f; — (] 3)

For convex smooth functions, SPS achieves a fast convergence up to a neighborhood of size Q(J]%, B)
and its variant SPS,,,, converges up to Q(a% 5/ @) where a = min{%, v }. Note that the size
of the neighborhood cannot be further reduced by choosing an appropriate y,. In contrast, DecSPS
converges at the rate of O(1/+/T') which matches the standard result for SGD with decreasing stepsize.
However, the strictly decreasing ©(1/+/t) stepsize schedule hurts its performance in interpolated
settings. For example, DecSPS has a much slower O(1/+/T) convergence rate compared with the
fast O(exp(—T'u/L)) rate of SPS when optimizing strongly-convex objectives. Therefore, both
algorithms do not have the robust convergence property (achieving fast convergence guarantees in
both interpolated and non-interpolated regimes) and we aim to fill this gap. See FigureI]for a detailed
illustration of the non-robustness of SPS and DecSPS.



3 Adaptive SGD with polyak stepsize and line-search
In this section, we introduce and analyze two adaptive algorithms to solve problem ().

3.1 Proposed methods
AdaSPS. Our first stepsize is defined as the following:

it X —E: ]_ .
7y = min fiu(x1) ! sMe—1 ¢ , Wwithn_; =400, (AdaSPS)

llVIGll® /5 g ) — 2

where £7, is an input parameter that must satisfy £, < f* and ¢, > 0 is an input constant to adjust
the magnitude of the stepsize (we discuss suggested choices in Section 3)).

AdaSPS can be seen as an extension of DecSPS. However, unlike the strict ©(1/+/%) decreasing
rule applied in DecSPS, AdaSPS accumulates the function value difference during the optimization
process which enables it to dynamically adapt to the underlying unknown interpolation settings.

AdaSLS. We provide another stepsize that can be applied even when a lower bound estimation is
unavailable. The method is based on line-search and thus is completely parameter-free, but requires
additional function value evaluations in each iteration:

7 = min i sM—1 P with n_; = 400, (AdaSLS)

/Sl IV i, (012

where ¢; > 0 is an input constant, and the scale 7, is obtained via stardard Armijo backtracking
line-search (see Algorithm [ for further implementation details in the Appendix [D) such that the
following conditions are satisfied:

fir (e =%V fi, (x0)) < fio (xe) = p0el |V fi(xo)]? and - 5 < maxs 0<p <1, (4)
for line-search parameters fyrmx and p. By setting the decreasing factor 3 > 1 5 defined in Algorithm
one can show that v, > mm( L Ymax). We give a formal proof in Lemmaﬂ in Appendix

Discussion. Our adaptation mechanism in AdaSPS/AdaSLS is reminiscent of AdaGrad type methods,
in particular to AdaGrad-Norm, the scalar version of AdaGrad, that aggregates the gradient norm in
the denominator and takes the form 7, = . Cs where ¢, > 0 and b3 > 0.
VLo IV fig (x) 12463

The primary distinction between AdaSPS and AdaSLS compared to AdaGrad-Norm is the inclusion
of an additional component that captures the curvature information at each step, and not using squared
gradient norms in AdaSPS. In contrast to the strict decreasing behavior of AdaGrad-Norm, AdaSPS
and AdaSLS can automatically mimic a constant stepsize when navigating a flatter region.

Vaswani et al. [53] suggest using line-search to set the stepsize for AdaGrad-Norm which takes the
form n; = - where v, < 7,_; is required for solving non-interpolated convex
Vs, Hszs (xa)1]2

problems. While this stepsize is similar to AdaSLS, the scaling of the denominator gives a suboptimal
convergence rate as we demonstrate in the following section.

3.2 Convergence rates

In this section, we present the convergence results for AdaSPS and AdaSLS. We list the helpful
lemmas in Appendix [A] The proofs can be found in Appendix B}

General convex. We denote X' to be a convex compact set with diameter D such that there exists a
solution x* € X and sup, ¢ ||x — y|[> < D?. We let Iy denote the Euclidean projection onto
X. For general convex stochastic optimization, it seems inevitable that adaptive methods require the
bounded iterates assumption or an additional projection step to prove convergence due to the lack
of knowledge of problem-dependent parameters [12} [15]. Here, we employ the latter solution by
running projected stochastic gradient descent (PSGD):

X1 = Hx (x¢ — eV fi, (x4))- Q)



Theorem 1 (General convex). Assume that [ is convex, each f; is L-smooth and X is a convex
compact feasible set with diameter D, PSGD with AdaSPS or AdaSLS converges as:

/2 2
Tp\/OF,B —|—errfyB

da c Elf(xr) — £~ ’
(AdaSPS) : E[f(x7) — f*] < JT (©6)

+

Nl

[ V)

(AdaSLS) : E[f(xr) — f*] < % 4 Tl\f;%B ’

where X = % Zthfol Xy, Tp = (QCPLD2 + i) and 1, = max{m, m}qDQ + c;iﬁ'

As a consequence of Theorem |1} if err% B = O'J%, 5 = 0, then PSGD with AdaSPS or AdaSLS

1 . . . . _ 1 _ ,/1_p

converges as O( ). SUPPOse Tmax is sufficiently large, then picking cy = Yo and ¢} = DT
2 %2

gives a O(££-) rate under the interpolation condition, which is slightly worse than M

obtained by SPS and SLS but is better than O(L—\/D;) obtained by DecSPS. If otherwise 0% 5 >0,

then AdaSPS, AdaSLS, and DecSPS converge as O(1/+/T) which matches the rate of Vanilla SGD
with decreasing stepsize. Finally, AdaGrad-Norm gives a similar rate in both cases while AdaGrad-

Norm with line-search [53] shows a suboptimal rate of O(Z 3TD S vk \L/;/ fo ). It is worth noting that

SPS, DecSPS and SLS require an additional assumption on individual convexity.

Theorem 2 (Individual convex+interpolation). Assume that f is convex, each f; is convex and

cxvale Csrale

» dec = il
Va0 T T el oy o)
with constants c;"”le > 1 and cl‘m[e > 1, then for any T > 1, SGD (no projection) with AdaSPS or
AdaSLS converges as:

L-smooth, and that errfc’ B = U]% 5 = 0, by setting c, =

< * scale\2 o . ||X0_X*H2 LHXO_X*H2
(AdaSPS) E[f(xr) — f*] < <4L<cp )’ Eq, [ Fo o) f*} T D
and
N () [ ko —x*|I* 7 Lllxo — x*||?
(AdaSLS) E[f(xr)— f*] < <,03Lmin2{1zp,7max} IOLYOHVfiU(XONP} T .
(3)

| T
where Xp = £ 3,1 X¢.

The result implies that the bounded iterates assumption is not needed if we have both individual
convexity and interpolation by picking ¢, and ¢; to satisfy certain conditions that do not depend on
unknown parameters. To our knowledge, no such result exists for stepsizes from the AdaGrad family.
It is worth noting that the min operator defined in AdaSPS or AdaSLS is not necessary in the proof.

Remark 3. We note that for non-interpolated problems, AdaSPS only requires the knowledge
of U5, while the exact f} is needed under the interpolation condition. We argue that in many
standard machine learning problems, simply picking zero will suffice. For instance, f} = 0 for
over-parameterized logistic regression and after adding a regularizer, {7, = 0.

Strongly convex. We now present two algorithmic behaviors of AdaSPS and AdaSLS for strongly
convex functions. In particular, We show that 1) the projection step can be removed as shown in
DecSPS, and 2) if the interpolation condition holds, the min operator is not needed and the asymptotic
linear convergence rate is preserved. The full statement of Lemma[d]can be found in Appendix

Lemma 4 (Bounded iterates). Let each f; be u-strongly convex and L-smooth. Foranyt =0, ..., T,
the iterates of SGD with AdaSPS or AdaSLS satisfy: ||x; — x*||?> < Dmax, for a constant Dy
specified in the appendix in Equation (B.16).

Corollary 5 (Individual strongly convex). Assume each f; is p-strongly convex and L-smooth,
Theoremholds with PSGD and D replaced by SGD and D, .« defined in Lemma

Although it has not been formally demonstrated that AdaGrad/AdaGrad-Norm can relax the assump-
tion on bounded iterates for strongly convex functions, we believe that with a similar proof technique,
this property still holds for AdaGrad/AdaGrad-Norm.



We next show that AdaSPS and AdaSLS achieve linear convergence under the interpolation condition.

Theorem 6 (Strongly convex + individual convex + interpolation). Consider SGD with AdaSPS
or AdaSLS stepsize. Suppose that each f; is convex and L-smooth, f is ji-

5 alr' -ale
C;mh

2 2
strongly convex and that 0 g = erry g = 0. If we let ¢;, = \/(Tf*g and c; = PN

with constants c‘;"“le > 1and c‘l‘"“le > 1, then AdaSPS or AdaSLS converges as:

(1- L _f*m) )T]IXO—X*IIQ, ©)

(QC.Iv)caleL‘ |XO _ X*H 2

(AdaSPS) E[||xr11 — x*||?] < E4,

and

3 . 271—p 2
* P min { y Ym x}'yOHVfl (XO)H T *
(AdaSLS) E[||xr.1—x*||?] < E;, [(1— ( Sfale”xd— peri - ) [Ix0—x"[|* .

(10)

The proof of Theorem [f]is presented in Appendix We now compare the above results with
the other stepsizes. Under the same settings, DecSPS has a slower O(1/v/T) rate due to the usage
of ©(1/+/t) decay stepsize. While AdaGrad-Norm does have a linear acceleration phase when the
accumulator grows large, to avoid an O(1/¢) slow down, the parameters of AdaGrad-Norm have to
satisfy ¢y < bo/L, which requires the knowledge of Lipschitz constant [56]]. Instead, the conditions
on ¢, and ¢; for AdaSPS and AdaSLS only depend on the function value and gradient norm at xg
which can be computed at the first iteration. SPS, SLS, and Vannilia-SGD with constant stepsize
achieve faster linear convergence rate of order O (exp(— %T)) It is worth noting that Vannila-SGD
can further remove the individual convexity assumption.

Discussion. In non-interpolation regimes, AdaSPS and AdaSLS only ensure a slower O(1/+/T)
convergence rate compared with O(1/T') rate achieved by vanilla SGD with ©(1/¢) decay stepsize
when optimizing strongly-convex functions [7]. To our knowledge, no parameter-free adaptive
stepsize exists that achieves such a fast rate under the same assumptions. Therefore, developing an
adaptive algorithm that can adapt to both convex and strongly-convex functions would be a significant
further contribution.

4 AdaSPS and AdaSLS with variance-reduction

Combining variance-reduction (VR) with adaptive Polyak-stepsize and line-search to achieve acceler-
ation is a natural idea that has been explored in the last decade [49 36]]. However, it remains an open
challenge as no theoretical guarantee has been proven yet. Indeed, Dubois-Taine et al. [14] provide a
counter-example for intuitive line-search methods. In Appendix [E| we provide counter-examples of
the classical SPS and its variants. The reason behind the failure is the biased curvature information
provided by f;, that prevents global convergence. In this section, we introduce a novel framework to
address this issue. Since there exists many variance-reduced stochastic gradient estimators, we focus
on the classical SVRG estimator in this section, and our framework also applies to other estimators
such as SARAH [40].

4.1 Algorithm design: achieving variance-reduction without interpolation

It is known that adaptive methods such as SPS or SLS converge linearly on problems where the
interpolation condition holds, i.e. f(x) withos g = 0.

For problems that do not satisfy the interpolation condition, our approach is to transition the problem
to an equivalent one that satisfies the interpolation condition. One such transformation is to shift each
individual function by the gradlent of fi(x) at x*, i.e. Fj(x) = fi(x) — xTV fi(x*). In this case
f(x) can be wrltten as f(x) =13 | Fi(x) due to the fact that = > | V f;(x*) = 0. Note that
VFE;(x*) =Vfi(x*) -V fl SL 0 which 1mphes that each F;(x) shares the same minimizer and
thus the mterpolatlon condition is satisfied (o2 7.1 = 0). However, V fi(x*) is usually not available at
hand. This motivates us to design the following algorithm.



Algorithm 1 (Loopless) AdaSVRPS and AdaSVRLS

Require: xg € RY, pup > 0,¢, >0o0rc¢; >0
1: set wg = Xg, )—1 = +00
2: fort =0toT —1do
3: uniformly sample i; C [n]

& seUF,(X) = fi, (%) + xT(VF(wi) = Vi, (wo)) + BE[x — x|

) . Fi, (x¢)—Fy, 1
5: m = mln{ IV, (x0)|[2 \/ZZ:O F, (o) Fy, ;nt—l} (AdaSVRPS)

. — . 1} (Ad SVRLS
e = M s S e 1y (Ada I
7: X¢41 = Hx (Xt - ntvFit (Xt))

w;  with probability 1 — p;41
8: Wip1 = . J

x;  with probability p;y1

1 T—1
9: return Xy = 5 ) ;g Xi

4.2 Algorithms and convergence

Inspired by the observation, we attempt to reduce the variance of the functions O'J% g by constructing

a sequence of random functions {F}, (x)} such that 01 A 0 as x; — x*. However,
Fi,

directly applying SPS or SLS to {F}, (x)} still requlres 'the knowledge of the Lipschitz constant to
guarantee convergence. This problem can be solved by using our proposed AdaSPS and AdaSLS.
The whole procedure of the final algorithm is summarized in Algorithm T}

At each iteration of Algorithm [T} we construct a proxy function by adding two quantities to the
minibatch function f;, (x), where 4 ||x — x¢||? is a proximal term that helps i improve the inherent
stochasticity due to the partial 1nf0rmat10n obtained from f;, (x). The additional inner product
quantity is used to draw closer the minimizers of f;, (x) and f(x). Following [27, [33]], the full
gradient is computed with a coin flip probability. Note that Algorithm|[I]still works with 7, replaced
with SVRG and AdaSVRG stepsize since VF;, (x:) = Vf;, (x¢) — V fi,(we) + V f(w), and thus
this framework can be seen as a generalization of the standard VR methods. A similar idea can also
be found in the works on federated learning with variance-reduction [32} 2} 24, |37, 150].

Theorem 7. Assume each fi is convex and L smooth and X is a convex compact feasible set with
diameter D. Let py = with) <a < 1. Algorlthmconverges as:

at+1
2 I (e , 132
(AdaSVRPS) E[f(%r) - /] € — 2 (26 (L+pp)D*+—) ", (1D
14
AdaSVRLS) E[f (X X < 1+ﬁ L+ pp 1 1 -
paannss) e 17« = (o s b ) - 00

where Xp = = Zt o Xt

Suppose Ymax is sufficiently large, then picking uj. = O(L), ¢ = O(ﬁ) and ¢ = O( Z)’;)

yields an (’)(LTDZ) rate which matches the O( rate of full-batch gradient descent except
for a larger term D? due to the lack of knowledge of the Lipschitz constant.

Ll|xo—x*|? )
T

Corollary 8. Under the setting of Theorem|[7} given an arbitrary accuracy ¢, the total number of
gradient evaluations required to have E[f (X1) — f*] < € in expectation is O(log(1/e)n + 1/e).

The proved efficiency of stochastic gradient calls matches the optimal rates of SARAH [40]/SVRG
and AdaSVRG [14] but removes the artificially designed inner and outer loop size. However, note that
Algorithm|[T]requires an additional assumption on individual convexity. Unfortunately, we believe this

2where 7: is obtained via the Armijo backtrackmg line-search (Algorithm ' which satisfies: Fj, (x¢ —
YV Fi (xt)) < Fiy (x¢) = pyel [V Ei, (%0)]] and 7 < Y.
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assumption is necessary for the VR methods to work for the algorithms in the Polyak and line-search
family since SPS/SLS has to assume the same condition for the proof in the interpolation settings.

Discussion. The classical SVRG with Armijo line-search (presented as Algorithm 6 in [14]) employs
the same gradient estimator as SVRG but chooses its stepsize based on the returning value of
line-search on the individual function f;. Similarly, SVRG with classical Polyak stepsize uses the
individual curvature information of f; to set the stepsize for the global variance-reduced gradient.
Due to the misleading curvature information provided by the biased function f;, both methods
have convergence issues. In constrast, Algorithm (1| reduces the bias by adding a correction term
xT(Vf(w¢) — Vfi,(w)) with global information to f; and then applying line-search or Polyak-
stepsize on the variance-reduced functions F;,. This difference essentially guarantees the convergence.

5 Numerical evaluation

In this section, we illustrate the main properties of our proposed methods in numerical experiments. A
detailed description of the experimental setup can be found in Appendix [F] We report the theoretically
justified hyperparameter c‘;fale or c?“‘le as defined in Theorem [6|rather than ¢, or ¢; in the following.

Synthetic data. We illustrate the robustness property on a class of synthetic problems. We consider
the minimization of a quadratic of the form: f(x) = = """ | fi(x) where fi(x) = 3(x—b;)TA4;(x—
b;), b; € R? and A; € R is a diagonal matrix. We use n = 50, d = 1000. We can control the
convexity of the problem by choosing different matrices A;, and control interpolation by either setting
all {b;} to be identical or different. We generate a strongly convex instance where the eigenvalues of
V2 f(x) are between 1 and 10, and a general convex instance by setting some of the eigenvalues to
small values close to zero (while ensuring that each V2 f;(x) is positive semi-definite). The exact
procedure to generate these problems is described in Appendix [F

For all methods, we use a batch size B = 1. We compare AdaSPS and AdaSLS against DecSPS [44],
SPS [34]] and SLS [52] to illustrate the robustness property. More comparisons can be found in
Appendix We fix c;wle = e = 1 for AdaSPS/AdaSLS and use the optimal parameters for
DecSPS and SPS. In Figure[I] we observe that SPS does not converge in the non-interpolated settings
and DecSPS suffers from a slow O(1/+/T) convergence on the two interpolated problems. AdaSPS
and AdaSLS show the desired convergence rates across all cases which matches the theory. When the
problems are non-interpolated, AdaSVRPS and AdaSVRLS illustrate faster convergence, which can
be seen in Figure 2]

Binary classification on LIBSVM datasets. We experiment with binary classification on four diverse
datasets from [10]. We consider the standard regularized logistic loss: f(x) = % Z:’:l log(1 +
exp(—y; - al x)) + 5 |[x||* where (a;,y;) € RT! are features and labels. We defer the study of
variance-reduction methods to Appendix[F.2)for clarity of presentation. We benchmark against popular
optimization algorithms including Adam [26]], SPS [34], DecSPS [44], SLS [52]] and AdaGrad-

Norm [15]. We fix cifale = ¢ = 1 for AdaSPS/AdaSLS and pick the best learning rate from

{10},=_4 3 for SGD, Adam and AdaGrad-Norm. We observe that Adam, SPS and SLS have
remarkable performances on duke with n = 48 and d = 7129, which satisfies interpolation. AdaSPS
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and AdaSLS consistently perform reasonably well on the other three larger datasets. It is worth noting

that the hyper-parameters c;fale and ¢{°° are fixed for all the datasets, which is desired in practice.

Deep learning task. We provide a heuristic extension of AdaSPS to over-parameterized non-convex
optimization tasks to illustrate its potential. We benchmark the convergence and generalization
performance of AdaSPS (DL) 5] for the multi-class classification tasks on CIFAR10 [28] and CI-
FAR100 [29] datasets using ResNet-34 [21]]. More experimental details can be found in Appendix [G]
We demonstrate the effectiveness of AdaSPS (DL) in Figure@

Discussion. AdaSPS and AdaSLS consistently demonstrate robust convergence across all tasks and
achieve performance on par with, if not better than, the best-tuned algorithms. Consequently, it is
reliable and convenient for practical use.

6 Conclusion and future work

We proposed new variants of SPS and SLS algorithms and demonstrated their robust and fast
convergence in both interpolated and non-interpolated settings. We further accelerate both algorithms
for convex optimization with a novel variance reduction technique. Interesting future directions may
include: accelerating AdaSPS and AdaSLS with momentum, developing effective robust adaptive
methods for training deep neural networks, designing an adaptive algorithm that gives a faster rate
O(1/T) under strong convexity, extensions to distributed and decentralized settings.
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Appendix

A Technical Preliminaries

A.1 Basic Definitions

‘We use the following definitions throughout the paper.
Definition 1 (convexity). A differentiable function f : R® — R is convex if V x,y € R?,

F) 2 f) +(Vix),y —%) . (A.D)

Definition 2 (strong convexity). A differentiable function f : R® — R is p-strongly convex if ¥V x,y € R?
F) 2 FG) +(VIG0,y =) + Gl =yl (A2)
Definition 3 (L-smooth). Let function f : R? — R be differentiable. f is smooth if there exists L > 0 such that

vV x,y € RY
IVf(x) = Vi) < Llx =yl - (A3)

A.2 Useful Lemmas

We frequently use the following helpful lemmas for the proof.

Lemma 9 (Nesterov [39]], Lemma 1.2.3). Definition[3|implies that there exists a quadratic upper bound on f:

F¥) < £+ (V76 y =) |+ Zlly —xIF vy € R (A%

Lemma 10 (Nesterov [39], Theorem 2.1.5). If a convex function f satisfies (A.4), then it holds that:

T 2 16+ (V160 y = %) | + 5 [9() = VI ¥,y € R, (A5)

Lemma 11 (Ward et al. [S5]]). For any non-negative sequence ao, ..., aT, the following holds:

(A.6)

If ap > 1, then the following holds:

T T
Yo et <log(>la) + 1. (A7)
t=0

Proof. To show equation (A.6), we proceed with the proof by induction. For ¢ = 0, (A.6) holds trivially since
Vao < \/ag < 2y/ag. Assume equation holds for ' — 1. For RHS, we have:

T—1
at ar ar
+ <2 a + —F/——
S a T - T
t=0 £—i=0 "1 D im0 @i t=0 D im0 @i

=2, —ar+ _ar (A.8)
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where the last inequality is due to the fact that 2,/ — y + \yf < 24/x for any z > y > 0. For LHS, we have:

ar

— > Z ar + —
D im0 @i \/ Zz o @i

Zat*aT+7
\/Zt 0 at

T

Zat.

t=0

where the last inequality is due to the fact that \/z — v+ 5 - > Vz forany z >y > 0.

M7
]

(A.9)

%

We next show equation (A7) by induction. For ¢ = 0, equation (A7) trivially holds since 1 < log(ao) + 1.
Assume (A7) holds for T — 1, we have:
T _
< log( T4
Z Z’L —o @i Z Zz o @i

t=0

(A.10)

M’*] Il

<log(» ar)+1.

~
Il
<}

where the last inequality is due to the fact that log(z — y) + £ < log(x) for any z > y > 0 since e <

1+

. O
1—¥
T z2

x

Lemma 12 (Dubois-Taine et al. [14] Lemma 5]). If z? < a(z + b) fora > 0 and b > 0, then it holds that:
z<a+Vab. (A.11)

The following Lemma is an extension of Lemma 5 in [44].

Lemma 13. Let z:41 < (1 —ane)ze +ntband z: > 0 where a > 0, b > 0and ny > 0,m¢41 < 1, VYt > 0. It
holds that:

z < max{g,zomob}, Vt>0. (A.12)

Proof. Since 1, is non-increasing, 1 — an; < 0 is non-decreasing. For any ¢ > 0 such that 1 — an; < 0, we
have z¢+1 < mb < mob. If 1 — an, < 0 for all ¢ > 0, then the proof is done. Otherwise, let us assume there
exists a first index j such that 1 — an; > 0 and we have z; < max{zo, nob} := Zo. We proceed with the proof
starting with the index j by induction. For ¢ = j, the lemma trivially holds. Let us assume z; < max{g, Zo}

fort > j. If % > Zo, then by induction, we have:

a0 —an) tmb="1 (A13)
a a
If instead g < Zo, then by induction, we have:
ze41 < (1 —ang)Zo + neb = 2o — e(aZo — b) < Zo . (A.14)
Combining the above cases concludes the proof. O

The following lemma is commonly used in the works on Polyak stepsize (34} 20].

Lemma 14. Suppose a function f is L-smooth and p-strongly convex, then the following holds:

L _fe-f 1

— <l < (A.15)
2L~ IVFX)I? ~ 2p
The following lemma provides upper and lower bounds for the stepsize of AdaSPS.
Lemma 15. Suppose each f; is L-smooth, then the stepsize of AdaSPS (AdaSPS) satisfies:
1 ! <y < S0 — L, ! (A.16)

2¢, L \/Zi:o fio (o) £ epl|V fi, (x4)|] \/Zi:o fi (xs) — €2,
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Proof. The upper bound follows from the definition of the stepsize (AdaSPS). To prove the lower bound, we

. 5 . fig(xs)—€F 1
A P sy 77 s —_
note that the stepsize (AdaSPS) is composed of two parts where the first component TN RN 5e,T
all 0 < s < t due to (A1), and the second component is always decreasing. Finally, recall that n—; = 400

and thus the proof is completed. O

for

The following lemma provides upper and lower bounds for the stepsize of AdaSLS. We refer to Appendix D] for
details of the line-search procedure.

Lemma 16. Suppose each f; is L-smooth, then the stepsize of AdaSLS satisfies:
1-— 1
min{ . p,’ymax} < < e : (A.17)
t t
e/ eIV fi () 1 e/ o IV fi () 2
Proof. The upper bound is due to the definition of the stepsize (AdaSLS). We next prove the lower bound. From
the smoothness definition, the following holds for all ~;:
_ e 2. B + L2t ()2 (A.18)
fir (ke =V fir (xe)) = fir (x0) = el [V fio () |I” + 532 11V i ()| - :

Forany 0 < v < (1 £ we have:

Fir (%0 — %V fi, (x0)) < fir (x¢) — pyel|V i (x0)]]? (A.19)

which satisfies the line-search condition (). From the procedure of Backtracking line-search (Alg. E), if
Ymax < 1;—” then ¢+ = ~ymax is accepted. Otherwise, since we require the decreasing factor 5 to be no

smaller than 5 in Algorithm I we must have ¢ > M Therefore, v is always lower bounded by

mln{ T ,fymax} The second component of AdaSLS is always decreasing, and recall that n—1 = +o00. The
proof is thus completed. O

B Proofs of main results

B.1 Proof of Theorem[Il

Proof. We follow a common proof routine for the general convex optimization [[15 14} 44]. Using the update
rule of PSGD (@), we have:

[Ixe4r = x||* = [T (e = 7V fiy (xe)) = T (x|
< e =16V fi (xe) — x| (B.1)
= |xe = x| = 200(V fi, (x0), %0 = x") + 07|V fi, (x0) ||
Dividing by 27, and rearranging gives:
(Vfir(xe), % — x7)

[Ixe = x*|1 [lxesr = x*[* e 2
e =X e = x| [ = X e — X[ + T fo ()2
2me 21141 2741 2n¢ 2 ‘t

Summing from¢t =0tot =T — 1, we get:
T—1

(Vi (x¢),x¢ —x")
t=0

T71||X—*2 v *12 v *|12 v *[2
< e = XTI =X e = X e = XTI e o 2

=0 e Me+1 MNe+1 Mt

T—2
lIxo = x*|1 _ lxr —x*|* | [lxr —x*[1*_ [lxr — x*| 1
- + - + 24 Vfi (x
> 27]0 277T 2T]T 277T—1 2(277754-1 277t Z H ft t H
T—1

%o —x*||* _ |lxr —x*|]* | [lxr —x"|* = D? e 2
< - Dthw
- 210 2nr * 2nr N 2n7-1 + Z 2 1V F Geol

t=0
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T-1
[|x0 — X*H2 D? Mt 9
= + + IV fir (x )
o gy 2 B IV

(B.3)
where in the second inequality, we use the decreasing property of the stepsize 7; which guarantees Q—i]t — ﬁ >
0, and we use the fact that ||x; — x*||> < D? because of the projection step in (5). For clarity, we next separate
the proof for AdaSPS and AdaSLS.

AdaSPS: We upper bound the last two terms by using Lemma|[T3]and we obtain

T—1 N
Z ntvazt (x¢) @ Z fin(xt) — 43, @ i

t=0 20,,\/25 o fis (%s) —Z* Cp
and

D o fixo) =, (B4
=0

L

2n7r—1

(B.5)
< _D?

< 5,-— and plugging and back to gives:

_w*12
Using [Ixo0 77); [l

Z Vfi, (x4),%x¢ — x*) < (2¢, LD?
=0

(B.6)
Taking the expectation on both sides, we have

-1 1 T-1
Z E[(Vf(x:), %t — x*)] < (2¢,LD* +
t=0

VB[ X fule) 41

s=0

(B.7)
T—1
= (e LD* + DIE[{| 3 o) = i)+ fi ) - 8]

Using the convexity assumption of f and applying Jensen’s inequality to the square root function, we get

T-1

ST E[f(xi) - f1] < 2, LD* + —

SB[ (x) -

fl+ofpgterriy, (B.8)
where err?’B =B, [ff. — €] Let T := 2¢,LD?

- Taking the square gives:
P

(B — £ <7 (X Elf(x) — £+ (o} +err} )

We next apply Lemmawith v =T Elf(xe) — f(x*)],a=7"and b = T(o%,p +errs g)

T—1
Z]E[f(xt) - < 72 +7’1/0'in +err?73ﬁ.
t=0

(B.10)
We conclude by dividing both sides by 7" and using Jensen’s inequality

(B.9)

Tl - f* 2 T/} p+err?
E[f(xr) — £ < EUT( +) f]<1+ m

- = . B.l]
T /1 ( )
wherexT— T E =0 Xt

AdaSLS: The proof is almost the same as AdaSPS. We omit procedures with the same proof reasons for
simplicity. We first use Lemma([I6]to obtain

T—1 T—1 T—1
& V fi, (x0)|? &3 1

S LIV )P Y %t” fin ()| < o\ VG, B12)

= = 20/ v lIV AL )2 N D

and

D* &« Yoo 1V (x)IPD? max{:L, A-}aD? |
5 \/ - _ 1—p 2’Ymax Z FYsva‘Lé (XS)HQ . (B13)
nr-1 2m1n{%p77max} s=0
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Inequality (B23) can then be further bounded by:

T-1

T-1
N L 1
S (Vi) xe = x) < (max{ ==, —beD? + ) | 37 %lIV i (%) 2
=0 1-— P Ymax Cl 5—0
(B.14)
L 1 , 1
g(max{ , }ch + ) fis (xs)
(L= p)V/P" Ymax\/p c/p ZO
where we used line-search condition (@) and the fact that f;_(x¢ — 1V fi, (xs)) > 1.
Let 7 := max{(1 PN wmaxf}ClD2 CL\F ‘We arrive at:
2
_ N T TOfB
Elf(xT) — < — 4+ = B.15
where X7 = & 31! x¢. -

B.2 Full statement and proof for Lemma 4]

Lemma 17 (Bounded iterates). Let each f; be p-strongly convex and L-smooth. For any t € N, the iterates of
SGD with AdaSPS or AdaSLS satisfy:

2 2O-ma,x + b

||Xi - X*||2 < Dmax := max {HXO —X H (20r2rlax + b)"?O} ) (B.16)

where 02, = max;, {fi,(x*) =43}, b = 1/(4(:2 fio(xo)—éfo> for AdaSPS and o2, :=
maxi, {f,, (") — 1), bi=1/ (180" /30][V oy (0] for AdaSLS,

Proof. By strong convexity of f;,, the iterates generated by SGD satisfy:
[Ixer1 = x"|[7 = | = x||* = 20 (V fi, (x0), %0 = ) + 02 ||V fi, ()|
e 2 () — £ ) + e =) 4 19 £ ()
= (L= nep)|Pee = x| = 20e(fir (x¢) = fio (x*)) + 12|V fi (x2)|* -

We next separate the proofs for clarity.

> (B.17)

AdaSPS: Plugging in the upper bound of 7; in Lemma@ we obtain:
[Ixe+1 = x| |?

(U= mellxe — 312 = 200y (x1) — fir (x7)) 4 mp—— .0 — Lo

cp \/ZZ:O fio(xe) = £,
iy (x1) — €3,
e[Sl i () — €2,
fir(x¢) = &,
e[S fiu () — €,

= (1= mp)|[xe — x7[|* + 200 (fir (x7) = £5,) — 20 (fi, (x0) — €5,) + e

< (L= mep)lxe = x| + 20eommax — 200 (fi, (%) = £5,) 41t
—_———

>0
(B.18)
where 07, 1= max;, {fi,(x*) — £}, }.
We now split the proof into two cases. Firstly, if ¢, \/ St fis(xe) — ;. < 4, then it follows that:
oo L : x ]
fio(x) = €, < (E) and Y fi,(x0) = €5, > fiy(x0) — £, - (B.19)

s=0

Plugging in the above bounds, we have:

[Ixer = x*|1* < (1= me)l[xe = x|1* + 7 (20700 +

1
).
e/ fio (x0) — €5 (520
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We conclude by applying Lemmawith 2= ||x —x*|]% 0= p, b= (202 0k + ﬁ) Secondly,

b/ fig (x0) =L,

if instead ¢ t fi. (x¢) — £ > 1 then we have:
P s=0J1s 1s 2
fio(xe) — &,
Cp \/ZZ:O fis(xe) — e,

and consequently we can apply Lemmawith ze = ||%¢

<0

= )

=20 (fi, (x4) = £3,) + e

(B.21)

L4 =1, b=20m.

AdaSLS: Similarly, by plugging the upper bound of 7; in Lemma[T6] we obtain:
i1 — x|
* * sz X 2
B2 e — X — 200 () — fi () + e 2l VLX)
e/ vl V) 12
fie(xe) = £,
t ) 2
oyl i, ()]
fit, (xt) — fz*f
epy/ o Bl fr ()12

< (X = mep)lxe — ()2 4 200 (i, (X7) = f22) = 200 (fir (x0) = £5) + e

< (1= mep)lxe — X + 2000 man — 200 (fir (x¢) — f,) +e
N—_— ————
>0

(B.22)

where 02,., = max;, {fi, (x*) — f,}. We can then compare clp\/Zi:O ¥s |||V fi, (xs)]|? with § and apply
Lemma|[T3] correspondingly. O

B.3 Proofs for Theorem 2] and

Proof. For clarity, we separate the proofs for AdaSPS and AdaSLS.
AdaSPS: Plugging in the upper bound of 7; in Lemma[T3] we have:

[T [P P R SRS 1) ok A
CP\/ZS ()fls XS) _f

Since cpy/ fio (x0) — f* > 1, (B:23) can be reduced to:
[Ixe1 = x| < e = x*||* = 206(V fi, (50), %0 = X7) + e (fi (30) = [7) - (B.24)
By convexity of f;,, we get:
eess = %12 2 1 = X°112 = e o x0), 0 — X7) (B.25)
Note that (V f;, (x¢), x¢ — x*) > 0 and 7 is non-increasing, we thus get:
o1 — x*|* < e = x*|[* = -1 (V fi, (%), %0 — x7) (B.26)
We first show that 71 is always lower bounded. From equation (B:23)) and using convexity of f;,, we get:

me(fio(xe) = f7) < [lxe = x|° = [|xe1 — x| (B.27)

Summing from¢t =0tot =71 — 1, we get:

S m(fio (xe) = £7) < llxo — x7||* . (B.28)
=0

Using the lower bound of 7, we get:

> fulx -

s=0

fulx) = f* BB .
= 2ch2 \/Z o) — < t ne(fie(xe) — 7). (B.29)
s=0J1%s Xs

1
2¢p L

Il
=

This reveals that:

S oL 1 ~ (2 LHxl—x*H)Q ' (B30
PSS fix) - e Bl
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Plugging in the lower bound of n7—1 to (B:26), we obtain:
1
2

" el —e e e = B.31)

[xes1 — x*|1? < [l — 7|

Cscz\le
D
NSO
2 fig(x0) — f*

*112 * *
— < — — V fi , Xt — . .
[|xe+1 — x*||° < [|xe — x| e Li[xo = X*H)2< fir (%), %x¢ — x*) (B.32)

Plugging in ¢, = we get

case 1: f is convex.

For any t > 1, we take expectation conditional on 7o on both sides and get:

* . * . ig (X - *\ | -
Ellpxess — x"[Plio) < Bl — x*|Plio] — 5000 I gi(v 5, (x0), 0 %)l
(2¢5 L [x0 — x*[) (B33)
@E L u* 205 fio(x0) — [ E — f*liol .
< Elllxe —x°IPli] ~ ity e e B Gx) = 1o
Summing up from ¢ = 1 to ¢ = T and dividing by 7', we obtain:
T * |12 *[12],
1 oy seaey2 |[Xo — x"[|” LE[|[x1 — x™[|7[io]
—NTE[f(x) — f*lio] < 4L(c . (B.34)
thzl [ ( t) |0] (P ) fi()(x(])_f* T
Note that E[||x1 — x*||?|io] = ||x1 — x*||* < ||x0 — x*||* due to (B3T). We thus get:
T *(12 *((2
1 [ scale 2 HXO_X H L||X0 — X ||
~STE[f(x —f10§(4Lc ) (B.35)
7 DBl = Jlinl < (106 2 ) 2R
Taking expectation w.r.t iop on both sides, we arrive at:
T
1 * L||X0 — X*||2 . scale 2 ||X0 — X*HQ
— E - <A———F— with A:=4L Eiy|7—F——=] - B.36
T 2 BG) — 7 < wi (&™) Bl 5y — 7] (B.36)
case 2: f is strongly-convex
For any ¢ > 1, we take expectation conditional on ig on both sides of (B:32)) and get:
F W * 1214 <E 12051 fio(XO)_f* E ’ X\ [
[th+1 X || |7'0] = Hlxt X || |20] (26;7‘:"16L||X0 7X*H)2 [<Vft(xt)7xt X >|ZO]
@]E W *121501 fio(XO)_f* E o ﬁ W *12, )
< E[f|x: — x| [40] (QC;Ca'eLHXO—X*H)Q [f(xe) = f7 + QHXt x||”J40]
(B.37)
Note that f(x¢) — f* > £||x; — x*||* due to strong convexity, we obtain:
E —x*|fi <(1_ (fio (x0) = /)t )E — x*|2io] - B.38
[||xi+1 X H |ZO] = (ZCi,CaleLHX()—X*H)Q [th X H |Z0] ( )
For any T" > 1, unrolling gives:
) _f* T
Ellperss —x"[Plio] < (1 Lol =IOy gy o2
(e Lllxo — x°[]
. . (B.39)
< (1_ (flO(XO)_f )N ) HXO_X*||2~
= U gLz —x )2

The claim of Theorem [f]follows by taking expectation w.r.t i on both sides.

AdaSLS: We only highlight the difference from AdaSPS. Plugging in the upper bound of 7; from Lemma
and using the line-search condition, we get:

Wl fi (o)1 2
e/ sV i, ()12

Jir(xe) — " '
e/ sl [V fi (x0) 2

&
xesr — x2S e — X712 = 200(V fi, (3e), %0 — X7) + 11

(B.40)

< lxe — x*[|* = 20e(V fi, (3xe), X6 — X*) + 1t
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Since ClP\/Zizo Y|V fi (x5)||2 > 1, we obtain the same equation as (B-26). To find a lower bound of nr—_1,
we rearrange as:

1e(fie (xe) = f7) < Hxe = X" |° = [Jxeqa — x|, (B.AD)
the left-hand-side of which can be lower bounded by:
prel|V fi, (x4)]]?

/S lIV Fi G

X &m o 1-—
m(fio (%) = £) Z ool [V fi Go)ll? = mind =2 i} (B.42)

Summing overt =0tot =1 — 1 gives:

T—1
@ . 17 Vz X 2
min{ 222 s} £ [ S el 19 5, )12 L min{E L 2 }j WV F G < 1p—x
s=0

TSIV i ()2

(B.43)
This implies that:
2
min , Ymax min s Ymax
nr— 1 { L il } ft P o2 ||);{0—X:‘YH2 } (B.44)
TSI Vi (k)2 l
After plugging the above into (B.26), the remaining proof follows from the same routine as shown for AdaSPS.
O

Proofs for Loopless Variance-Reduction

B.4 Statement and Proof of Lemma (1§

The following Lemma provides us with the guarantee that as w,x; — x*, Eq, [Fj, (x;) — F;;] — 0, which
implies diminishing variance.

Lemma 18. Assume each f; is convex and L-smooth, for any t > 0, the iterates generated by Algorithmm
satisfy:

* * 1 *
Eit [Fit (Xt) - Fit] < f(xt) - f + 2/v57F ]Eit “|Vfu (Wt) - Vfit (X )"2] . (B.45)
Proof. By definition of Fj, (x), we have:
Fi (x¢) — F,
= Fit(xt) _Fit(X*)+Fit(X*) _Fi: (B.46)

= fir (x¢) = fi, (x") + (xe = x)(Vf(we) = Vi, (we)) — %th =X+ Fy(x") - F,
By pr-strong convexity of Fj, (x), we obtain:

. LB 1 .
Fu() = b < o IV (x I

| (B.47)
= THVfu (x*) = Vfi,(wi) + Vf(we) + pr(x" = x1)]|?
S

Plugging (B:47) into (B.46), taking expectation w.r.t the randomness i; on both sides gives:

Ei, [Fiy (x¢) — F7]

< fle) = fx) = B e — x| +Eu[ —lIVFi(x7) = Vi (we) + VI (i) + e (xF —x1)|1%]

= f(x) = F(x*) = B ey — x*|* + 7\|xt —-x"|* + QITF]EQ[HVfit(X*) — Vi (we) + Vf(wo)||’]

+ MiF Eo [(V iy () = V iy (we) + V£ (w0), o (" — x0))]

= 1) = ) + 5 Ba IV £ () = Vi () + T (wo) )

< F(xe) = FO) 4 —— By [V £, (57) = Vi (wlI?]
2,uF

(B.48)
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B.5 Proof of Theorem/[7]

Proof. Recall the proof technique that gives equation (B.6) and (B-14) in Theorem [} Following the same
routine, we arrive at:

Z VE, (%), %0 —X") S 74| Y Fiy(x0) — F (B.49)
t=0

where 7 = (2¢,(L + pr)D® + 1) for AdaSVRPS and 7 = max{ -4E for
P H e

1 2y
Ao Ty SO0 1 5 \r
AdaSVRLS. The difference is due to the fact that F;, (x) is (L + p17)-smooth. Taking the expectation using the
fact that E[V F;, (x¢)] = E[V fi, (x¢) + Vf(we) — V fi, (we)] = V f(x¢) and applying Lemma we end up
with:

T-1

SB[ (x) - £ 2 J ST Bl ()~ S+ 5 SO BV () = V)] (B0

Taking the square gives:

T—1 2 T—1 T—1
<Z E[f(x¢) — f*]> <7? (Z E[f(x¢) — f*] + 2;% ST EIV i, (wi) = Vi, (x*)|2]> . (BSI)
t=0 t=0 t=0
Define the Lyapunov function: Z;41 = 72“ ) FH#F IV firir (Wes1) = V fi, o (x*)]|?. Tt follows that:
L T2 *\ 12
ElZen] = 50—y proager BV fies (Wer) = Vi GO
= LE[IIVf- (50) = V fipsy (x7)][2] + S Prtt r E[||V fi, (wi) — V fi, (x)|]
20 —apur Y i 20— a) prrpr VT e
&3 T2 . . * X * * (1 - Pt+1)pt
S m E[2L(fu,+1 (Xt) - fzt+1 (X ) — <szt+l (X ), Xt — X >)} + T ]E[Zz]
- L _ iy =P
- G)HFT ElfGe) = D+ Di+1 E[Zd] (B.52)

Adding 37" E[Z;11] to both sides of (B-31) and substituting the above upper bound, we get:

(Z B[f(x) - f*}> + Y BlZn] £ (4 )t Y L) -

=0 =0 (B.53)
= (1 = pet1)pe E[Z
+§((1_G)Pt+T> (2] .

Rearranging and dropping E[Z7] > 0 gives:

T-1 2 I T-1 T-1 (1= peri)p
-] < 2 —f* 1- Ut ) El2
(Z E[f(x) — f }) <O )7 D Bl = 1)+ 3o (L a)pe+ S 1) B2
+ (oo + T2 iz
(B.54)
By our choice of p:, we have:
_ A=pespe __ pe . _atatl a0
(1—a)pe + Dt+1 1= De+1 apr—1= at+1 (at +1) 1= 2(at + 1) - (B:55)
Therefore, it holds that:
T-1 2
(Z E[f(x:) — f*]> <O+ T Z E[f(x:) — f*] + E[Z0] . (B.56)
t=0
Further, by L-smoothness and convexity of f, we have
1 s o2 B L7 .
E[2o] = E[[[V fig (x0) = V fio (x")II’] < T (f(x0) = f*) - (B.57)

2(1 —a) popr (I —a)ur
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Hence. we obtain:

(i E[f(xt) —f*]> <1+ ﬁ)# iE[f(Xt) - f1. (B.58)
It follows that: ; a
S OE[f(x) - f1<(1+ ﬁ)r? (B.59)

Dividing both sides by 7" and applying Jensen’s inequality concludes the proof.

B.6 Proof of Corollary §|

Proof. Algorithmcalls the stochastic gradient oracle in expectation O(1 + psn) times at iteration ¢. Therefore,
the total number of gradient evaluations is upper bounded by O(ZtT;Ol pen + T'). By our choice of py, it holds
that Zt ot <1 Zt o t+2 < L(log(T) 4+ 1 — 1) = L1og(T). Due to the sublinear convergence rate of
Algorithm|[I} we conclude that the total number of stochastic gradient calls is O(log(1/e)n + 1/¢). O

C Pseudo-codes for AdaSPS and AdaSLS

In this section, we provide formal pseudo codes for AdaSPS and AdaSLS (AdaSLS).

To implement AdaSPS, a lower bound of optimal function value for each minibatch function is required. For
machine learning problems where the individual loss functions are non-negative, we can use zero as an input.
Apart from that, we need to provide a constant ¢, to adjust the magnitude of the stepsize. Theoretically suggested

¢p for robust convergence satisfies ¢ = cp 4/ fio (%0) — o> 1. Therefore, a common choice is to set
1

Fig (xo) =87,

cp =

Algorithm 2 AdaSPS

Require: xo € R4, T € Nt, ¢, >0

1: setn_1 = +00

2: sete = 10710

3: fort=0to7 — 1do

4: uniformly sample i; C [n]

5: provide a lower bound £, < f*

fig (%) — f* 1
cpllV fiy (x2) H2 Voo fia (Xa)— L7 +e’ > M= 1}
L HX(Xt UtVfu (xt))

return X7 = % Et 0 Xt

6: set 7; = min

To 1mplement AdaSLS (AdaSLS), a hne search sub-solver]and an input constant ¢; > 0 are required. Similar

to (A , We can set C ————— according to the theor
L= p\/muwm(xow J ¥

Algorithm 3 AdaSLS

Require: xo € R4, T € N*,¢; >0
1: setn_1 = +0o0
2: sete = 10710
3: fort=0toT — 1do
4 uniformly sample i; C [n]
5: obtain ~y; via backtracking line-search (@)
6

set 7; = min Jt _
e P ST e PR 1}

xip1 =y (XtT—_717tVfit (x¢))

e 1
return Xo = £y, X;

~
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D Line-search procedure

In this section, we introduce the classical Armijo line-search method [341]]. Given a function f;, (x), the Armijo
line-search returns a stepsize ~y; that satisfies the following condition:

Fio(xe — 7V i, (x0)) < fir (x¢) — pyel [V i, (x0)]]7 (D.1)

where p € (0, 1) is an input hyper-parameter. If f;, (x) is a smooth function, then backtracking line-search ] is
a practical implementation way to ensure that[D.T]is satisfied.

Algorithm 4 Backtracking line-search
Require: 3 € [%, 1), p € (0,1), Ymax > 0 (We fix 8 = 0.8 and p = 0.5 for AdaSLS)

11 Y = Ymax
2: while fif,ﬁ(xt =YV fi (%)) > fi,(x¢) = pYI[V fi, (x4)]|* do
3 v =pbY

return v, = 7y

To implement Algorithm [4} one needs to provide the decreasing factor 3, the maximum stepsize Ymax, and
the condition parameter p. Starting from ~Ymax, Algorithm [ decreases the stepsize iteratively by a constant
factor [ until the condition is satisfied. Note that checking the condition requires additional minibatch
function value evaluations. Fortunately, note that the output «y cannot be smaller than 1_Tp (Lemma , and thus

the number of extra function value evaluations required is at most O (max{logf/'yg‘a"/ (1=p )7 1}) . In practice,

Vaswani et al. [52] suggests dynamic initialization of ymax to reduce the algorithm’s running time, that is, setting
Ymaxy = 'yt_lﬁl/ ™ where a common choice for 6 is 2. This strategy initializes ymax by a slightly larger number
than the last output and thus is usually more efficient than keeping Ymax constant or always using Ymax; = Yt—1.
In all our experiments, we use the same ymax at each iteration for AdaSLS to show its theoretical properties.

Goldstein line-search is another line-search method that checks[D-T]and an additional curvature condition [41].
We do not study this method in this work and we refer to [52] for more details.

E Counter examples of SPS and its variants for SVRG

We provide two simple counterexamples where SVRG with the SPS stepsize and its intuitive variants fail to
converge. For simplicity, consider the update rule x¢+1 = x¢ — n:V f(x¢), i.e. wy = x¢ forall ¢ > 0. Consider

the function f(x) = M where f1(x) = a1(x — 1)? and fo(x) = az(x + 1)* with a1, a2 > 0.

Example 19. Individual curvature is not representative. Consider the standard stochastic Polyak stepsize:
fi(xt)—fF

M = 5heOl2 where i is randomly chosen from {1,2}. We now let a1 = 1 and az < 1. Note that
V3f(x) = a1 + a2 € (1,2) while Ei[n,] = £ + ﬁ — 400 as az — 0, which leads to divergence. The

reason behind this is that individual curvature does not match the global curvature.

Example 20. Mismatching quantity. Consider a variant of stochastic Polyak stepsize: mn. =
fi(xe)—fF

A2 ACHISZICDIE where i is randomly chosen from {1,2}. Let a1 = az = 1. We note
E:[m:Vf(x¢)] = 12’:: # 0 and thus no stationary point exists. Similar reasoning can exclude a number

Ji(Get) = fi(we)+f(we) = fF
[V fi(xt) =V fi(wi)+V f(we)][2*
value difference of a valid function with the gradient defined in the denominator.

of other variants such as: ny = Indeed, the numerator is not the proper function

F Experimental details and additional experiment results

In this section, we provide a detailed setup of the experiments presented in the main paper.

In practice, we can use a lower bound of F7; for running AdaSVRPS since convergence is still guaranteed thanks
to the property of AdaSPS. By default, we use £}, + mine{x" (Vf(w:) — V fi,(w¢)) + 4 |[x — x;||*} for
all the experiments, where £7, is a lower bound for f7;.

F.1 Synthetic experiment

We consider the minimization of a quadratic of the form: f(x) = X 3" | fi(x) where fi(x) = 2(x —

b;)T Ai(x — b;), b; € R% and A; € R is a diagonal matrix. We use n = 50, d = 1000. We control the
interpolation by either setting all {b; } to be identical or different. Each component of {b; } is generated according
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to A/ (0,10%). We control the complexity of the problems by choosing different matrices A;. For the strongly-
aill e aid

convex case, we first generate a matrix A™ = clip(| ... ,1,10) where each a;; ~ N(0,15%)
an1 e And

and the clipping operator clips the elements to the interval between 1 and 10. Then we compute:

1 1 n 10n
- N ~
Yt Aja—y  2i=1 Al

A= | .. O An,
1 1 n 10n
TEa ANy T AN

where (©) denotes the Hadamard product. We set the diagonal elements of each A; using the corresponding row

stored in the matrix A. Note that V*f(x) = 1 3™ | A, has the minimum and the largest eigenvalues being
1 and 10. For the general convex case, we use the same matrix Ay to generate a sparse matrix As such that
An = Ax O M where M is a mask matrix with M;; ~ B(1,p)and (1 ... 1)-M; >1, Vj € [1,d].
We then compute the matrix A and set each A; in the same way.

220, 27199 27n 1 1 10n

gAY 1 AN 71 Ao AN

220, 219, 27 n 1 1 10n

LAY T AR 1Al Al

Through the construction, the smallest eigenvalues of V2 f(x) are clustered around zero, and the largest
eigenvalue is 10. Additionally, each V2 f;(x) is positive semi-definite.

We set the batch size to be 1 and thus we have f;; = 0 with interpolation and ¢;, = 0 without interpolation.

For AdaSPS/AdaSVRPS we fix c;f"‘le = 1, and for AdaSVRPS we further use i = 10 and p; = ﬁ. We
compare against DecSPS [44]], SPS [34] and SVRG [22] and tune the stepsize for SVRG by picking the best one

from {10°};— 4, 3.

In addition to these optimizers, we further evaluate the performance of SLS [52], AdaSLS, SGD, SPSax [34]
and AdaSVRLS. We fix ¢ = 1, ymax = 10, 8 = 0.8 and p = 1/2 for both algorithms and for AdaSVRLS,
we further use ur = 10 and pr = 01% For SGD, we use the best learning rate schedules in different scenarios.
Specifically, for both interpolation problems, we keep the stepsize constant and for non-interpolation problems,
we apply ©(1/+/t) and ©(1/t) decay schedules for convex and strongly-convex problems respectively. We
further pick the best stepsize from {10°};=_4. .. 3. For SPSyax, we use v, = 1072 and we only showcase
its performance in non-interpolated settings. We report the results in Figure [.I}] We observe that AdaSLS is
comparable if no faster than the best-tuned vanilla SGD. SPS,,,ax is reduced to the vanilla SGD with constant
stepsize. AdaSVRLS provides similar performance to AdaSVRPS but due to the cost of additional function

evaluations, it is less competitive than AdaSVRPS.

strongly-convex-tinterpolation strongly-convex-+non-interpolation convex+interpolation convex+non-interpolation
107 4
104 4
10! 4
& i i
%107 % %
1075
10-% 1072
0 1000 2000 0 2000 4000 o 2500 5000 7500 10000 0 10000 20000
# mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations
10-1 10°
1071 4 S
1072
107! jm—uuuua 8 8g 8
K10 8 ‘_L 8 8102
[ §107 f4——a— $ g
& 10 &a & &
1073 — e —e—9
10°° 10-3 4
10-°
0 1000 2000 0 2000 4000 0 2500 5000 7500 10000 0 10000 20000
# mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations
—+— AdaSVRPS  —+— AdaSVRLS —&— SVRG SPS  —+— AdaSLS —e— SPS_max —+— AdaSPS SGD  —#— DecSPS  —@— SLS

Figure F.1: Comparison of the considered optimizers on synthetic data set with quadratic loss. The left block
of the label illustrates the variance-reduced methods and the right represents SGD with different stepsizes.
(Repeated 3 times. The solid lines and the shaded area represent the mean and the standard deviation.)
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optimizers \ hyper-parameters used for synthetic experiments

\ st-convex-+ip st-convex-+non-ip convex+ip convex+non-ip
AdaSPS crle =1
AdaSLS le =1,8=10.8, p= 0.5 Ymax = 10
SPS c=0.5
SPSmax c=0.5,=10"3
SLS p=0.1,8=0.9, Ymax = 10
DecSPS co=1,v%=10
SGD constant,n = 1072 O(1/t),n =1  constant,n = 10"2 O(1/+/t),n =107}
AdaSVRPS e =1, pp =10, py = O_llﬁ
AdaSVRLS gle =1,8=0.8, p= 0.5 Ymax = 0.1, pp = 10, p; = 0171“
SVRG n=10"2

Table F.1: Hyper-parameters of the considered optimizers used in synthetic experiments. st-convex stands for
strongly-convex and ip stands for interpolation.

F.2 Binary classification

Following the binary classification experiments presented in the main paper, we provide additional experiments
for VR algorithms. The chosen hyper-parameters for each algorithm can be found in Table[F3] In particular,
we fix & = 1, ymax = 10°, f = 0.8 and p = 1/2 for AdaSLS and AdaSVRLS. We report the best
ur € {107*,10%}. In Figure|F.2} we observe that AdaSVRLS/AdaSVRPS provides similar performance to the
other two variance-reduction methods. The details of the four considered datasets are summarized in Table

We next investigate the impact of the probability schedule on the convergence behaviours. We pick w8a as the
dataset and run AdaSVRPS (Alg. 1) with and without probability decay. Specficially, we set p; = B/n and
1

Dt = gy to separate the cases. We control the level of the interpolation by using B = 32 and B = 128 since

o128 < 0 32. From Figure[F3] we observe that decreasing probability schedule is more efficient when the
problem is more non-interpolated. This is because for interpolated problems, the frequent computation of the

full gradients at the beginning provides no additional convergence benefits.

duke revl  ijenm w8a

n 44 20242 49990 49749
d 7129 47236 22 300
B 1 64 64 128

Table F.2: Number of datapoints, dimension of features, used batch size of four datasets from LIBSVM [10]

duke revl ijenn
-1
10t 4 10
1073 4
E 10°4 13 £ 107 £
S S S S
z z z z
= pra— = =
5 107 g 10 g 10 g
© ] k<] ]
o o o o
G 19-2 [C] [¢] [c]
10 1077 4 1077 4
1073
0 500 1000 1500 0 5000 10000 15000 0 10000 20000 30000 0 10000 20000 30000
# mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations
1054 10°
102 4 103 4
1044
| 10° ¢
@ 1004 @ 10 o 10°9 [
m v r 10° 4
SRt T TR 5 @
a i a a A Pt L
S ——————— e 2107 4 o 104 @ 10t 1
7 1072 & & ~L === |
10! 4 100 5
1074 A . 1071 4
10° 4 N e 10-1 ]
0 500 1000 1500 0 5000 10000 15000 0 10000 20000 30000 0 10000 20000 30000
# mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations # mini-batch gradient evaluations
—4— SVRG  —*— AdaSVRLS  —«— AdaSVRPS —#— AdaSVRG —#— DecSPS SPS SGD @ SLS —+— AdaSPS  —+— AdaSLS —e— AdaNorm

Figure F.2: Comparison of the considered optimizers on four LIBSVM datasets with regularized logistic loss.
The left block of the label illustrates the variance-reduced methods and the right represents SGD with different
stepsizes. (Repeated 3 times. The solid lines and the shaded area represent the mean and the standard deviation.)
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w8a (B=32) w8a (B=128)
10° 4 100
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# mini-batch gradient evaluations
—+~— AdaSVRPS with constant p

Figure F.3: Comparison of different probability schedules for AdaSVRPS on the w8a dataset with regularized
logistic loss. Decreasing probability is more efficient when optimizing highly non-interpolated convex problems
(Repeated 3 times. The solid lines and the shaded area represent the mean and the standard deviation.)

hyper-parameters used for binary classification tasks

optimizers
| duke revl ijenn w8a for all
AdaSPS crle=1
AdaSLS | ¢ =1, Ymax =10 ¢ =1, Ymax = 10° ¢ = 1, ymax = 10> ¢ = 1, ymax = 10% B=08p=05
SPS c=0.5
SLS Ymax = 10 Ymax = 10° Ymax = 103 Ymax = 10° B=09,p=01
DecSPS ¥ = 200 Y = 100 vy = 100 ¥ = 100 cp=1
SGD constant, = 107! e(1/+/t), n = 100 o(1/vt),n = 100 o(1/v1t),n =100
AdaNorm cg=1 cg =10 cg =10 cg =10 by = 10710
Adam Ir=10"°3 Ir=10"2 Ir=10"2 Ir=10"2 B1 = 0.9, B2 = 0.999
AdaSVRPS_| ¢ =1, pp =100 ¢y =1, up=10"" =1, pup=10"" ¢ =1, pp =107* p=2=2
AdaSVRLﬂ Gl =1, pp =100 =1, pup=10"" U =1, pup=10"" U =1,pur=10"" B=08,p=05p = %
SVRG n=10"2 n =100 n =10 n =10
AdaSVRG We use the heuristic method provided in Section 5 from [14].
“fmax = 5

Table F.3: Hyper-parameters of the considered optimizers used in binary classification.

G Deep learning task

In this section, we provide a heuristic extension of AdaSPS to over-parameterized non-convex optimization tasks.
When training modern deep learning models, Loshchilov and Hutter [[35]] observe that a cyclic behaviour of the
stepsize, i.e., increasing at the beginning and then decreasing up to a constant, can help with fast training and
good generalization performance. Since AdaSPS is a non-increasing stepsize, it excludes such a cyclic behaviour.
To address this issue, we provide a non-convex version of AdaSPS which incorporates a restart mechanism
that allows an increase of the stepsize according to the local curvature. The full algorithm is summarized in
Algorithm In practice, we can set u = %. Algorithmupdates the stepsize and ¢, at the beginning of each
epoch and uses AdaSPS for the rest of the epoch.

Following [34} I52], we benchmark the convergence and generalization performance of AdaSPS (DL) |§| for
the multi-class classification tasks on CIFAR10 [28] and CIFAR100 [29] datasets using ResNet-34 [21]. We
compare against SPS [34], Adam [26], AdaGrad [15], DecSPS [44] and SGD with momentum. We use the
smoothing technique and pick ¢ = 0.02 for SPS as suggested in [34]. We use the official implementations
of Adam, AdaGrad, and SGD with momentum from https://pytorch.org/docs/stable/optim.html. We choose
Ir = 1073, £1 = 0.9 and B2 = 0.999 for Adam. We choose Ir = 0.01 for AdaGrad. We choose Ir = 0.01 and
B = 0.9 for SGD with momentum. Finally, we pick ¢ = 0.02 for Algorithm In Figure AdaSPS (DL)
shows competitive performance on both datasets. We leave the study of its theoretical properties to future work.
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Figure G.1: Comparison of the considered optimizers on multi-class classification tasks with CIFAR10 and
CIFAR100 datasets using ResNet34 with softmax loss. AdaSPS (DL)[5]and SPS provide remarkable performance
on both datasets.

optimizers hyper-parameters used for multi-classification tasks

AdaSPS (DS) c;f"‘le =0.2
SPS ¢ = 0.2 + smoothing technique [34]
DecSPS co =1, v, = 1000
SGD-M Ir=0.01,3=0.9
AdaGrad Ir =0.01
Adam Ir = 1073, 81 = 0.9, B = 0.999

Table G.1: Hyper-parameters of the considered optimizers used in multi-classification tasks.

Algorithm 5 AdaSPS (DL)

Require: x, € RY, T € Nt, c;f"‘le > 0, update frequency u € N
1: setn_1 = +©
2: sete = 10710
3: fort =0toT — 1do
4: uniformly sample i; C [n)

5: provide a lower bound £, < f*
6: if t mod u is 0 then
7: setcp = £
RV NS

) _ fi ()0, 1

8: ST = TV e GOl /5 T i) 07 e
else

) . Fiyg (xe) =45, 1
10: setne = min { VI GOl /T oo o) 0, +s’m1}
1 X1 =% — 0V i, (%)

return xo
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