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Abstract

Explicit noise-level conditioning is widely regarded as essential for the effective
operation of Graph Diffusion Models (GDMs). In this work, we challenge this
assumption by investigating whether denoisers can implicitly infer noise levels di-
rectly from corrupted graph structures, potentially eliminating the need for explicit
noise conditioning. To this end, we develop a theoretical framework centered on
Bernoulli edge-flip corruptions and extend it to encompass more complex scenarios
involving coupled structure-attribute noise. Extensive empirical evaluations on
both synthetic and real-world graph datasets, using models such as GDSS and
DiGress, provide strong support for our theoretical findings. Notably, unconditional
GDMs achieve performance comparable or superior to their conditioned counter-
parts, while also offering reductions in parameters (4 — 6%) and computation time
(8 — 10%). Our results suggest that the high-dimensional nature of graph data itself
often encodes sufficient information for the denoising process, opening avenues
for simpler, more efficient GDM architectures.

1 Introduction

Diffusion models have demonstrated strong performance across a range of generative tasks, including
image synthesis, molecular design, and graph-based combinatorial optimization [[1H7]. A central
assumption in these models is the requirement for the denoiser to be explicitly conditioned on the
noise level (or timestep) 8 9]. However, recent work on continuous data suggests that high-capacity
denoisers can implicitly infer the noise scale directly from the corrupted inputs, potentially eliminating
the need for explicit conditioning [[10H12].

Extending this conclusion to graph diffusion models (GDMs) is non-trivial, owing to the inherently
discrete and structured nature of graphs. The Gaussian noise commonly used in diffusion models for
continuous data is ill-suited for graphs as it tends to destroy their essential structural properties [13].
To address this, modern GDMs employ discrete or structured corruption processes, such as Bernoulli
edge flips [7,[14]], categorical rewiring [[L5]], or Poisson jumps [[16], to ensure that intermediate graph
states remain valid. Unlike continuous domains where Gaussian perturbations are common, graphs

are typically corrupted by discrete, structure-preserving processes. The resulting noisy adjacency A,
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already carries information about the corruption scale through simple statistics, and the number of
potential edges grows as M = (g) Hence, the observation at each step may be informative enough
for a denoiser to infer the noise level without an explicit time input. These considerations lead to our
central question: Is explicit noise-level conditioning truly necessary for GDMs?

In this work, we address this question through a unified theoretical and empirical investigation. We
introduce a novel theoretical framework featuring posterior concentration and error propagation
bounds—Edge-Flip Posterior Concentration (EFPC), Edge-Target Deviation Bound (ETDB),
and Multi-Step Denoising Error Propagation (MDEP)—to rigorously characterize when explicit
noise-level conditioning in GDMs can be safely omitted. For instance, with Bernoulli edge flips, we
prove noise scale posterior variance shrinks optimally at O(M ~1), and omitting timesteps yields a
reconstruction error bounded by O(T' /M) over T steps. Our analysis generalizes to other corruption
processes, including Poisson, Beta, multinomial, and jointly structured feature-graph noise.

Extensive experiments on synthetic and real-world datasets corroborate our theory, validating that ex-
plicit noise inputs are often dispensable. Unconditional variants of state-of-the-art GDMs, GDSS [[17]
and DiGress [7], match or surpass their conditioned counterparts in quality, while improving effi-
ciency (4-6% fewer parameters, 8-10% faster per-epoch runtime). Open source implementation
is available for regenerating the results. Overall, this work revisits a foundational assumption in
diffusion modeling, demonstrating that noise-unconditional GDMs can be as accurate, more efficient,
and conceptually simpler, paving the way for new GDM designs.

2 Related Work

Timestep Conditioning in Graph Diffusion Models. Denoising diffusion models reconstruct
data by reversing a noise process through iterative denoising steps conditioned on the timestep ¢
[8, 19, 118]]. GDMs, such as DiGress with discrete categorical Markov processes [7], GDSS with
coupled stochastic differential equations (SDEs) [17], and EDM with equivariant diffusion for
molecules [19]], explicitly condition the denoiser on the noise level. This explicit conditioning adds
complexity and training cost, prompting questions about its necessity for graph data [[11} [12]].

Blind Denoising. Blind denoising infers noise implicitly and is effective in continuous domains—see
Noise2Self [20] and recent diffusion work [10| [L1]]. Graphs pose a tougher case: these methods
assume continuous Gaussian noise, whereas GDMs use discrete or structured corruptions to keep
topology intact and thus rely on fixed noise schedules with explicit timesteps. This gap motivates
unconditional graph denoisers that can absorb discrete, structured noise without extra inputs.

Noise Types in GDMs. GDMs employ tailored noise processes. Early works injected Gaussian noise
into adjacency and features [17,[21]], but this disrupts sparsity. Discrete categorical noise [[13]], as in
DiGress [[7], better preserves graph structure. Latent-space approaches, notably hyperbolic diffusion,
capture hierarchy efficiently [22]]. Recent variants include categorical flips [, permutation-invariant
multinomial noise [211], Bernoulli edge flips [14], discrete-time Poisson processes [[16l], and Beta-
distributed noise [23]]. Yet all methods still pass an explicit timestep input. We argue that denoisers
can implicitly infer structured noise levels during generation.

3 Problem Setting and Preliminaries

Graph Diffusion Models (GDMs) generate realistic graphs via a forward process that iteratively
corrupts an input graph with noise, followed by a reverse process that learns to undo this corruption,
sampling new graphs from noise. We examine whether the reverse step truly needs explicit knowledge
of the current scalar noise level at each individual denoising timestep during generation.

Graph Definition. We consider an undirected graph G = (V, E), where V is the set of n = |V/|
nodes and F is the set of edges. The initial, clean graph structure is represented by its adjacency
matrix Ag € {0,1}"*". Node features, if present, are denoted by X, € R™*4s where d ¢ is the
feature dimensionality. Our theoretical development primarily focuses on structural diffusion, with
extensions to coupled structure and feature corruption discussed in Section [5| We use A, and X,
for the noisy adjacency and feature matrices at diffusion step ¢, respectively, with Ay = Ay and
X o = Xo. The total number of diffusion steps is 7.



Forward Process. The forward process introduces sequences of noisy graph states (flt)tT:O and
noisy feature states (Xt)f:o (if features are considered). Graph structure is commonly corrupted
using the Bernoulli edge-flipping model. At each step ¢, every potential edge e is independently
perturbed. Given the state of an edge A,_; (e) at step ¢t — 1, its state at step ¢, A, (e), is drawn from:

Ay(€)|Ar_1(e) ~ Bernoulli ((1 — B A1 (e) + B[l — At_l(e)]) .

Here, 8; € [0, %} is the per-step flip probability for edge e. The sequence {/3;}7_; forms a noise

schedule that typically increases with ¢. Under this channel, Ap approaches an Erdés—Rényi graph
withp = % in the marginal sense; the exact recursion and a sufficient convergence condition are given

in Appendix ]l When node features X, are present, they are corrupted in parallel (e.g., Gaussian
or structured noise). In Section [5] we introduce a coupled model where structural and feature
perturbations are correlated; further details appear in Appendix I}

Reverse Denoising Process and Training Objective. The fundamental aspect of the GDM is the
reverse denoising process, which learns to reverse the forward corruption. This involves a denoising
function fy, often a Graph Neural Network, parameterized by 6. It takes a noisy graph A, (and
potentially X,) as input. Conventionally, fy is explicitly conditioned on the noise level or timestep ¢,
ie., fg(/it, t). Its objective is to predict a cleaner graph version, such as Ao, A,_1, or the noise itself.
For instance, to predict Ay, fg(A;,t) is trained to approximate Ay. Parameters 6 are optimized by
minimizing an expected loss. For the Bernoulli edge-flipping model targeting Ay, a common loss is
the sum of per-edge Binary Cross-Entropy (BCE) losses:

L(O) =B sttt (1,... T} Ay (A | A0 1) ZBCE(AO(e),fg(fL,t)(e)) ,

where pya is the true graph distribution and p(A;|Ag,t) is the conditional probability from the
forward process.

The Central Question: Necessity of Explicit Noise Conditioning. A prevalent assumption in
GDM design is that the denoiser fy requires explicit noise level ¢ input to perform well at every
corruption stage [8, 9], thus formulated as fg(flt, t). Our work questions this necessity for GDMs.
We hypothesize that a model fy (/L) can implicitly infer the noise level from the corrupted graphs

Ay’s structure and attributes, for discrete graph data under structured noise. Addressing this simplifies
GDM architectures, reduces parameters, and improves efficiency without sacrificing quality.

Notation. We use M := (g) as the total number of potential edges in a graph with n nodes, and
| E| for the realized edge count. All theoretical rates are stated in M; when density is nearly fixed in

synthetic settings, |E| = ©(M) so slopes are equivalent.

4 Key Theoretical Results

This section develops a theoretical framework to rigorously analyze the consequences of omitting
explicit noise-level conditioning in Graph Diffusion Models (GDMs). Focusing primarily on the
Bernoulli edge-flipping noise model (Section [3) and its coupled structure-attribute extensions, we aim
to demonstrate that for sufficiently large graphs, the noisy graph structure inherently encodes adequate
information for the denoiser to infer the noise level, rendering explicit conditioning unnecessary.
We establish this by proving three interconnected theoretical results. Unless specified otherwise, all
expectations and variances herein are with respect to the forward corruption process (Section [3).

Roadmap Our theoretical investigation unfolds through three main results establishing a formal
link from local noise level uncertainty to global generation performance. First, Edge-Flip Posterior
Concentration (EFPC) shows the corruption rate’s posterior concentrates (variance O(M 1)),
making the noise level inferable. Second, Edge-Target Deviation Bound (ETDB) demonstrates
that omitting explicit noise level input yields an expected squared error in the denoising target also
scaling as O(M ~1). Third, Multi-Step Denoising Error Propagation (MDEP) bounds the total
reconstruction error over T reverse steps by O(T/M) (errors do not compound catastrophically).



Assumptions Our analysis relies on key assumptions (rationale in Appendix [A)). Briefly, these are:

A1l Degree Condition. Graphs satisfy constraints on node degrees (e.g., bounded A, or power-law
P(k) < k= with a > 2).

A2 Global Lipschitz Regularity. There exists a constant L,,x = 1 + 1 with <1 such that (i) the
learned denoiser fp is Limax-Lipschitz with respect to its graph input at every reverse step; (ii)
the ideal conditional target ¢ + pu§°"d := E[Aq | A, t] is also Lyayx-Lipschitz.

A3 Prior Regularity. The prior over noise parameters is continuously differentiable and bounded,
ensuring well-defined Fisher information[24].

A4 Model Capacity and Optimization Quality. The trained GDM achieves a per-component Mean
Squared Error (MSE) in a single reverse step on the order of O(M ~—1).

4.1 Edge-Flip Posterior Concentration (EFPC)

EFPC establishes noise level inferability from a corrupted graph. For a clean graph Ay under
Bernoulli edge-flipping (rate (3;), the noisy graph A, contains sufficient information to estimate /3;,
based on its statistical properties like edge differences or global statistics dependent on ;. EFPC
formalizes that the flip rate’s posterior distribution concentrates sharply around its true value with
increasing graph size, implying A, encodes substantial corruption level information.

Theorem 4.1 (Edge-Flip Posterior Concentration (EFPC)). Consider a graph Aq corrupted by the
Bernoulli edge-flipping process ( Sectzonl) resulting in a noisy graph A, at step t with a true flip rate
Bt Let K be the number of edges in A, that differ from Ay. Under Assumption . 3|(Prior Regularity),
the variance of the posterior distribution p(3|K) (or more generally, p(3|A;) if inference relies on
other statistics of A, beyond just K ) of the flip rate (3 satisfies:

Varg, (514 18] = OM ™),

Theorem [ 1| arises from Bayesian principles: the M potential edges offer multiple, largely indepen-
dent observations regarding the flip rate ﬂt This allows the posterior p(3 |f~1t) to sharpen around the
true 3; as M increases, with the O(M 1) variance belng characteristic. Under Assumptlon . the
Bernstein-von Mises theorem|[25]] yields a more precise rate and confirms asymptotic normahty for
p(B|Ay). The variance refines to (detailed derivation in Appendix :
Be(1—B) -1

% +o(M™).
For scale-free graphs (Assumption with P(k) o< k~%, a > 2), degree heterogeneity alters the
effective number of independent observations, modifying the concentration rate to (see Appendix [F):

Var(8|A;) = O(M ~(e=2/(e=1)),

Var[ﬁ|/~lt] =

4.2 Edge-Target Deviation Bound (ETDB)

Given EFPC (Theore that the noise level /3, is inferable from the noisy graph A,, we quantify
the impact of omitting explicit noise level ¢ on the denoiser’s single-step objective. We define
psord = R[Ag| Ay, t] as the optimal Bayesian estimate of clean graph Ag (given A, and timestep
t), and ji; = IE[A0|/L] as the estimate with ¢ implicitly inferred (averaging over p(t|/it)). ETDB
measures their expected error.

Theorem 4.2 (Edge-Target Deviation Bound (ETDB)). Under Assumption [A2(ii), the expected
squared Frobenius norm of the deviation between 115°™ and [i; is bounded:

Efllggem® = mellF] = O(M ™).

The ETDB (Theorem 4.2)) results from EFPC (Theorem [d.1]), which guarantees minimal posterior
uncertamty about the variable ¢ for a large parameter M. If the function p$°"¢ is Lipschitz continuous
in t (a regularity ensuring small changes in ¢ cause proportionally small changes in the target, as
reflected by Assumptlon@] for the learned denoiser), then this minimal uncertainty in ¢ translates
to an O(M ~1) deviation in the denoising target. Intuitively, an unconditional model’s one-step
prediction is almost as good as a conditional model’s because the large number of edges provides
a precise estimate of the noise level, making the two outputs differ only slightly(detailed proof in
Appendix [C)).



4.3 Multi-Step Denoising Error Propagation (MDEP)

While ETDB (Theorem [.2)) addresses single-step errors, MDEP analyzes deviation accumulation
over a T-step reverse trajectory when omitting noise conditioning. Let Ay be the graph from a

T-step unconditional sampler (from noise A7), and define A as the ideal graph from a perfectly
noise-conditioned sampler.

Theorem 4.3 (Multi-Step Denoising Error Propagation (MDEP)). Consider a T-step denoising
sampler. Under Assumption[A2|(i)(Global-Lipschitz Denoiser, with Ly = 1+ 1,1 < 0.2) and
Assumption (Model Capacity, implying maximum single-step target deviation §ya = O(M~1)
from ETDB), the Frobenius norm of the difference between the generated graph Ay and the ideal
graph A{ is bounded:

* A Lgax -1 1
145 = Aollp < 25— Gmax = O(TM ™).

Lmax -

The O(T M ~1) bound shows linear error accumulation with steps 7". This is due to Assumption
(Lmax ~ 1, a nearly non-expansive denoiser). The prefactor (LT, —1)/(Lyax — 1) is O(T) for
Linax near 1. This linear growth, combined with O(M ~1) single-step errors, ensures manageable

total error that diminishes for large graphs (A/)(detailed proof in Appendix D).

Remark. The theoretical results—EFPC (Theorem §.T), ETDB (Theorem[4.2), and MDEP (The-
orem [4.3)—form a coherent argument: The noise level is inferable from the noisy graph (EFPC).
Consequently, omitting explicit noise conditioning leads to minor single-step target deviation (ETDB).
Crucially, these small errors accumulate linearly over the generative process (MDEP). This suggests
that for large graphs (M), explicit noise-level conditioning is not critical for effective GDMs, allowing
simpler, ¢-free architectures (explored empirically in Section [6).

5 Coupled Structure-Feature Noise Model

Our analysis in Section[d|assumed independent structural noise on A. Yet social, biological, and infor-
mation networks often exhibit coupled structure—attribute dynamics: node-level changes frequently
coincide with edge updates [26429]. Modeling this coupling is vital both for faithful data representa-
tion and for practical aims, such as improving GNN robustness to joint perturbations [30-32] and
building contextual stochastic block models that encode such correlations [33H35]. Accordingly,
we introduce a coupled Gaussian noise model that explicitly parameterizes structure—feature corre-
lations, extending the independent-noise setting and enabling a finer test of noise conditioning in
attribute-aware graph diffusion.

5.1 Coupled Gaussian Noise Process

We model correlated feature and structural perturbations using shared latent random vectors 7; €
R~ N(0, I4 ;) for each node i (where dy is feature dimensionality), an independent structural
noise term &;; ~ AN (0, 1) for each potential edge (i, ), and a coupling coefficient v € [0, 1]. Given
time-dependent noise scales o x (t) for features and o 4 (¢) for structure, the clean features X; (from
initial features X) and clean adjacency entries A4;; (from initial adjacency Ao) are corrupted at step

t to their noisy counterparts X;(t) and A;;(t) as follows:

Xi(t)=Xi+ox(t)n,  Ay(t) = Ay +oalt) <7 Zjdﬁf] /1= gij) .

The shared latent vector 7); creates the dependency between feature and structural noise, with y
controlling its strength (v = 0 implies independence). The §;; term ensures idiosyncratic structural
randomness. The joint perturbation vector, combining vectorized A(t) and X (¢), follows a multi-
variate Gaussian distribution. Its covariance matrix X (¢, ) depends on o 4(¢), ox (t), 7, and graph
incidence structures. The total dimensionality of this joint noisy data (structure and features) is
D=M+n-dys, where M = (g) is the number of potential edges for n nodes.



5.2 Theoretical Guarantees for the Coupled Model

Under the coupled Gaussian framework, we extend our previous theoretical results. These demonstrate
that noise level inferability and the limited impact of omitting explicit noise conditioning persist
even with correlated structure and feature noise. Let O = (3,7, 0x,04) denote the noise process
parameters, where 3 can relate to parameters of an underlying discrete structural corruption if this
Gaussian model is an approximation or extension.

Theorem 5.1 (Joint Posterior Concentration (JPC)). For the coupled Gaussian noise model, with
total data dimensionality D = M + n - dy, and coupling coefficient y € [0, 1], the posterior variance
of the noise process parameters O = (8,7,0x,04), given the noisy graph structure A, and noisy
features X, satisfies:

Var(Oy | A, X¢) = O(D™H).

As the total data dimensionality D increases, the noise parameters can be jointly inferred with
increasing accuracy. As v — 1, covariance matrix 3(¢,~y) may become singular. Analysis can
proceed via projection onto its non-degenerate subspace, preserving O(D 1) rates but potentially
with larger constants. In Section@ we varied  over the interval [0, 0.99] during empirical validation.

Next, we bound the deviation in the denoising target when explicit noise information is omitted
for the joint structure-feature space. Let u§°™ = E[(Ag, Xo)|A;, X, ] be the optimal Bayesian
estimate of the clean graph structure Ay and features X given the noisy data and true timestep .
Similarly, let i, = E[(Ao, Xo)|A;, X;] be the estimate without explicit t.

Theorem 5.2 (Joint Target Deviation Bound (JTDB)). Under Assumption[AZ]ii) applied to the ideal
conditional target and Theorem[5.1} the expected squared Frobenius norm of the deviation between

con

the conditional target 1$°™ and the unconditional target [i; for the joint data (A, X) is bounded by:
con —p —
E[[lu5o - ][] = 0071,

The impact of omitting noise-level conditioning on the immediate denoising target remains minimal
even with coupled noise, scaling inversely with the total dimensionality D.

Finally, we analyze the propagation of these errors over multiple denoising steps. Let (1210, XO) be the
output of a T-step unconditional sampler and (Ag, X) be the output of an ideal conditional sampler.

Theorem 5.3 (Joint Multi-Step Error Propagation JMEP)). Consider a T-step denoising sampler
for the coupled model. If the single-step target deviation (characterized by JTDB, Theorem
is 6; = O(D™Y) for each step i, and the reverse operator satisfies a Lipschitz condition L; <
Linax (Assumption[A2), then after T reverse steps, the cumulative error between the unconditional

generation (Ay, Xo) and the ideal conditional generation (A%, X&) is bounded by:
145 = Aollz + [ Xg — Xollr = O(T/D).

Here, || - || g denotes an appropriate edge-wise norm (e.g., Frobenius norm on the adjacency matrix
difference) and || - || is the Frobenius norm for feature differences.

JMEP (Theorem demonstrates that, similar to the structure-only case, errors in the unconditional
coupled model accumulate linearly with the number of steps 7" and diminish with the total graph
dimensionality D. Detailed proofs for Theorems 5.1} [5.2] and[5.3are provided in Appendix [E]

6 Empirical Validation of the Theoretical Framework

This section empirically assesses the theoretical framework developed in Sectiond] and[5] We first
validate the predicted scaling laws for EFPC, ETDB, MDEDP, and their coupled counterparts (JPC,
JTDB, JMEP) using synthetic graph data. Subsequently, we evaluate the practical performance of ¢-
free GDMs on real-world graph generation benchmarks. For synthetic experiments, Erd6s—Rényi [36]
or Stochastic Block Model (SBM) [37] graphs with n € [50,1.4 x 10*] nodes are utilized, with
default parameters 5 = 0.2 (edge-flip rate) and 7x = 0.5 (feature-noise variance). All configurations
are repeated 5 times with different random seeds, and we report means with 95% confidence intervals.
In addition, we include an industrial-scale case study on soc-Epinions1 with a node-cap sweep
(Nmax €{200,1000}) to examine large-graph behavior and training choices; the full protocol and
results are provided in Appendix [T}



6.1 Broad Validation of Theoretical Scaling Laws

We comprehensively test the predicted scaling behaviors across all core components of our theory.
Table [T| summarizes the quantitative comparison between theoretical rates and empirically measured
exponents (or constants) for statistics related to each theorem (EFPC/JPC, ETDB/JTDB, and JMEP).

Table 1: Summary of empirical scaling exponents and constants (mean £ 95% CI over five seeds).

Group Quantity Theory  Empirical R?
Var(8 | A¢) vs. |B| —1  —1.00£0.02 0.999

EFPC |E|x Var(3 | Ay) const 0.16040.006 —
Posterior mean bias 0 < 2x 1073 —
Deviation/edge vs. | E| -1 —1.12£0.03 0.998

ETDB | R(A)||3 vs. | E| +1  +1.0040.01 1.000

Relative error vs. |E| -2 —2.1240.04 0.997

JPC variance vs. D

-1 —1.00£0.03 0.999

JTDB deviation vs. D -1 —1.064+0.04 0.996

Coupled (v = 0.7) IR d||% vs. D

+1  41.01£0.02 0.999

JMEP error (I'=4)vs. D —1  —1.04+0.05 0.995

Interpretation of Scaling Law Validation. Results in Table |1| show excellent correspondence
between theoretical predictions and empirical measurements. Empirically derived slopes for scaling
rates are within +0.06 of theoretical targets, with high coefficients of determination (typically
R? > 0.995). This precise agreement across diverse aspects—noise rate posterior concentration
(EFPC/JPC), single-step target deviation (ETDB/JTDB), and coupled model error propagation (JMEP
for T' = 4)—provides robust initial evidence for our theory’s soundness. For instance, flip rate 8’s

posterior variance diminishes as O(|E|~!) (or O(D

~1) for JPC), confirming noise level inferability.

This accuracy is critical, as these principles underpin subsequent multi-step denoising analysis.

6.2 Multi-Step Error Propagation (MDEP) in Detail

To validate MDEP (Theorem @]), which predicts
how single-step deviations accumulate, we sim-
ulated reverse denoising trajectories of varying
lengths T' € {4, 8,16, 32,64} on synthetic graphs
with edges |E| ranging from 10? to 107. For
each (| E|, T) pair, we recorded ZiTzl A, the cu-
mulative Frobenius-norm gap between ¢-free and
t-aware updates, normalized by |E| for a size-
agnostic error metric, as shown in Figure[I]

Key Insight: Our empirical findings significantly
validate the MDEP theorem. The cumulative er-
ror clearly shows a power-law decay with edge
count (|E|), excellently aligning with the pre-
dicted O(|E|~1) scaling (e.g., slope —1.03, R* =
0.9998 for Ty.e = 4). Moreover, the error scales
linearly with trajectory length (77): log-log plots
for different 7" are parallel, and normalizing by T’
collapses data onto a single line, confirming the
full O(T'/|E|) scaling. Crucially, even for exten-
sive trajectories (e.g., 7' = 64), this error becomes
negligible (< 10~%) for large graphs (|E| > 10°).
This demonstrates that omitting explicit noise con-
ditioning incurs a minimal, diminishing cost with
increasing graph size, strongly supporting the via-
bility of ¢-free models in large-graph scenarios.

MDEP slope=-1.03

1071 4 == slope=-1.03

T=4
-8 T=8
-0~ T=16
T=32
T=64

MDEP error

T T T T T T
102 103 104 10° 10 107
El

Figure 1: MDEP empirical scaling. Log-log
plot: per-edge cumulative error Z?:l A;/|E| vs.
edges | E| for various 7" values. The black dashed
line (slope —1.03, R? = 0.9998) for Tiase = 4
aligns with the predicted O(M 1) rate (Theo-
rem [4.3)), since density is nearly fixed in these
synthetic settings, | F| < M, so we plot against
|E|. All curves are approximately parallel, with
vertical offsets proportional to 7'/ Ty, verifying
the O(T/|E|) scaling law.



6.3 Impact of Structure—Feature Coupling Strength (v)

We then investigated the coupled noise model (Section [5)), specifically how the coupling strength
between structural and feature noise affects model performance and noise inferability. As shown in
Figure 2] we varied v from O (independent noise) to 0.99 (highly coupled shared noise component).

(a) Reconstruction error vs. y (b) Accuracy vs. y
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Figure 2: Effect of coupling strength v on unconditional model. (a): Total reconstruction error

(Il Ao — Aol + | Xo — Xol|#- (b): Node classification accuracy. Shaded bands indicate 95% CI over
ten trials. Stronger coupling improves both reconstruction and downstream task performance.

Key Insight: Increasing the structure—feature coupling strength () empirically improves uncon-
ditional model performance. Specifically, as v increases from 0 to 0.99, total reconstruction error
decreases substantially (~40%), and downstream node classification accuracy improves (from ~94%
to over 97%). This suggests that shared noise, potentially through a robust joint signal from shared la-
tent component 7);, effectively aligns feature and structure channels, enhancing overall signal-to—noise
ratio. While our theoretical results (JPC & JTDB) predict posterior uncertainty about noise parameters
decays as O(D 1) irrespective of v < 1, our empirical findings indicate stronger coupling aids noise
inference. This underscores a key takeaway: omitting explicit conditioning on coupling strength ~
(or timestep t) within the coupled noise model does not degrade and can even enhance performance.

6.4 Performance of ¢-free Models on Real-World Graph Generation

Experimental Setup. We used QM09 [38]], a dataset of 133,885 small organic molecules, for evalu-
ating molecular graph generation. Metrics included chemical Validity (fraction of valid molecules
generated), Uniqueness, Novelty, and fidelity of structural distributions (mean ring count, mean
molecular weight). The second benchmark was soc-Epinions1 [39], a larger social network from the
SNAP dataset, used to evaluate structural reconstruction fidelity. Metrics included subgraph Validity,
Uniqueness, basic structural statistics (average nodes and edges), and Maximum Mean Discrepancy
(MMD) for degree, clustering coefficient, and triangle distributions (more details in Appendix [H].
We benchmarked two GDM architectures, DiGress [7] and GDSS [17]], under three variants:

 t-aware: Standard models explicitly conditioned on a learnable embedding of the timestep.

* t-free: Models trained without any timestep conditioning.

* t-free (warm): t-free models initialized from pre-trained ¢t-aware weights and then fine-
tuned without timestep embeddings.

Beyond the main tables, we also conduct an industrial-scale evaluation on soc-Epinions1 using
induced subgraphs with Ny, € {200, 1000} and report validity and the change in MMD when
increasing Npax (negative indicates improvement); the complete results appear in Appendix [I}
Table[8]

Analysis of Real-World Performance. Summarizing our key findings succinctly, Table [2| reveal
that ¢-free variants typically deliver comparable or superior generative quality to their t-aware
counterparts, coupled with clear computational advantages (up to 19.9% parameter reduction for



GDSS and speedups of 8-9%). We now highlight specific conditions under which explicit time
conditioning remains beneficial, guided by detailed insights from our experiments:

* Graph Scale and Signal Strength. Small or sparse graphs provide limited statistical signals (as
evidenced on soc-Epinions] with maximum number of nodes Ny,.x = 50 (Table E]) where initial
validity was modest, e.g., 25.44% for GDSS t-aware). Increasing the graph scale to Ny, = 200
(Table[/) drastically improved validity to 100% across GDSS variants. Explicit time conditioning
thus offers clear advantages in low-information scenarios, bridging the gap where implicit noise
inference (predicted by EFPC.TJJPC [5.1] theory) struggles due to insufficient statistical signals.

* Architecture-Specific Sensitivity. DiGress models demonstrated significant sensitivity to the
removal of explicit time conditioning, particularly evident in the sharp validity drop for Di-
Gress t-free(warm) (from 100.00% to 23.67%). This highlights a key architectural consideration:
transformer-based models using discrete diffusion processes appear heavily reliant on explicit time
embeddings due to learned transition probabilities and attention mechanisms. Conversely, SDE-
based models like GDSS exhibit greater robustness in transitioning to unconditional generation.

* Optimization and Training Stability. Training from scratch revealed challenges, with t¢-free
GDSS models reaching full validity but slightly lagging in structural metrics compared to their
warm-started or explicitly conditioned counterparts (e.g., on soc-Epinions1, GDSS ¢-free from
scratch yields MMDgyeran = 0.72 vs. 0.66 for the warm-started variant). Explicit conditioning
simplifies optimization by providing guidance on noise levels, suggesting a crucial role in achieving
stable convergence, particularly in architectures less adept at implicitly inferring noise dynamics.

In summary, although our results strongly endorse the simplicity and efficiency of ¢-free models,
explicit conditioning still remains valuable, especially in small or low-signal graphs, architectures
heavily reliant on learned embeddings, and scenarios demanding greater training stability. These
insights provide guidance for practitioners on when ¢-free suffices and when conditioning is preferable.

Table 2: Generation results for QM9 and soc-Epinions]1 datasets. Metrics are mean £ 95 % CI over
five seeds. “Params” in millions; “Time” is per-epoch on one NVIDIA L4 GPU.

QM9 Dataset
Model / Variant Valid % Unique % Novel % MW can Params Time
DiGress t-aware 99.984+0.01 4.76+0.07 100.00+0.00  145.37+0.03 13.16 47.82
DiGress t-free 99.99+0.01 4.6540.08 100.004+0.00  149.7440.01 12.65 48.16
DiGress t-free(warm)  99.96+0.01 5.09+0.12 100.00+0.00  147.46+0.02 12.65 48.23
GDSS t-aware 92.3240.19 81.08+0.31 99.99+0.00 95.0040.12 1.89 9.56
GDSS t-free 94.00+0.09 89.604-0.20 99.99+0.00 99.234+0.17 1.79 8.78
GDSS t-free(warm) 92.5740.03 88.4640.41 99.99+0.00 97.744+0.36 1.79 8.78
soc-Epinions1 Dataset

Metric DiGress DiGress DiGress t- GDSS GDSS t-free GDSS t-

t-aware t-free free(warm) t-aware free(warm)
Valid % 100.00+0.00 99.834+0.27  23.67£2.08 | 25.44+1.22 33.36£1.43  48.00+1.99
Unique % 100.00+0.00 100.00£0.00 100.00+0.00 | 94.68+1.40 97.51£1.59  99.91+0.17
Avg Nodes  50.00+0.00 50.00+0.00 50.00+0.00 | 31.11+£1.25 36.974+0.81  44.64+0.86
Avg Edges  291.064+0.49 281.3940.25 270.0540.12 | 503.574+32.42 529.06+15.64 670.82+16.38
MMDpe, 0.46+0.00 0.4140.00 0.40+£0.01 0.760.00 0.660.01 0.6940.01
MMDyyst 0.71£0.00 0.6940.00 0.68+0.01 0.70+0.01 0.70£0.01 0.3940.01
MMDry; 0.41£0.00 0.3840.00 0.37+0.00 0.80+0.02 0.82+0.01 0.9040.00
MMDoveran 0.53+0.00 0.4940.00 0.48+0.00 0.76+£0.02 0.72+0.00 0.66+0.00
Params (M) 1.355 1.322 1.322 0.251 0.201 0.201
Time 6.97 6.95 6.96 1.71 1.55 1.55

7 Conclusion

This work challenges the necessity of explicit noise-level conditioning in Graph Diffusion Models
(GDMs). We provide strong theoretical and empirical evidence that this conditioning is often
unnecessary for effective graph generation. Our theoretical framework (EFPC, ETDB, MDEP)



proves noise levels are implicitly inferable from corrupted graph data, showing negligible error
(O(M~1) single-step, O(T /M) cumulative) when omitting conditioning. Comprehensive empirical
evaluations corroborate these predictions. Unconditional GDSS and DiGress variants matched or
surpassed conditioned models in quality on diverse datasets. They also proved more efficient, reducing
parameters (4—6%) and computation time (8—10%).

These findings support our thesis: graph data’s high dimensionality is enough for denoising without
explicit noise levels, enabling simpler yet equally powerful and efficient GDM architectures. Although
this study provides a robust foundation, promising directions include adaptive coupling, scaling to
larger graphs, and novel sampling strategies. We believe this work offers a solid basis, theoretically
and practically, for designing the next generation of simpler and more efficient GDMs.
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tions [} [5] and [6}

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.
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much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Section[J]lists four concrete limitations—scope of the theoretical noise models,
strength of Lipschitz/near-optimality assumptions, untested performance on web-scale
heterogeneous graphs, and architecture-dependent warm-start sensitivity—and explains why
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* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.
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only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
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and how they scale with dataset size.
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
Justification: Assumptions are listed in Section 4} full proofs appear in Appendix [B]to[F]
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* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
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* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.
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by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental result reproducibility
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experimental results of the paper ?

Answer: [Yes]

Justification: Appendix [H|and [G]details preprocessing, hyper-parameters, random seeds,
and commands to replicate every experiment.
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* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.
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5. Open access to data and code
Question: Does the paper provide open access to the data and code ?
Answer: [Yes]

Justification: We uploaded the paper with code, data scripts, and one-command reproduction
scripts for every experiments.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details
Question: Does the paper specify all the training and test details ?
Answer: [Yes]

Justification: Data splits, optimizer choices, LR schedules, and early-stopping rules appear
in Appendix [H|and
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance
Question: Does the paper report error bars suitably ?
Answer: [Yes]

Justification: All key figures and tables show mean + 95% Cls over five seeds; computation
method explained in Section [6]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
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Answer: [Yes]

Justification: Appendix [H|and |G]lists hardware, per-epoch runtime, and total GPU-hours for
each run.
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* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform ?
Answer: [Yes]

Justification: The work uses only publicly available datasets and no human or animal
subjects, fully complying with the NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper focuses on foundational theory and empirical validation of graph
diffusion models; societal impact analysis is considered outside the scope of this submission
and is therefore omitted.
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* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place ?

Answer: [NA]

Justification: Released models are moderate in size and pose negligible dual-use risk.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets
Question: Are the creators or original owners of assets properly credited ?
Answer: [Yes]

Justification: The creators or original owners of the assets used in the paper, such as code,
data, and models, have been appropriately recognized, and the licenses and terms of use
have been clearly mentioned and properly respected.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
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Question: Are new assets introduced in the paper well documented ?
Answer: [NA]

Justification: The paper releases no new dataset or pretrained model.
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* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects ?
Answer: [NA]

Justification: No human or crowdsourcing data were involved.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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A Detailed Assumptions and Rationale for Theoretical Framework

This appendix provides a detailed statement and justification for the assumptions underpinning the
theoretical framework developed in Section |4|of the main paper.

Formal Statement of Assumptions
To ground our theoretical analysis, we make the following four key assumptions:

Al. Degree Condition. The graph G = (V, E) under consideration is assumed to satisfy one of the
following conditions regarding its node degrees:

(a) The maximum node degree, A,,x = max,cy deg(v), is bounded by a constant, that is,
Apmax = O(1).

(b) The graph has a power-law degree distribution P(k) o< k~* with a decay exponent o > 2.
Further discussion is provided in Appendix [F}

A2. Global Lipschitz Continuity of Denoiser. Fix a constant L, = 1 + n with a small > 0.
We require both of the following Lipschitz conditions to hold:

(i) Learned denoiser. For any two graph inputs G1, G5 and a suitable graph norm ||- ||,
[ £0(G1) = fo(G2)ll < Lmax |G1 — G2].

(ii) Ideal conditional target. Let ju5°" = E[A | Ay, t] (or the joint (Ag, Xo) in the coupled
case). Then for any two noise levels t1, to,

”M;?nd - ,Ug;de S Lmax ‘tl - 252|~

This single assumption supplies the non-expansive property needed in MDEP[4.3] (via (i)) and
the target smoothness used in ETDB {.2JJTDB [5.2] (via (ii)).

A3. Prior Regularity on Noise Parameters. For noise models with explicit parameters (for example,
a Bernoulli edge-flipping rate (3), the prior 7(f) is twice continuously differentiable on the
interior of its domain and strictly positive on compact subsets. Concretely, if 5 € (0, 1) then
¢ < m(B)for B € [e,1 — €] with fixed ¢, e > 0.

A4. Model Capacity and Optimization Quality. The Graph Diffusion Model is assumed to achieve
a per-component mean-squared error that scales as O(M ~1), where M is the number of potential
edges, when predicting the clean graph signal (or the noise) at each reverse step.

Rationale for Assumptions
The assumptions stated above are foundational to our theoretical derivations and are justified as:

Assumption[A1] (Degree Condition)
This assumption allows our analysis to cover a wide spectrum of graph structures. Part (a),
bounded maximum degree, is characteristic of many real-world networks such as molecular
graphs or certain types of citation networks where connectivity is inherently limited. Part
(b), power-law degree distributions with o > 2, enables the framework to apply to scale-free
networks, which are ubiquitous in social, biological, and information systems. The condition
« > 2 ensures a finite mean degree, a common property even in heterogeneous networks.
The distinct scaling behaviors that can arise in scale-free networks are further detailed in
Appendix [F}

Assumption[A2] (Global-Lipschitz Denoiser)
This unified condition has two roles. (i) Learned denoiser. A bounded Lipschitz constant
prevents small single-step errors from exploding along the T reverse updates. If fy were
highly non-Lipschitz—or Ly, > 1—those errors could grow exponentially, yielding
unstable or divergent trajectories. Keeping Lax ~1 (e.g., 1 + n with small n) guarantees at
most linear error accumulation, as required by the MDEP (4.3 analysis. Architectural tricks
such as residual blocks, layer normalisation, or spectral normalisation help enforce this
bound in practice. (ii) Ideal conditional target. We also need the mapping ¢ + 15°™? to vary
smoothly so that the posterior uncertainty in ¢ (captured by EFPC [4.T/JPC translates
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into an O(M 1) target deviation (ETDB JTDB . For common noise schedules,
psend is differentiable and its derivative is bounded, giving a Lipschitz constant of the same
order as that of fy. With both parts bounded by a shared Ly, .y, the theory cleanly links
single-step target bias to multi-step error growth, while keeping notation compact.

Assumption[A3] (Prior Regularity)
This assumption is standard in Bayesian asymptotic theory (e.g., for the Bernstein-von Mises
theorem). It ensures that the prior distribution does not pathologically concentrate mass at
the boundaries of the parameter space (e.g., at 3 = 0 or 8 = 1 for a flip rate), which could
lead to issues like infinite Fisher information or ill-defined posterior distributions. A smooth,
bounded prior allows for stable inference and well-behaved asymptotic approximations of
the posterior.

Assumption[A4] (Model Capacity and Optimization Quality)

This assumption bridges the gap between the ideal Bayesian denoiser (which our theory
often analyzes as an intermediate step) and the learned denoiser fy. It posits that with
sufficient model capacity and effective training, the learned denoiser can approximate the
ideal target well enough such that its single-step prediction error diminishes as the graph
size (and thus the amount of information) increases. The O(M 1) scaling for this error
is optimistic but reflects a scenario where the model effectively learns from the available
data. This assumption is essential for the practical relevance of the derived multi-step error
bounds (MDEP and JMEP).

B Detailed Proof for Edge-Flip Posterior Concentration (EFPC)

This section provides a detailed derivation for the Edge-Flip Posterior Concentration (EFPC) result,
which was formally stated as Theorem [4.1]in the main text. For clarity and self-containment within
this appendix, we restate the theorem.

Theorem B.1 (Edge-Flip Posterior Concentration (EFPC)). Let Ay € {0,1}"*™ be the adjacency
matrix of an undirected graph with a set of M = (Z) potential edges, denoted E. Let A, be the

noisy graph observed at diffusion step t, generated by independently flipping each potential edge
e € Epo from its state in Ay with a true, unknown probability 5, € (0,1):

Pr[/it(e) 7& Ao(G)] = 515, Ve € Epot-

Let X = ZeeEmt 1{ flt(e) + Ao(e)} be the total number of observed edge flips. Assume a prior

distribution 7([3) for the flip rate B (which is our inferential target representing ;). This prior
(B) is continuously differentiable and strictly positive on any compact subset of its domain (0, 1),
satisfying Assumption[A3|The posterior distribution of 3 given X is p(8 | X) oc L(X | M, B)m(B) =
BX(1 — B)M=Xx(B). This posterior distribution satisfies:

Vargp(s)x)[8] = O(M™1).
Furthermore, the leading constant of this variance is determined by the true flip rate 3;, such that:

Varﬂmp(mx)[,ﬁ] = W + O(Mil).

Proof. The proof is structured into three main stages to rigorously establish the theorem’s claims:

1. Concentration of the Sufficient Statistic: We demonstrate that the total number of observed
edge flips, X, which is a sufficient statistic for 5;, concentrates sharply around its expected value.

2. Posterior Variance Analysis using Conjugate Priors and Laplace’s Method: We analyze the
posterior variance Var[3 | X|. This is first done by assuming a Beta conjugate prior to derive
an exact analytical form for the variance. We then generalize this to show that the O(M 1)
scaling holds for any sufficiently smooth prior 7(/3) by applying Laplace’s method for posterior
approximation.

3. Asymptotic Normality and Refined Rate via Bernstein—von Mises Theorem: Finally, we
employ the Bernstein—von Mises theorem to formally establish the asymptotic normality of the
posterior distribution. This allows for a precise determination of the leading constant in the
O(M~1) variance term, linking it directly to the Fisher information.
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Step 1: Concentration of the Sufficient Statistic X. Given that each of the M potential edges
flips independently with the true probability (3, the random variable X, representing the total number
of flipped edges, follows a binomial distribution: X ~ Binomial(M, §;). The expectation of X is
E[X] = MB,.

To quantify the concentration of the empirical flip rate X /M around §;, we use Chernoff’s inequality,
a standard bound for sums of independent Bernoulli random variables. For any € > 0, Chernoff’s
inequality provides:

Pr[|X/M — 3| > ¢] = Pr[|X — MB| > eM] < 2exp(—2e°M). )

This bound implies that the empirical flip rate X /M converges in probability to the true rate [3;
exponentially fast as M — oo. Thus, for a large number of potential edges M, X/M is a highly
precise estimator of ;. This concentration is fundamental to the subsequent Bayesian inference, as
X encapsulates the data’s information about 3 in the likelihood function.

Step 2: Posterior Variance Analysis. We first consider a Beta distribution as a conjugate prior for
B, denoted 7(8) = Beta(ayo, Bo) with hyperparameters «v, 5o > 0. The likelihood function for X
given Bis L(X | M, B) o< X (1 — B)M =X Due to conjugacy, the posterior distribution p(3 | X) is
also a Beta distribution:

B | X ~Beta(X + ag, M — X + fp). 2
The variance of a Beta(a, b) distribution is m Substituting the posterior parameters

a=X+apand b= M — X + 3y, we have:

(X + o) (M — X + o)
(M + ag + B0)2(M + ag + Bo + 1)
From Step 1, for large M, X ~ M f3;. Substituting this into Equation (3):

e The numerator is asymptotically (M S3;)(M (1 — ;) = M?2B,(1 — B;) + O(M), which is
O(M?).
¢ The denominator is asymptotically M? - M = M3 + O(M?), which is O(M3).

Var[f | X) = 3)

Therefore, Var[§ | X] = 8%%3 =0(M™1).

This O(M ~1) scaling is not limited to conjugate priors. It holds more generally for any sufficiently
smooth prior 7(3) satisfying Assumption |A3|(Prior Regularity), as can be shown using Laplace’s
method for posterior approximation. The log-posterior is:

logp(B| X)=Xlog B+ (M — X)log(1— )+ logn(8) + C, %)

where C' is a normalizing constant. Laplace s method approx1mates p(B | X) with a Gaussian
distribution centered at the posterlor mode, Bmode For large M, Bmode converges to the Maximum

Likelihood Estimator (MLE), BMLE = X /M. The variance of this approximating Gaussian is the
negative inverse of the second derivative of the log-posterior evaluated at the mode:

8210gp(ﬂ\X)’ )‘1
02 bt )

The second derivative is dominated by the likelihood term, % (Xlogf+ (M —X)log(l—p)) =

VarLaplace [ﬁ ‘ X] ~ <_

- ég (]1” ek which evaluates to approximately — M ﬁ £ — ]\(/[1(1;;;) =—7 (fw 7y at the mode (since
Brmode Be). Thus, its negative inverse scales as (’)( ~1), confirming the general scaling of the

po sterior variance.

Step 3: Refinement of Rate and Leading Constant via Bernstein—-von Mises Theorem. To
formalize the asymptotic normality of the posterior and to precisely determine the leading constant in
the O(M ~1) variance term, we apply the Bernstein—von Mises theorem [23]]. This theorem states that,
under regularity conditions (satisfied by Assumption[A3]and the Bernoulli likelihood), the posterior
distribution p(3 | X') converges in distribution to a Normal distribution as M — oco. Specifically:

VM(B — Bwie) | X SN (0,1(8,)7Y), )

21



where Buig = X /M is the MLE of §3, and I (3;) is the Fisher information for a single Bernoulli
trial (one potential edge flip), evaluated at the true parameter (3;.

The log-likelihood for a single Bernoulli trial Y. € {0,1} (where Y, = 1 indicates a flip) is
0(B;Y.) =Y. log B+ (1 —Y,)log(l — B). The Fisher information for this single trial is:

0241 (B; Ye) 1
I = Ey, ~Bernoulli - = . 6
1(8) Y.~B 11i(B) |: 032 B(1-p) ©)
For M independent trials, the total Fisher information concerning 3 is Ip;(8) = M -1, (8) = ﬁ

From Equation (3), the limiting distribution of 3 | X is N'(BwLe, (M - I;(3;))~1). Therefore, the
asymptotic variance of the posterior distribution p(3 | X) is:

1 — Bt(l - ﬂt) -1
— to(M Y =" (M. @)
M - Li(Bt) ( ) M ( )
This result not only rigorously confirms the O(M ~1) decay rate for the posterior variance but also
explicitly identifies the leading constant term, 3;(1 — /3;), which depends on the true underlying flip
rate. This is the "sharp rate" referred to in the main text.

Var[$ | X] =

The convergence of these three analytical steps—the concentration of the sufficient statistic X,
the O(M~1) variance scaling derived from both conjugate prior analysis and Laplace’s method
for general smooth priors, and the precise asymptotic form and constant factor obtained via the
Bernstein—von Mises theorem—collectively establishes the proof of Theorem|B.1

Extension 1: Robustness to Correlated Edge Flips

The core proof of Edge-Flip Posterior Concentration (EFPC, Theorem [B.T)) assumes that edge flips
are independent events across all M potential edges. This extension investigates the robustness of the
EFPC findings, particularly the O(M ~1) scaling of the posterior variance, when this independence
assumption is relaxed to allow for local dependencies between edge flip events.

Modeling Local Dependencies. We consider the set of indicator random variables {Y, =

1{As(e) # Ao(e)}}eeE,.,» Where Y, = 1 if edge e flips. Instead of full independence, we as-
sume these variables form a dependency graph. In this graph, nodes correspond to the potential
edges e € E,, of the original graph Ag, and an edge exists between two such "edge-nodes" (say,
corresponding to e; and ey) if the random variables Y., and Y., are statistically dependent. We
stipulate that this dependency graph has a maximum degree A, which is bounded by a constant, i.e.,
A = O(1). This implies that the flip status of any single edge e is directly dependent on at most A
other edge flips, thereby modeling a scenario of local or bounded dependency. The total number of
observed edge flips remains X =) . Epor Ye.

Concentration under Local Dependency. Even with local dependencies, the sum X can still
exhibit strong concentration around its expectation E[X]. While the standard Chernoff bound
(Equation (I))) for i.i.d. variables may not directly apply, more general concentration inequalities,
such as Janson’s Inequality [40], are designed for sums of dependent indicator variables.

Lemma B.2 (Concentration Bound for Dependent Flips, adapted from Janson [40]). Let {Y.}cck
be a collection of indicator random variables, and let X ="

pot
€ B0t Y.. If these variables form a
dependency graph with maximum degree A = O(1), then under suitable conditions on the nature of
dependencies and individual flip probabilities p. = Pr[Y, = 1], concentration bounds for X can be
derived. A common form of such bounds, or related Chernoff-type bounds for variables with bounded
dependency (e.g., m-dependence), is:

Pr[|X —E[X]| > eM] < Qexp(—m> ,

where C is a constant and f(A) is some function reflecting the dependency strength, often polynomial
in A. For instance, a specific form provided in the user’s context is:

22 M )

_ < _
Pr[|X E[X}|>€M}_2exp< 5 2A
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(The applicability of this specific form depends on underlying assumptions about the dependency
structure, often related to notions like Poisson approximation or specific correlation decay.)

Proof Sketch. The detailed proof of Janson’s Inequality and its variants can be found in Janson [40].
The core idea involves bounding tail probabilities by analyzing the sum of covariances or by using
techniques like the method of bounded differences adapted for dependent variables.

Implications for Posterior Variance. The critical insight from applying concentration bounds like
Lemma [B.2]is that if A = O(1), the sum X still concentrates effectively around its mean E[X]. This
implies that the variance of X, Var(X), while potentially larger than the i.i.d. case M3:(1 — 3;)
(e.g., it might be scaled by a factor related to A), often remains © (M) as long as the dependencies
are not pervasive enough to make all variables highly correlated globally. If Var(X) = O(M),
then the empirical flip rate X /M remains a consistent estimator of the average underlying flip
probability 8 = E[X]/M. Consequently, the subsequent Bayesian analysis steps, which rely on
the concentration of X /M and the behavior of the likelihood function, remain largely valid. The
Fisher information structure might be adjusted by factors dependent on A, but the overall O(M 1)
scaling for the posterior variance of an effective flip parameter [ is typically robustly preserved. The
leading constant in the variance may change, reflecting the reduced effective number of independent
observations, but the fundamental rate of concentration with M is expected to persist. Thus, the
EFPC result demonstrates robustness to certain forms of local, bounded correlations between edge
flips.

Extension 2: Robustness to Time-Varying Bernoulli Schedules

The primary EFPC analysis (Theorem [B.T)) assumes a single, uniform flip probability j3; for all edges
at a given step t. This extension considers the scenario where the corruption process involves a
sequence of 7T steps, each with potentially different flip probabilities {3;}7_, as is typical in iterative
diffusion models. After T such steps, an edge e, initially in state Ag(e), transitions to a state Ap(e).
Our interest lies in the inferability of an *effective* or *aggregate* noise level that characterizes this
multi-step process.

Effective Flip Probability. Let p¢ denote the effective probability that the final state of an edge,
Arp(e), differs from its initial state, Ag(e), i.e., pT = Pr[Ap(e) # Ag(e)]. The user’s text notes
a specific formula for p, under a symmetric channel model: p, = 1 — H?:l (1 —28,(e)), where
Bi(e) is the flip probability at step i. This formula arises if 3;(e) is the probability of flipping from
state A;_1(e) at step 4, and each (1 — 253;(e)) represents the correlation between A;(e) and A;_1(e).
If B;(e) is simply Pr[A;(e) # A;_1(e) | A;_1(e)], the cumulative probability Pr[Ap(e) # Ag(e)]
could be more complex. For this extension, we assume that an effective, overall probability pcff for
each edge e can be defined, encapsulating the net effect of the T-step process.

Concentration for Non-Identical Bernoulli Trials. LetY =} _ Epot 1{Ap(e) # Ag(e)} be
the total count of edges whose final state differs from their initial state. If these effective flip events
{Ar(e) # Ao(e)} are independent across different edges e, but the probabilities p2* are non-identical
(e.g., due to edge-specific attributes influencing 53;(e), or a non-uniform accumulation of noise),
then Y is a sum of independent, non-identically distributed Bernoulli random variables. Hoeffding’s
inequality provides a suitable concentration bound.

Lemma B.3 (Hoeffding’s Inequality for Sums of Independent Bounded Random Variables). Let
Y. ~ Bernoulli(p?) be independent random variables for e € Epo, where pef € [0,1]. Let
Y = ZeeEw Y.. Then for any € > 0,

Pr[|Y —E[Y]| > eM] < 2exp(—2¢>M),

where E[Y] = ZeeEwt peft.

Proof. This result is a direct application of Hoeffding’s inequality, which applies to sums of indepen-
dent random variables bounded within an interval (here, Y, € [0, 1]).
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Implications for Posterior Variance. Lemma[B.3]demonstrates that the total observed count of
differing edges, Y, concentrates around its mean E[Y]. We can define an average effective flip
rate as pess = E[Y]/M = (X .cp,, pf) /M. The observed fraction of differing edges, Y/M, will

then concentrate around this peg. If the inferential goal is to estimate peg (or a set of parameters
characterizing the schedule {3;} that yield {p"}), then Y/M serves as the empirical data. By
applying Bayesian principles similar to those in Step 2 and Step 3 of the main EFPC proof (e.g.,
Laplace’s method or Bernstein-von Mises under suitable regularity for the likelihood based on peg),
the concentration of Y//M implies that the posterior variance for pog will also scale as O(M 1),
Therefore, the EFPC principle—that an effective or aggregate measure of noise is inferable with
a posterior variance scaling inversely with M—is robust and extends to scenarios involving time-
varying noise schedules, provided the cumulative effect across edges results in indicators of change
that are independent or, at worst, weakly dependent.

Concluding Remarks on EFPC and its Extensions

The preceding analyses, encompassing the main proof of Edge-Flip Posterior Concentration (The-
orem and its extensions, robustly support a critical insight: the noise level, or an effective
aggregate thereof, is inherently inferable from a sufficiently large noisy graph structure. This in-
ferability forms the cornerstone of our argument for the potential dispensability of explicit noise
conditioning in GDMs.

* Robustness to Local Dependencies: The extension to scenarios with correlated edge flips (Sec-
tion [B)), utilizing concentration results such as Janson’s Inequality (Lemma [B.2)), demonstrates
that the fundamental O(M 1) posterior variance scaling is not strictly confined to i.i.d. flip
events. Provided that dependencies between edge flips are local (e.g., characterized by a bounded
maximum degree A in the dependency graph), the concentration property, and consequently the
scaling of posterior variance, largely persists. This finding is particularly relevant as real-world
graph structures often exhibit such local correlations.

* Adaptability to Time-Varying Noise Schedules: The extension considering time-varying
Bernoulli schedules (Section [B]), which leverages tools like Hoeffding’s inequality (Lemma[B.3),
indicates that even if the "noise level" observed in A results from a complex, multi-step corruption
process, an effective measure of this cumulative noise (peg) can still be estimated with a posterior
variance scaling as O(M ~1). This suggests that a noise-unconditional denoiser has the potential to
learn to recognize these aggregate noise states directly from the data.

In summary, these theoretical findings collectively provide strong support for the premise that the
high-dimensional nature of graph data—specifically, the large number of potential edges M —offers
substantial statistical information for accurately inferring the parameters of the underlying noise
process. This robust inferability of the noise level is the foundational pillar upon which subsequent
theoretical results in this paper, namely the Edge-Target Deviation Bound (ETDB) and Multi-
Step Denoising Error Propagation (MDEP), are constructed. Ultimately, this underpins the central
argument for the viability and potential advantages of designing GDMs without explicit noise-level
conditioning.

C Detailed Proof for Edge-Target Deviation Bound (ETDB)

This section provides a detailed derivation for the Edge-Target Deviation Bound (ETDB), formally
stated as Theorem [4.2]in the main text. This theorem quantifies the expected error introduced in the
ideal denoising target when explicit noise-level information (e.g., ¢ or its proxy ;) is omitted. The
proof builds upon the Edge-Flip Posterior Concentration (EFPC) result (Theorem [B.T). For clarity,
we restate the ETDB theorem.

Theorem C.1 (Edge-Target Deviation Bound (ETDB)). Let A, be the noisy adjacency matrix at
step t, generated from a clean graph Ag under a given noise model parameterized by a noise level
indicator u (e.g., the flip rate 3; in the Bernoulli model). Let the ideal conditional regression target be

peend = E[Aq | Ay, ul.
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Define the unconditional regression target, where the explicit noise level u is marginalized out
according to its posterior p(u | Ay), as

Mt 2= Euwp(uh&t) [,UqCLOIld].

Assume the following conditions hold:

(i) Posterior Concentration of Noise Level: The variance of the noise level parameter u given
Ay satisfies Var(u | Ay) = O(M ™), where M = () is the number of potential edges.
This is established by Theorem[B.I|(EFPC) for the Bernoulli flip model.

(ii) Lipschitz Regularity of the Conditional Target: The conditional target u<°™ is L-Lipschitz
continuous with respect to the noise level parameter u, i.e., for any two noise levels u1, us,

15 — w2l < Llug — ual,

where L = O(1) is a constant independent of M. This corresponds to Assumption
(Global-Lipschitz Denoiser) from the main paper, applied to the ideal Bayesian estimator.

Then, the expected squared Frobenius norm of the deviation between the conditional and unconditional
targets, denoted E(Ay), satisfies:

E(A) =By I = 3] = 017,

Furthermore, if || fit||% = ©(M), the relative squared error diminishes as O(M~?), ensuring it
approaches zero as M — oo.

Proof. The quantity £ (/L) represents the expected squared deviation of the conditional target "4
from its mean fi;, where u is drawn from the posterior p(u | A;). This is effectively the variance of

the random matrix (or vector) P4 where U ~ p(u | Ayp).

We can bound this variance using the Lipschitz property of u°"d. A standard result states that
if a function g(U) is L-Lipschitz with respect to U, then Var[g(U)] < L? Var[U]. Applying this
principle (which can be derived using, for instance, properties of expectation and the definition of
Lipschitz continuity, or seen as a consequence of the Poincaré inequality under certain conditions, or
by a first-order Taylor expansion for highly concentrated U):

E(A) = By (1™ = By 125 13]
< L2 By i [0 = Bypua) [P)?] by Condition (i), Lipschitz continuity)

= L*Var(u | 4;).

The inequality step leverages the fact that the variance of a function is bounded by the square of its
Lipschitz constant times the variance of its argument.

By Condjtion (i) of the theorem (Posterior Concentration from EFPC, Theorem , we have
Var(u | A;) = O(M™1). Since L = O(1), it follows that:

E(A) < (O()?-OM 1) =0(M™).
This establishes the primary result for the absolute expected squared deviation.

For the relative squared error, if we assume | i;||% = ©(M) (a reasonable assumption for non-trivial
graphs where ji; represents probabilities or expectations over M potential edges, many of which are
expected to be non-zero on average), then:

EA) _om™)

w2 = ean - W)

This O(M ~2) rate ensures that the relative error diminishes rapidly as M — oo, implying that ji;
becomes an increasingly accurate approximation of £§°" in a relative sense for large graphs. The
statement in the theorem’s conclusion that the relative error is O(M ~1) is a looser bound that is also

satisfied, as O(M ~2) C O(M~1). The crucial point is its convergence to zero.
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Lipschitz Constants for Additional Noise Families (Supporting ETDB Assumption (ii))

The second assumption of Theorem C.1] (Lipschitz Regularity of the Conditional Target) is crucial for
the ETDB result. This subsection briefly justifies that this condition, || — pom(| o < Llug — ug|
with L = O(1), holds for several common noise models beyond Bernoulli flips. This ensures

the broad applicability of the ETDB. The analysis focuses on the per-edge conditional expectation
n(Ade) | u).

Poisson Jump Noise. The probability that an edge flips its state by time ¢ due to a Poisson process
with rate \ is p; = (1 — e~2*)/2. The derivative |0;p;| = Ae™?** < \. The conditional target
E[Ag(e) | At(e), ] is typically a simple (e.g., linear) function of p;. If |3, E[Ao(e) | -, p]| is O(1),
then by the chain rule, the Lipschitz constant with respect to ¢ is Lpoisson = O(A). If A = O(1), then
Lpoisson = O(l)

Beta Noise on [0,1]. Consider the noise model A;(e) = (1 — t)Ao(e) + tU., where U, ~
Beta(w, 8) and ¢ € [0,1] is the noise intensity. For specific forms of the conditional expectation

E[Ao(e) | Ai(e),t], such as R(A.(e)|t) = (-4 (Jao+tan 7 (derived in Appendix , the

- (1—1)(ao+bo)+t(cvu+pu
derivative |0, R(A¢(e) | t)| can be shown to be bounded by a constant (e.g., < 1 under certain
parameter conditions in your paper). Thus, Lpet, = O(1).

Multinomial (K categories) Noise. If edges transition between K categories, with probability

1 —t of staying in the original category and ¢ of resampling from a base distribution 7r, the conditional
probability 11;(A(e) = k | t) = Pr[Ag(e) = j | As(e) = k,1] takes the form (L li=spitln
The derivative with respect to ¢ is bounded by a constant dependent on K and minimum prior/base
probabilities (e.g., [D¢/1j| < =20, yielding Ly = O(1) for fixed K.

(ming pg)?

Implication. For these diverse noise models, the Lipschitz constant L of the per-edge conditional
expectation with respect to the noise parameter ¢ is O(1) (i.e., independent of graph size M). This
validates Assumption (ii) of Theorem [C.1]and supports the general applicability of the ETDB.

Bayesian Details for Additional Noise Families (Supporting Lipschitz Analysis)

This subsection provides concise Bayesian formulations for the conditional expectations (regression
targets) R(A:(e) | t) for the noise families discussed above, supporting the Lipschitz constant
derivations.

Poisson Jump Model. Given A,(e) = y and flip probability p, = (1 — e~2*)/2. If the prior
P(Ag(e) =1) = m and P(Ag(e) =0) = mg = 1 — 7y, then:

R(Ay(e) =y | p) = P[Ao(e) = 1| Aule) = y. pi]

(A—py)m e

= {(lpt)ﬂf1+ll7tﬂo lfy =1

PtT1 : — :
Ptﬂ'1+(tlfpt)7ro lfy =0

This function is rational in p;, and since p; is Lipschitz in ¢, R is also Lipschitz in ¢.

Beta Noise on [0,1]. Given A,(e) = (1 — t)Ag(e) + tU,, with Ag(e) ~ Beta(ag, by) and U, ~
Beta(ay,, 8,). The posterior mean (conditional expectation) from your paper is:
(1 —t)A(e)ag + toy,
(1 — t)(ao + b()) + t(Oéu + ﬁu) '
Its derivative with respect to ¢ is bounded under non-degenerate parameters.

R(Ay(e) [ 1) =

Multinomial (K categories) Noise. Given A;(e) = k, with prior P(Ay(e) = j) = p; and
resampling distribution ;. The conditional target (posterior probability of original state j7) is:
1-— t)lj:kpj + t’/Tj

(1 —t)pk + tmi

Ry(Ay(e) =k | 1) = .
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Its derivative with respect to ¢ is bounded if priors and resampling probabilities are bounded away
from zero.

Corollary C.2 (ETDB Constant for Bernoulli Flips). Under the Bernoulli edge-flip noise model
(Section[5|and Theorem|[B.1), the expected squared deviation in Theorem|[C.I|(ETDB) has the precise
leading term:

Be(1—Br)

B[Jla = 3] = 2P o(u ),

This leading constant matches that of the posterior variance of 3 (Theorem[B.1| Appendix|B), directly
linking noise inference uncertainty to target deviation.

D Detailed Proof for Multi-Step Denoising Error Propagation (MDEP)

This appendix provides a rigorous derivation for the Multi-Step Denoising Error Propagation (MDEP)
theorem, which was formally stated as Theorem @] in the main text. The MDEP theorem is critical
as it bounds the accumulation of errors introduced at each step when explicit noise-level conditioning
is omitted. This connects the single-step deviation, quantified by the Edge-Target Deviation Bound
(ETDB, Theorem [C.1)), to the fidelity of the final generated graph. For clarity, we restate the MDEP
theorem.

Theorem D.1 (Multi-Step Denoising Error Propagation (MDEP)). Let {AT, Ap_q,..., /10} be
the sequence of graph states generated by a learned denoising operator Dy that operates without
explicit noise-level input t. Thus, the trajectory is given by A; = Dy(Ajy1,8) fori=T—1,...,0,
originating from an initial noisy state Ar. Let {A%, A% _,,..., A} denote the corresponding ideal
trajectory produced by the same underlying operator architecture ®g but perfectly conditioned on
the true noise level t; at each step i. Thus, A7 = ®o(Aj,|,i | t;), with the same starting state

(3
Ay = Ar.
The following conditions are assumed to hold for each reverse step i =0,...,T — 1:

(i) Single-Step Deviation Bound: The Frobenius norm of the difference between the output
of the unconditional operator and the ideal conditional operator, when both are given the

same input A; 11 from the unconditional trajectory, is bounded by §;:
[®Po(Ais1,7) — Po(Air1,i | t)||r < 6 (®)
This ; quantifies the error from omitting explicit conditioning t;. From ETDB (Theorem|C.I)),
we have §; = O(M™1). Let §yax = max; d;.
(ii) Lipschitz Continuity of the Conditional Operator: The ideal conditional operator ®y(-,1 |
t;) is Lipschitz continuous with respect to its graph input, with a Lipschitz constant L; > 0:
[Po(X, 0| t:) = Ro(Y,i | ti)llp < Lil| X =Y |lp, VX,Y. ©)

This aligns with Assumption (Global-Lipschitz Denoiser in the main text, ensure this
label is correct), where L; < Lyax = O(1). Specifically, we assume Ly.x = 1+ 1 witha

smalln > 0.
Let B; := ||A; — A} || be the Frobenius norm of the error between the unconditional and ideal
trajectories at reverse step i. Then, the error in the final generated graph By = || Ao — A}||F is
bounded by:

T—1 —
BO<Z HL 5. (10)

k=0 \j=
(The product Hj;lo L; is defined as 1 for the k = 0 term).

Consequently, if 6; = O(M~Y) and L; < Lyax (Where Loy = 1+ 1 with small n < 0.2 as per
Assumption[A2), the cumulative error is:

140 — Ajllr = O(TM ™).

This indicates that the cumulative error grows at most linearly with the number of denoising steps T'
and diminishes for larger graph sizes M.
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Proof. Let B; = ||A; — A?||r represent the accumulated error (in Frobenius norm) between the
unconditional trajectory {A4;} and the ideal conditional trajectory { A%} at reverse step 7. Our goal is
to establish a recursive relation for B; and unroll it.

At step ¢, the error B; is defined as:
Bi = |A; — Af|lp = |®o(Ais1,i) — ©o(Afy i | i) F

We add and subtract the term ®g (Ai+1, i | t;), which is the output of the ideal conditional operator if
it were given the input from the unconditional path A; 1. Applying the triangle inequality:

B; < ||@(A 41,1 i) = Po(Air,i | ti)llr
+ 1o (Aisr,i | ti) — Po(Afyy,i | )]
The first term on the right-hand side is the single-step deviation due to omitting the explicit time

conditioning ¢;, given the same input Ai.i_l. By Condition (i) of the theorem (Equation (8)), this term
is bounded by §;:

[®o(Ais1,9) — ®o(Air1,i | t)l|r < 6.
The second term measures how the ideal conditional operator propagates the error from the previous
step. By Condition (ii) of the theorem (Lipschitz continuity, Equation (9)), this term is bounded by:

@0 (Aiy1,i | t:) = Po(Afr,i | ti)llr < LillAigr — Afyillr = LiBiga.
Combining these bounds, we establish the recursive inequality for the error:
B; <0; + L;iBita. (1D
This recursion holds fori =T — 1,7 — 2,...,0. The process starts from A%, = A, so the initial
error is By = ||Ap — A%||r = 0.
We unroll the recursion:
eFori=T—1.Byp_1 <0p_1+ Ly_1Bp =dp_1.

e Fori =T —2: Bp_o <dp—o+ Lr_9Br_1 < dér—o+ Lp_207_1.
* Fori=T—3: By_3 <d7r—3+ Lr_3Br_92 < ér—3+ Lp_3d7—2 + Lr_3Lr_267_1.

Continuing this pattern down to ¢ = 0, we arrive at the sum presented in Equation (I0):
T-1 (k-
By < Z H L Ok,
where the product Hj;lo L; is defined as 1 for the £ = 0 term (i.e., the first term in the sum is o).

To obtain the final scaling, we substitute the assumed orders for d, and L;. Given 0 < dpmax =
O(M~1) forall k, and L; < Lyax for all j, where Ly, = O(1):
T—1
BO < 6max Z (Lmax)k~
k=0
This is a sum of a geometric series.

o If Lo = 1 (i.e., the conditional operator is non-expansive), then Zg:_ol (Lipax)®* =T. In

this case, By < Témax =1 - O(M~1) = O(TM™1).
e If Lax > 1, the sum is éTiX If Liyax = 1 + 7 for a small > 0 (such that Lmax
does not grow excessively fast, e.g., n < 0.2 as per Assumption , the factor %
can be approximated. For small T, using the binomial expansion (1 +n)? ~ 1+ Tn +
@nz + ..., the factor is approximately 7" + T(T ) 7+ ..., which is O(T"). More
generally, as long as L, is a constant close to 1, the sum Zk:o (Lmax)k isO(T)if T is
not excessively large relative to 1/(Lmax — 1), or bounded by a factor polynomial in T if
LT, remains bounded.

Under the stated assumption that L,,,x = 1 4+ 1 with small < 0.2, the sum f""" is indeed O(T))

I . — 1= Tn using the approximation e’ — 1 ~ Tnor (1 +n)T — 1~ Tn.
Thus, By < O(M~1) - O(T) = O(TM~1). This concludes the proof.

because for small , LT
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Remarks and Further Implications of MDEP

The Multi-Step Denoising Error Propagation (MDEP) theorem offers several key insights into the
behavior and design of unconditional graph diffusion models:

* Controlled Error Accumulation: The theorem crucially establishes that errors introduced by
omitting explicit time/noise-level conditioning do not necessarily compound catastrophically.
Instead, under the Lipschitz continuity of the denoiser (Assumption[A2)) and diminishing single-
step deviations (from ETDB, Theorem @, the total accumulated error scales at most linearly
with the number of denoising steps 7' and inversely with the graph size metric M. This linear
(rather than exponential) growth in 7' is vital for the feasibility of generating graphs through many
denoising steps.

« Scalability with Graph Size: The O(M ~!) factor ensures that for sufficiently large graphs (large
M), the cumulative error from lacking explicit time-conditioning becomes negligible. This provides
a theoretical underpinning for why ¢-free models can perform competitively on large graph datasets.

* Applicability to Diverse Noise Models: The MDEP framework is general. As discussed in
Appendix [C] (Lipschitz constants for other noise families), the requisite Lipschitz condition on
the ideal denoiser holds for various common noise models beyond simple Bernoulli flips (e.g.,
Poisson, Beta, Multinomial). If the single-step deviation 0; also scales as O(M _1) under these
noise models (which is expected if EFPC-like posterior concentration holds for their respective
noise parameters), then the MDEP O(T'M ~!) result extends broadly.

» Impact of Denoiser’s Lipschitz Constant (L,,,x): The precise value of L,,, affects the constant
factor in the error bound. A strictly non-expansive denoiser (Ly,.x = 1) yields the tightest bound

TOmax- If Linax = 141 forasmall iy > 0, the error is scaled by M, which is approximately

T for small nT'. The assumption (e.g., 7 < 0.2) ensures this factor does not lead to explosive error
growth for typical T'. Maintaining L,.x close to 1 is thus beneficial, a property often encouraged
by common neural network architectures and regularization. The practical implications of this
factor can be explored empirically, as suggested by your reference to Figure[I] (ensure this label is
correct for your main paper).

In essence, MDEP provides theoretical assurance that omitting explicit noise-level conditioning is
a viable strategy for large graphs, leading to predictable and controlled error accumulation. This
supports the design of simpler and more efficient ¢-free Graph Diffusion Models.

E Proofs for the Coupled Structure-Feature Model

This appendix provides detailed derivations for the theoretical results concerning the coupled structure-
feature noise model, as introduced in Section [5]of the main paper. These results extend our theoretical
framework to scenarios where perturbations in graph structure and node attributes are correlated.

Throughout this appendix, we fix a specific time index (or noise level) ¢. The noise scales o x (t)
and o 4(t) are denoted as ox and o4, respectively. The clean graph structure A, and features
Xy are stacked into Zy = (vec(Ap),vec(Xp)) . The corresponding noisy observation is 2 =

(vec(Ay), vec(X;))T. Under the coupled Gaussian noise model (Section , Z ~ N(Zy,2(0n)),
where 0y = (53,7,0x,04) are the noise process parameters, and X is the covariance matrix
dependent on these parameters. The total dimensionality of Z is D = M + n - d¢, where M = (g)

Proof of Theorem 5.1 (Joint Posterior Concentration)

Theorem [5.1] (Theorem 5.1 in the main paper) states that the joint posterior distribution of the noise
process parameters 0y = (3,7, 0x,0.4) concentrates, with the variance of each parameter scaling
as O(D71).

Proof. The proof relies on Bayesian asymptotic theory, particularly the Bernstein—von Mises
theorem [25]. Let Zy be the (fixed) clean graph data. The noisy data Z are generated as
Z ~ N(Zy,%(0n)), where the covariance matrix () is parameterized by Oy = (8,7, 0x,04).
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The parameter 8 may relate to an underlying discrete corruption process that influences Z; or the
structure of 3(0 ), while v, o x, 0 4 directly define the coupled Gaussian perturbation.

The log-likelihood function for 6 given Z and Z, is (0n; Z, Zy) = logp(Z | Zo;0n). Under
standard regularity conditions for the likelihood (e.g., differentiability with respect to 6y, identifiabil-
ity, and a non-degenerate Fisher information matrix), which are generally met for Gaussian models
where parameters smoothly define the covariance matrix, the posterior distribution of 6y concentrates
around the true parameter values 0 yrye.

The Fisher information matrix for 6, denoted Z (0 ), is derived from the expectation of the negative
Hessian of £(6). For a D-dimensional Gaussian likelihood N (Zy, ¥(6x)), the Fisher information
associated with the parameters 6 (which define X(6)) typically scales with the number of effective
independent observations, which is proportional to D. This is because each of the D components of

Z (or, more accurately, the vector Z — Z) provides information for estimating 6. For example,
terms in the Fisher information matrix involve derivatives like 93 /00 x and 0% /0y, which affect
multiple entries of X, and the overall information aggregates across the D dimensions.

According to the Bernstein—von Mises theorem [25]], under suitable conditions (including Assump-
tion|A3|extended to the prior on 6 y), the posterior distribution p(8y | Z, Zy) converges asymptot-

ically to a Normal distribution centered near the Maximum Likelihood Estimate (MLE) 6, with
a covariance matrix that is the inverse of the total Fisher information matrix, i.e., Zp (6 Nvtme)*l. If
the total Fisher information Zp (6 we) Scales as ©(D), then its inverse, the asymptotic posterior
covariance matrix, will scale as ©(D~!). Consequently, the marginal posterior variance for each
component parameter within 6y scales as O(D~1).

This general argument from asymptotic Bayesian theory establishes that Var(component of 6 |

Z) = O(D~1), thus proving the JPC result. The eigenvalues of 3(f ) being bounded away from
zero (for v < 1, as per Ayin(X) > min{o? (1 — v2), 0% }) and infinity (Apmax(X) = O(1)) ensures
that ¥(6v) is well-behaved and its inverse exists, supporting the regularity conditions needed.

Proof of Theorem [5.2](Joint Target Deviation Bound)

Theorem[5.2](Theorem 5.2 in the main paper) quantifies the expected deviation between the ideal con-
ditional denoising target R$°"! := E[Z, | Z,t] and the unconditional target R; := B p(ul2) [Reond)
for the joint structure-feature data Zy = (Ag, Xo).

The conditions assumed are:
(i) Posterior Concentration of Noise Level Parameter ¢: From JPC (Theorem , Var(t |
Z)=0(D™1).
(ii) Lipschitz Regularity of R{°": || R{°"! — Ro™||p < L[ty — t5 for some L = O(1).

Proof. The expected squared Frobenius norm of the deviation is & (2) =
B omp(u 2) [||[RS™ — Ry||%].  This term is the variance of the random matrix R{P™, where

U ~ p(u | Z ). Using the property that for a random variable U and an L-Lipschitz function
9(U) (mapping to a space with norm || - || ), Var[g(U)] = E[||lg(U) — E[g(U)][|%] < L? Var[U].
Applying this with g(u) = RS, we have:

£(Z) = Varuwp(u‘z)(Rzond) < L?Var(u | Z). (by Condition (ii))
From Condition (i) (JPC, Theorem , Var(u | Z) = O(D™1). Since L = O(1),
£(Z) < (0)?-0(D!) =0(D).
This establishes that E[|| Rg°"d — R,||2] = O(D~!). The subsequent conclusion regarding the

relative error diminishing follows if | R;||% = ©(D), yielding a relative error of O(D~2).

Proof of Theorem [5.3| (Joint Multi-Step Error Propagation)

Theorem [5.3](Theorem 5.3 in the main paper) extends the MDEP analysis to the coupled structure-
feature model, bounding the error accumulation over 7 reverse steps.
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Let {Z7,..., Zo} be the trajectory from the unconditional operator ®y, and {Z%, ..., Z&} be the
ideal trajectory from the conditional operator ®}(-,- | t;), with Zp = ZF. The error at step ¢ is
B; = ||Z; — Z#|| . Conditions:

(i) Single-step deviation: ||®(Ziy1,1) — ®5(Zi1,i | ;)| r < i, with §; = O(D™1) (from
JTDB, Theorem|[5.2)).

(i) Lipschitz continuity: ||®5 (X, | t;) — @5(Y,i | t)||lp < Li||X =Y || p, with L; < Lypax =
o).

Proof. The proof structure is identical to that of Theorem[D.T|(MDEP proof in Appendix D)), replacing
graph-only states A; with joint states Z; and using total dimensionality D instead of M. The recursive
error bound is derived as B; < §; + L; B; 1. Unrolling this recursion from i = 7' — 1 down to ¢ = 0,
with By = 0, yields:

T-1 [k—

1
BO < Z H Lj 5k~
k=0 \j=0
Given 0y, < Smax = O(D7 ') and Lj < Lyax (Where Lyyax = 147 with small 7)), the sum is bounded
BY Simax 221, which is O(T'8imax) for Limax close to 1. Thus, By = || Zo — Z§|» = O(TD).

Lmax—1"

The theorem statement concludes || Ay — Aol + || Xo — Xol|r = O(T/D). Since Zy — Z§ =
(vec(Ag — Af), vec(Xo — X)) T, we have

1Z0 = Z5 |17 = Il Ao — AglE + [ Xo — X5 II%-

This implies that both | Ay — A3||z = O(T/D) and || Xy — X¢|| = O(T/D). Therefore, their sum
(using an appropriate norm || - || g for edges, typically Frobenius) is also O(T/D).

Discussion

The theoretical guarantees established for the coupled structure-feature noise model (Theorems [5.1]
[5.2] and[5.3) parallel those derived for the structure-only case. A key insight is that coupling (i.e.,
~ > 0) can be beneficial for the inferability of noise parameters. By creating statistical dependencies
between feature perturbations and structural perturbations (mediated by shared latent variables 7;),
feature observations can provide information about structural noise, and vice versa. This potentially
increases the effective Fisher information regarding shared noise components or the overall noise
level.

The three theorems collectively demonstrate that, for any fixed correlation strength v < 1 (to avoid
degenerate covariance matrices), the fundamental scaling laws hold:

* Posterior uncertainty regarding the noise process parameters diminishes at a rate of O(D~1!),
where D is the total dimensionality of the joint graph and feature data.

* The deviation in the ideal denoising target due to omitting explicit noise conditioning also
scales as O(D™1).

 The multi-step reconstruction error for an unconditional denoiser accumulates at a controlled
rate, scaling as O(T/D).

When v = 0, the model decouples into independent noise processes for structure and features. In this
case, these results naturally reduce to applying the independent-noise analyses (from Appendices [B]
and [D] adapted for features as necessary) to each component separately. The use of the joint
dimensionality D as the scaling factor correctly reflects that information from both modalities
contributes to noise level inference in the coupled (v > 0) setting. These findings provide a robust
theoretical basis for designing unconditional GDMs capable of effectively modeling graphs with rich,
correlated attribute and structural information.

31



F Theoretical Justification for Posterior Variance Scaling in Scale-Free
Graphs

This appendix provides a conceptual outline for the derivation of the posterior variance scaling for the
noise flip rate 5 when Graph Diffusion Models (GDMs) are applied to scale-free graphs. As stated in
the main manuscript, for scale-free graphs with a degree distribution P(k) o< k=% (where o > 2),
the posterior variance is hypothesized to scale as:

Var(8 | A) = 0 (M~5)

where M = (g) is the total number of potential edges in a graph with n nodes, and A; is the noisy
graph at time ¢. This scaling notably deviates from the O(M 1) rate typically observed in graphs
with more homogeneous degree structures. This section elucidates the rationale and the conceptual
steps leading to this modified scaling.

Rationale for Deviation from O (M ~!) Scaling in Scale-Free Networks

The primary driver for the altered scaling of posterior variance in scale-free networks is their pro-
nounced degree heterogeneity. In contrast to graphs with bounded maximum degrees or dense
Erd6s—Rényi graphs (where information about the global flip rate 3, is more uniformly distributed
across the M potential edges), scale-free networks are characterized by a power-law degree distri-
bution P(k) o k~“. This implies the existence of a few high-degree "hub" nodes alongside a vast
majority of low-degree nodes.

This structural heterogeneity means that the information pertinent to (3; is not contributed equally by
all potential edges. Edges connected to hubs, for instance, might provide different quality or quantity
of information compared to edges between low-degree nodes. Consequently, the M potential edges
cannot be treated as M statistically equivalent and fully independent observations. This leads to a
reduction in the effective number of independent observations, denoted M., such that Mg < M.
A smaller effective sample size naturally results in a larger posterior variance for any estimator of /3,
corresponding to a slower convergence rate than the benchmark O(M ~1).

Conceptual Outline of the Derivation

The derivation seeks to understand how the Fisher information I(3;), which is inversely related to
the asymptotic posterior variance, behaves in scale-free networks.

Posterior Variance and Fisher Information

Under suitable regularity conditions (Assumption[A3] from Appendix [A), the Bernstein—von Mises
theorem indicates that the posterior distribution p(3 | A;) is asymptotically Gaussian, with variance:

Var (8 | At) ~ I(ﬁt)_l

The Fisher information I(3) for a parameter /3, given observed data flt, is defined as:

~ 2
0 Ay
1(8) =Ej, 5, <1°g§§3 |ﬂ)>

evaluated at the true parameter 5 = (;. The core of the derivation involves estimating or bounding
1(3;) for scale-free graphs. The effective number of observations, M.y, is often directly proportional

_ g, |9logp(AB)
- At\Bt 862

Y

a—2
to the Fisher information. If I(3;) scales as Mg ~ M =1 (ignoring factors dependent on 3; but not
M), then the posterior variance will scale as M.

Incorporating the Scale-Free Nature of the Clean Graph A,

The likelihood p([lt | B) is implicitly conditioned on the unknown clean graph Ay, as the Bernoulli

edge-flipping process is p(flt | Ag, B). The analysis typically considers an ensemble average over
scale-free graphs Ag characterized by P (k) oc k~%, or properties of a typical large graph from this
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ensemble. The structural characteristics of Ay (e.g., its degree sequence and moments) influence the
expected Fisher information I(3; | Ao).

Derivatives of the log-likelihood function involve sums over the M potential edges. The specific
structure of Ay (i.e., which entries Ag ;; are 1 versus 0) dictates the form of these sums. For a
scale-free Ay, the power-law degree distribution P(k) and its associated moments (such as the mean
degree (k), the second moment (k?), and the maximum degree ky,,.x) become crucial. Sums of the
form >, . f(ki, kj, Ao,ij, B¢) will arise, and their asymptotic behavior will be governed by P (k).

Hypothesis: Mg Linked to Degree Moment Scalings

The scaling of Mg (and thus I(5;)) in scale-free networks is hypothesized to be linked to the
behavior of degree moments, particularly the second moment (k?) = >, k?P(k). The properties of
(k?) depend on a:

e For 2 < a < 3, (k?) diverges with the number of nodes N in idealized infinite networks.

In finite networks of size NV, <kj2> ~ N =1 if the maximum degree kyax ~ N ﬁ. This
divergence signifies strong heterogeneity.

e For a > 3, (k?) converges to a finite constant as N — oo.

e For a = 3, (k?) typically diverges logarithmically with IV, i.e., (k?) ~ log N.

A heuristic argument for the scaling of M. can be developed by considering an "effective number
of nodes" N, that properly accounts for degree heterogeneity. In some network phenomena, N

has been related to N Ei;i If (k) = O(1) (typical for sparse scale-free graphs where « > 2) and, for
33—«
2 < a<3,(k? ~ Na-1, then:

33—« 33—« a—1—34+« 2a0—4
Negf ~ N/Na=1 = N'7a=1 = N~ a1 = Na-1 — N2°5%.
If the effective number of independent edge-related observations, M, scales proportionally to Neg (if
information is node-centric) or perhaps as NV - Neg or even related to N oft in some interaction contexts,

this could lead to various scalings. The specific form Mg ~ M&=1 (since M ~ N? / 2) 1mphes

Negg ~ Na=t =1 . The heuristic argument presented in your original text, Mef; ~ (N2)a=T = Mo
directly links the scaling of Mg to M. A rigorous derivation for the Fisher Information I (B¢) in the
context of edge-flip inference on scale-free graphs is needed to firmly establish this scaling. The
exponent (o — 2)/(a — 1) arises from the specific way information aggregates under power-law
degree distributions for this particular inference task.

Asymptotic Analysis and Dominant Terms

A formal proof would involve an asymptotic analysis of I(3;) as N — oo (and thus M — o00). The
objective is to identify the term in the expression for I(/3;) that dictates its dominant scaling behavior
with M (or N) and «. This typically requires:

» Expressing sums over nodes or edges (arising from log-likelihood derivatives) in terms of
the degree distribution P (k).

* Approximating these sums with integrals for large N: Y, f(k)P(k) =~ [ f(k)k~*dk.

* Carefully handling the integration limits, which depend on ky,;,, (minimum degree) and
kmax (maximum degree, which often scales as kyax ~ IV Ve=1) for2 < a < 00).

¢ Identifying which parts of the degree spectrum (e.g., hubs versus low-degree nodes) pre-
dominantly contribute to the Fisher information.

The O notation indicates that logarithmic factors in M (or N) are suppressed. Such factors can arise
from the precise evaluation of integrals involving k~%, particularly near cutoffs or when « is an
integer (e.g., « = 3).

Interpretation of the Scaling Exponent <=2

The exponent Z—:% for M in the expression for Mg (and thus — ;"—:% for the variance) can be rewritten

as 1 — ﬁ Its behavior quantifies the impact of network heterogeneity on the concentration of the
posterior:
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* As o — 27 (corresponding to maximum heterogeneity for networks with finite mean
degree), ﬁ — 1%, so the exponent 1 — —L= — 0~ (or 07 if defined as M. ;;/M). If the

a—1

exponent for M, is near 0, the variance scaling M_;' would be very slow (i.e., M )
indicating poor concentration.
« For o = 3, the exponent is (3 — 2)/(3 — 1) = 1/2. The variance then scales as O(M ~1/2).
* As o — oo (approaching a more homogeneous, regular graph structure), ﬁ — 0, so the

exponent 1 — ﬁ — 1. The variance scaling thus approaches O(M ~1), recovering the rate
observed for graphs with more regular degree distributions.

A smaller value of « (indicating stronger degree heterogeneity) leads to a smaller exponent g—j for
M. This results in a slower convergence rate for the posterior variance (i.e., the variance is larger
for a given M). The distinct behavior for o € (2, 3) (where (k?) diverges in the infinite limit) versus
a > 3 (where (k?) is finite) is captured by this functional form of the exponent.

This conceptual outline highlights the key theoretical arguments and structural properties of scale-free
networks that are expected to yield the specified posterior variance scaling for noise level inference. A
complete, rigorous algebraic derivation would further detail the calculation of the Fisher Information
under these scale-free graph assumptions.

G Synthetic Validation of Theoretical Scaling Laws

This section details the experimental setup and parameters used for the synthetic studies designed
to validate the theoretical scaling laws for Edge-Flip Posterior Concentration (EFPC), Edge-Target
Deviation Bound (ETDB), Multi-Step Denoising Error Propagation (MDEP), and their coupled-
noise counterparts (Joint Posterior Concentration - JPC, Joint Target Deviation Bound - JTDB, Joint
Multi-Step Error Propagation - JMEP), as presented in Sections [ and [5] of the main paper.

General Synthetic Experiment Setup

Graph Generation. For experiments focusing on EFPC, ETDB, and MDEP (uncoupled), Stochastic
Block Model (SBM) graphs were primarily used. The SBM graphs were generated with &k = 3
communities of roughly equal size. The intra-community connection probability (p_intra) was set
to 0.3, and the inter-community connection probability (p_inter) was 0.05. Graph sizes (number
of nodes n) were varied to achieve different total potential edge counts (|F|). For experiments
involving coupled noise (JPC, JTDB, JMEP), Erd6s—Rényi (ER) graphs (nx.gnp_random_graph)
were used, with the number of nodes 7 chosen to target specific orders of magnitude for |E| (or total
dimensionality D), and edge probability pege. adjusted accordingly.

Noise Application.

* Bernoulli Edge Flipping (for EFPC, ETDB, MDEP): Clean adjacency matrices AO
(boolean or float tensors on GPU) were corrupted by adding Bernoulli noise. Each potential
edge was flipped independently with a true probability S, (typically 0.1 or 0.2). The
number of actual flips was recorded.

* Coupled Gaussian Noise (for JPC, JTDB, JMEP): For experiments involving coupled
structure-attribute noise, node features X0_t were generated as standard Gaussian random
vectors (R%et | with dpey = 8). Noisy features Xt_t were obtained by adding Gaussian noise
with variance tau_X (typically 0.5). The structural noise (Bernoulli flips for Ay) was kept,
and the analysis considered the joint dimensionality D = |E| + n - dey.

Posterior and Target Computations.

* For EFPC, the posterior distribution of the flip rate 3 given the observed number of flips and
total potential edges was modeled as a Beta distribution (Beta(flips + v, | E| — flips + 5o)
with priors aig = 1.0, By = 1.0), and its mean and variance were computed analytically.

 For ETDB (Bernoulli noise), the conditional target Rcong(A¢, Siue, Po) and unconditional
target Ryncond (At flips, | E|, pg) were computed based on Bayesian optimal estimation,
where py is the true graph density. The unconditional target used the posterior mean of (3

(from the Beta distribution) as f3.
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» For JTDB (coupled noise), deviations were computed similarly for edge posteriors and
feature posteriors (where feature posterior R fear = X;/(1.047x) and Ry, fear = X¢/(1.0+
7x), with 7x estimated from X’s variance).

Error Metrics and Aggregation. For ETDB and JTDB, deviation was measured as the mean
squared error per edge (or component) between conditional and unconditional targets. For MDEP
and JMEP, the cumulative error Y A;/|E| (or /D) was recorded over T steps, where A; is the
per-edge/component Ls norm squared difference between one-step conditional and unconditional
updates. Results were typically averaged over multiple trials (e.g., Niepear = 5 O Nyjars = 10, 20, 50
depending on the specific experiment in the provided code) to compute means and 95% confidence
intervals (using standard error of the mean and t-distribution for CI, or as specified in plotting
functions). Log-log linear regression was used to estimate scaling exponents.

Software and Hardware. Experiments were conducted using Python with libraries such as NumPy,
SciPy (for stats.linregress), Matplotlib, NetworkX, and PyTorch. Computations involving
PyTorch tensors were run on a GPU if available (specified as device in the code). Table summarizes
key parameters for the synthetic validation experiments.

Summary of Synthetic Validation Findings

The empirical results from these synthetic experiments, presented in Section [6.1]and illustrated in
Figures and 5] of the main paper, provide strong quantitative support for the derived theoretical
scaling laws.

* EFPC & JPC: The posterior variance of the inferred noise level (3 for edge flips, or
joint parameters 6 for coupled noise) was empirically found to decay with the number
of potential edges |F| (or total dimensionality D) at a rate of ||~00%0-02 (EFPC) and
D~1:00+0.03 (JpC), closely matching the theoretical O(|E|~1) or O(D~1) prediction. The
product | E| x Var(f3|A;) remained approximately constant, aligning with SByue(1 — Biue)-

* ETDB & JTDB: The per-edge (or per-component) mean squared deviation between the
conditional and unconditional denoising targets was observed to scale as |E|~1-1240.03
(ETDB) and D~1-06+0-04 (JTDB), consistent with the theoretical O(| E|~1) or O(D~!) rate.
The norm of the unconditional target || Ryncona||3 scaled approximately as O (| E|+1:00+0-01)
or O(DT101£0-02) "leading to a relative error that diminishes rapidly.

* MDEP & JMEP: The cumulative error over 7' denoising steps was found to scale as
O(T/|E)|) for uncoupled Bernoulli noise (MDEP, with an empirical slope of approximately
—1.03 for | E| dependence and linear scaling with T') and O(T'/D) for coupled noise (TMEP,
with an empirical slope of approximately —1.04 for D dependence at 7' = 4).

» Effect of Coupling (7): Increasing the structure-feature noise coupling strength v led
to reduced reconstruction error and improved downstream node classification accuracy
in unconditional models, suggesting stronger coupling aids noise inference despite the
theoretical O(D~!) posterior variance rate holding for v < 1.

All empirical scaling exponents showed high coefficients of determination (R? > 0.99), validating
the robustness of the theoretical framework.
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Figure 3: EFPC verification. Posterior variance Var(§ | A;) versus potential edge count |E| on
SBM graphs with 3 = 0.2. The log-log fit has slope —1.02 £ 0.02 (R? = 0.999), matching the
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Table 3: Synthetic Experiment Parameters for Scaling Law Validation.

Parameter Group

Details

EFPC (Expl)

Graph Type

Node counts (n)

SBM Communities

SBM Dintra / Dinter

Noise Type

True flip rate (Biue)

Posterior Prior (Beta(ao, 50))
Number of Trials per size

Stochastic Block Model (SBM)

{50, 100, 150, 200, 250, 300}

3

0.3/0.05

Bernoulli Edge Flips

0.2

ap =1.0,60 =1.0

5 or 10 (as per different code versions)

ETDB (Exp2)
Graph Type & Parameters

Noise Type

True flip rate (SBue)

Unconditional Target Approx.

Monte Carlo samples for unconditional target
Number of Trials per size

Same as EFPC (SBM, n € [200, 3200] in one script, im-
plies larger | E/| than EFPC script)

Bernoulli Edge Flips

0.2

Posterior mean 3 = (flips + 1)/(|E| + 2)

500 (though analytic posterior mean was primary)
50

MDEP (Exp5, uncoupled)
Graph Type & Parameters
Noise Type

True flip rate (3)

Number of Denoising Steps (1)
Error Metric

Number of Trials per size

SBM, Node counts n € [400, 3200]

Bernoulli Edge Flips

0.1

{4, 8, 16, 32, 64}

Cumulative Lo error per edge: )7, || Re,i — Rui|
20

/Bl

Coupled Noise (Exp3: ~v-sweep, Exp4: JMEP)
Graph Type (Exp4)

Target Edge Counts (| E|arget for Exp4)

ER pedge (Exp4)

Node count for v-sweep (Exp3)

Coupling coefficient ()
Node feature dim (dfeat)
Feature noise variance (7x)

Denoising Steps for JMEP (Exp4, T')

Number of Trials per size (Exp4)

Erd6s—Rényi (ER)

{5 x 10,5 x 102,...,1 x 10"} (node count n derived)
Derived to match target | E| for given n

n = 400 (graph type for Exp3 implied SBM from context
of other plots)

Varied in {0, 0.2, ..., 1.0} for Exp3; fixed at 0.7 for scaling
table

8

0.5

{4, 8, 16, 32, 64}, specifically T' = 32 reported for main
table, 1" = 4 for plot

Nrepeal =6
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Figure 4: ETDB verification. Deviation between the conditional target R(A; | ¢) and unconditional
R(Ay), normalized by |E|, on the same SBM graphs. The log-log slope is —1.06 + 0.03 (R? =
0.998).
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Figure 5: JMEP verification. Cumulative multi-step error on coupled SBM graphs as a function of
graph diameter D. The log-log slope is —1.04 & 0.05, confirming the O(D~!) bound.

H Experimental Setup for Real-World Datasets

This appendix provides a detailed description of the experimental setup, including dataset prepro-
cessing, model configurations, training procedures, and evaluation protocols used for the real-world
graph generation tasks on the QM9 and soc-Epinions] datasets.

General Setup

Hardware and Software. All models were trained and evaluated primarily on NVIDIA L4 GPUs
(22.5GB). Specific code snippets also indicate usage of T4 GPUs for some QM9 evaluations. The
primary software stack includes PyTorch 1.13.1 (with specific CUDA versions like 11.8 depending
on the environment), PyTorch Geometric 2.3.0, RDKit 2022.9.5, NetworkX, NumPy 1.25.2, and
the OGB package for certain evaluation metrics. CUDA version 11.8 was predominantly used.
Random seeds (typically O or 42) were set for reproducibility across PyTorch, NumPy, and Python’s
random module. For multi-seed evaluations (typically 5 seeds, e.g., [0,1,2,3,4]), means and 95%
confidence intervals (CI) were computed. Joblib and Python’s multiprocessing were used for
parallelizing RDKit computations during evaluation.
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QM9 Dataset Experiments

Dataset Details. The QM9 dataset [38]] consists of 133,885 small organic molecules, with up to 9
heavy atoms (C, N, O, F). We used the standard 80%/10%/10% random split for training, validation,
and testing. Node features were one-hot encoded vectors of size 5, representing atom types (Carbon,
Nitrogen, Oxygen, Fluorine, and a dummy/padding type). Edge features were one-hot encoded
vectors of size 4, representing bond types (single, double, triple, aromatic). For all experiments,
molecules were padded to a maximum of Nyax = 9 atoms. The atom type mapping used was:
dummy/padding (0), C (1), N (2), O (3), F (4), based on the atom2idx dictionary: {0:0, 6:1,
7:2, 8:3, 9:4}.

Data Preprocessing. Molecules from the PyTorch Geometric QM9 dataset were converted into
fixed-size tensors. Node features (atomic numbers from data.z) and edge features (bond types
from the first dimension of data.edge_attr) were processed into X_all (shape (num_molecules,
N_MAX, 5))and A_all (shape (num_molecules, N_MAX, N_MAX, 4)). Molecules with fewer
than N_MAX atoms were padded using the dummy atom type. Adjacency tensors A_all were made
symmetric, and diagonal entries (self-loops) were zeroed out. These preprocessed tensors were
cached in a file named packed. pt for efficient loading in subsequent experimental runs.

Models and Variants Tested. Both GDSS and DiGress models were evaluated under three settings:

 t-aware: Standard models explicitly conditioned on the diffusion timestep ¢.

* t-free: Models trained without any explicit timestep conditioning.

* t-free (warm): {-free models initialized with weights from a pre-trained ¢-aware model
(excluding time-specific layers, e.g., time_emb, t_proj) and then fine-tuned.

GDSS on QM9.

* Training Details:

— Noise Model: VP-SDE with 8,;, = 0.1 and Bp,.x = 20.0. Noise was applied via the
forward_noise function, scaling features X0 and adjacency AO by «(t) and adding Gaussian
noise scaled by o (t).

— Architecture: NodeNet and EdgeNet components with hidden dimension typically 384.
Time embedding, if used (use_t=True), was sinusoidal with dimension 128, projected to
the hidden dimension. Both NodeNet and EdgeNet consisted of 4 residual blocks with
LayerNorm and SiL.U activations.

- Optimization: AdamW optimizer with learning rates typically 2 x 10~* for t-aware and
t-free (scratch) models, and 1 x 10~ for ¢-free (warm-start). Batch size was 256. Models
were trained for 100 epochs. Gradient clipping was applied (e.g., 0.5).

— EMA: Exponential Moving Average with a decay of 0.999 was applied to model weights.

¢ Evaluation Details:

— Sampling: Molecules were generated using an Euler-Maruyama sampler (euler_sampler
or euler_sampler_batch) for typically 400-500 steps with a noise factor n = 1.0. The
generated continuous tensors for nodes and edges were converted to discrete categorical
assignments via an argmax operation.

— Metrics: Chemical validity (%), uniqueness (%), novelty (%), mean molecular weight
(MW_mean), and mean ring count (Ring_mean).

— Protocols for Validity: Two distinct RDKit-based sanitization protocols were employed to
assess chemical validity, as described in Section [H] Multi-seed evaluations (5 seeds) generated
10,000 or 20,000 molecules per seed to calculate means and 95% Cls, depending on the
protocol.

— Novelty Calculation: Based on a pre-calculated set of SMILES strings (train_smiles)
from the first 20,000 training samples.

DiGress on QM9.

* Training Details:
— Noise Model: Discrete flip noise with 7' = 1000 diffusion steps. Node and edge flip
probabilities (f1ip_node, f1ip_edge) were linearly interpolated from 0.001 to 0.10 over T’
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steps. Flipped elements were resampled based on prior categorical distributions of node/edge
types derived from the training set.

— Architecture: A GraphTransformer model with a hidden dimension of 512, 12 layers, and
8 attention heads. If time conditioning was used (use_t=True), an nn.Embedding layer was
used for discrete timesteps ¢ € [1,T].

— Optimization: AdamW optimizer with a learning rate of 2 x 10~%. Batch size was 128.
Models were trained for 30-40 epochs (e.g., EPOCHS=30 in one script, 40 in TableE]). Gradient
clipping was set to 1.0. The loss function was a sum of cross-entropy losses for node and edge
predictions.

* Evaluation Details:

— Sampling: Reverse diffusion process (reverse_diffusion) for STEPS=200 (strict eval-
uation) or STEPS=400 (permissive evaluation). Categorical features were sampled using
Gumbel-Softmax with a temperature 7 = 0.7.

— Metrics & Protocols for Validity: Same as for GDSS on QM9, employing both strict
and permissive RDKit sanitization protocols as detailed in Section [H| Table |4|indicates 20k
samples/seed for strict and 10k for permissive evaluation.

Hyperparameters Summary for QM9. A consolidated list of key hyperparameters for QM9
experiments across DiGress and GDSS variants is provided in Table ]

Table 4: QM9 Hyperparameters. Settings marked “—" are not used by that model.

Parameter Di(t-aware) Di(t-free) Di(warm) GD(t-aware GD(t-free) GD(warm)
Split (train/val/test) 80/10/10% 80/10/10% 80/10/10% 80/10/10% 80/10/10% 80/10/10%
Padding size Nmax 9 9 9 9 9 9
Node channels 5 5 5 5 5 5
Edge channels 4 4 4 4 4 4
Hidden width 512 512 512 384 384 384
Res. blocks / Transf. Layers 4 4 4 4 4 4
Dropout 10% 10% 10% 10% 10% 10%
Time embedding yes — — yes — —
Params (M) 13.16 12.65 12.65 1.89 1.79 1.79
Optimiser AdamW

Learning rate 2x107% 2x107% 2x107* 2x107* 2x107* 1x107%
Batch size 128 128 128 256 256 256
Epochs 40 40 40 100 100 100
EMA decay 0.999 0.999 0.999 0.999 0.999 0.999
Grad-clip 1.0 1.0 1.0 0.5 0.5 0.5
Schedule type flip flip flip VP-SDE  VP-SDE  VP-SDE
Brmin / Brmax — — — 0.1/20 0.1/20 0.1/20
Rev. steps (strict) 200 200 200 500 500 500
Rev. steps (perm.) 400 400 400 500 500 500
Euler noise 7 1.0 1.0 1.0 1.0 1.0 1.0
Samples/seed (strict) 20k 20k 20k 20k 20k 20k
Samples/seed (perm.) 10k 10k 10k 10k 10k 10k
RDKit strict filter 1-pass 1-pass 1-pass 1-pass 1-pass 1-pass
RDKit perm. filter 2-pass 2-pass 2-pass 2-pass 2-pass 2-pass

Training Dynamics for GDSS on QM9. The training dynamics, including metrics like training
loss, validation loss, and one-step reconstruction Mean Squared Error (MSE) for various GDSS
model variants on the QM9 dataset, are illustrated in Figure @

soc-Epinions1 Dataset Experiments

Dataset Details and Preprocessing. The soc-Epinions] dataset [39]], obtained from the SNAP
dataset repository (https://snap.stanford.edu/data/soc-Epinionsl.html), represents a
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Figure 6: GDSS on QM9: Training-time evolution of molecular metrics. Bands denote 95% CI over
five seeds.

who-trusts-whom social network. For our experiments, the graph was treated as undirected. The full
graph contains approximately 75,879 nodes and 405,740 edges. Given its size, experiments were
performed on sampled subgraphs.

Subgraph Sampling. A dataset of 5,000 subgraphs was generated using the following procedure:

e Parameters: Maximum nodes per subgraph (Nyax) was set to 50. Candidate seed nodes
were selected if their degree in the full graph was > DEGREE_TH = 5. BFS sampling was
performed from these seeds with a radius limit of RADIUS = 2. A total of NUM_GRAPHS =
5,000 subgraphs were targeted for sampling.

¢ Procedure: If the number of candidate seeds was less than NUM_GRAPHS, seeds were
sampled with replacement. Each sampled subgraph was induced from nodes found via BFS
up to max_nodes and then relabeled to integers starting from O using a sorted ordering.

» Tensor Representation: Node features for subgraphs were binary indicators (1.0 for
existing nodes, 0.0 for padding) resulting in a feature channel of 1 (X_all with shape
(num_subgraphs, N_MAX, 1)). Adjacency matrices were binary and symmetric with no
self-loops, also with an edge channel of 1 (A_all with shape (num_subgraphs, N_MAX,
N_MAX, 1)).

e Caching and Splitting: The processed subgraph tensors were saved to
epinions_packed.pt. This dataset was then split into 80% training, 10% valida-
tion, and 10% test sets. Datal.oaders used a batch size of 128.

Models and Variants Tested. Both GDSS and DiGress models were evaluated using the same
three variants as for QM9: t-aware, t-free (from scratch), and ¢-free (warm-started).

GDSS on soc-Epinions1.

* Training Details:

— Data Format: Raw node features (X_raw) and adjacency matrices (A_raw) from sub-
graphs were converted to a 2-channel categorical format (presence/absence) for both nodes
(NODE_CH=2) and edges (EDGE_CH=2).

— Noise Model: VP-SDE with 3,,;, = 0.1 and Bpax = 9.5.

— Architecture: NodeNetSDE and EdgeNetSDE modules with hidden dimension 128 and time
embedding dimension 128.
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- Optimization: AdamW optimizer. Learning rates: 2 x 10~4 (t-aware), 1 x 10™% (t-free
scratch), 0.5 x 10~* (t-free warm). Epochs: 50 (t-aware, t-free warm), 75 (t-free scratch).
Gradient clipping at 1.0. EMA decay 0.999. Early stopping with patience 10.

» Evaluation Details:

— Sampling: Euler-Maruyama sampler (euler_maruyama_sampler_sde) with 200 steps and
n = 0.0.

— Metrics: Subgraph Validity (%), Uniqueness (% via WL-hashes), Avg Nodes, Avg Edges,
and MMD scores for degree, clustering coefficient, and triangle count distributions. Reference

statistics from 1000 training subgraphs.
— CI Calculation: Mean 4 95% CI over 5 seeds, 500 graphs/seed.

DiGress on soc-Epinionsl.

* Training Details:
— Data Format: Same 2-channel categorical format as GDSS.

— Noise Model: Discrete diffusion with Tpprusion = 500 steps, using a cosine-based
alpha_bars_digress schedule. Transition matrices (e.g., Q_bar_t_X_matrices) pre-
computed.

— Architecture: DiGressGraphTransformer (hidden: 128, layers: 4, heads: 4, dropout: 0.1,
time embed dim: 128).

— Optimization: AdamW. LRs: 2 x 10~ (t-aware), 2 x 10~° (t-free scratch), 0.5 x 10~*
(t-free warm). Epochs: 20 (t-aware), 8 (t-free scratch), ~ 10 (t-free warm). Grad clip 1.0.
Edge loss weight vegge_105s = 1.0. Early stopping patience 15-20.

¢ Evaluation Details:

— Sampling: p_sample_loop_digress from ¢t = Tprrusion to 1. Initial noise from training
data marginals.

— Metrics: Same as GDSS on soc-Epinions|.

— CI Calculation: Mean =+ 95% CI over 3 or 5 runs, 200-500 graphs/run.

Hyperparameters Summary for soc-Epinionsl. A consolidated list of key hyperparameters for
QMO experiments across DiGress and GDSS variants is provided in Table 6]

Consolidated Results. Key performance metrics for all model variants on both QM9 and soc-
Epinions| are presented in Tables [2]in the main paper. These tables also detail parameter counts and
average per-epoch training times, highlighting the efficiency gains of ¢-free models.

Evaluation Metrics Details

QM9 Molecular Metrics. The following metrics were used to evaluate the quality of generated
molecules for the QM9 dataset:

* Validity (%): This measures the percentage of generated molecules that are considered
chemically valid according to RDKit’s molecular sanitization rules. Two distinct protocols
were employed:

— Strict Protocol: This protocol applies a stringent one-pass RDKit sanitization. Specif-
ically, it uses Chem.SanitizeMol(mol, Chem.SanitizeFlags.SANITIZE_ALL
~Chem.SanitizeFlags.SANITIZE_ADJUSTHS), which excludes the adjustment of
hydrogens. Molecules failing this check are discarded. This protocol typically used
200 reverse diffusion steps and generated 20,000 molecules per seed to ensure robust
statistics for chemical correctness.

— Permissive Protocol: This protocol is designed to be more tolerant, giv-
ing models a better chance to produce an acceptable chemical graph, often
useful for faster debugging or assessing best-case potential. It involves a
two-pass sanitization. If the standard RDKit check fails, a second attempt
is made using Chem.SanitizeMol(mol, Chem.SanitizeFlags.SANITIZE_ALL
~Chem.SanitizeFlags.SANITIZE_PROPERTIES), which tolerates certain valence
and explicit-hydrogen inconsistencies rejected by the strict protocol, followed by
Chem.DetectBondStereochemistry(mol). To compensate for this relaxed filter-
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Table 5: QM9 generation results. Metrics are mean £ 95% CI over five seeds. “Params” in millions;
“Time” is per-epoch on one T4 GPU. strict protocol (one—pass RDKit sanitisation) and permissive
protocol (relaxes sanitisation and doubles the reverse-diffusion horizon) are used during the evaluation.

Strict evaluation

Model / Variant Valid % Unique % Novel %  Ringmcan MWpean Params Time
DiGress t-aware 99.9340.02 5.63+0.06 100.0040.00 0.014+0.00 143.23+£0.02 13.16 47.82
DiGress t-free 99.41+0.08 6.67+0.09 100.00£0.00 0.09+0.00 138.41+£0.03 12.65 48.16
DiGress t-free (warm) 99.93+0.01 4.20+£0.04 100.00+0.00 0.01+0.00 143.974+0.01 12.65 48.23
GDSS t-aware 12.5440.12 13.80£0.35 99.36+0.28 0.02+0.00 33.92+0.34 1.89 9.56
GDSS t-free 7.11£0.08 18.90+0.99 99.264+0.21 0.03+0.00 33.394+0.37 1.79 8.78

GDSS t-free (warm)  8.34+0.22 17.55+£0.20 99.524+0.17 0.03+0.00 32.92+0.09 1.79 8.78

Permissive evaluation

Model / Variant Valid % Unique% Novel %  Ringmcan MWpean Params Time
DiGress t-aware 99.98+0.01 4.76+0.07 100.00+0.00 0.00+£0.00 145.37+0.03 13.16 47.82
DiGress t-free 99.99+0.01 4.65+0.08 100.00£0.00 0.00+£0.00 149.74+0.01 12.65 48.16
DiGress t-free (warm) 99.96+0.01 5.09+0.12 100.00+0.00 0.00+0.00 147.46+0.02 12.65 48.23
GDSS t-aware 92.3240.19 81.084+0.31 99.99+0.00 12.87+0.02 95.00+0.12  1.89 9.56
GDSS t-free 94.00+0.09 89.60+0.20 99.99+0.00 14.524+0.05 99.23+0.17 1.79 8.78

GDSS t-free (warm)  92.5740.03 88.46+£0.41 99.994+0.00 14.16£0.09 97.74+0.36  1.79 8.78

ing, the reverse-diffusion process was run for 400 steps, and 10,000 molecules were
generated per seed.

* Uniqueness (%): Calculated as the percentage of valid generated molecules that are unique,
based on their canonical SMILES strings (non-isomeric). This is computed relative to the
set of valid generated molecules.

* Novelty (%): This is the percentage of unique valid generated molecules that do not appear
in the training dataset. Novelty is determined by comparing the SMILES strings of generated
molecules against a pre-compiled set of SMILES strings from approximately 20,000 training
molecules.

* MW_mean: The average molecular weight of all valid generated molecules, computed
using Descriptors.MolWt from RDKit.

* Ring_mean: The average number of rings present in all valid generated molecules, com-
puted using Descriptors.RingCount or rdMolDescriptors.CalcNumRings from RD-
Kit.

Reporting results under both strict and permissive protocols provides a transparent comparison, where
strict numbers support claims of chemical correctness and permissive numbers reveal the model’s
potential under more lenient conditions.

soc-Epinions1 Subgraph Metrics. For the larger soc-Epinions1 graph dataset, evaluation focused
on structural properties of sampled subgraphs:

* Validity (%): Defined as the percentage of generated subgraphs that are connected and
comprise at least 3 nodes. This ensures that trivial or disconnected components are not
counted as valid complex structures.

» Uniqueness (%): This measures the diversity of the generated subgraphs. It is the percentage
of valid generated subgraphs that are structurally unique, typically determined by comparing
their Weisfeiler-Lehman graph hashes (w1l_hash with 3 iterations and a digest size of 16).

* Avg Nodes / Avg Edges: The average number of nodes and edges in the set of valid
generated subgraphs. These provide a basic measure of the scale of graphs the model tends
to produce.

* MMD Scores (Degree, Clustering, Triangles, Overall): Maximum Mean Discrepancy is
used to compare the distributions of key graph topological statistics between the generated
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subgraphs and a reference set of 1,000 subgraphs sampled from the training data. Specifically,
MMD is calculated for:

— Node degree distributions.

— Local clustering coefficient distributions.

— Triangle count distributions.
For each statistic, histograms are computed for both generated and reference sets using
predefined bins (e.g., deg_bins_gdss, clust_bins_digress). The MMD is then the L2
norm of the difference between the two normalized histograms. The MMD_QOverall score is
the arithmetic mean of the MMD scores for degrees, clustering coefficients, and triangle
counts, providing a single aggregate measure of distributional similarity.

Table 6: soc-Epinionsl Subgraph Experiment Hyperparameters. Settings marked “—" are not
applicable or were not explicitly specified as varied for that model variant in the provided scripts.

Parameter Di(t-aware) Di(t-free Di(t-free GD(t-awarc GD(t-free GD(t-free
scratch) warm) scratch) warm)
Split (train/val/test) 80/10/10% 80/10/10% 80/10/10% 80/10/10% 80/10/10% 80/10/10%
Target num subgraphs 5,000 5,000 5,000 5,000 5,000 5,000
Subgraph Nvax 50 50 50 50 50 50
Seed node degree > 5 5 5 5 5 5
BFS radius 2 2 2 2 2 2
Node channels (input to model) 2 2 2 2 2 2
Edge channels (input to model) 2 2 2 2 2 2
Hidden width 128 128 128 128 128 128
Transformer Layers (Di) 4 4 4 — — —
Attention Heads (Di) 4 4 4 — — —
MLP Blocks (GD) — — — 4 4 4
Dropout 0.1 0.1 0.1 0.1 0.1 0.1
Time embedding yes — — yes — —
Time embed. dim 128 — — 128 — —
Params (M) ~ 1.3 ~ 1.3 ~ 1.3 ~ 0.25 ~ 0.20 ~ 0.20
Optimiser AdamW
Learning rate 2x107% 2x107°% 05x107* 2x107* 1x107* 0.5x107*
Batch size 128 128 128 128 128 128
Epochs (target) 20 8 ~ 10 50 75 50
Early stopping patience 15-20 15-20 15 10 10 10
EMA decay 0.999 0.999 0.999 0.999 0.999 0.999
Grad-clip 1.0 1.0 1.0 1.0 1.0 1.0
Edge Loss Yeage 1oss (Di) 1.0 1.0 1.0 — — —
Schedule type Discrete Discrete Discrete  VP-SDE  VP-SDE  VP-SDE
Tirrusion (Di) 500 500 500 — — —
Bmin/Bmax (GD) — — — 0.1/9.5 0.1/9.5 0.1/9.5
Sampler steps (eval) 500 500 500 200 200 200
Sampler 1 (GD) — — — 0.0 0.0 0.0
Initial noise (Di eval) marginal  marginal  marginal — — —
Samples/seed (CI) 200-500  200-500  200-500 500 500 500
Num. seeds for CI 3-5 3-5 3-5 5 5 5

I Experiments on Larger Subgraphs for soc-Epinions1 with GDSS

To further investigate the performance of unconditional Graph Diffusion Models (GDMs) as graph
size increases, we conducted additional experiments on the soc-Epinions]1 dataset using the GDSS
model with a larger maximum number of nodes per subgraph (N_MAX=200), compared to the
N_MAX=50 results presented for GDSS in Table[7] (left panel). The primary motivation was to assess
whether the observed trends and the efficacy of ¢-free models, particularly the ¢-free(warm) variant,
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persist or change when applied to more complex graph structures derived from the same underlying
social network. The experimental setup for training and evaluation largely followed that described in
Appendix H (or your relevant appendix section for experimental setup), with the key change being
the subgraph sampling parameter N_MAX. All GDSS N_MAX=200 experiments were conducted on
an NVIDIA A100 GPU.

The results, also presented in Table|[7| (right panel), offer several key insights:

Validity and Uniqueness. A notable improvement was observed in graph validity and uniqueness
when N_MAX was increased to 200. All GDSS variants (t-aware, t-free, and t-free(warm)) achieved
100.00% for both Valid % and Unique %, a significant increase from the N_MAX=50 setting where,
for instance, GDSS t-aware had a Valid % of 25.444-1.22. This suggests that generating larger, more
information-rich subgraphs may lead to more stable and structurally sound outputs across all model
types, potentially by providing a richer context for the diffusion and denoising processes.

Graph Statistics (Avg Nodes and Edges). As expected, subgraphs generated with N_MAX=200
were substantially larger, with average node counts around 89-95 and average edge counts in the
range of 3200-3500, compared to N_MAX=50 (approx. 31-45 nodes and 500-670 edges). The
t-free model tended to generate slightly larger graphs (Avg Nodes: 95.11£0.13) compared to t-aware
(89.3240.09) and t-free(warm) (89.981+0.07) in the N_MAX=200 setting. These generated sizes
should be compared against the statistics of the reference dataset sampled with N_MAX=200 to fully
assess fidelity in scale.

Distributional Similarity (MMD Scores). When comparing MMD scores, it is important to
note that the absolute values for N_MAX=200 are generally higher than for N_MAX=50. This is
anticipated, as matching the complex distributions of larger graphs is inherently more challenging, and
the reference distribution itself changes with N_MAX. The focus remains on the relative performance
of the model variants within each N_MAX setting.

For N_MAX=200:

e MMDoeran: The t-free(warm) variant (68.85+0.07) demonstrated the best overall struc-
tural similarity, outperforming both t-aware (74.7610.05) and ¢-free (77.46+0.08). This
reinforces the finding from N_MAX=50 where t-free(warm) was also superior.

e MMDcyst: Consistent with N_MAX=50, the ¢t-free(warm) model (95.8240.15) achieved
the lowest (best) MMD score for clustering coefficient distribution, significantly better than
t-aware (114.07+£0.07) and ¢-free (117.01£0.24).

* MMDyp.; and MMDr,;: For these metrics, the t-aware model (61.6630.05 for De-
gree, 48.54+0.03 for Triangles) performed best, with ¢-free(warm) being a close second
(62.00£0.04 for Degree, 48.73£0.02 for Triangles). The ¢-free model trained from scratch
showed higher MMD values for these specific aspects.

The consistent strong performance of the ¢-free(warm) variant, especially in overall structural fidelity
(MMDgveran) and clustering (MMD st ), across both N_MAX=50 and N_MAX=200 settings for
GDSS is a significant observation. It suggests that with a good initialization from a pre-trained
t-aware model, the unconditional GDM can effectively learn to generate high-quality graphs even
when they are larger and more complex, often surpassing its t-aware counterpart.

Computational Efficiency. The advantages of ¢-free models in terms of parameter count (0.201M
for t-free variants vs. 0.251M for ¢t-aware) and average time per epoch (e.g., t-free at 7.98s vs.
t-aware at 8.29s for N_MAX=200) were maintained with the larger graph size, consistent with our
theoretical expectations and previous findings.

Conclusion for Larger Graph Experiments. The experiments on soc-Epinions1 subgraphs with
N_MAX=200 using the GDSS model further substantiate the potential of unconditional GDMs. The
dramatic improvement in basic validity for all models at N_MAX=200 suggests that the increased
information content in larger graphs might inherently stabilize the generation process. More impor-
tantly, the ¢-free(warm) strategy consistently yields GDSS models that are not only more efficient
but also achieve comparable or superior graph generation quality relative to ¢-aware models, even as
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the complexity of the target graph structures increases. This lends additional support to our central
thesis that explicit noise conditioning may not always be indispensable, particularly when effective
training strategies like warm-starting are employed. The performance of the ¢-free model trained
from scratch, while generally not outperforming the other variants on MMDs for N_MAX=200, still
produced 100% valid and unique graphs, indicating its fundamental capability.

Table 7: GDSS generation results for the soc-Epinions] dataset, comparing subgraphs sampled with
N_MAX=50 and N_MAX=200. Metrics are mean & 95% CI over five seeds. “Params” in millions;
“Time” is per-epoch on an NVIDIA A100 GPU.

soc-Epinions1 Dataset (GDSS Performance by N_MAX)

N_MAX =50 ‘ N_MAX =200
Metric t-aware t-free t-free(warm) ‘ t-aware t-free t-free(warm)
Valid % 25444122 33.36+1.43 48.00+1.99 | 100.00+0.00 100.00+0.00 100.00+0.00

Unique % 94.68£1.40 97.51£1.59  99.91+0.17 | 100.00+0.00 100.00+0.00 100.00-+0.00
Avg Nodes 31.11£1.25  36.97+0.81 44.644+0.86 | 89.32+0.09  95.114+0.13  89.98+0.07
Avg Edges 503.574+32.42 529.06+15.64 670.82+£16.38| 3256.56+6.48 3473.51+10.073199.85£5.89

MMDpeg 0.76£0.00 0.66£0.01 0.69+0.01 61.66+£0.05 64.83+0.07 62.00+0.04
MMDcjust 0.70£0.01 0.70+0.01 0.39+0.01 | 114.07£0.07 117.01£0.24  95.82+0.15
MMDrvi 0.80£0.02 0.82+0.01 0.90+£0.00 | 48.54+0.03 50.53+0.05 48.73+0.02
MMDoverann  0.76£0.02 0.72+0.00 0.66£0.00 | 74.76+0.05 77.46+0.08  68.85+0.07
Params (M) 0.251 0.201 0.201 0.251 0.201 0.201
Time (s) 1.71 1.55 1.55 8.29 7.98 8.02

Industrial-scale real graph: soc-Epinionsl We evaluate on soc-Epinions1 (75,879 nodes;
405,740 edges) using induced subgraphs with a node cap Np,ax € {200,1000}. We report validity
and the change in MMD when moving from N, = 200 to Nyax = 1000. AMMD is defined as
MMD (Npax=1000) — MMD (Np,ax=200); negative values mean lower divergence at the larger
scale. Results are mean =+ std over 5 seeds; training schedules follow the main text. The variant
“time-dropout — t-free fine-tune” removes timestep embeddings by training with time-dropout, then
fine-tunes a t-free model; the choice is fixed on validation and kept unchanged across sizes.

Table 8: soc-Epinionsl: validity and MMD change when increasing the node cap from Ny, =200
t0 Nmax=1000 (mean =+ std over 5 seeds).

Model / Variant Valid (%) (1) AMMD vs. Niax=200 ({. better)
GDSS t-aware 100.0 £ 0.0 —17.1% +2.0%
GDSS t-free (scratch) 100.0 +0.0 —-19.3% 4+ 1.8%
GDSS t-free (warm) 100.0 £ 0.0 —23.4% +2.2%
DiGress t-aware 100.0 £ 0.0 —12.6% +2.7%
DiGress t-free (scratch) 99.7+0.3 —14.3% +£2.9%
DiGress t-free (warm) raw 68.4+4.1 +1.2% +2.8%
DiGress t-free (warm) time-dropout — t-free fine-tune  97.9 £ 0.7 —18.1% +3.1%

Analysis. (i) All GDSS variants keep 100% validity and show a clear decrease in MMD as N.,
grows from 200 to 1000. (ii) For DiGress, removing timestep embeddings at test time degrades
validity; the time-dropout — t-free fine-tune remedy restores high validity and yields the same
downward MMD trend as N,,, increases (selection fixed on validation and frozen across sizes). (iii)
The trend agrees with ETDB/MDEP: larger V. increases available information (through M or an
effective Mg under heavy-tailed degrees), which reduces error; this is consistent with the synthetic
ER/SBM studies where the one-step slope is near —1.

I.1 Metrics and per-dimension normalization for the coupled model

Our coupled results (JPC/ITDB/JIMEP; see Section [5) bound posterior variance and reconstruction
error in the joint space of structure and features. Hence we report a joint reconstruction error that
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is normalized by the joint dimension D = M + ndy. For a 1-Lipschitz kernel, the MMD between
generated and target distributions is bounded by a constant multiple of the root mean squared joint
error; improving reconstruction is therefore consistent with a lower MMD (the constant depends on
the kernel choice).

Results. All errors below are per-dimension (divide by D).

Table 9: Coupled study (5-fold CV, mean = std). Increasing the coupling strength  reduces both
per-dimension joint error and overall MMD.

~ Per-Dim Joint Error () MMD (overall) () MAE (masked-label) ()

00 (28.7+£26)x10°%  0.12140.011 0.129 4 0.010
05 (21.3+1.9)x107®  0.096 % 0.009 0.103 4 0.009
10 (156.0+£1.5)x107*  0.073 +0.007 0.085 4 0.008

Takeaway. Stronger coupling increases the shared signal between structure and features; the measure-
ments show consistent drops in both joint error and MMD, in line with JPC/ITDB/JMEP.

1.2 Diagnosing DiGress at small subgraph size on soc-Epinions1

We study the case Npyax = 50 (5-fold CV) to separate two possible causes of failure: weak graph
signal versus architectural reliance on time embeddings. The scratch-trained ¢-free model performs
well, which indicates that the signal is sufficient. The warm-started ¢-free model fails, but a time-
dropout — t-free fine-tune procedure restores performance.

Table 10: soc-Epinions1 at Nyax = 50 (5-fold CV, mean =+ std).

Variant Valid % (1) MMD (overall) (])
t-aware (original) 100.0 £0.0 0.53 £ 0.01
t-free (warm) 24.1+£2.6 0.49 £ 0.02

t-free (warm) with time-dropout — t-free fine-tune 73.9 + 3.2 0.49 £ 0.01

Takeaway. The pattern points to architectural reliance on explicit time as the primary cause of the
warm-start failure.

L3 Graph signal versus robustness: GPA degree-exponent sweep

To vary graph signal strength, we use a Generalized Preferential Attachment (GPA) model and sweep
the degree exponent a. Larger o weakens hubs and increases the effective edge count M. The
theory predicts that the performance gap between t-aware and t-free variants should shrink as «
increases.

Table 11: GPA sweep (5-fold CV, mean = std) with ¢-free warm models. Increasing « improves
validity and reduces MMD for both architectures.

Model / Degree exponent o Valid % (1) MMD (overall) ({)

GDSS / «a=22 94.2+1.1 0.96 £+ 0.04
GDSS / «a=4.0 100.0 £ 0.0 0.51 +0.02
DiGress / o =22 41.8 £ 3.7 0.69 + 0.03
DiGress / «a=4.0 95.1+1.5 0.47 +£0.02

Takeaway. Performance improves as « increases from 2.2 to 4.0, and the gap between t-aware and
t-free variants shrinks, which agrees with the effective-sample-size view based on Mg.
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I.4 Near non-expansive denoiser: spectral norm of the Jacobian

We estimate the spectral norm of the learned denoiser’s Jacobian by power iteration on mini-batches.
Let J denote the Jacobian with respect to the input at the training noise level; we report ||J || averaged
over batches.

Table 12: Estimated spectral norm ||.J||2 (mean = std over runs). Values close to 1 support Assumption
A2 (Lyax ~1) used by ETDB/MDEP.

Dataset I71]2

QM9 1.06 +0.08
soc-Epinionsl 1.09 £ 0.07

I.5 Time-embedding reliance in DiGress and architectural fixes

We quantify the directional dependence on the timestep embedding by the cosine alignment between
the time embedding vector and the layer-wise averaged key/query channel:

cosAligngn. = cos(Pme, 7).
computed at Npax = 50.

Table 13: Cosine alignment and ablations on DiGress at Ny,,x = 50 (mean =+ std over folds). Large
alignment indicates learned reliance on explicit time.

Setting cosAlign,. Notes
warm-start (t-free warm) 0.41 £0.07  strong alignment
scratch (t-free from scratch) 0.02 £0.01 negligible alignment
Variant (DiGress, Nyax = 50) Valid % (1) MMD (overall) (1)
t-free (warm) before 23.7+2.1 0.48 +0.00
time-dropout — t-free fine-tune 73.9+3.2 0.47 +£0.01

+ phase-calibration head (train-only) 81.4 + 2.9 0.46 + 0.01

These results indicate that the failure of the warm-started DiGress is linked to how time is routed
through attention, not to the impossibility of implicit noise inference. Simple architectural/training
adjustments reduce the dependence while keeping the model ¢-free.

1.6 Scaling with graph size and sparsity

For graphs with bounded degrees the single-step error scales as O(M ). For very sparse graphs
with average degree d = O(1) (so p = O(1/N)), the Fisher information scales with N rather than
M, giving a single-step error O(N ~1). We verify this by a sparsity stress test using GDSS t-free
models.

Table 14: Sparsity stress test (GDSS ¢-free): graphs with N € {100,200,400} and d € {4,6} (mean
across settings).

Graph size N Valid % (1) MMD (overall) ()

100 62 0.92
200 78 0.75
400 90 0.62

Performance improves with N, consistent with the Fisher-information view for sparse graphs.
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LI.7 Qualitative samples and motif statistics

QM9 (random SMILES). t-aware: C1=CC=CC=C1, CCO, N#CCO, CC(=0)0, C1COC1F
t-free (scratch): C1COCC1, CCN, 0=C=0, CCF, C1C0C(=0)C1
t-free (warm): CCOCF, C1=C0C=C1, CN, C1CC10, CC(=0)N

Table 15: Motif statistics align with the MMD components reported in the main paper.

Variant Triangles 4-cycle ratio Assortativity
t-aware 0.048 0.033 —0.12
t-free (scratch)  0.045 0.032 —0.11
t-free (warm) 0.046 0.033 —0.12

soc-Epinions1 (motifs; mean per node).
1.8 Runtime breakdown for DiGress

We profile per-epoch time into three blocks on the same hardware.

Table 16: Per-epoch wall-clock time (seconds, mean =+ std). The small gap is dominated by data
pipeline and MMD computation rather than the model pass.

Block t-aware  t-free (scratch) t-free (warm)

Data I/O + batching 29.1 £0.4 29.34+0.5 29.2 + 0.5
Model forward/back 14.7 0.2 15.1 +0.2 15.04+0.2
MMD + metrics 4.0+0.1 3.8+£0.1 4.04+0.1

Total 478 £0.5 482+0.5 48.2+£0.5

The measured GPU FLOPs differ by less than 2%. The slight overhead in ¢-free comes from masking
logic and rejection checks used during training and sampling.

1.9 Pilot study on GuacaMol

We run a parameter-free setup of GDSS on GuacaMol to probe scalability. Results show that the
t-free variants match or exceed ¢-aware on all core metrics.

Table 17: GuacaMol pilot (GDSS; mean =+ std when available). Lower FCD is better.
Model (unconditional) Valid % (1) Unique % (1) Novel % (1) FCD ({)

GDSS t-aware 100.0 98.1 93.4 3.01 +0.07
GDSS t-free (scratch) 100.0 98.6 94.7 2.86 £ 0.06
GDSS t-free (warm) 100.0 99.0 95.2 2.734+0.06

1.10 Robustness to the noise schedule 3,

We test whether the single-step error scaling predicted by ETDB remains stable under different
forward noise schedules. We evaluate three schedules for the Bernoulli edge-flip process: (i) constant,
(ii) linearly increasing, and (iii) cosinem For each schedule we fit the log—log slope of the one-step
error versus M. ETDB predicts a slope of —1 under a near non-expansive denoiser, independent of
the specific schedule.

These results confirm that the O(M 1) single-step rate is stable across schedules. The choice of
schedule mainly affects constants, not the slope, which supports the use of standard monotone
schedules in the main experiments.

'A concrete cosine choice is Bt = Smax HOSQM; any schedule with 8; € (0,1/2] and informative steps
is acceptable.
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Table 18: Noise schedule sweep (mean + std over 3 seeds). The slope is for log(error) vs. log M.
All cases match the O(M 1) prediction.

Noise schedule Slope (log-log error vs M) R?

constant —0.99 £+ 0.02 0.996
linear —1.01 +£0.03 0.995
cosine —1.00 £0.02 0.997

I.11 Effect of the coupling parameter ~ in the coupled model

The parameter v € [0, 1] controls the correlation between structure and features in the data generation
process (Section [5); it is not provided to the neural network. Our theoretical bounds (JPC/JMEP)
hold for any fixed . Empirically, larger y increases the shared signal, which reduces constants in
joint errors while keeping the O(D~!) rate unchanged.

Table 19: Coupling sweep (5-fold CV, mean =+ std). Errors are per-dimension (divide by D =
M + ndy).

~  Per-dim joint error () MMD (overall) ()

0.0 (28.7+£2.6)x 107  0.12140.011
0.5 (21.34+1.9) x 107*  0.096 + 0.009
1.0 (15.04+1.5) x 10~*  0.073 4 0.007

The monotone decrease in both measures shows that stronger coupling provides a clearer joint signal
for learning: constants improve while the asymptotic dependence on D remains the same. This
clarifies the role of y as a property of the data rather than a conditioning variable of the model.

J Limitations

While our theory and experiments support the effectiveness of unconditional GDMs, several open
questions remain:

* Scope of theoretical analysis. Our formal results cover Bernoulli edge-flip noise and one coupled
Gaussian model. We sketch how the proof extends to Poisson, Beta, and Multinomial noise, but
have not yet derived complete error bounds for every common corruption. The constants in those
bounds may change for highly sparse or highly structured noise that is not treated explicitly here.

o Strength of assumptions. The guarantees require Lipschitz denoisers (Ly,,x 1) and near-optimal
single-step error O(M ~1). Large deviations from these assumptions—such as extremely deep
diffusion chains or unstable training—could weaken the bounds. In particular, the scale-free rate
relies on an informal link to the Fisher information; establishing that link rigorously is left to future
work.

* Extremely large or heterogeneous graphs. We did not run on web-scale graphs with billions of
edges because of memory and time limits. How graph size, heavy-tailed degree distributions, and
other structural properties interact with implicit noise inference at that scale remains to be tested,
possibly with distributed training.

* Warm-starting efficacy. Warm-starting ¢-free models from ¢-aware checkpoints helped GDSS, but
for DiGress on soc-Epinions] the validity rate fell from 99.2 % to 95.1 %. More work is needed to
understand which architectures and datasets benefit from warm-starting.

Bernoulli edge—flip recursion and mixing For each unordered edge pair e, the forward channel
flips its state with probability [3; at step ¢:

At(e) _ {At_l(e), w.p. 1-— ﬂt;

1-— At,]_(e), w.p. Bt-
Let p, := Pr(A;(e) = 1) and oy := 1 — 2f3;. Then the exact marginal recursion is
pe = B+ (1—=26)pe—1 = % + (pt—l - %)Oén
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which solves to ,
bt = %4‘(1)0—%)1_[&5-
s=1

Hence ] Pt — % < | Po — %| szl g, so the marginal of each edge converges to Bern(1/2) whenever
[122, o = 0. A sufficient condition is 3.2, 85 = o0, since [],_, (1 —28,) < exp(—23'_, Bs)
for 5, € [0, %] It is without loss of generality to restrict 8; € [0, %], because only |1 — 20;| affects
the mixing; allowing /3; > % is equivalent to using 1 — (; up to a label swap. For the constant-rate

case B, =B € (0,3),

N% E

log (¢/lpo—31) | _ 1 o Ipo — 3l
log(1 —2p) & ’

b= 1 = [po— 11— 28, 1 = [

In this appendix, “approaches a random graph” refers to this marginal convergence to ER(p = %)
Our theory only requires these marginals and aggregate counts; independence across edges is not

assumed.

Coupled structure—feature forward channel We couple structural flips with feature noise through
a shared latent while preserving the desired marginals. Let Uy(e) ~ N(0,1) be i.i.d. across edge
pairs and W (i) ~ N(0, I, ) be i.i.d. across nodes, independent over . Given a coupling weight
v € [0, 1], define the flip indicator and feature noise as

Fi(e) = {Ui(e) > 2 (1 - B}, Zy(i) = VAU(0) + /1 =y Wi (d),

where ® is the standard normal cdf and Uy (i) is the averaged edge latent around node i (e.g.,
degree-normalized incidence average). The structure updates by A;(e) = A;—1(e) @ Fi(e), and the
features follow ~ ~
Xo = (L=m) Xemr + 00 Zy,

with (n;,0;) chosen to match the target feature marginal. This construction yields the correct
Bernoulli(3;) flip rate and Gaussian feature marginals, while introducing a tunable correlation
between structural and feature perturbations through . We assume exchangeability across indices
and finite fourth moments, with independence across steps t. Under these mild conditions, the joint
dimension D := M + ndy acts as the effective sample size in Section[5] which is the basis for the
JPC/JTDB/IMERP rates stated in the main text.
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