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Abstract

Federated learning (FL) is a distributed
learning framework where clients collabora-
tively train a global model without sharing
their raw data. FedAvg is a popular algo-
rithm for FL, but it often suffers from slow
convergence due to the heterogeneity of lo-
cal datasets and anisotropy in the parameter
space. In this work, we formalize the cen-
tral server optimization procedure through
the lens of mirror descent and propose a novel
framework, called FedDuA, which adaptively
selects the global learning rate based on both
inter-client and coordinate-wise heterogene-
ity in the local updates. We prove that
our proposed doubly adaptive step-size rule
is minimax optimal and provide a conver-
gence analysis for convex objectives. Al-
though the proposed method does not re-
quire additional communication or computa-
tional cost on clients, extensive numerical ex-
periments show that our proposed framework
outperforms baselines in various settings and
is robust to the choice of hyperparameters.

1 INTRODUCTION

Federated Learning (FL) (Konečnỳ et al., 2016) is
a distributed optimization framework where multiple
clients collaboratively train a global model under the
coordination of a central server. In FL, clients have
their own local datasets and only send model updates
to a central server and never share their raw data,
which enhances the privacy of the data. In FL, there
are two primary categories: cross-silo FL and cross-
device FL (Kairouz et al., 2021). In this paper, we
focus on cross-device FL, which is more challenging
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due to the limited computational resources and com-
munication bandwidth on clients.

Federated Averaging (FedAvg) (McMahan et al.,
2017) is one of the most popular algorithms for FL due
to its simplicity, stateless properties, and communica-
tion efficiency. In FedAvg, clients perform multiple
local training steps before sending the local updates
to the server, which significantly reduces the commu-
nication cost compared to distributed SGD. However,
FedAvg often suffers from slow convergence due to
(1) client heterogeneity and (2) gradient heterogene-
ity. The former refers to non-i.i.d. data distribution
across clients, which leads to so-called client drift er-
ror (Kairouz et al., 2021). The latter refers to the
anisotropic nature of gradients, meaning that gradi-
ents have different scales or importance across different
parameter dimensions, which often hinders the conver-
gence of SGD (Zhang et al., 2020, 2024).

A line of work has dealt with client heterogeneity by
introducing control variates or client-side momentum
to reduce the client drift (Karimireddy et al., 2019,
2020a; Mishchenko et al., 2022; Cheng et al., 2024; Za-
ccone et al., 2025). While these methods are effective
in cross-silo FL, they are not practical in cross-device
FL since they require clients to be stateful or increase
the communication and computational cost on clients.
Thus, it is desirable to design an algorithm on a cen-
tral server to overcome the client heterogeneity with-
out changing the local training procedure. From this
standpoint, Jhunjhunwala et al. (2023) have recently
proposed FedExP, which accelerates FedAvg by select-
ing the global learning rate adaptively to the client
heterogeneity.

To deal with the gradient heterogeneity, Reddi et al.
(2021) have proposed a federated version of adaptive
optimizers including FedAdagrad, FedAdam, FedYogi
inspired by the success of adaptive methods in central-
ized optimization. These methods adaptively adjust
the coordinate-wise learning rate based on the histor-
ical local updates. They have shown that coordinate-
wise adaptivity can improve the performance of FL,
especially for tasks with sparse gradients.



FedDuA: Doubly Adaptive Federated Learning

Although adaptivity to both client and gradient het-
erogeneity is shown to be crucial to achieve fast conver-
gence (Jhunjhunwala et al., 2023; Reddi et al., 2021),
most existing works focus on either client or gradient
heterogeneity. Thus, we pose the following question:
How can we incorporate two types of adaptivity with-
out additional computational and communication cost
at clients?

To answer this question, we propose FedDuA, a novel
framework which adaptively selects the global learn-
ing rate based on both the client and gradient hetero-
geneity. A key ingredient of our method is the mirror
descent formulation of the global update procedure,
which provides a unified view of both types of adap-
tivity. We numerically and theoretically show that
dual adaptivity is essential to achieve better perfor-
mance. In contrast to some existing methods (Karim-
ireddy et al., 2020b; Qu et al., 2022), FedDuA does
not require additional computational or communica-
tion cost on clients. See Table 1 for the comparison
with existing methods. In addition, we would like to
emphasize that FedDuA is orthogonal to the existing
methods which improve the performance by modify-
ing the local training procedure (Karimireddy et al.,
2020a, 2019; Li et al., 2020; Mishchenko et al., 2022).
Thus, FedDuA can be combined with them to further
improve the performance as shown in our experiments.

Main contributions Our contribution can be sum-
marized as follows:

• We propose FedDuA, a novel framework which
adaptively selects the global learning rate based
on both the inter-client and coordinate-wise het-
erogeneity, based on the mirror descent formula-
tion of the global update procedure.

• We show that the update rule of FedDuA is min-
imax optimal under the approximate projection
condition and show the benefit of adaptivity by
providing the convergence analysis.

• We conduct extensive experiments on various
datasets and show that FedDuA consistently out-
performs existing adaptive methods. We also
show that FedDuA can be combined with exist-
ing techniques to further improve the performance
and is robust to the choice of hyperparameters due
to its dual adaptivity.

1.1 Other Related Work

Adaptive Methods Adaptive methods like Ada-
Grad (Duchi et al., 2011), Adam (Kingma and Ba,
2015), and Yogi (Zaheer et al., 2018) have been widely

used in centralized optimization. Inspired by the suc-
cess in centralized optimization, several works have
utilized adaptive methods in FL. For instance, Xie
et al. (2019) have proposed AdaAlter, which replaces
the local SGD with an adaptive optimizer such as Ada-
Grad. On the other hand, Reddi et al. (2021) have
proposed to use such adaptive methods as a global op-
timizer in FL. Several works (Lee et al., 2024; Wang
et al., 2021) have unified the above strategies and
used adaptive optimizers at both the client and server.
However, these methods are not adaptive to the het-
erogeneity among clients.

Mirror Descent Mirror descent is a generaliza-
tion of gradient descent (Hazan et al., 2016) and has
been adopted in various applications including on-
line learning (Hazan et al., 2016), reinforcement learn-
ing (Tomar et al., 2022), and differentially private op-
timization (Odeyomi and Zaruba, 2021; Amid et al.,
2022). In the context of FL, Yuan et al. (2021) have
proposed FedMid and FedDualAvg with local mirror
descent, but these methods are tailored for composite
optimization problems and do not consider adaptive
step-size selection, which is the focus of our work.

Notation For a vector x ∈ Rd, [x]k denotes the k-
th element of x, ∥x∥p denotes the p-norm of x, and

∥x∥G denotes
√
x⊤Gx for a positive semi-definite ma-

trix G ∈ Rd×d. We use ∥x∥ as a shorthand for ∥x∥2.
For s ∈ Rd, we write

√
s, s−1 and s+ a (a ∈ R) as the

element-wise square root, inverse and addition respec-
tively.

2 PROBLEM FORMULATION AND
PRELIMINARIES

In this paper, we consider the following FL problem:

min
w∈Rd

F (w) :=
1

M

M∑
i=1

Fi(w),

where Fi(w) = Ez∼Di
[fi(w, z)] is the loss function and

Di is the data distribution of the i-th client. The num-
ber of clients is denoted by M and the dimension of
the parameter is denoted by d.

FedAvg To solve the above optimization problem,
we consider FedAvg (McMahan et al., 2017), which is a
standard algorithm for FL. At each round t, the server
sends the global model wt to all clients. Then, each
client performs τ -steps of local training using SGD to
obtain the local updates {∆t

i}Mi=1 as follows:

Run Local SGD: wti,k+1 = wti,k − ηl∇fi(wti,k, zk)
Compute Update: ∆t

i = wti,τ − wt,
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Table 1: Comparison of adaptive methods in FL.

Adaptivity
Algorithms Coordinate-wise Inter-client No extra client cost

AdaAlter (Xie et al., 2019) ✓
Mime, SCAFFOLD (Karimireddy et al., 2020a,b) ✓
FedOpt (Reddi et al., 2021) ✓ ✓
FedExP (Jhunjhunwala et al., 2023) ✓ ✓
FedDuA (ours) ✓ ✓ ✓

where wti,0 = wt and zk ∼ Di (k = 0, . . . , τ − 1).
When clients complete the local training, they send
the local updates to the server and the server aggre-
gates the local updates to obtain the global update
∆̄t =

1
M

∑M
i=1 ∆

t
i. In FedAvg, the central server up-

dates the global model as follows:

Global Update (FedAvg): wt+1 = wt + ηg∆̄t,

where ηg is the global learning rate. Vanilla FedAvg
uses ηg = 1, but in practice, ηg > 1 is often used to im-
prove the convergence. FedAvg enjoys some favorable
properties such as statelessness and communication ef-
ficiency, but it often suffers from slow convergence due
to 1) the anisotropic nature of the local updates and 2)
the heterogeneity of client data distributions. We call
the former gradient heterogeneity and the latter client
heterogeneity. Considering limited computational re-
sources and communication bandwidth on clients, it is
desirable to design an algorithm on a central server to
overcome the above issues without changing the local
training procedure.

FedOpt To deal with the gradient heterogeneity,
Reddi et al. (2021) have introduced a general frame-
work called FedOpt. In this framework, the aggregated
update ∆̄t is regarded as a pseudo-gradient and adap-
tive methods such as AdaGrad and Adam are used as
a global optimizer. General update rule of FedOpt is
given by

Global Update (FedOpt): wt+1 = wt + ηgG
−1
t vt

where Gt := diag(
√
st + ϵ) (st ∈ Rd, ϵ > 0) is a time-

dependent preconditioner and vt is the aggregated up-
date or momentum term. Here, ϵ > 0 is a small
constant for numerical stability. In FedAdagrad and
FedAdam, st and vt are defined as

FedAdagrad: st = st−1 + ∆̄2
t , vt = ∆̄t.

FedAdam: st = β2st−1 + (1− β2)∆̄
2
t ,

vt = β1vt−1 + (1− β1)∆̄t,

where s−1, v−1 = 0 and β1, β2 ∈ [0, 1) are hyperpa-
rameters.

FedExP To deal with the client heterogeneity, Jhun-
jhunwala et al. (2023) have proposed FedExP, which
adaptively selects the global learning rate ηg in FedAvg
based on the client heterogeneity. FedExP updates the
global model as follows:

Global Update (FedExP): wt+1 = wt + ηtg∆̄t

with adaptive global learning rate ηtg =
1

2M

∑M
i=1∥∆t

i∥2

∥∆̄t∥2
+ϵg

.

Here, ϵg is a small constant to avoid blow-up of the
step size. If clients perform one step of local training
with full-batch SGD and ϵg = 0, ∆t

i = ηl∇Fi(wt) and
ηtg is reduced to

1
2M

∑M
i=1∥∇Fi(wt)∥2

∥∇F (wt)∥2 , which is known as

the measure of the heterogeneity among clients (Had-
dadpour and Mahdavi, 2019). Note that the above
formula is tailored for FedAvg and not applicable to
general FedOpt algorithms. This is because the learn-
ing rate in FedExP is derived based on norms of raw
local and global updates, whereas FedOpt transforms
these updates before applying them, making the orig-
inal FedExP formulation incompatible.

3 GENERALIZED FORMULATION
AND PROPOSED METHOD

Previous works have considered adaptivity to 1) gra-
dient heterogeneity and 2) client heterogeneity sepa-
rately. This paper unifies these two types of adaptivity
through a generalized formulation of the global update
procedure.

Mirror descent formulation As discussed in the
original paper of Adagrad (Duchi et al., 2011), adap-
tive methods can be viewed as a generalized version of
Mirror Descent. That is, the update rule of FedOpt
can be written as

Mirror Map: θt = ∇ψt(wt),
Dual Variable Update: θt+1 = θt + ηgvt,

Inverse Mirror Map: wt+1 = ∇ψ−1
t (θt+1)

where ψt(x) =
1
2x

⊤Gtx is a time-dependent distance-
generating function and ∇ψt(x) is called the mirror
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map. We define θt := ∇ψt(wt) as the dual variable and
ϕt(θ) := maxw⟨w, θ⟩ − ψt(w) as the convex conjugate
of ψt. Note that the distance-generating function for
adaptive methods is often chosen as the quadratic form
but general smooth and strictly convex functions can
be used in this formulation. In this paper, we focus on
the quadratic case but also consider the general convex
case and our proposed framework can be applied to
them. For simplicity, we assume that ψt and ϕt are
defined on Rd, smooth and strongly convex, which is
satisfied by the quadratic case with Gt ≻ 0.

Given a smooth and strictly convex function ψt(x),
geometry of the parameter space is naturally induced
by the Bregman divergence defined as

Dψt(x | y) = ψt(x)− ψt(y)−∇ψt(y)⊤(x− y).

The Bregman divergence can be viewed as a general-
ization of the Euclidean (squared) distance. In fact,
when ψt(x) =

1
2x

⊤x, the Bregman divergence reduces
to the Euclidean distance.

Proposed Method A natural question is then how
to choose the global learning rate ηg to minimize the
distance between wt+1 and an optimal solution w∗.
In Jhunjhunwala et al. (2023), the distance is mea-
sured by Euclidean distance in the parameter space.
However, this choice of distance is not always appro-
priate especially in modern machine learning tasks
since the geometry of the parameter space is often
anisotropic (Zhang et al., 2024; Tomihari and Sato,
2025). Thanks to our mirror-descent formulation, we
can use the Bregman divergence to measure the dis-
tance between two points. That is, we consider the
following minimization problem over ηg:

min
ηg

Dψt
(w∗ | wt+1) = min

ηg
Dϕt

(θt + ηgvt | θ∗).

Here, the equality follows from the duality (Nielsen
et al., 2007).

As discussed in Jhunjhunwala et al. (2023), FedAvg
can be interpreted as a generalized Projection onto
Convex Sets (POCS) algorithm in overparameterized
convex optimization problems, where the set of min-
imizers for each local objective Si is convex and the
objective is to find a common minimizer w∗ ∈ ∩Mi=1Si.
That is, clients perform approximate projection onto
Si through local SGD and the server aggregates them
to find a shared minimizer w∗. Inspired by the above
relation, we consider the (strong) approximate projec-
tion condition (A.P.C.):

Assumption 3.1. Let w∗ = argminF (w) be the op-

timal solution of the global problem.

A.P.C.
1

M

M∑
i=1

∥∥wt +∆t
i − w∗∥∥2 ≤ ∥wt − w∗∥2, (1)

strong A.P.C. ⟨∆̄t, w
∗ − wt⟩ ≥

1

M

M∑
i=1

∥∥∆t
i

∥∥2 (2)

Intuitively, A.P.C. means that the local models wt+∆t
i

after local training are closer to the optimal solution
w∗ on average. A.P.C. can be reduced to ⟨∆̄t, w

∗ −
wt⟩ ≥ 1

2M

∑M
i=1∥∆t

i∥
2
. Thus, strong A.P.C. is indeed

a stronger condition than A.P.C. As shown in Lemma
1 and Section C.4.1 of Jhunjhunwala et al. (2023),
A.P.C. is satisfied in the case of overparameterized
convex optimization case, where local objectives share
a common minimizer w∗, and strong A.P.C. is satis-
fied if the local training is the exact projection onto the
set of optimal solutions of the local objective. Overpa-
rameterization is often satisfied in modern neural net-
work models, where the number of parameters is much
larger than the number of training data (Jacot et al.,
2018). Note that we consider the above condition to
motivate our proposed method and we prove later the
convergence guarantee under much milder conditions.

Although local training at clients and approximate
projection condition are agnostic to the choice of ψt,
we can derive the non-trivial lower bound on the op-
timal step size for general choice of ψt for both cases
with and without momentum.

Theorem 3.2 (Lower Bound on the Optimal Step
Size). Let vt = ∆̄t, ht(η) :=

d
dηϕt(θt + ηvt)− ⟨vt, wt⟩,

and mt = 1
2M

∑M
i=1 ∥∆t

i∥2. Assume that A.P.C. in
Assumption 3.1 holds and vt ̸= 0. Then, η∗g :=

argminDϕt
(θt + ηg∆̄t | θ∗) is uniquely defined and

satisfies

η∗g ≥ h−1
t (mt) .

Theorem 3.3 (Lower Bound on the Optimal Step
Size with Momentum). For s = 0, . . . , t, let vs =
(1 − β1)∆̄s + β1vs−1 (v−1 = 0), hs(η) := d

dηϕs(θs +

ηvs) − ⟨vs, ws⟩, and ms = 1−β1

2M

∑M
i=1 ∥∆s

i∥2 +
β1

2 ms−1 (m−1 = 0). Assume that strong A.P.C. in
Assumption 3.1 holds and vt ̸= 0. We further assume
that at round s = 0, . . . , t−1, ws is updated as Eq. (3)
with ηsg ≤ h−1

s (ms). Then, η∗g := argminDϕt(θt +
ηgvt | θ∗) is uniquely defined and satisfies

η∗g ≥ h−1
t (mt) .

See Appendix A and B for the proof. Here, h−1
t is well-

defined since ϕt is assumed to be strongly convex and
vt ̸= 0. Similar analysis can be found in Section 3.2
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and Lemma 11 of Jhunjhunwala et al. (2023) but they
only consider FedAvg(M) and l2-norm. Our contribu-
tion is to extend this analysis to more general mirror
descent framework. To deal with the non-linearity of
the global update in the parameter space, we utilize
the dual form of the Bregman divergence to derive the
lower bound. Note that it is essential to measure the
distance with the Bregman divergence since we cannot
derive a non-trivial lower bound on the optimal step
size if we use the Euclidean distance, which is not com-
patible with the global update procedure. The mirror
descent formulation allows us to use an appropriate
distance measure for a given global optimizer.

Motivated by the above result, we propose FedDuA,
which uses the lower bound on the optimal step size
as the global learning rate.

Mirror Map: θt = ∇ψt(wt),
FedDuA Update: θt+1 = θt + ηtgvt,

Inverse Mirror Map: wt+1 = ∇ψ−1
t (θt+1)

(3)

where ηtg := h−1
t (mt). For quadratic case ψt(x) =

1
2x

⊤Gtx, the lower bound is calculated as mt

∥vt∥2

G
−1
t

in

both cases, with and without momentum. In practice,
we can use mt

∥vt∥2

G
−1
t

+ϵg
with small constant ϵg > 0 for

stability. We provide the detailed algorithm in Algo-
rithm 1. As shown in Algorithm 1, FedDuA is compat-
ible with partial participation of clients, where only a
subset of clients participate in each round. For simplic-
ity, we only provide the algorithms with Adagrad and
Adam as the global optimizer, which we call FedDu-
Adagrad and FedDuAdam respectively. Note that the
FedDuA framework is very versatile, allowing for the
creation of new algorithms by combining it with var-
ious global optimizers through modification of ψt. In
addition, while we use SGD as a local optimizer here,
we can use other local optimizers such as SCAFFOLD
and Adam for local training.

4 THEORETICAL ANALYSIS

In this section, we conduct detailed theoretical analysis
of FedDuA and show that dual adaptivity is essential
to achieve better performance.

4.1 Minimax Optimality

Here, we show that our proposed global update proce-
dure is minimax optimal under the approximate pro-
jection condition.

Theorem 4.1 (Minimax Optimality). For
a given global model wt and local updates
∆t
i ∈ Rd, define H := {w∗ | A.P.C. is satisfied}

Algorithm 1 FedDuA

Require: Initial model w0, local learning rate ηl,
number of local steps τ , small constants ϵ, ϵg

1: Set s−1 = 0 ∈ Rd, v−1 = 0 ∈ Rd,m−1 = 0 ∈ R
2: for t = 0, 1, . . . , T − 1 do
3: Server sends wt to all clients
4: for each client i in parallel do
5: Perform τ steps of local SGD to compute ∆t

i

6: Send ∆t
i to the server

7: end for
8: Sample a set St of participating clients
9: Server aggregates updates: ∆̄t =

1
|St|

∑
i∈St

∆t
i

10: Update st, vt, and mt

11: FedDuAdagrad:
12: st = st−1 + ∆̄2

t , vt = ∆̄t, mt =
1

2|St|
∑
i∈St

∥∆t
i∥2

13: FedDuAdam:
14: st = β2st−1 + (1− β2)∆̄

2
t , vt = β1vt−1 + (1−

β1)∆̄t, mt =
β1

2 mt−1 +
1−β1

2|St|
∑
i∈St

∥∆t
i∥2

15: Compute preconditioner Gt = diag(
√
st + ϵ)

16: Compute global learning rate ηtg =
mt

∥vt∥2

G
−1
t

+ϵg

17: Update global model: wt+1 = wt + ηtgG
−1
t vt

18: end for

and worst-case distance difference V (w) :=
supw∗∈H [Dψt

(w∗ | w)−Dψt
(w∗ | wt)]. Then, for

any ψt and {∆t
i}Mi=1 such that H is not empty,

there exists a unique minimizer w∗
t+1 of V (w) and

it matches wt+1 of FedDuA defined as in Eq. (3).
On the other hand, if the global update procedure is
different from that of FedDuA, it is suboptimal in the
sense that V (wt+1) > V (w∗

t+1).

See Appendix C for the proof. Theorem 4.1 shows
our proposed global update rule performs best in the
worst-case scenario. On the other hand, existing meth-
ods with partial adaptivity such as FedOpt and Fed-
ExP are suboptimal if their update differs from that of
FedDuA, since the minimizer of V (w) is unique. Thus,
the dual adaptivity is provably necessary to update the
global model optimally.

4.2 Convergence Analysis

Here, we prove the convergence guarantee of FedDuA
with general distance-generating functions under the
following standard assumptions.

Assumption 4.2 (L-smoothness and Bounded Data
Heterogeneity at the optimum). Local loss function
Fi(w) is differentiable and L-smooth. That is, for all
w,w′ ∈ Rd, ∥∇Fi(w)−∇Fi(w′)∥2 ≤ L∥w − w′∥2. In
addition, the norm of the local gradient at the opti-
mum w∗ is bounded as 1

M

∑M
i=1∥∇Fi(w∗)∥2 ≤ σ2

∗
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Theorem 4.3. Assume that Assumption 4.2 holds,
{Fi}Mi=1 are convex, and clients use full-batch SGD and
participate in every round. Then, if ηl ≤ 1

6τL , {wt}Tt=1

generated by FedDuA satisfies

F (w̄T )− F (w∗) = O

(
Dψ0

(w∗ | w0) +
∑T−1
t=1 δt∑T−1

t=0 ηtgηlτ

)
︸ ︷︷ ︸

:=T1

+O(ηlτσ
2
∗)︸ ︷︷ ︸

:=T2

+O(η2l τ(τ − 1)Lσ2
∗)︸ ︷︷ ︸

:=T3

,

where w̄T =
∑T−1

t=0 ηtgwt∑T−1
t=0 ηtg

and δt = Dψt
(w∗ | wt) −

Dψt−1
(w∗ | wt).

See Appendix D for the proof. Technically, the diffi-
culty of the proof lies in the fact that the global learn-
ing rate ηtg does not have a closed form solution in
general, which is in contrast to the case of FedExP.
To overcome this issue, we leverage the duality and
the convexity of Bregman divergence and bound the
improvement at each round. Our theoretical analy-
sis excludes the stochasticity by assuming full-batch
SGD and full participation of clients since theoreti-
cal analysis becomes more complicated if the global
learning rate is stochastic, as discussed in Jhunjhun-
wala et al. (2023). However, these assumptions are
made solely for theoretical analysis and we empiri-
cally demonstrate that FedDuA performs effectively
with stochastic local updates and partial client par-
ticipation. While we focus on convex objectives here
since the analysis provides clear insights into the bene-
fit of dual adaptivity, we also provide the convergence
guarantee for non-convex objectives in Appendix G.

Comparison with FedExP Letting ψt(w) =
1
2∥w∥

2
recovers the result of FedExP with T1 =

∥w0−w∗∥2∑T−1
t=0 ηtgηlτ

in Jhunjhunwala et al. (2023) since the tele-

scoping sum
∑T−1
t=1 (Dψt(w

∗ | wt) − Dψt−1(w
∗ | wt))

vanishes as ψt = ψt−1. Interestingly, the bias terms
T2 and T3 introduced by the heterogeneity are inde-
pendent of the choice of ψt. This is because FedDuA
adaptively selects ηtg based on the geometry induced
by ψt. The choice of ψt only affects the initialization
error term T1. As shown in the next section, appropri-
ate choice of ψt reduces the numerator and improves
the convergence rate compared to FedExP.

Comparison with FedAvg The convergence rate
of FedAvg is given by T fedavg

1 + T3, where T
fedavg
1 =

O
(

∥w0−w∗∥2

Tηlτ

)
(Khaled et al., 2020). As in the compar-

ison with FedExP, T1 of FedDuA can be smaller than
that of FedAvg with appropriate choice of ψt. On the
other hand, FedDuA yields an additional bias term T2

due to the adaptive global learning rate. Note that it
can be controlled by selecting a client learning rate ηl
appropriately (e.g., decreasing ηl over rounds), and it
vanishes in the interpolation regime where σ2

∗ = 0.

4.2.1 Benefit of Adaptivity

As a corollary of Theorem 4.3, we can derive the con-
vergence rate of FedDuAdagrad.

Corollary 4.4. Assume the same conditions as The-
orem 4.3 and supTt=0∥wt − w∗∥∞ ≤ D. Then, {wt}Tt=1

generated by FedDuAdagrad satisfies

F (w̄T )− F (w∗) = O

(
D2 tr(GT−1)∑T−1

t=0 ηtgηlτ

)
+O(ηlτσ

2
∗)

+O(η2l τ(τ − 1)Lσ2
∗)

See Appendix E for the proof.

To see the benefit of the adaptivity, let us consider the
case where the local update is anisotropic, which is of-
ten the case in modern machine learning tasks (Faghri
et al., 2020; Tomihari and Sato, 2025). Specifically, we
assume

∣∣[∆̄t]k
∣∣ = Θ(at · k−β) for some at > 0, β > 1.

That is, the magnitude of the k-th element of the lo-
cal update decays polynomially. Then, if ϵ, ϵg = 0, the
initialization error term T1 can be evaluated as

T1 =
D2 tr(GT−1)∑

t η
t
gηlτ

= O

 D2

√∑T−1
t=0 a2t

ηlτ ·
∑T−1
t=0

√∑t
s=0 a

2
s

.
As wt approaches the optimal solution, it is reason-
able to assume that the magnitude of the averaged
local update at decreases. Then, if at is monotoni-
cally decreasing, we obtain T1 = O(D2/(Tηlτ)). See
Appendix F for the detailed derivation. Thus, the
convergence rate of FedDuAdagrad is independent of
the dimension d. This is in contrast to the case
of FedExP and FedAvg, where the convergence rate

O

(
∥w0−w∗∥2∑T−1

t=0 ηtgηlτ

)
= O

(
dD2∑T−1

t=0 ηtgηlτ

)
is linearly depen-

dent on d since ∥w0 − w∗∥2 = O(dD2). Thus, if d≫ 1,
FedDuAdagrad is expected to converge faster than
FedExP and FedAvg.

5 NUMERICAL EXPERIMENTS

5.1 Experimental Setup

We evaluate the performance of FedDuA on synthetic
and real-world datasets. We consider a distributed
overparameterized linear regression problem for syn-
thetic datasets, and image classification and NLP tasks
for real-world datasets. We compare FedDuA with
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Table 2: Average validation accuracy (%) of the last iterate over 5 different random seeds. Results within 0.5%
of the best result for each dataset are bolded.

Fed... DuAdam DuAdagrad ExP ExPM Adam Adagrad AvgM Avg
dataset (ours) (ours)

CIFAR100 62.9 51.2 48.4 59.8 58.4 40.9 56.5 39.5
CIFAR10 86.6 82.1 80.7 86.4 81.9 74.0 80.6 73.1
FEMNIST 78.0 78.3 77.5 75.8 77.2 71.6 76.0 76.6
shakespeare 50.9 52.6 50.6 48.9 50.6 51.0 48.4 49.1
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Figure 1: Test accuracy for FedDuA and baselines without server momentum (upper) and with server momentum
(lower). Our proposed methods (green dashdot) consistently outperform baselines.

the following baselines: FedAvg, FedExP, FedOpt
(FedAdagrad and FedAdam), and their momentum
variants (FedAvgM, FedExPM). These algorithms do
not require additional computational or communica-
tion cost on clients as our proposed method. As dis-
cussed in Jhunjhunwala et al. (2023), adaptive learning
rate can cause oscillating behavior in the performance.
Thus, we adopt averaging the last two iterates strat-
egy as in Jhunjhunwala et al. (2023). For a fair com-
parison, we perform grid-search over ηg, ηl for FedAvg
and FedOpt, and ϵg, ηl for FedExP and FedDuA. We
fix β1 = 0.9 and β2 = 0.99 for Fed(Du)Adam follow-
ing Reddi et al. (2021) and set ϵ = 10−9 for FedOpt
and FedDuA if not specified. We fix the number of par-
ticipating clients at each round to 20, minibatch size
for local SGD to 50, and the number of local updates to
τ = 20. The results are averaged over 5 random seeds
and the shade represents the standard deviation. See
Appendix H for the detailed experimental setup.

Synthetic Datasets For the synthetic experiment,
we generate M = 20 clients with |Di| = 30 samples.
The synthetic datasets are generated following a simi-
lar procedure as in Jhunjhunwala et al. (2023) and Li
et al. (2020), but we consider anisotropic data distribu-

tion, which corresponds to the fact that data often lies
on a low-dimensional structure (Ansuini et al., 2019).
Specifically, we generate the input data x ∈ Rd (d =
1000) as x ∼ N (0,Σ), where Σ is a diagonal matrix
with its k-th diagonal element Σkk = k−β for β = 1.1.

Real-world Datasets For CIFAR10/100, we par-
tition the data into M = 100 clients by following a
Dirichlet distribution with parameter α = 0.3 and use
ResNet-18. FEMNIST is naturally partitioned into
3, 550 clients based on the writer of the digit or charac-
ter (Caldas et al., 2018). We subsample 100 clients for
train and test to reduce the computational cost, and
use the same CNN architecture as in Zhu et al. (2022).
Shakespeare dataset is also naturally partitioned into
1, 129 clients based on the speaking role (Caldas et al.,
2018) and we subsample 100 clients and use a LSTM
for next character prediction.

5.2 Results and Discussion

FedDuA consistently outperforms baselines
Fig. 1 and Table 2 show the performance of FedDuA
and baselines on synthetic and real-world datasets.
Overall, FedDuA consistently outperforms existing
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Figure 2: Test accuracy averaged over the last 5 iterates with different hyperpa-
rameters ϵg, ηg and ϵ. FedDuA is less sensitive to the choice of hyperparameters.
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Figure 3: Training of ViT
on CIFAR-100.

methods across all datasets. These results clearly
show that dual adaptivity is a key to achieve fast con-
vergence in FL. In CIFAR10/100, momentum-based
methods perform better than non-momentum meth-
ods while non-momentum methods perform better or
comparable in the other datasets. See Appendix I.1
for long-term behavior of the algorithms.

FedDuA is Robust to the choice of hyper-
parameters Hyperparameter-tuning is often time-
consuming and expensive in FL. Adaptive methods are
expected to be robust to the choice of hyperparame-
ters. To see this, we run each algorithm with different
choice of ϵg, ηg for 50 rounds. We tune ηl for each
hyperparameter setting. As shown in Fig. 2, the per-
formance of FedDuA is not sensitive to the choice of ϵg.
Furthermore, ϵg = 0 is sufficient to achieve good per-
formance. This indicates that FedDuA is robust to the
choice of hyperparameters and even hyperparameter-
free by setting ηtg := mt/∥vt∥2G−1

t
. On the other hand,

FedOpt does not perform well with not well-tuned hy-
perparameters, which requires careful tuning of ηg. We
also conduct an ablation study on the choice of ϵ for
FedDuA. Note that ϵ determines the degree of adap-
tivity on gradient heterogeneity. We see that FedDuA
is also robust to the choice of ϵ but increasing ϵ de-
grades the performance gradually since it reduces the
gradient adaptivity. We find that ϵ = 0 works well but
we use ϵ = 10−9 in other experiments for the sake of
numerical stability.
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Figure 4: Comparison with SCAFFOLD and Mime.

FedDuA is Complementary to Mime and
SCAFFOLD Our approach is orthogonal to exist-
ing methods that modify the local update procedure,
such as SCAFFOLD (Karimireddy et al., 2020b) and
Mime (Karimireddy et al., 2020a). Therefore, FedDuA
can be naturally combined with these methods to fur-
ther improve performance. As shown in Fig. 4, inte-
grating FedDuA with SCAFFOLD or Mime-type lo-
cal updates yields better results than vanilla FedDuA,
whereas vanilla SCAFFOLD and Mime alone fail to
surpass FedDuA. For Mime, we adopt SGDm as the
base optimizer and set the momentum parameter to
0.9, following the original paper. These results demon-
strate that our method is complementary to existing
approaches for mitigating client heterogeneity.

Coordinate-wise adaptivity is essential in train-
ing of Transformers As discussed in previous
works (Zhang et al., 2024; Tomihari and Sato, 2025),
adaptive methods such as Adam outperform SGD in
centralized training of Transformers. To see the effect
of adaptivity in FL, we train a Vision Transformer
(ViT) (Dosovitskiy et al., 2021) on CIFAR-100. Fig. 3
shows that FedExP does not work well in training
of ViT while it performs comparably in training of
ResNet. This is in contrast to FedDuAdagrad, which
performs well in both cases. The result implies that
coordinate-wise adaptivity is also effective in FL train-
ing of Transformers.

6 CONCLUSION

In this paper, we addressed the question of how to de-
sign a global update procedure for FL, which is adap-
tive to both client and gradient heterogeneity. For
this purpose, we proposed FedDuA, a doubly adap-
tive step-size rule for general mirror descent-type al-
gorithms, by formulating the global update procedure
through the lens of mirror descent. We proved that our
proposed step-size is minimax optimal under approx-
imate projection condition and provided the conver-
gence analysis. Extensive numerical experiments show
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that FedDuA outperforms existing adaptive methods
in various settings without requiring additional com-
putational and communication cost on clients. Fur-
thermore, FedDuA is robust to the choice of hyperpa-
rameters and can be combined with existing methods
such as Mime to further improve the performance.
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Tighter theory for local sgd on identical and het-
erogeneous data. In International conference on ar-
tificial intelligence and statistics, pages 4519–4529.
PMLR.

Kingma, D. P. and Ba, J. (2015). Adam: A Method
for Stochastic Optimization. In International Con-
ference on Learning Representations.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes] We provide the convergence analysis in
Section 4.

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes] The code is provided
in the supplementary material.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes] The proofs are provided in the supple-
mentary material.

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes] See Appendix H.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
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(c) New assets either in the supplemental mate-
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(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
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pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
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A Proof for Theorem 3.2

The approximate projection condition yields

⟨∆̄t, w
∗ − wt⟩ ≥

1

2M

M∑
i=1

∥∆t
i∥2 ≥ 0.

For θt+1 := θt + ηg∆̄t, we have

Dϕt(θt+1 | θ∗)−Dϕt(θt | θ∗) = ϕt(θt+1)− ϕt(θt)− ηg⟨∇ϕt(θ∗), ∆̄t⟩
= ϕt(θt + ηg∆̄t)− ϕt(θt)− ηg⟨w∗, ∆̄t⟩.

For the last equality, we used ∇ϕt(θ∗) = w∗ from the duality. From the first-order optimality condition, we have

ht(ηg) = ⟨w∗ − wt, ∆̄t⟩,

where ht(η) = d
dηϕt(θt + η∆̄t) − ⟨wt, ∆̄t⟩. Since ϕt is assumed to be strongly convex, there exists a constant

αt > 0 such that ∇2ϕt(θ) ≻ αtId, and we have

dht
dη

(η) = ⟨∇2ϕt(θt + η∆̄t)∆̄t, ∆̄t⟩ > αt
∥∥∆̄t

∥∥2.
This implies that ht is strictly increasing and the inverse function h−1

t exists on R. Thus, η∗g is uniquely
determined by

η∗g = h−1
t

(
⟨w∗ − wt, ∆̄t⟩

)
.

Using the monotonicity of h−1
t , we have

η∗g = h−1
t (⟨w∗ − wt, ∆̄t⟩)

≥ h−1
t

(
1

2M

M∑
i=1

∥∆t
i∥2
)
,

which completes the proof.

B Proof for Theorem 3.3

The strong approximate projection condition yields

⟨∆̄t, w
∗ − wt⟩ ≥

1

M

M∑
i=1

∥∆t
i∥2 ≥ 0.

For θt+1 := θt + ηgvt, we have

Dϕt
(θt+1 | θ∗)−Dϕt

(θt | θ∗) = ϕt(θt+1)− ϕt(θt)− ηg⟨∇ϕt(θ∗), vt⟩
= ϕt(θt + ηgvt)− ϕt(θt)− ηg⟨w∗, vt⟩.
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For the last equality, we used ∇ϕt(θ∗) = w∗ from the duality. From the first-order optimality condition, we have

ht(ηg) = ⟨w∗ − wt, vt⟩.

and η∗g = h−1
t (⟨w∗ − wt, vt⟩) as in the proof of Theorem 3.2. From the monotonicity of h−1

t , it suffices to show

⟨w∗ − wt, vt⟩ ≥ 2mt ≥ mt.

To prove this, we use induction on t.

Case t = 0 We have

⟨w∗ − w0, v0⟩ = (1− β1)⟨w∗ − w0, ∆̄0⟩

≥ (1− β1)
1

M

M∑
i=1

∥∥∆0
i

∥∥2 = 2m0.

The inequality follows from strong A.P.C. Thus, we obtain the desired result.

Case t ≥ 1 Assume that the inequality holds for t− 1. Then, we have

⟨w∗ − wt, vt⟩ = (1− β1)⟨w∗ − wt, ∆̄t⟩+ β1⟨w∗ − wt, vt−1⟩
= (1− β1)⟨w∗ − wt, ∆̄t⟩+ β1(⟨w∗ − wt−1, vt−1⟩ − ⟨wt − wt−1, vt−1⟩︸ ︷︷ ︸

:=R

).

The term R can be evaluated as

R = ⟨∇ϕt−1(θt−1 + ηt−1
g vt−1), vt−1⟩ − ⟨wt−1, vt−1⟩

= ht−1(η
t−1
g ) ≤ mt−1

since ηt−1
g is assumed to be smaller than h−1

t−1(mt−1). Substituting the above equality, we obtain

⟨w∗ − wt, vt⟩ = (1− β1)⟨w∗ − wt, ∆̄t⟩+ β1(⟨w∗ − wt−1, vt−1⟩ −mt−1)

≥ (1− β1)⟨w∗ − wt, ∆̄t⟩+ β1(2mt−1 −mt−1)

≥ (1− β1)
1

M

M∑
i=1

∥∥∆t
i

∥∥2 + β1mt−1

= 2mt.

Here, we used the induction hypothesis for the first inequality and strong A.P.C. for the second inequality. Then,
we obtain the result by induction.

C Proof for Theorem 4.1

Given w ∈ Rd, the worst-case distance difference is defined as

V (w) = sup
w∗∈H

V (w,w∗)

:= sup
w∗∈H

Dψt
(w∗ | w)−Dψt

(w∗ | wt).

From the definition of the Bregman divergence, we have

V (w,w∗) = Dψt
(w∗ | w)−Dψt

(w∗ | wt)
= −ψt(w)−∇ψt(w)⊤(w∗ − w) + ψt(wt) +∇ψt(wt)⊤(w∗ − wt)

= ψt(wt)− ψt(w) + (∇ψt(wt)−∇ψt(w))⊤(w∗ − w).
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Thus, V (w,w∗) is affine in w∗.

Let us consider the Lagrangian

L(w,w∗, λ) = V (w,w∗)− λ

(
⟨∆̄t, wt − w∗⟩+ 1

2M

M∑
i=1

∥∥∆t
i

∥∥2)

Since V (w,w∗) and the constraint are affine, strong duality holds and we have

V (w) = sup
w∗∈Rd

inf
λ≥0

L(w,w∗, λ)

= inf
λ≥0

sup
w∗∈Rd

L(w,w∗, λ),

and

inf
w
V (w) = inf

w
inf
λ≥0

sup
w∗∈Rd

L(w,w∗, λ)

= inf
λ≥0

inf
w

sup
w∗∈Rd

L(w,w∗, λ).

Since the Lagrangian is affine, supw∗∈Rd L(w,w∗, λ) is infinite unless θt−θ+λ∆̄t = 0 and if this condition holds,
the value of supw∗∈Rd L(w,w∗, λ) is independent of w∗. Thus, we have

sup
w∗∈Rd

L(w,w∗, λ) =

{
V (w,wt) +

λ
2M

∑M
i=1∥∆t

i∥
2

if θt − θ + λ∆̄t = 0,

∞ otherwise.

Therefore, for a given λ ≥ 0, supw∗ L(w,w∗, λ) is minimized at w = wλ := ∇ϕt(θt + λ∆̄t) Therefore, we have

inf
w

sup
w∗∈Rd

L(w,w∗, λ) = V (wλ, wt) +
λ

2M

M∑
i=1

∥∥∆t
i

∥∥2
= Dψt(wt | wλ)−

λ

2M

M∑
i=1

∥∥∆t
i

∥∥2
= Dϕt

(θt + λ∆̄t | θt)−
λ

2M

M∑
i=1

∥∥∆t
i

∥∥2
= ϕt(θt + λ∆̄t)− ϕt(θt)− ⟨∇ϕt(θt), λ∆̄t⟩ −

λ

2M

M∑
i=1

∥∥∆t
i

∥∥2.
Considering the first-order optimality condition on λ, we have

d

dλ
ϕt(θt + λ∆̄t)− ⟨∇ϕt(θt), ∆̄t⟩ −

1

2M

M∑
i=1

∥∥∆t
i

∥∥2 (4)

=
d

dλ
ϕt(θt + λ∆̄t)− ⟨wt, ∆̄t⟩ −

1

2M

M∑
i=1

∥∥∆t
i

∥∥2
= ht(λ)−

1

2M

M∑
i=1

∥∥∆t
i

∥∥2,
= 0,

which implies the optimal λ∗ = h−1
t ( 1

2M

∑M
i=1∥∆t

i∥
2
) = ηtg uniquely exists as in the proof of Theorem 3.2.

Note that ηtg ≥ 0 since expression (4) is increasing in λ and negative at λ = 0. Thus, V (w) is minimized at

w = ∇ϕt(θt + ηtg∆̄t). This completes the proof.
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D Proof for Theorem 4.3

Let Dt = Dψt for simplicity. We have

Dt(w
∗ | wt+1)−Dt(w

∗ | wt) = Dϕt
(θt+1 | θ∗)−Dϕt

(θt | θ∗)
= ϕt(θt+1)− ϕt(θt)− ⟨∇ϕt(θ∗), θt+1 − θt⟩
= ϕt(θt+1)− ϕt(θt)− ηtg⟨w∗, ∆̄t⟩
= Ht(η

t
g) + ηtg⟨wt − w∗, ∆̄t⟩,

where Ht(η) = ϕt(θt + η∆̄t) − ϕt(θt) − η⟨wt, ∆̄t⟩. For the second equality, we used the duality w∗ = ∇ϕt(θ∗).
From the mean-value theorem, there exists η̄ ∈ [0, ηtg] such that

Ht(η
t
g)−Ht(0)

ηtg − 0
=
Ht(η

t
g)

ηtg
=

dHt

dη
(η̄) = ht(η̄) ≤ ht(η

t
g).

The last inequality follows from the fact that ht is increasing and η̄ ≤ ηtg. From the definition of ηtg, we have

Ht(η
t
g)

ηtg
≤ ht(η̄

t
g) =

1

2M

M∑
i=1

∥∥∆t
i

∥∥2.
Substituting the above inequality, we have

Dt(w
∗ | wt+1)−Dt(w

∗ | wt) ≤
ηtg
2

· 1

M

M∑
i=1

∥∥∆t
i

∥∥2
︸ ︷︷ ︸

:=R2

+ηtg ⟨wt − w∗, ∆̄t⟩︸ ︷︷ ︸
:=R1

.

In a similar way as in the proof of Theorem 1 in Jhunjhunwala et al. (2023), R2 can be bounded as

R2 =
1

M

M∑
i=1

∥∥∆t
i

∥∥2
=
η2l
M

M∑
i=1

∥∥∥∥∥
τ−1∑
k=0

∇Fi(wti,k)
∥∥∥∥∥
2

≤ τη2l
M

M∑
i=1

τ−1∑
k=0

∥∥∇Fi(wti,k)∥∥2
≤ 3τη2l L

2

M

M∑
i=1

τ−1∑
k=0

∥∥wti,k − wt
∥∥2 + 6τ2η2l L(F (w

t)− F (w∗)) + 3τ2η2l σ
2
∗.

Here, we used Lemma 5 in Jhunjhunwala et al. (2023) for the last inequality. For R1, we have

R1 =
1

M

M∑
i=1

⟨wt − w∗,∆t
i⟩

=
ηl
M

M∑
i=1

τ−1∑
k=0

⟨wt − w∗,∇Fi(wti,k)⟩.

As shown in the proof of Theorem 1 in Jhunjhunwala et al. (2023), the right-hand side can be bounded as

R1 ≥ ηlτ(F (wt)− F (w∗))− ηlL

2M

M∑
i=1

τ−1∑
k=0

∥∥wti,k − wt
∥∥2.
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Combining the above two inequalities, we have

Dt(w
∗ | wt+1)−Dt(w

∗ | wt) ≤ 2ηtgηlτ(1− 3ηlτL)(F (wt)− F (w∗)) + 3ηtgη
2
l τ

2σ2
∗

+ (3ηtgη
2
l τ + ηtgηlL)

1

M

M∑
i=1

τ−1∑
k=0

∥∥wti,k − wt
∥∥2

≤ −η
t
gηlτ

3
(F (wt)− F ∗) + ηtg ·O(η3l τ

2σ2
∗ + η2l τ

2(τ − 1)Lσ2
∗).

Averaging over all rounds, we have∑T−1
t=0 ηtg(F (wt)− F (w∗))∑T−1

t=0 ηtg
≤ 3 ·

∑T−1
t=0 Dt(w

∗ | wt)−Dt(w
∗ | wt+1)∑

t η
t
gηlτ

+O(ηlτσ
2
∗ + η2l τ(τ − 1)Lσ2

∗)

≤ O

(
D0(w

∗ | w0) +
∑T−1
t=1 (Dt(w

∗ | wt)−Dt−1(w
∗ | wt))∑

t η
t
gηlτ

)
+O(ηlτσ

2
∗ + η2l τ(τ − 1)Lσ2

∗).

Since F is convex, we have

F (w̄T )− F (w∗) ≤
∑T−1
t=0 ηtg(F (wt)− F (w∗))∑T−1

t=0 ηtg
.

This completes the proof.

E Proof for Corollary 4.4

The numerator in the first term can be bounded as

T−1∑
t=0

Dt(w
∗ | wt)−Dt(w

∗ | wt+1) ≤
T−1∑
t=0

(Dt(w
∗ | wt)−Dt−1(w

∗ | wt))

=

T−1∑
t=0

1

2
(wt − w∗)⊤(Gt −Gt−1)(wt − w∗)

≤
T−1∑
t=0

1

2
∥wt − w∗∥2∞∥gt − gt−1∥1

=

T−1∑
t=0

D2

2
(∥gt∥1 − ∥gt−1∥1)

≤ D2

2
∥gT−1∥1

=
D2

2
tr(GT−1)

where we define D−1(w0 | w∗) = 0 and gt = diag(Gt). The second equality follows from the monotonicity of
[gt]k. Substituting the above inequality, we obtain

F

(∑T−1
t=0 ηtgwt∑T−1
t=0 ηtg

)
− F (w∗) ≤

∑T−1
t=0 ηtg(F (wt)− F (w∗))∑T−1

t=0 ηtg

= O

(
D2 tr(GT−1)∑T−1

t=0 ηtgηlτ

)
+O(ηlτσ

2
∗) +O(η2l τ(τ − 1)Lσ2

∗)

This completes the proof.
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F Detailed Analysis on Benefit of Adaptivity

From the assumption, we have

[Gt]k,k =

√√√√ t∑
t=0

[∆̄t]2k

= Θ

k−β
√√√√ t∑

s=0

a2s

.
Thus, tr(GT−1) = Θ(

√∑T−1
t=0 a2t ) since β > 1. On the other hand, the numerator can be bounded as

∑
t

η(t)g =

T−1∑
t=0

1
M

∑M
i=1∥∆t

i∥
2∥∥∆̄t

∥∥2
G−1

t

≥
T−1∑
t=0

∥∥∆̄t
∥∥2∥∥∆̄t
∥∥2
G−1

t

=

T−1∑
t=0

Θ
(∑d

k=1 a
2
tk

−2β
)

Θ

(
a2t√∑t
s=0 a

2
s

·∑d
k=1 k

−β
)

= Θ

T−1∑
t=0

√√√√ t∑
s=0

a2s

,
since [Gt]k,k =

√∑t
s=0[∆̄s]2k = Θ(

√∑t
s=0 a

2
sk

−2β). Substituting the above two inequalities, we have

T1 = O

 D2

√∑T−1
t=0 a2t

ηlτ
∑T−1
t=0

√∑t
s=0 a

2
s

.
If at is decreasing, we have

D2

ηlτ
∑T−1
t=0

√∑t
s=0 a

2
s√∑T−1

s=0 a
2
s

≤ D2

ηlτ
∑T−1
t=0

√
t
T

= O

(
D2

ηlτT

)
.

For the first inequality, we used
∑t

s=0 a
2
s∑T−1

s=0 a
2
s

≥ t/T since we assume as ≤ as−1. That is, we have

∑T−1
s=0 a

2
s∑t

s=0 a
2
s

= 1 +

∑T−1
s=t+1 a

2
s∑t

s=0 a
2
s

≤ 1 +
(T − t− 1) · a2t
(t+ 1) · a2t

=
T

t+ 1

and thus
∑t

s=0 a
2
s∑T−1

s=0 a
2
s

≥ t
T .
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G Convergence Analysis for Non-convex Objectives

In this section, we provide a convergence analysis for non-convex objectives. For that purpose, we introduce the
following assumptions.

Assumption G.1. Local loss function Fi is L-smooth i.e., for any w,w′ ∈ Rd,

F (w′) ≤ F (w) + ⟨∇F (w), w′ − w⟩+ L

2
∥w′ − w∥2.

Also, there exists a constant σg ≥ 0 such that for any w ∈ Rd,

1

M

M∑
i=1

∥∇Fi(w)−∇F (w)∥2 ≤ σ2
g .

Assumption G.2. For any 0 ≤ t ≤ T − 1, there exist constant 0 ≤ αt ≤ βt such that for any w,w′ ∈ Rd,

1

2
αt∥w − w′∥2 ≤ Dψt(w | w′) ≤ 1

2
βt∥w − w′∥2

and βt/αt ≤ κ for some constant κ ≥ 1 independent of t.

The first assumption is standard in the analysis of non-convex optimization (Jhunjhunwala et al., 2023; Reddi
et al., 2021) and the second assumption is satisfied by FedDuAdagrad case as shown later. Under the above
assumptions, we have the following convergence result.

Theorem G.3. Suppose that Assumptions G.1 and G.2 hold and clients use full-batch SGD and participate in
every round. Then, if ηl ≤ 1

6τLκ generated by FedDuA satisfies

min
t=0,...,T−1

∥∥∇F (wt)∥∥2 ≤ O

(
F (w0)− F ∗

ηlτ
∑T−1
t=0 η̃tg

)
+O(κη2l τ

2L2σ2
g) +O(κηlτLσ

2
g).

where η̃tg = ηtg/βt.

See Appendix G.1 for the proof. As a corollary, we have the following convergence result for FedDuAdagrad.

Corollary G.4. Suppose that Assumptions G.1 and G.2 hold and clients use full-batch SGD and participate
in every round. Additionally, assume that ∥∇Fi(w)∥ ≤ G for any w ∈ Rd. Then, if ηl ≤ 1

6τL generated by
FedDuAdagrad satisfies

min
t=0,...,T−1

∥∥∇F (wt)∥∥2 ≤ O

 F (w0)− F ∗

ηlτ
∑T−1
i=0

(
1
M

∑M
i=1∥∆t

i∥/
∥∥∆̄t

∥∥2)
+O(η2l τ

2L2σ2
g) +O(ηlτLσ

2
g).

where ϵ = (ηlτG
√
T )/L.

See Appendix G.2 for the proof. This matches the convergence rate of FedExP in Jhunjhunwala et al. (2023).

In addition, the convergence rate of FedAvg is O
(
F (w0)−F∗

ηlτT

)
+ O(η2l τ

2L2σ2
g) (Reddi et al., 2021). Since∑T−1

i=0
1
M

∑M
i=1∥∆t

i∥/
∥∥∆̄t

∥∥2 ≥ T , we can expect the first term in the convergence rate of FedDuAdagrad is
smaller than that of FedAvg. On the other hand, FedDuAdagrad has an additional term O(ηlτLσ

2
g) at a price

of adaptivity. Note that it can be controlled by selecting a client learning rate ηl appropriately.

G.1 Proof for Theorem G.3

Proof. From the Lipschitz smoothness of F , we have

F (wt+1)− F (wt) ≤ ⟨∇F (wt), wt+1 − wt⟩+ L

2

∥∥wt+1 − wt
∥∥2

≤ ⟨∇F (wt), wt+1 − wt⟩+ L

αt
Dψt(w

t | wt+1).
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For the first term, from the mean-value theorem, there exists η̄ ∈ [0, ηtg] such that

wt+1 − wt = ∇ϕt(θt + ηtg∆̄t)−∇ϕt(θt)
= ηtg∇2ϕt(θt + η̄∆̄t)∆̄t

= ηtg∇2ψt(ξt)
−1∆̄t

= ηtgηlτ ∇2ψt(ξt)
−1h̄t,

where ξt = θt + η̄∆̄t, h
t
i := ∆t

i/(ηlτ) and h̄t :=
1
M

∑M
i=1 h

t
i. For the second term, as in the proof of Theorem 4.3,

we have

Dψt
(wt | wt+1) = ϕt(θt + ηtg∆̄t)− ϕt(θt)− ⟨∇ϕt(θt), ηtg∆̄t⟩

= Ht(η
t
g) ≤ ηtg · ht(ηtg)

= ηtg ·
1

2M

M∑
i=1

∥∥∆t
i

∥∥2
= ηtg(ηlτ)

2 · 1

2M

M∑
i=1

∥∥hti∥∥2.
Thus, we have

F (wt+1)− F (wt) ≤ −ηtgηlτ ⟨∇F (wt),∇2ψt(ξt)
−1h̄t⟩︸ ︷︷ ︸

R1

+
ηtgL(ηlτ)

2

2αt

1

M

M∑
i=1

∥∥hti∥∥2︸ ︷︷ ︸
R2

Bounding R1 We have

R1 = ⟨∇F (wt),∇2ψt(ξt)
−1h̄t⟩

=
1

2

∥∥∇F (wt)∥∥2
ψt(ξt)−1 +

1

2

∥∥h̄t∥∥2ψt(ξt)−1 −
1

2

∥∥h̄t −∇F (wt)
∥∥2
ψt(ξt)−1

≥ 1

2βt

∥∥∇F (wt)∥∥2 − 1

2Mαt

M∑
i=1

∥∥hti −∇F (wt)
∥∥2,

where the inequality follows from βtI ⪰ ∇2ψt(ξt) ⪰ αtI.

Bounding R2 As in the proof of Theorem 2 in Jhunjhunwala et al. (2023), we have

R2 =
1

M

M∑
i=1

∥∥hti∥∥2
=

3

M

M∑
i=1

∥∥hti −∇Fi(wt)
∥∥2 + 3σ2

g + 3
∥∥∇F (wt)∥∥2

=
3

M

M∑
i=1

∥∥hti −∇Fi(wt)
∥∥2 + 3σ2

g + 3
∥∥∇F (wt)∥∥2
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Combining the above two inequalities, we have

F (wt+1)− F (wt) ≤
ηtgηl

αt
τ

(
− αt
2βt

∥∥∇F (wt)∥∥2 + 1

2M

M∑
i=1

∥∥hti −∇F (wt)
∥∥2

+
ηlτL

2

(
3σ2

g + 3
∥∥∇F (wt)∥∥2 + 3

M

M∑
i=1

∥∥hti −∇Fi(wt)
∥∥2))

≤ ηtgηl

αt

(
− 1

4κ

∥∥∇F (wt)∥∥2 + 1

Mκ

M∑
i=1

∥∥hti −∇F (wt)
∥∥2 − 3ηlτLGσ

2
g

)

≤ ηtgηl

αt

(
− 1

8κ

∥∥∇F (wt)∥∥2 + 5η2l L
2τ(τ − 1)σ2

g − 3ηlτLGσ
2
g

)

The second inequality follows from ηl ≤ 1
6τLGκ

and βt/αt ≤ κ, and the third inequality follows from Lemma 7
in Jhunjhunwala et al. (2023). Rearranging the above inequality, we have∥∥∇F (wt)∥∥2 ≤ O

(
κ · F (wt)− F (wt+1)

ηtgηl/αt

)
+O(κη2l τ

2L2σ2
g) +O(κηlτLσ

2
g).

Averaging over t = 0, . . . , T − 1, we have

min
t=0,...,T−1

∥∥∇F (wt)∥∥2 ≤ 1

T

T−1∑
t=0

∥∥∇F (wt)∥∥2 ≤ O

(
F (w0)− F ∗

ηl
∑T−1
t=0 η̃tg

)
+O(κη2l τ

2L2σ2
g) +O(κηlτLσ

2
g).

This completes the proof.

G.2 Proof for Corollary G.4

Proof. First, we show that Assumption G.2 holds for FedDuAdagrad with αt = ϵ and βt = 2ϵ. From the
definition of ψt, we have

Dψt(w | w′) =
1

2
(w − w′)⊤Gt(w − w′)

=
1

2

d∑
k=1

[Gt]k,k(wk − w′
k)

2.

Since [∆̄t]k = 1
M

∑M
i=1[∆

t
i]k and ∥∆t

i∥ ≤ ηlτG, we have

[Gt]k,k = ϵ+

√√√√ t∑
s=0

[∆̄s]2k

≤

√√√√ t∑
s=0

(ηlτG)2

= ϵ+
√
t+ 1 · ηlτG ≤ 2ϵ.

Thus, we have

ϵI ⪯ Gt ⪯ 2ϵI,

which implies that Assumption G.2 holds.

Therefore, from Theorem G.3, we have

min
t=0,...,T−1

∥∥∇F (wt)∥∥2 ≤ O

(
F (w0)− F ∗

ηl
∑T−1
t=0 η̃tg

)
+O(η2l τ

2L2σ2
g) +O(ηlτLσ

2
g).
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It remains to bound
∑T−1
t=0 η̃tg. From the definition of η̃tg, we have

T−1∑
t=0

η̃tg =

T−1∑
t=0

ηtg
βt

=

T−1∑
t=0

1
M

∑M
i=1∥∆t

i∥
2∥∥∆̄t

∥∥2
G−1

t

· 1

βt

=

T−1∑
t=0

1
M

∑M
i=1∥∆t

i∥
2∥∥∆̄t

∥∥2 ·
∥∥∆̄t

∥∥2∥∥∆̄t
∥∥2
G−1

t

· 1

βt
.

Since βt = 2ϵ and
∥∥∆̄t

∥∥2
G−1

t
≤ 1

ϵ

∥∥∆̄t
∥∥2, we have

T−1∑
t=0

η̃tg ≥
T−1∑
t=0

1
M

∑M
i=1∥∆t

i∥
2∥∥∆̄t

∥∥2 · ϵ · 1

2ϵ

≥
T−1∑
t=0

1
M

∑M
i=1∥∆t

i∥
2

2
∥∥∆̄t

∥∥2 .

Substituting the above inequality, we obtain the result.

H Detailed Experimental Setup

H.1 Compute Resources and Time

Our experiments were conducted on Intel(R) Xeon(R) Silver 4316 CPU @ 2.30GHz and 8 NVIDIA A100-SXM4-
80GB GPUs. The training process (500 rounds) takes about 3 hours for each method and dataset.

H.2 Dataset and Model

We summarize the datasets and models used in our main experiments in Table 3. We also provide the architecture
of LSTM and CNN in Table 4 and Table 5, respectively. For ViT experiments, we use the architecture in omiita
(2024).

Table 3: Datasets and models used in our experiments
Dataset Task Model # of Classes License

Synthetic dataset Regression Linear N/A N/A
CIFAR-10 Image classification ResNet-18 10 MIT License
CIFAR-100 Image classification ResNet-18 100 MIT License
FEMNIST Image classification CNN 62 BSD 2-Clause
Shakespeare Next character prediction LSTM 79 BSD 2-Clause

Synthetic dataset Here, we briefly describe the synthetic dataset used in our experiments. For client i =
1, . . . , 20, we generate 30 samples {(xj , yj)} (xj ∈ R1000) by sampling xj ∼ N (0,Σ) and yj = ⟨wi,j , xj⟩. Here, Σ
is a diagonal matrix with its k-th diagonal element Σk,k = k−1.1, and wi,j ∼ N (wi, 1), wi ∼ N (0, 0.1).

H.3 Hyperparameters

For a fair comparison, we tune the hyperparameters for each method using grid search. We run algorithms for
500 rounds for the synthetic dataset and 50 rounds for the real-world datasets, and employ the hyperparameters
which yield the best validation accuracy averaged over the last 5 rounds. We summarize the best hyperparameters
in Table 6. Other hyperparameters are kept the same across all methods. Following Jhunjhunwala et al. (2023),
we use weight decay of 10−4, learning rate decay of 0.998, and gradient clipping to stabilize the training for
image classification tasks.
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Table 4: Architecture of LSTM

Layer Output Shape # of Params

Input [80] 0
Embedding [80, 256] 20,224

LSTM [80, 256] 1,052,672
Dropout [80, 256] 0
Dense [256, 79] 20,303

Table 5: Architecture of CNN

Layer Output Shape # of Params Kernel Size

Input [1, 28, 28] 0
Conv2d [32, 26, 26] 320 (3, 3)
Conv2d [64, 24, 24] 18,496 (3, 3)
Dropout [64, 24, 24] 0
Dense [128] 1,179,776

Dropout [128] 0
Dense [62] 7,998

Table 6: Best hyperparameters (log10 scale)

FedAvg FedExp FedAvgM FedExpM
dataset ηl ηg ηl ϵg ηl ηg ηl ϵg

CIFAR100 -2 0 -2 -4 -2 0 -2 -3
CIFAR10 -2 0 -2 -4 -2 -1 -2 -4
FEMNIST -1 0 -1 -2 -2 0 -1 -3
shakespeare 0 0 0 -2 0 0 0 -4

FedAdagrad FedDuAdagrad FedAdam FedDuAdam
dataset ηl ηg ηl ϵg ηl ηg ηl ϵg

CIFAR100 -2 -4 -2 -1 -2 -4 -2 -1
CIFAR10 -2 -4 -2 -1 -2 -4 -2 -2
FEMNIST -1 -2 -1 -1 -2 -2 -1 -1
shakespeare 0 -2 0 0 0 -2 0 0
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Figure 5: Long term behavior of each algorithm.

Synthetic dataset For the synthetic dataset, We tune ηl over {10−3, 10−5/2, 10−2, 10−3/2, 10−1}, and ηg
over {10−1, 10−1/2, 100, 101/2, 101} for FedAvg(M) and {10−2, 10−3/2, 10−1, 10−1/2, 100} for FedOPT. We fix
ϵ = 0, ϵg = 0.

Image classification datasets For the image classification tasks, we tune ηl over
{10−2, 10−3/2, 10−1, 10−1/2, 100}. The grid of ηg is {10−1, 10−1/2, 100, 101/2, 101} for FedAvg(M) and SCAF-
FOLD, and {10−4, 10−7/2, 10−3, 10−5/2, 10−2} for FedOPT. The grid of ϵg is {10−3, 10−5/2, 10−2, 10−3/2, 10−1}
for FedDuA, and {10−4, 10−7/2, 10−3, 10−5/2, 10−2} for FedExP(M). We use {10−1, 10−1/2, 100, 101/2, 101} for
FedDuA with Mime since the best ηl is relatively large. We fix ϵ = 10−9 for adaptive methods if not specified.

NLP dataset For the NLP task, we tune ηl over {10−2, 10−3/2, 10−1, 10−1/2, 100}. The grid of ηg is
{10−1, 10−1/2, 100, 101/2, 101} for FedAvg(M) and SCAFFOLD, and {10−3, 10−5/2, 10−2, 10−3/2, 10−1} for Fe-
dOPT. The grid of ϵg is {10−3, 10−5/2, 10−2, 10−3/2, 10−1} for FedDuA, and {10−1, 10−1/2, 100, 101/2, 101} for
FedExP(M). We fix ϵ = 10−9 for adaptive methods if not specified.

I Additional Experimental Results

I.1 Long-term Behavior

To compare the long-term behavior of our proposed method and baselines, we ran the experiments for 2000
rounds, which is sufficiently long to observe the convergence behavior. We show the results in Fig. 5. We see
that FedDuA consistently outperforms other methods in terms of convergence speed and final accuracy.

I.2 Comparison with FedProx
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Figure 6: Comparison with
FedProx.

In this section, we provide a comparison with FedProx (Li et al., 2020). This is
an algorithm that modifies the local objective and thus can be combined with
the FedDuA framework. For the FedProx-type local training procedure, we tune
the additional hyperparameter µ with the grid {10−3, 10−2, 10−1, 1} following
the original paper. As shown in Fig. 6, FedProx-type local training does not
improve performance in our setup.
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I.3 Training Loss and Global Learning Rate

Here, we provide the curve of training loss and global learning rate for FedDuA
and baselines. As shown in Fig. 8, FedDuA converges faster than other methods
in terms of training loss.

0 100 200
Communication Rounds

10−1

100

101

102

G
lo

ba
lL

ea
rn

in
g

R
at

e

Synthetic

0 200 400
Communication Rounds

10−3

10−2

10−1

100
G

lo
ba

lL
ea

rn
in

g
R

at
e

CIFAR10

0 200 400
Communication Rounds

10−3

10−2

10−1

100

G
lo

ba
lL

ea
rn

in
g

R
at

e

CIFAR100

0 200 400
Communication Rounds

10−2

10−1

100

G
lo

ba
lL

ea
rn

in
g

R
at

e

FEMNIST

0 200 400
Communication Rounds

10−1

100

G
lo

ba
lL

ea
rn

in
g

R
at

e

shakespeare
FedAvg FedExp FedAdagrad FedDuAdagrad (ours)

0 100 200
Communication Rounds

10−2

10−1

100

101

G
lo

ba
lL

ea
rn

in
g

R
at

e

Synthetic

0 200 400
Communication Rounds

10−3

10−1

G
lo

ba
lL

ea
rn

in
g

R
at

e

CIFAR10

0 200 400
Communication Rounds

10−3

10−2

10−1

100
G

lo
ba

lL
ea

rn
in

g
R

at
e

CIFAR100

0 200 400
Communication Rounds

10−2

10−1

100

G
lo

ba
lL

ea
rn

in
g

R
at

e

FEMNIST

0 200 400
Communication Rounds

10−2

10−1

100

G
lo

ba
lL

ea
rn

in
g

R
at

e

shakespeare
FedAvgM FedExPM FedAdam FedDuAdam (ours)

Figure 7: Comparison of global learning rates ηg for different methods.
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Figure 8: Comparison of training loss for different methods.

I.4 Extreme Non-IID and Lower Client Participation Scenarios

To see the effect of client heterogeneity in real-world scenarios, we conduct experiments with different values of α
and different numbers of participating clients M . As shown in Table 7, FedDuA consistently outperforms other
methods in terms of final accuracy.

I.5 Additional Results for ViT

We provide additional results for ViT experiments with CIFAR10 in Table 8. We see that FedDuA outperforms
other methods by a large margin, which demonstrates the effectiveness of our method in training Transformer-
based models in federated learning.
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Table 7: Comparison of methods on CIFAR10 and CIFAR100.

Dataset DuAdam DuAdagrad Exp ExpM

CIFAR10 (α = 0.1) 80.0 ± 1.2 69.0 ± 1.5 73.7 ± 1.0 78.0 ± 1.8
CIFAR100 (α = 0.1) 58.4 ± 0.9 45.6 ± 0.4 44.6 ± 1.0 53.5 ± 0.7
CIFAR10 (M = 10) 83.4 ± 1.2 79.3 ± 1.0 79.5 ± 1.1 83.4 ± 1.0
CIFAR100 (M = 10) 61.0 ± 0.8 49.2 ± 0.5 48.5 ± 0.7 56.2 ± 0.7

Dataset Adam Adagrad AvgM Avg

CIFAR10 (α = 0.1) 75.9 ± 1.8 67.1 ± 1.2 72.7 ± 0.7 63.4 ± 1.0
CIFAR100 (α = 0.1) 54.1 ± 0.6 44.0 ± 0.3 52.2 ± 0.8 38.9 ± 0.6
CIFAR10 (M = 10) 79.1 ± 2.1 70.4 ± 0.8 79.1 ± 0.9 72.1 ± 0.7
CIFAR100 (M = 10) 52.2 ± 1.0 37.6 ± 0.3 55.7 ± 0.9 39.3 ± 0.6

Table 8: Comparison on CIFAR10 (ViT).

Dataset DuAdam DuAdagrad Exp ExpM

CIFAR10 (ViT) 76.4 ± 1.3 68.0 ± 0.4 62.9 ± 1.6 57.9 ± 5.2

Dataset Adam Adagrad AvgM Avg

CIFAR10 (ViT) 73.0 ± 0.7 68.4 ± 0.4 69.6 ± 0.6 59.3 ± 1.3


