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ABSTRACT

Transformers have demonstrated remarkable in-context learning abilities, adapt-
ing to new tasks from just a few examples without parameter updates. However,
theoretical understanding of this phenomenon typically assumes fixed dependency
structures, while real-world sequences exhibit flexible, context-dependent rela-
tionships. We address this gap by investigating whether transformers can learn
causal structures – the underlying dependencies between sequence elements – di-
rectly from in-context examples. We propose a novel framework using Markov
chains with randomly sampled causal dependencies, where transformers must in-
fer which tokens depend on which predecessors to make accurate predictions. Our
key contributions are threefold: (1) We prove that a two-layer transformer with
relative position embeddings can implement Bayesian Model Averaging (BMA),
the optimal statistical algorithm for causal structure inference; (2) Through exten-
sive experiments and parameter-level analysis, we demonstrate that transformers
trained on this task learn to approximate BMA, with attention patterns directly re-
flecting the inferred causal structures; (3) We provide information-theoretic guar-
antees showing how transformers recover causal dependencies and extend our
analysis to continuous dynamical systems, revealing fundamental differences in
representational requirements. Our findings bridge the gap between empirical
observations of in-context learning and theoretical understanding, showing that
transformers can perform sophisticated statistical inference over structural uncer-
tainty.

1 INTRODUCTION

Modern transformers exhibit a remarkable capability: they can adapt to entirely new tasks using
only a handful of examples, without any parameter updates. This phenomenon, known as in-context
learning (ICL) Brown et al. (2020), has revolutionized our understanding of what neural networks
can achieve. A model trained on diverse text can suddenly perform arithmetic, translate languages,
or write code – all by simply observing a few demonstrations. Yet despite extensive empirical
success Wei et al. (2022); Garg et al. (2023) and theoretical investigations von Oswald et al. (2023);
Akyürek et al. (2023); Goel & Bartlett (2024), a fundamental question remains: how do transformers
adapt to the varying dependency structures present in real-world sequences? (Allen-Zhu & Li, 2023;
Bietti et al., 2023; Zhao et al., 2023; Wibisono & Wang, 2024)

The Theory-Practice Gap. Current theoretical understanding of ICL rests on a critical simplifica-
tion: most analyses assume that dependencies between sequence elements follow a fixed, predeter-
mined structure. For instance, theoretical works typically study settings where tokens are indepen-
dent [[x1, f(x1)], [x2, f(x2)], ...] or follow rigid patterns like [x1, f(x1), x2, f(x2)] (Bai et al., 2023;
Chen et al., 2024a; Wang et al., 2025). However, natural language and real-world sequences exhibit
far richer structure – words depend on previous words in complex, context-dependent ways that
vary across sentences and domains. Recent work by Nichani et al. (2024) began addressing this by
showing transformers can encode fixed causal structures during training. Specifically, they assume
an n-gram causal model (e.g., bigrams where each token depends only on the previous one) (Ra-
jaraman et al., 2024; Edelman et al., 2024), and prove that transformers can embed this structure
in their attention weights to perform inference. However, in real-world scenarios, the dependency
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graph itself is not fixed but varies across different sequences. For example, in language, the syntactic
structure can change dramatically between different documents, and in stock price prediction, the
relationships between assets can shift over time. Thus, a key challenge is

Can transformers infer and adapt to causal structure in-context? (⋆)

Our Approach. We introduce a novel framework where sequences are generated from Markov
chains with randomly sampled causal dependencies. In our setting, each token depends on exactly
one predecessor, or its “parent”, but crucially, these parent relationships are not fixed and must be
inferred from context examples, which is a collection of sequences sharing the same underlying
causal structure. This setup captures the essence of (⋆) by requiring the model to adapt to different
latent structures across contexts. The transformer must infer these latent dependencies from con-
text examples to accurately predict new sequences – mirroring how language models must adapt to
different syntactic structures or reasoning patterns.

Main Contributions. We consider two types of Markov chains: discrete chains over a finite vocab-
ulary and continuous linear dynamical systems. Our work makes the following contributions:

(1) Theoretical Construction: For discrete Markov chains, we prove that a two-layer transformer
with relative position embeddings can implement Bayesian Model Averaging (BMA), the statisti-
cally optimal algorithm for inferring causal structures from observations. Our construction shows
how attention mechanisms can perform sophisticated probabilistic inference over structural uncer-
tainty. (2) Empirical Verification: Through extensive experiments on Markov chains, we demon-
strate that transformers trained via gradient descent converge to solutions remarkably similar to
our theoretical construction. Parameter-level analysis reveals that learned attention patterns directly
encode posterior probabilities over causal structures, providing mechanistic insight into how trans-
formers perform statistical inference. (3) Information-Theoretic Analysis: We establish conditions
under which causal structures can be recovered in-context, using mutual information and data pro-
cessing inequalities. Additionally, we show that gradient-based learning naturally discovers these
structures early in training through χ2-mutual information maximization. (4) Extensions to Contin-
uous Systems: We extend our framework to linear dynamical systems in continuous space, reveal-
ing fundamental differences in how transformers handle discrete versus continuous causal inference.
While transformers show strong empirical performance, we identify representational limitations that
prevent exact BMA implementation in continuous settings.

Paper Organization. Section 2 introduces our problem formulation and model architecture. Sec-
tion 3 presents our main theoretical and empirical results for Markov chains. Section 4 extends the
analysis to continuous dynamical systems. Appendix A discusses related work.

2 PRELIMINARY

2.1 TASK SETUP

To investigate the question (⋆), we consider data are generated from distributions with a latent causal
structure. Each sample is a sequence of tokens x1:H = [x1, . . . ,xH ], where the h-th token xh

depends on one of its predecessors, called the parent token xpa(h). This dependency relation is
represented as a directed tree graph G = {pa(h)}h∈[H], where pa(h) ∼ Unif(1, . . . , h− 1),∀h ∈
2, . . . ,H . Given the causal structure defined above, the generative process can be written as xh =
G(xpa(h)), where G(·) denotes either stochastic sampling from the transition kernel π(·|xpa(h)) of
Markov chains, or a deterministic transformation with additive Gaussian noise in dynamical systems.
G(·) is fixed during sampling the whole dataset.

For the in-context learning task, suppose we have L+1 samples {x(l)
1:H}l∈[L+1] from the same causal

graph G, the first L samples are provided as in-context demonstrations from which the model may
infer the latent graph structure, while the last sample is the target for prediction. Except the first
token xL+1

1 , every token xL+1
h in this trajectory is required to be predicted via next-token prediction

conditioned on x1:L
1:H and its past observations xL+1

1:h−1.

Markov Chain. Following Markovian assumption adopted in Edelman et al. (2024); Nichani
et al. (2024); Chen et al. (2024b); D’Angelo et al. (2025), we assume sequences are sampled from
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Example 1 Example 2 Example L+ 1

Figure 1: Task overview of in-context causal structure learning. Each training sequence consists
of L examples with observed variables and hidden parent relations, followed by a new example L+1
where the model must infer the underlying parent indices in-context from previous demonstrations.

a Markov chain with random dependencies. In this setting, Tokens {xh} are drawn from a finite
vocabulary V = {e1, . . . , ed}, where |V| = d and {ei} are one-hot vectors. The random depen-
dencies are specified by latent causal graph {pa(h)}h∈[H]. Let π : V → ∆(V) denote the Markov
transition kernel, where ∆(V) is the probability simplex over V . Then each token is generated as
xh ∼ π(· | xpa(h)) ∈ ∆(V), ∀h ∈ [H], where by slight abuse of notation, we also regard π as the
stochastic matrix π ∈ R|V|×|V| with π[i, j] = π(j|i),

∑
j π[i, j] = 1.

Dynamical System Beyond the discrete Markov chain case, we also consider a more challeng-
ing setting with continuous sampling space. Here tokens {xh} are dense vectors in Rd. The link
function g(·) replaces the discrete transition kernel, and we instantiate it as a linear dynamical sys-
tem with additive Gaussian noise: xh = g(xpa(h)) = 1

c

(
A⊤xpa(h) + εh

)
, where A ∈ O(Rd) is

orthogonal, x1 ∼ N (0, Id), εh ∼ N (0, σ2Id), and c2 = 1 + σ2 ensures variance stability.

These settings evaluate the extent to which transformers can perform in-context causality learning.

Goal: Inferring the Causal Structure. The task formulation naturally raises the following ques-
tion: Given L in-context examples, how can the model infer the underlying graph structure G? A
classical approach to this problem is Bayesian Model Averaging (BMA), which leverages Bayes’
rule to compute the posterior distribution over possible parameter space. Treating the parent struc-
ture pa(h) as the parameter to be estimated, the distribution of having parent h′ will be predicted as
its posterior probability given L observations:

P
(
pa(h) = h′ ∣∣x1:L

1:H

)
=

P
(
x1:L
1:H

∣∣pa(h) = h′) P(pa(h) = h′)∑
h′′∈[H] P

(
x1:L
1:H

∣∣ pa(h) = h′′
)
P(pa(h) = h′′)

. (1)

By Eq. (1) and our task assumption, we have the following lemma of the formulation of BMA.
Lemma 1. Suppose L samples are observed from the above Markov chain (or dynamical system)
x1:H with latent causal structure G. Bayesian Model Averaging give prediction of pa(h) ∈ [h− 1]:

P(pa(h) = h′ | x1:L
1:H) =

exp(
∑

l∈[L] log π(x
l
h|xl

h′))∑
h′′∈[h−1] exp(

∑
l∈[L] log π(x

l
h|xl

h′′))
= σ

(
p̂h,L(log π)

)
h′ , (2)

where p̂h,L(log π) ∈ Rd and p̂h,L
h′ =

∑
l∈[L] log π(x

l
h|xl

h′). See Appendix C.2 for detailed proof.

This Bayesian formulation provides a principled baseline for inferring causal structure, and serves
as a point of comparison for the in-context learning behavior of transformers.

2.2 MODEL ARCHITECTURE

2.2.1 STANDARD TRANSFORMER

Decoder-only Transformer is a neural network structure dealing with sequential data. Given a se-
quence of tokens (w1, . . . ,wT ), transformers first embed tokens and add a positional encoding to
the tokens: h(0)

t = E(wt) + P (t) ∈ Rd, ∀t ∈ [T ]. In a matrix form, the mapped tokens of input is

H(0) = h
(0)
1:T

⊤
∈ RT×d. Subsequent layers consist of multi-head attention layers (MHA) followed

by multilayer perceptron layers (MLP). At layer l, the hidden features H(l−1) will be updaed as
follows. First, causal-mask self-attention layer will compute the ouput by:

Attn(H;WQ,WK ,WV ) = σ

(
M
( (HWQ)(HWK)⊤√

dk

))
HWV ,

3
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Figure 2: Visualization of Attention Weights A(1),A(2). Left: A(2) on 3 examples. Transformer
shows promising capabilities to select causal tokens in context. Right: Six representative heads (out
of 10) from A(1) (Head 1 and 10 degenerate). (trained with L = 10, H = 10, d = 5, 1024 steps).

where WQ,WK ,WV ∈ Rd×dk , σ(v)i =
exp(vi)∑
j exp(vj)

applied to matrix row-wisely, M is the causal

mask where M(X)ij is −∞ if i > j else Xij . Then multi-headed attention gives the output:

MHA(H) =

( M⊕
m=1

Attn(H;Wm
Q ,Wm

K ,Wm
V )

)
WO,

where
⊕

denotes the concatenation of vectors and WO ∈ RMdk×d. Getting intermediate features
MHAl(H

(l−1)) from attention layer, this feature will be added to the residual stream which ag-
gregate the previous output: Ĥ l = H(l−1) +MHAl(H

(l−1)). FFN layer adopts this as input and
updates this stream as:

FFN(Ĥ) = σ
(
ĤW1

)
W2, H(l) = Ĥ(l) + FFNl(Ĥ

(l)),

where W1 ∈ Rd×dm ,W2 ∈ Rdm×d and σ(·) is the activation function. Finally the output of L-layer
Transformer is σ(H(L)WU ) projected to vocabulary logits by WU ∈ Rd×V .

2.2.2 DISENTANGLED TRANSFORMERS

To better analyze the role each part of transformers play in learning a task, prior works Friedman
et al. (2023) propose the disentangled transformer which decouples the twisted features in the resid-
ual stream. Instead of adding each layer’s output, disentangled transformer concentenates it with
residual stream. Considering the decoder-based attention-only transformers we will mainly focus
on, it will update the hidden states H(l−1) ∈ RT×dl−1 by

H(l) = [H(l−1),Attn1(H
(l−1)), . . . ,AttnM (H(l−1))] ∈ RT×(1+M)dl−1 , (3)

where in each attention head, WKW⊤
Q is reparametrized by WKQ, WOWV by WOV and the initial

input H(0) ∈ RT×d0 is given by h
(0)
t = [E(wt), P (wt)] = [ewt , et] ∈ Rd+T , ∀t. Consider in our

task, the input sequence consists of L+1 examples of length-H chains, leading to the embedding size
T of P (wt) ∈ RT equal to (L+ 1)H . If we set vocabulary dimension d = H = L = 10, then d =
10 ≪ T = 110 in the input embedding and WKQ in the 1st layer will have Θ(H2L2) = Θ(104)
parameters. Instead, considering wt is the h-th token in example l, we use two types of embeddings
representing this: PosL(wt) = el ∈ RL, PosH(wt) = eh ∈ RH . This reduces the required
parameter for training. And the formulation of this transformer is given by Eq. (34). Empirical
results presented in Appendices G, H and I demonstrate that the standard disentangled transformer
with full absolute position encoding, its positional variants and standard transformers with FFNs all
behave consistently with the model described below. To enable a tractable parameter-level analysis,
we adopt a simplified structure that reduces the parameter count and simplifies training.
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Figure 3: Parameter visualization of 2-layer transformer with RPE. Heads of inner-example RPE
wk

H uniformly show the largest value at position h = 0 except Head 1, 9, 10. Correspondingly,
WKQ shows similar blocks on diagonal except block 1, 9, 10. Besides, σ(WOV ) approximates π.

Relative Position Embedding. While the original Transformer employs the above absolute posi-
tional encodings, subsequent research has demonstrated the advantages of relative positional em-
beddings (RPE) Shaw et al. (2018); Su et al. (2023). RPE is parametrized by a vector w ∈ RT

which assigns attention score w(i, j) only via relative distance i − j between positions of query i
and key j. Similar to the above absolute embedding, we adopt two types of RPE: wH ∈ R2H−1

representing the order l from L+1 examples and wL ∈ RL representing the order h from H tokens.

wH(h, h′) = wH [h− h′], ∀(h, h′) ∈ [H]2, wL(l, l
′) =

{
wL[l − l′], l > l′,

−∞, else. (for causal mask)

Attention with RPE. With RPE in the 1st layer, the output ut for xt = xl
h is given by:

ut = Attnxt→x1:T
=
∑
t′

σt′(wH(h, ·) +wL(l, ·))xt′

=
∑

t′↔(h′,l′)

exp(wH(h, h′) +wL(l, l
′))∑

t′′ exp(wH(h, h′′) +wL(l, l′′))
xt′ .

(4)

Self-Attention Layer. Suppose the 1st layer use K heads, for the 2nd layer, the input is vt = H
(1)
t ∈

Rd+Kd given by disentangled residual in Eq. (3). The features of last example L+1: vL+1
h are taken

as query, key and value tokens into the attention layer. The output gives Transformer’s prediction.
Suppose the input is x1:T = x1:L+1

1:H , this transformer architecture is formulated as follows:

1st RPE Attention (K-head): uk
h = Attnk

xL+1
h →x1:T

= σ(wk
H(h, ·) +wk

L(L+ 1, ·))x⊤
1:T ∈ Rd,

Disentangled Residual: vh = [u1
h, . . . ,u

K
h ], zh = [xL+1

h ,vh] ∈ Rd+Kd,

2nd Attention (1-head): ftf(· | HL
h ) = σ

(
z⊤
1:h−1WKQzh

)⊤
z⊤
1:h−1WOV

= σ(v⊤
1:h−1W

′
KQvh)

⊤xL+1
1:h−1

⊤
W ′

OV ∈ Rd,
(5)

where ftf(· | HL
h ) ∈ Rd denotes the ouput of the transformer based on context HL

h = [x1:L
1:H ,xL+1

1:h−1]
(or the context denoted by H for brevity) and we assume some blocks in WKQ,WOV are 0:

WKQ =

[
0d×d 0d×Kd

0Kd×d W ′
KQ

]
,WOV =

[
W ′

OV 0d×Kd

0Kd×d 0Kd×Kd

]
, (6)

where W ′
KQ ∈ RKd×Kd, W ′

OV ∈ Rd×d are trainable and this simplification is supported by the
results on disentangled transformers in Appendix G. To train transformers, cross-entropy loss is used
for x ∈ V of Markov chain (MC) and MSE loss for dyanmical system (DS) shown in Eq. (15).

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review as a conference paper at ICLR 2026

𝒙𝟏𝟏 𝒙𝟐𝟏
… 𝒙𝑯𝟏 𝒙𝟏𝟐 𝒙𝟐𝟐

… 𝒙𝑯𝟐 …… 𝒙𝟏𝑳/𝟏 𝒙𝟐𝑳/𝟏
… 𝒙𝑯𝑳/𝟏𝒙𝒉

𝑳/𝟏…

…

𝒙𝟏𝟏

𝒙𝟏𝟐

𝒙𝟏𝑳

𝒙𝟐𝟏:𝑳 𝒙𝒉𝟏:𝑳
…Copier: 𝑥&!:(

𝒙𝑯𝟏:𝑳…

2nd Attention Layer

𝒙𝒉
𝟏:𝑳𝒙𝟏𝟏:𝑳 𝒙𝟐𝟏:𝑳 𝒙𝒉/𝟏𝟏:𝑳 𝒙𝑯𝟏:𝑳… …𝒙𝒉%𝟏𝟏:𝑳

Keys Query

Head 1 Head 2 Head L…

1st RPE Layer

𝜎 𝑤)
(+) ℎ,⋅ + 𝑤(

(+) 𝐿 + 1,⋅ 𝑥!:)!:( ≈ 𝑥&
(+)

/𝑥&'(" ≈ 𝑊)*
+ 𝑥,- &

'("#

≈ 𝜋 ⋅ 𝑥,- &
'(" )

Masked

Masked

𝜎 𝑥":&%"":' 𝑊/0𝑥&":' ≈ 1[&$2,-(&)]

Figure 4: The overview of constructed transformer: the 1st layer works as copier, and the attention
patterns in 2nd layer follows BMA, which approximately select correct parent token.

3 CAN TRANSFORMERS IN-CONTEXT LEARN CAUSAL STRUCTURES?

3.1 2-LAYER TRANSFORMER LEARNT TO SELECT CAUSAL STRUCTURE IN-CONTEXT

To investigate the question (⋆), we first train 2-layer transformers with RPE introduced above on the
Markov chain setting. Each input has L+1 samples {xl

1:H} of Length-H Markov chain with causal
structure G. The input sequence length is T = H(L+1). We set the transformer has K heads in the
first RPE layer: {(wk

H ,wk
L)}k∈[K] and 1 head for the 2nd attention layer (WKQ,WOV ). All RPE

parameters are intialized randomly from Gaussian distribution and (WKQ,WOV ) from zero.

For an attention layer, the attention weights A normalized by the σ reveal which tokens a query
primarily attends to, enabling mechanistic interpretability analyses such as circuit discovery Olsson
et al. (2022). We first look at the attention patterns A(1),A(2) from the 1st and 2nd transformer
layer. Mathematically, they are matrix where the i-th row denotes the attention weights to the whole
sequence and A(∗)

ij = A(∗)
i→j is formulated by:

A(∗) = σ(Ã(∗)), Ã(1),k
i→j = wk

H(hi, hj) +wk
L(li, lj), Ã

(2)
h→h′ = v⊤

h′WKQvh,

where we consider the index i is related to token xi from Eq. (5) which is the hi-th token of li-
th example (for index j, the notation is similar), i, j ∈ [T ], vh(′) are the hidden feature vL+1

1:H of
L + 1-th example from Layer 1 and A(1),k ∈ RT×T ,A(2) ∈ RH×H . Trained attention patterns
of A(2) match the groundtruth causal structure in Fig. 2. And for the 1st layer, some heads of
attention weights A(1),k didn’t learn meaningful features shown by Fig. 2 (e.g., Head 1, 9, 10).
Then we dive into the parameter level, and visualize the trainable parameters of 2-layer transformer
wk

H ,wk
L,WKQ,WOV . Positional or diagonal patterns in wk

H ,WKQ and the similarity between
WOV and log π can be observed in Fig. 3. To fully understand why the transformer can select
causal structures and what it learnt, we will need to analyze it theoretically.

Takeaway 1. Transformer formulated by Eq. (5) effectively identifies latent causal parents in-
context (Fig. 2) and learns highly structural parameters aligned with the task (Fig. 3).

3.2 CONSTRUCTED TRANSFORMERS IMPLEMENT STATISTICAL ALGORITHM

Based on the patterns observed in Fig. 3, we make the following assumptions for the transformer
defined by Eq. (5):

w̃k
H [h] = β

{
+1, h = 0,

−1, h ∈ [±H] \ 0,
∃ k′ ∈ [L] s.t. w̃k

L[l] = β

{
+1, l = k′,

−1, l ∈ [L] \ k′,

W̃KQ =


W 0d×d · · · 0d×d

0d×d W · · · 0d×d

...
...

. . .
...

0d×d 0d×d · · · W

, σ(W̃OV ) = π,

(7)
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where for RPE, we can simply assume one element k′ of w̃k
L dominates it while 0-th entry dominates

w̃k
H : w̃k

H [0] ≫ w̃k
H [−0], w̃k

L[k
′] ≫ w̃k

L[−k′] and W is unknown. Since the K heads are identical
up to their indices, we assume without loss of generality that the dominant entry of w̃k

L occurs at
position k, i.e., w̃k

L[k] = β and we set K = L. The theorem below shows that aligned with the
above restriction, a constructed transformer can implement statistical algorithm for inferring causal
structure {pa(h)} hidden behind x1:L

1:H and predicting xL+1
h ∼ π(·|xL+1

pa(h)):

Theorem 1. Under the restriction by Eq. (7), the transformer fθ is parameterized by θ ∈ {(β,W )}.
Then fθ with W = log π in Eq. (7) whose second attention layer A(2)(H; θ) approximates Bayesian
Model Averaging (see Lemma 1) satisfying the following convergence property:

lim
β→∞

A(2)
h→·(H; θ) = lim

β→∞
σ(Ã(2)

h→·(H; θ)) = σ(ph,L
BMA ). (8)

Further, the transformer’s prediction of the distribution of last example x1:H with L context exam-
ples converges to the true conditional distribution given the causal parent guaranteed by Theorem 2:

lim
β,L→∞

fθ(· | HL
h ) = π(· | xpa(h)), ∀h ∈ [H]. (9)

Proof Sketch. Figure. 4 gives an overview of the consctruction: in the first RPE attention layer, each
head from Eq. (7) is assigned to retrieve one historical copy of the same token xh, so that concatenat-
ing L heads recovers all past observations x1:L

h . In the second layer, with the condition in Eq. (7), the
attention score between tokens (h, h′) reduces to a bilinear form p̂h

h′(W ) =
∑

l x
l⊤
h′ Wxl

h, which
by W = log π coincides with the BMA score ph,L

BMA =
∑

l∈[L] log π(x
l
h|xl

h′). With the causal mask,
the softmax attention exactly matches the parent-selection distribution in BMA. By the theoretical
guarantee of causal token selection (Theorem 2), OV matrix WOV receives the correct parent xL+1

pa(h)

and make prediction for π(· | xL+1
pa(h)). The full technical proof is deferred to Appendix C.1.

D’Angelo et al. (2025) also consider an in-context causal learning task. With minor modification of
RPE structure and above construction, we can still show transformers can exactly implement BMA.1

Takeaway 2. Two-layer transformers can explicitly implement BMA for causal token selection.

3.3 WHAT ALGORITHM DOES THE TRANSFORMER LEARN?

Although we have constructed a transformer implementing this algorithm, what do transformers
actually learn after training? Since the core lies in the attention weight A(2) and WKQ (where we
use Wtf to denote the trainable submatrix in Eq. (7)) recovering graph structures, we next analyze
their characteristics in detail. We first define the following parent selection metric which quantitively
shows the loss of algorithms to predict parent indices:

Lpa(A(2)(x1:L+1
1:H ;G),G) = − 1

H

∑
h∈[H]

e⊤pa(h)logA
(2)
h· = − 1

H

∑
h∈[H]

logA(2)
h→pa(h), (10)

where A(2) is seen as an algorithm of predicting epa(h) given input x1:L+1
1:H and we have

Lpa(ABMA,G) = − 1
H

∑
h∈[H] e

⊤
pa(h)σ

(
p̂h(log π)

)
by Eq. (2) where p̂h(W ) =

∑
l x

l⊤
1:h−1Wxl

h.
We visualize this metric Lpa during transformers’ training process in Fig. 7 and compare it with
BMA’s. We observe that the transformer’s parent selection loss decreases in training while remain-
ing above the loss of BMA, gradually approaching it.

Generalized parent selection with size L′ varying. We further test how well the transformer
and BMA generalize in parent selection under different sample sizes L′: Since A(2) and ABMA are
formulated via p̂L =

∑
l∈[L] x

l⊤
1:h−1Wxl

h, we vary the number of demonstrations as a set of L′,

and finally compute p̂L′
, AL′

h· , and the parent selection loss LL′

pa(W ) with W ∈ {W (L)
tf , log π}.

1A detailed comparison with D’Angelo et al. (2025), including similarities and differences, is provided in
Appendix A (Related Work).
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Figure 5: Generalization of Parent Selection loss {LL′

pa} for transformers trained with L ∈
{1, . . . , 20}, d = 10, and H = 15 with first layer fixed as constructed.

From Fig. 5, we observe that: 1) across different test sizes L′, the trained transformers achieve
performance close to BMA (loss differences mostly within a small margin); 2) smaller training
length L often generalize better, with parent loss curves approaching BMA more closely; 3) for a
model with fixed training size L, the parent loss decreases rapidly as L′ increases, converging toward
zero. The above results suggest the trained transformers have comparable performance to BMA.

Parameter Verification. Beyond behavioral agreement, a crucial question is whether the trans-
former encodes the BMA inference rule within its learned parameters. Therefore, we evaluate
the similarity between the trained weight W (L)

tf and the theoretical BMA parameter W = log π.
As a first attempt, we check whether σ(Wtf) = π, since for stochastic matrix π it holds that,
σ(Wtf) = π ⇐⇒ Wtf = log π + b1⊤, ∀b where b1⊤ denotes a row-wise shift of log π, which
is canceled out by the row-softmax σ. This provides a reasonable way to normalize KQ matrix and
makes the scale comparable to π with scale [0, 1] . However, the empirical results do not support this
hypothesis (c.f. Fig. 6, first three subfigures). With some efforts, we can see the attention mechanism
σ(v⊤

1:h−1Wvh) introduces an additional degree of freedom:

Proposition 1 (Invariances of attention scores). Since attention operates on a single query vh, if
the columns of Wtf differ from those of log π by an additive factor, i.e. Wtf = log π + 1a⊤,a ∈
Rd, then transformer with Wtf learnt BMA by: σ(

∑
l x

l⊤
1:h−1Wtfx

l
h) = σ(

∑
l x

l⊤
1:h−1 log πxh).

Further, if Markov chain x1:H is stationary and Wtf = log π + 1a⊤ + b1⊤,a, b ∈ Rd, the above
conclusion also holds asymptotically. See the detailed proof in Appendix C.3.

Following this proposition, we evaluate the discrepancy between σ(Wtf1a
⊤) and π. As illustrated

in Fig. 6, the deviation remains small, with

1

d
||σ(Wtf − 1a⊤)− π||F < 0.05. (11)

This also holds across various vocabulary size d ∈ {10, 30, 50}, further confirming the structural
alignment between the learned model and the BMA algorithm. Taken together with our theoretical
construction and empirical results, these findings strongly suggest that transformers implement the
BMA method for in-context causal parent selection.

Takeaway 3. Transformers with trainable Wtf closely approximate BMA in causal token selec-
tion (Fig. 5) and learn parameters which explicitly show strong alignment with BMA (Fig. 6).

3.4 THEORETICAL UNDERSTANDING AND GUARANTEE OF LEARNED ALGORITHM

Beyond identifying what algorithm a trainable transformer adopts, we further establish a theoretical
understanding of transformers’ in-context causal structure selection mechanism via information-
theoretic principles. Our approach follows Nichani et al. (2024), which leverages mutual information
together with the data’s inherent property of the Data Processing Inequality (DPI). In contrast to
their gradient-based proof, we show that transformers can exploit this property directly in context.
Moreover, our analysis generalizes the χ2–mutual information framework of Nichani et al. (2024);
D’Angelo et al. (2025) to the setting reducible to classical mutual information, by exploiting the

8
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Figure 6: Parameter-Level Comparison between transformer and BMA (WKQ = log π). Here,
WKQ denotes the diagonal block being trained. Trained with d = 20, H = 50, L = 3, and 2048
training steps while WOV is fixed. (See results with both WOV and WKQ trainable in Fig. 8.)

information-theoretic structure characterized in Lemma 3. Finally, our proof of Theorem 2 doesn’t
rely on the stationarity assumption on the data distribution not requiring the chain to be mixed.2

Definition 1 (Mutual Information and Conditional Entropy). Consider x, y are two random vari-
ables in disrcrete or continuous space Ω, Px,y and Px, Py denote joint and marginal distribution.
The mutual infomration I(x; y), entropy H(x) and the conditional entropy H(x|y) is given by:

I(x; y) =
∫
x

∫
y

Px,y(x, y) log
Px,y(x, y)

Px(x)Py(y)
, H(x) = −

∫
x

Px(x) logPx(x),

H(x|y) =
∫
x

∫
y

Px,y(x, y) log
Px,y(x, y)

Py(y)
= H(x)− I(x; y),

(12)

Further, χ2-mutual information is given by: Iχ2(x; y) :=
∫
x

∫
y

Px,y(x,y)
2

Px(x)Py(y)
− 1.

I, Iχ2 can be uniformly derived from f -divergence which helps to prove DPI for generalized f -
mutual information If . These information metrics reveal an essential property in data:
Lemma 2 (DPI. Theorem 3.9 and 7.16 in Polyanskiy & Wu (2023)). If random variables x →
y → z, i.e. statisfies the Markov property p(x, y, z) = p(x)p(y|x)p(z|y), then we have If (y; z) ≥
If (x; z). Further, for classic mutual information, I(x; z) = I(y; z) iff I(x; y|z) = 0 iff x → z → y.

Suppose we have a Markov chain x1:H with latent causal structure {pa(h)}. Since ∀h′ ̸= pa(h),
we have P (xh = z|xpa(h) = y, xh′ = x) = P (z|y), it is easy to verify xh′ → xpa(h) → xh while
xh′ → xh → xpa(h) doesn’t hold. Thus, we have the following corollary:
Corollary 1. For Markov chain with causal structure G, I(xh; xpa(h)) > I(xh; xh′), ∀h′ ̸= pa(h).

Applying this corollary, we get the following Lemma:
Lemma 3. For Markov chain with causal structure G and transition kernel p(·|·), we have

E[log p(xh|xpa(h))] > E[log p(xh|xh′)], ∀h′ ̸= pa(h). (13)

The LHS above equals H(xh|xpa(h)), while the RHS differs from conditional entropy but follows
H(xh|xh′) from the non-negativity of the KL divergence. Then by the relation of conditional entropy
and mutual information, we can apply DPI to prove the Lemma. See Appendix C.4. With Lemma 3,
we can build the relation between E[log p(xh|xh′)] and attention weights, showing the theoretical
guarantee concerning parent selection for the transformer:
Theorem 2. Suppose the transformer is constructed as in Theorem 1, which implements the BMA
method. Then the attention weights ÃL

h· = Ã(2)
h· (x

1:L+1
1:H ) predicting parent index pa(h) will statisty:

lim
L→∞

ÃL
h· = lim

L→∞
σ(p̂h,L) = epa(h) ∈ RH , where p̂h,L

h′ =

L∑
l=1

log π(xl
h|xl

h′).

The proof of the theorem is deferred to Appendix C.5.

Takeaway 4. Information-theoretic analysis reveals that the selection mechanism exploits the
conditional entropy, where the DPI guarantees the identifiability of the true causal parent.

2This ensures that when the chain has not mixed, i.e., when the time index h is small, the parent-selection
guarantee still holds.
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3.5 CAUSAL STRUCTURE IN TRAINING DYNAMICS

We further look at the training dynamics of the transformer model. We prove the random causal
structure embedded in inputs will be recovered in the gradients of loss w.r.t. the core WKQ matrix:

Theorem 3 (Informal). Consider the transformer fθ constructed as in Theorem 1 with trainable
diagonal block W of WKQ specified in Eq. (7) and trained with cross-entropy loss

L(θ) = −
H∑

h=1

E
(x1:L+1

1:H
,G)∼Pπ

[log(fθ0(x
L+1
h |H) + ϵ)] = −

H∑
h=1

EG∼PG [ℓ(θ;h,G)], (14)

with joint distribution Pπ of latent graph and input, ℓ(θ;h,G) = Ex1:L+1
1:H ∼Pπ|G

[log fθ0(x
L+1
h |H)]

and p̂ =
∑

l x
l⊤
1:h−1Wxl

h ∈ Rh−1. If the Markov chain is stationary, i.e., xh ∼ µπ, ∀h ∈ [H], at
initialization of fθ0 with W = 0 assuming fθ outputs µπ for any input, then the gradient statisfies

∂ℓ(θ0;h,G)
∂p̂ pa(h)

≥∂ℓ(θ0;h,G)
∂p̂ h′

, ∀h′ ̸= pa(h).

The theorem above is proved by leveraging the χ2-mutual information, as detailed in Appendix C.6.
This result provides an explanation of how transformers can extract meaningful information from
data. To further support the theory, we verify it empirically by visualizing ∂L(W )

∂p̂ in Fig. 9.

Takeaway 5. Gradient at initialization is able to recover the latent causal structure, driven by χ2-
mutual information, which facilitates structural discovery in early training (Thm. 3 and Fig. 9).

4 DYNAMICAL SYSTEM EXTENSION: FROM DISCRETE TO CONTINUOUS

Further, we consider to investigate the Markov chain in continuous space, where we look at the linear
dynamical system with latent causal structures: xh = 1

c (A
⊤xpa(h) + εh) ∈ Rd, εh ∈ N (0, σ2Id).

We first train a transformer with RPE introduced in Eq. (5) on data generated from the dynamical
system. Similar experimental results on attention weights A(1),A(2) and parameter visualizations
can be found in Appendix Fig. 10, 11, 12, and 13. These RPE parameters are consistent with the
construction in Eq. (7). Moreover, the attention weights A(2) of the transformer yields accurate
predictions of parent indices across many examples. Similar to the discrete case, we can define the
transition p(·|·) by xh|xpa(h) ∼ N ( 1cA

⊤xpa(h),
σ2

c2 Id). Consequently, Eq. (2) specifies the BMA for-
mulation under the dynamical system setting. In this context, Lemma 3 remains valid and guarantees
the asymptotic correctness of BMA’s parent selection. To investigate transformers’ mechanism of
parent selection, we test the parent selection loss LL′

pa of the transformer and BMA in dynamical set-
ting, where we set various L′ in-context samples as introduced in Sec. 3.3. Fig. 15 demonstrates that
the transformer with trainable (W ,WOV ) achieves performance comparable to BMA method when
L′ approaches 20. However, the loss LL′

pa between transformers and BMA remains a noticeable gap.
We conjecture that the proposition below may explain this discrepancy:

Proposition 2 (Representation Limitation of Transformers). Under the observation restriction in
Eq. (7), both the transformer and BMA take the unified form Ah→h′ = σ(ph)h′ . In the DS set-
ting, transformer logits are bilinear, ph

tf,h′ =
∑

l x
l⊤
h′ Wtfx

l
h, whereas BMA logits are ph

BMA,h′ =

c1
∑

l x
l⊤
h′ Axl

h + d
∑

l ∥xl
h′∥2 with d ̸= 0. There exists no Wtf such that σ(ph

tf) = σ(ph
BMA) holds

for all DS samples (x1:L+1
1:H ,G) ∼ Pπ . Hence transformers under Eq. (7) cannot represent BMA in

the DS setting. However, for MC setting, Wtf = log π gives the BMA form.

For BMA, (ph
BMA)h′ =

∑
l log p(x

l
h|xl

h′). In dynamical systems, transition p(·|·) involves not only
cross but also quadratic terms. If the representation equation holds, substituting xh = 1

cA
⊤xpa(h)+

εh and using the independence of εh forces the coefficient of εh to vanish, which implies W = c1A,
contradicting the original representation. So no matrix W can yield A(2)

h· = σ(p̂h(W )) as in
Eq. (18) to represent BMA. See Appendix C.7 for detailed proof.
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A NOTATION AND RELATED WORK

Notation. We use [h] to denote the set {1, 2, . . . , h}. For causal structure, we use pa(h) to represent
the parent index of node h. The stationary distribution of Markov chain xh ∼ π(·|xpa(h)) is denoted
by µπ ∈ ∆d. For transformer model, the input of a sequence of vectors is given by x1:T :=
[x1,x2, . . . ,xT ] ∈ Rd×T . Given the input, we denote the attention scores of standard self-attention
layer as pt := x⊤

1:TW
⊤
KWQxt ∈ RT . However the causal mask M in attention layer will lead

to p̂t := x⊤
1:t−1W

⊤
KWQxt ∈ Rt−1, σ(p̂t)t′ = σ(M(pt))t′ , ∀t′ ∈ [t − 1]. We do not distinguish

between them in the proofs. For the matrix form of the attention of an input sequence, we use Ã
and A to denote attention weights and scores correspondingly, where we have pt

t′ = At→t′ and
σ(Ã) = A. In training, we use cross-entropy loss and MSE loss for Markov chain and dynamical
system settings respectively:

LMC(θ) = − 1

H

H∑
h=2

xL+1
h

⊤
log
(
σ(ftf(· | Hh)) + ϵ

)
,

LDS(θ) = − 1

H

H∑
h=2

||xL+1
h − ftf(· | Hh)||22,

(15)

where θ represents all trainable parameters and ϵ is a small value to avoid numerical issues by log.

Related Work. A growing body of work studies the in-context learning (ICL) ability from dif-
ferent perspectives. One line of work understands ICL as a form of Bayesian inference, showing
how the latent concept can be approximately inferred under restrictive theoretical assumptions (Xie
et al., 2021; Zhang et al., 2023; Ahuja et al., 2023). Another direction of research investigates how
transformers can simulate standard algorithms, such as gradient descent on linear regression (von
Oswald et al., 2023; Ahn et al., 2023; Guo et al., 2023). While these works demonstrate the ICL
power of transformers, they commonly assume i.i.d or uncorrelated input tokens. To move beyond
i.i.d. assumptions, recent works investigate ICL with correlated data, particularly Markovian se-
quences (Edelman et al., 2024; Chen et al., 2024b; Makkuva et al., 2025). These settings provide
insight into how transformers handle in-context learning with sequential dependencies, but typically
focus on fixed dependency structures. In contrast, our work addresses variable causal structures that
differ across prompts. Pioneering this direction, Nichani et al. (2024) demonstrated that transform-
ers can encode fixed parent–child dependencies (e.g., bigrams) in Markov chains. Building on this,
D’Angelo et al. (2025) introduced selective induction heads, enabling transformers to identify the
underlying Markovian order (or ”lag”) from a candidate set in-context learning this structure. Our
work generalizes this setting. While D’Angelo et al. (2025) focus on inferring a single global struc-
tural parameter (the lag k) shared across the sequence, we tackle local structure inference where
dependencies can vary arbitrarily for each position, effectively modeling latent trees rather than
fixed-lag chains. Theoretically, D’Angelo et al. (2025) constructs a three-layer transformer that
asymptotically implements maximum likelihood estimation, where its construction is verified via
attention pattern visualization as well as quantitive validation through KL divergence of next-token
prediction targets. In our work, we theoretically derive a two-layer architecture that explicitly imple-
ments Bayesian Model Averaging (BMA) in-context. Empirically, we go beyond behavioral metrics
by providing parameter-level verification, demonstrating that the trained weights directly encode
the transition kernel. Furthermore, we provide theoretical understanding of in-context causal struc-
ture learning based on the Data Processing Inequality (DPI) and extend our analysis to continuous
dynamical systems, revealing representational gaps not occuring in the discrete setting.

B CONCLUSION

In this work, we investigated the capability of transformers to infer and adapt to latent causal struc-
tures in-context, moving beyond the fixed dependency assumptions common in prior theoretical
analysis. We proposed a novel framework based on Markov chains with randomly sampled causal
dependencies, requiring the model to identify position-specific predecessor-successor relationships
from context examples. First, we provided a constructive proof that a two-layer transformer with
relative position embeddings (RPE) can explicitly implement Bayesian Model Averaging (BMA).
This demonstrates that the attention mechanism is theoretically capable of performing statistical
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inference over structural uncertainty. Second, through extensive experiments and parameter-level
analysis, we showed that trained transformers implements BMA method which converge to this
theoretical construction: the learned attention patterns directly encode the posterior probabilities of
causal parents, and the weights explicitly recover the log-transition kernel of the underlying gen-
erative process. Third, we established information-theoretic guarantees using the Data Processing
Inequality (DPI) which help understand how the selection mechanism identifies causal structures
in context and showed that gradients at initialization recover these dependencies via χ2-mutual in-
formation. Finally, we extended our framework to continuous linear dynamical systems. While
transformers continue to exhibit strong empirical performance in this setting, we identified the rep-
resentational difference that prevents the exact implementation of BMA, unlike in the discrete case.
Collectively, our findings offer a mechanistic explanation of how transformers perform in-context
causal learning, highlighting their ability to act as statistical inference engines for both discrete and
continuous data.

Broader Implications. Our findings support theoretical frameworks that model in-context learning
as a statistical inference task (Xie et al., 2021). Distinct from ”Induction Heads” which typically fo-
cus on copying fixed positional dependencies (Olsson et al., 2022; Nichani et al., 2024), we demon-
strate a probabilistic setting where the model must infer a latent dependency structure that varies per
example. This provides a mechanistic grounding for how LLMs adapt to flexible, context-dependent
rules rather than relying solely on fixed n-gram statistics (Allen-Zhu & Li, 2023). Furthermore, this
helps understand why LLMs demonstrate ICL capabilities on empirical task with ”unstructured” lan-
guage data (Wibisono & Wang, 2024), mirroring our setting where the transition mappings between
words are fixed while the structural positions of a couple of words vary from input to input.

Limitations and Future Work. We acknowledge that real-world sequences often involve complex
non-linear dynamics or hierarchical dependencies (e.g., context-free grammar) beyond the Marko-
vian and dynamical systems studied here. However, our primary objective in this work was to
prioritize mechanistic interpretability for Markov chain or dynamical system: explicitly characteriz-
ing how transformers infer latent structures in-context on these tasks. By focusing on these tractable
settings, we were able to derive exact theoretical guarantees and provide parameter-level verifica-
tion that the model implements Bayesian Model Averaging. We believe this explainable framework
serves as a necessary foundation, and we leave the extension to more complex non-linear and hier-
archical data generating processes for future exploration.

C PROOFS OF TECHNICAL LEMMAS

C.1 PROOF OF THEOREM 1

Proof. By the condition of (w̃H , w̃L) in Eq. (7), the attention score Â(1)
t→· of query xt = xL+1

h is:

Â(1),k
t→t′ = w̃k

H [ht − ht′ ] + w̃k
L[lt − lt′ ] = 2β


+1, if ht = ht′ , lt − lt′ = k,

−1, if ht ̸= ht′ , lt − lt′ ̸= k,

0, otherwise.

Then the output ũk
h = Attnkxt→x1:T

of the 1st attention layer will be calculated as:

ũk
h = σ(w̃k

H(h, ·) + w̃k
L(L+ 1, ·))x⊤

1:T

β→∞−→ xlk
h

⊤
= (1[ht′=h,lt′=L+1−k])t′∈[T ]x

⊤
1:T . (lk = L+ 1− k)

(16)

By disentangled residual, the output of K heads (K = L) will be concatenated as:
vh = [u1

h, . . . ,u
L
h ], with uk

h = xL+1−k
h by Eq. (16).

For the 2nd layer, with diagonal condition of WKQ, attention weight A(2) ∈ RH×H is given by:

Â(2)
h→h′ = v⊤

h′W̃KQvh =

L∑
l=1

xl⊤

h′ Wxl
h, A(2) = σ(M(Â(2))) ∈ RH×H , (17)

where M is the causal mask enforcing A(2) to be strictly lower-triangular after softmax. If we define
the vector p̂h ∈ Rh−1 with p̂h

h′ := Â(2)
h→h′ , we have ∀h′ ∈ [h− 1]:

A(2)
h→h′ = σ(Mh(Âh→·))h′ = σ(p̂h)h′ , p̂h(W ) =

∑
l

xl⊤

1:h−1Wxl
h, (18)
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where Mh(·), is the causal mask applied to row h setting Mh(v)h′ = −∞ if h′ ≥ h, ∀v ∈ RH .
Then we set W as log π (elementwise) which leads to

p̂h
h′(log π) = Â(2)

h→h′ =
∑
l

log π(xl
h|xl

h′), A(2)
h· = σ(Mh(Âh→·)) ∈ RH . (19)

With the form of A(2) in Eq. (19) and Lemma 1 to be proved, we can show the BMA method of
Eq. (1) has the same formulation:

P(pa(h) = h′|x1:L
1:H) = σ(p̂h(W = log π))h′ . (20)

Combining Eq. (20) with the limit behavior of the first layer in Eq. (16), we obtain the first conver-
gence result for parent selection as β → ∞:

lim
β→∞

A(2)
h→·(H; θ) = σ(p̂h(W = log π)) = σ(ph,L

BMA ).

Furthermore, guaranteed by the consistency of BMA (Theorem 2), as sample size L → ∞, the pos-
terior concentrates on the true parent pa(h). Thus, the prediction of the token distribution converges
in the limit β, L → ∞ as:

lim
β,L→∞

fθ(· | H) = σ

(
W⊤

OV

∑
h′

1[h′=pa(h)]x
L+1
h′

)
= π(· | xL+1

pa(h)).

In proving the theorem, we rely on the Lemma 1 proved below, which illustrates the relation between
BMA and attention weights.

C.2 PROOF OF LEMMA 1

Proof. Here we use p(s|s′) to denote P(xh = s|xpa(h) = s′) for generality beyond discrete Markov
chain. Based on Bayesian Theorem, it can be calculated by Eq. (1). Due to the Markovian property
p(xh|x1:h−1) = p(xh|xpa(h)), the joint distribution of this chain x1:H :

p(x1:H) = p(x1)

H∏
h=2

p(xh|x1:h−1) = p(x1)

H∏
h=2

p(xh|xpa(h))

= p(x1)
∏
i̸=h

p(xi|xpa(i)) · p(xh|xpa(h))

(21)

Here pa(h), pa(i) in Eq. (21) are random index with prior: pa(h) ∼ Uniform([h − 1]). With
condition pa(h) = h in Eq. (1), we can substitue pa(h) in Eq. (21) with h′. Since {pa(h′′)} are
random index out of interests, these terms are eliminated:

P
(
x1:L
1:H

∣∣pa(h) = h′)∑
h′′∈[h−1] P

(
x1:L
1:H

∣∣ pa(h) = h′′
) =

∏
l

(
p(xl

1)
∏

i̸=h p(x
l
i|xl

pa(i)) · p(x
l
h|xl

h′)
)∑

h′′
∏

l

(
p(xl

1)
∏

i̸=h p(x
l
i|xl

pa(i)) · p(x
l
h|xl

h′′)
) , (22)

which leads to:

P(pa(h) = h′ | x1:L
1:H) =

exp
(∑

l∈[L] log p(x
l
h|xl

h′)
)∑

h′′∈[h−1] exp
(∑

l∈[L] log p(x
l
h|xl

h′′)
) = σ

(
p̂h(logWP )

)
h′ , (23)

where the matrix WP = π is induced by transition kernel P = π in Markov chain.

C.3 PROOF OF PROPOSITION 1

First, suppose we have Wtf = log π + 1a⊤. The attention weights of the transformer are given by:

ph
tf =

∑
l

xl⊤
1:h−1Wtfx

l
h =

∑
l

xl⊤
1:h−1 log πx

l
h +

∑
l

xl⊤
1:h−11a

⊤xl
h.

For the second term, since {xh′} are one-hot, we have∑
l

xl⊤
1:h−11a

⊤xl
h = 1h−1a

⊤
(∑

l

xl
h

)
= c(a, h)1h−1,

15
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where c(a, h) = a⊤
(∑

l x
l
h

)
is a constant with fixed index h. Then by softmax operation, we

have:

σ(ph
tf) = σ

(∑
l

xl⊤
1:h−1 log πx

l
h + c(a, h)1h−1

)
= σ

(∑
l

xl⊤
1:h−1 log πx

l
h)

= σ(ph
BMA(log π)),

where the last equality comes from Lemma 1. And this shows the transformer with W + 1a⊤

gives the same prediction of BMA’s. Further, suppose W = log π + 1a⊤ + b1⊤. If we have
xh ∼ µπ, ∀h ∈ [H], then we can prove the term from b1⊤ is also a constant vector asymptotically:

ph
tf =

∑
l

xl⊤
1:h−1Wtfx

l
h

=
∑
l

xl⊤
1:h−1 log πx

l
h +

∑
l

xl⊤
1:h−11a

⊤xl
h +

∑
l

xl⊤
1:h−1b1

⊤xl
h

=
∑
l

xl⊤
1:h−1 log πx

l
h + c(a, h)1h−1 +

∑
l

xl⊤
1:h−1b.

For each term of
∑

l x
l⊤
1:h−1b, we have

1

L

∑
l

xl⊤
h′ b =

1

L

∑
l

∑
s∈[d]

1[xl
h′=es]bs

L→∞→ E
[ ∑
s∈[d]

1[xl
h′=es]bs

]
=
∑
s∈[d]

P(xl
h′ = es)bs

= µπ⊤b,

where µπ⊤b is a constant d(b) w.r.t. h′. Using the same technique in Theorem 2 to eliminate this
term which goes to infinity, we have the desired result:

lim
L→∞

σ(ph,L
tf ) = lim

L→∞
σ(ph,L

BMA (log π)).

C.4 PROOF OF LEMMA 3

Proof. Noting that if p(·) and q(·) are two distribution, then by KL divergence’s non-negativity we
have:

∫
s
p(s) log q(s) ≤

∫
s
p(s) log p(s). Hence we can get:

LHS =

∫
s,s′

P(xh = s, xh′ = s′) logP(xh = s|xpa(h) = s′)

=

∫
s′
P(xh′ = s′)

∫
s

P(xh = s|xh′ = s′) logP(xh = s|xpa(h) = s′)

≤
∫
s,s′

P(xh′ = s′)H(xh|xh′ = s′) = −H(xh|xh′),

(24)

where H(xh|xh′) = H(xh)− I(xh; xh′). By Corollary. 1, we have:

LHS ≤ H(xh)− I(xh; x′h) < H(xh)− I(xh; xpa(h)) = RHS. (25)

C.5 PROOF OF THEOREM 2

Proof. Recall that the transformer and BMA have the formula in Eq. (2):

ÃL
h→h′ =

exp(
∑

l log p(x
l
h|xl

h′))∑
h′′∈[h−1] exp(

∑
l log p(x

l
h|xl

h′′))
=

1∑
h′′ vh′′→h′

. (26)
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By the central limit theorem, we have

lim
L→∞

1

L

∑
l

log p(xl
h|xl

h′) = E[log p(xh|xh′)] < E[log p(xh|xpa(h))] = lim
L→∞

1

L

∑
l

log p(xl
h|xl

pa(h)).

Let ĝh,h′ ≜ 1
L

∑
l log p(x

l
h|xl

h′). For all h′′ ̸= pa(h), we have:

vh′′→pa(h) = exp
(∑

l

log p(xl
h|xl

h′′)−
∑
l

log p(xl
h|xl

pa(h))
)
= exp

(
L(ĝh,h′′ − ĝh,pa(h))

)
→ 0

as L → ∞ and limL→∞(ĝh,h′′ − ĝh,pa(h)) < 0. Hence, we have limL→∞ Ãh→pa(h) = 1.

C.6 PROOF OF THEOREM 3

Proof. First, the transformer as constructed can be simplified as:

f
(simp)
θ (· | H) = π⊤x1:h−1σ

(∑
l

xl⊤

1:h−1Wxl
h

)
∈ Rd, (27)

Considering p̂ =
∑

l x
l⊤

1:h−1Wxl
h = 0 when W = 0, then p = 1

h−11h−1 and:

fθ0(· | H) = π⊤µ̄(x1:h−1), where µ̄(x1:h−1) =
1

h− 1

∑
h′∈[h−1]

xh′ . (28)

Then based on ∂σ(p̂)
∂p̂ = diag(p)−pp⊤, computing the gradient of W w.r.t loss ℓ in Eq. (14) yields:

∂ℓ(Θ;h,G)
∂p̂

= EX [(
xh

fθ0(xh) + ϵ
)⊤

∂fθ0

∂p̂
]

= EX [(
xh

fθ0(xh) + ϵ
)⊤

1

h− 1
(π⊤x1:h−1 − π⊤µ̄(x1:h−1)1

⊤
h−1)]

Eq. (28)
=

1

h− 1
EX [(

xh

fθ0(xh) + ϵ
)⊤(π⊤x1:h−1 − fθ0(xh)1

⊤
h−1)]

=
1

h− 1
EX

[[ π(xh|x1)

fθ0(xh) + ϵ
, · · · , π(xh|xh − 1)

fθ0(xh) + ϵ

]
− 1⊤h−1

]
=

1

h− 1
EX

[[π(xh|x1)

µπ(xh)
, · · · , π(xh|xh − 1)

µπ(xh)

]
− 1⊤h−1

]
∈ Rh−1.

Then let ĝhh′ denote h′-th entry in ∂ℓ(θ0;h,G)
∂p̂ ∈ Rh−1 (h′ ∈ [h− 1]), we have:

ĝhh′ =
1

h− 1
EX

[π(xh|x′
h)

µπ(xh)
− 1
]
=

1

h− 1

(∑
s,s′

π(s|s′)PX(xh = s|xh′ = s′)

µπ(s)
− 1
)
. (29)

By Cauchy-Schwartz Inequality and Data Processing Inequality, we have:

EX

[π(xh|x′
h)

µπ(xh)
− 1
]
=
∑
s,s′

π(s|s′)PX(xh = s|xh′ = s′)

µπ(xh)
− 1

≤ 1

2

(
Iχ2(xh, xh′) + Iχ2(xh, xpa(h))

)
≤ Iχ2(xh, xpa(h)) = EX

[π(xh|xpa(h))

µπ(xh)
− 1
]
.

(30)

Eq. (30) has shown the desired result ĝhh′ ≤ ĝhpa(h).
3

3Suppose µ̂X := π⊤µ̄ = fθ0(xh). If we remove the assumption fθ = π⊤µ̄ = µπ . Lemma 24 in Nichani

et al. (2024) shows
∣∣∣EX

[ π(xh|x′
h)

µ̂X (xh)+ϵ
− 1

]
− EX

[π(xh|x′
h)

µπ(xh)
− 1

]∣∣∣ ≲ 1√
Teff

(→ 0). Under Assumption 1 and
Strong Data Processing Inequality in Nichani et al. (2024) (Lemma 5), we can prove the non-asymptotic result
ĝhpa(h) − ĝhh′ ≥ 1

h−1
( γ3

2S
− 2C√

Teff(λ)
).
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Assumption 1 (Assumptions on transition kernel (Nichani et al. (2024), Assumption 1)). There
exist γ > 0, λ < 1 such that the following hold for π:

• (Transition lower bounded): mins,s′ π(s
′ | s) > γ.

• (Non-degeneracy of chain): ∥B(π)∥F > γ.

• (Spectral gap): The spectral gap of π, 1− λ(π), satisfies λ(π) < λ

• (Symmetry): For any permutation matrix σ on S, σ−1πσ =d π.

• (Constant mean): Eπ[π] =
1
S 1S1

T
S .

C.7 PROOF OF PROPOSITION 2

Proof. In dynamical system setting, the transition P (·|·) is given by the pmf of xh|xpa(h):

p(x | y) = 1

(2π)d/2
(

σ2

c2

)d/2 exp

(
− c2

2σ2

∥∥x− 1
cA

⊤y
∥∥2
2

)
, A ∈ O(Rd).

Then with σ eliminate constant terms in log p, we get the equivalent form in BMA:

log p(xh | xh′) =
c

σ2
x⊤
hA

⊤xh′ − 1

2σ2
x⊤
h′AA⊤xh′ + const(h),

p̄h
h′ :=

L∑
l=1

( c

σ2
xl⊤

h′ Axl
h − 1

2σ2
xl⊤

h′ xl
h′

)
; P(pa(h)|x1:L

1:H) = σ(p̄h).
(31)

Eq. (31) gives the BMA logits in the DS setting in a softmax form. We now show that transformers
under the observation restriction Eq. (7) cannot represent BMA in this setting.

Recall that, under Eq. (7), the transformer logits are

ph
tf,h′ =

L∑
l=1

xl⊤
h′ Wtf x

l
h,

while the BMA logits are

ph
BMA,h′ = c1

L∑
l=1

xl⊤
h′ Axl

h + d

L∑
l=1

∥xl
h′∥2, c1 ̸= 0, d ̸= 0.

Suppose, for contradiction, that the transformer exactly represents BMA, i.e.

σ(ph
tf) = σ(ph

BMA) for all DS samples and all h ∈ [H].

Since softmax is invariant under adding a constant independent of h′, this means that for each fixed
h there exists a scalar b = b(h) such that

ph
tf,h′ + b = ph

BMA,h′ for all h′ ∈ [H]. (*)

Using the DS model xl
h = 1

c (A
⊤xl

pa(h) + εlh), we expand the logits as

ph
tf,h′ =

1

c

L∑
l=1

xl⊤
h′ WtfA

⊤xl
pa(h)︸ ︷︷ ︸

constant term w.r.t. h, εh

+
1

c

L∑
l=1

xl⊤
h′ Wtfε

l
h︸ ︷︷ ︸

seperate term with εh

,

ph
BMA,h′ =

c1
c

L∑
l=1

xl⊤
h′ AA⊤xl

pa(h) + d

L∑
l=1

∥xl
h′∥2︸ ︷︷ ︸

constant term w.r.t. h, εh

+
c1
c

L∑
l=1

xl⊤
h′ Aεlh︸ ︷︷ ︸

seperate term with εh

.
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Conditioning on all variables except {εlh}Ll=1, both sides of (∗) become affine functions of the Gaus-
sian noises εlh. Since the DS distribution has full support and (∗) is assumed to hold for all DS
samples, the coefficients of the linear terms in {εlh} must match for all realizations. Since {εlh}l are
independently sampled, conditioning on εlh will eliminate other terms. Seeing εlh as the only free
variable, its coefficient should be zero to keep the equation held:

xl⊤
h′ (Wtf − c1A)εlh = 0,∀εlh ∈ Rd ⇒ xl⊤

h′ (Wtf − c1A) = 0.

Since in the DS model each xl
h′ ∼ N (0, Id) is non-degenerate with full support xl

h ∼ N (0, Id),
which forces

Wtf = c1A.

Substituting Wtf = c1A back into (∗), the representation equation is formulated by

b+
c1
c

L∑
l=1

xl⊤
h′ AA⊤xl

pa(h) =
c1
c

L∑
l=1

xl⊤
h′ AA⊤xl

pa(h) + d

L∑
l=1

∥xl
h′∥2.

Hence

b = d

L∑
l=1

∥xl
h′∥2 for all h′ ∈ [H].

However, for a DS sample the quantities
∑

l ∥xl
h′∥2 vary across h′ and across samples, while b is

a constant (depending only on h). The only way the above equality can hold for all h′ and all DS
samples is to have b = d = 0, which contradicts the assumption d ̸= 0 in the BMA logits.

We conclude that no Wtf can make the transformer logits represent the BMA logits for all datasets
generated from DS. Therefore, under Eq. (7), transformers cannot represent BMA in the DS setting.

C.8 PROOF OF
∑

s,s′ µ̄t(s
′)µπ(s) log π(s | s′) ≤

∑
s,s′ µ

π(s′)π(s | s′) log π(s | s′), ∀µ̄t ∈ ∆d

Let S be a finite state space, let π(· | ·) be a Markov transition kernel on S, and let µπ be a stationary
distribution of π, i.e.,

µπ(s) =
∑
s′∈S

µπ(s′)π(s | s′) for all s ∈ S.

Fix an arbitrary µ̄t ∈ ∆d, and for brevity write µ := µπ . We adopt the convention 0 log 0 = 0
throughout.

We first upper bound the left-hand side. For any s′ ∈ S, consider the Kullback–Leibler divergence

KL
(
µ ∥π(· | s′)

)
=
∑
s∈S

µπ(s) log
µπ(s)

π(s | s′)
≥ 0.

Expanding the inequality KL(µ ∥π(· | s′)) ≥ 0 yields∑
s∈S

µπ(s) log π(s | s′) ≤
∑
s∈S

µπ(s) logµπ(s) =: C,

where the right-hand side C does not depend on s′. Multiplying both sides by µ̄t(s
′) and summing

over s′, we obtain∑
s,s′∈S

µ̄t(s
′)µπ(s) log π(s | s′) ≤

∑
s′∈S

µ̄t(s
′)C = C =

∑
s∈S

µπ(s) logµπ(s). (32)

This bound holds for any choice of µ̄t ∈ ∆d.

Next, we lower bound the right-hand side. For each s′ ∈ S, consider the reverse KL divergence

KL
(
π(· | s′) ∥µ

)
=
∑
s∈S

π(s | s′) log π(s | s′)
µπ(s)

≥ 0.

19



1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054
1055
1056
1057
1058
1059
1060
1061
1062
1063
1064
1065
1066
1067
1068
1069
1070
1071
1072
1073
1074
1075
1076
1077
1078
1079

Under review as a conference paper at ICLR 2026

Hence ∑
s∈S

π(s | s′) log π(s | s′) ≥
∑
s∈S

π(s | s′) logµπ(s).

Multiplying by µπ(s′) and summing over s′ yields∑
s,s′∈S

µπ(s′)π(s | s′) log π(s | s′) ≥
∑

s,s′∈S
µπ(s′)π(s | s′) logµπ(s)

=
∑
s∈S

(∑
s′∈S

µπ(s′)π(s | s′)
)
log µπ(s)

=
∑
s∈S

µπ(s) logµπ(s) = C, (33)

where we used the stationarity of µ, namely µπ(s) =
∑

s′ µ
π(s′)π(s | s′).

Combining (32) and (33), we conclude that, for any µ̄t ∈ ∆d,∑
s,s′∈S

µ̄t(s
′)µπ(s) log π(s | s′) ≤ C ≤

∑
s,s′∈S

µπ(s′)π(s | s′) log π(s | s′),

which establishes∑
s,s′

µ̄t(s
′)µπ(s) log π(s | s′) ≤

∑
s,s′

µπ(s′)π(s | s′) log π(s | s′), ∀µ̄t ∈ ∆d.

D EXPERIMENT DETAILS

All experiments follow the same training setup unless otherwise specified: sequences are generated
from a Markov chain with transition kernel π(· | s) ∼ Dirichlet(α · 1d) with α = 0.1. We use a
batch size of 1024 for training and evaluate on 4096 test samples. Parameters are optimized with
Adam (Kingma & Ba, 2017), using learning rate 0.05 for discrete Markov chains and 0.001 for
dynamical systems. For gradient-based analysis, we adopt SGD with learning rate 1. Fresh data are
sampled at each iteration to avoid memorization, and all implementations are based on JAX.

E ADDITIONAL EXPERIMENT RESULTS ON MARKOV CHAIN
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Parent Selection Performance vs Bayesian Model Averaging
Model Parent Selection Loss
BMA Baseline (CE=0.3479)

Figure 7: Parent selection Lpa comparison between transformers and BMA during training. The
metric is introduced as Eq. (10). Training configuration as the experiment in Fig.2.
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Figure 8: Parameter-Level Comparison between transformer and BMA (W = log π). Trainable
WKQ and WOV . Trained with d = 20, H = 50, L = 3, and 1024 training steps.

Figure 9: Gradient Validation of ∂ℓ
∂p̂ . From left to right: ground-truth graph G, the gradients of

∂ℓ
∂p̂ ∈ RH stacked as row vectors, and attention weights A(2)

h· uniformly distributed since W = 0.

F EXPERIMENT RESULTS ON DYNAMICAL SYSTEM
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Figure 10: Visualization of 1st-layer Attention A(1) ∈ RT×T . For readability, we visualize only
nine of the twenty heads, to better highlight the attention patterns on this long sequence of length
400. The first layer replicates the historical occurrence of the same token. Model trained with
L = 20 examples, trajectory length H = 20, vocabulary size d = 10, 20 heads in the first layer, and
2048 training steps. The RPE parameters are initialized with a small positive value (0.5) along the
construction direction, and grow to much larger magnitudes after training.
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Parent Selection Analysis: Transformers vs Ground Truth (Training Step 2048)

Top Row: Model learned attention patterns (higher values indicate stronger parent selection)
Bottom Row: True causal relationships (ground truth directed acyclic graph)

Figure 11: 2nd-Layer Attention A(2) ∈ RH×H Visualization. Attention patterns matches the
groundtruth causal structure in dynamical system setting.
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Figure 12: Visualization of first RPE layer. The parameters are consistent with the construction.
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diagonal. The occuring block is of size d× d.
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Figure 14: Parent selection loss during training in dynamical system setting.

Figure 15: Generalization of parent loss {LL′

pa} for transformers trained with L ∈ {1, . . . , 30} in
dynamical system setting. Trained with d = 10, H = 15 and 2048 training steps.
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G DISENTANGLED TRANSFORMER WITH ABSOLUTE POSITION EMBEDDING

The disentangled transformer with absolute position embedding (APE) is formulated by:

Embedding Layer: h
(0)
t = [E(wt),Pos(wt)] = [xt, et],H

(0) = [h
(0)
1 , . . . ,h

(0)
T ] ∈ Rd0

1st Attention (K-head): Attnkt (H
(0); θ) = σ

(
h
(0)⊤
1:t−1W

(1),k
KQ h

(0)
t

)⊤
h
(0)⊤
1:t−1W

(1),k
OV ∈ Rd,

Disentangled Residual: h
(1)
t = [h

(0)
t ,Attn1t (H

(0); θ), . . . ,AttnKt (H(0); θ)] ∈ Rd0+Kd,

2nd Attention (1-head): ftf(· | Ht) = σ
(
h
(1)⊤
1:t−1W

(2)
KQh

(1)
t

)⊤
h
(1)⊤
1:t−1W

(2)
OV ∈ Rd.

(34)
First, we can see the model parameter W (1),k

KQ ∈ Rd0×d0 where d0 = d + T and T is the sequence
length. The total number of parameters in the first layer is O(d2 +H2L2) compared to O(H + L)
parameters of the model with RPE in Eq. (5). The redundancy of parameters may lead to difficulties
of interpreting the mechanism of transformers. Besides, since for disentangled transformer with
APE, the embedding dimension is proportional to the length of input sequence, this may make it
difficult for us to interpret transformers’ mechanism on longer sequence tasks.

As for this transformer, we first provide a theoretical construction which is consistent with our
construction for RPE model in Theorem 1. Empirically, we show this transformer can successfully
select causal tokens. Besides, we provide results of trainable transformers showing alignments with
our construction in attention visualization and parameter verification.

G.1 THEORETICAL CONSTRUCTION

In this section, we provide a construction demonstrating how the proposed two-layer architecture
possesses the capacity to implement the specific causal selection mechanism derived in our analysis.
Let the input embedding dimension be d0 = d+T , where d is the token dimension, T is the sequence
length (due to absolute position embedding) and an input sequence contains L + 1 examples of
length-L chain T = H(L+ 1). Suppose NL+1 denotes the set of nodes from the last example, i.e.,
we have NL+1 = {t ∈ T | ∃h ∈ [H], t = HL+ h}.

G.1.1 LAYER 1: MULTI-HEAD ATTENTION CONSTRUCTION

The first layer consists of K attention heads (K ≤ L). The Query-Key matrix W
(1),k
KQ will attend

to specific predecessor tokens based on position. We construct it as a block matrix where the active
interaction terms are confined to the position-embedding subspace:

W
(1),k
KQ =

[
0d×d 0d×T

0T×d W̃
(1),k
KQ

]
, W̃

(1),k
KQ = β

 0T×HL

0H×H
...

IH×H
...

0H×H

 ( k-th block active). (35)

From this construction, if β → ∞, the attention score of the first attention layer is given by:

A(1),k
ij =


1

i
1[j<i], if i /∈ NL+h,

1[j=kH+h], if i ∈ NL+h, i = LH + h.
(36)

For the value projection, W (1),k
OV will propagate the semantic content of the attended tokens:

W
(1),k
OV =

[
Id×d

0T×d

]
∈ R(d+T )×d. (37)

And the output of the first attention will be:

Attnki (H
(0); θ) = A(1),k

i→· h
(0)T
1:T W

(1),k
OV =

{
µ̄(x1:i−1), if i /∈ NL+h,

xk
h, if i ∈ NL+h, i = LH + h.

(38)
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G.1.2 DISENTANGLED RESIDUAL STREAM

Unlike standard summation residuals, this disentangled transformer employ a concatenation strat-
egy. Nichani et al. (2024) proved this transformer is actually equivalent to a decoder based attention-
only transformer (Theorem 3). The output of the first layer is the concatenation of the original input
and the outputs of all K heads:

h
(1)
t =

[
h
(0)
t ; Attn1t , . . . , AttnKt

]
∈ Rd0+Kd. (39)

The dimension of the second layer input is d1 = d0 +Kd = d+ T +Kd.

G.1.3 LAYER 2: SINGLE-HEAD ATTENTION CONSTRUCTION

The second layer employs a single attention head to aggregate the evidence collected by the K heads
in the previous layer.

W
(2)
KQ =


0d×d 0d×T 0d×Kd

0T×d 0T×T 0T×Kd

0Kd×d 0Kd×T W̃
(2)
KQ

 , W̃
(2)
KQ =


log π 0d×d · · · 0d×d

0d×d log π · · · 0d×d

...
...

. . .
...

0d×d 0d×d · · · log π

 (40)

Finally, the output projection W
(2)
OV projects the aggregated context back to the semantic space by:

W
(2)
OV =


log π

0T×d

0Kd×d

 ∈ Rd1×d. (41)

From the Eq. (38) and (39), we can see that h(1)
t = [h

(0)
t ;x1

h, . . . ,x
K
h ] if t ∈ NL+1, t = LH + h

else h
(1)
t = [h

(0)
t ; µ̄t, . . . , µ̄t]. Then, the attention weight of the second layer for any i ∈ NL+1,

i = LH + h of our interests, is given by:

Ã(2)
ij =


∑K

k=1 log π(x
k
h|xk

h′), for j ∈ NL+1, j = LH + h′,∑K
k=1 µ̄

⊤
j log π xk

h, for j /∈ NL+1.
(42)

So for i, j ∈ NL+1, we have Ã(2)
ij =

∑
k∈[K] log π(x

k
h|xk

h′) aligned with Theorem 1.

Furthermore, suppose K = L, i.e., we use L examples to infer the causal structure, and the
Markov chain is stationary xh ∼ µπ . As L → ∞, for any j /∈ NL+1, we have Ã(2)

ij →∑
s,s′ µ̄j(s

′)µπ(s) log π(s|s′) ≤
∑

s µ
π(s) logµπ(s). While for the true parent token t = HL +

pa(h), we have Ãit →
∑

s,s′ µ
π(s′)π(s|s′) log π(s|s′) which is larger than

∑
s µ

π(s) logµπ(s).
The above qunatity relation is drawn by non-negativity of KL divergence, whose detailed proof is
provided in Appendix C.8. Then, the attention weights of the second layer can select the causal
parent token Ai→pa(i) → 1. And W

(2)
OV predicts the transition.

Empirical Verfication. We show the parameter visualization of the construction in Fig. 16a and its
empirical attention visualization of parent selection in Fig. 16b. In Fig. 17, the constructed model
shows precise parent selection accuracy (cross-entropy loss 0.0706) which is very close to the target
algorithm BMA’s (ce loss 0.0473).

G.2 EXPERIMENTS OF TRAINABLE TRANSFORMERS

In the following, we train the standard disentangled transformer formulated by Eq.(34). To show
the alignment with theoretical interpretation, we use three strategies to initialize the network: (a)
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(a) The parameter visualization of theoretical construction.
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(b) Attention pattern visualization of theoretical construction. The first layer (right) copies the previous L examples to the
hidden space of the last one L + 1. For the second layer (left), the attention weights attend to the correct causal parents
which are located in the last 5 columns. The queries don’t attend to the keys from first L examples.

Figure 16: Parameter visualization and attention pattern visualization of theoretical construction.
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fully random initialization: all the parameters are initialized randomly with Gaussian distribution;
(b) block-amplified random initialization: parameters are initialized randomly (of scale 0.1), while
the targeted block of the attention projection matrix is assigned a larger magnitude (of scale 0.5)
to introduce an inductive bias; (c) direction-consistent initialization: parameters are initialized such
that the dominant blocks point in the analytically derived construction direction, still allowing model
learning to refine the magnitudes (intial magnitudes: 0.2× optimal parameters).

We first compare the parent token prediction performance of these models during the training process
in Fig. 17. The results show that the 2-layer transforemr is fully capable of selecting causal parents
in its 2nd-layer attention head.

Then we visualize the attention pattern of the trained model in Fig. 19. For the first attention layer,
the figure shows query from the last example L + 1 mostly attend to one example among L con-
text examples, while some heads demonstrate the degeneration with uniform attention to previous
tokens. For the second attention layer, the transformers with different initializations all show their
noticable capability of predicting causal parents. Further, we visualize all the parameters of the
transformer in Fig. 18. We can see some alignments between the construction in Fig. 16a and the
trained parameters. Since the transformer with absolute position embedding has far more parameters
of ({W (1),k

KQ ,W
(1),k
OV }k,W (2)

KQ,W
(2)
OV ) than the one with RPE, the full interpretation of its first layer

is difficult. For the second layer, the parameter W (2)
KQ also shows the diagonal pattern consistent with

construction and W
(2)
OV shows the log π pattern.
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Figure 17: Parent selection loss Lpa of the transformer with absolute position embedding and dif-
ferent initialization strategies.
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(a) With Fully Random Initialization. Head 1 and 5 of the first layer W
(1)
KQ exhibits an identity

submatrix (5× 5) at the last column.
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(b) With Block-Amplified Random Initialization. Head 1 of W (1)
KQ degenerate which can be verified

in attention visualization Fig. 19b (Head 1). Head 5 shows multiple identity submatrices which
possibly suggests superposition.
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(c) With Direction-Consistent Initialization. Head 1 and 5 of the first layer W (1)
KQ exhibits an identity

submatrix (5× 5) at the last column which is aligned with the theoretical construction.

Figure 18: Parameter visualization of trained transformer with absolute position embedding. The
second layer shows strong alignment in diagonal patterns of WKQ and log π pattern of WOV .
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(a) With Fully Random Initialization. In the first layer, Head 1, 3, 5, 6 and 8 of KQ matrices copies tokens
from previous examples (to the query token of the last example), while Head 10 degenerates showing uniform
attention (uniform features are seen as constants eliminated by 2nd softmax attention layer).
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2nd Attention Layer of Parent Selection 1st Multi-Head Attention Layer

(b) With Block-Amplified Random Initialization. In the first layer, Head 3, 5, 8 and 10 of KQ matrices copies
tokens from previous examples, while Head 1 degenerates showing uniform attention.

0 11 22 33 44
Parent Candidates

0
2
4

Qu
er

y 
Po

sit
io

ns

Model Attention (Ex 1)

0 11 22 33 44
Parent Candidates

0
2
4

Qu
er

y 
Po

sit
io

ns

Model Attention (Ex 2)

0 11 22 33 44
Parent Candidates

0
2
4

Qu
er

y 
Po

sit
io

ns

Model Attention (Ex 3)

0 1 2 3 4
Parent Nodes pa(h)

0

1

2

3

4

Ch
ild

 N
od

es
 h

Ground Truth DAG (Ex 1)

0 1 2 3 4
Parent Nodes pa(h)

0

1

2

3

4

Ch
ild

 N
od

es
 h

Ground Truth DAG (Ex 2)

0 1 2 3 4
Parent Nodes pa(h)

0

1

2

3

4

Ch
ild

 N
od

es
 h

Ground Truth DAG (Ex 3)

0.0

0.2

0.4

0.6

0.8

1.0

Attention W
eight / Causal Node

0 11 22 33 44
Key Positions

0

11

22

33

44Qu
er

y 
Po

sit
io

ns

Head 1

0 11 22 33 44
Key Positions

0

11

22

33

44

Head 3

0 11 22 33 44
Key Positions

0

11

22

33

44

Head 5

0 11 22 33 44
Key Positions

0

11

22

33

44Qu
er

y 
Po

sit
io

ns

Head 6

0 11 22 33 44
Key Positions

0

11

22

33

44

Head 8

0 11 22 33 44
Key Positions

0

11

22

33

44

Head 10

0.0

0.2

0.4

0.6

0.8

1.0

Attention W
eight

2nd Attention Layer of Parent Selection 1st Multi-Head Attention Layer

(c) With Direction-Consistent Initialization. In the first layer, Head 1, 5, 6, 8 and 10 of KQ matrices copies
tokens from previous examples, while Head 3 degenerates showing uniform attention.

Figure 19: Attention pattern visualization of trained transformer with absolute position embedding.
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H DISENTANGLED TRANSFORMER WITH APE VARIANT

H.1 MODEL ARCHITECTURE

For the variant of two types of APE, we consider the disentangled transformer simplified by elim-
inating some components added to residual stream. The transformer structure we consider below
can be seen as substituing the position embedding of sturcture Eq. (34) and simplify the model by
assuming zero blocks in model weights.

Embedding Layer: h̃
(0)
t = [PosL(wt),PosH(wt)] ∈ Rd0

1st Attention (K-head): Attnkt = σ(h̃
(0)⊤
1:t−1W

(1),k
KQ h̃t)

(0)⊤x⊤
1:t−1W

(1),k
OV ∈ Rd,

Disentangled Residual: h̃
(1)
t = [Attn1t , . . . ,AttnK

t ] ∈ RKd,

2nd Attention (1-head): ftf(· | Ht) = σ
(
h̃
(1)⊤
1:t−1W

(2)
KQh̃

(1)
t

)⊤
x⊤
1:t−1W

(2)
OV ∈ Rd,

(43)

where we simply assume W
(1),k
OV = Id. Since the difference lies in the positional embedding,

the construction in Appendix G remains valid which can exhibit capabilities in causal token selec-
tion empirically. Besides, we train this transformer under the same Markov chain setup as in the
transformer with RPE experiments, and obtain consistent results as shown below.

H.2 EXPERIMENT RESULTS
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Figure 20: 1st-Layer Attention Visualization of transformers in Eq. (43). Heads 1, 2, 5, 6 and 8
exihibits the diagonal block pattern at the last rows performing the copying mechanism, while Heads
4, 7 and 10 degenerate to uniform attenion. Heads 3 and 9 gives uniform outputs not influencing
the 2nd attention layer (eliminated by softmax attention). Trained with H = 5, L = 10, d = 5 and
10000 training steps.
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Figure 21: Visualization of 2nd-attention layer. Queries are from the last example xL+1
1:H . Keys are

x1:T = x1:L
1:H the whole sequence. Attention layer of disentangled transformer can recognize the

causal structure in-context.
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Figure 22: Parameter visualization of the first attention layer W (1),k
KQ (10 heads in total). Full inter-

pretation is still challenging for huge parameter space. The attention-level behavior understanding
can be referred to Fig. 20.
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Figure 23: Parameter visualization of the second attention layer W (2)
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OV . In the variant of two

types of Absolute position embedding, the second layer also shows strong alignment in diagonal
patterns of WKQ and log π pattern of WOV .
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I STANDARD TRANSFORMER WITH FEEDFORWARD NEURAL NETWORK

In this section, we consider a standard 2-layer transformer with FFN layer as follows.

Learnable Embedding: h
(0)
t = EmbV(wt) +EmbP(wt), ∈ Rd′

MHA Layer & Residual: h̃
(l)
t = h

(l)
t + MHAt(H

(l);WKQ,WOV ), ∈ Rd′
,

FFN Layer & Residual: h
(l+1)
t = h̃

(l)
t + FFNt(H̃

(l);W , b) ∈ Rd′
,

Unembedding Layer: ftf(· | Ht) = WUh
(L)
t ∈ Rd,

(44)

where H(l) = [h
(l)
1 , . . . ,h

(l)
T ], the multi-head attention (MHA) is formulated by

MHAt(H
(l); θ) =

∑
k

σ
(
h
(l)⊤
1:t−1W

(l),k
KQ h

(l)
t

)⊤
h
(l)⊤
1:t−1W

(l),k
OV , (45)

and the FFN layer
FFNt(H̃

(l); θ) = W2 ReLU(W1h̃
(l)
t + b1) + b2. (46)

We consider the two-layer transformer L = 2 with K heads in the first layer and one head in the
second.4 For the task, the input sequence consists of M = 10 in-context examples of Length-H
Markov chains with d = 5 states and the total length T = H(M + 1). We set the hidden dimension
as d′ = 128. For initialization, the parameters W of the transformer is initialized randomly by
Gaussian intialization: Wij ∼ N (0, 1/dW ) where dW is decided by the dimension of W . We
optimize the model using AdamW with a learning rate of 1× 10−3 and a weight decay of 1× 10−4.
Fresh data are sampled at each iteration of training without repetition.

Experiment Results. We train two transformers with 5000 steps and K = 5 or 10 heads in the
first layer. We observe the attention weights of the first layer visualized in Fig. 24a and Fig. 25a
implement the copying mechanism where the features of one context example are copied to the
position of last example M + 1: the heads of the first layer show a diagonal submatrix occuring at
the last several rows of example M + 1. Except for these, the remainings mainly show degenerated
attention patterns at the rows of the last example M +1. In the visualization of the second layer, we
find that the trained standard transformer with MLPs can recognize the causal parents in its attention
weights of the 2nd layer. The aligned attention pattern and graph groundtruth in Fig. 24b and
Fig. 25b supports our construction of how transformers can handle with in-context causal learning.

Quantitive Results. We provide the results regarding how accurate transformers during training
can select random parents in its second attention layer in Fig. 26. We use the cross-entropy loss as
the evaluation metric for the accuracy and compare the trained transformers with BMA. We observe
during training process, standard transformers gradually acquire the capability of in-context causal
learning and approximate the loss of BMA.

4Our implementation is based on the codebase provided by Nichani et al. (2024).
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(a) Visualization of first multi-head attention layer. Heads 1, 3 and 4 show the diagonal block at the rows of the
last example. Information from previous examples is copied to the hidden space of the last example.
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(b) Visualization of second attention layer. Queries are from the last example xL+1
1:H . Attention layer of standard

transformer can recognize the causal structure in-context.

Figure 24: Attention visualization of standard transformer with MLP (5 heads).
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(a) Visualization of first multi-head attention layer. Heads 1, 2, 3 and 6 show the diagonal block at the rows of
the last example. Information from previous examples is copied to the hidden space of the last example.
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(b) Visualization of second attention layer. Queries are from the last example xL+1
1:H . Attention layer of standard

transformer can recognize the causal structure in-context.

Figure 25: Attention visualization of standard transformer with MLP (10 heads).
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Figure 26: Parent selection loss Lpa of the standard transformer with learnable position embedding
and MLP (5 or 10 heads in the first layer). During training, standard transformers gradually acquire
the capability of in-context causal learning and approximate the loss of BMA.
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