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Abstract

Accelerated MRI reconstruction involves solving
an ill-posed inverse problem where noise in ac-
quired data propagates to the reconstructed im-
ages. Noise analyses are central to MRI recon-
struction for providing an explicit measure of solu-
tion fidelity and for guiding the design and deploy-
ment of novel reconstruction methods. However,
deep learning (DL)-based reconstruction methods
have often overlooked noise propagation due to
inherent analytical and computational challenges,
despite its critical importance. This work pro-
poses a theoretically grounded, memory-efficient
technique to calculate voxel-wise variance for
quantifying uncertainty due to acquisition noise in
accelerated MRI reconstructions. Our approach
approximates noise covariance using the DL net-
work’s Jacobian, which is intractable to calcu-
late. To circumvent this, we derive an unbi-
ased estimator for the diagonal of this covariance
matrix—voxel-wise variance—, and introduce a
Jacobian sketching technique to efficiently imple-
ment it. We evaluate our method on knee and
brain MRI datasets for both data- and physics-
driven networks trained in supervised and unsu-
pervised manners. Compared to empirical refer-
ences obtained via Monte-Carlo simulations, our
technique achieves near-equivalent performance
while reducing computational and memory de-
mands by an order of magnitude or more. Fur-
thermore, our method is robust across varying in-
put noise levels, acceleration factors, and diverse
undersampling schemes, highlighting its broad
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applicability. Our work reintroduces accurate and
efficient noise analysis as a central tenet of recon-
struction algorithms, holding promise to reshape
how we evaluate and deploy DL-based MRI.

1. Introduction

Magnetic Resonance Imaging (MRI) has become indispens-
able in clinical diagnostics, yet prolonged acquisition times
can reduce patient throughput and exacerbate motion arti-
facts. Parallel imaging (pMRI) (Pruessmann et al., 1999;
Griswold et al., 2002) was developed to mitigate these chal-
lenges by undersampling k-space and exploiting multiple
receiver coils with distinct sensitivity profiles. Despite
successfully reducing scan duration, pMRI inevitably in-
troduces spatially varying noise amplification—commonly
quantified by the g-factor—due to the need to invert an
ill-conditioned system. In regions where coil sensitivities
overlap or are highly attenuated, the reconstruction leads
to locally elevated noise levels (Pruessmann et al., 1999;
Sodickson et al., 1999). Early pMRI research rigorously
analyzed this spatial noise amplification, culminating in
precise formulations that ensured reliable signal-to-noise
ratio (SNR) performance to guide algorithm design and
clinical implementation (Pruessmann et al., 1999; Sodick-
son et al., 1999; Aja-Fernandez et al., 2014). For instance,
the widely used SENSE algorithm explicitly incorporates
coil sensitivities to minimize noise, reflecting how classical
pMRI approaches typically maintain a clear link between
measurement noise and the reconstructed image.

In contrast, most deep learning (DL) reconstruction methods
(Akgakaya et al., 2019; Knoll et al., 2020a; Yaman et al.,
2022; Jalal et al., 2021; Jun et al., 2021; Wang et al., 2024,
Sriram et al., 2020b) have not provided an explicit account
of how noise from undersampled k-space propagates into
the final image. A major obstacle lies in the highly nonlin-
ear and complex nature of DL reconstructions (Chen et al.,
2022) making it nontrivial to derive analytical frameworks
to characterize how undersampling and learned regulariza-
tion affect localized noise amplification. In response, the
core emphasis in the design of DL methods typically sought
maximization of summary metrics like peak signal-to-noise
ratio (PSNR) or structural similarity index (SSIM) that do
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not provide an acute assessment on the spatial noise distof the noise covariance matrix is introducéid; We show
bution (Heckel et al., 2024; Adamson et al., 2023; Muckleyhow the derived estimator can be ef ciently implemented
et al., 2021). Thus, the interplay between noise propagatiothrough a novel Jacobian sketching algorithm that lever-
and neural network parameters—and its in uence on reages a complex-valued sketching matrix with random-phase
construction robustness—has received comparatively littleolumns, modulated by the adjoint operator and the noise
attention (Darestani et al., 2021; Dalmaz et al., 2024). covariance. This approach offers signi cant advantages

. L . .qver traditional Monte-Carlo (MC) simulation-based meth-
Nevertheless, characterizing noise in reconstructions is

pivotal for advancing DL-MRI, as noise directly impacts 0ds by reducing computational and memory demands by

SNR—a fundamental image quality metric in MRI that an order of magnitude or morgii) We rlgqrously evaluate
. .y - . ~. .. the proposed method on knee and brain MRI datasets us-
strongly in uences clinical utility (Breuer et al., 2009; Diet-

rich et al., 2007). Although metrics such as PSNR and SSIM’ng various network architectures, including data-driven and
remain c;ommoﬁ in DL, these metrics provideage-wide physics-driven models trained in paradigms ranging from su-

pervised to unsupervised. Experimental results demonstrate
summary measurex performance and do not capture local

L . . . that the technique matches MC simulation-based empiri-

variations in noise or SNR across the image (Mason et al, . . . : X

2020). Consequently, important diagnostic regions madal references in noise calculation with average correlation
q Y, Imp dlagnostic reg %99:8% and erroi0:8%. We further validate effectiveness of

be obscured by unpredictable noise ampli cation patterns . : : .

our method across different input noise levels, acceleration

that that are either invisible or averaged out when usmg}actors and undersamoling schemes. showing robustness
these global metrics (Adamson et al., 2021; Knoll et al., ' ping ' 9

T o across clinically relevant imaging scenarios. Collectively,
2020b). In contrast, explicit noise quanti cation by means . . ; .
. X . R . our method aims to reestablish accurate and ef cient noise
of spatial variance maps can yield critical insights into how

. . ! _._analysis in reconstruction algorithms, enhancing the evalua-
reconstruction algorithms handle and potentially amplify.
; . : . . tlc?n and deployment of DL-based MRI.
noise, shaping design decisions to improve robustness an
reliability (Kellman & McVeigh, 2005; Knoll et al., 2019),
paving the way for clinically meaningful performance im- 2. Related Work

provements. Jacobian Sketching in Machine Learning. Jacobian

In modern unsupervised (Yaman et al., 2020; Xiang et alsketching has been utilized in machine learning for diverse
2023) or semi-supervised paradigms (Yurt et al., 2022)pbjectives, such as mitigating catastrophic forgetting in con-
SNR metrics can be especially valuable by enabling benchinual learning (Heckel, 2022; Li et al., 2021) or reducing
marking of reconstructions without relying on fully sampled the variance of stochastic quasi-gradient methods (Gower
ground-truth data (Kastryulin et al., 2023). Moreover, un-et al., 2021). In such applications, the primary aim is typi-
derstanding noise propagation can inform tailored samplingally to approximate Jacobian- or Hessian-related quantities
schemes—enabling the identi cation of k-space points thato improve model optimization or regularization. Our work,
contribute disproportionately to image variability (Alkan however, leverages Jacobian sketching for a fundamentally
et al., 2024; Peng et al., 2022) and guide developmendifferent purpose: computationally ef ciemuantitative

of noise-aware architectures and training strategies (Denalysis of noise propagatian nonlinear multi-coil deep

sai et al., 2023). Additionally, accurate noise characterizavRI reconstructions. Speci cally, we employ sketching
tion bene ts downstream imaging tasks—such as denoigo ef ciently estimate the diagonal elements of the image
ing, segmentation, and diagnostic analysis—by providingcovariance matrix (i.e., voxel-wise noise variances) arising
voxel-wise variance estimates that enhance algorithm rdrom propagation of the measurement noise, rather than
bustness and clinical interpretability (Dou et al., 2025; Weioptimization or regularization objectives.

et al., 2022). Ultimately, noise characterization strengthen

. 4 . oise Calculation in DL-MRI. Related work on quantify-
image-quality assessments, fosters reliable DL-based MRI . .

) ; o : ng noise in DL-based MRI reconstructions often employs
algorithms, and increases clinical con dence in deploye

. C simulations (Robson et al., 2008; Thunberg & Zetter-
models (Chaudhari etal., 2021). berg, 2007; Akcakaya et al., 2014; Dalmaz et al., 2024),
Our contributions are threefold: (i) We provide a com- repeatedly injecting synthetic perturbations iktspace
prehensive theoretical framework that provides insights inteand reconstructing numerous noisy realizations. This ap-
how acquisition noise ikR-space propagates to image uncer-proach can produce accurate estimates via a large number of
tainty in DL-based MRI reconstruction¥oxel-wise vari-  trials which require considerable computational and mem-
anceof reconstructed images is linked to row vectors of DL ory resources—and is thus impractical for large 3D or 4D
network's Jacobian, modulated by k-space correlations andolumes. Moreover, treating the network as a black box
the imaging operator. To circumvent calculation of the full limits interpretability by obscuring how noise propagates
Jacobian, an unbiased estimator for the diagonal elements is ampli ed within the deep reconstruction pipeline. A
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recent theoretical result (Dawood et al., 2024) derives analytNV) estimates. This targets tladeatoricuncertainty due
ical noise estimates fde-space interpolation networks, and to acquisition noise, offering a mathematically transparent
thereby is not generalizable across different architecturesolution distinct from prior UQ and noise calculation meth-
Furthermore, it involves computing the entire network Jacoeds.

bian, which quickly becomes impractical for typical 2D or

3D MRI volumes. These limitations highlight the need for % Theory

a versatile, scalable, and theoretically grounded approac

to noise analysis—one that avoids intensive sampling, pre3.1. Accelerated MRI

serves interpretability, and can be seamlessly integrated in

. m i
diverse reconstruction paradigms. \(I-{/e acquirek-space measurements2 C™ from an un

known imagex 2 C" via a linearimaging operator
Uncertainty Quanti cation in MRI.  Prior works onuncer- A 2 C™ " comprising coil sensitivity maps, Fourier en-
tainty quanti cation (UQ) in MRI generally fall into three coding, and sampling mask. In practige,is often un-
categories: (1) classical compressed sensing approaches, @gérsampled, and corrupted by noise2 C™. Thus, the
ten using Monte Carlo (MC) reconstructions from perturbedforward model is:

measurements to derive con dence intervals (Hoppe et al.,

2024); (2) Bayesian methods (Narnhofer et al., 2021) or y = AX + n: (1)
generative modeling techniques (Tezcan et al., 2020), such

as Variational Autoencoders (VAES) or those assuming i'i'dAcquisition noisen is modeled as complexdditive White
Gaussian priors, to capture uncertainty, primarily epiStemiCGaussian Noise (AWGNyith zero mean:
and (3) ensemble-based analyses focusing on epistemic un-

certainty, for instance, by training multiple networks in
parallel (Kistner et al., 2024). n CN 0; g; (2)

Some recent approaches utilize a conformal predictionvhere ¢ 2 C™ ™M is thesample covariance matrixf
framework to construct distribution-free uncertainty inter-the k-space data. At eack-space point, noise is corre-
vals at the level of downstream task outputs (Wen et allated across coils but is independent across diskisgace
2024). However, this method treats the reconstructionocations. This implies that aoil covariance matrix€
pipeline as a black box, does not model voxel-level uncerfully captures the noise statistics. Yet, for simplicity in our
tainty intrinsically, does not incorporate the physics of MRI linear-algebraic treatment and factorizations, we focus on
acquisition, and requires calibration data to guarantee nitethe Hermitian positive semi-de nite (HPSBample covari-
sample statistical coverage; it does not estimate how acquince matrix 2 C™ ™ (see Appendix A).

sition noise propagates through multi-coil systems or non-

linear reconstructions. Another distinct approach by Edupus.2. Neural Network MRI Reconstruction

ganti et al. (Edupuganti et al., 2021) introduced a VAE-based ) )

probabilistic framework that models epistemic reconstruc!n Practice, deep MRI reconstructions often follow one of
tion uncertainty in a latent space. It utilizes SURE-basedWo paradigms(1) Unrolled Architectures, where a series
estimators—relying on approximate Jacobian traces—an@f earned regularization blocks and data-consistency (DC)

MC sampling to compute uncertainty maps, but under th&€ps are iterateq fd¢ cycles (Hammernik et al., 2023;
assumption of uncorrelated, i.i.d., single-coil noise. Liang et al., 2020; Fabian et al., 2022),(@) Purely Data-
Driven Mappings, where a feed-forward network performs

Our work uniquely closes a longstanding gap by providinga direct mapping (Mardani et al., 2019)). Despite their
the rstrigorous, rst-principles derivation of how multi- - stryctural differences, both networks can be viewed as a non-
coil k-space acquisition noise propagates through both MRjinear functionf (AH y), whereAH is the adjoint operator
physics and nonlinear deep learning (DL) networks. Whilethat yields a naive zero- lled (ZF) estimate. Without loss of
exact voxel-wise variance requires the full, computationyenerality, any least-squares or pseudo-inverse initialization
ally intractable network Jacobian, our core innovation is acould be used (e.ch ¥ y); such choices would simply alter
statistically rigorous, unbiased estimator for this variancege finear operator involved in subsequent derivations. Thus,
This estimator, derived from imaging and statistical theoryoyr analyses are agnostic to these architectural details, and

uniquely handles complex-valued signals, multi-coil encodsjmply require that be differentiable so that its Jacobian
ing, physics-based models, and DL nonlinearities simultaexists (See Appendix B).

neously. We implement this viagactical, model-agnostic

matrix sketching algorithm using Jacobian-vector productss 3 Nise Propagation

(JVPs) with random-phase vectpehieving scalable, in-

terpretable, and memory-ef cient voxel-wise noise varianceln MRI, we seek to quantify theoxel-wise variancef the
reconstructed image 2 C" induced by the acquisition
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noise ink-space. Leff : C" ! C" denote a learned
reconstruction functiorfe.g., an unrolled network), with
Jacobian)s (x) = & g 2cm .

DL pipelines commonly initializex© = A" y with the
"noisy” measured datga = yo+ n, whereyg = Ax . Then:

xO =A" yo+n = A" yo+ A" n=x0+ A n;

®3)

with xo = A"y, indicating the noise-free component of
this initial estimate. Arst-order Taylor expansiorof the
reconstruction functiofi(): C" ! C" aroundx approx-

imates:
f x© f(x0) + Jr(xo) x©  xo ;

(4)

whereJs (xo) 2 C" " is the Jacobian matrix éf evaluated

The variance of thé-th voxel (.e, thei-th diagonal entry
of )isthen:

i = [LLATi = KIiK;
wherel; 2 C" is thei-throwof L :

r>fiAH

Var(x;j) = diag( (12)

li = k

In principle, the variance of each voxel could be iteratively
obtained via taking thé, norm ofi-th row of Jacobian,
transformed and scaled By" and . Although this direct
approach would be computationally heavy (#dgorithm

1 in Appendix), the analysis reveals how, A andJ;
together determine the voxel-wise noise distribution.

3.4. Estimating Noise via Jacobian Sketching

Here we present an algorithm for estimating the diagonal

atxo. From 3 and 4 the perturbation in the reconstructedf the covariance matrix x in an unrolled MRI recon-

image due to the noige is:

f (Xo)

Note that x also remains zero-mean:

x=f x© Ji (xo) A™n

E x = Ji(xo)AMEn (5)

It is also worthwhile to note that due to linearity, approxi-

= 0:

struction,withoutexplicitly forming or storing the Jacobian
J; 2 C" " or the image covariance, 2 C" ". We
instead rely odacobian-Vector Products (JVR®nabling
asketch-basedpproach that ef ciently probes the Jacobian
and covariance structure through random vectors. We rst
present the following results regarding the diagonal entries
of implicit, complex-valued Hermitian covariance matrices.

Theorem 3.1(UNBIASED DIAGONAL ESTIMATOR). Let

. . 1 nn i n ;
mate reconstruction noise shares the same Gaussian nature2 C" " be Hermitian, and lev 2 C" satisfy

with the covariance matrix:

E x x" = Ji(xo) A" E[nn"]AJ ¢ (xo)!
Ji(xo) AR AJ g (xo)": (6)

Even though the Jacobiahh = J: (xg) 2 C" " exists,
storing or explicitly computing the full matrix is intractable

for MR images, due to dimensionality and massive data sizé2roof. Write
Nonethelesg6) shows propagation of k-space covarianceéach index:

« through the adjoint operatok" and the network's
Jacobiands . Similar constructs for the noise matrix exist in
other pMRI approaches (Pruessmann et al., 1999).

Factorization and Diagonal Entries. To simplify compu-
tations, we rst perform Cholesky decomposition of:

()

where  is the Cholesky factor of . Substituting into
(6), we obtain

H.
k — k k 1

x = I ATl AT ®)
= J A" ¢ I AP 9)

Here, we see that, = LL ", with Cholesky factor:
L o= 3 A" (10)

E[v] = 0; E[vv"] = I: (12)
Deney =( v) Vv ,where istheHadamard product,
and is scalar complex conjugation. Then:

Ely] = diag

X
( v)i = R
j=1
Multiplying by v; yieldsy;:
X
yi=( v)iv = ijVvjVi
j=1
Taking expectation:
hyo X0 h i
Elyi] = E jpVvivi ]= i E ViV

j=1
From 12, we not&[v; v, ] = j:
Elyi]l =
j=1

Since this holds for all, we haveE[y] = diag( ). O
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Lemma 3.2. Let
factorization
De ningu = Lv, we claim:

Eu u =diag

Proof. Sinceu = Lv , itsith component is

Hence, theth entry of the Hadamard produat u is

X X
u uli=uu = Lij Vi Lik Vi -
j=1 k=1
Rewriting and taking expectation:
XX
E Uj (Ui) = Lij Lik E[Vj Vk]l
i=1 k=1

By (12),E[vj v,] = k. Thus,

X0
Eui(u) = Ly Ly =[LL ") =

i=1

ij
Because this holds for eachwe conclude

E[u u ]=diag( ):

O
Returning to(10), we have,L = J; A" . Then, by
Lemma 3.2,
u=1Lv =3 AY( «v) ) Eu u =diag( x):

Thus, applyingl; to suitably distributed random vectors

reveals each diagonal entry of; .

3.4.1. ECTORIZEDIMPLEMENTATION: JACOBIAN
SKETCHING

A naive approach would sample eagh2 C™, compute
Lvj = Js (A" yvj) individually, and accumulate; . In-
stead, we provide @ectorizedalgorithm that improves com-
putational and ef ciency (See Algorithm 2 in Appendix):

1. Generate random matrix; Vs 2 C™ S with

columnsv; s.t.E[v;] = 0, andE[v; v['] = I .

2. Transform by  and AM:
Ws = AH WS

3. SketchJs viaWs : Us = J;Wg 2 C" S,

W3=

4. Hadamard product w/Hermitian & Average:

Vsamples= Us Ug‘ 2R" S,
diég( x) = évsamplesls-

k Vs, then

2 C" " be HPSD with a Cholesky 3.4.2. GHOICE OFRANDOM VECTORS
= LL Y. Suppose 2 C" satis es(12).

For unbiased estimation, we require random vecta2sC"

satisfying (12). A natural design choice would &&n-
dard complex Gaussiamectors where eacty is drawn
from CN (0;1) independently. Yet, imeal-valued ma-
trix diagonal estimation problemRademachevectors (i.e.,

1) have been shown to reduce estimator variance com-
pared to Gaussian vectors (Hutchinson, 1990; Bekas et al.,
2007). In MR reconstruction, however, data and operators
are inherentlycomplex thus we propose using@mmplex
analogue, namelgomplex Rademacher (random-phase)
vectors, where each) has unit magnitude and uniformly
random phase:

vi=¢€ ;| Uniform[0;2 ]:
We show in Appendix D that both choices satisfy (12),
thoughrandom-phaseectors yield strictly loweestimator
variance ergo, selected for consequent experiments. Theo-
retical error bounds for the estimator using random-phase
vectors are provided in Appendix E.

4. Experiments and Results
4.1. Datasets and Experimental Setup

We performed experiments on two publicly available
datasets-Stanford knee datasetand a subset of the
fastMRI brain dataset (Knoll et al., 2020c). The Stanford
knee dataset consists of 8-channel 3D FSE PD-weighted
scans, which we split into 14 subjects for training, 2 for val-
idation, and 3 for testing. Each 3D scan was demodulated
and decoded via a 1D inverse Fourier transform along the
readout dimension, yielding 2D Axial slices with matrix size
320 256 The fastMRI brain dataset comprises 16-channel
Axial T2-weighted scans with matrix si&84 384, split

into 54 training, 20 validation, and 30 testing subjects. We
focus on using these test volumes primarily to evaluate the
variance estimation performance of our framework, rather
than to compare the reconstruction quality of different meth-
ods. k-space data were retrospectively undersampled via 2D
Poisson Disc undersampling masks; and coil sensitivities
were estimated via J-SENSE (Ying & Sheng, 2007). We
estimated the coil covariance mat® for each slice using

the outermost 5% df-space points, where signals are mini-
mal (Robson et al., 2008; Pruessmann et al., 1999). During
inference, a unique and deterministic undersampling mask
was used on each test slice for reproducibility.

Reconstruction Methods To comprehensively evaluate
our approach, we selected six deep MRI reconstruction
algorithms spanning different learning paradigms: super-
vised E2E-VarNet (Sriram et al., 2020a)MoDL (Ag-
garwal et al., 2019)U-Net (Ronneberger et al., 2015)),
semi-supervised\2R (Noise2Recon)VORTEX (Desai
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Figure 1.Each column corresponds to a distinct deep reconstruction metiiod &; =1 on knee data. In each columtop row)

shows ZF and reconstructed imag@siddle row) displays NV maps derived by the proposed method and empirical simulaimigym

row) presents difference and ampli ed (x10) difference maps between the proposed and empirical variance maps to highlight spatial
discrepancies. Color bars indicate each panel's relative noise map display window.

etal., 2022a)), self-superviseBEDU(Yaman et al., 2020)); ror (NRMSE) between computed and empirical variance
and network architectures: fully data-drivds-Net (Ron-  maps were measured, and meatd across all test slices
neberger et al., 2015)) vs. physics-driven unrolled (thevere calculated to quantify the performance of our method.
rest). These methods cover a broad spectrum of deep recddigni cance of the distributional differences between voxel-
struction models for examining the generalizability of thewise noise maps were assessed by using Wilcoxon signed-
proposed noise analysis framework across different architecank tests. Our code is available at https://github.com/onat-
tures and learning paradigms. Additional details regardinglalmaz/deepeconnoise.

methods including training, hyperparameters, architectures,

and results are provided in Appendix H. 4.2. Generalizability Across Reconstruction Methods

Simulating Noise Levels.To investigate performance un- To assess how well our variance estimator generalizes across
der varying noise scenarios, we simulate different inputgifferent DL-based reconstruction methods, weRx= 8
noise levels by scaling the estimated covariance matribgnd , = €, then train each model (knee and brain)
k = €k whereis 2 f1,510 ;2003 so that and estimate NV. Table 1 shows that our method achieves
n N 0 «. near-perfect correlations to the gold standard, with no sta-
Reference Empirical Baseline. For each experimental tistically signi cant difference betwee_en nois_e distriputions
setting (noise level, acceleration rate, dataset) and imagl® > 0:09). Although the U-Net yields slightly higher
we performedN = 3:000 MC trials (See Appendix G), NRMSE (1.7%), t_hes_e values remain small in absoIL'Jte
each time adding simulated noisedrawn from . We terms. .One.contrlbutlng fgctor to th|§ might pe U—Nets
reconstruct each noisy measurement and corgrafgirical lack of |te_rat|ve data_-c_on5|ste_ncy, which applies a smgle-
variance maps by measuring voxelwise sample variancBaSS nonlinear denoising. This leads to both lower- delity

across all trials. The empirical variance maps serve as Econstructions (See Table 9in Appendix), and deviations
gold standard reference. from our method's linear approximation, resulting in minor

local estimation errors.
Variance Estimation. Variance maps computed by our _ . ) )
proposedrandomized Jacobian sketchiadgorithm were Figures 1 and 6 (Appendix) |Ilustrate_representatl_ve noise-
compared to the empirical variance maps (our benchmarR{Arance maps from knee and brain slices, respectively. Our

to assess the accuracy of the proposed method for Capt&rstimator generally reproduces the intensity ranges and spa-

ing voxel-wise noise propagation. The sketching matrixtial patterns observed in the empirical reference, showing

Vs had$S = 1000 column probing vectors, which provides only minor deviations near regions of sharp intensity transi-
a balance between the estimation accuracy and compufiens: such as tissue boundaries or areas with rapid signal
tion (See Appendix F). Percent (%) Pearson Correlatiofy@riation. These localized discrepancies remain negligible
Coef cient (PCC), and Normalized Root-Mean-Square grlelative to the overall noise distribution and do not affect






