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Abstract

Distributionally Robust Reinforcement Learning
(DR-RL) aims to derive a policy optimizing the
worst-case performance within a predefined un-
certainty set. Despite extensive research, previous
DR-RL algorithms have predominantly favored
model-based approaches, with limited availabil-
ity of model-free methods offering convergence
guarantees or sample complexities. This paper pro-
poses a model-free DR-RL algorithm leveraging
the Multi-level Monte Carlo (MLMC) technique
to close such a gap. Our innovative approach in-
tegrates a threshold mechanism that ensures finite
sample requirements for algorithmic implemen-
tation, a significant improvement than previous
model-free algorithms. We develop algorithms for
uncertainty sets defined by total variation, Chi-
square divergence, and KL divergence, and provide
finite sample analyses under all three cases. Re-
markably, our algorithms represent the first model-
free DR-RL approach featuring finite sample com-
plexity for total variation and Chi-square diver-
gence uncertainty sets, while also offering an im-
proved sample complexity and broader applicabil-
ity compared to existing model-free DR-RL algo-
rithms for the KL divergence model. The complex-
ities of our method establish the tightest results for
all three uncertainty models in model-free DR-RL,
underscoring the effectiveness and efficiency of
our algorithm, and highlighting its potential for
practical applications.

1 INTRODUCTION

Reinforcement learning (RL)[Sutton and Bartol 2018| aims
to find the optimal policy that maximizes cumulative re-
wards through interactions with the environment and has

witnessed demonstrated success in real applications, includ-
ing robotics[Kober et al., 2013]], finance, and computer vi-
sion. However, in more practical scenarios, direct interaction
with the true environment is often unfeasible due to concerns
such as safety, resource constraints, and ethical considera-
tions. Consequently, a policy is initially learned within a
simulated environment and subsequently transferred to the
real environment. Yet due to reasons including unexpected
external perturbations and adversarial attacks, a model mis-
match between the simulation and the real environment
exists, meaning the simulation may not be identical to the
real environment. This model mismatch further leads to a
degradation in performance when attempting to directly ap-
ply the learned policy in the real environment [Zhao et al.|
2020].

One promising framework to address this issue is the DR-
RL [Iyengar, |2005, Nilim and El Ghaouil 2004]]. Unlike
conventional RL which optimizes performance under a spe-
cific environment, DR-RL constructs an uncertainty set of
environments and aims to optimize the worst-case perfor-
mance within this set. If the uncertainty set is designed to
encompass the true environment, DR-RL can learn a policy
robust to the model uncertainty and provide an optimized
lower bound on the true performance.

Numerous algorithms have been studied and proposed for
DR-RL, which can be broadly categorized into two groups:
model-based methods and model-free methods. Model-
based approaches, e.g., [Shi et al.| [2023| [Panaganti and
Kalathil, 2022} |Yang et al.| 2022, Wang et al.| 2023d]], in-
volve the collection of samples from a simulation environ-
ment to estimate an empirical robust MDP. Subsequently,
robust dynamic programming [lyengar, 2005] is employed
on the empirical MDP to derive the optimal policy. In con-
trast, model-free methods [Wang and Zou, 2021} [Liu et al.,
2022| 'Wang et al.,|2023c| [Liang et al., [2023]] directly learn
the policy while collecting samples, bypassing the need for
model estimation and storage.

While model-based methods generally require fewer sam-
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ples to derive an optimal policy, storing the entire model
becomes prohibitively expensive or impractical for large-
scale problems. Conversely, model-free methods offer an
efficient alternative that adapts without the need to store
the model, facilitating more practical applications. Despite
extensive research on model-based methods, the model-free
DR-RL approaches remain relatively understudied. This is
primarily attributed to the challenge of the distribution shift
between the simulation that generates samples and the worst-
case environment within the uncertainty set. The utilization
of such biased samples introduces errors in each updating
step and can accumulate deviations from the accurate val-
ues through the model-free bootstrapping algorithms, thus
posing challenges in ensuring convergence and accurately
quantifying algorithmic complexity.

To address the challenge of biased estimated updating, [Liu
et al.l|2022| |Wang et al.| 2023c] propose a Multi-level Monte
Carlo (MLMC) operator, renowned for its unbiased estima-
tion of worst-case performance, leading to asymptotically
convergent model-free algorithms. However, implementing
the MLMC estimator in these works necessitates an infinite
number of samples. Specifically, to construct the vanilla
MLMC estimator, the learner first generates a random level
number N following a geometric distribution and then gen-
erates 2V 1 samples. To ensure algorithm convergence, the
parameter of the geometric distribution is set to be less
than %, resulting in an infinite expected total number of
samples required. Subsequently, in [Wang et al.,|2023a], a
modified MLMC algorithm is introduced, requiring finite
samples for implementation under the KL divergence un-
certainty set. Nevertheless, their findings are constrained
by a restrictive assumption, limiting their applicability. In
this paper, we present a novel MLMC-based DR-RL algo-
rithm by incorporating a threshold design, referred to as
the threshold-MLMC (T-MLMC) algorithm. This design
ensures our implementation demands only a finite number
of samples for any general uncertainty set models. Further-
more, we provide complexity analysis for our T-MLMC
algorithm under three uncertainty sets without relying on
any restrictive assumptions. Our contributions are outlined
as follows.

1.1 MAJOR CONTRIBUTIONS

We introduce a model-free T-MLMC algorithm for DR-
RL with guaranteed implementation and convergence.
Unlike previous MLMC algorithms, which typically require
an infinite number of samples for implementation, our ap-
proach incorporates a threshold design on the level num-
ber during the construction of our MLMC estimator. This
design ensures that our estimator behaves similarly to the
traditional MLMC estimator when the level number remains
below the threshold. However, it adopts a simplified struc-
ture requiring fewer samples when the level number exceeds

the threshold. By implementing this threshold design, we
ensure that only a finite number of samples is necessary to
construct the estimator, albeit with the trade-off of introduc-
ing bias. Nevertheless, we demonstrate that our algorithm
converges to a close approximation of the optimal robust
value function, where the approximation error exponentially
diminishes as the threshold value increases. By setting a
suitable threshold value, our algorithm represents the first
model-free DR-RL algorithm applicable to general uncer-
tainty sets, providing assurances of both sample finiteness
and convergence. This characteristic renders our algorithm
practical for implementation and highlights its potential for
diverse applications.

We establish that our algorithm achieves the tightest
sample complexity across three distinct uncertainty sets
among model-free methods. Adapting our algorithm to ac-
commodate three uncertainty set models—defined by total
variation, Chi-square divergence, and KL divergence, we as-
certain their respective sample complexities. By fine-tuning
the threshold, we strike a balance between bias and sample
complexity, demonstrating that our algorithms effectively
identify the optimal robust policy with minimal samples.
Specifically, for both total variation and Chi-square diver-
gence uncertainty sets, our algorithms achieve e-optimality

with O (2L,

cardinality of the state and action space, respectively, and
~ represents the discount factor. For the KL divergence un-
certainty set, our algorithm exhibits a sample complexity

of @ (( [SIIA|

) samples, where |S| and |.A| denote the

1—~)5¢2p2
zZero entry o)f theAnominal transition kernel. Notably, all our
results boast the most stringent parameter dependencies,
marking the first model-free complexity results for the total
variation and Chi-square divergence models, while signifi-
cantly enhancing previous findings for the KL divergence
model. Furthermore, our analysis requires no restrictive as-
sumptions, underscoring the practical applicability of our
model-free algorithms. A comprehensive comparison of
our results with prior ones is presented in tables Tables
to gﬂ Evidently, across all three uncertainty sets, our out-
comes achieve the most favorable sample complexity among
model-free methods.

), where p, signifies the minimal non-

1.2 RELATED WORKS

Model-based Methods for DR-RL When the environment
is fully known by the learner, robust dynamic programming
can be applied to obtain the optimal policy [Iyengar, 2005
Nilim and El Ghaoui} 2004], which is shown to converge ex-
ponentially. When the environment is unknown, the learner
can first use samples obtained to construct an empirical tran-

"Due to space limitations, we only list part of the complexity
results from [Shi et al.|[2023|| for comparison. The complete results
can be found in Table 1 therein.



REFERENCE MODEL-FREE SAMPLE SIZE
[PANAGANTI AND KALATHILL2022] x O (2Ll
[YANG ET AL.,2022] x O (Ll
[CLAVIER ET AL.,|2023| x O %
[SHI ET AL.,|2023]] x O(A5l4l

(1—7)3e2
[WANG ET AL.,[2023C]] v, ASYMPTOTIC

OUR WORK v (5( ISIAl )

(1—7)e?

Table 1: Sample Complexity under TV Uncertainty Set

REFERENCE MODEL-FREE SAMPLE SIZE
[[PANAGANTI AND KALATHIL,2022] x O (‘1"’;'?/‘)245‘2
[YANG ET AL.L[2022] x O (gLl
[SHI ET AL.,2023]] x O %
[WANG ET AL, [2023C] V. ASYMPTOTIC
OUR WORK v O (%)

Table 2: Sample Complexity under Chi-square Uncertainty
Set

REFERENCE MODEL-FREE SAMPLE SIZE

_1
[PANAGANTI AND KALATHIL, 2022 x O %

['YANG ET AL., 2022]] x  O(SEA_
(1—=7)*pAe
[WANG ET AL.,|2023c]| 4 ASYMPTOTIC
[[LIANG ET AL.,|[2023]| Vv ASYMPTOTIC
[L1U ET AL.,|2022] Vv ASYMPTOTIC
[WANG ET AL.,[2023A] N4 1) G'LA'H
~ PA(1—=7)%€
[WANG ET AL.,[2023B] v 0 %
— PA(1—7)%€
[WANG ET AL.,[2023B]] (VR) v 0 %
~ PA(1=7)%e
OUR WORK v O (= 18A

PA(1—7)%¢2

Table 3: Sample Complexity under KL Uncertainty Set. VR
denotes the result obtained with variance reduce technique.

sition kernel and an empirical uncertainty set, and then apply
robust dynamic programming on this empirical model, e.g.,
[Panaganti and Kalathil, 2022| Yang et al.l 2022 |Shi et al.,
2023|, |Clavier et al., 2023} [Zhou et al.l [2021]]. Although
model-based methods generally are more data efficient, they
require large memory space to store the data and model,
becoming impractical for large-scale problems.

Model-free Methods for DR-RL Model-free methods,
which learn the optimal robust policy while gathering sam-
ples, have been investigated in the context of DR-RL. In
[Wang and Zou| 2021]], a model-free algorithm for a contam-
ination uncertainty set is devised, subsequently extended
to other uncertainty sets in [Liu et al.| 2022| [Wang et al.,

2023c]] through the introduction and application of a multi-
level Monte Carlo (MLMC) estimator. Despite exhibiting
asymptotic convergence, these algorithms necessitate an in-
finite number of samples to construct the MLMC estimator,
thus lacking a quantified sample complexity. In [Wang et al.,
2023al, it is demonstrated that a finite sample complexity
for the MLMC algorithm for the KL divergence uncertainty
set can be attained under a restrictive assumption, limiting
the applicability of their findings. Under a similar assump-
tion, a variance reduction-based algorithm is proposed in
[Wang et al., 2023b| for the KL divergence model, and
sample complexity is obtained. On the other hand, [Liang
et al., 2023 introduces a stochastic approximation-based
model-free algorithm, achieving asymptotic convergence
without assurances on sample complexity. Despite all these
works, designing a model-free DR-RL algorithm with fi-
nite sample complexity under minimal assumptions remains
an open question. In this paper, we present a model-free
DR-RL algorithm, providing finite sample analysis under
various uncertainty set models without imposing additional
assumptions.

2 PRELIMINARIES AND PROBLEM
FORMULATIONS

2.1 MARKOYV DECISION PROCESSES

A Markov decision processes (MDPs) is specified by M =
(S, A, R,v,Rq,Pg), where S and A denote the state and
action spaces. R C [0, rmax] is a finite set of possible re-
wards; Po = {ps.o € A(S) : (s,a) € S x A} is the tran-
sition kernel, where p, , € A(S). Rg = {is,0 € A(R) :
(s,a) € 8 x A} is the reward distribution. At each time
step, the agent starts from state s; and takes an action ay.
The environment transits to the next state s;4; according
to the transition kernel py, ,, and provides a reward signal
(8¢, ar) ~ ls, q, to the agent.

Apolicyn: S — A(.A)E] denotes the probability of taking
actions under different state and represents the strategy of
the agent. The value function of a policy 7 is defined as the
expected cumulative reward the agent received by following
the policy starting from s:

oo

tole
E Y'relso = 5, Po, Ro
Py

V];’FO,RO (s)=E

The Q-function is defined as the cumulative reward starting
from s and action a:

(oo}
Qp,Rr,(s,a) =E lZWtMSO =s,a0 =a,Po,Ro
=0

>When 7 is a deterministic policy, i.e., 7(-|s) is a 0-1 distribu-
tion for all s, we denote the deterministic action chosen at state s
by 7(s).



The optimal Q-function QQ* is defined as
Q;O,Ro(sva’) = mT‘?JXQi;O,RO(&a% (1)

and it satisfies the Bellman equation:

QbRo(5:0) = E |rs0 + ymaxQp, g, (s',a)

Moreover, the optimal policy mp | g, = arg max, Qp, g,
. : H . * —
can be obtained from the optimal Q-function: 7p g (s) =
*
arg maxqe A Qp, g, (8, a).

2.2 DISTRIBUTIONALLY ROBUST MDPS

In the formulation of distributionally robust MDPs, both
transition kernel and reward distribution belong to (s, a)-
rectangular uncertainty sets P”(0) = @, ,P2,(c) and
RP(0) = @, , R~ (). Namely, a robust MDP can be
specified as (S, A, R,v,R*(c),P*(0)), where P£ (o) =
{a € A(S) : p(q,ps,a) < o},and RE (o) = {v € A(R) :
p(v, is.q) < o}. Here, p denotes any distance or divergence
between two distributions, and o denotes the uncertainty
level. The centers of the uncertainty sets, ps , and s 4, are
called nominal distributions.

We consider three functions that can be used to define an
uncertainty set, total variation, Chi-square divergence, and
KL divergence. For two distributions p, g, the total varia-
tion between them is defined as prv (q,p) == 3 [l — pll; ;
The Chi-square divergence is defined as p,2(q,p) =
2

E, {(1 — %) } ; And the KL divergence is defined as
prL(q,p) =Ep [log %} :

DR-RL aims to optimize the worst-case performance among
the uncertainty sets, i.e., to optimize the robust value func-
tion:

797) = arg max V0)
s

V. (@3]

= arg max iy

inf
m™ qePr(o),vERP(0)

It is also convenient to use notations of the robust state-
action value functions:

m,p(o) — inf ™ 3
@ (S’a) qEPp(al)r,lueRﬂ(a) q’y(&a), )

and the optimal robust policy can also be derived from it:
7%P(7) = arg max, Q™).

The optimal robust state-action value function is hence de-
noted as

Q") (s,a) = sup Q™*\7)(s), 4)

and the optimal robust policy can be directly obtained from
it: 74°(7) (5) = arg max, Q**(?) (s, a).

It is further shown in [Iyengar, 2005 that the optimal robust
@-function satisfies the following robust Bellman equation:

Q" (s,0) = inf By lr.] ®

vERP ()

+ inf E, |maxQ**) (s, d
Y ol Eq max Q (s',a’)
Hence DR-RL aims to find the optimal robust policy, or
equivalently to solve the robust Bellman equation Equa-

tion (3).
2.3 STRONG DUALITY

For a general uncertainty set P, directly computing
infpep p "V for any vector V is computationally expen-
sive due to the set containing an infinite number of feasible
distributions. However, this optimization problem can be
equivalently solved using its dual form, which is a convex
optimization [Iyengar, 2005, [Hu and Hong|, |2013|]. These
results play a crucial role in our algorithm design, there-
fore, we introduce the dual forms corresponding to the three
uncertainty sets as follows.

Lemma 2.1 (Total variation distance). [lyengar, 2005 The
optimization problem:

Eqfo(2)]
subject to g€ {prv (4,p) <0 € AX)}, (6

minimize

is equivalent to

max {Ep [v(z) — u(z)] — gSpan(v — ), } %

where Span(X) = max; X (i) —min; X (¢). If moreover set

then, the optimization problem is also equivalent to
o

max {E,, [(v(2))a] — 2 (a - minv(aj))} . ®

a>0 2 x

Lemma 2.2 (Chi-square). [lyengar 2005|] The optimization

problem:
minimize Egv(z)]

subject to q € {py(¢,p) <o,q€AX)},

is equivalent to

max {Ep [o(z) — u(z)] \/JVarp [o(z) — u(x)]} :

u>0

— {8, [0(0)a] = oV, (@)l ©)



Lemma 2.3 (KL divergence). [[[yengan [2005]] The opti-
mization problem

minimize

Eq[v()]
subject to q € {pkr(q,p) <o,q€ A(X)},

is equivalent to

e {-aos (5, e (~22)]) o). 0

Remark 2.4. For convenience, we denote the objective func-
tions in the dual forms by frlo) (p, a,v), i.e.,

F77 O (e v) = By [(0(@))a] ~ 5 (0 - minv(@))

1752 (p, 0, 0) = By [((2)a] — /o Var, [(v(2))al;
FP51) (p, ) = —arlog (E [exp (_Q)D .

We note that these objective functions correspond to the
second term of (3); For the first term, we similarly denote
their dual-form objective functions by ¢*(*)(u, ), whose
specific definition can be found in Appendix [B]

3 MODEL-FREE THRESHOLD-MLMC
ALGORITHM

In this section, we present our design of the T-MLMC al-
gorithm. Our algorithm assumes a generative model, which
can generative i.i.d. samples following the nominal kernels
under arbitrary state-action pair (s,a) € S X A:

i tid i

Ts,a ~ :usﬂl’ss,a

e peai=1,.,N. (1)
In robust dynamic programming, one needs to update the
estimation of the robust value function by applying the
robust Bellman operator:

Q(s,a) « T77(Q)(s,a)

= inf E,[rse +7

inf E a
it inf B, [Q(s',a'),

qEPP (o)

which is shown to converge to the optimal robust value func-
tion. In our setting, we need to estimate the two worst-case
terms with the samples from the nominal distributions. How-
ever, due to the distribution shift between the nominal kernel
and the worst-case kernel, estimating them is challenging.
One potential approach is to first obtain an empirical nomi-
nal distribution p, and construct an uncertainty set centered
on it using the same function p and uncertainty radius o:
P = {q : p(¢q,p) < o}. However, unlike the non-robust
case, where [)TV is an unbiased estimator of the expectation
E,[V], the term minyep (p' V) is non-linear in the nominal
kernel, resulting in min,, (p" V) being a biased empirical
estimator [Wang et al., 2023c].

To address this issue, a multi-level Monte Carlo approach
is proposed in [Liu et al.| 2022| [Wang et al., 2023c|], which
is inspired by the MLMC method in statistical inference
from, e.g., [Blanchet and Glynn, [2015] Blanchet et al.|
2019, [Wang and Wang], 2022]. Specifically, MLMC first
randomly generates a level number N following a geom-
etry distribution GEO(%/), and then generative 2V*+1 sam-
ples. Using the these samples, an estimated operator ’7'N
of 1CX61 N is further constructed, and it is shown that
En[Tx(V)] = minyep(p' V) is unbiased. Hence by re-
placing the robust Bellman operator with the MLMC estima-
tor, we obtain an unbiased updating rule and the algorithm
is shown to converge to the optimal policy [Liu et al., 2022,
Wang et al., 2023c].

Although the MLMC algorithms are shown to asymptoti-
cally converge in these works, the parameter v of the ge-
ometry distribution is set to be ¥ < %, which results in
an infinite expected number of samples required to con-
struct the MLMC estimator (E y ggo(y) [2N+1] = 00). To
address this issue, we modify the MLMC by designing a
threshold on the level number, to avoid numerous sample

requirements when the level number is large.

Specifically, we similarly set a fixed parameter v, and
sample two level numbers N1, Ny ~ GEO(v). Instead
of directly sampling 2Vi*! samples, we add a threshold
Nmax When generating samples. If V; < Ny, then we
generate 1 + 2N+l §id. samples; And if N; > Npax,
we only generate 1 samples instead. Our design ensures
that the number of samples required at each time step is
less than 1 + 2%maxF1 and hence finite. Specifically, if
N1 < Npax, we independently draw 2V1*! 4+ 1 sam-
ples rs.ai ~ Hsa,i = 0,1,...,28+L; And when Ny >
Nmax, we draw one sample 75 40 ~ Us,q. Similarly, if
Ny < Npax, we independently draw N2+l 4 samples

i ~ Psart = 0,1, o, 2N2 %1 And when No > Npax,
we only draw one sample s{ , o ~ Ps.a-

We then combine this scheme with the MLMC estimator to
construct our estimation of the worst-case value as follows.

For the worst-case reward term, we set

,p(0)
?"(")(s, a):=rsa0+ M7 (12)
Py,

where Py, = ¢(1 — )™ and

Z:Z,(f\-/)l 1= sup {gP(U) (ﬁs,a,2N1+17a)}
a>0

1
— 5 Sup {gp(g) (ﬁsEa 2N1 > OL)}
2 a>0 ,a,

1 ~
— —sup {gp(o’)(,uo 2N1,Oé)}
2 a>0 5

when N; < Ny, and when N; > Ny, 5gg<fv>1 = 0.
Here, [ig ,ovi+1 denotes the empirical reward distribu-
tion obtained from the 1 + 21 +1 samples {rs o, : i =



0,1,...,2"1}; And denote by 7i¥ ., and @¥_ 5, the

empirical reward distribution estimated from the samples
with odd and even indexes.

Similarly, for the worst-case value function term, we set

37 (Q)
Py ’

2

7)(Q(s,a)) : = V(s 40) + 13

where V(s) = max, Q(s,a’) and Py, = (1 — )Nz,
When Ny > Ny, set 65’(5’ )NQ(Q) = 0; Otherwise when
Ny < Nmax, 557(53\,2 (Q) is defined as:

SN (Q) 2 = sup {7 B g a0 V) }

s [ OG0}

1 o
N §sup{fp< >(,35>N2,a,v)}, (14)

where we similarly denote the empirical transition kernel
obtained from all samples {s/ , ;,i = 0,1, ..., 2V}, sam-

ples with odd indexes, and samples with even indexes by
o~ ~0 ~E
ps,a,2N2+1vps7a72N2 andps7a72N2'

Combine the two terms above together, we obtain the esti-
mated robust Bellman operator through our -MLMC frame-
work:

T2 (Q)(s,a) = 77 (s,a) + 7077 (Q(s, a)).

With this estimator, we propose our model-free T-MLMC
algorithm as in Algorithm I]

Note that due to the threshold N, x, the resulting T-MLMC
estimator becomes biased. However, as we will show in the
next section, the bias can be bounded and inversely depends
on Ny ax. That is, with the increase of Ny,,, the bias term
tends to 0, and we recover the MLMC estimator from the
T-MLMC estimator, which however will result in increasing
sample complexity. We show in the following section that by
carefully designing the threshold N, to balance the bias-
complexity trade-off, our T-MLMC algorithm converges to
the optimal robust policy with finite sample complexity.

4 SAMPLE COMPLEXITY

In this section, we present the sample complexity results of
our T"-MLMC algorithms under different uncertainty sets.

As discussed above, the estimator 77@“{; we constructed is a
biased estimation of the robust Bellman operator. However,
in the following result, we show that the operator reduces
to the vanilla MLMC estimator and the bias diminishes if
Npax — 00, and hence can be controlled by setting a larger
threshold.

Algorithm 1 T-MLMC Algorithm

Input: Parameter ¢ = %, stepsizes [, iteration number
T
Initialize: Q1) = 0
fort=0to7T — 1do
for every s € S do
Set V717 (s) = max, Q77 (s, a)
Set m;(s) = arg max, Q77 (s, a)
end for
for every (s,a) € S x Ado
Independently sample Ny, Ny ~ GEO(v))
Compute total sample sizes:

Ny =142V 1y oy
Independently draw N7 samples 1, ; ~ Ws.a
Compute 7°(?) (s, a) by Equation
Independently draw N5 samples Ss,a,i ™~ Ps,a
Compute 5°(7) Atp(o) (s,a)) by Equation
Update synchronous Q-table: Q%7 (s, a) = (1—

max )

+1
BQL ) (5,0) + B TE Q) (s, a)
end for
end for

Output: Q57 (s, a)

Theorem 4.1. For any fixed Q € RISIAl s € S a € A
for three uncertainty sets we considered, the estimation bias
can be bounded as:

sup [E [ T4 (@)(s.0)] = T @Q)(s,0)]  (15)
< O (Nax2™ ™) 5
The variance can be bounded as:
Var (T47(Q)(5,0)) < O (Nua). (16)

The result hence suggests to set a larger value of Ny, .x to
diminish the bias. However, we note that the number of sam-
ples required for constructing the estimator and the overall
sample complexity increase as Ny,,x — o0o. To balance
the trade-off between the bias and sample complexity, we
choose a suitable value of Ny, and present our complexity
results in the following sections.

4.1 TOTAL VARIATION DISTANCE

In this part, we provide the sample complexity analysis for
the total variation uncertainty set.

Utilizing results in Theorem 4.1 we obtain the following
sample complexity of our T-MLMC algorithm under the TV
uncertainty set.



Theorem 4.2 (Sample Complexity with TV Distance). Set
Y = 1 Npax = 28 T g set the stepsize as Bi =

log 2
(211°g L Then the output from Algorlthmlsansﬁes that:

J=o (o)

2
<€
o0

the expected sample complexity NP7V (7) () is

|SIIA]
(1- 7)5€2> '

— Qrrrv(9)

o[

To obtain e-optimality, i.e.,

|:HQPTV Q*aPTV(”)

NPTV () () = |S||A| NpnaxT < O (

Our result presents the first finite sample complexity for
the model-free DR-RL algorithm for the total variation un-
certainty set, indicating the effectiveness and efficiency of
our T-MLMC algorithm. Compared to model-based DR-RL
algorithms [Yang et al.} 2022| |Panaganti and Kalathil, 2022
Shi et al.| 2023 |Clavier et al.,|[2023]], our algorithm results
in a sample complexity with a higher dependence on (1 —+).
This aligns with findings from the non-robust setting [Li
et al., 2020] that the vanilla model-free algorithms(without
techniques including variance reduction) generally have
larger sample complexity. Our result is also expected to be
improved to align with the model-based complexity through
standard techniques like variance reduction.

4.2 CHI-SQUARE DIVERGENCE

We then present our results for DR-RL with a Chi-square
divergence uncertainty set.

Theorem 4.3 (Sample Complexity with x? Distance). Set

Npax = 28T 40d the stepsize as By = (2 lj’s)T Then the

log 2
output of Algorithm([l|satisfies that:

J=o(a=m)

N

re—anee

To ensure

2
} <€,
o0
the expected total sample complexity N"x*() (€) is,

p,2 (o) _ %) |S||~A| >
NP2 (6) = |]| A|Nuga T = O ((1 ~ e )
Our result implies that our T-MLMC algorithm is the first
model-free algorithm for DR-RL under the Chi-square
divergence uncertainty set. Similarly, compared to the
model-based methods, our complexity presents an addi-
tional O((1 — «)~1)-order dependence.

4.3 KL DIVERGENCE

We then present our results for the KL divergence uncer-
tainty set in this section.

Theorem 4.4 (Sample Complexity with KL Distance). If

we set ) = % threshold
21 2
N = max ogT7 log(1 + p7 log(2|S]) log T') 7
log 2 log 2
and the stepsize as [y = (11 s)T Then the output of Algo-

rithm([1| satisfies that:

-

) =0 (Gratrr)-

Q*pKL(U)

To ensure

<llar

2
] <é
(oo}
the expected total sample complexity NP1 (9)(¢) is

pre(9) () = 3 |5|A|>
N () = |S||A|NpmaxT > O (p%(l e )
Our result implies that our T-MLMC algorithm also solves
the DR-RL problem for KL divergence uncertainty sets
effectively. Compared to other model-based methods [Shi
and Chi, 2022], our results are O((1 — v)~!)-order larger.
We also note that there are several previous works on the
sample complexity of model-free DR-RL approaches for
the KL divergence model [Wang et al., 2023bla], and we
provide a discussion on the comparison of their works with
ours as follows.

In both previous works, an assumption is made regard-
ing the size of the uncertainty level o, specifically, pn >
O (1 — e77) assuming the uncertainty set cannot be too
large. This assumption significantly limits the applicability
of their results, as in many scenarios, the uncertainty set
must be designed relatively large to encompass a broader
range of environments, particularly when the nominal envi-
ronment is a low-fidelity model of the true environment. In
contrast, our approach does not rely on such an assumption
and can be applied to any uncertainty set.

On the other hand, our sample complexity result is less
than those in [Wang et al), [2023a]] and the first complex-
ity in [Wang et al., [2023b]. In [Wang et al.l [2023a], the
sample complexity of the vanilla MLMC DR-RL algo-

|S]IA|
rithm is O (W

by O(pn ) and we attribute this improvement to the design-
ing of the threshold. In [Wang et al.,[2023b]], a mini-batch

type model-free DR-RL algorithm is introduced, with a

[SIIA] .
Tt ) - Fur
ther enhancement is achieved through the use of variance

). Our result improves upon this

demonstrated sample complexity of 1) (



reduction (VR) technique, bringing the complexity down

to O (%) Notably, our result outperforms their

initial vanilla algorithm by an order of O(p,'). While the
complexity with VR technique in [Wang et al.,|2023b]| ex-
hibits a superior dependence on 1 — v, it fares worse con-
cerning pa. This enhancement in 1 —  can be attributed
to the utilization of the VR technique, consistent with pre-
vious findings [Li et al. 2020]. We hence also anticipate
further improvement in our complexity results through the
application of VR technique, a direction left for future in-
vestigation. Consequently, our algorithm achieves superior
sample complexity compared to previous vanilla model-free
algorithms and is anticipated to surpass the results in [Wang
et al.| 2023b]] with the VR technique.

S PROOF SKETCH

In this section, we briefly discuss the proof sketch for our re-
sults under the TV uncertainty set. The proofs for the other
two uncertainty sets can be similarly derived. For conve-
nience, we only discuss the proof regarding the uncertainty
set of the transition kernels, the proof regarding the reward
uncertainty can also be similarly obtained.

Our proof can be divided into two main parts: We first
conduct a sample complexity analysis to establish the con-
vergence of Algorithm[I]to the fixed point of the -MLMC
estimator; Then we characterize the disparity between this
fixed point and the optimal robust value function. Combine
the two parts together, we quantify the sample complexity
of our T-MLMC algorithm converging to the near approx-
imation of the optimal robust value function. Specifically,
we decompose the error as

o]

|@5 @ <@y

+2HQ*/) o) _Q*p(o) 2 ,

A7)

where @*”W denotes the fixed point of the expected T-
MLMC estimator: T’)({T) Q) = [Tp(a (Q)]. The two

Nmax

steps in our proof correspond to bounding the two terms in
For the first term in (17]), we adapt the stochastic approxima-
tion scheme. From the definition, our T-MLMC operator is

an unbiased estimator of 7 (::ZX (Q), and it suffices to show
the finite variance to ensure the asymptotic convergence to

the fixed point @*p("). Using the concrete construction of
T-MLMC operator:
5P(U) Q
POQssa) : = Vs a0) + 2222 iy
3@y PN2

and definition of 55 (;7_ %\,2, we directly calculate the vari-
ance of it. We show that the variance is finite and can

be bounded by (’)( Nmax), as in Theorem Hence ac-
cording to stochastic approximation theory [Borkar, 2009],
Algorithm [[] converges asymptotically to the fixed point
Q*”(") We then adapt the analysis in stochastic approxima-
tion [Chen et al., 2022] to obtain the finite-time error bound
on the convergence of Algorithmto Q**9), .., the first
term in (17)).

For the second term in (17, we show that the approximation
error between Q*p(”) and the optimal robust value function
can be bounded by considering the disparity between the
robust Bellman operator and our T-MLMC operator, i.e., the
bias:

H@*p(d) _ Q*p(o)
H T (@) 7 (@) (19)

Nma

We note that when the threshold is not met, the T-MLMC
operator is an unbiased estimator of 77 (9) in which case
we bound the error using concentration inequalities as in
conventional MLMC approaches; When the threshold is
met, although the error bound between the two operator is
large, we can set the threshold NVy,,x larger such that the
probability of GEO(¢)) > Npyax is small, resulting in a
smaller error bound due to its low probability. Combining
the two cases together implies a tight bound on the bias,
as the first part in Theorem [4.1] and further quantifies the
approximation error introduced by our T-MLMC design.

Finally, combining the two parts, we derive the sample com-
plexity for Algorithm [I]to converge to an approximation
of the optimal robust value function with a quantifying ap-
proximation error. By setting the value of the threshold, we
hence obtain the final sample complexity results.

6 CONCLUSION

In this paper, we introduce a novel model-free T-MLMC
algorithm tailored for finding the optimal robust policy in
the DR-RL problem. Our algorithm strikes a delicate bal-
ance between convergence guarantees and the expected total
sample size, ensuring convergence within a finite sample
size. We further conduct sample complexity analyses for
our algorithm under three distinct uncertainty sets: total
variation, Chi-square divergence, and KL divergence. No-
tably, our results mark the first complexity analyses for
model-free DR-RL methods under the total variation and
Chi-square divergence uncertainty sets, while also enhanc-
ing the complexity bounds and applicability of prior results
for the KL divergence model. Our results achieve the tight-
est complexity bounds in the realm of model-free DR-RL
methods, achieving state-of-the-art results under minimal
assumptions.



ACKNOWLEDGEMENT

The work of Yudan Wang and Shaofeng Zou is supported
by the National Science Foundation under Grants CCF-
2007783, CCF-2106560 and ECCS-2337375 (CAREER).
Yue Wang is supported by UCF start-up funding.

This material is based upon work supported under the Al Re-
search Institutes program by National Science Foundation
and the Institute of Education Sciences, U.S. Department
of Education through Award # 2229873 - National Al Insti-
tute for Exceptional Education. Any opinions, findings and
conclusions or recommendations expressed in this material
are those of the author(s) and do not necessarily reflect the
views of the National Science Foundation, the Institute of
Education Sciences, or the U.S. Department of Education.

References

TW Archibald, KIM McKinnon, and LC Thomas. On the
generation of Markov decision processes. Journal of the
Operational Research Society, 46(3):354-361, 1995.

Jose H Blanchet and Peter W Glynn. Unbiased Monte
Carlo for optimization and functions of expectations via
multi-level randomization. In 2015 Winter Simulation
Conference (WSC), pages 3656-3667. IEEE, 2015.

Jose H Blanchet, Peter W Glynn, and Yanan Pei. Unbiased
multilevel monte carlo: Stochastic optimization, steady-
state simulation, quantiles, and other applications. arXiv
preprint arXiv:1904.09929, 2019.

Vivek S Borkar. Stochastic approximation: a dynamical
systems viewpoint, volume 48. Springer, 2009.

Zaiwei Chen, Siva Theja Maguluri, Sanjay Shakkottai, and
Karthikeyan Shanmugam. Finite-sample analysis of con-
tractive stochastic approximation using smooth convex
envelopes. Advances in Neural Information Processing
Systems, 33:8223-8234, 2020.

Zaiwei Chen, Sajad Khodadadian, and Siva Theja Maguluri.
Finite-sample analysis of off-policy natural actor—critic
with linear function approximation. IEEE Control Sys-
tems Letters, 6:2611-2616, 2022.

Pierre Clavier, Erwan Le Pennec, and Matthieu Geist. To-
wards minimax optimality of model-based robust rein-
forcement learning. arXiv preprint arXiv:2302.05372,
2023.

Zhaolin Hu and L Jeff Hong. Kullback-leibler divergence
constrained distributionally robust optimization. Avail-
able at Optimization Online, 1(2):9, 2013.

Garud N Iyengar. Robust dynamic programming. Mathe-
matics of Operations Research, 30(2):257-280, 2005.

Jens Kober, J Andrew Bagnell, and Jan Peters. Reinforce-
ment learning in robotics: A survey. The International
Journal of Robotics Research, 32(11):1238-1274, 2013.

Gen Li, Yuting Wei, Yuejie Chi, Yuantao Gu, and Yuxin
Chen. Sample complexity of asynchronous Q-learning:
Sharper analysis and variance reduction. arXiv preprint
arXiv:2006.03041, 2020.

Zhipeng Liang, Xiaoteng Ma, Jose Blanchet, Jiheng Zhang,
and Zhengyuan Zhou. Single-trajectory distribution-
ally robust reinforcement learning. arXiv preprint
arXiv:2301.11721, 2023.

Zijian Liu, Qinxun Bai, Jose Blanchet, Perry Dong, Wei
Xu, Zhengqing Zhou, and Zhengyuan Zhou. Distribution-
ally robust g-learning. In International Conference on
Machine Learning, pages 13623-13643. PMLR, 2022.

Arnab Nilim and Laurent El Ghaoui. Robustness in Markov
decision problems with uncertain transition matrices. In
Proc. Advances in Neural Information Processing Sys-
tems (NIPS), pages 839-846, 2004.

Kishan Panaganti and Dileep Kalathil. Sample complexity
of robust reinforcement learning with a generative model.
In International Conference on Artificial Intelligence and
Statistics, pages 9582-9602. PMLR, 2022.

Laixi Shi and Yuejie Chi. Distributionally robust model-
based offline reinforcement learning with near-optimal
sample complexity. arXiv preprint arXiv:2208.05767,
2022.

Laixi Shi, Gen Li, Yuting Wei, Yuxin Chen, Matthieu Geist,
and Yuejie Chi. The curious price of distributional robust-
ness in reinforcement learning with a generative model.
arXiv preprint arXiv:2305.16589, 2023.

Richard S Sutton and Andrew G Barto. Reinforcement
learning: An introduction. MIT press, 2018.

Roman Vershynin. High-dimensional probability: An in-
troduction with applications in data science, volume 47.
Cambridge university press, 2018.

Guanyang Wang and Tianze Wang. Unbiased multilevel
Monte Carlo methods for intractable distributions: Mlmc
meets memc. arXiv preprint arXiv:2204.04808, 2022.

Shengbo Wang, Nian Si, Jose Blanchet, and Zhengyuan
Zhou. A finite sample complexity bound for distribution-
ally robust g-learning. In International Conference on
Artificial Intelligence and Statistics, pages 3370-3398.
PMLR, 2023a.

Shengbo Wang, Nian Si, Jose Blanchet, and Zhengyuan
Zhou. Sample complexity of variance-reduced
distributionally robust g-learning.  arXiv preprint
arXiv:2305.18420, 2023b.



Yue Wang and Shaofeng Zou. Online robust reinforcement
learning with model uncertainty. Advances in Neural
Information Processing Systems, 34:7193-7206, 2021.

Yue Wang, Alvaro Velasquez, George K Atia, Ashley Prater-
Bennette, and Shaofeng Zou. Model-free robust average-
reward reinforcement learning. In International Confer-
ence on Machine Learning, pages 36431-36469. PMLR,
2023c.

Yue Wang, Jinjun Xiong, and Shaofeng Zou. Achieving min-
imax optimal sample complexity of offline reinforcement
learning: A dro-based approach. 2023d.

Wenhao Yang, Liangyu Zhang, and Zhihua Zhang. Toward
theoretical understandings of robust markov decision pro-
cesses: Sample complexity and asymptotics. The Annals
of Statistics, 50(6):3223-3248, 2022.

Wenshuai Zhao, Jorge Pefia Queralta, and Tomi Westerlund.
Sim-to-real transfer in deep reinforcement learning for
robotics: a survey. In 2020 IEEE symposium series on
computational intelligence (SSCI), pages 737-744. IEEE,
2020.

Zhengqing Zhou, Zhengyuan Zhou, Qinxun Bai, Linhai
Qiu, Jose Blanchet, and Peter Glynn. Finite-sample re-
gret bound for distributionally robust offline tabular re-
inforcement learning. In International Conference on
Artificial Intelligence and Statistics, pages 3331-3339.
PMLR, 2021.

10



A NUMERICAL RESULT

In this section, we conduct numerical experiments to validate the convergence of our T-MLMC algorithm.

A.1 CONVERGENCE AND OPTIMIALITY OF T-MLMC ALGORITHM

We adapt our algorithm under the Garnet problem G (15, 20) [Archibald et al.,|1995]. There are 15 states and 20 actions. The
transition kernel P = {P?} is randomly generated by a normal distribution: P% ~ A (w?, 0%) and then normalized, and the
reward function 7(s, a) ~ N (v2,9%), where w?, 0%, v%, )¢ ~ Uniform[0, 100]. We implement our T-MLMC algorithm
under three distinct uncertainty sets. In our experiment, the uncertainty level for each model are set to be 0.4, the step size

are set to be 5 = 0.01, and Ny, = 32.

Garnet (TV) Garnet (Chi-Square) Garnet (KL)

AL e PN
= 90

1001

~
S

o Aol b vy
80

o
3

®
3

Robust expected cumulative reward

Robust expected cumulative reward
Robust expected cumulative reward

@
3

—— T-MLMC algorithm
Optimal robust value function 04

—— T-MLMC algorithm
Optimal robust value function 50

—— T-MLMC algorithm
Optimal robust value function

1000 0 200 400 600 800 1000
Number of samples

©

1000 4 200 400 600 800
Number of samples

(b)
Figure 1: Garnet G(20, 15) (a)TV (b) x? (c) KL uncertainty set
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We run algorithm under each uncertainty set for 20 times, and at each time step, we evaluate the worst-case performance of
the greedy policy derived from the algorithm. We plot the average robust value function across the 20 runs, along with the
5th and 95th percentiles of the 20 runs as an envelope of variability. To establish a baseline, we compute the optimal robust
value functions using robust dynamic programming.

Recycling robot (TV) Recycling robot (Chi-Square)
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Figure 2: Recycling Robot (a)TV (b) x? uncertainty set

We further provide an experiment on a real-life problem: recycling robot problem (Example 3.3 [Sutton and Bartol 2018]
Wang et al., [2023c]]. A mobile robot running on a rechargeable battery aims to collect empty soda cans. It has 2 battery
levels: low and high. The robot can either 1) search for empty cans; 2) remain stationary and wait for someone to bring it a
can; 3) go back to its home base to recharge. Under low (high) battery level, the robot finds an empty can with probabilities
«(/3), and remains at the same battery level. If the robot goes out to search but finds nothing, it will run out of its battery and
can only be carried back by human. We introduce model uncertainty to the probabilities «, 5 of finding an empty can if the
robot chooses the action ’search’. We implement our algorithm under this problem. In our experiment, the uncertainty level
for each model is set to be 0.2, the recycling system are set to be « = 0.5, 5 = 0.5, the learning rate is set to be 0.01, and
Nmax = 32. We run algorithm under each uncertainty set for 20 times, and at each time step, we evaluate the worst-case
performance of the greedy policy derived from the algorithm. We plot the average robust value function across the 20 runs,
along with the 5th and 95th percentiles of the 20 runs as an envelope of variability. To establish a baseline, we compute the
optimal robust value functions using robust dynamic programming.
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We further explore the theoretical FrozenLake environment. This simulation involves navigating from the starting point at
[0,0] to the goal at [3,3] on a 4x4 grid of icy patches and holes. Players choose to move up, down, left, or right, but due
to the ice’s slipperiness, movement may not always follow the intended direction. We incorporate model uncertainty into
movement probabilities to account for the ice’s unpredictable nature, demanding strategic planning and robust algorithm
implementation to safely reach the goal. In our experiment, the uncertainty level for each model is set to be 0.2, the learning
rate is set to be 0.01, and Ny, = 32. We run algorithm under each uncertainty set for 20 times, and at each time step, we
evaluate the worst-case performance of the greedy policy derived from the algorithm. We plot the average robust value
function across the 20 runs, along with the 5th and 95th percentiles of the 20 runs as an envelope of variability. To establish
a baseline, we compute the optimal robust value functions using robust dynamic programming.
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Figure 4: Gambler (a)TV (b) x? (c) KL uncertainty set

Besides, we validate our algorithm in the Gambler’s Problem, featured [Zhou et al.l 2021} |Shi and Chi, |2022]. In this
scenario, a gambler starts with an initial stake and bets on coin toss outcomes to reach a financial goal, such as turning 1
into 100. Each bet can lead to a gain or loss, dictated by probabilities p and 1 — p, respectively. The gambler’s challenge
is to devise a strategy that maximizes the odds of reaching the target without going bankrupt, considering they can bet
any amount up to the lesser of their current capital or the amount needed to reach the goal. This problem emphasizes the
development of optimal betting policies and the application of value iteration techniques to achieve desired outcomes in a
risk-laden environment. In our experiment, the uncertainty level for each model is set to be 0.2, the parameter p in system is
set as p = 0.6, the learning rate is set to be 0.01, and Np,,x = 32. We run algorithm under each uncertainty set for 20 times,
and at each time step, we evaluate the worst-case performance of the greedy policy derived from the algorithm. We plot the
average robust value function across the 20 runs, along with the Sth and 95th percentiles of the 20 runs as an envelope of
variability. To establish a baseline, we compute the optimal robust value functions using robust dynamic programming.

As the results show, our algorithm converges to the optimal robust value functions under all uncertainty sets, indicating
the algorithm’s capacity to derive the optimal robust policy effectively. The experimental findings thus corroborate our
theoretical assertions, affirming the convergence of our model-free T-MLMC algorithm.
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A.2 COMPARISON WITH VANILLA MLMC ALGORITHM

Furthermore, we compare our T-MLMC algorithm with the vanilla MLMC algorithm using the recycling robot problem as a
test case. We run both algorithms with same parameters, and plot the robust value functions of the learned policy v.s. the
number of samples. Our algorithm learned the optimal policy with a much fewer number of samples, demonstrating that our
T-MLMC algorithm exhibits better sample complexity performance than the vanilla MLMC algorithm.
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Figure 5: T-MLMC v.s. MLMC (a)TV (b) x? uncertainty set

B NOTATIONS AND LEMMAS

In this section, we present the necessary notations and lemmas which are later used in the proofs. The proofs of these
lemmas can be found in Appendix [F]

Recall that for the reward uncertainty set, we have
ngV(”)(,u,a) E.[(z)a] — (a minz);

2(0)(

gPx W, ) = Var,,[(z)a];

Specifically, the definition is as follows

ngV(U) (Ms,aa Q, Ts,a) = E#s,a [(TS,a)a] - g (a — min Ts,a) )

gpxz(a)(’u&a, aars,a) = Eus,a [(TS,a)a] - \/Ovarlis,u [(Ts,a)a];

g”KL(U)(,us,m a,Tsq) = —alog (E#S_a [exp (—rs—aﬂ) — ao. (20)
! «

For the transition kernel uncertainty set, the detailed definition is as follows

prV(o) (ps,a,a7 V) = Epsﬁa [(V(S/S,a))a] - % <a - ]:’gI/liIlV(S;a)) )

O (D00, V) = By [(V(sha))a] = /o Var,, [(V(s)a))el;
For@ (p, 0 0, V) = —alog (Epw [exp (—M>D — ao. Q1)

(67

We present the analysis of propositions and theorems proof of the T-MLMC algorithm. To simplify the proof process, we
just provide the analysis of the transition kernel uncertainty set, which is easy to extend to the reward uncertainty set.
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Firstly, to define the surrogate ()-table @*p("), we define the expected biased estimation of dual value as follows:

Definition B.1 (Biased estimation). Draw n samples from nominal distribution s’s ~ Ps.a,t=0,1,..,n — 1 and get the
empirical distributio p; 4 . We define (resp. s q, fis,a,n)

FH Brans V) 1= 50D { 7 (a0 V)
a>0

The estimation of the robust Bellman operator is biased and the bias depends on empirical distribution sample sizes n, which
referred to as

B £ s V)] = 7 (b V).

We first show that when including the threshold Ny, in our algorithm, the bias of the robust Bellman operator is equal
to the bias when applying the model-based algorithm with sample size 2"Vmax*1, Here, we describe the condition by the
following proposition.

Proposition B.2 (Threshold MLMC). We recall that T\7) (Q)(s, a) = 7(°) (s, a) + 4077 (Q(s, a)). The robust Bellman
estimator 9°7) (Q(s, a)) (resp. 7°{7) (s, a)) satisfies that

p(o),r
E [ (s,0)] =E | o0+ =2 | =B [g7) iy 0 p5mact1,70)]
Py,
-~ L, (Q)
E [0/9)(Q(s,a))] = [V(sl00) + S| =E (£ (B 21, V)]
No

Thus, the estimated robust Bellman operator Tp . satisfies
E T4 (@)(s,0)] =B [ (5,0) + 957 (Q(s,0))]
=E I:g*p(”) (ﬂs,a,QNmaX‘H ) rs,a) + ,Yf*p(a)(ﬁs7a72Nmax+1a V) . (22)

The Proposition shows the fact that the estimation biases are equal when drawing 2/Vmax*+1 samples to estimate the dual
value directly and when setting the N, ,x-threshold MLMC algorithm to estimate the dual value.

Based on Proposition [B.2] for p distance and uncertainty level o, we define
B[ @Q)s,0)] = TAT (Q)(5.0), (23)

where Tp( ) _ is the surrogate robust operator being the expectation of our T-MLMC estimator.

Proposition B.3. Given statistical distance p and uncertainty level o, estimated robust Bellman operator T*(%)is ~-
contraction w.r.t. the infinity norm:

|73 @ - TR @) _ =710~ 24)
We denote its unique fixed point as @*p("), ie.
,7—_5)\[(0) (@*p(o’)) _ Q\*p(a). (25)
It hence holds that
H@P(U) _ *P(U) < QHQP *P( ) ? + QHQ\*P(U) _ Q*P(a) ? (26)
T 00 e}

14



Lemma B.4. The optimal robust Q-function and estimated optimal robust Q-function can be bounded as follows:

< [ (@) =7 (@) @

H@*p(cr) _ Q@ H
o~ 1—=7

Combined with Proposition and Lemma this term can be bounded specifically for different uncertainty set (TV, x?2
and KL) in the following sections.

. The error between surrogate ()-table and the
oo

We then aim to bound the first term in Equation HQ;(G) — @*p (@)

. 2
optimal robust Q-table, ||Q**(?) — Q*,(?) can be bounded following lemma.
(oo}
Lemma B.5 ([Chen et al.,|2022] Theorem 2.1 & Corollary 2.1.2). For the following stochastic iteration,
Okt1 = Ok + B (H(Ok) — O + wi) , (28)

where § € RY, By, is the stepsize. The fixed point 0* satisfies that 6* = H(0*). Define Fj, = {00, wo, ..., O 1, Wi_1, O }.
When

[HO) = H(O ) oo <710 -0l » (29)
and
(@E[wil 7] =0 0)E [l 7] < A+ B ol (30)
when B; < % we have
E [0 - 072 ]
k—1 k—1
<[00 — 0% TT(1 = c2By) + ea (A +2B ||9*||§O) 252 T (- e2)), 31)
j=0 1=0 Jj=i+1
Where cl = %, Cy = 1777,63 = 7326(Br_2’)‘{10g(d) ,C4 = 716€1lji(d) .
We consider the stochastic iteration that
N =@ 5 (TR (@) = Q17+ wi) (32)

where we define the filtration F; = {Q8(0)7 Wo, .eey Qfﬁ‘?, Wi_1,QF (@) } There are three requirements when applying
the Lemma

Ty n(a) =FE [f{\’f(:gx (Q)} is v contraction operator (Proposition .

2). Unbiased estimation:

B |76 (@) - TR (@) ] =0 @

3). Bounded infinite norm expectation: Here, the boundary of the MLMC estimator infinite norm expectation

{H T (U H } is required to make sure the convergence of the algorithm. Take the expectation of N ~ Geo(v),

Nm ax

the expectation of infinite norm can be bounded by

2 2
() (@)

27 (a) r2 Ninax (5S’Z’N ) Nimax (53@71\] (Q))
[H pm’xx )H ] < 4Tmax 47 % + 4E E supi1 +»Y2 E Supiz

( 7)? Ni—o 5@ Py, Na—o 5@ Py,
2
(5: 58‘9) New  (820,(@)
=4} +4 5 +4E SUp L+t Y sup | (34)
s ( 2; o) NQZ:O RANTEDLE
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where (a) follows from that sup; , 75,0 < Tmax, Sup, o @(s,a) < 722 and the two estimators are independent.

2

Then, make the decomposition of the term sup, , 557(; )Nz Q)] ,

2

2
sup 557(;)]\](62)(37@‘ < 3sup

s,a s,a

sup {fp(a')(i)\s’a’2N+1 , QU V)} - Slipo {fp(a) (psym a, V)}
(& P

a>0

sup { 7O (BE, p, V) b = sup {1 (py a0, V) }
a>0 Y a>0

up {70000 V) | = 5 {77 (s, )}

3 2
+ —sup

s,a

3 2
+ 1 sup 35)

)

Then the terms in Equation can be bounded specifically for different uncertainty sets (TV, x2, and KL) and we can
obtain the sample complexity.

C TOTAL VARIATION UNCERTAINTY SET

In this part, we present the proof of propositions and theorems specifically for the TV-constrained uncertainty set.
Theorem C.1 (Restatement of Theorem 1| specifically for TV distance). Consider the case of TV constraint uncertainty

set with uncertainty level o i.e. PTV (o) and RV (o), set ¢ = %,for any Q € RS*A s € S,a € A, the estimation bias
can be bounded as:

B[ 7(Q)(s,0)] = T O(Q)(s,0)| < O (N2 ™),

sup
s,a

The variance can be bounded as:

Var (T3 (Q)(s5,a)) < O (Nona) (36)

Proof. Firstly, we make error decomposition as follows:

E [T (@)(s )] ~ T (Q)(s.a)|

Sup max

s,a

(2 sup E [g*pTV(U)(ﬂs,aQNmaX‘*'l ) rs,a):| + ’VE [f*pTV(U) (ﬁs,a,QNmaf*'l ) V):|
s,a

_ g*PTv(U) (’us,a’ Ts,a) _ ,-Yf*PTV(O') (p&a’ V)

< sup

s,a

E [g*pTV(U) (ﬂs,a,QNmax+1 ) TS»G):| - g*pTV (o’) (N’S-,lﬂ rs,a)

E [f*pTV(a) (ﬁs7a’2Nmax+1 7 V)} _ f*pTv(a) (Ps.a V)‘

|

f*pTV(a) (ﬁs,a,szax+1 , V) — f*PTV(U) (pSvm V) H 37

+ ysup
s,a

g*pTV(U)(ﬂs’a’QNmax+1 ) rs,a) - g*PTV(O') (Ns,zm rs,a)

<E {sup

s,a

+1E {sup
where (4) follows from Proposition|B.2)
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For convenience, we only bound the second term in Equation (37). The first term can be bounded similarly. By Lemma [2.1]

f*PTV(U) (ﬁ57a’2Nmax+1 , V) _ f*PTV(U') (ps,aa V)’

max {8 (VL)) = § (- minvista) )|

s,a

g .
—E%{ngmmﬂKVG@NJ—2<a—mmV@%O}‘

Ss,a

< max
0<a<max, V(si,)

Eps,a [(V(S/s,a))a} _Eﬁsya‘QNmaxi»l [(V(S/s,a))a] .

(38)

Similarly to Lemma 9 in [Shi et al.| 2023]], we have the following lemma.

Lemma C.2. Consider the case of TV constraint uncertainty set P*V (o) with uncertainty level o , for any § € (0,1), one
has with probability at least 1 — 6,

, : log (15%)
Ogagmairclj:}i V(s,.4) ‘Eps,a [(V(Ss,a))a} - Eﬁs,a,N [(V(S&a))a” < 3Tmax (1 'y)zN 39
According to Lemma it can be shown that with probability at least 1 — %, we have
e [Bre [VEhaDa] = Bp, s [V(5.0)e]
2
S 3 Tmax (log (18|S‘ |A|) + 2(NIIlaX + 1) log 2) ; (40)
(1 = ~)22Nmaxt1
Then, according to the Bernoulli’s inequality, we have that
9= Nimax—1 [SI14 N
- > 1 — 27 Nmax—1 (41)
( |S[IA] >
Therefore, with probability at least 1 — 2~ ¥max—1 e have that
sup max ‘]E (V(sha))a] — Ep [(V(sha)allp < M, 42)
s |0Sagmax, V(s TR P 2ot . T (12

where we set Cry = 31/2(Npax + 1) log 2+ log (18| S]] AJ).
With probability 2= Vmax—1 we directly have that

sup max
s,a OSaSmaxsg . V(sg’a)

]Eps,a [(V(S;,a))a] - Eﬁsva’szaerl [(V(S;,a))a]

} <supmaxV (s, ,) < Imax .43
s,a Sé‘a ’ -

Hence, combining both cases together with Equation (38), we further have that

s,a

E |:Sup f*PTV(O') (ps,a,2Nmax+1a V) - .f*pTV(U) (ps,(u V)‘:|

(i) TmaxCTV o~ Mgt 4 Jmax o (Nmax+1)
(L—=7) L—=n

S fmax 9= in]z;x+1 (27 Nmz;x-i-l + OTV) ’ (44)
-
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where () follows from that 1 — 2~ (NVmaxt1) < 1,

Similarly, we can get the bound

E |:Sup g*PTV(U) (ﬂs,a’QNmaxi’lars,a) - g*pTV(U)(,U’S,av rs,a)

s,a

|

+Crv). (43)

Nmax+1
2

_ Nmax+1 _
< a2 (2

Thus, we can get that

Nmax

E [T (@)(s.0)] - T Q) (s,a)

s,a

<E {sup

s,a

|

Fremvio (p, 5,0,2Nmax+1, V) — ;7 (ps 0, V)H

*PTV(")(,u @, 2Nmax+1,Ts,q) — g*pTV(g)(ﬂs,aa Ts,a)

+~E [sup

s,a

< (ZTmax 4 qu> 9 Nzna2x+1 (2, Nm%erl —|—OT\/) . (46)

We then consider the variance of the robust Bellman operator. Firstly, we make an error decomposition of the robust Bellman
operator variance as

Var (T320 7 (Q)(5,a)) = Var (7774() 4307 Q) 5,0))

o = Var (?”TV(U)) + ~°Var (WTV(U)(Q) (s, a)) ’ 7

which is due to the two estimators are independent.

For convenience, we analyze the second term in the above equation. The first term can be bounded similarly.

Var (17 Q)(s.0)) = B | (775, | - (B [ O @(s.0)])

<E RAMV(J)(Q)(S,G))Q] . 48)

Next, according to the Equations (I3)) and (T4), the term above can be explicitly computed:

Prv(@) 0V (s.a)\
B[O @sa) ] - <v<s;7a,o> + W)

prv (o) 2
< 2B [V(s),0)?] + 28 <5N<Q><>>

Pn,
N, prv (o) 2
Ogan, (@)(s,a)
i ;2 Y E|| SN =N | P
(0, )]
a2 2NWE[(55’7;7;“)(@)(5,@)2] w
Sa-q " Nz=:0 Py | w
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2

Next, we bound the term ’55;‘,/]\(,0) (Q)(s,a)| , where

07N (Q)(s, )| = [sup {177V B g o, V) }

a>0
1 prv (o) (oE 1 prv (o) (50

—fsup{f (psazN,a,V)}—fsup{f (psa2N,a,V)} ) (50)
2 00 ,a, 2 00 ,a,

We make an error decomposition as follows:

prv(©) ’ prv(0) (5
5s,a,N (Q) (87 a’) = | sup f (ps,a,2N+1 )y O V)
a>0

2

1 1
— —sup {f,UTV(O') (ﬁfa N @ V)} — Zsup {f,DTV(O') <p’ OS W Qs V)}
2 050 NeR 2 >0 R

2

< 3 |sup {prv(a)(ﬁs’a’zNH , V)} — sup {prV(U)(p&av a, V)}

a>0 a>0
3 2

+ = lsup {prv(ﬂ)(ﬁE e V)} — sup {prv(d)(ps 0 QU V)}
4 a>0 s a>0 '
3 2

42 Sup{jmTV@ﬂ(ﬁ?QQN,a,V)}—fsup{jmTV(ﬂ(psa,a,Vj} . (51)
4 |a>0 o a>0 '

Then, combined with the analysis in Equations (42) and {@3) and the fact (AN BN C) > 1 — P(=A) — P(~B) — P(=C),
we can conclude that with probability at least 1 — 3 * 27

2 T vei\? 3 r ~\? 3 r v\ 2
5pTV(<7) ‘ < max o— S5 2 max o4 2 max o4
san (@)(s.a)] =3(Crvy 527 )t Crvi— 527 )t Crvi— 52

< 3CY'%VTrznaX27(]\/:{»1)7
- (1=)?

Since 0 < sup,s {77V (7 (g, @, V)} < f22= for any distribution g, with probability at most 3 + 2~ we have that

(52)

2
6PTV(U)(Q)(S a)r < Tmax . (33)
s,a,N ’ — 1— ~

Above all, we can get that

2
E 5PTV(U)(Q)(5 a)r <3CZ2“V7"12nax2—(N+1)+ Tmax 349N
el B R CEEYE 1—
2
< (3C%y +6) <1Tria’;> 2~ N-1, (54)

Then, plug Equation (54) in Equation (9), we can get the bound of variance of robust Bellman operator as follows:
2
Var (27 (@)(s,0)) < B | (#7Q)(s.0)) |

Nowe B (875747 (Q)(5,0))7]

< max_ 4 o
1=9? = Py
o2 22 Nmax 9—-N-1
< max max 302 6
ST T BCrv )N:o Py
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—
<

) 2T1211ax 2
W (1 + (SCTV + 6) (Nmax + 1)) ) (55)

where (i) follows from Py = (1 — )N = (1/2)N+1.

IN

Similarly, we can get the bound of the variance Var (?”TV(")) as follows:

Var <ApTv< >> <E {(;?Mv(d))ﬂ <22 (14 (3C2y +6) (Nunax + 1)) (56)

Hence, we can get the robust Bellman operator variance bound:

Var (TPTV (Q)(s, a)) — Var (?ﬂw(ff)) +~2Var (WTV(")(Q)(S, a))

Nmax

2 2
(2rmax 72(17"_““;’32) (1+ (3C2y + 6) (Nmax + 1)) (57)
This completes the proof.
O
Lemma C.3. For any fixed Q € RISIIAl the infinite norm of robust Bellman operator can be bounded as:
B[R @] | < 0. (58)

Proof of Lemma|C.3} We then consider the expectation of infinite norm of robust Bellman operator. Set 1) = % from the
construction of T-MLMC operator we directly have that

2
p(0) prv (o)
N ) Nonax (55157 Nl) N (5M (o (Q))
E[HT&ZZX( )(Q)HOJ < A + 47 (1 5 +4E Z S S £97) 0 sp AT L (59)
No=0 7’

2
, we make an

For convenience, we analyze the last term in the above equation. Consider the term sup, , |d% Z"N )(Q) (s,a)

error decomposition as follows:

2
up 0717 (Q)(s,0)| = sup

sup {prV(U) (ﬁs,a,QN‘*'l s O V)}

s,a s,a | a>0
) 2
— —sup {fPTV )(psa2N’a V } _ ,Sup {fPTV(O') P aans V)}
2 a>0 2 a>0
2
< 3sup |sup {f”TV(" (Ds,a2n+1, @, V) } {fp”(") Ds,ar @, V)}
s,a |a>0
3 2
+ — sup [sup {prV(U)( Dsaan:Q, V)} sup {prV(”)(ps’a,a, V)}
4 54 |ax0 >0
3 2
+ — sup |sup {f”TV(”)(péazN,a V)} su {J"”T"(‘T)(pS a, QL V)} (60)
4 s,a |a>0 Ot_

Then, combined with the analysis in Equations (42) and {3) and the fact (AN BN C) > 1 — P(=A) — P(—=B) — P(=C),
we can conclude that for any NV > 0, with probability at least 1 — 3 2=V

2 T'me vei\2 3 Tme ~\? 3 Tme v\
6PTV ) ‘ < 3 C max 2_ e C max 2_7 e C max 2_7
san (@)(s,a)| < VI, 2 T2 Vi, )T ™Vi_, 2

s,a

< 3%””“;"2 (N+1) 61)
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Since 0 < sup, > { frrvi(e) (¢, v, V)} < ’im_“jy‘ for any distribution g, with probability at most 3 * 2~V we have that

2
prv (o) 2 ""max
P [0g 0N (Q)(s,a)‘ < <1_,y> : (62)

s,a

Above all, we can get that

) 2
E |sup 652‘/]\(,0)(62)(3@)‘ < 3%2 (N+1) y ((Jmax ) g, 9-N
s,a 7’ (1 - /7) 1-
2
< (3C%y +6) (f“";) 2~ N1, (63)
Thus we have that
prv (o) 2
E |sup Lo @, 302, 1 6) ((Tm ) 64
v a— =60 +0) (1Z7) - (64

Then, plug Equation (64) in Equation (39), we can get the bound of expectation of infinite norm as follows:

v (@) e (e’
E NQZ:OSQ}EW < N;O (3C%y +6) ( = 7) = (Nmax + 1) (3C7y +6) (1 —v) . (65)
Similarly, we can get the bound as follows:
Mo (20)] N
E| ) sup 2_]\,7_1 < > (8CHy +6) 12 = (Namax + 1) (3CFy +6) 20, (66)

s,a

N1=0 N1=0

Hence, combining Equation (39) and the above equations, we can get the robust Bellman operator infinite norm bound:

Fev QI | <41+ Vo + 1) (302 +6 2 (i |7 67
[H @) }_ (1+ (Nmax +1) (3C7v +6)) | e +7 (1v) (67)

This completes the proof. O

Next, we present the proof of Theorem 4.2
Theorem C.4 (Restatement of Theorem . Set ) = % and set the stepsize as

2logT
5 = ﬁ =
' (1-9T
Then the output from Algorithm (]| satisfies that:
2 ~ 1
prv (o) *pry (o) <
=[x -a <0 (a=pr)

To obtain an e-optimal policy, i.e.,

[HQPTV Q*apTV(U)

2
<€
o0

the expected sample complexity NPTV (9) (¢) is

~ S||A|
prv(0) () — > 7|
N (6) = |S||A|NmaxT > O ((1 — 7)5€2> .
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Proof. The update of our algorithm can be equivalently written as

Nmax

Q\tp—&T-‘l/(a QPTV(U) _|_IB (TPTV(U) (QPTV(U)> _ @fTV(U) + Wt) ) (68)

where W, = 'TPTV(U) (QPTV(U ) 'TpTV (QfTV(U))

Nmax Nmax

Define the filtration F; = { v (o) woo . QPTV(O) Wi_1, QfTV(”) } Note that by definition we have that

E [Wt|]:t] =0, (69)

and by Lemma|[C.3] we can get that

Nmax

E[|Wt||ioft}SELa TE (@) (s,0) - TA (5TV<<’>)<S,@>)2|E}

<2y

T Q@) (s,a)| +sup

S,a

TPTV(U') ( tpTV(o’)) (870’)’2 |-7'—t]

Nmax
S,a

(<) AE {Sup2 ’TPTV o) (QPTV ")) (S,(I)‘2 |]:t:|

®) 2
< 16 (1 + (Nmax + 1) (3C3y +6)) ( P2 42 (rmax ) ) 7 (70)

where (a) follows from that

ffﬁmiid) <QpTv(G)) s,a) ‘ |]:t} _

[TprTn:x(G) (QPTV(O')) (s, a)] ’2 ‘ft}

<E supE {TPTV ( fTV(U)> (S,Cl)ﬂ ’ft]

max
s,a

E [Sup
s,a L Sxa

p | T (@) (s,a)ﬂft} : @

L S!a

and (b) follows from Lemmal|C.3|
According to Equation (23)), we have that

Q) (s.a) = TRIL(Q7™)(s,0) = B[ T Q77 7)) (s.a)

Nmax Nmax

Then, to apply Lemma [Chen et al., 2020], we set the constant stepsize 5; = 5 = (211705)7; We note that as long as

T > 0( log T ) it holds that

2logT < (1—~)2
(L =T ~ 128elog(|S|A])’
and the condition in Lemma [B.3]are satisfied. We hence have that

.

‘QPTV — (rervio)

/Bi

|:HQPTV Q*PTV(U)

T 16¢log(|S||A|) , T2
- 7 it =X hetl 1o VA | __max
Eo< 2 )+ 1—n 6(ma"+7(17)2>
T—1 T—1 1
(14 (Nmax + 1) (3CFy, +6)) > 87 J] (1 -
=0 t=i4+1
r2 1 16elog(|S||A])

3 a 5 T2 9 4logT
2 _'max 16 — 08X (1 + (Npax + 1) (3C 6)) —=,
20T " 17 (Tma"+7(1—7)2)( ¥ N +1) (3C2v +6)) 7" o7

15,

()
<

(72)
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where (i) follows from the Lernma (ii) follows from (1 — (1 —)3/2)T <

1
ik

2
} can be obtained as follows

log2 ?

)
We set Nypax = 2267 then the bound of E {H@;TV(U) — Q*rrv(@)

E M@;TV(O) — Q*PTV(U) 2

o0

<9 {H@gzv(a) _ v

2 } +9R [H@*PTV(J) _ Q*PTV(U)

.

< Wlﬁ (r?nax + 72<1Tr2“a,’;)2) (1+ (N +1) (3CFy +6)) (;Hoi)fT
gy (e ) o )

< wm (rilax + vQ(lr’Qna;‘)z) (14 (Nmax +1) (3CFy +6)) (fﬂoi)fT
i (12—”%))(% 1 . Y ((T“”‘" * Irixy) (1+ CTV))2 %

~ 1
-0 (i) "

where () follows from Lemma and Theorem 4.1} (i¢) follows from 21T < 7.

When E ["@;TV(U) _ Q*vﬂTV(”) ?

] < €%, the iteration T > O ((1 — ) ~5¢~2). When ¢) = 3, the expected sample size

oo
per iteration is

Nimaa Nuaow

1 2logT
LD 2Py =1 Y 2 = N k2= T 42

n=0 n=0

Above all, the total sample complexity is O (|S||A](1 —~)~5¢2).
This completes the proof. O

D % DIVERGENCE UNCERTAINTY SET

Similar to the proof in the TV part, we can complete the proof. Here we show the detailed result.

Theorem D.1 (Restatement of Theoremspeciﬁcally for x2 distance). Set ) = %, then for any Q € RS*4 s € S,a € A,
the estimation bias can be bounded as:

sup
s,a

B[00 (@), )] - T @)(s.a)| < 0 (2774

The variance can be bounded as:

Var (T317(Q)(5,)) < O (Nmas) - (74)
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Proof. Firstly, we make error decomposition as follows:

sup
s,a
G
= sup

s,a

max

E 7407 (@s.0)] = T 0Q)(5,0)

=

]E |:g*pX2 (U)(IELS,(LQNmax‘Fl ’ T‘S,G)i| + ,Y]E |:f*pX2 (U) (ﬁs,a’QNmax‘*'l’ V):|

_ g*"x"‘(d) (ﬂs,a, Ts,a) — [ () (p&m V)

< sup

s,a

E |:g*px2 (0) (ﬂs,a,QNmax+1 ) 7ﬂs,a)i| - g*PX2 (J) (,Ufs,aa 7"s,a)

50 [ [£7752) (b,  vmas, V)] = £ (b0, V)|

|

122 By g, V) = 52 (pya, V>” : (75)

<E [sup

s,a

g*px2 (@) (ﬂs,a,ZNmaerl ) rs,a) - g*pxz (@) (Mstaa Ts,a)

+7E [sup

where (i) follows from Proposition[B.2]

Then, for convenience, we bound the second term in Equation (75). The first term can be bounded similarly. By Lemma[2.1]

f*pxz (@) (ﬁs,a,QNm&erla V) - f*pX2 @ (ps’a’ V)’

max {Eps,u [(V(s4a))a] — \/UVarps,a [(V(S;,a))a]}

— K {I(Elg%( {Eﬁs,a,zl\’maxﬂ [(V(S;a))a] - \/O'Val‘ﬁs7a121vlr,ax+1 [(V’(sg7a))a] }:| ‘
SB[ o] B (VD] o (VL]

n \/UVarpm [(V(s,0)a] — \/UVarﬁswamxH [(V(5,0))a] H (76)

According to Lemma 15 and its proof in [Shi et al.}2023]], we have the following lemma.

Lemma D.2. Consider the case of X2 constraint uncertainty set PX° (o) with uncertainty level o, for any 6 € (0,1), one
has with probability at least 1 — 6,

max
Ogagrnaxsgﬂ Vsl a)

Ey.., [(V(sh)a] = /oVary, . [(V(s)))a]

212 (1 + o) log (X
—Ep, o n [(V(sgﬂ))a] + \/orVarﬁS’a,szax+1 [(V/(sfm))(,] < 4\/ 72ax(1+0) Og( ) )

. (77
(1—=7)2N a
According to Lemma we can get that with probability at least 1 — %, we have
2 (B e V) = [0 (0, V)|
2(1 + o) (log (24[S||A]) + 2(Nmax + 1) log 2) Tmax o Mgt
S 4rmax\/ (1 — 7)22anax+1 == CXZ 1 — 72 2 5 (78)

where Cy 2 = 4,/2(1 + o) (log (24]|S[JA]) + 2(Nimax + 1) log 2).
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Then, according to the Bernoulli’s inequality, we have that

9~ Nuax—1\ 15114 .
1— > > 1 — 2 Nmax—1, (79)
( |SIAl
Therefore, with probability at least 1 — 2~ Vmax—1_there exists
sup f*pxz(a) (pb a,2Nmax+1, V) - f*px2(a)(ps,aa )‘ < C rmax 2" Nma2x+1 : (80)
s,a -
Otherwise, we have
Ssl,lf max,; agl(astzfa)zazo{ ‘]Eps’"' [(V(sGa))a] = Ep, o avmusts (V(sta))al

Va0V (5] = Vot v [V, )

f

VoVar, [(V(st)al = y/oVars_ e [(V/(54))a]

< supmax V(s ,) + sup

s,a Ss‘a s,a

2
< Iria); + sup \/O’ <I£1/aX V(sgya))
< (14 o) max (81)
I—vy

max
0<a<max, V(s

s,a

Plugging the above equations to Equation (90), we can conclude that

E |:Sup f*p 2((7)(]%(12]\“1]1)(_‘_1 V) _f*pxz(a)(p&a, )‘:l < C Tmax Tmax 5 Nmax+1 (1+\f) Tmax 9- (Nmax+1)
s,a — —
aniau;Q_ Nmax+1 <(1 n \/5)2_ Nm%xﬂ n sz) 7 (82)
where (i) follows from that 1 — 2~ (Nmax+1) < 1,
Similarly, we can get the bound
E [Sup TP (1, @ mant 1, Ts.a) _g*w(o)(ﬂsﬁa,rs,a)] < (14 Ve 130:) . (83)

Thus, we can get that

2 702 @5 0)] - T Q)50

g*l) 2(0) (lu’& a, 2Nmax+1, rs a) g*ﬂxz (0) (/’[/57‘1’ rs,a)

|

VE {S“P F ) (B g oNumar1, V) — f*px2(")(ps,a,V)”

s,a

< (Zrmax +’f'max) 9- Nma2x+1 ((1 n \/E)Q_Nmz;ﬂrl +CX2) . (84)
-

Variance: Next, we consider the variance of the robust Bellman operator. Firstly, we make error decomposition of the robust
Bellman operator variance.

Var (7027 (@) (s, )) = Var (7(7) 495 (Q) (5, a)

= Var (?”XQ(U)) + ~*Var (ﬁpxz(”) (Q)(s, a)) . (85)
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For convenience, we analyze the second term in the above equation. The first term can be bounded similarly.

Var (972 (Q)(.)) = B [(W (0><Q><s,a>)2] - (B[ @s0]) <E [(@Px2<”><cz><s,a>)2] . @)

Next, according to the Equations (I3) and (T4), now we compute the expectation of N, and write a detailed explanation of
the variance as follows:

2

py2(0)
: RW ©(Q)s, aﬂ —E || V(sha0) + W

2

2

py2(0)
< 2E [V(s} 4,0)°] + 2E S0, (Q)(5,0)

s,a,0 PN2
o2 N | (5000 G)( ) 2
N=0 2
(o)
202 Mo B[00V (@) (5,0))%]
< RS 42 : (87)
(1—=7) o Py

Next, we bound the term

5N (@)(s,0)|

2 (0)
TN (Q)s0)|

N 1 o)/~ 1 -
Slil()) {fﬂxz (o) (Ds,a,2v+1, V)} -3 sup {fpxz( )(pf,a,zm a, V)} -5 sup {fpx2( )(5?,@,2%04, V)}’ . (88)
oz

a>0 a>0

We make an error decomposition as follows:
py2(0) 2
LN Qs a)]

2

1 1
= |sup {fpx2(0)(ﬁs a,2N+1, &, V)} — 5 sup {prQ (@) (ﬁE N, O V)} — 5 sup {prQ (@) (]30 oN, O V)}
a>0 7’ 2 a>0 5 2 a>0 S,
2
< 3jsup { 22 (B0 pvir, 0, V) | = sup { 152 (p 0,0, V) |
a>0 a>0
3 2
+ - sup {fl)XQ @ (ﬁgEa onN, &, V)} — Sup {fﬂxz (@) (ps,aa «, V)}
4 a>0 o a>0
3 2
+ 5 sup {259, o0, V) | = sup {12 (py s 1) } (89)
a>0 o a>0
According to Lemma[D.2] we can get that with probability 1 — 2~ Nmax—1_ we have
) (g a1, V) = F57 (0, V)|
2
<4 2r2 (1 + o) (log (24|S||A|) + 2(Nmax + 1) log 2) ey Pmax o St 90)
(1~ )22Nmet] T

26



where C, 2 = 4,/2(1 + o) (log (24]|S[|A]) + 2(Nmax + 1) log 2). Otherwise, we have

E|:max/ Yo { ‘]Eps,a [(V(s'&a))a] B Eﬁs,a,szaxﬂ [(V(Sg,a))a]

v V(sh)2a20

IV oVar, . [(V(sha)a] = foVary, s [(V/(520)0]

oV, V5] = yfrVaty, e [V, 0]

< max V(s ,) + max
s’ 0<a<max,/ V(s

s,a

sa

2
<maxV(s, )+ \/0 <max V(s a)>
S5,a ” S5,a ’

< (1+ﬁ)ff“’jy. o1

Then, combined with the analysis in Equations and and the fact that for any events A, B,C,P(ANBNC) >
1 —P(=A) — P(=B) — P(=C), we can conclude that with probability at least 1 — 3 x 2~V

2 2 2
py2(0) 2 Tmax o N+1 3 Tmax o— N 3 Tmax — N
65,):1,N (Q)(S,Q)‘ §3(0X21 72 2 ) +Z <CX21_’Y2 2> +Z CX21_72 2
022 Tmax

=3 X g (NH), (92)
(1—=9)?

Since 0 < sup, > { 729 (g a V)} < (1++/o) 722 for any distribution g, with probability at most 3 27N we have
that

o 2 . 2
65;:12,1(\[)(@)(5’@)‘ < ((14—\/5);“:“’;) . (93)

Above all, we can get that
e|

Then, plug Equation (94) in Equation (87)), we can get the boundary of variance of robust Bellman operator as follows:

C max 2 2
972 VD 4 (Im“> 327N < (3C%: +6(1+0)?) <’"ma"> 27N

(1—7)? 1—v
%94)

\V] \

- 2
L Qs | <

Nowx B (8770 (Q) (5 )]
Var (vp (Q)(s, a)) < 1-7)2 +2 NZ:O Py
02 02 Nmax 9—N-1
< max | _STwa (302, 4 6(1 4 /0)?)
(T—7)2 " (1—y)2 X sz:o Py
(a) 2rr2nax 2
s (1 (30T + 6014 Vo)) (Nnas +1)), ©3)

where (a) follows from that Py = (1 — )N = 27N-1,

Similarly, we can get the bound of the variance Var (?”xz (”)) as follows:

Var (702 < 202 (14 (32 + 6(1 +v)?) (Nanax + 1)) 0
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Hence, we can get the robust Bellman operator variance bound:

var (73717 (Q)(s.0)) = Var (742(7)) 452 var (#72()(@) 5. a))

2 2
(2rmax VQ(IT_mf;);g> (1 + (3092(2 + 6( + \/>) ) ( max T 1)) (97)

This completes the proof. O
Lemma D.3. For any fixed Q € RISIMl s € S, a € A, the infinite norm of robust Bellman operator can be bounded as:

“ﬁﬁﬂ s@f]séwmg. (98)

o0

Proof of Lemma[D.3] We then consider the expectation of infinite norm of robust Bellman operator. Set ¢ = 1, and then
we make an error decomposition as follows

N r,p(o) py2(0) 2

pxz(o' 2 T?nax —— ( saNl) Ninax ( saN2< )

|7 @ ] £ s B 8| S R ST S o9
Ni=0 7’ =

o 2
For convenience, we analyze the last term in the above equation. Consider the term sup, , 65’;2](\, ) (Q)(s, a)} , we make an
error decomposition as follows:
py2(0) 2 _ po2(0) (1~
sup 0,7, n (Q)(s,a)| = sup|supq [Py 4 onsa, 0, V)
s,a o s,a | a>0
2
1 (0) (~E
— 5 sup {fpx2 (Pq v V) } - *sup {pr2 (D0 on s V)}
2 o>0 54 2 >0 54
2
< 3sup |sup {f”x ' (oapver, @, V) } {f ' (ps,ar V)}
s,a |a>0
3 pe2(0) pa i
+ 33 pup {17000, V) | = sup {20 V)
3 py2(0) p2(@)( i
+4sup sg%{fx (psaQN,aV} %{fx (Ps,a @, V)} (100)

Then, combined with the analysis in Equations and and the fact P(ANBNC) > 1—-P(-A) - P(-B) — P(=C),
we can conclude that for any N > 0, with probability at least 1 — 3 2=

Px2 () 2 Tmax _ N+1 2 3 Tmax & 2 3 Tmax H— N 2
N (@s,0)| <3 Cﬁl e R G

sup
s,a

4\ 71—y 4\ 71—~

< 6&2 (N+1) (101)

Since 0 < sup,>¢ { frx2(e) (¢, a, V)} < 71'“_3;‘ for any distribution g, with probability at most 3 * 2~V we have that

sup

s,a

Px2 (0) 2 T'max 2
Os N (Q)(s,a)’ < (1—7> : (102)

28



Above all, we can get that

E {sup 5 Qs a)ﬂ < 670’2‘2”2““2*”“) + <’"m""‘>23*2N
sa | 00N ’ T (=) 1—vy
s(6c§2+6)<1ffx)22N? (103)
Besides, we can get
82 (@s.0)| o\
B |sup L2 — (6C% +6) <]Ij?;> . (104)

Then, plug Equation (T04) in Equation (99), we can get the bound of expectation of infinite norm as follows:

2
N (8720(Q) N 2 2
E|> sup<’2’_fi_1) < > (6C% +6) (I‘jv) = (Nuax + 1) (6C32 +6) (f“ify) . (105)
No=0 5¢ Ny=0

Similarly, we can get the bound as follows:

N, (67’ p(o) )2 N,
E Z sup;_";% < Z (6C32 +6) 70x = (Nmax + 1) (6C22 + 6) 17, (106)
N;=0

Hence, combining Equation (99) and the above equations, we can get the robust Bellman operator infinite norm bound:

2
{H ﬁn,iig) H } <4 (14 (Nmax + 1) (6C22 +6)) (rﬁlax ++? (Iﬁ"“;) ) : (107)
This completes the proof. 0
Theorem D.4 (Sample Complexity with x? Distance). Set Nyayx = 211;’§2T and the stepsize as
2logT
B=B= 0.
(1=7)T

Then the output of Algorithm[I|satisfies that:

o 2 logT 12 logT 2
|:HQPX2( 7Q*pxz(0) :| < 0g Tmax + max 0g (1+( g >(1+(6022+6)( nnerl))

7 (1-7)? 2(1-79)T 1—7)2

2
¥ 1
+7nr2nax <<1+1—’7> (1+30X2)> T

~ 1
<0 (=) e

To ensure

o (o 2
E |:HQ;X2( ) . Q*px2(0) Oo:| < 62,
the expected total sample complexity N*x*(7)(¢) is,

py2(0) _ > %) |S||‘A|
N2 () (&) = |8]| Al Naan T = O ((1 ")
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Proof. We consider the stochastic iteration

Q7 = Q7 o (T2 (@) =@ wa). (109)
where W; = ?p:lii") ( Px> (‘7)> _ 7——23\2:;:) ( tpxz(a)>
Define the filtration 7, = { SXQ(U)v Wo, ..., t 1 Wt 15 pr( )} Then, by Theorem - we can get that

E [W;|F] =0, (110)

and by Lemma[D.3] we can get that

E [||WtH |]-"t} <E {

o o — o P 2
pXZ( : ( :Xz( )> (Sva) Tp?\xfza(x) (Q5X2( )) (3,&)‘ |]:t:|
o o o o 2
pmxi(c : ( fX2( )> (s,a)‘ sup Tf\;ijfx ( 5X2( )> (s,a)‘ |]:t:|

S,a

(a) -~ o a 2
< [sup2 |70 (@07 ] 17
s,a

< 2E {sup

s,a

) )2
< 16 (1 + (Nmax +1) (6C%2 +6)) <r?nax +77 (f”““fy) ) : (111)

where (a) follows from that

{ e (@) (s.a) m} =E [sup [& [T (@) (s,0)]| ]ft]
: | g g 2

<E |supE UT1€ . )(Qfxz( )) (S,a)‘ } ‘Ft:|

e (@) sl 7] (112)

<E [sup

L S!a’

and (b) follows from Lemma|D.3]

According to Equation (23), we have that
Qv (s,a) = Tho) (Q*)(s,0) = B | T{) (@) (5,a)|

Then, apply Lemma [Chen et al.;[2020], set the constant stepsize 5; = 3 = (211°g)T and 7 is large enough s.t.

2logT < (1—7)?
(1 —~)T — 128elog(|S||A])

8=

We can conclude that

r——

] <2 ape - gree

9 T—1
. ;1( )
+ 16el<ig(|i|A|)16 (1 + (Nnax + 1) (6C22 +6)) < Thax Tmax ) ) Z 62 ! 5 13,

t= H—l

3 12, 1 16elog(|S|lA|)
=9

2
2 9 Tmax 4logT
(1—7)2T+ T 16(1+(Nmax+1)<602+6))< ax F ( )) (113)

1— (1—7)2T’

where (i) follows from the Lemma (i1) follows from (1 — (1 —7)3/2)T < X
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Set Npax = QIIOgT Then, we make the decomposition and get the bound of E {HQP"2 (@) — QP2 (@)

2
} as follows

oo

") <o - et .

) 23, 32elog(|S|[Al) r 2 4log1
max __ 4 16 (1 4+ (Npax + 1) (6C%, + 6 RO ER (L
(1—=)1 1—v (L (N 1) (62 +6)) { P +9 -y (1 —7)*1

2
2 Tm: Nmax+1 Nmax+1
(e e ) 2 (27 430,
“1‘17((7“ -‘1-17) + X2 )

@) 22 32¢elog(|S||.A]) 4logT

2
< 2 16 (1 + (Nopax + 1) (602, 2 ( Imax
ST 1o 6L+ 60 +6))<m"+7 (1—7) ) (1—=7)T

2 Fmax 21
—‘,—2? Tmax"l_ 1 —'y (1+3CX2) T

8z - et
(¢

2 } o U‘@*sz(a) — Q2

<.

IN

- 1
=0(— 114
(=) a
where (i) follows from Lemma and Theorem. (i) follows from 2 ey < %
(e 2 ~
When E [HQpX 2() —Q*rx2() } < €%, the iteration T > O ((1 — v)~®e~2). When 1) = 3, the expected sample size
per iteration is
Npae Nonas
mas mas 1 2og T
1 2" Py =1 2" —— = Npax +2 = 2.
+ nz:% N + nz:% 2n+1 wx log 2

Above all, the total sample complexity is O (|S|[A|(1 —~)~5¢2).
This completes the proof. O

E KL DIVERGENCE UNCERTAINTY SET
In this section, we provide the proof of Theorems [T and [4-4] specifically for KL distance.

Theorem E.1 (Restatement of Theorem [{.1|specifically for KL distance). Consider the case of KL constraint uncertainty
set with uncertainty level o i.e. PX% (o) and R¥L (o), set ) = %,for any Q € RS*4A s € S, a € A, the estimation bias
can be bounded as:

Nmax

[T"KL (Q)(s,a)} — TpKL(U)(Q)(37a)‘ <0 (2_%) ’

s,a

and the variation can be bounded as:

Var (7’1\‘}:;(”)(@)(57(1)) < O (Nnax) - (115)
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Proof. Firstly, we make error decomposition as follows:

sup
s,a

max

I

s

E [g*pKL(U) (:[J’s,a,2Nmax+1 ) rs,a):| + 'VE |:f*PKL(U) (ﬁs,a,Zanax+1 ) V):|

- g*pKL(U) (/’Ls,aa rs,a) - ’Yf*pKL(U)(ps,a; V)

]E |:g*pKL(G) (ﬂs,a,QNmax+17T37a)i| - g*pKL(U) (/Ls,aﬂ"s,a)

< sup
s,a

E {f*pKL(J) (]35,11,2]\’“‘“"+1 ’ V)} B f*pKL(U) (ps’a’ V))

|

f*PKL(U) (ﬁ57a’2Nmax+1 , V) _ f*pKL(U) (ps,m V) ‘:| , (116)

+ v sup
s,a

g*pKL(U) (IELS,U.,QNmax+1 ) TS,(I) - g*PKL(U) (/‘L51a’ T‘Sua)

<E {sup

s,a

+1E [Sup
s,a

where (7) follows from Proposition

Then, for convenience, we bound the second term in Equation (TT6). The first term can be bounded similarly. By Section[2.3]

f*pKL(a) (ps,m V) - f*pKL(H) (ﬁs,aﬁNmaX*l ’ V*)

1 E V(S;,a)
Iggé( —alog Ps,a ETP 77 — o
log ( E V(s.a)
B Iilgé( o Og ﬁs,a,2Nmax+1 exrp | — o — QO

< V(sha)
< max —alog (E,,, |exp | — s,
oo iy, ’ .
V(sia)
+ alog Eﬁs)a’QNmaerl exp B
Eﬁs,a 2Nmax+1 [exp (7W>]
= marx alog , Vs, )
0ses2is Ep. o [exp (_T“)}
Eﬁs a,2Nmax+1 [ea:p <_@)} — Eps,a {exp <_@)}
< max |alog — o ) -
0<a<ginass E,. . [emp (—Ta)}

where (i) follows from a*/xL(?) (p, V) < Bewzo V(8) o maxs.o Qs.a) (12 by [Hu and Hong, 2013].

o — o = (1—v)o

Noting that p ; oNmax+1(S5 ,) is absolutely continuous on p; (s} ,), then by Hoeffding’s inequality we have

) Nmax S/ - S/ 1 2 S
P [ max Ps,a,2 +1( s,a/) ps,a( s,a) > ﬁlog S| <7 (118)
S4a ps,a(ss,a) 2N maxt PA T
Set 7 = %. With probability at least 1 — %, we have that

V(s V(s
B et (600 (7520 )| ~ By [eop (—522)

o o ()
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(1) Ds.a,2Nmax+1 (S a) — Ds,a (S} a)
< max
S;v” psaa( s,a)
Nm X
< \/W log (2S[?|Al), (119)

where (4) follows from the fact that

’Zpﬂi

= ’Z &%’Ei
q;

< ‘Z ¢iT;

p
max |—
?

(120)

Note that if we set 232x log (2|S|2[A[) < 22NmexF1 it holds that \/W log (2|S|?|A]) < 3. Then, combined with
Equation (TT7), we can conclude that

f*pKL(U) ( s,a) V(S./s,a)) - f*pKL(U) (ﬁsv‘I:QN"]ax-'—l’ v (5;@))‘

[exp ()]

} +1

(24

Tmax max log Eﬁs,a,2Nmax+1 [exp( ):I Ep

" (1 =)o 0<a<qma Ep, . {exp ( V(i )

(e

V(se.a)
(é) Tmax ]Eﬁs,a,szax+1 |:6:Ep (7 @ >:| 7Ep8,r

< max 2 ; :
(1 =)0 0<a< Jmac E,.. [exp (_V(Ss,a)):|

(o3

Qrmax

(1= hax

s,a

ﬁs,a72Nmax+1 (Sg,a> - ps,a<3;7a)
ps,a(sg a)

2rmax Nmax
S U= \/QNWH 5 log (2|S[2|A]), (121)

where (i) follows from that |log(z 4 1)| < 2|| for |z| < 1. Then, according to the Bernoulli’s inequality, we have that
- |S||A\ .
- > > 1 g N, (122)
( |SIA|

Therefore, with probability at least 1 — 2~ Vmax—1 there exists

sup

s,a

* * o 27"max Nmax
FPEE Py g 2Nmae 1, V) = [P >(ps,a,V)\ <Te \/ Nt 17 108 (2SI AD- (123)

Otherwise, with probability at most 2~ (N, maxH), we can conclude that

sup f*PKL(O') (Ps.as V) — f*PKL(O') (]35 a,2Nmax+1, V ‘ < max V( ) < 17}173’;. (124)

Then, consider the expectation, we can get

E {sup

s,a

f*pKL(U) (ps,m V) - f*pKL(J) (ﬁs,a,QNmaX‘*'l ’ V*) H

QdeX Nmax rmax

1 2181214 9~ (Nmax+1)

= (1—A)o \/QNMXHQ og (2|S[?Al) + -
1

2 max max
< —T X/ Nona 10 (USPIA]) — s + 27 (Nt 200 (125)
(1- DPA2T 2 L=~

where we set Cr, = 2\/Nmax log (2|$|2

), then

E {Sup

s,a

PPN (V) = PP (i, V)

max 1 max —
< - o p—— %, RS ) (126)
(L=7)o " Tp27s  1-7
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Similarly, we can get the bound

g*pKL(U) (fis ,a,2Nmax+1, s, a) — g*pKL(U) (:uS,a? TSJI)

E {sup

s,a

< TmaxCKL o Nmgett 42~ (Nmast 1), (127
TPA

Thus, we can get that

sup[E [T4527(@)(5,0)| = To<(Q)(5,a)]

Nmax
s,a

< E [Sup *prc(0) (Ms a,2Nmax+1,Ts a) g*pKL(U)(,U/s,a» rs,a)

Ss,a

|

f*pKL (@) (ﬁs,a,ZNmaX‘*’l 5 V) - f*PKL(U) (ps,aa V) ‘:|

+~E {sup

s,a

< <7rma" + max) o~ Mmgpet (2 Mmgpd | CKL) . (128)
1—7 N

Variance: Next, we consider the variance of the robust Bellman operator. Firstly, we make error decomposition of the robust
Bellman operator variance.

Var (T4527(Q)(s,0)) = Var (775() 4 577547 (Q) (s,0))
= Var (75+()) 4 42Var (35+()(Q)(s,a) ) . (129)

For convenience, we analyze the second term in the above equation. The first term can be bounded similarly.

Var (0540(Q)(5,) = E | (7@ . | - (B [ @s.0))

2

<E [(A”K“")(Q)(s, a)ﬂ . (130)

Next, according to the Equations (T3] and (T4), now we compute the expectation of N5 and write a detailed explanation of
the variance as follows:

2
2 §rrLlo) s, a
E {(6”“(”)(62)(3,61)) ] =FE <V(s’sa0) + —“NQP(Q)( )
PKL(U) 2
(s,a
<2E [V(s) ,.0)%] +2E “NZ )>
2
2 max PKL(U) s,a
_( mdx +QZE[ saNg )|N2:N PN
max E PKL(U) 2
27“2 saN 87@))
< . (131)
(I=7)%
Next, we bound the term ’5§KL(U)(Q)(S,CL) ,
§§I;L]\(IG)(Q)(S7Q)‘ = | sup {fPKL(U)(ﬁS’a)QNJrl,Oé,V)}
” a>0
L (@) 1 (0)
— —sup {f”KL (P sa?N,a V)} — —sup {f”KL (psa2N,a V)} . (132)
2 a>0 2 4>0
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Then, we make an error decomposition as follows:

2
55?]\(10)(@)(5,&)‘ = sup{fp“ )(pSGQNJrl o V)}
a>0

1
— —sup {fﬂKL(U)CDé o 2N7a,V)
2o¢>0

}-
SUP{f”“ 7 Py aon+1, V)}

a>0

3

<3

+

S

a>0

w

J
+ = |sup {f”“(”)(ps 028 @ V)}

a>0

S

sup {fPKL(U)(pg o, on, V) _

2
1
5 %{prL(U)(péa2N7a V)}

2

sup {775 a0,V

2

sup { 754 (B0, 0, V) }
0

2

{
sup {f"“(”) (Ds.ar v, V)} (133)

Case 1: Combined with the analysis in Equations (I2I) and (I24), we can conclude that when N <

() 2
2 2 [ 5:I§LN (Q)(s,a) ]
log(1+p), 1og1(2\§| [ADYeT) e bound the term - ‘
og N

KL(O 2 Tmax 2
Qs < (122

1—’)/ PN
“|

Hence, we have that

3E(Q)(5,a
Py

)ﬂ < (rmax

log

Equation (121)), with probability at least 1—3%27N

2
r N+1
CKL max 22>
( pa(l =7)o

Case 2: When N > 1s(tprlosCISPIAD s T) | ongider the fact P(A N BN C) > 1 —

§PrL(o) <3
s,a,N (Q)(SV a) —

3 r N 2
° (o max 9%
+4< KLP/\Q*V)U ) *
_ C%(LTmax —(N+1)
PA(l —7)%0? ’

— =2V <1+ p?log(2|S|Al) log T.

as follows,

(134)
2
) (1+pr%1og(2|S1?|Al) log T) . (135)
P(=A) — P(=B) — P(=C), b
3 Tmax _% 2
4 (CKL;DA(l Mo )
(136)

Since 0 < sup,sg { /7447 (g, a, V) } < fme= for any distribution g, with probability at most 3 + 2~ we have that

1—

Above all, we can get that

?|

C%(erznax
PA(l —7)%0

Qs | <3
s,a,N ’ —

35

KL(O 2 Tmax
Qs =

2
) . (137)
v

2
2 (N+1)+ (Tmax) 3*2—N

T (138)



Combined with Case 1 and Case 2, when ) = % = 27N=1 Then, we have that

5/)KL(‘7) 2
s,a,N (Q)(S,Q)
Py

2 2 2
T"max -2 2 3 OK er'lx Tmax
< [ — 1 log(2|S logT = 3 . 139
_<1_7> (14 pr?log(2|S?Al) log )+2 AT )0_2+ (1_0 (139)

Then, by Equation (I39), we can get the boundary of variance of the robust Bellman operator as follows:

Var (WKL(") (Q)(s, a))

2 5 R B {(5525\(/0)(62)(5, a))ﬂ
ST g T2 B

N=0

o2 RAIS max 3 Ci
< (1 maxa2 +4 Z (T a ) <4+pA210g(23|2|A|)10gT+ 2KL>

2 pio?

<2+ 4(Nmax + 1) [ 4 +log(2|S]?| Al log T)(1 — ) + 3Cks e (140)

— max g g 7 2 p%\(l _ 7)20_2?
Set Char = 2 + 4(Nopax + 1) (4 +log(2|S|log T)(1 — ) + 3CKL) then

~prr(o) T?nax
Var (1} KL (Q)(Syd)) < Cvarm.
Similarly, we can get the boundary of the variance Var (?p“(")) as follows:
2
Var (APKL ) < Cvarp;m’; (141)

Hence, we can get the robust Bellman operator variance bound:
Var (’TpKL(U)(Q)(s, a)) = Var ('POKL(U)) + 4*Var (ﬁpKL(")(Q)(s, a))

Cvar ( 2 ')/27"2 a )
<=5 Tmax + —max_ ) (142)
pro? (1-7)?

This completes the proof. O

Lemma E.2. For any fixed Q € RISIIAl s € S a € A, the infinite norm of robust Bellman operator can be bounded as:

2

U(T”jﬁ"’ (s a)H }<(9( Nunax) - (143)

oo

Proof of Lemma We then consider the expectation of infinite norm of robust Bellman operator. Set 1) = % and then we
make an error decomposition as follows

r,p(0) prL(0)
oy Vo (M) e (20@)
[H 7@ }§4rilax+472(1““;)2+4ﬂ<: > sup § sup N A e
Ny—g 54
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2
, we make an

For convenience, we analyze the last term in the above equation. Consider the term sup; , 5 I;LA(,") (Q)(s,a)

error decomposition as follows:

= sup

‘2
s,a

sup {prL (@) (ﬁs,aﬂN*l , O V)}
a>0

up | 07557 (Q) (s, a)

s,a

2

1
— —sup {prL(U)(psa2N7a V } _ ,Sup {fPKL(a) P ans @, V)}
2 >0 2 >0
2
< gy 705,001} s {1255 7))
s,a |a>0
3 2
+ZSUP sup {f”KL(U)(pSGQN,a V) } su {fp“(”) (Ps,a, s V)}
s,a |a>0 o>
3 2
+ Zsup sup {prL( )(pgaQN,oz V) } {prL(”) Ds,as @, V)} (145)
s,a |a>0
Case 1: When N < log(1+p} 10%&2‘;' lAD1eT) e can get
2 r 1 log(2|S|? |A|)logT
5PKL(O’) ‘ < max 9N <y 146
s,a s,a,N (Q)(Saa) = 1_7 ,PN = p/\ ( )
Therefore, we have that
2
sup, , | 075 )<Q)(sva)\ P\ 2 log(2|S|?|A|) log T
< 1+ 5 . (147)
Py 1—7 PA

Case 2: When N > leg(l+2i log(2|8| A8 T) " combined with the analysis in Equations || and li and the fact

log

P(ANBNC)>1-P(—A)— (ﬁB) P(—~C'), we can conclude that for any N > 0, with probability at least 1 — 32~V

2 2 5 9
PO Q)s,0)| <3 <CKL%2N> % <CKL%2N> % (CKLTmQN>

sup
s,a (1 =7)pa a(1—7)pa o(1 —7)pa
C%(Lr a; —
— KL max _o—(N+1) 148
o1 —)?px ’ (148)

Since 0 < sup, g { fP5() (g, 0, V) } < fuax for any distribution ¢, with probability at most 3 2N we have that

o) 2 Tmax 2
wlps @ < (722 (149)

s,a

Above all, we can get that

2 C2 12 T 2
i (o) _YKL"max o—(N+1) Tmax. -N
|:bup 6saN (Q)(S,a)’ ] S602(1—7)2p%2 —|—<1_ ) 3%2
2 2
<2 (3 (’;Kg + 3) (’“‘““) 9N, (150)
T=PA L=~
Combined with Case 1 and Case 2, we can get
2
O (@Q)(5.a)| O log(2lSPIA] o T )
E |sup =2 —< L | 74 losSTIAD og ) (Tma"> . (151)
s,a PN g pA DA 1- Y
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Then, plug Equation (I51)) in Equation (T44), we can get the bound of expectation of infinite norm as follows:

sup

2
Nimas (5”“]\(;’) (Q)) Now /(2 ) 2
3,0, N2 KL og(2|S|? ADI0g T Tmax
E| e Y (6 +7+

No—1 2,2 —
Ny=0 *¢ 2 Na=0 N 7PA PA 1=y
02 10 2 S A 10 T max ?
_(Nmax+1)(6 KLy 74 52| || ) log )(r ) . (152)
oA PA L=y
Similarly, we can get the bound as follows:
N, (57‘/3(‘7) 2 N,
max s;a,Nl) = C% ) log(2|S? |A|)logT 2
B| Y swp e | < 3 (00kk g7y 2ESLL
N1=0 5@ N;=0 A
2 log(2 logT
= (Numax + 1) (6 Cicr 4 7 losl Sk A]) log )rfnax. (153)
0°PA Pi

Hence, combining Equation (T44)) and the above equations, we can get the robust Bellman operator infinite norm bound:

log(2|S|2|.A]) log T 2
{H TE<E)(Q H ] <4 <1+(Nmax+1) (GCKQ L7y o8] LAD 8 )) (r?nax—i—’yQ (fma"> ) (154)
2p I —5

This completes the proof. O

Theorem E.3 (Restatement of Theorem . If we set ) = % and the stepsize as

logT
(1=T

) =0 (Grarr)-

HrxL(o el
Q7 —Q

fr=p=

Then the output of Algorithm([l] satisfies that:

[HQPKL(U) Q*PKL(U)

To ensure

the expected total sample complexity NP1 (9)(¢) is

S| Al
prL(o) > |
N = AN > 0 (7 e )

Proof. We consider the stochastic iteration that

folL(o) PKL “l‘ﬁt (TPKL ( fKL(O’)) _ PKL( )+Wt) (155)

max

where W, = Tpﬁjx(o) (QPKL(U)) T?VZZX (Qf“(a))

Define the filtration F; = {QSKL(O), W, ... QpKL(U) Wi_1, QfKL(U) } Then, by Theorem we can get that

E [Wt|-7:t] =0, (156)
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and by Lemma|[E-2] we can get that

B (Il 7] < [su

(0)< tPKL(U))( ) TPI;LaX ( fo(G)) (S’a’))2|]:t:|

TR (@) |17

T (@) (s,0)] + sup

S,a

< 2E {Sup

S,a

< 4 {sup2 TPKL ( fKL(G)) (s,a)’2 |ft]

Nmax
S,a

) c? log(2|S|2|A) log T max )
< 16 <1+(Nmax+1) (6 KL 74 08(2I3| |2“4|) o8 )) <r,2nax+’yQ (r ) . 457)
O°DA DA Y

where (a) follows from that

s (o) ol

max

TPKL(O') (QPKL(U)) ( )‘2 |]-‘t:| =

Nmax

[sup

$,a _s,a

<8 s |7 (@) (0] ] 7]

L Sia

<E [sup

L S)a’

2
TE (@) (s.0)

ft:| , (158)
and (b) follows from Lemmal[E.2}

According to Equation (23), we have that

Q7R (s,0) = THIL Q%) (5,0) = E [ TE7 Q%) (s,a)]

Nmax

Then, apply Lemma [Chen et al.;[2020], set the constant stepsize 5; = 3 = (211_05)TT and 7' large enough s.t.

2logT _ (1—7)?
(1 —~)T — 128elog(|S||A])

8=

We can conclude that

{HQPKL Q*PKL(U)

.

23 apreer - groneco

2 1-~ 16¢log(|S||.A]) 72
1- —— +163nax<1+>
HO( 2 6t> 1—n (1—=9)?

OOJ:
C? log(2|S]? |A| logT - 1—7
14V 1 KL 2
( + (Nmax + )(60 +TH . ))E B tl:L 551
(i) 3 r2 1 16elog(|S||A]). . o C%, log(2|S|?|A|) log T
< 2 Tmax 1 1+ (N + 1
= 2(1-9)2T 1—v 6max< o " )<602P2A+7+ DA ))
2
ol 4logT
(14 ) : (159)
(1 a5e) o

where (i) follows from the Lemma (i3) follows from (1 — (1 —v)B/2)" < =.

Set Nyax = 296 L Then, we make the decomposition and get the bound of E {H@;KL(O) — Qrrrr(o)

log 2
2
[eS]

< 2E M@;m“) _ grrre(o)

2
] as follows

[HQPKL(U) Q*PKL(U)

2 ] +9E {H@*PKL(U) _ Q*PKL(U)

.
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@ 2rf. | 32elog(S]|A]) Cke log(2|S[*|Al) 10gT)>

16 1+ (Nuax +1) (6 7
(1=7)T 17 T‘““( ¥ (et )< 2 Px

2 2
_(1 Lo ) AlogT | 2 ((vrmax Hmax) St (2_%“ . m))
(=72 A =7T 1-7\\1-7 opA

(i) op2 32elog(|S||A]) . . , ( ( C} log(2[S|*|A[) log T
< max 1672, (14 (Nmax +1) [ 6=EL +7 4 ))
- (=T 1—vy ( ) a?pi PA

2 41ogT 2 o 1 C 21

° 1 + ’7 Og + 77" + rmax + ﬂ _
(1=7)?2) Q1=9)2T 1-y\\1-7v T  opa T

1

-5 (T

- 0'2T> , (160)

where (¢) follows from Lemma and Theorem (i) follows from 21T < *

When E |:HQ\§1KL(U) — Q*aPKL(U)

2 -

] < €%, the iteration T > O ((1 — 7) P 2p2 072). When ¢ = 3, the expected
(oo}
sample size per iteration is Nyax + 2. Above all, the total sample complexity is O (|S|[A|(1 —~) e 2py20—2).

This completes the proof. O

F PROOF OF LEMMAS AND PROPOSITIONS
Proof of Lemma|B.4)|
H@*p(o) — Q@ N
— Hﬁv@ (@*o(o)) _ 7o) (Q*p(«ﬂ) HOO
< |7 (@) -7 ()| |7 () -7 ()|

oo

2. H@*p(a) e

+HTP(U) (Q*P(U)),Tﬂ(a) (Q*p(a))H ’ (161)

Nmax
oo

where (i) follows from Proposition [B.3] O

Proof of Proposition|B.2] Here we recall the definition of 65’(5’ )Nz (Q) that

55(;)]\72 (Q) ¢ =Sup {fp(a) (ﬁs,a,2N2+1 ) @, V)}

a>0

1 1
p(o) p(o)
221%“ ( Sa2N2’a V)} 222% {f ( Dg qoN20 Qs V>} (162)

Then, we recall that

f*p(a)(ps a,ns V) (= sup {fp(a') (ﬁs@,na Q, V)} . (163)
a>0

Thus, we can get that
|:(5§2QPN2 ‘N :| E [f*p(o) (ps a,2N2+1, )|N2}
* 1 *xp(o
SE (£, st VIV = S [F2OGE i, V)N

—E [f*p(o)(pswwl,V)|N2} -E [f*p<")(]§s’a’2w2,v)|N2} . (164)
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Take the expectation of the random variable N3 ~ Geo(1)), we can obtain that

E [#)(Q(s,a))]

PN+ 4
s,a,0 PN2

Q,p(o)

s,a,No
Py,
0 =

J’D’|N2N]IP(N)+ > E

N2

=E

—E[V(s,,,)] +E

s,a,0

B Nrnax
DEW(s, 0]+ Y E
N=0

9 5[]+ 5 197
N=0
Nmax

D B[ (eapo V)] + D B[ by, V)] = B[O (B v, V)|
N=0

=K [f*p(a) (ﬁs,a,QNmax+17 V):| ) (165)
where (i) and (i7) follows from the Equation (13); (i4¢) follows from Definition|B.1
This completes the proof. O

Proof of Proposition[B.3} For any Q, Q' € RISIMI we have that

T (Q)(s,0) = TR (Q)(s,a)
=E |:g*p(0') (ﬂs7a,2Nmax+1 5 rs,a) + ’Yf*p(o) (ﬁs,a,2Nmax+1 y V>:|
-E [g*p(a) (/ls,a,2Nmax+1 ) Ts,a) + Vf*p(g) (ﬁs,a,ZNmax+17 V/):|

=7 (B[ (B 2mux 1, V)| = B [F7O (5, g 3mecsr, V)] )

— R inf E V(5. )] — inf Eq[V (5.4
TED, a pNmaxct1 |‘P(f1,ﬁsﬁa‘2Nmax+1)<0 [V ’)] P(8:P, 4 2 Nmax+1)<0 Vi 7)]1
=YEp,  Nmaxt1 inf Eq[max Q'(s 4, )]
8,a,20max P(@,P; 4 2Nmax+1)S0 af ’
- in E,[max Q(s), ,.a')] (166)
P(aD, 4 sNmax+1)S0 @ ’

Hence, consider the infinite norm of both sides Equation (T66)), we can get

| TR @ - Ta @)

max max

< max| TR (Q)(5,0) - THIL(Q)(5.0)

= vymax |E; inf E,[maxQ’(s. .a
v s Ds o 2Nmax+1 lp(qvﬁs,a,QNmax#—l)S” q[ o Q( s,a’ )]
. / /
— . inf Eq[mz}XQ(Ss,am a )]
P(DD, 4 2 Nmax+1)S0 a
! ! ! ! !
< ,VHSI%X Eﬁs,a,szaxH N sup Eq [mE}XQ (Ss’a’a ) o mE}XQ(SSva’a )]
’ P(@:Dg o oNmax+1) <0 @ ¢
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<fymaxmax maXQ( Sa,a/) maXQ( su,?a‘/)

< ymaxmax |Q(s', ) — Q'(s',a')|
(167)

=71Q - Q'll

Proof of Lemma|C.2} [Shi et al.,[2023] Firstly, for a fixed c, by Bernstein’s inequality, we has that with probability at least

1-3.
2
W_ (168)

Ep.o [(V(5ha))a) = Epun [(V(sia))al| <
} | is 1-Lipschitz w.r.t. o« for any V' obey-

pea [(V(8ea))a] = Epon [(V(sha)
| whose size satisfies | N, | < 3("’“ [Vershynin),

V(ss,a

Tmax

Then, the term maxg<q<max,,
In addition, we construct an €;-net N, over [0

ing [[V[], < foex.
2018]l. By union bound and Equation (168)), with probability at least 1 — 0, we have that for all « € N,

Ep... [(V(540))a) — (169)
Then, we have that
oo e Ep. o [(V(sha))a] =B, on [(V(4a)al|
(a)
< e+ Seljl\? ‘Eps a [ V(Sls,a))a] —Ep, 0 n [(V(Sls,a))a”
2Tmax 1Og (2|N61 I)
3N(1—-7)
27 max lOg ( o1 ‘)
N1 —7)
(170)

L a))a]| falls into a e

where (a) follows from that the parameter o* = argmaxq [Ep, , [(V(s,4))a] = Ep. o n [(V(ha))
Fona log (2!
balls centered around some point inside Ne, . (b) follows from Equation (168). (c) follows from taking €; = — Ng(g ,Y‘; )
< fmax and N > log (15Y). ThiDs

(d) follows from that | N, | < (1 -5 < 9N. (e) follows from the fact that || V||
completes the proof.
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Proof of Lemma([D.2] [Shi et al.l 2023] Firstly, we do error decomposition as follows

ogagmgzi V(sl.,) Ep..o [(V(S;ﬂ))a] - \/UvarPSva((V(Sg7a))a) —Ep.. [(V(S/s,a))a] + \/Uvarﬁs,a,N((V(s.ls,a))Oé)
= max Ep.a [(V(55a))a] = Epeun [(V(55.0))a]|

O0<a<maxy V(sl,)
s,a

+ max f‘\/Varpm (s, \/VarpsaN (8h.a))a)]| -
OgocgmaxslS a

(171)

Then, consider the first terms in Equation (171). By Bernstein’s inequality, for fixed «,with probability at least 1 — ¢, we
have that

max ‘Eps,u. [(V(Sls,a))a} _Eﬁs,a,N [(V(Sg,a))a” < 2rmax

0<a<max, V(si,)

M (172)
7)?

)|
(1—~)2N

Next, consider the second term in Equation (ﬂl’f[) According to the Lemma 6 in [[Panaganti and Kalathil, 2022], with
probability at least 1 — §, we have that

’\/Varpm \/VarpmN s’ Da)| <

Next, we prove the Lipschitz property of the above term.

[/ Var,, . (V( Warpw |- WVarp”«v Sta))az) =/ Vars, o (V(5 o))
WVarpM (5ha))en) =/ Varg. o x )= Vary, L ((V(sha))an) + /Vats, o (V (5 0))a)
< [\ Vary.. ((V (5, Warpm (5%.0))az)| + WVarﬁs,a,N«vwg,a))m) =Vt (V5 0))e)

2 Vaty, (Vb)) >—Varps,a<<v<s;,a>>a2>!+WVarﬁs,a,N((vw;,a»m)—Varﬁs,a,N<<v<s;a>>a2>!

(173)

rmax|a1 _042‘
L=y

where (a) follows from |\/z — \/y| < /| — | and (b) follows from that
[Vary, , (V(s%a))ar) = Varp, , (V(5%4))as) |
Eps,a [((V(Sls,a))m)Q] - (Ep \a [( ( ,a))al}) ps a [((V(S;,a))az)Q] + (Eps,a [(V(Sl,a))az])Q‘

< By [(V(sha))a)? = (VshaD)an)?]| + | By [(V(h D))’ = Ep [(V(sha))a])]

(a)
< 2(a1 + az)|ar — asl, (175)

where (a) follows from (V (s, ,))a < a.

s,a

(b)
< 2¢/2(a + ag)|ag — ap] < 4 , (174)

To prove the union bound, we also construct an ez-net N, over {0 ’”ma"} [Vershynin, 2018]. With probability at least 1 — 4,
we have that

Var \/Var !
oasm® e, f‘\/ pea (V(8ha) Do (V(85a))a)

(a) max

<4 I'max€2 + sup ‘\/Varp“ \/Varp o (V (s, )) )
1-— a€Ne, 5a

©]

S 4 Tmaer + ’rmax
I—~




() 2log (%)

< 2 max

=7 (I—=7)2N

(d) 2log (%)

< 2rmax m, (176)

2|Ney |
Tmax IOg(%)

where (a) follows from the property of N, . (b) follows from Equation (174). (c) follows from taking ez = ——5 =

(d) follows from that [N, | < 75 < 24N.

This completes the proof.
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