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ABSTRACT

The fairness problem in graph neural networks faces a serious conflict between individual fair-
ness and counterfactual fairness. Strict adherence to individual fairness perpetuates structural bias,
whereas excessive pursuit of counterfactual fairness may overlook genuine structural differences.
This paper proposes the first framework that applies stochastic interpolants to graph fairness prob-
lems. Unlike optimal transport methods based on the Wasserstein distance or the Sinkhorn algo-
rithm, our framework precisely controls noise levels in the transport path, allowing dynamic ad-
justment of emphasis on the two fairness criteria at different stages. Our method overcomes the
binary choice limitation in traditional fairness approaches and achieves a continuous trade-off be-
tween the two criteria. Specifically, we design a structure-attribute disentanglement representation
method that decomposes node representations into bias-carrying features and unbiased structural
attributes. Through dynamic noise-level adjustment during transport, we achieve gradual integra-
tion of the two criteria. Theoretical analysis proves the upper bound of Kullback-Leibler divergence
between the model and the ideal fair distribution. This bound decomposes into the realization lev-
els of individual fairness and counterfactual fairness. Experiments on multiple datasets, including
Pokec, Facebook100, Credit-Default, and COMPAS, show that, compared with existing methods,
our framework significantly improves both fairness metrics while maintaining model performance.

1 INTRODUCTION

Graph Neural Networks (GNNs) have demonstrated excellent performance in many fields, such as social network
analysis, recommendation systems, and knowledge graphs (Hamilton et al.l [2017). However, as these models are
increasingly applied in high-risk scenarios, such as hiring, credit evaluation, and judicial decision-making, fairness
issues have become increasingly prominent (Chen et al., 2024; Dong et al., [2023)).

Graph fairness refers to the challenge of ensuring that graph-based machine learning models make equitable pre-
dictions while respecting the structural properties of graph data. Unlike traditional fairness problems in tabular data,
graph fairness exhibits unique complexity because bias may not only exist in node attributes, but also be deeply em-
bedded in the connection patterns of graph structures (Walker et al., |2004). For example, in a professional social
network, historical gender segregation may lead to women being systematically excluded from certain technical com-
munities, creating structural biases that standard GNNs would perpetuate. This structural dimension makes graph
fairness fundamentally distinct from conventional fairness problems and necessitates specialized approaches.

More critically, within graph fairness research, individual fairness and counterfactual fairness constitute two core but
often conflicting fairness criteria (Kusner et al. [2017)). Individual fairness requires that structurally similar nodes
receive similar predictions, emphasizing graph-structure-based similarity. Counterfactual fairness requires invariant
predictions when sensitive attributes (e.g., gender) change, emphasizing causal invariance (Zemel et al.| 2013} [Zhang
& Bareinboim, 2018)). These criteria often conflict fundamentally. Strict adherence to individual fairness perpetuates
historical structural bias, whereas excessive pursuit of counterfactual fairness overlooks genuine structural differences,
leading to performance degradation (Kleinberg et al.,2017). This conflict is pronounced in scenarios like professional
social network recruitment, where gender segregation causes structurally dissimilar communities, making structural
similarity correlated with sensitive attributes (Friedler et al., [2021)).

Existing methods for solving graph fairness problems are mainly divided into the pre-processing, in-processing and
post-processing categories. However, these methods have obvious limitations in handling the conflict between indi-
vidual fairness and counterfactual fairness (Mehrabi et al.| [2021). Pre-processing methods typically reduce bias by
modifying graph structures or node representations, but they often lack theoretical guarantees and struggle to balance
the two fairness requirements. In-processing methods introduce fairness constraints during model training, but most
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focus only on group fairness with insufficient consideration of individual-level fairness. Post-processing methods ad-
just model outputs after training but may severely damage model performance (Zafar et al., 2017). More critically,
existing methods lack rigorous mathematical frameworks to precisely describe and resolve the inherent conflict be-
tween these two fairness criteria, leading to difficulties in achieving effective trade-offs between the fairness and the
performance in practical applications (Angwin et al., 2022]).

To address these challenges, this paper proposes a unified framework based on stochastic interpolants theory that
reformulates the fairness problem as an optimal transport problem from the biased distribution to the ideal fair dis-
tribution (Cuturi, 2013)). Stochastic interpolants theory provides a flexible continuous-time random process that can
precisely connect any two probability density functions within a finite time (Albergo & Vanden-Eijnden, 2022). By
carefully designing the interpolation path, our method can dynamically balance the requirements of individual fairness
and counterfactual fairness during the transport process, preserving useful structural information while eliminating
inappropriate influence of sensitive attributes (Gu et al.| 2023)). Specifically, we construct a structure-attribute disen-
tanglement representation that decomposes node representations into structural features and sensitive attributes, and
achieves gradual integration of two fairness criteria by adjusting noise levels during the transport process.

The theoretical contributions of this paper are reflected in three aspects. First, we prove the upper bound of Kullback-
Leibler (KL) divergence between the model and the ideal fair distribution. This upper bound is determined jointly by
velocity field learning error and diffusion coefficient during the transport process, providing quantifiable theoretical
basis for fairness guarantees (Huggins et al.| [2019). Second, we establish a multi-objective optimization boundary
linking the realization levels of individual fairness and counterfactual fairness to two independent optimization objec-
tive functions, respectively revealing the inherent trade-off mechanism between two fairness criteria (Shalev-Shwartz
& Zhang, [2013). Finally, we prove that when the optimization problem reaches optimality, the generated distribution
is exactly the solution to Schrodinger Bridge problem. This solution represents the optimal transport path from the
biased distribution to the ideal fair distribution satisfying both fairness constraint conditions (Friedland, [2017). Ex-
perimental results in §4.2] show that compared with existing methods, our framework not only achieves significant
improvements in individual fairness and counterfactual fairness metrics, but also maintains high model performance.

Roadmap: §2] details the stochastic interpolants theoretical framework and its application in fairness problems. §3|
explains the specific implementation methods and theoretical boundary proofs. §4]describes the experimental design
and result analysis. §5|discusses related work. Finally, §6|summarizes the paper and outlines future research directions.

2 THEORETICAL FRAMEWORK
2.1 MOTIVATION AND PROBLEM FORMULATION

Graph fairness research faces a fundamental dilemma where individual fairness and counterfactual fairness criteria
often conflict in practical applications, and existing methods struggle to satisfy both simultaneously. Consider a typical
scenario in professional social networks due to historical gender segregation, male and female engineers with the same
technical capabilities may be located in different professional community structures. Traditional fairness methods face
a dilemma between two choices. () Focusing only on individual fairness requires structurally similar nodes to receive
similar prediction results, but perpetuates structural bias caused by gender segregation such as excluding women from
technical communities. (2) Focusing only on counterfactual fairness requires prediction results to remain unchanged
when sensitive attributes change but overlooks reasonable structural differences caused by genuine ability differences
such as misjudging technical ability differences as gender bias. This binary choice dilemma stems from existing
methods such as fairness GNNs based on adversarial training or post-processing calibration methods lacking fine
grained control capability for fairness requirements and being unable to eliminate inappropriate influence of sensitive
attributes while preserving useful structural information.

To overcome this limitation, we propose reformulating the fairness problem as an optimal transport problem from the
biased distribution pg to the ideal fair distribution p;. The key insight is that when structural features S are highly
correlated with sensitive attributes A such as in gender segregated social networks the ideal fair distribution may not
be fully realizable. To this end, we introduce the structure-attribute disentanglement condition. By decomposing the
structural features into a bias-carrying part S and an unbiased part S*, we can retain the true structural relationship
in S to satisfy individual fairness, while eliminating the sensitive attribute correlation in S® to satisfy counterfactual
fairness, thereby resolving the conflict between the two.

2.2  STOCHASTIC INTERPOLANTS THEORY AND FAIRNESS REFORMULATION

This work is built upon the foundation of stochastic interpolants theory (Albergo et al., [2023)), which provides a
flexible continuous-time random process capable of precisely connecting any two probability density functions within
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a finite time. Consider a random process x; = I(t,zo, 1) + (t)z where ¢ ~ po and 1 ~ p; represent the biased
distribution and the ideal fair distribution, respectively, z ~ N(0, I;) is standard Gaussian noise and () is a function
satisfying v(0) = (1) = 0 and y(¢t) > O for all ¢ € (0,1). The key characteristic of this process is that its density
p(t,x) at any time ¢ satisfies not only the first order transport equation:

but also the forward and backward Fokker-Planck equations:
Oip+V - (brp) = e(t)Ap,  p(0) = po; p+ V- (bpp) = —€e(t)Ap, p(1) = p1, )

where b(t, z) = E[0:I(t, x0,x1)|z: = x] is the drift term of the transport equation, by (¢, z) = b(t,x) + €(t)s(t, =
and bp(t,x) = b(t,z) — e(t)s(t, z) are the drift terms of forward and backward Fokker-Planck equations, s(t,x) =
V log p(t, ) is the score function, and €(¢) is the diffusion coefficient.

In the context of graph fairness, we define the biased distribution p, as the graph data distribution reflecting historical
bias, while the ideal fair distribution p; must satisfy both individual fairness and counterfactual fairness constraints.
For node representation = (S, A, C') where S represents structural features, A represents sensitive attributes and C'
represents other features, the ideal fair distribution p; must satisfy:

The individual fairness constraint requires that for structurally similar nodes = and 2/, we have |E[f(z)|S] —
E[f(2)]|S]| < L-d(S,S") where f is the prediction function, d(S, S’) is a distance measure based on graph structure,
defined as d(S,5") = ||S — S'||2 + Ay - SPD(v,v’), where SPD(v, v") represents the shortest path distance between
nodes v and v, A, is a balancing parameter, and L is the Lipschitz constant.

Counterfactual fairness constraint for any sensitive attribute values a and o', we have p1(z|A = a) = p1(z]|A = &)
meaning changes in sensitive attributes should not affect the distribution.

Reformulating the fairness problem as a transport problem from pg to pi, the key challenge is that direct transport
between pp and p; may lead to information loss or structural damage. By introducing the stochastic interpolants
process, we can control the characteristics of intermediate distribution p(t) during transport, thus preserving useful
structural information while eliminating inappropriate influence of sensitive attributes.

Based on the structure-attribute disentanglement condition, proposed in § [2.1] in order to achieve the above optimal
transmission problem, we design a structure-attribute disentanglement representation method that decomposes node
representation into bias-carrying structural features S b unbiased structural features S, sensitive attributes A, and
non-sensitive features C. Specifically, the interpolation function I(¢,xo,x1) in the stochastic interpolants process is
designed as:

I(tv Zo, 1’1) - T(tv )‘(t)Til(O» :L'O) + /L(t)Til(]-v 95'1))7 (3)
where 7T is an invertible mapping that transforms the original representation into a disentangled space. In this space,
node representation is decomposed into structural feature part and sensitive attribute part:

Tt x) = (Sb(t, x), S“(t,x), A(t,x), C(t, x)). 4)

This disentangled representation satisfies three key constraints. First, structural preservation S* preserves meaningful
structural relationships, ensuring d(S%, S"*) < L - d(S,S"). Second, bias elimination S® minimizes the correlation
between S® and A, namely 1(S%; A) < &,. Third, information preservation 7" ensures S* contains sufficient predictive
information, namely I(S*;Y) > n-I(S;Y).

This disentangled representation allows us to independently control structural similarity and causal invariance. In-
dividual fairness is mainly determined by S™, while counterfactual fairness is achieved by ensuring that changes in
A, do not affect S* and C. When sensitive attribute A changes, we only adjust the A part without affecting S* and
C, thus preserving meaningful structural relationships while maintaining prediction stability. This mechanism effec-
tively resolves the conflict between two fairness criteria, providing a theoretical foundation for building both fair and
accurate graph neural networks.

2.3 THEORETICAL BOUNDARY ANALYSIS

The core contribution of our theoretical framework is establishing the upper bound of KL divergence between the
model and the ideal fair distribution. This upper bound can be decomposed into the realization levels of individual
fairness and counterfactual fairness. Specifically, the KL divergence between the model generated distribution p(1)
and the ideal fair distribution p(1) satisfies:

1 SUPte0,1) (v()¥(t) — €o0)

5o (L] = min £,5) + e

2

KL(p(1) || (1)) < (L8] -~ ming,[3), )
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where £, [0] and L4[3] are the learning objective functions for velocity field and score function, respectively. This
boundary has three significant implications. First, the term £,[0] — ming £,[0] quantifies the realization degree
of individual fairness. When £,[0] — ming £,[0] < €,, the structural node distance (SND) < L - /2¢p - €y,
where L is the Lipschitz constant of structural similarity measure. This establishes a quantitative link between
theoretical boundary and actual fairness metrics. Second, the term £,[3] — minz £,[3] quantifies the realization de-
gree of counterfactual fairness. When L,[$] — ming £4[3] < e, the counterfactual prediction difference (CPD)

<Ly- \/ 2€0 - supye(o,1) (Y(t)¥(t) — €0)? - €5 where Ly is the Lipschitz constant of the prediction function. Third, the

term sup,¢o 17(v(1)¥(t) — €0)? provides a dynamic trade-off mechanism between two fairness criteria. By adjusting

~(t), we can control whether to emphasize individual fairness, or counterfactual fairness making the method adaptable
to different application scenarios.

Particularly, when the optimization problem reaches optimality, the generated distribution is exactly the solution to the
Schrodinger Bridge problem (Friedland, 2017). This solution represents the optimal transport path from the biased
distribution to the ideal fair distribution, satisfying both fairness constraints simultaneously.

3 METHOD IMPLEMENTATION AND THEORETICAL BOUNDARY PROOF

3.1 PROBLEM FORMALIZATION AND OPTIMIZATION OBJECTIVE

To formalize the graph fairness problem within the stochastic interpolants framework, we first need to clearly define
the biased distribution pg and the ideal fair distribution p;. For graph data G = (V, £, X), where V is the node set, £
is the edge set, and X is the node feature matrix, we define the representation x,, for each node v € V as:

= (85,85, A, Cv), (©6)
where S? € R% represents bias-carrying structural features, S € R% represents unbiased structural features, A, €

A is the sensitive attribute, such as gender or race, and C,, € R% represents other features, such as professional skills
or educational background. Based on this, the biased distribution py is defined as:

po(z) = p(8°, 5", A,C) = p(S°|A, C)p(S"|C)p(A|C)p(C), (7)
while the the ideal fair distribution p; must satisfy both individual fairness and counterfactual fairness constraints:

P1 (m) = pfair(sb> Su> A7 C) = pfair(Su|C)p(c)6(A)6<Sb>7 (8)

where §(A) and 6(S°) indicate that A and S° are independent of other features, and pe,;;(S*|C) preserves structural
similarity based on non-sensitive features C'

Based on this, we reformulate the fairness problem as a transport problem from pg to p; aiming to find the optimal
transport path p(¢) such that:

min/ / u(t, z)|?p(t, z)dxdt,
o(t) Rd

st. Oip+ V- (up) =eAp, p(0)=po, p(1)=p1, 9)
lu(t,z) —u(t,z")| < Ls-d(S,S’) forall z,2" with d(S,S") <4
pt,x|A=a) = p(t,x|A=d") foralla,d’ € A,

where O;p + V - (up) = eAp is the Fokker-Planck equation that describes the evolution of distribution p(¢, ) over
time. p(0) = po and p(1) = p; represent the initial distribution containing structural bias and the target distribution,
the ideal fair distribution, respectively. |u(t,x) —u(t,2’)| < Ls-d(S, S’) is the individual fairness constraint requiring
structurally similar nodes satisfying d(.5,.5’) < ¢ to have similar velocity fields where L, is the Lipschitz constant
of structural similarity measure and § is the threshold of structural similarity. p(t,z|A = a) = p(t,z|A = d') is the
counterfactual fairness constraint requiring conditional distributions to remain unchanged for any sensitive attribute
values a,a’ € A ensuring prediction results do not systematically change due to changes in sensitive attributes.

According to stochastic interpolants theory, the above problem can be equivalently transformed into finding the optimal
interpolation function I(¢,z¢,21) and noise function «(¢) such that the density p(t) of the random process x; =
I(t, zg,z1) + y(t)z satisfies the above constraints.
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3.2 THEORETICAL BOUNDARY PROOF

Based on stochastic interpolants theory we establish the upper bound of KL divergence between the model and the
ideal fair distribution. This upper bound not only provides fairness guarantees but also reveals the inherent trade-off
mechanism between two fairness criteria.

Theorem 1 (KL Divergence Upper Bound). Let p(1) be the ideal fair distribution and p(1) be the model generated
distribution, then:

2%0(% (6] — min £, [o]) + —<2 (13 (t) — e)

KL(p(1) || 5(1)) < (L.[3] —min £,[8)). (10)

260

This boundary has important theoretical significance. It decomposes the KL divergence upper bound into two parts,
corresponding to the realization levels of individual fairness and counterfactual fairness, respectively. The term
supyepo,1)(Y()F(t) — €0)? provides a dynamic trade-off mechanism between two fairness criteria. Detailed proof
is in the appendix. Specifically when £, [0] = ming £,[0] and £s[$] = ming £,[$] the KL divergence upper bound
reaches its minimum value and the generated distribution is exactly the solution to Schrodinger Bridge problem satis-
fying both individual fairness and counterfactual fairness constraints simultaneously.

Theorem 2 (Optimization Problem). When the optimization problem reaches optimality the generated distribution
p(t) is exactly the solution to Schrédinger Bridge problem which satisfies both individual fairness and counterfactual
fairness constraints.

Detailed proofs of Theorems|T] 2]are in the and §B.5]of the appendix. For convergence, Theorem [3|of §3.4]proves
that when the number of iterations is & — oo, K L(p*(1) || p®)(1)) — 0, and the convergence rate is O(1/v/k).

3.3 ALGORITHM DESIGN AND DYNAMIC ADJUSTMENT MECHANISM

Based on the theoretical boundary in Theorem [I| we design an algorithm that optimizes both individual fairness and
counterfactual fairness simultaneously. During the training phase the algorithm learns the optimal transport path
from the biased distribution to the ideal fair distribution by optimizing the velocity field and score function. During
the inference phase the algorithm generates node representations that satisfy fairness requirements using the learned
transport path.

In the training phase, our core objective is to learn the optimal velocity field 9g(¢, z) and score function §4(¢, z)
by minimizing the joint loss function. According to the theoretical boundary in Theorem [I] we define the joint loss
function as:

ﬁ(ev ¢) =\ L, [’00] + )\SC(GO)ﬁs [‘§¢']7 (11)

where C(eg) = sup;c(o 1) e(t) — €o|* represents the maximum deviation between the actual diffusion coefficient
€(t) = v(t)5(t) and the target diffusion coefficient ¢; and A, and A, are balancing weight coefficients. The design of
this loss function directly stems from the KL divergence upper bound ensuring the theoretical connection between the
optimization process and fairness guarantees.

In specific implementation, we adopt the method in Algorithm []in the appendix. First we sample time points ¢ ~
Unif([0, 1]) from a uniform distribution and draw samples xy and 2 from the biased distribution po and the ideal fair
distribution p; respectively. We also sample noise z ~ N (0, I;) from the standard Gaussian distribution. Based on
these samples we construct intermediate representation x; = I(t, xo, z1) + (¢)z and calculate empirical loss:

v 9 NZ( tuxt

&H%%JDWWWMO, (12)

L[54] NZ( st x|+ () i'§¢(ti;$ti)>- (13)

To achieve structure-attribute disentanglement we introduce two branches in network design one processing structural
features S* and C' and the other processing sensitive attributes A and S®. We encourage disentanglement between the
two branches through regularization terms. Specifically the velocity field network 0y is defined as:

bg(t,z) = 05 (t,8,C) + 05 (t, A), (14)
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where ﬁ(;g depends only on structural features S and non-sensitive features C' and f)g‘ depends only on sensitive at-
tributes A. This design ensures that the model can independently control structural similarity and causal invariance
thus effectively resolving the conflict between two fairness criteria. To promote disentanglement between the two
branches, we add a regularization term to the loss function:

Lq = NE[[35 (t,8",0) - 03 (t, A, S")|]. (15)

This regularization term encourages the output vectors of the two branches to remain orthogonal thus reducing inap-
propriate influence of sensitive attributes on structural features.

Additionally, we innovatively design a dynamic adjustment mechanism (see Algorithm[2) to achieve dynamic balance
between two fairness criteria during the transport process through adaptive +(¢) function:

V() = Vil =1)-a(t), (16)

where o (t) is a learnable scaling function satisfying o(0) = (1) = 1. By monitoring the relative magnitudes of L,
and L during training, we dynamically adjust o (¢):

o(t) =1+ a-tanh(f - (L, — nLs)),
where o and 3 control the adjustment amplitude and sensitivity, and 7 represents the desired balance point. This
mechanism ensures that when £, is significantly greater than L, individual fairness is insufficient, v(¢) increases
introducing more randomness to break structural bias. When L is significantly greater than £, counterfactual fairness
is insufficient y(t) decreases enhancing determinism to maintain structural similarity.

In the inference phase we implement a deterministic transport process from the biased distribution pg to the ideal
fair distribution p; as shown in Algorithm [3] in the appendix. Specifically, we draw initial samples zo from the
biased distribution py and then propagate samples step by step using the learned velocity field and score function
with forward drift term bp(t,2) = b(t,z) 4+ €o8(t,z). When ¢y = 0, the algorithm degenerates to deterministic
transport. When ¢y > 0 the algorithm implements stochastic transport. For the special case of linear interpolation
I(t,x0,21) = (1 — t)xo + tx1, we implement simplified denoising steps:
B(t — At) a(t)B(t — A)
Ti—At = B(t) B(t) ) nzos(ta It)
where 1).,s(t, x;) is the denoiser of one-sided spatially linear interpolant. This inference process guarantees optimal

transport from the biased distribution to the the ideal fair distribution while satisfying both individual fairness and
counterfactual fairness constraints. Algorithm [4]in the appendix details our entire training process.

Ty + (a(t — At) —

3.4 CONVERGENCE AND COMPUTATIONAL COMPLEXITY ANALYSIS

Theorem 3 (Convergence). Let p*(t) be the ideal transport path and p\®) (t) be the estimate at the k-th iteration, then
when k — oo:

KL(p*(1) || p™(1)) = 0
with a convergence rate of O(1/Vk).

Proof: According to Theorem |l|we have:

SUP¢elo,1] (v(@®)3(t) — 60)2
260

KL(p*(1) || p™ (1)) <

< o (L[]~ min £,[0]) + (Lo[sM] - min £,[8)).  (17)
0 v 3

Since £, and L are both convex functions and we use stochastic gradient descent for optimization according to
convex optimization theory we have:

L,[6®] —min £,[0] = O(1/Vk), Ls[8®] —min L[] = O(1/VE). (18)

Substituting these results into the KL divergence upper bound we obtain a convergence rate of O(1/+v/k). When using
denoising methods the convergence rate can be improved to O(1/k) providing theoretical guarantees for practical
applications (Albergo et al.,[2023).

The time complexity of the method described in is mainly determined by two parts: (1) forward propagation of
velocity field and score function, and (2) ODE/SDE integration. Assuming the graph contains n nodes, each with
representation dimension d, time steps 7', and neural network parameters P, the forward propagation complexity is
O(nT Pd?), ODE/SDE integration complexity is O(nT'd?), and the total time complexity is O(nT Pd?), comparable
to standard GNNs. The space complexity is mainly determined by storing intermediate representations and is O (nT'd).
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Table 1: Performance comparison across datasets. Lower values for SND, CPD, and SAKL indicate better fairness.

Method Dataset Accuracy? Fl-scoref SNDJ| CPD] SAKL]

Vanilla GNN Pokec 0.852 0.848 0.321 0.287  0.254
FairGNN Pokec 0.813 0.805 0.185 0.221 0.178
Causal GNN Pokec 0.801 0.792 0278 0.123  0.102
SI-Fair Pokec 0.835 0.829 0.132 0.111  0.090

~ Vanilla GNN ~ Facebook100 ~ 0.786 ~ 0.779  0.354 0312 0287
FairGNN  Facebook100 0.752 0.743 0.167 0265 0.214
Causal GNN  Facebook100 0.738 0.726 0321 0.142  0.121
SI-Fair  Facebook100 0.769 0.762 0.128 0.138  0.129

* VanillaGNN ~ Credit-Default 0763 ~ 0.751 0382 0.336 0312
FairGNN  Credit-Default 0.725 0.710 0.193 0.284  0.237
CausalGNN  Credit-Default 0.712 0.695 0.347 0.156  0.135
SI-Fair Credit-Default 0.741 0.728 0.145 0.123  0.122

“VanillaGNN ~ COMPAS ~ 0.687  0.673 0415 0362 0338
FairGNN COMPAS 0.652 0.636 0214 0.308  0.259
Causal GNN COMPAS 0.641 0.623 0.378 0.174  0.152
SI-Fair COMPAS 0.665 0.650 0.162 0.141  0.137

4 EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Datasets. We selected four representative datasets to comprehensively evaluate the performance of our method in dif-
ferent scenarios, including Pokec, Facebook100, Credit-Default, and COMPAS datasets. Additionally, we constructed
a synthetic Gaussian mixture graph dataset with known structural bias patterns to precisely verify theoretical bounds.
For more information and statistics, please refer to and in the appendix.

Evaluation Metrics For performance, we measured classification accuracy and F1 score. For individual fairness, we
used the structural node distance (SND) defined as 5 -, ;.4s,. s;)<s I1f (@) = f(z;)|. For counterfactual fairness,
we used the counterfactual prediction difference (CPD) defined as + >, || f(z;) — f(25")|| and sensitive attribute
perturbation KL divergence (SAKL) defined as K L(f(z|A = a)||f(z|A = a’)). For theoretical bound verification,
we measured the actual KL divergence KL(p(1)||(1)), the theoretical upper bound 5- (£, [8] —ming £, [8]) + - - and
bound tightness the ratio between actual KL divergence and theoretical upper bound.

4.2 MAIN RESULTS

—e— Actual KL Divergence -0.74
—=— Theoretical bound
—4— Tightness

Tab. [I] shows the comprehensive perfor- 078
mance of various methods across the four
datasets. Our method SI-Fair maintains 0.6
high classification performance while sig-
nificantly improving both fairness met-
rics. Traditional fairness methods such as
FairGNN (Dai & Wang| 2021) mainly im-
prove individual fairness metrics (SND), but
have limited improvement on counterfactual
fairness metrics (CPD and SAKL). Meth-
ods focusing on counterfactual fairness such 0.1- 0.62
as CausalGNN (Wang et al., |2022a)) signifi-

cantly improve CPD and SAKL but sacrifice ) 25 50 75 100 125 150 175 200
individual fairness, as SND is higher. Our Epochs

method achieves significant improvements
on both fairness metrics while maintaining Figure 1: Verification of theoretical bounds. The blue curve shows

high classification performance, as accuracy actual KL divergence, the red curve shows theoretical upper bound,
is only 1-2% lower than Vanilla GNN. and the green curve shows bound tightness.
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4.3 THEORETICAL BOUND VERIFICATION

To balance the accuracy of theoretical verification with the effectiveness of practical applications, we use a synthetic
dataset to verify the correctness of the theoretical bounds (because it has known structural bias patterns), and use the
Pokec dataset to evaluate the impact of parameter selection on the performance-fairness trade-off in real scenarios.

Fig.[I|shows the relationship between theoretical bounds and actual KL divergence on the Gaussian mixture synthetic
dataset. The horizontal axis represents training epochs and the vertical axis represents KL divergence values. The
actual KL divergence remains below the theoretical upper bound, validating the correctness of Theorem|[T] As training
progresses, the bound tightness actual KL divided by theoretical upper bound improves from 0.85 to 0.97 indicating
that the learning process effectively reduces the gap between theory and practice. When £, and L, converge, the
bound tightness reaches its highest value, validating the effectiveness of multi-objective optimization.

Tab. 2] demonstrates Table 2: Impact of different ¢ values on bound tightness on the Pokec dataset.
the impact of dif-

€ Actual K.  Theoretical Bound Tightness Accuracy SND  CPD
ferent € values on
bound tightness on 0.01 0.085 0.112 0.759 0.821 0.153 0.162
the Pokec dataset. 0.05 0.062 0.078 0.795 0.827 0.141 0.153
Results show that 0.10 0.048 0.052 0.923 0.835 0.132 0.131
e = 0.10 achieves 0.20 0.053 0.061 0.869 0.829 0.138 0.137
the tightest bound 0.50 0.071 0.089 0.798 0.817 0.149 0.145

while  maintaining
the best performance-fairness trade-off, and is able to better control the likelihood under imperfect speed.

4.4 DYNAMIC ADIUSTMENT MECHANISM ANALYSIS

Fig. 2| shows the Pareto frontiers of two fairness metrics under different o (¢) configurations. Each point represents a
configuration where the horizontal axis indicates individual fairness SND and the vertical axis indicates counterfactual
fairness CPD. The o1 () configuration without dynamic adjustment lies at the midpoint of the Pareto frontier, showing
balanced but suboptimal fairness metrics. The o2 (t) configuration with linear decay focuses more on counterfactual
fairness, resulting in lower CPD but higher SND. The o3(t) configuration with cosine decay achieves the best balance
optimizing both fairness metrics simultaneously.
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Figure 2: Pareto frontiers of fairness metrics under dif- Figure 3: Changes in fairness metrics during the trans-
ferent o (t) configurations. port process with cosine decay configuration.

Fig. further illustrates the changes in fairness metrics during the transport process under the o3(t) configuration. In
the initial phase (¢ < 0.3), CPD decreases rapidly indicating that the system effectively breaks the association between
sensitive attributes and structure. In the middle phase (0.3 < ¢ < 0.7), SND begins to decrease significantly showing
that the system starts rebuilding reasonable structural similarity. In the final phase ({ > 0.7), both fairness metrics
remain at stable low values validating the effectiveness of the transport path.

4.5 ABLATION STUDY

Tab. 3] presents ablation study results, evaluating the contribution of key components. The complete model achieves
the best performance across all metrics. Removing the structure-attribute disentanglement significantly worsens both
the fairness metrics. Removing the dynamic adjustment mechanism slightly increases fairness metrics. Optimizing



Under review as a conference paper at ICLR 2026

only £, leads to deterioration in counterfactual fairness, while optimizing only £, leads to deterioration in individual
fairness. These results validate the necessity of multi-objective optimization for balancing both fairness criteria.
in the appendix presents the sensitivity analysis of more hyperparameters.

Table 3: Ablation study results on the Pokec dataset.

Configuration Accuracy SND CPD SAKL Bound Tightness
Complete model 0.835 0.132 0.131 0.110 0.923
Without structure-attribute disentanglement (E 0.821 0.187 0.175 0.152 0.815
Without dynamic adjustment mechanism (Eq.|16) 0.828 0.158 0.153 0.132 0.869
Optimizing £, only in Eq. 0.815 0.129 0.214 0.187 0.792
Optimizing £, only in Eq. 0.812 0.243 0.125 0.105 0.801

5 RELATED WORK

Fairness Research in Graph Neural Networks. Fairness research in graph neural networks has received increasing
attention in recent years. Early work mainly focuses on group fairness. Kearns et al. proposed a fairness-constrained
optimization framework (Kearns et al.,|2018), which Dai et al. later extended to graph data through FairGNN (Dai &
Wang, |2021)). These methods reduce bias at the group level by introducing adversarial learning of sensitive attributes
during training, but often neglect individual-level fairness requirements (Wang et al., [2022b)). Recent studies have
begun to explore individual fairness in graph data. Ma et al. proposed individual fairness metrics (Ma et al., 2022)
based on graph structural similarity, while Kang et al. investigated individual fairness in graph mining tasks (Kang &
Tongl [2021). However, most of these works treat individual fairness and counterfactual fairness as separate problems,
lacking a unified framework to resolve their conflict (Binns}, 2020)). Compared to existing work, our method introduces
stochastic interpolants theory into graph fairness research, providing a unified framework to handle both individual
and counterfactual fairness criteria. We resolve their inherent conflict through precise control of transport paths.

Stochastic Interpolants and Generative Models. Stochastic interpolants theory was proposed by Albergo et al.,
offering a flexible framework for building generative models (Albergo & Vanden-Eijnden, 2022)). This theory relates
to various existing generative models including score-based diffusion models, stochastic localization, and denoising
methods (Song et al., [2020). In image generation Albergo et al. demonstrated how stochastic interpolants unify mul-
tiple generation algorithms, while Vahdat et al. explored applications in audio synthesis (Vahdat et al., |2021). Particu-
larly relevant is Huang et al.’s theoretical work on the convergence of score matching generative models, and Leonard’s
review of the Schrodinger problem, which provided important foundations for our theoretical analysis (Huang et al.,
2025). Unlike these works, we apply stochastic interpolants theory to fairness problems, specifically redefining it as
an optimal transport problem from the biased distribution to the ideal fair distribution.

Optimal Transport and Schrodinger Bridge. Optimal transport theory provides powerful mathematical tools
for fairness research (Villani et al) 2008)). Early work such as Gordaliza et al. explored connections between op-
timal transport and fairness, but these methods often suffered from computational complexity and lack of flexibil-
ity (Gordaliza et al., 2019). Schrodinger Bridge problem, as a regularized version of optimal transport, has recently
gained widespread attention (Riischendorf], 2009). Chowdhary et al. proposed fairness transport methods based on
Schrodinger Bridge, but these methods are limited to group fairness (Chowdhary et al.[2024). Cuturi introduced the
Sinkhorn algorithm for optimal transport computation, enabling large-scale applications (Cuturi, 2013). Our work
differs from these studies in key ways. We use stochastic interpolants theory to construct transport paths from the
biased distribution to the ideal fair distribution. We prove that when these paths satisfy Schrodinger Bridge conditions,
they can simultaneously satisfy both individual and counterfactual fairness.

6 CONCLUSION

To address the conflict between individual fairness and counterfactual fairness, this paper introduces stochastic inter-
polants theory into the research of graph fairness. We have demonstrated that through a carefully designed distributed
transport path, it is possible to maintain the model’s performance while simultaneously satisfying two seemingly con-
tradictory fairness criteria. Theoretical analysis and experimental results jointly indicate that our method not only
provides strict fairness guarantees, but also has good practicality and flexibility. §Fin the appendix provides a com-
prehensive analysis of the method’s limitations, including its current restriction to single sensitive attributes and the
variable tightness of theoretical bounds under different conditions, while also outlining future research directions.
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APPENDIX

This appendix contains additional details for the ICLR 2026 submission, organized as follows:

* §A]provides the mathematical foundations of Stochastic Interpolants Theory.
* §B|offers the complete key proofs.

+ §Cintroduces algorithm implementation details.

* §D]explores additional ablation experiments.

* §E lists the main symbols.

 §Hdiscusses future work.
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A  MATHEMATICAL FOUNDATIONS OF STOCHASTIC INTERPOLANTS THEORY

A.1 DEFINITION OF STOCHASTIC INTERPOLANTS PROCESS

Stochastic Interpolants is a continuous-time random process capable of precisely connecting any two probability den-
sity functions within a finite time. Consider the following random process:

xy = I(t,xo,21) +y(t)z, te€l0,1]

where: zg ~ pp and x1 ~ pp are two target distributions, z ~ A(0, I;) is standard Gaussian noise, I : [0,1] x
R? x R? — R? is the interpolation function, 7 : [0,1] — R is the noise function, satisfying v(0) = (1) = 0 and
~(t) > 0 forallt € (0,1). The key characteristic of this process is that its density p(¢, z) at any time ¢ satisfies not
only the first order transport equation, but also the forward and backward Fokker-Planck equations.

A.2 TRANSPORT EQUATION AND FOKKER-PLANCK EQUATIONS

Theorem A.1 (Transport Equation): Let z; be defined by the stochastic interpolants process, and p(t, z) be its
density function, then p(t, ) satisfies the transport equation:

Op+V - (bp) =0, p(0) = po
where the drift term b(¢, ) is defined as:
b(t,z) = E[0 (¢, xo, x1)|xs = 2]
Proof: Consider the characteristic function ¢(t,k) = E[e?**t] from the definition of the stochastic interpolants

process, we have:
¢(t7 k) _ E[eik~(1(t,a:0,a:l)+'y(t)z)] _ E[eikvl(t,xg,xl)]e,%,ﬁ(t)|k|2

Differentiating with respect to ¢:
Bd(t, k) = Elik - 0, I(t, 2o, 1) (Broe)]e =37 IR _ o (1)5(4) k[ (t, k)
On the other hand, from the characteristic function form of the transport equation:
o(t, k) = —ik - E[b(t, z,)e*™] = —ik - b(t, k)
where b(t, k) is the Fourier transform of b(¢, 2:). Comparing the two equations we get:
b(t, k) = (B[O (¢, o,z )eF TEw0o0 e =37 O 4jn (1)5.(1) K26 (t, k)

Taking the inverse Fourier transform, we obtain b(¢, ) = E[0;I (¢, zo, x1)|x+ = z], thus proving the transport equation
holds.

Theorem A.2 (Fokker-Planck Equation): The density p(¢,z) of the stochastic interpolants process satisfies the
forward and backward Fokker-Planck equations:

Op+ V- (brp) =€e(t)Ap,  p(0) = po

dp+V - (bpp) = —e(t)Ap, p(1) =p1
where: bp(t,x) = b(t,x) + €(t)s(¢, x) is the forward drift term, bp (¢, ) = b(t, ) — €(t)s(t, x) is the backward drift
term, s(t,z) = Vlog p(t, x) is the score function, €(t) = v(t)7(t) is the diffusion coefficient

Proof: From the transport equation d,p + V - (bp) = 0, consider adding a diffusion term:
Op+ V- (bp) = €(t)Ap
Rearranging we get:
dp+ V- ((b+e()Viogp)p) = e(t)Ap
Let by = b+ ¢(t)s where s = V log p then the above equation is the forward Fokker-Planck equation.
For the backward equation, consider time reversal t — 1 — ¢, we get:
—Op+ V- (bpp) = —€(t)Ap
whichis Oip 4+ V - (bpp) = —€(t)Ap, where bp = b — €(t)s.

12
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A.3  EXPRESSION OF SCORE FUNCTION
Theorem A.3 (Score Function): The score function s(¢,2) = Vlog p(t,x) of the stochastic interpolants process
satisfies:
s(t,z) = —y () E[z|2; = 2]
Proof: From the stochastic interpolants process x; = I(t, xg,x1) + ()2, we have:

=y () (2 — I(t, 20, 21))

Consider the conditional expectation E[z|x; = x| by Bayes rule:
Elz|lz: = 2] = /z cp(z|ley = x)dz = /z . wdﬁs
p(zy =)
Since x|z ~ N (I(t,z0,21),v2(t)14), we have:

o=t o () oo ()

Therefore:

[ zexp ( %) p(I(t,x0,21) = x — y(t)2)dz
[ exp ( E ‘2) p(I(t,zo,21) =2 —y(t)2)dz

Elz|z, = z] =

Notice that:

—7 2
Vi.logp(xy =)=V, log/exp (— i 2(’?23(:;)’ 1)l )p([(t,mo, x1))dI

xr— ZXo,T 2
J (@ = 1t w0,21)) exp (= ==L ) p(1(t, o, @0))d
[ exp (*%) p(I(t,z0,21))d]

= =y 2(OE[x — I(t,z0, x1) |2 = 2] = =y~ ()E[z]a; = 2]
While V, log p(z; = x) = s(¢, x), therefore:

s(t,z) = —y () E[z|z; = 2]

= —772(t)

B PROOFS OF KEY THEOREMS

B.1 MINIMIZATION PROPERTY OF VELOCITY FIELD

Theorem B.1: The velocity field b(¢, x) is the unique minimizer of the following quadratic objective function:
|
£af6) = [ B [Jlote 0l ~ 00ttt ao.01) o020
0
Proof: Rewrite the objective function as:

A ol 1 A A
L[] = /0 E {2|v(t,xt) — b(t,xt)|2 — i\b(t,xt)ﬁ +b(t, @) - O(t, 2¢) — O (t, 20, 1) - O(t, ) | dt

By the property of conditional expectation E[0:I (¢, g, 21)|x: = x] = b(t, x), therefore:
E[b(t, x¢) - 0(t, x¢) — Ol (t, w0, 21) - 0(t, 24)] = 0
Thus:
|
L,[0] :/ E {2|f)(t,mt) —b(t,z)*| dt + C
0

where C' = —35 fo [|b(t, z¢)|?]dt is a constant. Therefore the minimum value of £,[d] is achieved when 9(t, ) =
b(t, ) and the minimum value is C.

13
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B.2 MINIMIZATION PROPERTY OF SCORE FUNCTION

Theorem B.2: The score function s(t, x) is the unique minimizer of the following quadratic objective function:
1
1
L[3) = / e Llé(t’ 2P+ 1)z 8(t ) | dt
0

Proof: Rewrite the objective function as:

2
By Theorem A.3 s(t,x) = —y~1(t)E[z|z; = z] therefore:
E[s(t,z¢) - 8(t, ) + v H(t)z - 8(t,2)] = 0

L[8] = /0 E B|§(t7$t) — s(t,x)|* — 1|s(t,xt)|2 +s(t,we) - 8(t, ) +y )z - 8(t, 2y) | dt

Thus: )
1
Ls]8] :/ E [2|§(t,xt) —s(t,zy)|?| dt + C
0
where C' = —1 01 E[|s(t, z¢)|?]dt is a constant. Therefore the minimum value of L[3] is achieved when 5(¢,z) =

s(t, z) and the minimum value is C.

B.3 PROOF OF KL DIVERGENCE UPPER BOUND

Theorem B.3 (KL Divergence Upper Bound): Let p(1) be the ideal fair distribution, and p(1) be the model generated
distribution, then:

2
KL(p(1) || p(1)) < %(ﬁv (6] — min £,[3]) + j—(cs[g} — min £4[3])
€0 0 €0 5

where § = sup,¢(o17[7(¢)¥(t) — €o| denote the supremum of the absolute difference between the actual diffusion
coefficient v(¢)7(t) and the target diffusion coefficient €.

Proof: According to Girsanov theorem KL divergence can be expressed as:
X e ;
KL(p(1) || p(1)) = 270/0 Ept)[1br (8, ) — br (t,2)[*]dt

where by (t, ) = b(t, z) + €os(t, z), and by (¢, 2) = b(t, ) + €oé(t, z).

Expand |bg — bp|?:
lbr — br|? = |b— > + €2|s — 8% + 2e0(b —b) - (s — 8)
By Theorems B.1 and B.2, we have:

1
/0 Ep[Ib — bl*)dt = 2(L,[0] — min £,[0])

1
/ E, o lls — 87]dt = 2(£.[3] — min £,[3])
0 S
For the cross term by Cauchy Schwarz inequality:
[(b—=0)- (s =3)[ < [b—blls — 3]

Therefore:

/O B [1(b— B) - (s — &) Jdt < ¢ / B0 [1b — bJ2)dt - / By lls — 8[2]dt
< \/4(cv [0] — min £,[0])(£[3] — min £,[3])

Substituting the above results into the KL divergence expression:
1

N I > e [ . > .
KL(p() | 50)) < 5= [ Buollb=bPlat + G [ Bolls=3Plat + [ By l16=5) - (s = )

14
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< ;(EU[O] —min £, [0]) + €o(Ls[8] — mmE +2\/ mlnﬁ [0])(Ls[8] — min L4[8])
0 v S
Noting that § = sup,c(o,1] [7(¢)7(t) — €o| the above expression can be rewrltten as:
2
1
KL(p(1) || p(1)) < <\/6(£U[v] min £,[]) + \/60 —minL,[3 ]))

0

1 . . . 52

< —(Ly[0] — min L, [0]) + — (Ls[8] — ran [8])
260 D] 260

where the last step applies the inequality (a + b)? < 2(a? + b?).

B.4 PROOF OF OPTIMALITY OF SCHRODINGER BRIDGE SOLUTION

Theorem B.4: When the optimization problem reaches optimality, the generated distribution p(t) is exactly the solu-
tion to Schrodinger Bridge problem, which satisfies both individual fairness and counterfactual fairness constraints.

Proof: Consider Schrodinger Bridge problem:

mln/ / lu(t, z)|*p(t, z)dxdt

st. Op+ V- (up) =e€lAp, p(0)=po, p(1)=p1
and fairness constraints:

|u(t, ) — u(t x)
By Theorem B.3 when L, [0] = ming £, [0
p(1) = p(1).

Consider the stochastic interpolants process x; = T(t, A\(t)T (0, z0) + p(t)T~1(1,21)) + v(t)z, where T is the
structure-attribute disentanglement mapping.

| < ( S, pt,x[A =a) = p(t,z|A = a’)
] and £;[3] = minz £4[5] we have K L(p(1) || (1)) = 0 which means

For the individual fairness constraint, consider two structurally similar nodes x and z’ satisfying d(S, S’) < 4. Since
T preserves structural similarity, we have:

lu(t, z) — u(t,2')| = |0, T(t, T~ (t,x)) — O, T(t, T~ *(t,2"))| < Lyd(S,S") < Lr
where L is the Lipschitz constant of 7', which satisfies the individual fairness constraint.

For the counterfactual fairness constraint, consider sensitive attribute change A — A’. Since T' implements structure-
attribute disentanglement, the change in the A part of T~1(¢, x) does not affect the S and C parts, therefore:

plt, 2] A = a) = plt, 2] A = d)
which satisfies the counterfactual fairness constraint.
In summary, when the optimization problem reaches optimality, the generated distribution p(t) satisfies both
Schrodinger Bridge problem and fairness constraints, thus being the solution to Schrodinger Bridge problem.

B.5 CONVERGENCE PROOF
Theorem B.5 (Convergence): Let p*(t) be the ideal transport path, and p(*)(¢) be the estimate at the k-th iteration,

then, when & — oo:
KL(p*(1) || p™ (1)) =0
with a convergence rate of O(1/Vk).

Proof: By Theorem B.3 we have:

KL(p*(1) || p¥ (1)) < %wv [0%] = min £,[6]) + 5~ (£:[8"] — min £,[3])
where § = SUP¢e0,1] [v(#)7(t) — eol-

Since L, and L are both convex functions , and we use stochastic gradient descent for optimization according to
convex optimization theory we have:

L,[8™] —min £,[8] = O(1/Vk)
L,[3™] — min £,]3] = O(1/VE)

Substituting the above results into the KL divergence upper bound, we obtain a convergence rate of O(1/ \/E)
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C ALGORITHM IMPLEMENTATION DETAILS

C.1 VELoOCITY FIELD AND SCORE FUNCTION LEARNING

Based on Theorems B.1 and B.2, we design the following algorithm to learn the velocity field 9¢(t, ), and score
function §4(t, z):

Algorithm 1 Velocity Field and Score Function Learning

Require: Training data {(x{, %)}, number of time steps 7, batch size B, learning rate 7
Ensure: Velocity field parameters 6, score function parameters ¢

1: Initialize 6, ¢

2: while not converged do

3:  Randomly sample a batch {(z, 1)} /2, from training data
Uniformly sample ¢; from [0,1] for j =1,..., B
Sample z; from N'(0,1,) forj =1,....B
Compute z7 = I(tj,z},27) +~(tj)z;forj=1,...,B
Compute empirical loss:

Ly=53; [0-5||179(75j,9€§)||2 — 0l (t), x5, 27) '@e(tj’xi)}

9 Ly =5, [05l156(t dDIP + 77 (E)2 - Soltyad)]

10:  Compute joint loss £ = A\, L, + A\s62Ls where 6§ = supyeo) 17(H)¥(t) — €ol
11:  Compute gradients VoL, V4L

12:  Update parameters 0 < 0 —nVoL, ¢ < ¢ — V4L

13: end while

14: return 0, ¢

A

To achieve structure-attribute disentanglement, the velocity field network 0y is defined as:
. - ~ A
vg(t,x) = 05 (t,5,C) + 04 (t, A)
where 1705 depends only on structural features, S and non-sensitive features C, and ,%4 depends only on sensitive

attributes A. By adding a regularization term \4|05 (¢, S, C) - 97 (¢, A)| to the loss function, we encourage disentan-
glement between the two branches.

C.2 DYNAMIC ADJUSTMENT MECHANISM IMPLEMENTATION

To implement the dynamic adjustment mechanism, we design the adaptive y(¢) function:

V() = Vi(l —t)-o(t)

where o (t) is a learnable scaling function, satisfying o(0) = o (1) = 1. By monitoring the relative magnitudes of L,
and L, during training, we dynamically adjust o (¢):

o(t) =1+ «-tanh(5 - (L, — nLs))

where o and (3 are hyperparameters, and 7 is the relative importance weight of two fairness criteria.

Algorithm 2 Dynamic Adjustment Mechanism

Require: Current iteration k, losses L,, L, hyperparameters o, 3, 1
Ensure: Adjusted ()

1: Compute adjustment factor 6 = « - tanh(8 - (£, — nLs))

2: Defineo(t) =1+9

3: Sety(t) = /{1 —1) - o(t)

4: return ()

C.3 Sampling Algorithm

Based on Theorems 5.3 and 5.5, we implement a sampling algorithm to generate fair representations from the learned
velocity field:
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Algorithm 3 Fair Graph Representation Generation

Require: Sample size n, time step At, velocity field estimate ?), score function estimate $, initial time tg = 0, final

time ¢y = 1, noise function y(¢), diffusion coefficient ey, ODE/SDE integrator TakeStep

Ensure: {;v1 }7_,, a batch of fair representation samples

R A A e

: Set time ¢t = £

Draw initial conditions x( D pofori=1,....n

Construct §(¢,z) = nz(t x)/~(t)

Construct bg (£, ) = b(t, ) + eod(t, ) {When e = 0 degenerates to b (ODE)}
while ¢ < ¢/ do

Propagate i’ﬁgm = TakeStep(t, igi), br, €o, At) fori =1,...,n {ODE or SDE integrator}
Update t =t + At
end while

return {2\

Algorithm 4 End-to-End Training and Inference Process

Require: Training graph dataset G, number of training epochs E batch size B, learning rate 7, target diffusion

coefficient €, initial noise function y(t) = \/t(1 — t) (with o(¢t) = 1)

Ensure: Trained model parameters 6, ¢, and fair representation samples {igi)}?:l

1:

»

18:

20:
21:
22:
23:
24
25:
26:
27:
28:
29:

30:
31:

32:

Data Preparation:
Extract node features X, adjacency matrix A, sensitive attributes a, and labels y from graph dataset G
Construct training samples {(z}, %)}, using structural similarity and sensitive attributes
Split data into training, validation, and test sets
Model Initialization:
Initialize velocity field network 9 and score function network 3, with random weights
Set initial hyperparameters: «, /3, ) for dynamic adjustment mechanism
Training Loop:
for epoch = 1 to E do
Sample batch: Randomly select {(x, 2)}%_, from training set
Sample time steps: Uniformly sample ¢; € [0,1] forj =1,...,B
Sample noise: Generate z; ~ N'(0,Iq) forj =1,..., B
Compute transport path: =] = I(¢;,z),z]) + ’y( )z] forj=1,...,B
Update parameters:
Call Algorithm 1 (Velocity Field and Score Function Learning) to compute £,,, £, and update 6, ¢
Monitor convergence: Evaluate £,,, £, on validation set
If convergence criteria met or epoch > E/2:
Call Algorithm 2 (Dynamic Adjustment Mechanism) to update o (¢):
0 = -tanh(B - (L, —nLs))

o(t)=1+4
V() = t(d —1t)-o(t)
end if
end for

Fair Representation Generation:
Call Algorithm 3 (Fair Graph Representation Generation) with:
Trained parameters 6, ¢
Initial time ¢y = 0, final time ¢t = 1
Time step At = 0.01
Noise function 7(t) and diffusion coefficient ey

Return the generated fair representation samples {j:gi) Ja
Output:

Return trained parameters 6, ¢ and fair representation samples {xl o
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C.3 END-TO-END TRAINING AND INFERENCE FRAMEWORK

While the previous subsections have detailed the individual components of our framework—specifically the velocity
field and score function learning (Algorithm 1)), the dynamic adjustment mechanism (Algorithm [2), and the fair rep-
resentation generation process (Algorithm [3), a comprehensive view of the entire training and inference pipeline is
essential for practical implementation. The following algorithm (Algorithm[4) provides a unified framework that inte-
grates these components into a cohesive workflow, enabling both model training and fair representation generation in
a single, end-to-end process. This framework ensures that all parameters (e.g., 8, ¢, and ~(t)) are consistently updated
and applied across the training and inference phases, facilitating reproducibility and practical deployment.

C.4 TRAINING STRATEGIES AND IMPLEMENTATION DETAILS

When using linear interpolation I(t, zo, 1) = (1 — t)z¢ + tz1, denoising steps can be simplified as:

_BE=AN (o alBE—AY )
Ti—At = B(t) t + ( (t At) 45(15) ) nzos(t; t)

where 7,5 (t, x¢) is the denoiser of one-sided spatially linear interpolant.

In specific implementation, we build a complete framework based on PyTorch and PyTorch Geometric. The graph
neural network backbone uses a two layer graph attention network GAT, with hidden dimension set to 64 to effectively
capture graph structural information. Both the velocity field network ¥y and score function network 54 are imple-
mented by three layer multilayer perceptrons MLPs, ensuring the model’s expressive power. The optimization process
uses the Adam optimizer, with learning rate 0.001 weight decay 5x10~4, batch size 128, and 200 training epochs
to ensure convergence. The target diffusion coefficient €y is set to 0.1, a value determined through the performance
fairness trade-off curve on the validation set, capable of achieving optimal balance on most datasets.

To verify the effectiveness of the dynamic adjustment mechanism, we implement three different o (¢) configurations,
where y(t) = \/t(1 — t) - o(t). The first configuration o1 (¢) is constantly equal to 1, representing a baseline method
without dynamic adjustment. The second configuration o (t) uses linear decay function o5 (t) = 1 — 0.8¢, with larger
o(t) values in early stages, emphasizing counterfactual fairness, and smaller o (¢) values in later stages, emphasizing
individual fairness. The third configuration o3(t) uses cosine decay function o3(t) = 0.5 + 0.5 cos(wt), achieving
smooth transition between two fairness criteria.

In the inference phase, we use a fixed step size ODE solver for sampling, with time step At set to 0.01. To improve
sampling efficiency, we implement simplified denoising steps, avoiding complex numerical integration processes.
Specifically for linear interpolation cases, we use the denoiser 7),,s(t, 2;) of one-sided spatially linear interpolant
significantly, reducing computational complexity while maintaining the accuracy of the transport path.

D SUPPLEMENTARY EXPERIMENTAL RESULTS

D.1 DATASETS

We conducted experiments on four representative datasets to comprehensively evaluate the performance of the pro-
posed method in various scenarios:

Pokec Social Network: The largest social network in Slovakia, containing 1,635,785 users and 30,622,564 edges. We
selected a subgraph (approximately 13,000 nodes) containing complete gender information for the career recommen-
dation prediction task. The sensitive attribute is gender (binary), and the task is to predict the career categories (10
categories) that a user may be interested in.

Facebook100 Campus Network: Contains social network data from 100 US universities. We selected a subset of
10 universities with a relatively balanced gender and ethnicity distribution (approximately 45,000 nodes in total). The
sensitive attributes include gender (binary) and ethnicity (categorical), and the task is to predict the campus activities
that students may participate in (20 categories).

Credit-Default Graph Dataset: A graph constructed based on the UCI credit card dataset, connecting similar users
using the K-nearest neighbor method (approximately 30,000 nodes). The sensitive attributes are age (categorized as
young, middle-aged, and elderly) and gender. The task is to predict credit default risk.

COMPAS Judicial Graph Dataset: A heterogeneous graph constructed based on real judicial data, containing
defendant-case-judge relationships (approximately 18,000 nodes). The sensitive attribute is race (white, African Amer-
ican). The task is to predict recidivism risk.
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In addition, we constructed a Gaussian mixture graph structure synthetic dataset, which contains known structural bias
patterns and is used to accurately verify theoretical bounds. This dataset has 5,000 nodes divided into five communities.
The sensitive attributes are partially, but not completely, correlated with the community structure.

D.2 GAUSSIAN MIXTURE GRAPH STRUCTURE SYNTHETIC DATASET

To precisely characterize the generation mechanism of the Gaussian Mixture Graph synthetic dataset, we present a
formal mathematical definition combined with algorithmic pseudocode.

Let G = (V, £,X) denote the generated graph structure, where V is the node set, £ is the edge set, and X € RIVI*? jg
the node feature matrix. This dataset is generated through the following process:

1. Community structure generation: Define the community set C = {C1, Cs, ..., C5}, where each community Cy
contains ny = 1000 nodes, satisfying U;_,C, =V and C; N C; = (0 for i # j. The edge set & is generated with the
following probabilities:

pin = 0.05  ifu,v € C} for some k

Pout = 0.01  otherwise

P((u,v) € &) = {

2. Node feature generation: For each node v € Cy, its feature vector x,, € R?0 is generated as follows:

X’U — [X;:)omm, Xzommon] ~ N(H}C, 2)

where x%°™m ¢ R1Y represents community-specific features, x°™™°" ¢ R10 represents common features, py =
[p5o™™, 0], ps2™™ is the center vector of community &, and X is a block-diagonal covariance matrix.

3. Sensitive attribute generation: The sensitive attribute a,, € {0, 1} of node v € C}; follows a Bernoulli distribution:

08 k=1,2
a, ~ Bernoulli(f;), 6, =<02 k=34
05 k=5

4. Label generation: The label y,, € {—1, 1} of node v is generated through the following process:
Yo = Sign(ﬁng + Ev), €y N(Oa 05)

where By = By + dres, By = [1.01?, 0.211T5}T, e5 is a vector with the first five dimensions as 1 and the rest as 0, and
d, is the structural bias parameter:

103 k=1,2
6r=14-03 k=34
00 k=5

D.3 PARAMETER SENSITIVITY ANALYSIS
Table D.1 shows the impact of different ¢, values on model performance:

Table 4: Impact of different ¢y values on model performance

€0 Accuracy SND CPD SAKL

0.01 0.812 0.178 0.185 0.158
0.05 0.827 0.149 0.157 0.136
0.10 0.835 0.132 0.131 0.110
0.20 0.829 0.138 0.137 0.119
0.50 0.817 0.149 0.145 0.126

Results show that €y = 0.10 achieves the tightest bound, while maintaining the best performance fairness balance.
D.2 Comparison with Schrodinger Bridge Method
Table D.2 compares our method with traditional Schrodinger Bridge methods in fairness metrics:

Results show that our method not only optimizes both fairness metrics simultaneously, but also maintains higher model
accuracy with computational efficiency comparable to traditional methods.
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Algorithm 5 Gaussian Mixture Graph Synthetic Dataset Generation

Require: Number of communities K = 5, nodes per community n = 1000, intra-community connection probability
Pin = 0.05, inter-community connection probability p, = 0.01
Require: Feature dimension d = 20, community-specific feature dimension d; = 10
Require: Sensitive attribute parameters = [0.8,0.8,0.2,0.2, 0.5], bias parameters § = [0.3,0.3, —0.3, —0.3,0.0]
1: Initialize empty graph G = (V, £) and feature matrix X € R¥nxd
2: for k=1to K do
3:  Generate community center pu$™™ ~ /([—5, 5]91)
4: fori=1tondo
5: Add node vy ; to V
6: Generate community features x{°"™ ~ N (pg*™, 1, )
7 Generate common features x57"™*" ~ N(0, 144, )
8

. comm ,common
Xi,i [0 X

9: Generate sensitive attribute ay, ; ~ Bernoulli(6y)

10: Compute weights By, « [1.017,0.21% )7 + e

11: Generate label yy, ; < sign(B;, Xk,; + €x.i), €x,i ~ N (0,0.5)
12:  end for

13:  Add intra-community edges: for each pair of nodes (u,v) € Cy x Cy, add edge (u, v) with probability pi,
14: end for

15: for each pair of different communities (Cy, C}), k # [ do

16:  Add inter-community edges: for each pair of nodes (u, v) € Cj, x C}, add edge (u, v) with probability poy
17: end for

18: return G = (V, £, X), sensitive attribute vector a, label vector y

Table 5: Comparison of different methods in fairness metrics

Method Accuracy SND CPD SAKL

Vanilla SB 0.819 0.167 0.172 0.148

SB + Individual Fairness 0.805 0.135 0.215 0.186
SB + Counterfactual Fairness 0.802 0243 0.125 0.105
SI-Fair (Ours) 0.835 0.132 0.131 0.110

E SyMBOL EXPLANATION

To facilitate reader understanding we list the main symbols used in this paper and their meanings:

F CONCLUSION AND FUTURE WORK

F.1 SUMMARY OF KEY CONTRIBUTIONS

This paper proposes a unified framework based on stochastic interpolants theory to address the conflict between in-
dividual fairness and counterfactual fairness in graph neural networks. Our key contributions can be summarized as
follows:

* We reformulate the fairness problem as an optimal transmission problem from a biased distribution to an ideal
fair distribution. We utilize stochastic interpolants theory to construct a precise transmission path, enabling
us to dynamically balance the two fairness criteria during the transmission process.

* We design a structure-attribute disentanglement representation method that decomposes node representations
into structural features and sensitive attributes. This method preserves useful structural information while
eliminating the undue influence of sensitive attributes.

* We prove an upper bound on the KL divergence between our model and the ideal fair distribution. We
decompose this upper bound into the degree of achievement of individual fairness and counterfactual fairness,
providing quantifiable fairness guarantees.
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Table 6: Symbol explanation

Symbol Meaning
P05 P1 Biased distribution and ideal fair distribution
Tt State of stochastic interpolants process at time ¢
I(t,zo,21) Interpolation function
~(t) Noise function
b(t, ) Drift term of transport equation
s(t, x) Score function s(t, z) = V log p(t, x)
e(t) Diffusion coefficient €(t) = y(t)~(t)
€0 Target diffusion coefficient
1) Structural similarity threshold in individual fairness constraint
L,[0] Learning objective function for velocity field
L8] Learning objective function for score function
S, A, C Structural features sensitive attributes other features
SND Structural node distance
CPD Counterfactual prediction difference
SAKL Sensitive attribute perturbation KL divergence
SPD(v, v") Shortest path distance between nodes v and v’
Ag Balancing parameter in structural distance measure

By adjusting the v(t) function, a dynamic balance between the two fairness criteria is achieved during trans-
mission, making the method adaptable to the needs of different application scenarios.

Systematic experiments on multiple real and synthetic datasets verify the validity of the theoretical bounds
and demonstrate the superiority of the proposed method in resolving fairness conflicts.

F.2 LIMITATION ANALYSIS

Although our method has made significant progress, it still has some limitations:

Compared with standard GNNs, our method requires the additional calculation of the velocity field and score
function, which increases the computational overhead by approximately 20%. On large-scale graphs, this
overhead may become a bottleneck.

The method’s performance is sensitive to the choice of € and 7(¢), requiring adjustment based on the specific
application scenario. There is a lack of an automatic parameter tuning mechanism.

The current framework is primarily designed for a single sensitive attribute and requires further extension to
handle multiple sensitive attributes.

Although the upper bound on the KL divergence has been proven, the tightness of the bound is affected by
various factors and sometimes remains significantly loose, limiting the practical value of theoretical guidance.

F.3 FUTURE RESEARCH DIRECTIONS

Based on the current work, we believe the following directions warrant further exploration:

Explore more efficient algorithm implementations, such as utilizing the “antithetic sampling” technique men-
tioned in the PDF to reduce variance, or developing fast solvers specialized for graph data.

Design an adaptive ~(t) function to automatically adjust the weights of the two fairness measures based on
data characteristics and task requirements, reducing the need for manual parameter tuning.

Extend the framework to scenarios with multiple sensitive attributes to study the interactions between differ-
ent sensitive attributes and their impact on fairness.

Further tighten the theoretical bounds, improve the tightness of the bounds, and provide more precise quan-
titative metrics for fairness assurance.

21



	Introduction
	Theoretical Framework
	Motivation and Problem Formulation
	Stochastic Interpolants Theory and Fairness Reformulation
	Theoretical Boundary Analysis

	Method Implementation and Theoretical Boundary Proof
	Problem Formalization and Optimization Objective
	Theoretical Boundary Proof
	Algorithm Design and Dynamic Adjustment Mechanism
	Convergence and Computational Complexity Analysis

	Experiments
	Experimental Setup
	Main Results
	Theoretical Bound Verification
	Dynamic Adjustment Mechanism Analysis
	Ablation Study

	Related Work
	Conclusion
	Mathematical Foundations of Stochastic Interpolants Theory
	Definition of Stochastic Interpolants Process
	Transport Equation and Fokker-Planck Equations
	Expression of Score Function

	Proofs of Key Theorems
	Minimization Property of Velocity Field
	Minimization Property of Score Function
	Proof of KL Divergence Upper Bound
	Proof of Optimality of Schrödinger Bridge Solution
	Convergence Proof

	Algorithm Implementation Details
	Velocity Field and Score Function Learning
	Dynamic Adjustment Mechanism Implementation
	End-to-End Training and Inference Framework
	Training strategies and implementation details

	Supplementary Experimental Results
	Datasets
	Gaussian Mixture Graph Structure Synthetic Dataset
	Parameter Sensitivity Analysis

	Symbol Explanation
	Conclusion and Future Work
	Summary of Key Contributions
	Limitation Analysis
	Future Research Directions


