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Abstract

Polyak’s heavy-ball momentum is widely used in deep learning, where it often accelerates training
in practice. However, standard smooth non-convex optimization theory, which typically measures
convergence by averaged or best-iterate gradient norms, offers only a limited explanation of this ad-
vantage. We revisit this gap through worst-case lower bounds. For SGD with heavy-ball momentum
(SHB), SignGD with momentum (Signum), and Muon, we show that the lower bounds on averaged
gradient norms considered for these methods can exceed the upper bounds for their non-momentum
counterparts, even with their respective optimal constant step sizes. These comparisons cover
commonly used ranges of the momentum parameter (3, become unfavorable to momentum as 3
increases, and diverge in deterministic settings as 5 — 1. For GD with heavy-ball momentum
(HB), we further show that the same separation persists under the best-iterate squared gradient norm.
These results indicate that the standard framework can lead to comparisons opposite to the empirical
behavior of momentum in deep learning, motivating refinements involving convergence measures,
structure, or stochasticity.

1. Introduction

The development of momentum-based acceleration traces back to the foundational work on Polyak’s
heavy-ball method [25] and Nesterov’s accelerated gradient (NAG) [22]. The empirical success
of these momentum-based frameworks is particularly evident in deep learning, where they are
considered essential for achieving efficient training and superior generalization [32]. In large-scale
applications, the heavy-ball type update has become especially prevalent because it is simple to
implement and appears across many optimizers, including Adam [18], Signum [2], and Muon [14].

Beyond the quadratic regimes where heavy-ball momentum is classically known to help, smooth
non-convex optimization provides a standard framework for studying first-order methods under
weaker assumptions. Under L-smoothness, bounded initial gap, and a bounded-variance stochastic
first-order oracle, convergence guarantees are commonly stated in terms of gradient norms such as
x SB[V £ (22)]|9] or ming<s<7 E[||V £ (22)|9]. We use this framework to compare heavy-ball
momentum methods with their non-momentum counterparts.

Viewed through this lens, however, existing convergence analyses often fail to reflect the practical
advantages of heavy-ball momentum. For stochastic gradient descent with heavy-ball momentum
(SHB) and SignGD with momentum (Signum), known smooth non-convex upper bounds are larger
than those for stochastic gradient descent (SGD), even under optimally tuned step sizes, and their
dependence on the momentum parameter S can worsen as 3 — 1 [20, 31]. We ask whether these
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pessimistic comparisons merely reflect looseness in existing analyses, or whether they can be certified
by worst-case lower bounds under the same assumptions and convergence criteria.

1.1. Summary of OQur Contributions

Our contributions center on lower bounds for methods with Polyak-style momentum in the stationarity-
based smooth non-convex setting. We compare each momentum method with its non-momentum
counterpart under optimized constant step sizes, using averaged gradient norm criteria for SHB,
Signum, and Muon, and the best-iterate squared gradient norm for deterministic HB.

* In Section 3, we prove a lower bound for SHB under averaged squared gradient norm that exceeds
the optimized SGD upper bound over a 3-dependent range of stochasticity levels. We also prove a
deterministic best-iterate squared-gradient lower bound for HB, yielding an analogous unfavorable
comparison for every 5 € [7/8,1).

¢ In Section 4, we prove a lower bound for Signum under averaged gradient /1-norm that exceeds
the optimized SignGD upper bound when 3 > 0.886. We also transfer the Signum construction
to Muon on diagonal matrix instances.

* In Section 5, we discuss the gap between our theoretical results and the empirical success of
momentum in deep learning. We examine what the standard framework may miss, including alter-
native convergence measures, extra structural assumptions, and a better account of stochasticity.

Our work complements prior positive and negative analyses of momentum, which often depend
on additional assumptions. We focus the main text on the lower bound comparisons and defer a
broader discussion of related work to Section A.

2. Preliminaries

For vectors, || - ||, denotes the £,-norm, and for matrices, || - || and || - || denote the Frobenius and
nuclear norms. Let F7,(A) be the class of L-smooth objectives satisfying f(0) — f* < A, where
f* =inf, f(x). We assume access to an unbiased stochastic first-order oracle g(x; &) with variance
at most o2, Formal definitions and additional notation are collected in Section B.

We consider three first-order methods with Polyak-style momentum: SGD with Polyak’s heavy-
ball momentum (SHB), SignSGD with momentum (Signum), and Muon.! Those algorithms are
parameterized by a step size 7 > 0 and a momentum parameter 5 € [0, 1).

For SHB and Signum, given g; = g(x; &), the momentum variable is updated as m;1 =
Bmy + g¢, with mg = 0. The corresponding updates are

Tiy1 = —nmyy; (SHB), x4 = ¢y — nsign(myy;)  (Signum)
For Muon, given G; = g(Xy; ;) and M, = 0, the updates are
My = BM; + Gy, (Upga, Sp1, Vig1) = SVD(Myy1),  Xip1 = Xi — U Vil

Note that setting 5 = 0 recovers SGD, SignSGD, and SpecGD, respectively. In the deterministic
setting (0 = 0), we refer to SignSGD as SignGD.

1. The original Muon applies Newton-Schulz iterations to approximately orthogonalize the momentum matrix M. In
this work, we instead compute the exact SVD of the momentum.
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Given a sequence of iterates {wt}f:_ol generated by a first-order method, we evaluate convergence
using averaged and best-iterate gradient norms: + Ef:_ol E[||V f(=:)||?] and ming<; <7 E[||V f (2¢)[|],
where the expectation is over the oracle randomness. In particular, we use the £5-norm with g = 2
for SHB, the ¢;-norm with ¢ = 1 for Signum, and the nuclear norm with ¢ = 1 for Muon.

3. Lower Bounds for SHB

In this section, after recalling the SGD upper bound, we prove an averaged squared-gradient lower
bound for SHB that can exceed the SGD upper bound under optimized step sizes. We then show that
an analogous comparison persists for deterministic HB under the best-iterate squared gradient norm.

3.1. Averaged Squared Gradient Norm Lower Bound for SHB

We first recall the SGD upper bound of Ghadimi and Lan [10]. For any f € F7(A) and any unbiased
stochastic first-order oracle with variance at most o2, the SGD iterates Tip1 = o —ng(xy; &) satisty

T— 1 o2
>, ENVI@)IE] < ol + 327 M

Minimizing the right-hand side over n > 0 glves (1 +4/1+ 2 T)

There exists an L-smooth function and a stochastlc first- order oracle for which the bound in
(1), when stated with f(ax¢) — E[f(27)] in place of A, holds with equality. See Section C.1 for a
constructive example.

Remark. Existing optimized upper bound comparisons for SHB are also unfavorable relative to
SGD in the large-T" stochastic regime; see Section C.1.

Theorem 1 provides a lower bound for SHB, under the averaged squared gradient norm.

Theorem 1 Suppose T' > max {25, ﬁ (5 log ﬁ + 9) ,39M + 10}, where M := 2AL When

0 < M < 1, we additionally assume that > %. For any step size n > 0, function f € Fr(A),

and an unbiased stochastic oracle g with variance at most o2, let {wt}tT:_Ol be the iterates generated
by SHB. Then,

2
infy>0SUPfer, (A) T Zt o ElIVA( a,)|3] > S (1 - 52) (\/ﬁﬂL }fEQ - %) @)
where W =1 —2M {3 Hﬁ + 4M'T. Moreover, the right-hand side of (2) is positive.

We defer the proof of Theorem 1 to Section E.

Our lower bound instance is simple: up to translation, it is the one-dimensional quadratic Lx?/2
with additive symmetric noise +o. Its condition number is 1, so the construction lies outside the
ill-conditioned quadratic regime underlying Polyak’s classical acceleration; rather, it shows that the
standard worst-case framework can be driven by geometries where momentum need not help.

Figure 1 compares the SHB lower bound from Theorem 1 with the SGD upper bound from (1)
across the stochasticity level M = % and the momentum parameter 5. The unfavorable region
expands as (3 2increases and shrinks as M increases. The white dashed curve shows the large-T'
1+8 M

T 2 = 1, whose derivation is given in Section D.1.

boundary
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3.2. Best-Iterate Lower Bound for HB

We next show that in the deterministic setting, an analo- T=5000
gous separation holds under the best-iterate squared gradi-
ent norm. For comparison, Rotaru et al. [27] give the tight
GD upper bound under the same metric:

. : 2 _ _ 6V3AL
52% feil??A) 0SteT IV F(@:)llz = sronrsvs O

We next establish the corresponding lower bound for
HB under the same metric.

S o K ) o o
Theorem 2 Fix 3 € [7/8,1). Let {x;}1 - denote the M

iterates generated by HB with momentum parameter [3
and step size n > 0. Then,

Figure 1: Ratio of the SHB lower bound
to the optimized SGD upper bound for

.. . . 2 AL . .
lim inf (T 7171;% fei—‘ile) Jin IVf(@)]3) > 7555 T = 5000. The red curve marks ratio 1.

The full proof of Theorem 2 is provided in Section F.
To complement this asymptotic result, Section I reports finite-horizon Performance Estimation
Problem (PEP, Drori and Teboulle [8]) computations. Combining (3) with Theorem 2 yields an
unfavorable best-iterate lower/upper-bound comparison for every 8 € [7/8, 1), with the comparison
ratio diverging as 5 — 1; see Section D.2 for the detailed coefficient comparison.

4. Lower Bounds for Signum and Muon

We next consider sign-based and spectral methods with Polyak-style momentum. In the deterministic
setting, we prove a worst-case lower bound for Signum and compare it with the optimized upper
bound for SignGD. We then transfer the same construction to Muon on diagonal matrix instances.

4.1. Lower Bound for Signum

In this section, we focus on SignGD and Signum in the deterministic setting. We first present a
known convergence upper bound for SignGD. For any L-smooth function f, the SignGD iterates
with constant step size 7 > 0 satisfy

T—1
T, VSl < 5 + 5, @

where A = f(x¢) — f*. The minimum of the right-hand side with respect to 7 > 0 is %.

The proof is given in Section C.2. The optimized upper bound in (4) is asymptotically tight; this
is also proved in Section C.2.

Remark. Existing optimized upper bound comparisons for Signum are also unfavorable relative
to SignGD in the large-momentum regime; see Section C.2.

We next derive a lower bound for Signum under the averaged gradient £;-norm.

Theorem 3 Consider the iterates {wt}tT:_Ol generated by Signum, with o = 0. Suppose T >
20 + ﬁ and 8 > 0.64. Then,

T-1
: A
inf,~0 SUPfeF. (A) % § =0 IV f(z)][1 > \/321@ <42T(1) + 128?/5@)
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The full proof of Theorem 3 is provided in Section G.3. Combining the optimized SignGD upper
bound in (4) with Theorem 3, the Signum lower bound exceeds the optimized SignGD upper bound
when 3 > 0.886; see Section D.3 for the coefficient comparison.

4.2. Implications for SpecGD vs Muon

The same construction gives a lower bound for Muon. On diagonal matrix instances, the Muon update
preserves diagonality and coincides with Signum on the diagonal; moreover, the nuclear norm of the
diagonal gradient equals the £1-norm of the corresponding vector gradient. Therefore, the Signum
lower bound in Theorem 3 transfers directly to Muon, with ||V f(X})||« replacing ||V f(z:)]|1. The
formal reduction and corresponding Muon lower bound are given in Section H.

5. Discussion

Deep Learning Experiments. To contrast our worst-case results with deep learning practice,
Section J reports ResNet-18 [13] experiments on CIFAR-10 [19] where SHB can outperform SGD
under the averaged squared gradient {o-norm after tuning the learning rate. Thus, the mismatch
points to limitations of the standard smooth non-convex framework rather than the metric itself.
Convergence Metrics. Within the standard smooth non-convex framework, gradient norm-based
criteria are hard to avoid: function-value gap is a global-optimality criterion, which is NP-complete
to certify in unconstrained non-convex optimization [21], while finite-time guarantees for the last-
iterate gradient norm are impossible under the standard assumptions alone [7]. Our results show
that these standard stationarity metrics can nevertheless compare momentum unfavorably with its
non-momentum counterparts. Thus, the mismatch does not seem to be merely an artifact of averaging
over iterates, nor does it appear to be resolved by switching to the standard best-iterate criterion.
Function Class. Another possible source of the mismatch is the function class. Deep learning
objectives often violate global L-smoothness [41], but any larger class containing our hard instances
inherits the same lower bounds. For the averaged gradient norm lower bounds, these instances
are simple isotropic quadratics of the form %Hm”% up to translation, with additive noise for SHB,
and have condition number x = 1, far from the ill-conditioned quadratic regime where Polyak’s
heavy-ball method is classically accelerated [25]. Thus, explaining momentum’s advantage may
require assumptions that distinguish such isotropic geometries from more structured landscapes.
As an illustration, Section K gives a Rosenbrock example where curved valley geometry can lead
to more favorable comparisons for heavy-ball momentum, consistent with recent views of valley
structure in deep learning loss landscapes [29, 30, 37].

Stochasticity. Our SHB comparison also suggests that stochasticity matters: as the noise level
increases, the range of 5 where SHB exhibits the unfavorable comparison narrows. This is consistent
with views of heavy-ball momentum as partially filtering gradient noise [5], and suggests that a
refined stochastic model may help explain positive effects of momentum. However, stochasticity
alone is likely insufficient, as momentum can also be beneficial in full-batch settings; see Section J.

6. Conclusion

We proved worst-case lower bounds showing that standard stationarity-based smooth non-convex
analysis can yield comparisons unfavorable to Polyak-style momentum. These separations hold
for SHB, Signum, and Muon under averaged (squared) gradient norms, and for deterministic HB
under the best-iterate squared gradient norm. This suggests that explaining momentum’s practical
advantage in deep learning requires refinements beyond the standard framework, such as geometric
structure or refined stochastic models.
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Appendix A. Related Work

Classical results show that heavy-ball momentum achieves acceleration over gradient descent on
ill-conditioned quadratic objectives, with an improved dependence on the condition number [25].
Beyond this classical setting, many positive results for heavy-ball momentum typically rely on
additional structural assumptions, and the type of benefit varies across settings. For example, heavy-
ball momentum has been shown to improve convergence in quadratic objectives with anisotropic
gradient noise [23] and to accelerate locally under the Polyak-t.ojasiewicz condition around global
minima [16]. In stochastic difference-of-convex optimization, momentum can also be necessary for
convergence under standard smoothness and bounded-variance assumptions with small batch sizes [3].
For sign-based and normalized methods, momentum has also been shown to improve convergence
behavior [4, 31]. In constrained convex optimization with time-varying parameters, momentum
has also been shown to play a role in achieving optimal convergence guarantees [34]. These works
demonstrate that momentum can be useful under suitable structure, while also suggesting that such
benefits depend on assumptions beyond smooth non-convexity alone.

On the other hand, several studies show that momentum does not always improve convergence
and can even be unfavorable in some settings. For instance, Goujaud et al. [12] show that HB does
not yield an acceleration for the class of smooth strongly-convex functions. In stochastic regimes,
Kidambi et al. [17] demonstrate that for certain quadratic objectives, standard momentum methods
fail to provide any acceleration over gradient descent. Ganesh et al. [9] highlight that momentum
can be insufficient to improve convergence rates in the presence of gradient noise. Wang et al. [36]
further note that the advantage of momentum is marginal in regimes where the learning rate is small
and gradient noise dominates. More closely related to slowdown phenomena, Deng et al. [6] analyze
convex quadratic objectives and show that heavy-ball momentum can slow down SGD as § — 1
in a particular step size regime. Furthermore, Sahu et al. [28] demonstrate that in non-stationary
environments, momentum can amplify drift-induced tracking error, making it provably suboptimal
compared to vanilla SGD.

Together, these works show that heavy-ball momentum can be beneficial under additional
structure, but that it does not necessarily provide a uniform improvement across broad problem
classes. Our work complements this literature by showing that the standard stationarity-based smooth
non-convex setting can certify lower/upper-bound comparisons that are unfavorable to momentum.
This highlights a limitation of the standard framework in explaining momentum’s empirical benefits.

12
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Appendix B. Additional Preliminaries

Notation. For vectors, we write || - ||,, for the £,-norm, and for matrices, || - || and || - ||, denote the
Frobenius norm and the nuclear norm, respectively. The sign function sign(-) is applied element-wise.
We denote by f* = inf_cpa f(x). For a matrix X € R™*", let SVD(X) = (U, S, V') denote the
singular value decomposition, where X = USV ", U € R™*" and V' € R™*" have orthonormal
columns, S € R"*" is diagonal with nonnegative entries, and » = rank(X'). We write 0,,,x, for the
zero matrix in R™*" and I,,, for the identity matrix in R™*™. We denote by 14 € R¢ the vector of
all ones, and write 1 when the dimension is clear from context. For a = (ay, ..., aq) € R?, we write
diag(aq, ..., aq), or equivalently diag(a), for the d x d diagonal matrix whose (7, 7)-th entry is a;.
B.1. Problem Settings

We consider the unconstrained minimization problem

mingcpa f(x),

where the objective function f is smooth and possibly non-convex, and accessible through a (stochas-
tic) first-order oracle.
We first define smoothness and the function class.

Definition 4 (Smoothness) A function f : R* — R is L-smooth for some L > 0 if
IVf(x) = Vi)l < Lilz -yl
for any x,y € R% When f is defined over a matrix domain, we replace || - ||2 by || - ||F.
Definition 5 (Function class) For some A > 0 and L > 0, we define
Fr(A):={f :RT = R: f(0) — f* <A, fis L-smooth}.

The choice of the origin as the initial point is without loss of generality. Indeed, any instance
with objective ¢ and initial point x satisfying g(x¢) — ¢* < A can be translated to an instance in
Fr(A) by defining f(x) := g(x + x0).

We assume access to a stochastic first-order oracle that returns g(x; £), when queried at = € R
We make the following assumptions on the stochastic oracle. When o = 0, the stochastic oracle
reduces to the deterministic first-order oracle.

Assumption 6 (Unbiasedness) The stochastic oracle is unbiased, i.e., E [g(x;£)] = V f(x).
Assumption 7 (Bounded variances) There exists o > 0 such that E [||g(z; &) — V f(x)|3] < o2

Note that when o = 0, the stochastic oracle reduces to the deterministic first-order oracle.

13
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B.2. Worst-Case Performance

To compare optimization algorithms independently of specific parameter choices, we adopt a worst-
case performance criterion based on a minimax formulation. Given an algorithm class .4 and a
function class F, we measure performance by

ianEA Supfer M(fa A)a

where M( f, A) denotes a convergence metric for algorithm A on function f, such as

S
-

E[[VF()],  min E[[[Vf(@)]|].

0<t<T—1

Nl

t

Il
=)

The infimum and supremum represent optimal algorithmic parameter tuning and the worst-case
instance within the function class, respectively.

In this work, A consists of heavy-ball momentum-based first-order methods (e.g., SHB, Signum,
or Muon) parameterized by the step size, while the momentum parameter [ is treated as fixed. The
function class F is given by F1,(A). Our comparison focuses on contrasting the cases § = 0 and
B > 0, corresponding to algorithms without and with momentum, respectively.

14
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Appendix C. Existing SHB/Signum Upper Bound Comparisons
C.1. SGD/SHB Upper Bound

SGD Upper Bound. As shown in Section 3.1, the SGD upper bound of Ghadimi and Lan [10] is
given by

A nLo?
Tn(l —nL/2) oz nL’

and the minimum of the upper bound over > 0 is

AL 202T
SGDUB::T<1+ 1+ 22 )

| 71
T ZE IV £(z)ll5] <
=0

AL

Moreover, there exists an L-smooth function and a stochastic first-order oracle for which the
bound in (1), when stated with f(xo) — E[f ()] in place of A, holds with equality. We prove this
below.

Proof
Let f : R — Rbe f(x) = §||as||% and consider the stochastic oracle g(x;§) = Lx + &, where

P <§ = +\‘/’g1d> =P (5 - \21(1) = %

Then, Assumptions 6 and 7 are satisfied.
We also have

f($t+1) = f(wt —ngt)
T 772L 2
= f(@0) — V@) g+ gl )
Moreover, it holds that

Elllg: = Vf(x0)[13] = Elllgell3] + IV ()13 = 2V f(ze) "Elgy]
=Ellg:ll3] = 1V ()13

and
Elllg: — Vf(z:)|3] = E[[I£]13] =

which implies that E[||g:||3] = o2 + E[||V f () ||3].
Taking expectation and rearranging (5) yields

2 02
n <1 - ) IV (@3 = f (@) — B[f (1) | ] + 2 g :
Therefore,
1 _ f(@o) —E[f(wr)] Lo

15
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SHB Upper Bound. We recall a representative convergence guarantee for the SHB method under
the same assumptions. The following result of Liu et al. [20] states an upper bound for SHB.

Proposition 8 (Liu et al. [20], Theorem 1) Ler f € Fr(A) and 0 < n < m? Suppose

that the stochastic first-order oracle g satisfies Assumptions 6 and 7. Let {mt}th})l denote the iterates
generated by SHB. Then,

T—1 552
Y CENVA@)IB] < s + (4855 +1) (- BnLo®, ©)

Remark. Note that Liu et al. [20] adopt the update m;; = fm; + (1 — 3)g;. Consequently,
their step size parameter (denoted as « in their work) corresponds to (1 — () in our notation.
The upper bound (6) is minimized at

4 A(1+8) if 4 A(1+5) < o
n= o(1-B) \ LT(582+95+8)’ 1-8Y\ LT(582+98+8) — L(4—pB+p2)’
1

LA—515) otherwise,

and its minimum is

o [T 4 A
A1 T 1-8\ LT(582+96+8) — L(4—B+p?)’

2AL(B2—B+4) |, _2(1-B)(56°+95+8) ,
—Ta=p T BB B —F) otherwise.

Thus, if
16AL  (1+B)(4— B+ %)

o?2(1-p8)2 582+983+8
then the minimized upper bound becomes

2
SHB UB := o w&
841 T

T>

Comparison. The ratio between SHB upper bound and SGD upper bound is

582+98+8
suBUB o/ e ess
SGD UB \/¥+ AL 4942 2(8+1)

as ' — oo.

For all 5 € [0, 1), this ratio remains strictly greater than 1. In particular, the ratio equals 2 at
$ = 0 and monotonically approaches /5.5 ~ 2.34 as 3 — 1. This indicates that the upper bound for
SHB by Liu et al. [20] is consistently larger than that of SGD by a constant factor. This observation
is consistent with other existing analyses [38—40].

The discrepancy becomes even more significant in the deterministic setting. In this case, the
optimized upper bound for SGD is QATL, whereas the bound for SHB in Proposition 8 reduces to

2_ . S
QATLBT%M. Comparing these deterministic bounds, the gap between the two methods scales as

O((1=p)7).

2. While the original condition on the step size in Liu et al. [20] involves a minimum of two terms, the term

1
L(4—p+8%)

is the stronger constraint for all 8 € [0, 1), which allows us to simplify the step size requirement to n < LA A"

16
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C.2. Signum Upper Bound
SignGD Upper Bound. As shown in Section 4.1, the SignGD upper bound is given by

T-1
1 A Ld
l < — =7
7 2 Vi@l < 2+ oo

where A = f(xg) — f*, and the minimum of the upper bound over 7 > 0 is

SignGD UB := 4/ QA#

We provide the proof of the upper bound below.
Proof By the descent lemma, for any x,y € R%, we have

Fly) < Fl@)+ V(@) (y o) + ¢y~ 2l

Substituting @1 = x; — nsign(V f(x;)) yields

Fl@in) < flan) — 1V ()] sign(V (@) + 5o | sign(V ()

< flo) — V@l + 2.
Rearranging and summing overt =0,...,7 — 1:
nZ IV @l < Z Flav) + 0
Dividing by nT":
*Zuw @)l < 75+ g

By minimizing the right-hand side, we have

A Ld _ [2ALd
ar 2=\ T

We also prove the asymptotic tightness of the upper bound.
Proof Assume 7" > 2. By Lemma 42, we have

sup ZHVf ) = Ax(n),

feFL(A

17
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where

Ld . 2A 1
Arln) = V2ALd — Z(T = 1), ifn<\/757-7,
A Ld 1 . 2A 1
s (=7, ifn>\/Tar=

The first branch is decreasing in 7, so its minimum over its regime is attained at

22 1

=N AT — 1

and equals

For the second branch, we have

and the minimum is attained at
2A

Ld(T - 1)

. 2ALd 1
(R

because 4/ % ﬁ >4/ % ﬁ for all T > 2. Thus, the ratio between the minimized upper bound
and the corresponding lower bound (each optimized with respect to ) is > /1 — % |

T =

Thus, we have

Signum Upper Bound. We recall a convergence guarantee for Signum, via the proof framework in
Sun et al. [31].

Proposition 9 Suppose that f is L-smooth. Let {azt}tT:_Ol denote the iterates generated by Signum,
with o = 0. Then, with A = f(x¢) — [,

T-1 143
P V@l < o+ 5 (55 n+ 2585 2, ™

The minimum of the right-hand side with respect ton > 0 is 4/ QATLd 11t35’8 + 2 QTALd %

Proof By the descent lemma, for any x, y € R%, we have

Fly) < F@)+ V(@) (y @) + ¢y — =}

18
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Substituting xs11 = oy — nsign(myy1) yields

fl@ir1) < flay) — va(wt)T sign(my11) + £772” sign(th)H%

2
< fze) =V f(xe) " sign(V ()

2
V()T (sign(V f(2e)) — sign(mis)) + T2

2
= f(@e) = nlIV f(@e)ll + 0V f () (sign(V f(a)) - sign(mer1)) +

n?Ld

5 ®)

Now, we show that z(sign(z) — sign(y)) < 2|z — y| for any z,y € R. If sign(z) = sign(y),
then sign(z) — sign(y) = 0 and the inequality holds. Otherwise, we have xy < 0, which implies
|x — y| > |z|. Thus, we have

V(@) (sign(V (@) - sign(mii)) < 2/|Vf (@) = mega .
Fort >0, let z; :== (1 — f)my1 — Vf(x:) and for t > 1, let s; := V f(x1—1) — V f(x). Then,

zy = (1 = B)myi1 — Vf(ze)
= B((1 = B)my — Vf(xi-1) + 5¢)
= Bzi—1 + Bsi,

and consequently z; = 8'zg + >.i_, 87! 7s;. By the L-smoothness, we have

t
Izell2 < Bl zoll2 + > B lsilla

=1

< B~ BV (el + LV

Summing (8) fromt¢ = 0,...,7T — 1 yields

f(@r) < f(zo) nZHVfth1+2fnZHzt\|z+ dT.

Dividing by 7", we obtain

Ld (143 2
! Z sl < o Bt () 04 2w sl

By the L-smoothness, we have

Flao) — F* > 5=V (o),
so we have ||V f(x¢)]|2 < V2AL. Thus,
Ld V2ALd
—an el < o+ 5 (TE ) A
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Minimizing the right-hand side gives

9ALd (1+38\ 2V2ALd B
T (1—B>+ T 1-5

Comparison. Under optimally tuned step sizes for each method, the leading 7~1/2 term in

Proposition 9 is larger than the optimized SignGD upper bound in (4) by the factor 4/ % Thus, the
known upper bound comparison becomes increasingly unfavorable to Signum in the large momentum
regime.
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Appendix D. Lower/Upper-Bound Comparisons
D.1. SGD vs SHB under Averaged Squared Gradient /5-Norm
To compare the SGD upper bound and the SHB lower bound, we note that

AL AL 505\ [14+p%2 M
DUB=—=(1+V1+4MT HB LB = 1— == — 4+ VU
SGD U T(+ +AMT), s T< T>(1—62 >+ >

where ¥ = 1 — 2M % + 4MT'. Thus, for sufficiently large 7', we have 1 — 5'—795 ~ 1 and

U ~ 1+ 4MT. In this regime, the comparison between SHB and SGD is therefore governed by

1482 M

whether — iy exceeds the constant term 1 in the SGD bound. We characterize the resulting

asymptotic boundary between SHB and SGD for large 7" in the following corollary.

Corollary 10 Let M = QZQL > 0 be fixed and let 5 € |0, 1) satisfy }+g§ — % > 1. Then, there

exists Ty > 0 such that for any T' > Ty, the lower bound in Theorem 1 on LS T E [V f(0)]I3]
for SHB exceeds the corresponding upper bound for SGD.

Proof We first show that the additional assumption § > % for 0 < M < 1 in Theorem 1 holds

2
when }fgfz — % > 1, which is equivalent to 8 >

have 5 > \/M%Himpliesﬂ > %wheno <M < 1.
We assume that

Since >%ifO<M<1,we

M M
M+4- M+4

1 1
TZmaX{2571_ﬁ (510g1_ﬁ—|—9>,39]\/[+10},

as in Theorem 1. Let
1+5%2 M
0 = —= — — — 1.
1— B2 2
Since

SHB LB — SGD UB = 6 + (Vi - \/HT) G (1+5+\7)

it suffices to show that

1+4MT — f+505(1+5+\f)

l\D\Of)

First, we have

2M 5

VI+AMT — VU = =
VI+4AMT +¥

S

1-8V3’

because ¥V < 1+4MT.If T > %, we have U > 2MT'. Thus,

V14 4M \F<1+5\/7f'
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Second, using the fact that VU < V14+4MT <1+ 2/ MT, we have

5.05 5.05(246)  10.1VM
(1+6+x/@>§ 2+9) VM

T T VT
Thus,
XSHB /%L+5-05(2+5)+10-1\/M.
1-8V 2T T VT
Since
1+8 M1 & 8M [1+ B\
RS P O P (e
V21— e \ios
5.05(2+0) 4 40.4(2 4 6)
< - T> ———
T S8 7 5
2
10.1vVM Sg e (80.8) M7
VT 8 52
if )
1+8 8M (1+8 (80.8)2M 40.4(2 +6)
T>max{1ﬁ, 52 (15> ) 2 5 )
X < § holds.
Finally, if

B 1 1 8M (14 8\? (80.8)2M 40.4(2+6)
TO—{25,1_5<510g1_5+9>,39M+10,52(1_/8> N (52 s 5 N

then 1" > T} implies SHB LB > SGD UB, as desired.
|

D.2. GD vs HB under Best-Iterate Squared Gradient Norm
We recall that the GD upper bound in (3) is
6v3AL
8(T —1) + 33

while the HB lower bound in Theorem 2 is

AL
A(1-p)
Combining the GD upper bound (3) and the HB lower bound in Theorem 2, gradient descent admits a

best-iterate upper bound with leading 7! coefficient at most 3T\/§AL, whereas HB has a best-iterate

lower bound with coefficient at least ﬁ, both under their respective optimal step sizes. Hence

the lower/upper bound comparison ratio is asymptotically at least —~~—. For every § € [7/8, 1),

3v3(1-0)
this ratio is at least 3—\8/3 > 1, and it diverges as  — 1. Thus, the pessimistic lower/upper-bound

comparison for heavy-ball momentum is not solely an artifact of using the averaged gradient norm.
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D.3. SignGD vs Signum under Averaged Gradient /;-Norm

We compare the SignGD upper bound and the Signum lower bound under the optimal step sizes. We

have
9ALd 9ALd |63 105
SignGD UB = {/===% Signum LB = | oo [0 4 =22
&n T o e T \/160+512\/m

Therefore, if 3 > 0.886, the Signum lower bound exceeds the corresponding SignGD upper bound,
and the ratio between the two bounds scales as O((1 — 8)~1/4).

Remark. The exponent 1/4 in the lower bound comparison does not close the gap with the 1/2
dependence suggested by the leading term in Proposition 9. While closing this exponent gap is an
intriguing open problem, we expect it to be technically nontrivial because Signum is highly sensitive
to the step size; see Section G.4 for more discussion.
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Appendix E. Proof of Theorem 1
E.1. Proof Sketch

The proof proceeds by reducing the lower-bound construction to the analysis of a scalar linear
recurrence. We first restrict the supremum to translated one-dimensional quadratics. By translation
invariance, it is enough to consider the quadratic f(z) = Lx?/2 with an initial point satisfying
x3 < 2A/L. We then use the stochastic oracle g(z;¢&) = Lx + &, where the noise variables
are independent and have mean 0 and variance o2. The SHB iterates satisfy a second-order linear
recurrence, and the iterate x;, decomposes into a deterministic heavy-ball part y; and a noise-response
part governed by coefficients di. Both y; and dj, satisfy the same homogeneous recurrence. After
normalization and maximizing over the allowed initial gap, the lower-bound objective becomes

9AL <§T + (nL)*M <DT - ETT>> ;

2 .. . . . .
where M = QZ—L and the quantities Y7, D7, and E7 are partial sums associated with the normalized
deterministic trajectory and the noise sequence.

The main technical task is therefore to lower bound this normalized expression over the step
1-—nL+p

size. We parameterize the recurrence by z = NG The stable step-size range corresponds to
|z| < B, where B = %’g This parameterization separates the analysis according to the nature of

the characteristic roots: positive real roots, complex roots, and negative real roots. In these regions,
we derive region-specific upper bounds on the tail sums and combine them with closed forms for the
infinite sums Y., Do, and F.

The proof then has three parts. First, in the positive-real-root region z € [1, B), we control the
tails using log-concavity of the Chebyshev polynomial representations of y,% and di as functions
of z. Evaluating the logarithmic derivatives at the endpoint z = B gives exponential tail bounds.
Second, in the complex-root region z € [—1, 1], we use the uniform bound |Uy(z)| < k + 1 for
Chebyshev polynomials of the second kind, which yields polynomial factors multiplied by 87" Third,
in the negative-real-root region z € (— B, —1], monotonicity in z shows that these larger step sizes
cannot improve the lower-bound objective; hence this region can be ruled out by comparison with
the boundary behavior.

It remains to identify where the minimum over step sizes can occur. We use the change of

variables u = gjrz, under which the infinite-sum surrogate becomes a rational function of the form

F(u) = % + co + cru + cpu’.

Very small values of u correspond to very small step sizes, and we exclude this range by a direct
lower bound. On the remaining part of the positive-real-root and complex-root regions, the tail
terms are shown to be smaller than a 5/ of the infinite-sum surrogate. The minimization of F is
then compared to the simpler function G(u) = C‘Tl + co + c1u, whose minimum is explicit. The
difference between the minima of £’ and G is controlled by a perturbation estimate.

Combining these estimates yields the desired uniform lower bound over all stable step sizes. The
constants in the lower bound arise from making the tail estimates, the small-step exclusion, and the
perturbation comparison simultaneous and uniform over /3, M, and T'. The final bound has the form

1 5.05 1+82 M
o (077 (R T,
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where U =1 —2M % + 4MT. Multiplying back by the normalization factor 2A L completes the
proof of Theorem 1.
E.2. Setup and Preliminary Reductions

Let Qr(A) C FL(A) be a class of quadratic functions:
L 2A
A):i=4— Z.oal< =0
0L(8) = {Fla+ap:a?< 2]
Then,

sup ZE IV f ()15 ] sup ZE IV f ()5 ]

feFL(A

Suppose f(z) = %x and g(v) = Z(z + a)?. Let {xt}t;01 be generated by SHB on f with

zo = a and {7} be generated by SHB on g with & = 0. Then,

1 T-1 1 T—1
7 2 EIVF@)I] = 7 D_E[IVa@)Ii3]
t:O t=0

'ﬂ

Thus, without loss of generality, we may assume that 330 < ZA

Consider the quadratic function f(z) = ém and the stochastlc oracle g(x; &) = Lx + &, where

N =

P =+0) =P = —0) =

Then the oracle satisfies Assumptions 6 and 7 with variance o2. Moreover, the random variables
{&}+>0 are assumed to be independent across iterations.
Then,

Ty = (1 =L+ By — Brr_1 + né

with z_1 = xy.
Now, we define y;, as

Y-1 =190 =0, Ykt+1 = (1 —nL+B)yr — BYk-1,
which represents the deterministic heavy-ball method iterations.

Recurrence relation. We then prove the following lemma, which shows the recurrence relation of

{@i}:
Lemma 11
k—1
o=+ di ik, ©))
i=0

where dy = 0,d; = 1and d,, = (1 —nL + B)dp—1 — Bdp—o forn > 2.

Proof
We use induction.
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Base case.
1= (1 —=nL+ B)xo — Br_1 + 1o
= (1 =nL)zo + néo
= (1 =nL)yo + néo
= y1 + ndi&p-

Inductive step. We now assume that (9) holds for all £ < n. Then,

n—1 n—2
Tnir = (=L + B)yx +n(1 =L+ B) Y dnili + 1w — A0 Y _ dn-1-i&i
=0 =0

=Yn+1+17 1_77L+/6 Zdn z§z+€n Bzdn 1— z§z>

n—1
=Ynt1+1N ( 1 _77L+/3) n—i ﬁdn 1— 1)5@ (1_77L+5)d1§n 1 +§n>
<Z n+1— zgz + d2€n 1+ gn)

= Yn+1 17 (Z dn+1z’§z’> :

=0

Therefore, by the induction, (9) is proved.

By the independence of &;, we have

k-1
Elax® = [yl +n°0? > (di—i)?

k
= lyel” + 70 Y s

and consequently

= 7271
7 2 ElVA@I?] =7 Y E [lawl’]
= k=0
o T—1 2 9 oT-1 k
L*n®o
= Sl RS S P
k=0 k=0 j=1
L2 T-1 L27720'2 T-1 »
== D lul + = (T — j)|d;|*
k=0 j=1
12 T—1 L277202 T—1
=7 lyel® + T (T = j)ld[* (. do =0)
k=0 7=0
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Normalization. For convenience, let

Gpi= 2k g o= Uk
zo’ Yo
Then,
— T-1
(Ll'o)z -
fz IV f(zr)|IP] = T E &)
k=0 k=0
T—-1 T-1
Lag)? ) 202
= PO S e+ PR S i
k=0 7=0

Since taking the supremum over f € Qp(A) is equivalent to taking the supremum over xg

subject to :1:0 < 2A , we have
1 Tl
sup ZE IVf@e)l*] = sup = > E[IVf ()]
feQr(a 23<3 T k=0
T—1 T-1
1 . nL)?>M ,
—onr (53l + S gy
k=0 7=0
where M := %.

Thus, after normalization, the behavior is characterized by the deterministic heavy-ball trajectory
{yx}, together with the noise contribution involving {dy} and scaled by nL, 3, and M.

Convergence condition. Both y; and dj, satisfy the following recurrence: c;11 = (1 — nL +
B)ck — Bek—1. Thus, by analyzing the stability condition of the linear recurrence relation, we can
determine the convergence of . The characteristic polynomial is given by

M —(1-nL+B)A+B=0,

with roots

v L=nl+ B/ —nl+p)’ —4p

12 = .

’ 2

The stability of the recurrence is governed by the magnitudes of A; and Ao. In particular, ¢, — 0 as
k — oo for any initial conditions if and only if

|)\1| <1 and |)\2| < 1.

By the Jury stability criterion [15], the characteristic roots of ¢ (and dj) are in the unit disk (in
C) if and only if |3| > O and 1 + (1 — nL + ) + B > 0. The first condition is satisfied because
S € ]0,1). The second one is equivalent to 0 < nL < 2(1 + /). Therefore, we will assume that
0<nL<2(14p).
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E.3. Infinite and Tail Sums
Let

=
L
8

Yr = gl%: Yoo = Z :gl%
k=0 k=0
T-1 00

Dr=) di, D= d;
k=0 k=0
T-1

o
Il

kdy, Eo =Y kdj.
k=0

i
o

Our goal is to obtain a lower bound for

Yr 2 Er
-t (nL)"M <DT - T) : (10)

minimized over 7.
We first prove the following lemma:

Lemma 12 Define
o0 o
S = Za%, U:= Zakak_l.
k=0 k=1

If a. satisfies the following recurrence relation:

arr1 = 2v/Bzax — Bay_1,
then S and U are finite. Moreover,

(1+B—48(1 - B)2%)a + (1 + B)a? — 4632z apay
(1—=58) (1 +5)* —482?)

2Bz ((1 + B)ag + af — 2v/Bz apar)

LI G EEE EE

Proof The characteristic equation of the recurrence is A2 — 2v/Bz\ + 8 = 0. The condition |z| < B
is precisely the region where the magnitudes of both roots, |A1|, |A2], are strictly less than 1. Let
p =max(|\1],]|A2]) < 1.

The general solution is ay = C’l)\’f + C’g)\’g (M1 # A2) or (C1 + k:Cg))\’f (A1 = A9) for some
constants C; and Cs, so |ay| < Mo(k + 1)p* for some constant My > 0. Thus,

S =

U

a2 < M(k+12(p)" and Jagax 1] < M2k(k + 1)p%+,

Since both bounding series converge, both ai and > apap_1 converge.
From the recurrence relation, we have

2 2, 722 3/2
apyq = 4Bzay, + a1 — 48 2 zapan—1

2
Qpy10) = 2\/Bzak — Barap_1.
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Summing the first identity over £ = 1,2,...,T gives

Z gy = 4822 Z a2 + 3 Z ap_q —433/% Z aRag—1.

k=1

Letting T' — oo, we obtain
S — a2 —a? = 4B2%(S — a2) + 25 — 45%/22U,
because | S|, |U| < co. Hence
(1— B2 —482%)S = (1 — 482%)ak + o — 48%/%:2U.

This is the first linear relation between S and U.

Similarly, summing the second identity over k = 1,2, ..., T gives
T
Zak+1@k = 2[22 BZakak_l.
k=1 k=1

Letting T' — oo we obtain

—Q\fz —ad) - BU,

(1+5)U —2\[2 —al).

Solving the two linear equations for S and U yields

(1+8—4B8(1 - B)22)a + (1 + B)a? — 46322 apay
(1-p) (A +B)* —4p2?)
2v/Bz ((1+ B)ad + a} — 2v/Bzapar)
Q=8 (Q+p)?—482%)

hence

S =

U=

Closed forms of infinite sums. Finally, we find the closed forms of Y, Dy, and F,. Since

oo
Yoou > G =921, Ga=Ho=1

k=-1

we have

2(1+B) — 482%(1 - B) — 48°/%2
(1= 8)((1+B)* - 4p22)

_ (1+8)(1+8%) —48VB>
(1= B)((1+B)* —4p2%)

Yo =

Similarly, since

Do =Y _dj, do=0, di=1,
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we have
1+ 4
(1=8)((1+B)* —4B822)

We now evaluate Eo, = > po kdz. We begin with the identity

-3 -

k=0 i=k

Dy =

The inner sum Sy, := >, d? is an application of the lemma to a sequence satisfying the same
recurrence but with initial conditions dj, and di41. Let C = (1 — 8) ((1 + 3) — 432?). Applying
the formula for S from the lemma gives

1
Sy = c ((1 + 8 —4B(1 — B)2%)di + (1 + B)di, — 4Bz dkkorl) .
Summing Si from & = 0 to oo, we use dy = 0 and the definitions of Dy, = 20:0 dz and
U=>1"0dkdry1:
o0 1 o0 o0
Zskzc(1+5 4B2%( Zd 1+ﬁ)2d§+1—453/2z2dkdk+1>
k=0 k=0 k=0

1

= ((2(1 +8) — 482%(1 — B)) Doo — 453/%(]) _

Substituting this back into the expression for E,,, we get

(2(1 + B) — 4B2*(1 — B))Doo — 483/%2U
C

~ (2(14 ) —4B2%(1 — B) — C)Do — 48%/22U

_ ~ .

Es = — Do

The coefficient of D, simplifies to

201+ 8) = 482°(1 = B) = (1= B)(1 + B)* = 482%) = (1 + B)(1 + 4%).

Therefore,
(L+B)(1+ %) Do — 48%/22U
Ey = .
C
Using the specific results for the sequence dj, where dy = 0,d; = 1:
1+4 2/Bz
Do =-—""" y=
o C ) C Y

we obtain the final expression for E,

Eoozé(( P+ )L 4 2‘”)

_ 14820 +p) - 8622:2
(1-B)2((1+B)2 — 4822)*
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To summarize, the limits are given as follows:

_(1+8)(A+p?) — 48Pz
o T BT - 45 e
1+ 4
(1-B)((1+B)% - 4822)
B — (L+B)2(1+5%) — 862 (110)
(1—B)2((1+ B)2 — 4B22)°

Using the relation (nL)? = 43(B — z)2, we also have
(1+5)(B ~ 2)
(1-p5)(B+2)
(1+B)*(1 + 82) — 85%22

Dy = (11b)

(nL)?’MDy = M (12a)

LY’ME. =M 12b
(L) M Poc B0 BRB T ) (12
Since
T—1 k T—-1 1 T—-1
: 2 1 2 L 2
Hm (1—T) di= Jim > di— 7 > kd;
= k=0 k=0
= Doo = Jim =
= DOO
and
T—1 k (%) T-1 1 T-1
Doo — (1—T>d2_2d§—2dz+T kd}
k=0 k=0 k=0 k=0
oo 1 oo
<> A+ =D kdy
k=T k=0
o
E
=S d+
k=T
we have
> E
T
Dr— =L >D, - (ZdiJrsz)
k=T
Thus, we have
Yr 2 Er
— LM | Dy — — 13
e (- ) (13)
Yoo - Z:O:T ﬂ;% 2 - 2 Eoo
> A (nL)*M Dm—de—T
k=T
Y, E 1 — >
= LM Dy — =22 - [ = 02 LMD &2 ). 14
7+ () 0 = T};Tyw(n) ;k (14)
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Therefore, by finding appropriate upper bounds for the tail sums, we can obtain a lower bound
for (10).
E.4. Chebyshev Polynomials

In this subsection, we introduce Chebyshev polynomials and show how they can be used to express
the sequences {7y} and {dy}.
The Chebyshev polynomials of the second kind are defined recursively as

Us(x) =1, Ui(z) =2z, Ug(x)=22Ux_1(x)—Ur_o(x) fork > 2.
{U,} also satisfies the following identities:

sin((n + 1))

U, (cosf) = - , if sinf #£0
sin 6
] __sinh((n+1)0) . .
Un(COth) == W, if sinh @ ?é 0
U,(1)=n+1

Un(=z) = (=1)"Un(z)
(x 4+ Va2 — 1) — (z — /22 — 1)"H!

Un(z) = , ifxeR
(@) 22 —1
Now, we can express ¥ and dy, in terms of Uy. Let
L 1—nL+p
2VB

Then,
k
i =B (Ur(x) = VBU-1 ()
dk = \/Bkilkal (Z) .

Here, we define U_; = 0.
Proof For convenience, we define the set of sequences which follow the recurrence relation:

R = {{ex}: k1 =1 —nL+ B)ck — Beg—1 Vk}.

Then, we have the following facts:
* If {c;} € Rand {c,.} € R, then {ac; + &/c,.} € R forany a, o/ € R.
* If {¢;} € Rand {c}.} € Rand ¢y = ¢ and ¢; = ¢}, then {¢;} = {¢}. }.

Now, we show that {\/BkUk(z)} € R. Since Uy 1 = 22Uy, — Uj_1, by multiplying VB both

sides, we have - i -
VB Uk () = 208 /B Uk(2) = BV Upa(2).

Thus, both {\/Bk(Uk(z) — V/BUk_1(2))} and {\/Bk_lUk_l(z)} are in R. It remains to verify that
the initial conditions coincide.
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* g From the relation Uy 1 = 22Uy —Uj_1, we set U_o = —1. Then, we have \/B_I(U_l(z)—
VBU_2(2)) = 1and Uy(2) — /BU-1(z) = 1, which exactly coincide §_1 = o = 1.

* dj: Since U_1 = 0, we have \fﬁ_lU_l(z) = 0 and Uy(z) = 1. These coincide dyp = 0 and
dy = 1.

Let A1 2 be the roots of characteristic polynomial of y, (and dj,) and B = 148 > 1. Then,
* |z| < 1lifand only if A; and Ay are imaginary.

e z=Zlifand only if \; = Ay = £+/B.

* 0 <nL < 2(1+ p)ifandonly if |z| < B.

Thus, the convergence condition on the step size can be equivalently expressed as |z| < B.

E.5. Region-wise Lower Bound Analysis

We aim to characterize the parameter regimes where SHB becomes slower than SGD. To this end,
we derive region-wise lower bounds on the SHB and compare them with the SGD upper bound.
We divide the step size domain into three regions, where z = 1-nltp,

2VB
Region I: z € [1, B), RegionII: z € [—1,1], Region III: z € (—B, —1].
In terms of 7, those can be written as
1— 2
RegionI: n € [0, (fﬂ)) ,
1-+/B)? (1 2
RegionII:nG[( [j/B)’( +£/B)],

Region III: ) € <(1 +£/B)2 ,2(1 4 5)} .

Note that this partition is determined by whether the characteristic polynomial of the SHB
recursion has complex or real roots.
We now outline the derivation of the region-wise lower bounds.

Proof Outline.

* In Region I, we obtain a different tail sum upper bound and show that when the step size
is sufficiently small, SHB again becomes slower than SGD. Combining these results yields
a region-wise lower bound on SHB, which we then compare with the SGD upper bound to
characterize when SHB is slower in the asymptotic regime.

* In Region II, we derive upper bounds on the tail sums, which lead to lower bounds on the SHB
convergence rate.
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* In Region III, we show that SHB is always slower than SGD when 7" > 1 + ﬁ for M > 1
(or M = 0), and when 3 > & for0 < M < 1.

In this subsection, we assume

1
TZmax{25,15 <510g +8> ,4M—|—13}

1
1-p
and M

8> T ifO< M <1.
We obtain a lower bound by deriving upper bounds on the tail sums.

E.5.1. REGION I

In this region, we have

$ (2Z(r(1- ) - B)(= - B))

& 1-ep(2E:-B)

S 1 °m (5T -5) - A+ )~ B))
&t a-pe 1-exp (15 - B))

Proof The bounds are obtained by deriving exponential upper bounds for the individual terms gji(z)
and di(z) for £ > T, and subsequently summing the resulting geometric series.

This derivation relies on the shared structural property of the components: both ﬂz(z) and dz(z)
exhibit log-concavity on the interval [1, B). This property, combined with the derivatives at the
boundary z = B, directly yields the exponential decay. We first focus on bounding gg(z)

Log-concavity of §7(z) on [1, B). We first prove the following lemma:

Lemma 13 [f a polynomial p(x) has only real roots, then the function log |p(x)| is concave on the
intervals where p(z) # 0.

Proof A function f(z) is concave if its second derivative is non-positive, i.e., f”(z) < 0. If p(z)
has only real roots, we can write it as p(z) = c¢[[}_, (x — r;) for real roots ;. Then, log |p(z)| =

log|c| + >0 log |z — 74].
Since the sum of concave functions is also concave, we only need to show that each term

log |z — 74| is concave.

S 2
The first derivative is - log |z — ;| = ——, and the second derivative is -4 log |z — 7| =
dx dx

r—r;’
—ﬁ < 0. Thus, each term is concave, which implies that log |p(z)| is also concave. [

Let Hy(2) := Ux(2) — v/BUg_1(2). Since §7 = BXHy(2)?, log 4z = klog 3+ 2log |Hg(2)|. Thus,
it suffices to show that log | Hx(z)| is concave. To this end, we prove the following:

1. Hy is a polynomial.

2. Hj has only real roots.
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3. H,#0on|[1,B).

Since both Uy and Ujy_; are polynomials, so is Hy. Also, by Theorem 3.3.2 in Szegd [33],

the roots of Uy lie strictly between any two consecutive roots of Up_1. Let z1,...,2;_1 and
wy, . . ., wy be the roots of Up_1 and Uy, respectively. Also, let zp = —oo and z; = +o00. Then,
wy <21 < -0 < 21 < wg. Since Hy(w;) = —/BUk_1(w;), and Uy_1 does not have multiple

roots, the signs of Uy_1 in (z;, z;+1) and (241, z;+2) are always different. By the Intermediate Value
Theorem, Hj, has at least &k — 1 real roots. Additionally, since Hy, is of degree k, it has at most k
roots. As we have already identified £ — 1 real roots, and the coefficients of Hj, are all real, the
remaining root must also be real. Therefore, all roots of Hy, are real. By Lemma 13, log | Hg(2)] is
concave. Finally, if z € [1, B), then there exists ¢ > 0 such that cosh(¢) = z. Then,

sinh((k + 1)t) — \/Bblnh(kt)

Hr(2) = sinh ¢

Since
sinh((k+1)t)  , 1— e 20+

sinh(kt) 1— e 2K
and /B < 1, we have Hy(z) > Oon [1, B).

>1

Derivative of §>(2) at - = B. Using the derivative formula

(k? + 1)Tk+1 - ZUk
-1 ’

Up(z) = (15)

where T}, denotes the Chebyshev polynomial of the first kind, we have

(o) = o [V (4 DT ()~ bVBT(E)) = 2i(2)]

z

To evaluate this at = = B, we use the following identities: B = cosh (log ﬁ), T,(coshz) =

cosh(nzx) and Uy, (coshx) = sinh((n£1)2) Then, we have

sinh x
To(B) = W
nt+l —(n+1)
U, (B) = VB \/Bi1
VRN
gn(B) =1
o002
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(B2 = D)jh(B) = 82 ((k + 1)Tx1(B) — k/BTk(B)) — Bi(B)

=B (e (5% 5%) - at (578 4 08)) - 122
= (e (b ) = (5 ) - 2
-3 (7 - - 5

1

1
=55 (K0 =) == Y)
Thus,
(B) = s (K= )= 01— )
= (121/2)2 (k(1=B) - B(1—5Y).
Then,
d, 0]
&logyi(z) B = d ;,%(B) L
— 0 (k- 5) - s - )
> (14_“2)2 (K1 - 8) - ).
Combining log-concavity of g],% on [1, B) and its derivative at z = B, we have
i <o (3-8 - - B)).

The series over k = T' to oo on the right-hand side converges when z < B. Since z € [1, B), the
condition holds, and therefore

S (2211 -5) - B)(= - B))
Y = .
k=T ’ I —exp (%E(Z*B))

The bound for Y32 1 d follows from an analogous argument applied to d; (z). First, d2(z) also
shares the property of log-concavity on [1, B). Second, we evaluate the derivative of log d2 () at the
boundary z = B.
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Log-concavity of d3(z) on [1, B). Since d; = g*~1U2 |(z), we have logd? = (k — 1)log 8 +
2log |Ui—1(#)|. Thus, it suffices to show that log |Ui_1(z)| is concave. Since Uy_;(z) has k — 1
distinct real roots and U1 > 0 on [1, B), by Lemma 13, log |Uy_1(2)| is concave.

Derivative of d; (z) at z = B. By (15), we have

d(2) (kfk "T(2) —zdk(z)>
and d 2d) (B)
alogdi(z) Z:B: d:(B)'
Since di(B) = 1123;,
dy(B) e1 Ty (B)
B =050B) " B
kﬁflf B+ B " 1483
2 1—ﬁ’< 2v/B
kA4 1-8 148
o0/B 1-pF 2B
1 1+8M0-8)
_2ﬂ(k 1= gF (Hﬁ))'
Thus,
d 2 1 1+ 851 —
ek =5 <l<:( +f_)(5k m—(wﬁ))
4 1+ 851 -
- e (R - 0e)
4./B 1+
Z1-5 <k_ 1—/3)
Therefore,

5 (25) ({201 0)
it (S m)

The series over k = T' to oo on the right-hand side converges whenever z < B. Since z € [1, B),
this condition is satisfied, and hence

o 1 e (5T -8 - (1+p)(=-B))
> di < —v :
_ —B) 1—exp<i( B))
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Define
o _ o2 (R0 -5) -9 - B)
nr 1—exp (%g(z — B))
sy 1 ep (T8 - (14 8- B)
Pr(1-p) 1—exp (%g(;;—B)) .

Then, we can express the lower bound as

(1)
y&'_l{ .Ex
Ay = =%+ (1L)°M (Doo - Ry — =+ ) . (16)

E.5.2. REGION II

Next, we provide upper bounds for > 7% - 72 and Y _pod2, on z € [—1,1]. When z € [—1,1], we
have

00 20T
> it g (1A 52

Proof Since §; = /3" (Ug (2) — v/BUk_1 (2)), the difference between the limit and the partial
sum is

=3 () - VB () 6

k=T k=T

<> (a+vBk+1) 8

k=T

The second inequality holds because Uy (z) is bounded by |Ux(z)| < k + 1 for all z € [—1, 1] with
equality at z = —1. By applying the triangle inequality to the terms in the sum, we obtain the upper
bound, which is maximized when z = —1.

Similarly,
> di=) 87U (2)
k=T k=T

< io: ﬂk*le
k=T

BTL((L— BT 1 28(1— B)T + B(1 + )
= 1B
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Our first goal is to show that

BT (A= BPT? +26(1 = BT + 81+ B)) _ 41775

(1-p)? 32 1-8
holds for T' > =5 5- By dividing both sides by - B , it becomes
25 1 p+p) 1
14 =+
1-8T  (1-p)2T

Since the left-hand side is decreasing in 7, it suffices to show that the inequality holds when T = %.

ForT = = B’ the left-hand side is 1 + 25 + B(HB) , and we have
1 41
sup 1—|—£+B( =5 _ —.
0<p<1 8 64 32
Therefore,
286 1 B(1+p)1
1+ + <
1-8T  (1-B32T

holds for all T > 125
From the previous result, we have

S =Y (Uh () - VBl () B
k=T

Mg

k=T

Mg

(1+\fk+1) Bk

i
}q

IN

(Hﬁ)? S gt
n=T+41

<+\f> T+1BB

& \

ifT+1>5

e
h:

Define

41 2 (T +1)287
= (e V)

) _ﬁzﬂﬁT_l
DT 32 1—-p "

Then, we can express the lower bound as

2
o~ Byr

Ey
Ay = T + (nL)QM (Doo - R(DQ,)T - > . (17)

T
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E.5.3. REGION III

In this region, we will show that (10) does not attain a minimum.

Before proceeding, we simplify the expressions of Y., Do, and E by introducing the variable

B—z nL

" B+z 20+8)-nL

u

In terms of u, the three regions can be equivalently written as

— B-1 B+1 B+1
Region I: v € (0, B—Fl] , Region II: u € [B—i—l’ B——Fl] , Region III: v € [Bi_l’ 00
We note that )
B-1 <1—\/B>
B+1 \1++vB)

Under this substitution, we have

2
Vl) = gy gy (U (0?1

S 1/(1-pB\1 2(1+p% 14+
_4((1+5>u+ - g2 +<1—5>“>

which are all expressed as rational functions of u.

We have v ©
s M (Do — 2o} = L 2
T + (nL) 00 = » + co + cru + cou”,
where
11-8
“ATUT1+ 8
11452 M
OCTOTT 3 AT
e L1+8 MQOA+p)? M(1+0)
YTAT1-8 2T (1—pB)2 1-8
N R Ve a0
AT1- 1 1-3
M
Cy = 4T'
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Since
= T-1
(10)= £ 3 @l? + (L) Mz(l)w ?
k=0
1 oo
< LS IR+ LM Y
k=0 =
Yoo
=7 + (nL)*M Do,
we have
Yoo ) 11-81 114+p% 1148
— LYMDy = ———— 4+ — — (1 4+4MT
7 YO MDo = i Y op i T g T AMT)
and
. Yoo 2 _ 1 1"_62

Therefore, it is sufficient to show that

T—1 .
2, 2 J 2 S 1 (1+p?
T E |yk\ M El<1—T>|dj T( +v1+4
]:

in Region III.
We first show that both gjl% and d% are non-increasing in z on this region. We use the substitution
z = — cosh x, which maps the interval z € (—B, —1] to z € [a, 0], where cosha = B and « < 0.

In this region, we have the identity Uy_1(z) = (—1)’“*1%. Since © — z = —coshz is

increasing on (—oo, 0), it is enough to check the sign of derivative with respect to x.
Now, we prove the following lemma:

Lemma 14 The mapping x — Sl;ﬁ# is non-decreasing in x on (0, 00) for all k € N.

Proof Let i, () := S20E2) Thep,

sinh
()
= kcoth(kx) — cothz.
Letting ¢(t) = t cotht, we have
k coth(kz) — cotha = w,

and
% sinh(2t) — ¢

sinh? ¢

¢'(t) =
Thus, ¢ is non-decreasing, and ¢(kx) > ¢(z) for k > 1, which implies vy, is also non-decreasing. l
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sinh(kx)
sinh

sinh(kz)
sinh

From the lemma, x — is an
even function.

For z € (—B, —1), or equivalently x € («,0), we have

is non-increasing in x on (—o0, 0), because x +—

sen (U2 (2) =sign (-1 5 ) — (s

L)

dx sinhz

sign (U,::_l(z)) = (- 1)(k b sign ( = (—1)"‘.

Since
d

@dQ( 2) = 265U 1 (2)U}_ (2),

d?(z) is non-increasing in z on (—B, —1),if k > 1.

We also have

d

() = 268" (Un(2) = VBUR1(2)) (Uk(2) = VBUL(2)) -

Since
k
—V/BU_1(2) —i 11);13 (sinh((k+1)1:)—i— ﬁsinh(k:x))
sign (Uj,(2)) = (1)
sign (Up_1(2)) = (=1)*,
we have
sign (Uk ka 1 ( ): 1)k+17
)

. d
sign <dzy,%(z)> =—1

Consequently, §7(z) is also non-increasing.
If £ = 0, both gj,% and di are constant, so they are non-increasing.
Note that

LSl are S (1 2) 0
z%z,@’“(/@(lJr\/B)Jrl (1+f) MZ< > B2
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Case1l. 0 < M < 1 In this case, we assume that § > %. Then,
1 _ -
@+ i+ npar (1 1)
1
7 <1+5(\/B+2)2) +M(1+f) (1—)

1 1
ZT(1+45)+M<1—T>

v

2M+%. (48 > M)

We also have

T-1
%Zﬂ’“(k(lﬂfﬁ)ﬂ)zz g9 (ck(1+VB)+123 vk>2)
k=2

(20)

Meanwhile, we have

1 (14 B2 1 (14 p2
(2 VI ANT ) < = 1+2MT) (VIFz <1+ Ve >0)
(1—ﬁ2+ + >_2T<1—62+ + +x + x
1
<M
=TT
Thus, it is sufficient to show that
1 98 (1-p8"72 1
M+ =+ = M
R S T Y )
Since 8 € (0, 1), it is enough to show that
1
172> 2
g
which is equivalent to
7> 94 1080/8)
1-p
Since —B > 2+ M , the inequality is true.
Case2. M > 1 Smce T > 2, we have
= 4 T j '
72 B+ VB + 1+ (14 VB) MY <1 - T> s
k=0 j=1
1 4M 1 !
> .
> (1+VB) ( T)
M
> —.
-2
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We also have

2
o7 (1 + VI+ 4T

<1+gz+1+2ﬁ> (-VI+z<1l+ya VYa>0)

= (1 52)-{-1%—2\/

For all M > 1, we have % + @ < % as desired.

Case3. M = 0 Since §? is non-increasing, we have 42 > *(k(1 + v/B) + 1) on Region III.
Thus, we have

S

—1
=
0

=
L

(14+/8) + 1)

N[ =

L
T

e
Il
B
Il
o

as desired.

E.6. SHB for Small Step Sizes
Now, we show that SHB is slower than SGD for small step sizes. We define
1 1 1-p8 1

= — — 2la
6VAM +114+ 38T (212)
U
5:= B 21b
R (210)
1—u
Z = 21
z 1+ (21)

Since u < %, wehaveu <1 < % for all T' > 1. Hence, u lies in either Region I or Region II.
We will now show that for 0 < u < @, SHB is always slower than SGD. If % lies in Region I, we
compare the minimum of A; on (0, a] with the SGD upper bound. If @ lies in Region I, we compare
the minimum of A; on Region I and that of As on [g—j&, a] with the SGD upper bound.

We first consider the case where % falls into Region 1. In this case, (16),

N exp (—Aol%u)
1= = -
T\ Bou 1 _exp <_B01_’_Lu>

- (nL)zMRS?T + co + cru + cau?,

where By = 4(11_+55), Ay = By (T — %) and cg, c1, co are defined as in (18).
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We show that
) exp (~Aory)
Bou 1 _exp (—BOHLU)

is decreasing in u. Let s = i%j € (0, By). Then, (nL)? = (1_4’8)2 s? and

1 exp (—AQH_LU) 1 exp (—B—Os) 1

Since u = ﬁ is increasing in s, it suffices to show that the right-hand side is decreasing in s.

Here, we provide the following lemma:

Lemma 15
e —CIT

r 1—e®

is decreasing for x > 0 ifc > 1.

Proof Let g(z) := 1 — s~ and ¢(z) := (e” — 1)~. Then,
1 —(c—1)z
@) = L — V(2

g@)=——+ eV (co(w) + ¢(x)?).

Thus,
§a) <0 = eV eo(a) + () < .

Let G(c, x) := e~ ("% (¢p(z) + ¢(x)?). Then,

2G = e~ Th(2) (1 — ca — zo(x)).
Oc
Since
_ _ — 1 _ _ <1 —p_
l—cx—xp(x)=1—cx T <l-=x 1 <0,

we have %G < 0. That is, G(c,z) decreases in c. This implies that it suffices to show that
G(l,z) < ;12 Since
eSC

G(1,2) = 0(x) + 0(e)* = .

we need to show that
e’ 1
(@ —12 " 22
which is equivalent to show that
zez < e’ —1.
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Since
e (emflfxeﬁ) = 565 (265 7271’) >0,
we have ze? < e — 1 forall x > 0, as desired. [ |

Ay _ B
As Bf(O) =T — m,
1 exp <—A01+Lu>
Bou 1 _exp <—BOH_LU>

is decreasing in u, because 7' — % > 1.
We first note that ¢c; > 0. Then, (nL)% = (kf 52 and if we assume 0 < u < @ (equivalently,
z < z < B), we have

11 _lexp(—@_%)g) MsQeXp<_<T_%>S>
)

A > = _
t=7 Bou T 1 —exp(—3) 0225 4 1 —exp(—s

O 1)

Term I. We use the factthat 1 —e™* > z(1 — z/2) for x > 0. We also note that

1
o< ——
~ 6T
g2 1 12
] U= = — < —
=T 3 VAM + 1VT 3T

Thus,

e (-(T-25)5) 1 1 14a o(-(r-12)5)

TBou T  1—exp(—5)  — TBou TBoul—35/2° 1-5

= Téou (1 N 11—+s7;2 P <_ (T - 1—ﬂ6> S))
il (r12))

. - 1 - 2
Since T' > 25, we have u < 35 and 5 < - Consequently,

1+a <§‘
1—-5/2 ~ 28
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B

Also, since T" > , we have T' — =3 = %T Therefore,

_8

-3
1+a B _ 31 J5; _
i ((1o12p) ) 2 e (71 25) )

31 7T Bou
>l—_—exp| —————
28 8 1+4+u
8 T By o
8L (T 1
= P\ 78 31730 =30
31 105 VT
=l—-—exp|————=
28 124 /M + 1

Therefore, we obtain

3 vV4aM 31 105 T
M>2YEE T2 2 exp _los VT 22)
2 T 28 124 \/AM + 1
Term II. We obtain
148
MSQexp<— (T——l_ﬂ> S> M 148
— < — 28exp|— (T — ——
4 1 — exp(—s) 4 1-5
Mo
)
2 M
< — —. 23
ST (23)

The first line holds because s < 5 < % < land ;== < 2forall z € (0, 1), and the second line

follows from the fact that z exp(—Azx) < LA for all z > 0 and A > 0. Finally, the last inequality
uses the assumption on 7°, which ensures T' > %.

Term III. We have

1 1-8\* M 1
< 24
leaf [ = 14472 (1+B> AM +1 = 144T° @4)

because 7" > 1.
Combining (22)-(24), we have

3 Vv4AM +1 31 105 T 2 1\ M 1
Alzfi—i_ 1—— exp ——L N\t ) — 5 T (25
2 T 28 124 \/4AM + 1 de 4) T 144T

1-B
Using v/1 + 2 < 1+ y/z, which holds for all z > 0, it suffices to show that

o1 1+62+1+2\/MT
L=9or1-p2 oT

Let A be the right-hand side of (25). Now, we will show that A} > % (H z +v1+4M T).

(26)
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Since
, 1 14p
Loor1—p2
3 V4AM + 1 31 105 T 1 2 1 1
277_'_ 1——exp ——L - = — 4+ | M+ —
2 VT 28 124 \/4M + 1 T e 2 144
3 vV4M + 1 1 1 T 1 1
J3VAMET (st 105 VTN 13 1Y
2 JT 28 124 \/4M + 1 T \ 4 144

it suffices to show that

BYINCIT o L (3, 1) L [0
2 VT T \4 144 2T T

where X := 28 exp ( 105 VT ) Multiplying 7" and rearranging yields

124 \/aM

73

(2\/4M+ —\/M)\/T—X\/ 1> M+144
Since VM < 1AM +1and 1 — 3X >1— B exp (—133) > 0.2878, we need

(30 + 3)°
= 0.28782(4M + 1)

Under the assumption, T > 2M + 4, and 0.28782(4M + 1)(2M +4) > (3M + ) for all
M > 0. This concludes the proof of (26).
Next, consider the case Where 4 lies in Region II. Since the result for the previous case did not

rely on the condition @ < 8=% A, > LeV/IvaMT 1+4 L forall u e (0 } Then, the only remaining

B+1’ ) B+1

part is Region II, u € [B+1’ ’} . In this range, our lower bound is

1 1
Ay = ——— +CO+C1u—|—Czu2

T Bou
41 (1+VB)* (T +1)%8" o u \?417287-1
_<32 T i—g MO <1+U> 2 1-5 )
because 2(1 + 8) 1, = nL.
We further obtain
A1 (14 VB)? (T +1)?8" o w \?4172571
32 T 1-3 +4M(1+5) <1+u> 32 1-8
a7t 2 1)? 22
<317 (5(1+\/B) <1+T) +4M(1+ B)*Ta
417871 » (26\> 1 4M 5 3
S35 (5“*@ (%) *somrit—? =)

<£4 < ) /BTI
=32 %) 1-8°
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Let Cy = % -4 - (%)2 = 5.5432. Now, we will show that if T" > ﬁ (5 log ﬁ + 8), then

Co Tl’B _T; < ﬁ To show this, we first prove the following lemma:

Lemma 16 Let C' > 0, v > 0, and 6 > 0. Assume that Ay and Ag are positive constants satisfying:

1. A >0,

2. Ag > XlA_l(;,
3. Ao —vlog(Ao) > log(C).
Foranye € (0,1, ify > Ajlog(1/e) + Ao, then
Cyle Ve™0 < 1.

Proof Let t = log(1/¢), so thatt € [0,00). Then, y > At + Ay and we need to show the inequality
is CyYe Yed* < 1. Since f(y) = yYe Y is decreasing for y > Ay > +, the left-hand side is
maximized at the minimum value y = A1t 4+ Ay.

It suffices to show that g(¢) < 1 for all ¢ > 0, where

g(t) = C(Art + Ag)” exp (— (A1 — 0)t — Ao).

We differentiate L(t) := log(g(t)/C):

vA;
L'(t)= ——— — (4, - 6).
(t) At Ay (A1 —6)
From Condition 2, Ay > XIAja’ which means % < A; — §. Thus,
A
L) <22 (4 —6) <.
Ao

Since L'(t) < 0, g(t) is non-increasing for ¢ > 0. The maximum occurs at ¢ = 0.
We verify g(0) < 1 using Condition 3:

Ap —ylog(Ag) > log(C) = CAJe M < 1.
Since g(t) < g(0) = CAJe~40 < 1 forall ¢ > 0, the inequality holds. [
Now, lete =1 — [ and y = €T'. Then, our goal becomes to show that
205y%2(1 — e)T~1e75/2 < 1
and using the fact that (1 — )71 < e e(T=1) < e=utl e only need to show
2Cpey®/?e Ve 52 < 1.
We can check all the three conditions in Lemma 16 hold with A1 = 5, Ag = 8, C = 2Che ~ 30.136,

v = 1.5and § = 2.5, as desired.
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Now, we have

3vaM +1 M 1 1

2T AT 14472 9T
on Region II. To show that

3VAM +1 M 1 1 >1+\/MT
2T AT 144T2%  oT — T

( AM + —;>ﬁ>M+145

it suffices to show that
=4 144
and this holds for all T" > 4M + 13.

E.7. Bounding the Ratio of the Tail Sums to the Infinite Sums
Next, we bound the ratio of the tail sum to the infinite sum.
Lemma 17 IfT > max {25, = (5 log 15 + 9) L39M + 10}, then

RV /T + (nL)*MRY).,. _5
Yoo /T + (ML)2M (Doy — Eno/T)| = T

with i € {1,2}.

Proof We first consider Region II. For the term Y, /T, we have inf l21<1 Yoo = 52 Hence,

2 2
Rr| R

_ A 12048 (1+ f)

32

— 26 2 QT ..
_4<25>T,8. (T > 25)

For the term D, — E%, we first show that if T" > %, then its minimum is attained at z = 0. Recall

that
D _EBx 1451 1(1-p5*)%+28C
< T 1—50 T (1-p)3202 °
where C' = (1 + B) — 4322, Thus, Do, — £22 is an even function in z and it suffices to show that
it is increasing in 22. Since C is decreasmg in 22, we will show that it decreases in C. Note that

1-p)2<C< (1+ﬂ) . Now, we have

3, Ex\ 1 1+ 1208+ 2(1 — 8%)2
o (0o F) = (e )
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Since C > 0, we only need to show that

1+8 32Cﬁ+2(1—62)2<0
1= T (1-p) 7

or equivalently
208 +2(1 — 3?%)?
1-p2
Under the assumption 7" > %, it holds for all C' € [(1 — 8)2, (1 + 8)?], as desired.
Thus,

<T.

(IL?MERy | Rpr
(nL)zM(Doo - EOO/T) N inf\z|§1 (Doo - EOO/T)

L aTET 1 1+82\ !
32 1-8 <1—ﬁ2_T(1—62)2>

Under the assumption T > %, we have

- L) 2 L)

which implies

1 1 1+82\ ' 8
(Fwramp) =70

We now aim to show that
2 2
BT\ 5 (L) MR
Yoo /T | — T’ (nL)?M (Do — Ex/T)

which implies
RY)/T + (nL)> MRS,
Yoo/ T + (nL)*M (Doo — Eo/T)

From the above, it suffices to show that

41 (26 T _ D 41 8 9,T—1 _ O
T < = —.2(1 T < =

4 <25> g < T 32 7( + OIS T

The above inequalities can be proved by Lemma 16. Using the substitutione = 1 — S and y = €7,
those inequalities can be written as

C’ly3efy€*3 <1
CoyPe Ve < 1,

where C] = % (%) = 2.21728 and Cy = 70@ ~ 1.5921. Setting A; = 5and Ay = 9, by

Lemma 16, both inequalities can be verified.
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Next, we consider Region 1. In this case, we bound

R{)/T + (12 MR,
Yoo/ T + (L)2M (Dag — Eno/T)|

We first find a lower bound of Y% + (nL)*M (Do — E%) We have

Y. E _
% + (nL)*M <Doo - ;7) = 071 + co 4 c1u + cou?,

where the coefficients are defined in (18).
Now, we prove the following lemma on the minima of the rational functions:

Lemma 18 Let F(u) = <2 4 co+ cru+ cou? and G(u) =L+ co+cru. Then, F has a unique

minimizer, denoted by uy, and uy € [ﬂ, %}, where u = %\/Ml/[ﬁ%% Furthermore,

where W = 1 — 2M 15 + 4AMT.

Proof We first show that the rational part has a unique minimizer in (0, g—j&] (in terms of u), or
equivalently z € [1, B). To show this, we use the fact that there exists @ > 0 such that the rational
part is strictly convex on (0, a) and strictly concave on (a, c0). Then, if the derivative at a’ > 0 is
non-negative, the function has a unique minimizer on (0, a’]. We now evaluate the derivative of the

2
rational part at ug = % = (iﬁ) . The derivative is

C-1
—? +c1 + 262’(1,,

and we have B,(5) By(5)
C_1 1 3
e — 2 =—2+M|B —
ug + c1 + 2¢c2ug AT + < 2(,3) oT ) ,
where
1+8 1-p81
B =
18) 1-— 1+ ug
1+06
By(6) = 1—3
1+8\?
B = —= .
3(8) (1 — B) + uo
To show that —Cu’—; + c1 + 2caug > 0, it is enough to show that
0
1 /By MB;j
— [ —= - MB> > 0.
T ( 1 5 > + 2 >0
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If M = 0, it holds for all T’ > 0, because By > 0. Otherwise, we need T' > 5 32 — 1 1\%92’ and it
suffices that T" > 2B3 since § M B > 0. We have
B3 1 241 4
sup ——(1— )= sup (1+5)°+(1+ VB) =5.
0<g<1 2B2 0<p<1 2(1+8)

Since the standing assumption on 7" implies 7" > %, this is sufficient to establish the desired

inequality.
Meanwhile, G has a unique minimizer
c1 11— 1 1-p1

U, = —_— =
’ c1 1+5\/1 oMIE Layr  HBVY

n (0, 00). Note that o < u,.

Define I = [%, MT"} Since F"'(u) = 2c_1u~3 + 2¢3, we have

3u,\ "3 16¢3/2
F"(u) > 2c_y <;g) +2c9 = il 5 T 2¢

2712
when u € 1.
Now, we show that
4 ci'/Q
le2l < 5=
This is equivalent to
2
M _ 41 (148N ysp
AT — 274T \1-3
Since T' > = B’ we have W =1 — 2M —5 B AMT >1+ 7MT Thus, it is sufficient to show that
M 41 [(1+8)\? 7 3/2
<= — 1+ -MT
4T_274T(1—6> <+2 > ’
or 4/3
24/3 11 7
s < 22 (14D 1+ 2MT).
9 1-p

3/2 3/2
This holds for all M > 0 and 7" > 1. Then, F"(u) > %01/2 onl. Letpy = % 5. Now, we
1

evaluate F” at the boundary points of /. Then,
)
F'(ug/2) = coug — 3c1, F'(3ug/2) = 3couy + gCr-
Since ¢ < 0, uy > 0and ¢; > 0, F'(uy/2) < 0. On the other hand,

)
F'(3uy/2) = 3couy + ¢l
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3/2
Here, the second line follows from |ca| = —cy < %% Thus, uy € I. By the Mean Value
S|

Theorem, there exists £ between u s and ug such that F'(uy) — F'(uy) = F”(§)(uy — ug). Since
F'(ug) = 0and F'(uy) = G'(ug) + 2coug = 2cauy, we have

"LL —u | — 2|02|u9
PR
< 2|02|ug.
o

We now bound the gap between the the minimal values:

|G (ug) — Fuy)| < |G(ug) = (G(ug) + couf)|

< |G(ug) — Gluy)| + lealfuys[?
= |Gug) — G(ug)| + lea| (Jugl® + 2lug|lug — ug| + [ug — uyl?)
Since F(uf) < F(ug) and F(u) = G(u) + cou?, we obtain

G(uf) + CQU?‘ < G(ug) + Cng
Gluy) - Gluy) < cafed — )
Glup) = Glug)| < leal g — g] (g + up) (- Glug) > Glug))
< leaf Jug — ug| (2ug + Jug — ugl).

Thus,

G (ug) — F(ug)| < |ea|(ug + uglug — ug| + 2Jug — ug|?)
M
< 2 (g + 2fug — )’

. 2 .
Using |uf — ug| < %, we obtain

[ug — gl _ 2lea

Ug o
2
< T (128 gsr
=167 \1+5
2 rg-sr
16

27 7 —3/2
1+ iy
16 ( *3 T)

IN

IN

IN

27 7 —3/2
oM <1 +5 25M> (T > 25)

27 1 1 < T

2
2 s - Ya > 0
= 43/37-2 A+ 3v3a >
< 0.0075.
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Therefore,
M , ([1—-58\*1
1M [(1-58)\?
§3M(uw)' @0

Thus, we can find a lower bound of the denominator:

1M [1-8\?
F(uy) > G(ug) — 39T <1+§>

1 7 M 1M 7 -1
>\ 14+ -MT+1—-— ) —-=(14+-MT) .
2( Tt 2) 3T(+2 )

Now, we will show that

1 7 M 1M 7 -1 7 7
W1+ =MT+1—— ) == (1+-MT) ——\/1+=-MT
2( M 2) 3T<+2 ) BV T3

1 7 1 M 1M 7 -1
L+ gMT 45— — — ¢ 14+ ~MT
=30V T T3] 3T(+2 )
>0

if I' > 18M. If M = 0, the inequality trivially holds. If M # 0, let X := 1+ %MT. Since X is
increasing in 7', it is enough to show that

1 7 1M 7 -1 7 M?
L4 gMT — o (14 gMT ) = VX — o
30V T 3T ( *3 ) so‘ﬁ 6X2— X

is increasing in X . Differentiating gives
1 T™M?  2X -1
+ T2 520,
60vVX 6 (X?2-X)

as desired. Thus, the left-hand side is non-decreasing in 7" for all M > 0, we only need to check the
value at 7' = 18M. If T = 18 M, X = 63M? + 1. Then,

1 7 M? 1 M 1 VX

vx Ll M Lyx - T Y

30 6X(X—1)+2 4 _30 6-63 127

> 0.

Here, we used the fact that X7 X2 1) < 63 < < 1 . Thus, the denominator is 15\/1 + 7M T.

Next, consider the numerator RYT /T + (nL) M R%)T. We represent this part using the variable

u. We will show that Rg,lzq is decreasing in u. For Rg )T, we again use the substitution s = By, =

41Jrﬁ “ Then
exp (— (T — %) 3)

1 —exp(—s)

1
ity -

)
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and it is decreasing in s. Since s is increasing in u, it implies Rg,)T is decreasing in u. On the other

hand, for (nL)?M RS)T, we first use the fact that T > % to obtain

(L MR, = 2 52 P (1‘_(;‘( _?) 5)

_37
Now, we will show that %82% is non-increasing on (§,00). If M = 0, it is trivially

non-increasing because it is 0, so we will assume M # 0. To show this, we take the logarithm and

differentiate:
3
2log %327@@ (_ZTS) = 2 §T _ ! .
Os 4 1—exp(—s) s 4 es—1

3
. =37 . . o o
Since %32% > 0, the sign of its derivative is the same as that of log-derivative. By

differentiating the log-derivative again, we have

o (2 3 1 2 .
<T >:2+€<0

ds \s 4 es —1 s (es—1)?
for all s > 0. Thus, if
2 3 1
- —-T— — <0
5 4 es—1~ "
M Qexp(—%Ts) . . . _ .
T 5 Toxp(=s) IS non-increasing on (8,00). Since
u
s_ B
ST G
2 1 11
C3VAM ¥ 1T 1+
20 1 1
>=_ - T > 25),
~31V4AM + 1T (-T225)
and%—esl_1 isdecreasinginsandg%forsgl,
2 3 1 3 3
S, S g
5 4 eS—1"25 4

< %WLM +1VT — ZT

<0,

whenever 7' > 39M + 10. Therefore, RQ)T/T + (nL)QMRg)T is decreasing on (@, c0) and we can

upper bound it by the value at @. Since 5 > %\/ﬁ% and 5 < %, we have
1

< %\/41\4“@

1 —exp(—3)

20 T
exp(—CTs) < exp (—310 v 1)
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for any C' > 0. Then, we have

(1)
R
;’T (nL) MRg)T S ey exp <—Ts> + M35 exp <—Ts>>

(7
ELE )
F1IVT [ =

—56 31V a0 11

_ 93 1 1 4M 1 15 [ T
M1t - 2

S gVt <ﬁ 94M+1ﬁ>exp( 1 4M+1>

_ 155 [AM +1 15 [T

=84 T “P\T:Vamw+1)-

Here, the fourth inequality holds because s < %
Then, we obtain

155 [4M+1 15 T
Ry /T + (nL)* MR, _ s F_GXP(—gfv;%;;)
Yoo/T+(77L)2M(Doo_EOO/T) N % 1+%MT '

We will show that the ratio is < %, when 7" > 25. It is enough to show that

155 V4 ﬁexP( 31V 4MT+1) -1

196 14 IMT

We first prove that the left-hand side is decreasing in T for all M > 0 and T' > 5. To show this, we

define
VAM +1vT exp ( 4MT+1 )

1+ 3MT

We take the logarithm, because it is enough to show that log g(7") is decreasing in 7. To this end, we
compute

(28)

g(T) :=

9 logg(T) = 15 17 1
- lo ——7——77.
or %9 2T 62/AM +1VT 41+ IMT

To show that the log derivative is non-positive, it is enough to show that

9 2
4M+1<5T<1+;MT> .

961
Then,
225 7 2 1102573 157572 225T
1+ -MT ) —(4AM +1)= ——""— M? —4 M -1
961 <+2 ) (4M +1) 3844 +( 961 > +(961 )
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where all the coefficients are positive when 7' > 5, implying that the left-hand side is increasing in
M . Now, it remains to check the value at M = 0. Since

225 7

2
22
T(1+2MT>-4MM+D _ 2%

=gl - 1>0,
M=0

961

we have the desired result.
Having shown that g(7") is decreasing in 7" for all M > 0 and 7" > 5, we will evaluate the value

at T' = 25, to conclude that % g(T) < 1forall T > 25. To proceed, we define

175M 4 M +
=5 _|_1

Taking logarithm and derivative with respect to M yields

52500M — 5177v/4M + 1 4 600
3 .
2

62 (4M +1)2 (175M + 2)

Notice that the numerator is positive on (0, M, ), where M, =~ 0.1063 is the solution of 525000 —
5177v/4M + 1 4 600 = 0, and is negative on (M, co). Therefore, we only need to check whether

h(0)<1, lim h(M)< 1.
M—oo

Since e
h = — —75/31 < 0.352
(0) 196°¢ <0.35
15514
lim A(M) = <0.846
i M) = g~ <0846,
the inequality (28) has been proved.
|
We have
(%)
Yoo E R i )
Arzir-+MLVA{(Dm——jﬂ)—— ;T+mnm%MRgT . ie{1,2}.

Applying the ratio bound in Lemma 17, we obtain

Aiz<é—w;)(%?—%MLFAI(DM——€f>), ie{1,2}.

Then, we have
minyﬁ—i-( LM ( Doo — =2 ) = F(uy)
n T n o =
> G(“g) - |F(Uf) - G(ug)|

1 1+62 M 1M [1-58\>
><\@+1—52_2>_3‘1’T(1+ﬂ)'
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Here, the minimum is taken over step sizes 7 in Regions I and II.
We now show that

1+82 M
VU ——>0.
+1—52 5 >0

We use the lower bound for ¥:

v > 1+%MT2 1+;M(39M+10).

Then,
1+82 M M
14 —— >VU 41— —
f+1_/82 5 >V + 5
7 M
2\/1+2M(39M—|—10)+1—2
>0
for all M > 0.

Finally, we find an upper bound of the ratio

We have
1 (1-8)°
T 39T \ 148 < 2M T
. 1 1432 v & 37\11 1482 M
ﬁ( \I’+1752_7> ﬁ+1—ﬁ2 2
< 2M T
< sup sup < ——
M>0 T>39M+10 Y /T + % — M
2M T
< sup sup - )
M>0 T>39M+10 3 (1+ ZMT) [ LIMT 1M
Let
7
Yi=1+4MT
_ 2M T
= 2 '
3(1+§MT) 1+%MT—|—1—%
Then,
4 P —1

S=— .
5 (Vo+1- )
The constraint 7' > 39M + 10 translates into the requirement ¢ > %M 24+ 35M +1.

59



UNDERSTANDING POLYAK’S MOMENTUM MAY REQUIRE RETHINKING NON-CONVEX OPTIMIZATION

Now, we will show that sup,, ,, S < 55. It suffices to show that

118 160
M < 2/ — 31

for all (M, ) that satisfy the constraints.
First, if 1) > 9, we use %M2 < 1. Then,

118 160
,/ ﬂ<00856 Y < 2\/1h — 21 < \/’—7 310

holds because /1) > 3.
Next, if 1 < ¢ <9, weuse 35M < 3 — 1. Then, we need to show that

— 1 118 160
¢ < f

21 "oy

35

Since
118 160 ¢ —1

B e )
v Tog T T35 7

whenever 1) € [1, 9], the inequality also holds for this case.
Thus, the ratio is bounded by

1M (1-8

30T (1+5) 1
1 1+82 M\ — 20T
2T ( v+ 1-52 2)

and finally

1 5 1 1482 M
22T<1_T> <1_20T> <V‘“1_g2‘2>

1 5.05 1+8%2 M
22T<1_T> (V‘P+1_52‘2>-
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Appendix F. Proof of Theorem 2
F.1. Proof Sketch

The proof starts from a finite heavy-ball trajectory that is interpolable by a smooth function. For such
atuple { (1, gt, f1) }1—g with fo = 0, we set

Gh o= guin Lol Ar = gu (~fi+ 3lad )
A scaling argument then gives the lower bound % for the normalized class F7(1/2). Thus the
proof reduces to constructing, for every step size, an interpolable heavy-ball trajectory for which this
ratio is large enough after the €7 scaling.

The interpolation conditions are checked using a pairing form. The values f; are chosen recur-
sively so that the smooth interpolation conditions reduce to two inequalities, S,; ;> 0and S,I ;> 0.
This form is convenient for the trajectories used below, because their increments have explicit
pairwise inner products. In particular, for helical trajectories

Tt = (ei¢t’ /\¢t)7

the sums Sf;e split into an zy-part and a z-part. For the helix with constant angle increment ¢, = t0,
the gradient norm, the function-value increments, and the ordered sums have closed forms.

We split the step size into four regimes. In Regime I, where 0 < 7 < ac?, a constant-gradient
construction gives the bound i after multiplying by 7. In Regime IV, where 1 > 1 4 /3, we use
orthogonal gradients and constant function values. The condition 77 > 14 /3 makes the interpolation
check direct, and the €T'-scaled lower bound diverges.

The two middle regimes use helical trajectories. In Regime III, where ke <n <1+ V3, we first
use a finite prefix to match the zero initial momentum and then attach a helix with constant angle
increment. The vertical scale is chosen so that the z-part controls the possible negative contribution
from the xy-part in S,:{IE ;- This gives interpolation, while the gradient norm stays bounded below and
A stays bounded as T — 0. Hence the eT-scaled lower bound diverges in this regime.

Regime II, where ac? < 1 < be, gives the finite constant in the theorem. The main coordinate is
a helix with constant angle increment satisfying #? = K7 and K = ﬁ

The closed-form estimates show that the tail interpolation inequalities hold, that the tail function-
value increment M is negative of order €, and that %Aj/g is at least the target constant. The
interpolation inequalities involving the initial index are handled by adding one scalar auxiliary
coordinate with a prefix and an exponentially decaying tail. Its scale is chosen to compensate for the
finitely many initial-index terms without changing the asymptotic coefficient. Therefore,

G7>G? Ap<Cac+ (-M)T,

and consequently

G2
liminf eT in ||V 2> 7 >
parer s i IVl 2 i 2

uniformly over ac? < n < be.
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Finally, we choose

1 5 1
5max:§, a=4, b=k=5, T=-, ==

The remaining estimates verify the required conditions in Regimes II and III. Regimes I and II give
the constant 1/8, while Regimes III and IV give divergent scaled lower bounds. Since these regimes
cover all > 0, we obtain

liminfeT inf su min IV f(x:)]? >
T—00 77>0f€]—'18/2)0§t<TH f( t)HQ_

|

This proves the claimed lower bound for every 8 > 7/8.

F.2. Interpolation Conditions

We begin with the interpolation conditions used to certify the finite trajectories constructed below.
The first one characterizes when prescribed points, gradients, and function values can be realized by
an L-smooth function.

Proposition 19 [27] T = {(xi,9i, fi) }icz is Fr-interpolable, if and only if for every pair of
indices (i, j), with i,j € Z, it holds that

2

< fi— [ —(gj,®i — x;) (29)
2

1 , L 1
ﬁHgi —gjls — 2% i Z(gz - gj)

The following proposition will also be useful for controlling the minimum value of an interpolat-
ing function.

Proposition 20 [7] Set T = {(xi, g, [i) }icz is Fr-interpolable. Then, there exists a function
f € Fr such that f; = f(x), V f(x) = g+ and

1 1
7= min @) = 1 (- 70) = £~ ol

xR
where j € arg min, f; — ﬁ”gt”%

We consider the convergence metric M(f, A) = ming<¢<7 ||V f(2)||3 for a function f and an
algorithm A. Here, {2} is the output of the algorithm A on f.
We define the following function class:

Definition 21 For some A > 0 and L > 0, we define
Fr(A) :={f:RY 5 R: f(0) — f* <A, fis L-smooth}.

We next prepare two elementary tools used in the finite construction. The first turns an inter-
polable heavy-ball trajectory into a lower bound for the normalized class. The second rewrites the
interpolation conditions as ordered sums after a particular choice of the values f;.
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Throughout the proof, when we say that {x;} is generated from {g;} by the zero-initialized
heavy-ball recursion, we mean

T_1=To, Tyl =T — NGt + B(xr — T4-1)
for all relevant indices ¢.
When {x,} is specified first, we define {g; } by the heavy-ball relation as
(14 B)wy — weq1 — Pxiy
n

gt (30)

Lemma 22 Fix T > 1. Suppose that there exists a finite tuple

Tr = {(®e, g1, )}

with fo = 0, which is Fy-interpolable and that {x;} is generated from {g.} by the heavy-ball
recursion. Define

G2 .= i 2
T OgngHgtHQ

and

. 1 1
Ar := fo— min (ft - 2”915“%) = nax (_ft + 2||gt||§) '

0<t<T o<t<T
If Ar > 0, then
swwp min |Vi@)l3 > SL
feF1(1/2) 0<t<T tliz = QAT

Proof By Proposition 20, there exists a 1-smooth function f interpolating the tuple, namely
flxs)=fi, V(@) =g 0<t<T,

and satisfying

_ ' 1
Fr= i (5= ol ) =

0<t<T

After translating the input space, we may assume that the initial point is the origin. Since fy = 0, the
initial gap of f is Ar.
Define the rescaled function

flx) = 2A1T ~(\/Eaz)

Then f € Fr(A). Moreover, if y; := x;/+/2Ar, then
1

Vf(y:) = N

gt-

The heavy-ball recursion is invariant under this rescaling, so {yt}f:_ol is the heavy-ball trajectory on
f. Therefore

1 G2
. 2 _ . 2 _ YT
oty IV I woll2 = 550 iz llodl = 55,
Taking the supremum over f € Fr,(A) gives the claim. |
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Lemma 23 (Pairing form of the interpolation conditions) Let {(x;,g:)}., be an arbitrary fi-
nite tuple. Define

ACUt =Tyl — Ty, Agt = gi+1 — gt (O <t< N)

For (0 <1,7 < N, define

1 1 1
Qij = 1”91 - ng% - ZH% - ij% + 5(901- —Zj,9i — gj)-
Set fo = 0 and define f; recursively by
fre1 = e = (g1, Amy) — Qe (31)

for 0 < t < N. Then the tuple {(xt, g, i)} is Fi-interpolable if and only if, for every
0<k</{<N,

1
ke =15 > (Am - Agy, Az, + Agy) > 0 (32)
k<t<s<f—1
1
Sty = 3 Z (Axy + Agy, Az, — Ags) > 0. (33)
k<t<s<t—1

Proof For 0 < 4,5 < N, the 1-smooth interpolation condition from Proposition 19 is
Qij < fi— fj —(gj, ®i — ;).
Fix 0 < k < ¢ < N. Define
§;;g = fr — fo—(ge,xp — x0) — Qpp-

We first compute S 1.0 Since

/—1 /—1
meimk:ZAmtv géigk‘:ZAgt’
t=k t=k

and
-1 -1
Je—Jo=— Z<gt+17AiBt> + ZQt,tH,
t=k t=k
we have
N -1 -1
S];g = Z(ge = gi+1, Axy) + Z Qtt+1 — Qre-
t=k t=k
Because

-1
ge—gi1= Y Ags,
s=t+1
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the first term becomes

-1
Z(gé — giy1, Axy) = Z (Axy, Ags).
t=k k<t<s<(—1

On the other hand, expanding Q); ; gives

l—1
1
D Q= Que=5 Y, (Aw, Az —(Agy, Aga) — (Axy, Ags) — (Mg, Awy)).
t=k k<t<s<{—1
Combining the above yields
~ 1
Ste=75 D, (Awi—Agy Az, +Ag,).

k<t<s<t—1

Thus S, , = S}
Now define B
Sie=fo—Te = (g T — 1) — Qui-

Since Q¢ = Q0. we have

gk_,é + g]j,f = (g0 — g, e — T) — 2Qp -

Writing
X =xy—x, G:=g/— g,
the right-hand side is
1 5 1 9 1
(G, X) - §HGHQ + iHXHz —(X,G) = §<X -G, X +G).

Since

-1

X+G= Z(Aﬁb‘t + Agt),

t=k

we obtain )
SeetS=5 Y. (Azm - Ag, Az, + Agy).
k<t,s<f—1

Subtracting the expression for S W, and using symmetry of the inner product gives

~ 1
St = 3 > (Am+ Agy, Az, — Ag).
E<t<s<t—1

Thus, §Zz = S,&.

The interpolation condition must hold for every ordered pair of indices. For k < /¢, the ordered
pair (k, £) is equivalent to S;_, > 0, while the ordered pair (/, k) is equivalent to S ,j , > 0. Hence
the tuple is Fi-interpolable if and only if Sfct,e > 0 hold for all £ < £. |
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F.3. Helical Trajectory

We collect the elementary identities for helical trajectories. Throughout this subsection, we identify
R? with C, and use the real inner product

(u,v) := Re(uv) (u,v e C).
Lemma 24 Let {¢; i\;tll be a real sequence and define
er =€ 5=y — Broa.
For \ > 0, define the helical trajectory
;= (e, \¢y) € C x R.
Define the gradients {g;} by the heavy-ball relation (30) Then

gt = (heer, 97 ),

where ) )
(1 + /8) _ 615t+1 _ /86—161
ht =
n
and
z A(B6t — O41)
9 = —————————-
n
Moreover, if
P (1 + B)0t41 — ¢y — Boy

Ui

then
A.’Bf = )\6t+17 Agtz = )\Pt

Consequently, the z-parts of the interpolation conditions in pairing form are
)\2
—,Z
St =5 Y " (B4 — pr) (Oes1 + ps)

k<t<s<i—1

. N
SE =% Y (et + ) (Bsr1 — ps)-
k<t<s<t-1

For the xy-part, define

Uy o= (e — 1) — (hep1e1 — hy)
U = (€01 — 1) + (hyg1€+1 — hy).

Then
Az — Agy? = U7, Az’ + Agl’ = e U
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Hence the xy-parts of the interpolation conditions in pairing form are

ey 1 .
Suit=5 . Re (U7 Useitenen) (34)
k<t<s<{—1
1 .
Siit=5 > Re(Ufuzeeme). (35)
k<t<s<{—1

In particular,
- —ZY 2 JF —_ +7my +7Z
vt =Skr TSk Spe=05kr + 5%
Proof The formula for g; follows from

10¢

0, -
t+17 €t—1 = €€ )

€t+1 = €€

and
Gt41 — G = Opy1, Dt — Pr—1 = Oz

Meanwhile, we have
AzyY = et(el‘s“rl —1)

and
0.
Agfy = ht+16t+1 — htet = et(ht+1eZ t+l— ht)

Substituting these identities into Lemma 23 gives the claimed decomposition. |

Lemma 25 Letr0< 0 < 2w A >0, and
x; = (e M) € C x R.

Set
e:=1-p

and define the heavy-ball gradients

(1+p)xs — 441 — 5%—1.

gt =
n
Then et
gt = <C€it97 _€> )
Ui
where
C o (1+58)(1 —cosf) —icsinb
: " .
Writing C = C,. + iC;, we have
C— gsin@
(2 T’ .
The gradient norm is independent of t, and equals
2262
G* = |lgill3 = [C” + pe
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For an interval of length n = £ — k, the ordered sums depend only on n. They are

and

where
o :=1-—cosb.

Equivalently, define

.= 1 [ /sin(n6/2)\>
A = Z(n —m) cos(mb) = 3 [(8111(9/2)) - n]

3 3
==

1| /sin(nf/2)\?
Al = E:O(n —m) cos(mb) = 3 [(sm((ﬁ//Q))> +n
nsin @ — sin(nf).

D, :

Then

a5t = g2 ED) ; 2

+2a(1 — |CPP) AL £ 20;D,,.
Proof In this case, 6; = 6 for all . Hence h; = C, and
Uy =(1=C)e®—1), U =([1+C)(” - 1).

Thus U; and U;" are independent of t. We write them as U~ and U ™.

Since e A
U-U"=e? —12(1 - C)(1+ C),
we get L
U-U"=2(1-cosh)(1—|CP>+C—-0).
Therefore L
U-U" =2a(1 — |C)? + 2iC;).
Similarly,

UTU™ =2a(1 — |C]* - 2iC;).
Taking real parts after multiplication by ™ gives
Re (FU"'eime) =2a((1- |C?) cos(mb) — 2C; sin(m#))
Re (FU_eime) = 2a ((1 — |C|?) cos(m#b) + 2C; sin(m0)) .

The z-increments satisfy
Axzi =X, Ag; =0.
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Substitution into Lemma 24 gives the formulas for S, and S;'.
It remains to compute the trigonometric sums. We have

n—1 n—1 2 . 2
n — |m|)em? = e = sin(n6/2)
2 =) = ()

Taking real parts yields the stated formulas for A, and A;. Also,

n—1
in § — sin(nd D
Z (n —m)sin(m@) = nsin§ — sin(n6) ="
2(1 — cos ) 2
m=1
Substituting these closed forms gives the final expressions. |

Lemma 26 Consider the helix trajectory from Lemma 25, and define f; by

fir1 — fe = (9e11, Axy) — Qpit1.

Then the function value increment
M = fir1 — fi
is independent of t, and equals
M:ﬂ(1_|c‘2)_@+)\2g2 (1_5>_
2 U 4

Assume in addition that 5

K = —_—, 92 — K )
1+p n
Define
2(1 — cos§) sin 6 0
H = — _ <t
92 ) R ) , s ;
Then
Moreover,
M = Ayy(n,0) + K (Z _ 5> A2,
where 2
1— :
Axy(n, 9) = ﬂ(l _H?_ SQRQ) __€sin 9.
? n
Equivalently,

M = Ke[-R? =N+ L (H(L - H? = *R?) + X?) .
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Proof By the shift-invariance, it suffices to compute M at a single index. For the zy-part,

A:I?fy — eite(ew _ 1), Agfy — Ceite(eie o 1)

Thus o
(gi%1, AxyY) = Re (66_10(619 - 1)) = Cr(1 —cosf) + C;sinb.
Also,
1—cost
Qi =5 (ICP =1+ (1 - cosO)Cp.
Therefore . 9
— cos .
(gith, Axi) — Qi = 5 (1—1C?) + Cisind.
Since )
- _ gsin@
7 T’ i
the xy-contribution is
1—cos6 esin? @
- jop) - 2
n
For the z-part,
Aef
Ax; =)0, Agi=0, gi, = —%.
Hence 5 o
Mgl
<gf—|—1a A$§> = )
n
and -
2“0
z —
Qtﬂf"‘l - 4 *
The z-contribution is therefore
2202 <1 - €> .
4
Adding the two gives the first formula for M.
Now assume 0? = K1, where K = 2/(1 + f3). Since
02
1—cosf = EH’ sinf = 0R,
we obtain
1 1—cosf
n
€sinf
Ci=— = —sR. (37)

Ui

The formulas for |C|?, G2, and M follow immediately.

70



UNDERSTANDING POLYAK’S MOMENTUM MAY REQUIRE RETHINKING NON-CONVEX OPTIMIZATION

F.4. Regime Decomposition

We prove the following heavy-ball lower bound:

liminfeT inf su min ||V f(x)]]2 > ¢,
Too00 n>of€f1£/2)ogt<TH Fl@)llz =

for a universal constant ¢ > 0.

We prove the lower bound by splitting the step size into four regimes. Throughout the proof, we
write € := 1 — 3. The constants @ > 0, b > 0, and ey > 0 will be fixed in the final admissibility
check. For now, assume 0 < € < gp,,x. We decompose the step size range as follows:

0<n<ae®, a®<n<bs, be<n<1+V3, n>1+V3

The proof in each regime uses a different finite interpolable trajectory.
Regime I. For 0 < 1 < ac?, we use a constant-gradient construction.

Regime II.  For as? < 7 < be, we use an exact helical tail together with an auxiliary coordinate.
This is the only regime that determines the final finite constant.

Regime III. For b < 1 < 1 + /3, we choose the initial phase increments so that the tra-
jectory has zero initial momentum, and then set the phase increment equal to 6 for all later in-
dices. After choosing the scale A large enough, the values f; increase from that point onward, so
maxo<¢<T {— fe+ %H gtH%} is independently of T'. As a result, the lower bound diverges.

Regime IV. Forn > 1+ V/3, we use an orthogonal-gradient construction. The threshold 1 + V3
appears from a interpolation inequality, and this regime also gives a divergent lower bound.

Combining the four regimes gives a uniform lower bound over all step sizes. The elementary
Regimes I and IV are handled first, followed by the helical Regimes III and II.

F.5. Regimes I and IV

In this subsection, we handle the two elementary step size regimes.

Proposition 27 (Regime I) Fixa >0,0<e<1,and § =1—¢. Then

1
liminfeT inf su min ||V f(z)]]2 > —.
T—00 0<77§a82 fe}_lg/z) 0<t<T H f( t)H2 = 2

Proof Fix T > 1 and 0 < 1 < ac?. Let g be a unit vector, and set

gt=49g

for 0 < ¢ < T'. Define the trajectory by the heavy-ball recursion
r1=20=0, Tpi1 =z —ng+ BTt —x4-1),

for 0 <t < T. Finally, define
ft = (g,$t>-
Then fy = 0.
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We first check interpolation. For every 1, j,

gi—g; =0,

and hence .
2
Qij =~ llzi — =3 < 0.

On the other hand,
fi—fi— (g, i —xj) = (g, x; —x;) — (g, x; —x;) = 0.

Thus the tuple is F-interpolable.
It remains to bound G% and A7. Clearly,

G% = mi 5=1.
T OrggngHgtllg

Let
dt =Xt — Tp_1-

Since dy = 0, the recursion gives
t .
diyr = —ng + fdy=-nY_ Bg.
j=0
Therefore, for 0 < ¢ < T,

t—1 r
ot T
ft (g, zt) TIE E B < .

r=0 j=0

Since ||g¢||2 = 1, we obtain

1 1 9T 1
A = —fet+=lgel3) € 4+ < = +aeT
r= s (<4 glo) < 5+ < b
By Lemma 22,
in |V 2> ——.
o o V@)l = ey
Thus T
9
T in |V 3>
e fe;?g/z)ogltglif” F@)le 2 157

Taking the infimum over 0 < 1 < as? and then taking lim infr_, ., gives

1
liminf T inf su min ||V f(x)]|2 > —.
T—o00 0<n<ae? feF 8/2) 0<t<T H f( t)H2 = %
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Proposition 28 (Regime IV) Fix0 < e <1, andlet B =1 — €. Then

liminfeT inf sup  min HVf(.’L’f,)H% = +o0.
T'—o0 n>1+v/3 fer(1/2) 0St<T

Proof Fix T > landn > 1+ v/3. We construct T-dimensional instance. Let eq,...,er_1 be the
standard orthonormal basis. Define
gt :=e;, f:=0,

for 0 <t < T. Let {@;} be generated from {g;} by the zero-initialized heavy-ball recursion.
We check the 1-smooth interpolation condition. Fix 0 <7 < j < T, and set

Zi,j = <$z — acj, 6i>.
Letd; := x; — x;—71. Since
diy1 = —ne; + Bd;,

the coefficient of e; in x; — x; is
j—i—1

-n Y. B
r=0

Therefore
j—i—1

zig=n Y, B =n>1+V3.
r=0

Moreover,
<:L‘i—:1}j,e]'> =0, ||5Bi_ij2 2 Zij-

For the ordered pair (4, j), we have

gi—gi=e —ej, |gi—gjll3=2

Hence 11 1
Qij =5 — ylli— a3 + (@i —xj e —ej),
and 11 1
Q=5 = 3% T g

Since z; ; > 1+ /3, the scalar inequality

1 1 1
5—122+§ZS07 VZZI+\/§

implies @; ; < 0. On the other hand,
fi—=fi —(gj,®i — x;) = —(ej,x; — x;) = 0.

Thus the interpolation condition holds for the ordered pair (i, j).
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For the reverse ordered pair (j,1), the left-hand side is the same because Q);; = @Q; ;. The
right-hand side is
fj - fi— <gi,iﬂj —x;) = (e, T; — $j> =z = 0.
Since @;; = Q;; < 0, the reverse interpolation condition also holds. Therefore the tuple is
JFi-interpolable.

Finally,
G2 — : 2 _ 1
v = min gz =1,
and ) .
A — — — 2 = —.
T = g<ier ( fet 2”gtH2> 2
By Lemma 22,
sup  min ||V f(z)]3 > 1.
feFi(1/2) 0st<T ’
Consequently,
el inf sup  min ||V f(x)|3 > eT.
n21+v/3 fer (1/2) 0SE<T ?
Letting T" — oo proves the claim. |

F.6. Regime III

In this subsection, we handle Regime III. We consider the interval
[ke, 1+ V3],
for some constant x > 4. Throughout this subsection, we assume that this interval is nonempty:
ke <1+ V3. (38)

We also choose 7 > 0 such that, with

the following two admissibility conditions hold:

N < 1 l/B\/B’ (39)
and 5 o
Pmax = M <1 (40)
K
Proposition 29 (Regime III) Under (38)—(40),
liminfeT  inf sup  min ||V f(z)]|3 = +oo.

T—=0oo  nelre,14V3] feF(1/2) 0SI<T

We prove the proposition through a zero-initialized sine prefix followed by an exact helical tail.
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Construction. Fix 7 € [rke, 1 + /3], and set

22
T 1+B 2—¢
We also assume that (38)—(40) hold. Then, there exists

™

VBsin((N + 1)w) = sin(Nw).

0 .= Kn.

such that

Indeed, the function
F(w) := v/Bsin((N + 1)w) — sin(Nw)

satisfies .
mpﬁﬁz¢mN+n—N>o

w0 w

T . N
F<N—|—1> __Sm<N+1> <0

Hence the root exists by continuity.
Define {¢;} by

by (39), while

sin(Nw)”’

5 Qﬁ(t_N)/Q sin(tw) 0<t<N+1,
" ), t>N+1.

Then, é; > 0 fort > 1.
Set

by = 0, t e {—1,0},
B DO S
For a parameter A > 0, define '
x; = (e, \py) € C x R.

Then x_; = xg. Define g; as (30) so that the heavy-ball recursion holds.
Interpolation conditions.

Lemma 30 Define

041 — Boy
my i = ————.
n
Then
€0
my > 8= —,
n

(41)

forallt > 0. Moreover, there exists a sequence {p;} with 0 < p; < pmax < 1 forallt > 0, such that

Agi = Apidii1.

Consequently,
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Proof For 0 < t < N, the sequence {d;} satisfies
5t+2 — 2\/BCOSW 6t+1 + 8oy = 0.

Therefore
_ Ot — (1 +B)d1 + B0y
M1 — My = 7 = —P5t+17
where
= (1 —v/B)*+2y/B(1 — cosw)
: ; .
Thus

M1 = My — POy,
for0 <t < N. Since p > 0 and ;11 > 0, the sequence m; is non-increasingon 0 <t < N,
For ¢t > N, we have §; = 0, so

In particular, m = s, and hence m; > s for every t > 0.
Thus, it remains to bound p. Since

1—/B=—""<e¢

1+VB

and
1 <
—cosw < —
_27

we get
pn§€2+w2.

Using
T o T
w g
N+1— 7’

which holds because N + 1 > g we obtain

2
2 T

< e(1+7%/72%)

Since 7 > ke,

>~ ———— = Pmax-
K
Define
_Jp, t<N,
PN, 1>,
Then, mey1 = My — Pt5t+1 holds.
Finally, the z-component of gy is
A(Bd: — 0.
gi = (B¢ — 6141) — .
Ui
Hence
Agi =gy — gi = My — meg1) = Apilrsa.
Since Az} = Ady+1, the identities Az} + Ag; = A(1 & p;)ds41 hold. [ |
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Function values.

Lemma 31 There exists \ic = A\ic(g, k, 7) > 0 such that, for every A > Aic, the tuple {(x;, gi, fi)}
is Fi-interpolable, if fo = 0 and { f;} is defined by (31).

Proof We first obtain a positive lower bound for the z-factors. Define
i L gG-N)2 Sin(jw)
Amin := Min {1, 1g1§nN/8 sin(Nw) > 0.

Also,
> =Kn, K>1, n> ke

Therefore, for all ¢ > 0,
5t+1 > Aminf > AminV ke > 0.

Set dpin 1= Aminy/ke > 0 and
Ze = (1 —pmax)éilin > 0.

Since 0 < pr < Pmax < 1 forall ¢ > 0 by Lemma 30,
(1 = pe)(1 + ps)St110s11 > Ze
(14 pe)(1 — ps)Si10s11 > Ze

forallt,s > 0.
Now we bound the zy-part. We have
(1 + B) _ ei5t+1 _ 5677:6,5
" .

gt = b, by =

Since n > ke, we have
1+84+1+8 4

|hy| £ ———— < —.
n KE
Thus 3
AgY| < |h hl < —
IAGEY) < hega| + 1] < —
while
|AxY] < 2.
Now, define
8
U =24+ —.
KE
Then

|AzyY + AgY| < U..

Fix0 <k </ andsetm :=¢ — k.
Write S,;te = S,:Ct’;y + S;tf. This decomposition holds because the inner product of u and v is
simply the sum of the contributions from their zy and z parts.
Then, the zy-part of S,_, satisfies
_ Ulm(m—1) U2
S Y < _€ 2
Spi] < =

5 = Zm(m— 1).
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The z-part of S, satisfies

_. A2 N2 Z.
Syt = 5 Z (1= pe)(1 + ps)d410s41 > m(m — 1).
k<t<s<f—1
Similarly,
U2
|97 < —pmm+ 1),
NZ
S,:ff > 1 Em(m +1).
Choose )
U,
My ===,
Ic 7.

Then, for every A > A\ic,

— —TY 2
Ske =5k t 50 20,

+ _ +7xy +7Z
See =5k TS5, =20

for every k < £. Thus, the interpolation condition holds by Lemma 23. |

Lemma 32 There exists A\¢(e, k,T) > 0 such that, for every X\ > Ay, { fi} defined as (31) satisfies
fror — fr 2 1,
forallt > N.

Proof For ¢t > N, we have
0p = 01 = 0.

By Lemma 26, we have

Mo(n,A) = four = fo = Awy(m) + K (1 =) X2,

for all ¢t > N, where

1 —cosf in% 6
Aa:y(n) cos (1-— 72 QRQ) esin
2 n
Since
n>ke, K>4,
we have p
1oz (i)
Define
K
Cy = Z —1>0
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As K = ﬁ > 1, wehave K (7 —¢) > cye.
The function A, (n) is continuous on the compact interval

n € [ke, 1+ V3.
Hence
B. := max A < 00.
- nE[m—:,lJr\/g}‘ zy(M)]
Choose
f - e .

Then for every A > Ay,
Mo(1,A) > —B. + ceeA? > 1.

This proves the claim. |

Gradient norm lower bound.

Lemma 33 Choose
A > max{Aic, Ar}.

Then there exist constants
G >0, C:< oo,

depending on €, k, T, \, but not onT' or n, such that

2 . 2 2
= >
GT OI§11t1<nT lg:llz > G,

and .
Ari= s (i + 5lail3) < -

Proof We first prove the gradient norm lower bound. Let

)\2 2
G? .= c_ >0
143
By Lemma 30,
. et
g; = —Amy, mp>8s=—.
n
Therefore
lgell5 > A*s*.
Since - )
0 K 2
82:8772 :77767 K:71+BZ]_, 77§].+\/§,
we obtain
2
s2 > < .
T 1+V3
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Thus
lgell5 > G2 > 0.

Now we prove the initial gap bound. For ¢ > N, Lemmas 26 and 32 gives
fo=fn+({t=N)Mo(n, ), Mo(n,A) = 1.

Moreover, for ¢ > N, the gradient norm is constant. Denote this constant by

Gl ().

Then, fort > N,

1 1 1
—fi+ 5lgell3 = —fn = (¢ = N)Mo(n, ) + 5 G, A) < —fv + 5 Gl (1, A).

Therefore the maximum of
1 2
—ft+ §Hgt\|2

fort > N is attained att = V.

It remains to control the finite prefix 0 < t < N. For fixed ¢, s, 7, the integers N, the root w,
and the coefficients &; /6 are independent of 7. Since 2 = Kn and n > ke > 0, the vectors x; and
g are continuous functions of  on [ke, 1 + \/§] for every 0 <t < N. Moreover, f; is continuous
by the finite recursion (31). Hence

1
Ce:= max max (—fi+= 2) < s,
) nElke,14/3] 0SEEN ( Je 9 lgell3
Therefore,
Ar < C;
for every T and every 7 € [ke, 1 + V/3]. _

Proof for Regime II. Proof [Proof of Proposition 29] Fix 7' > 1 and ) € [ke, 1 + \/3] Construct
the trajectory above, choose A > max{Aic, Ar}, define the gradients by heavy-ball, and define f; as
(31).

By construction, the tuple is heavy-ball consistent and has zero initial momentum. By Lemma 31,
it is Fi-interpolable. By Lemma 33,

G%>G* Ar<cC.,

where G > 0 and C; < oo do not depend on 1" or 1. Therefore, by Lemma 22,

2

su min ||V f(x)]|2 >
i V7@l 2 5

Taking the infimum over 1 € [ke, 1 + /3] preserves the same lower bound:

G2
inf sup min ||V f(x 2 > Je
nelre,1+V3] feFi(1/2) 0st<T | oz 2C.
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Multiplying by €7, we get

G2
T B B 2 T
Since
e>0, G:>0, C;< o0,
the right-hand side diverges as T' — oo. Hence
liminfeT  inf sup  min |[Vf(z)||3 = +oo.

T'—o0 nelke,1+v3] feF (1/2) 0=st<T

F.7. Regime II
We now prove the lower bound in Regime II.

Admissible parameters. Fix constants

O<éemax <1, a>0, b>0, 7>0, ¢o>0.

Define 9
K =
max 2 Emax
For 0 < ¢ < emax, Set
2 2
=1- Ki=—=
B & 1+ 2—¢
The interval we consider is
ag? <n<be
For each 7 in this interval, define
0
62 := Kn, s:= <.
n
Then K
92 < Kmaxbgmam 32 < —=
a
Define i
0? = Kaxbemax, 5% = I;lax

We assume that there exist constants h, r, d, p > 0 such that, for every 0 < u < © and every integer
n > 1,

H(u) := 2(1—7230su) > h, (42a)
u .

R(u) := 512“ >, (42b)

0 < nsinu — sin(nu) < du’n(n + 1), (42¢)

1 — H(u)? < pu. (42d)
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We note that H < 1 and R < 1 always hold.
We also assume the following conditions:

0<1, (43a)
S <1, (43b)
Q2
1-5 25d > 0, (43¢c)
S% 4+ p0? < 1, (434d)
b 2 )
-1+ —— ) <1+ 43e
4 ( 3\/§> " (43¢)
1 1 2
- - 1 43
a<(1+\/1—€max)2+72>< ’ (430
h2
>
4Kmax = Co, (43g)
{ T w > 9. (43h)
5max

Proposition 34 (Regime II) Assume the admissible parameters (42) and (43). Then, for every fixed
0 <e < éemax

liminfeT inf in ||V 3> co.

BT e S0 gyt (01 = 0

The constants used in the construction may depend on &, but they do not depend on T or 1.

Construction. For ¢ > 0, define the primary helical coordinate
xl = (e th) € C x R.
Set x| = xh.
The gradient is
o (L4 B)ef — =y, — By

g; = n
Foreveryt > 1,
=, gt =
where )
C=H —isR, H:Q(I_HQCOSQ), R:Slge.

The gradient norm is
G*:=|lg)|3 = H* + s*(R* + 1).

We define {f/'} as 31), with {(, g}")}.
Let P, denote the expressions in (32) and (33) computed using only {(z/, g/")}.

Lemma 35 Under (43a), (43c) and (434), for every 1 < k < £, we have

Py >0, PBf,>0.
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Proof Fix k > 1 and set £ — k = n > 1. By the definition of {x]'}, we can apply Lemma 25, with
A = 1. Thus, we denote Pkié = Sﬁf. Then,

25~ — 92”(”2‘1) +2(1 = cos)(1 — |CP) A= — 2C;D,, (44)
1
28 = 92n(n2+) +2(1 — cos0)(1 — |C1 A + 2C;D,,, 45)
where
Ci = —SR,
n—1 n—1
A = Z(n—m) cos(mf), Al = Z(n —m) cos(m#),
m=1 m=0
and
D,, :=nsin6 — sin(nf).
We have
0<ar <MD < L),

Since 0 < 8 <1 < 7 by (43a), we have D,, > 0. Also, by (42c),
D, < df*n(n+1).
We first prove S, > 0. Since
1-|C*=1-H?*-s*R? > 52,

and
2(1 — cosf) < 62,

we obtain

+ s g2 1- 52
25,7 > 0n(n +1)  —5— —25d), (46)

from (45). By (43c), the right-hand side is non-negative.
Now we prove S,; > 0. Since C; = —sR < 0and D,, > 0,

—-2C;D,, > 0.

Moreover,
I1—|C)?|=1-H*-s*R*| <1—H?+s*R?> < p0? + S%.
Using (44), we get

25, > 62"

(”2_ D (152 pe?). (47)

By (43d), this is nonnegative for n > 2. For n = 1, the sum S, is 0. |

83



UNDERSTANDING POLYAK’S MOMENTUM MAY REQUIRE RETHINKING NON-CONVEX OPTIMIZATION

Lemma 36 Under (43e) and (43g), fort > 1,

M = ft}fi-l - fth
satisfies
Mo s
Ke =7
where ; )
di=14+7r2—— <1+) > 0.
4 3v3
Moreover,
GQ
> cp.
—2M /e — o

Proof By Lemma 26 with A = 1, we have

M= Ke[-R? =1+ L (1+ H1-H? - *R?)|.

Let
B:=1+H(1 - H*> - s*R?).

Since 0 < H = 20=90s4) 9

u2
2
0<H(1-H*»)< ——.
< H( )_3\/§
Also,
—Hs?R? < 0.
Thus,
B<1+ 2
— 3\/5'

Since n < be and R > r by (42b),

M b 2 -
—<—1-r4 - (1+ =) =-0.
Ke = T+4<+3\/§>

Hence M < —Keé < 0.
For the coefficient, first note that

G?=H?+s*(R*+1) > H> > h?
by (42a). Also, by (43b) and the fact that H?, R? < 1 and s? < S2, we have

B=1+H(1—- H? - s’R?)
=1+ H(1 - H?) - Hs*R?
>1— Hs’R?
>1-5%2>0.
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Therefore,
RP+1-Llp<R+1<2
4e
Using the formula for M,
2M
~25 =2k (R 1 - [LB) 4K < 4K
€ 4e
Consequently,
G? h?
> >
TOMJe T AR —
by (43g). |
We keep the primary helical coordinate and add one auxiliary scalar coordinate.
Let -
N = {f—‘ .
€
By (43h), forevery 0 < € < gpax, N > 2.
Choose
e (0,
w -
"N +1
such that

sin((N + 1)w) = /Bsin(Nw). (48)
Such a root exists because the function
F(w) := sin((N + 1)w) — /Bsin(Nw)

satisfies

F
11%M:N+1—\/BN>0,
w. w

T . N
F<N+1> :_\/BSIH<N+1> < 0.

{ﬂ“—NW Sy 0STEN,
"=

while

Define {v;} by

N, t>N
Note that the definition of 4 for 0 <t < NN agrees witht = N + 1, due to (48).
Define
. {0, te{-1,0},

xy . o1
2= t= 1L

For I' > 0, define the full trajectory
x; = (xh, Taf).

This satisfies x_; = xg. Define gradients g, according to (30). We write
gt = (g/', Tgp).
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Equivalently,
By — %+1
9 =
Ui
For the unscaled auxiliary coordinate, define

c._ Y1 — B ﬁ%
mt .
n
For t < N, the sequence -y, satisfies

Yera — 2¢/Beosw i1 + By = 0.

Hence
me —m§ = —PYet1,
where
e (1-vB)* +2VB(1 — cosw)
: ; .
For t > N, it holds that
Ve+1 = BV,
and hence m§ = 0.
Define
p, t<N,
P30, t> N
Since

and 2(1 — cosw) < w?, we have

—I—\fw

pn < (1+\f
Moreover,
- T e
w o=
N+1— 7

Since 0 < € < eppax, We get

)
w‘w

7)

1 1 n 2
Proa =\ U+ VI —emm)? | 72)

ST
pia (1+\/ Emax)

Let

Then, by (43f),
ngt Spmax < L

For the auxiliary scalar coordinate with I,

[

Aivf = Vt+1, gf = —Mmy, Agf = PtVt+1-
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Thus,
Azi + Agy = (14 pe)yetr-

Because y;+1 > 0and 0 < p; < 1, (1 £ pt)y+1 > O forall ¢t > 0.
Since N > 2andw € (0,7/(N + 1)),

sinw >0, sin(2w) >0, sin(Nw) > 0.

Therefore
Y > 07 Y2 > 0.
Define 1 1
Cy = 5(1 _pmax)’}/% >0, c:= 5(1 _pmax)’Yl’)/? > 0.

Let C,f , denote the contribution of the auxiliary coordinate in Sffg withT' = 1. Since I'(14p¢)yer1 >
0 for all £ > 0, we have

CE, > 0.
For k = 0, we also note that

Cip>cy, €>1
Cop=>cy €22

ForE:LCO_Z:O.

Interpolation conditions. Let P,;té be the contribution of the helical coordinates in S,f ¢~ The full
sums are
+ + 2~
S = Py + 170,

If £ > 1, by Lemma 35,
P, > 0.

Since C,:& > 0, all pairs of (k, ¢) with k£ > 1 satisfy the inequalities.
It remains to check the case £ = 0. We prove a uniform bound on \P,;tzl.
Define 7
Al = Azl — Agl, Bl = Azl 4+ Agl.

Fort > 1, we have ‘ ‘
Al = (e"U™,0), Bl =("UT,0),

where ‘ ‘
U =1-0)(?-1), U'=(1+0C)(?-1).
Because
IC|<H+sR<1+S8,
we have

U~ < (2+85)0, U <(2+9)6.
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Also,
0° = Kn>n > ae’,
SO
0 > ae.
Since 0 < § < © <1 by (43a),
, 0
11— €| = 2sin(9/2) > 3
Therefore, for every n > 1,
150 4
]1 - 629‘ Vag’

Using the z-component bound n6 S n@, there exists L. < oo such that, for every n > 1 and every
n € [ag?, be],

Z Ah < Lo(1+n)
Z B < L.(1+n).
We also need to bound the vectors A% and Bé‘. Since z" | = xh,
h h
gh ="
n
Moreover, ‘
|zh — x|z < e — 1] + 6 < 26,
and hence

20 2K _ 2Kpax
<—=—XZ .
loflls < 57 = T < =2
The gradient satisfies
lg?ll3 = G* = H? + s*(R* + 1) < 1 +25%.
Thus, there exists D, < oo such that
IAGll2 < De,  |IBgll2 < D-,

for all € [ag?, be], because both A% and Bl are continuous in 7 and the interval [ae?, be] is
compact.
Now fix £ > 2 and set n := ¢ — 1. We obtain

Poy=Pry+3 <AO,ZBh> (49)
<B§,ZAh> (50)

P+

+
OE_PLZ <BOaAO

L\’)M—t
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From the right-hand sides of (46) and (47), define the margins
1-52
S 25d, m_:=1-58%—po2.

Then, m, m_ > 0 holds due to (43d) and (43c).
We now have

m4 =

1
_ 1
P, > 10271(71 —1)ym_.
Using #2 = Kn > 1 > ae?, set
g+ = 1aan q— == ~ae’*m
+ . 2 J’_’ . 4 —_

Then ¢4+,q- > 0, and
Plg_Q+n( +1)>
Pry>q-n(n—1).

We have
- h h
Po,ez 112"‘ <A ’ZB >
1 n
> gn(n— 1) — 514512 || Y B
s=1 2
1
> gn(n—1) = 5DeLe(n+1)
and

1 h h

PoJ,rz:Pf,Le"'2<BovAo <BanA>
n
> gen(n+1) — 2 | BY o482 — 1B |3 A%
s=1 2
1 5 1
2 gen(n+1) = o D7 = 5 DeLe(n +1).
Define
c..='p2ylp.r
e — 9 € 9 elie.
Since

1
—§D8L5(n +1) > —-C.(n+1)

1 1
_§D2 gDeLe(n+1) > =Ce(n +1),
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we have
Poi,e > qin(n+1) —Ce(n+1).

Denote [z]; := max{x,0}. Then, we obtain

Py < [Coln+ 1) — g_nln— 1),
=[Ce+ (Cc+g-)n— Q—n2]+

2
<, 4 Ceta)
4q-—
Similarly,

[_P()Jfg]Jr <[Cen+1) —gin(n+ 1))+
< [Ce(n+1) = g4n?)y
= [C. + Cen — q4n?]4

02
< € .
<Cc+ 10,
Define

C _)? C?
Ba::Dg—i—CE—I-maX{(E_‘_q), E}<oo.
4q- 4q4

Then, for every n € [aeQ, be] and ¢ > 1, we have
[—Pyl+ < B-.
Choose I'" so that
2> L
~ min{cy,c_}’

Then, for every £ > 1,
+ _ pt 2+
Soe = Fop +17C5, 20,

because C’S“Z > cy and [—POJFE]Jr < Bc. Similarly, for every ¢ > 2,
Sow="Po+T7Coy 20,

because C;, > c_ and [-F,;,]; < B.. For { = 1, we have Sp1 = 0. Hence every interpolation
inequality holds.

Gradient norm lower bound. For every ¢ > 1, we have g; = (g, I'gf), so

2 h| 2 2
”gt||2 > ||gt ”2 = G-
At t = 0, the auxiliary scalar coordinate gives

_n
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Thus

2
5
lgoll3 > T*-5.

For fixed €, G2 is bounded above on the compact interval [as?, be]. Define

G?nax,z—: = sup G2 < o0.
n€lae?,be]

Choose I' so that 9 2 9

G bee

r? > max : Be ) maxé :
min{cy,c_} 7
Then
lgoll3 > G*.

Therefore, for every T,

G2 := mi 2> G2
o= min lgdlz >

Function values. We define f/* and ff as (31) using {(x?, g")} and {(z§, g§)}, respectively. Then
define

foi= Sl T
This agrees with (31) for the full tuple because

xt:(wﬁvaE)v gt:(géLvFgf)'

For t > 1, we have
= =M, |gtl5=G"
Therefore, for ¢t > 1,

1 1
it oty = (=4t 21+ 562 + (-anye

Define

1 1
Che:= sup max {—fé‘ + = |lgh|3, — £+ M+ Gz} -
n€[ae?,be] 2 2

This is finite because all terms are continuous functions of 7, and the interval [ag?, be] is compact.
Hence, for every ¢t > 0,

1
— I+ 5llgt 13 < Che + (=M.
Now consider the unscaled auxiliary scalar coordinate. For ¢t > N,
Y+1 = By, gi = 0.
Also Agy = 0, and hence

1 5
Qf,t+1 = _Z’Yt—o—l'
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Thus, fort > N,
1
fin—fi= 1%2+1 > 0.
Consequently, for ¢t > N,
—ff < = I
For 0 < t < N, all quantities are finite and uniformly bounded over i € [ac?, be]. Therefore there
exists
Cc(g) < 00
such that 1
i+ 5lgi? < CY

for all t > 0. Define

Cee = F2C’§?€).
Then,
T2 fp 4 S TgEl < C
forall ¢t > 0.
Thus, we get
it 39Ul < Che + e+ (-M)L
Consequently,
Ari= o (~fi+ o) < Cac+ (-3

where

Cae = Che + Coe < 00.

Proof for Regime II.  Proof [Proof of Proposition 34] Fix 0 < & < eyax, T > 1, and 1) € [ag?, be].
Construct the tuple above, choosing I" so that

I'2 > max B Gilax’sb%?
=M minfene ) A2 [

The tuple satisfies the interpolation condition.

Then,
sup  min |V f(z)||3 > G*
feF(1/2) 0SI<T Y= 9(Cae + (-M)T)
Multiplying by €7, we obtain
G? 1
e sup min |V f(x)||3 > . .
fef1(1/2>03t<T” (ol —2M/e 1+ Cac/((=M)T)

By Lemma 36, B )
—M > Keb > &9.
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Since Ca . < oo for fixed €,
CA,E < CA,E

(=M)T ~ 6T

as T — oo, uniformly over ) € [ac?, be]. Again by Lemma 36,

—0

G2
= >oen.
—2M /e =0

Taking the infimum over ag? < 1 < be and then taking lim inf7_, ., gives

liminfeT" inf su min ||V f(z)||2 > co.
T—o00 ae2<n<be fE]-'l(I;/Q) 0§t<T|| f( t)”g = €0

F.8. Final Admissibility Check

We choose . - ,
€max , a=4, b=krk=35, T=3, =g
With this choice,
Konax = % 02 = Kmaxbemax = % 52 — KI;&X _ 1‘%
We take . . , )
h:1—8, 7“:§, d:§, ng.

We first verify the envelope conditions in (42). For 0 < v < © < 1, the inequalities

: 2 _ 2
sinu >1_u7, 2(1 — cosu) 1 W
u o 6 u? - 12
give
02 17 e? 8
Hu)>1——=—=h >1——=—-=r.
Wzl-gg==h Ruzl-F=g=r
Moreover, since 0 < H(u) < 1,
u?
1—Hu)?=(1-Hu)1+ Hu) <201 - H(u) < 5= pu?.
Finally, for every integer n > 1,
2,2 2
1
0 < msinu — sin(nu) < nu — sin(nu) < n3u < Y n(g +1) = du’n(n+1).
Thus (42) holds.
Next, we verify (43). The conditions (43a) and (43b) follow from
2 4
=<1, S*=_—_<L1
3 < 15 <
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For (43c), we have

1— 52 11 4
25d = — >
2 30 315
For (43d),
1 2 17
S24p0t=_—4-.2=""<1
tr 5763 15

For (43e), we get

b<1+2>5<1+2><1+r214l5
4 3v3) 4 3v/3 81"
For (43f),

1< 1 +H> 1 1 2 -1
a \(1+ VI eman)? 72 VIS EANCIEIEY A
For (43g),
h? (17/18)2 - 1
4K o 4-16/15 7 8

SRR

Therefore, all assumptions of Proposition 34 are satisfied.
We now verify the assumptions of Regime III with x = b = 5. The interval condition (38) holds
because

= CQ-

Finally,

5)
nsg&mm=§<1+¢3
For (39), set N = [7/¢]. Since

N<ZIin,
€
it is enough to show
V1 —
Thre Y=
€ 1-v1—-¢
Using
V1—e¢ \/1—£+1—5
1—-vV1I—¢ €
the desired inequality follows from
T+2-1<V1—e.
For0 <e < %, the left-hand side is at most
5 n 1 1= 11
34 12

while the right-hand side is at least f Since 1 12 < , we obtain (39). Finally, (40) holds because

e(1+7%/72%)

14—9w2/25

<
- )

< 1.
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Therefore, all assumptions of Proposition 29 are satisfied.
The four regimes cover all step sizes > 0:

0<n<ae?, ae?<n<be, be§n§1+\/§, n21+\/§.

The first two intervals are ordered because ae < aepmax = 1/2 < 5 = b. By Proposition 27, Regime |

gives the constant
1 1

2a 8
By Proposition 34, Regime II gives the constant ¢y = 1/8. By Propositions 28 and 29, Regimes III
and IV give divergent 7'-scaled lower bounds. Combining the four regimes yields, for every
0<e<1/8,

liminfeT inf su min ||V f(xz)]|2 >
T—00 77>0f€]_—1£/2)0§t<TH Fllz =

| —

Equivalently, the bound holds for every 5 > 7/8.
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Appendix G. Proof of Theorem 3
G.1. Proof Sketch

The proof uses two lower bounds on translated quadratic functions. By translation and coordinate
separability, it is enough to analyze the one-dimensional Signum iteration on f(x) = L x and then
repeat the same construction over d coordinates.

The first bound compares Signum with SignGD. After perturbing the initialization if necessary,
the momentum variable does not hit zero during the first 7" iterations. Hence the Signum iterates
move on a lattice with step size 1. Among all such lattice paths, the SignGD path minimizes the
cumulative absolute gradient on a shifted quadratic. This gives

T 1

sup EJwam>Am>

ferL(a )

where Aj(n) is the SignGD lower bound.

The second bound uses a deterministic cycle of the Signum iteration. For an odd integer n, we

initialize the scalar quadratic at zo = nn/2. If n is at most of order (1 — 4)~'/2 and also satisfies the

initial gap constraint, the signs of the momentum variable make the iterates move from x( to —z¢
and then back to x. The condition ensuring this cycle is

1-p" n

A-R)1+6") 2

A lower bound on the average absolute value along this cycle gives

> 0.

T 1

sup ZHVf t)|ly = Aa(n),

ferL(a

where Az (n) is the cycle-based lower bound.
Combining the two estimates gives, for every step size,

T 1

3 1
sup Z IV f ()1 = max{Ai(n), A2(m)} = T A1(n) + ZA2(n).
FeEFL(A )

The remaining step is an explicit minimization over 1. The weighted bound is decreasing for very
small 7 and increasing after

,_6 [2A
=\ gV

Thus the minimum is attained in the middle interval. Evaluating the scalar minimum gives

3ALd 35 3
lnf su V X 4 ———.
120 seria) T Z Vi@l = \/ ( 12817 4T>

Since T' > 20, this implies

T
3ALd (21 35
f v il (eI
%Eof:}ip ;” F@)lh = \/2T <40+128\/1—B>

This proves Theorem 3.
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G.2. Useful Lemmas
Before proceeding, we provide some useful lemmas.
Lemma 37 Let K be a positive integer such that K = 2 (mod 4) and x¢ = 77%. Define

K 1-p"
n —= — 6: B _g.

2’ (1-5)(1+pm)

Let {xk}f;ol be generated by Signum, with f(x) = %xz, c=0andT > K. If 6 > 0, for any
k>0,

€T =
F xo—n2n—1) ifn<k<2n,

wherel € {0,...,K — 1} and k =1 (mod K). Therefore, {x}} is K-periodic.
Proof We first define the following operator F' : R? — R?:

(x,m) — (x — nsign(fm + Lx), fm + Lx).

This operator represents one step of the Signum iteration on the quadratic function %azQ.

Let {Z} } be the sequence such thatif k = (mod K)and! € {0,...,n — 1}, then

B xo —nl if 0 <1 <n,

= 51
. {xo—n(Qn—l) ifn<l<2n. oD

We will show that if (x5, my) = F*(xo,mo) with mo € I = (-nLaﬁ:gl, nL(sﬁff;),
then xp, = x4 forall k > 0 and mg € 1.

We first show that my, ..., m, > 0if my € I by induction. For k € {0,...,n — 1}, suppose
that my,...,mg > 0. If £k = 0, this is vacuously true. Assuming the inductive hypothesis, we need
to show that mg1 > 0.

Unrolling the recursion, we have

_ pk+l
Mip1 = B mo + 177_LB (Z(l — B — (k+ 1)+ 11_Bﬁ>
= 5o + 01+ B,

because zg = 7]%. To show that my, 1 > 0, we have to prove that mg > Lg1, where

—k _ Rk
Lk:_nLlﬁ_B(Z(l_ﬁk)_k+l /B )

Note that L,, = —n(5~" + 1)d = inf I, so mg > L,,. We will show that max; <<y, Ly = L,. We
have

L1 — Ly = —nLp~*+Y (k - g) ;
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$0 L1 — Ly < 0fork <n/2and Lgyq — L > 0 for k > n/2 (because n is odd). This implies
that the maximum of Ly occurs only at £ = 1 or kK = n. We have

Ly—Li _ ,n  ,(1=0" n
A

(- (Er3)

n—1
B ((1+ﬁn1 12/62"’_5”12)
5in n_llio |
= ((1+6"‘1)n > B+ 6”—1—0)

=0

>0

)

where the last inequality holds because 1 + "1 — (8 + "~ 17%) = (1 — gH)(1 — g~ 17%) > 0.

Therefore, max;<<, Ly, = L,. Consequently, we have mq,...,m, > 0 and x; = xo — nt for
t=20,...,n

Now, we have F"(xg,mg) = (—xo,B”mo + C), where C' := n(1 + g™)d. Moreover,
FF(—x9, m,) = —F*(x9, —m,,) for all k = ,n. Thus, to ensure my11,..., Mo, > 0,
we need —my, > —nd—y HB , following the same argument for the first half of the cycle. Since
—my, = —(B"mo + C), it sufﬁces to have mg < 7755 L which holds because mg € I.

Since myg = ma, = —7](51;16; > —775“{56 and mg < 0 < 7765 ,sompg € I. This

concludes the proof.
|

Lemma 38 Let {%,} be the K-cycle sequence, as in (51). Suppose n = K /2 is odd. Then, for all

T>1,
TZ‘1~ AP n2+n 1 3
—|n+ - -t =)
— =0\ n 3278 32 16n

Moreover, assuming T' > 3n, we have

il Z |Z¢| > n <n + 332> (52)

Proof Let z;, = Z;/n,n =2m + land a = %. We define D,, as

E—1
Do=0, Dp=)» (lul—a) Vk>1
t=0
Since {|z;|} is periodic with period n, for any non-negative integer r, we have

r+n—1
DrJrn - D, = Z |Zt| -

t=r

=0.

4
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Thus, { Dy} is also n-periodic and we only need to show that
n? 1 3

in Dy > +n
min —— = — - —.
0<k<n F= 73278 32 16n

Let Ay := Dgy1 — Dy = |zi| — a. Since

m+3—t, if0<t<m,
— 1, ifm+1<t<2m,

t_
we have
A m+i—-k—a, if0<k<m,
R k:fmf%fa, ifm+1<k<2m.

Note that Ag 1 — A < 0if 0 < k <m,and Agy1 — Ag > 0if m+ 1 < k < 2m. Moreover, if
n>5 A, = % —a<0and A,1 =5 —1—a > 0. Thus, if we define k, := min{k : A, > 0},
thenm+1 <k, <n—1land Ag, 1 <0 < Ag,. Since Ap_; < 0 implies Dy < Dy and

Ay > 0implies Dyy1 > Dy, k, € arg ming<p<n{Dg}.
Using the fact that A, > 0 <= k>m+1/2+aform+ 1 < k < 2m, we have

3n 1
ke=|—4+—|.
* [ i 4n-‘
Now, we first assume that n» = 1 (mod 4). Then, for some ¢ € Z, n = 4q + 1, m = 2¢ and

ky = 3¢ + 1. We can compute
ki—1

Dy, = Z |2¢| — aky
t=0

2q 3q 2
1 1 n“+1
go ( q-+ 5 t) + E (t q 2) in Ky

t=2q+1

nd —4n? +n+2
32n '
Next, assume that n = 3 (mod 4). Then, for some g € Z, n = 4q + 3 and k, = 3¢ + 3. Similar

to the previous case, we obtain
ke—1
Dy, = Z |2¢| — aky
t=0
3q+3 n2 41

pa 3 3
= 2+ = — ) P )
;<q+2 t>+z<t q 2) ok

t=2¢+2

n® —4n? +n+6
32n '
Finally, if n = 1, then Dy = D; = 0, so ming<y<1 Dy, = 0. If n = 3, then Dy = 0, D1 = 2/3
and Dy = 1/3, so ming<;<1 Dy = 0. Combining those above, we have

. nd —4n?2+n+6 n: n 1
min Dy > — = - 7
0<k<n 32n 32 8 32 16n
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when n is a positive odd number.
Next, assume that 7" > 3n. Let

n?2 n 1 3 (n—=3)(n—2)(n+1)
32 8 32 16n 32n '
Thus, for all n € N, R(n) < 0 and we have

infn2+1+R(n):n2+1+R(n)

T>2n 4n T dn 2n
28 123 1
T 06 24 96 1607

Since
23n+ 1 N 23 1 15 +3 n? — 10n? + 46n — 12
o, -2 - (22 ) =
96 24 96n  16n2 64 32 192n2
>0
for all n > 1, we have
T—1
1 ] 15 n
— Z —n+ —.
T "= 64 " 32

Lemma39 [f0.64 < § < land 0 <z < 3=, then%—gx).

Proof Leta := —log 5 > 0, X = R e 2 Then, 8% = ¢~ and

7 .
svi=s d 9(2) == gy

1;?2 = tanh (%) .

Since tanh is concave on (0, 00), so is g. Moreover, g(0) = 0, so it suffices to show that g (X) > 0.

Thus, it suffices to show that
7T a
tanh | -———— | > /1 — 3.
" (6 V- ﬁ) ’

Let s =+/1— € (0,0.6). Then, 3 =1 — s and @ = — log(1 — s?). Since tanh is increasing, we
only need to show that

h(s) := —g log(1 — s?) — stanh™! <gs> >0

‘We have

T 4952 -36 3s2-3 6
W(s) = 1680754 — 1696152 + 2520 |
3(s% —1)2(49s2 — 36)2

42
h'(s) i (R tanh ™! <7S>
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Notice that the equation 16807s* — 1696152 + 2520 = 0 has a unique solution in (0,0.6). Let
sp ~ 0.4255 be the solution. Then, 2" (s) is negative on (0, so) and positive on (sg,0.6). Hence,
I (s) is increasing from O to sq, and then decreases. By evaluating h’ at s = 0.6, we have h'(0.6) ~
—0.052 < 0. This implies that there exists a unique solution s* of A/(s) = 0 in (0,0.6), because
h'(0) = 0. Thus, it is sufficient to check /(0.6) > 0 to show that h(s) > 0 forall s € (0,0.6). Since
h(0.6) ~ 0.00028 > 0, we can conclude that h(s) > 0 for all s € (0,0.6), as desired.

|
Lemma 40 Consider the problem
T-1
min Z |zy|  subjectto |ry —x4p1|=n Vt=0,...,T -2 (53)
Tl TT—1 =0
with xo/n ¢ Z andn > 0. If xo > 0, then the sequence {Z;} defined as
xo — nt if't < to,
Ty = x0—n(to—1) ift > tgandt — tg is odd, 54)
zo — Nty ift >tgandt — tg is even,

where tg = [%OJ + 1, is a solution of (53). If xo/n ¢ 7 and xoy < 0, then {—Z:} is a solution of
(53).

Proof Without loss of generality, assume that zp > 0 (because zo/n ¢ Z implies o # 0).
The constraint |z; — x411| = 7 implies that 51 = x + sgn where s € {—1,1}. Then,
Ty =20+1N Z};;lo si. Let k; be the number of times s, = +1 for £ < t. Then, the number of times
sp=—list— ki, soxy =x0+ (2k — t)n, and k¢ € {0,1,...,t}.

Thus, z; € Sy = {zo+ (2k —t)n | k € {0,1,...,t}} forall £ > 0. This implies

T-1 T-1
Z |xe| > min |z|.
t=0 =0 =

If we show that |Z;| = min,cg, |z| for every t, then {Z;} is a global minimizer.
We now consider the following two cases:

Case 1. t < tg. Here xg—tn > xo — (to — 1)n > 0. The set S; contains xo — tn) (at k = 0). Any
other element in Sy is (xg — tn) + 2kn for k > 1, which is strictly larger in absolute value. Thus,
mineg, |z| = xo — tn = Zy.

Case2.t > tyg. Letu=x9— (to — 1)nand v = z9 — ton.

o If t — to is even, ¢ and t( have the same parity. Thus xo — ton € S;. Since v € (—n,0) and the
distance between two different points in Sy is at least 27, it is the unique element in .S; closest
to zero.

 If t — tp is odd, ¢ and to — 1 have the same parity. Thus z¢ — (tg — 1)n € S;. Since u € (0,7),
it is the unique element in S; closest to zero, following the same argument used in the case
when t — ¢ is even.
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In both cases, |z|. Since {Z;} satisfies the constraint |Z; — Z;41| = 7 for all
t=0,...,T — 2, it s feasible. Thus, it is a global minimizer of the problem.
If g < 0,lety; = —ay. Then, yo/n ¢ Z, yo > 0 and the problem (53) becomes

min Zlyt subject to |y, — yis1| =n Vt=0,...,T —2.

Y1971

By the previous part of the proof, {y;} = {Z;} defined as (54) is a solution of the problem. Thus, if
xo < 0, then {—Z;} is a solution of the problem. [ |

Lemma 41 Foranyn > 0 B €[0,1)and T € N, consider {x;}1—5 and {m;}_;" generated by
Signum on the function 5 L a2, Then, the set

Z:={xg€R|my=0 forsomete{l,...,T —1}}
is finite.
Proof For any sign sequence s = (s1,...,5;1) € {£1}!~1, define the following sequences
2 =0, m{ =0
33,2) :x](g)l—nsk (k=1,...,t—1)
m/,chl Bm —i—Lx;:) (k=1,...,1).

We denote by my () the value of m; at time ¢ obtained by running the recursion starting from that
initial point xg. Then, for each fixed s and ¢, we have

k
a:,(:)::vg—nzts*i, k=0,...,t—1.

Solving the recursion, we have

t—1 t—1 i
mgs) (Zﬁt 1- z> on_nLZﬂt 1-— Zzsk~

=0 =0 k=1
(s)

For any fixed s and ¢, the solution of m; ' (zo) = 0 is a linear equation in x¢. Since Zf;(l) Bt =
_pt S
% # 0, the solution is unique:

t—1 —1y
ro =1 (Zﬁ“‘) Zﬁt - ZZsk (55)

i=0
Now, suppose that m;(xo) = 0 for some ¢ < T for the first time. Then, sign(my(xo)) € {£1} for

k=1,...,t — 1, so the solution of m;(xy) = 0 is unique and can be written in the form of (55).
Thus, Z is contained in

T t—1 ‘ —14 9 i
U U n (Z 5t12> Z 5t7172 Z Sk ,
i=0

t=1 se{+1}t-1 =0 k=1

which is a finite set. |
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Lemma 42 Let {x:}:>0 be the iterates of Signum using step size 1 and momentum parameter
B € [0,1), and let {Z+}1>0 be the iterates of SignGD using the same step size n, where both are
initialized at 0. Then, there exists a quadratic function f in Fr,(A) such that for any (3

SN\ {COITES S - CA
Moreover, we have

V2ALd— 5T —1)n, ifn< =
sup ZHW i = M) = o L”ll (56)
FeFL(d) gt (=) ifn>\/Tar—
Proof Consider {z;}; " and {m;};_;" generated by Signum on the function £z2. Let

w
l>

Z:={xoeR|my=0 forsomete {1

T -1},

Then, by Lemma 41, Z is finite. Then, nZ U Z is countable, so (zo — ¢, 29 + €)\(nZ U Z)
non-empty for any xo € R and € > 0. Thus, there exists 2’ € (zg — ¢, 20 +¢)\(nZ U 2)
/

Now, for any ¢/ € (0,1), let xg = (1 - %) \/ QL% and ¢ = 2, %. Then, there exists
x e ((1 -/, \/QLAd> such that 2’ ¢ (nZ U Z)
Let f(x) = Lz + 2'1|3. Then, f € Fr(A). Let {x;}]_' and {m;};_;' be generated by
Signum, and {&,}! ;' be generated by SignGD. Then
Ty = mt]w

my =

where {z;}; and {m;}
L ~

§(x o JU/)Q,

mtl, it = i’tl,

are the output of Signum starting from x = 0 on the function
and {Z;}, 7, is the output of SignGD, with the same initialization and the function
By Lemma 41, m; # 0 for all t € {1

|xp 41 — 2| = forallt € {1

x

— 1}, because ' ¢ Z. This implies that
— 1}. Moreover, Z; # 0 forall t € {1
"/n ¢ 7. Thus, we also have |Zy11 — &¢| = nforall ¢t € {1

..., T — 1}, because
oo, T — 1},
Note that {Z; + 2’} is the same as (54), with zy = 2. Thus, we have

T—1
Llzy + 2| > T > LlE + 2|
t=0 t
by Lemma 40.
Using the fact that x; = x;1 and «; = T;1, we have
1 T-1

IVf()ll = = Z IV f (@)1
t=0

We first consider the case when T' = 1. In this case, the inequality

T-1

IIVf(wt h == Z IV (@)1

Nl =
M’ﬂ

-+
Il
=)
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trivially holds, because g = ¢ = 0. Furthermore,

T-—1
1 N
w7 2 V1@ = s VSO

fé]'—L(A eFr
> sup L2"1]
e’€(0,1)
> V2ALd.
We now assume that 7" > 1. If n < % then
T-1 T-1
E+ 2| =) (2! —nt)
t= t=0
(T -1
2
and therefore
T—1
1 ~ / , nL
T;Lmt—i—m | = Lx _T(T_l)'

Let f(x) = %|| + 2/1[3. Then, we have

1 T-1 1 T-1
= S IV @) =d- 5 3 L+
t=0 t=0

Ifn > 74,
to—1
T—ty—1
- > (@ —nt)+ (;) n4ton—a’,  if T —tgis odd,
Z T+ 2| = ¢ 0
— T—1 . .
=0 Z(w’—nt)Jr ( 5 0)77, if T — tq is even.

t=0

If T — tg is odd, we have

-1
- to(tg — 1 T—1ty)—1
|~’Ct+l‘/|:$/t0—(2)77+ (2 77-1—15077—55/
t=0
T-1
= (37/+77)t0_gt(2)+T77_$/
- x’2+T—1
= o 5

Here, the last inequality holds because to € (2//n, «//n+ 1] and ¢ +— (2/ + n)t — 3% is increasing
in that interval.
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Similarly, if 7" — ¢ is even, we have

T-1
- to(to —1 T—1
% + 2| = a'to — olfo 1), = )n
= 2 2
T
:m'to—gt3+§n
>L,2+E
25y T

The last inequality holds because ¢ — 2/t — 1¢? is decreasing in (2//n, 2’ /n + 1].
Consequently,

T—

1 Lz L 1
N1 1——)n.
th% yxt+x\_2nT+2< T>77

Therefore, we have

7Z”Vf x| > { o %(T_Pv 1f77<T 1’
e+ f(—-4)n,  ifn>
Thus,
= =
feSQuLIzA) Z IV f(ze)lls = Eib(lé) T ; IV f(ze)llr > Ax(n),
where

V2LAd - E(T - 1), ifn < /28 L

A |, Ld 1 1
ﬁ+7(1_7)n7 ifn > LdTl

G.3. Proof of Theorem 3

We now prove Theorem 3.
Proof Let Q1 (A) C Fr(A) be aclass of quadratic functions defined by

2A

L
QL(A) = {2||m+a1|2 a? < Ld}

It suffices to establish a lower bound for

T
up Z IV @l
fEQL(A —0
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Suppose f(z) = £||z||3 and g(z) = ||z + al|]3. Let {z;}; ' be generated by Signum on f with
xo = ol and {it}tT;()l be generated by Signum on g with &y = 0. Then,

%Zuvm = Zuw =7 Zuwtul

Thus, without loss of generality, we may assume that f(x) = %||ac||% and we initialize at
xo = al, where a? < %.

Since V f(x) = Lz, the Signum updates are fully separable across coordinates. With the
initialization &y = a1, it follows that «; = 2,1 for all ¢ > 0, where {z;} is the one-dimensional
Signum iterate applied to the function L x? with initialization zg = a. Thus, we will consider the
one-dimensional case, i.e., d = 1.

Let n be the largest odd number such that

n < min 2./28 7
\/ Ld’ 3\/1—

Then, if we use zg = 77%, then

which satisfies the initial condition f(xg) — f* < A.
Note that the largest odd number less than or equal to z is 2 L%J + 1 > x — 2. By the lemmas

above, we have
T—-1
1 (15 [2 [2A 7 3
SN Ly > 22 LY el
thg el 2 5 (32mm{n Ld’3\/1—5} 4)

For the function %Hm”%, we have
= =
T SV > d- T Z Ly
t=0 t=0

Lnd . ]2 J2A 7 3
= 32 YN T 35 4)

Combining the above bounds, we finally obtain

T-1

sup = S IVl 2 max (A1 (n), As(0)}

JeFL(A) £ 15

where
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andn/ =8 %\/1 — . We also note that Ag(n) is continuous.

. 3 1 fon 1 6 /2A -
Since max{a, b} > ja+ gband /35 775 < =1/ 73V 1 — B, we obtain

1 T-1
sup  — Yy ||V f(z)|h
feh(A)T;

9 35 : 2A 1
1 +ﬁ+128\/71—/3)77 ifn </ Tar=r
9

3A | Ld 35 3 2A 1

= 4T77+7(128 1_5+16_ﬁ>77 if \/ 737 <n <7,
3A |, Ld (15 /24 9 3 .
4T17+2<64 Ld+(16_4)77> ifn >

Notice that %Al (n) + iAQ(Tl) is decreasing on (O, \/ng—l> and increasing on (1, c0),

implying that 2A+1(n) + $A2(n) has a global minimizer in the interval [\ / %ﬁ, 7 } . Moreover,

the minimum of

34 Ldaf 35 9 3
aTy T 2 \128y1 -5 16 47)"
is attained at /4
2A 1-pB)!
G (1-9)

Ld /(72T B + 35T — 96y 5

Meanwhile,

2
M\ _ 392 <1
) (2167 —288)(1 — B) + 10571 -3 ~

because 7' > 20 + ﬁ

Therefore, the minimum of 3A;(n) 4+ $A2(n) is attained at 7,, and the minimum value is

3ALd g—i— 35 3 S 3ALd E—F 35
2T 16 1281 —p5 4T ) — 27 \40 128y1—-3)’

because T' > 20.

G.4. Additional Illustration: Step Size Sensitivity of Signum

We note that the behavior of Signum is considerably more sensitive to the step size 7 than that of
SHB. Even in the one-dimensional quadratic setting, small changes in 7 can result in drastically
different trajectories. This phenomenon is illustrated in Figure 2. We fix the initialization at zg = 1
and run Signum on f(z) = %xQ for a range of step sizes 7, plotting the average gradient £1-norm as
a function of 7.
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T=1000, B=0.99

—— Signum
—— SignGD LB

=
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o
0

o
o

o
>

Average gradient 1-norm
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step size (n)

Figure 2: n vs average gradient /;-norm on f(z) = %xQ with zp = 1, T = 1000, 8 = 0.99. The
SignGD lower bound from (56) is shown for comparison.

While our analysis establishes a worst-case lower-bound separation that scales as Q((1— 3)~1/4),
it does not match the O((1 — 3)~/2) dependency suggested by the optimized upper bound in
Proposition 9. Identifying the precise exponent of 1 — 3 remains an open question, and given the
chaotic behavior of Signum, we expect that establishing matching worst-case lower and upper bounds
may be very challenging.

This sensitivity also makes stochastic extensions nontrivial. Our proof of Theorem 3 relies
heavily on a deterministic limit-cycle behavior of the Signum iterates, and stochastic perturbations
may disrupt the exact cycling structure used in the construction. Extending the lower bound argument
to stochastic settings therefore appears to require additional ideas.
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Appendix H. Muon Lower Bound via Diagonal Reduction to Signum

We prove the diagonal reduction used in the main text: on diagonal quadratic instances, the Muon
dynamics preserve diagonality and coincide with Signum applied to the diagonal entries.

Proposition 43 Let f(X) = £||X |2 : R%? — R and X, = diag(\” ..., 2) € R4 pe g
diagonal matrix with non-zero diagonal entries. Then, { X;}1 "} and {Mt}tT:O from Muon are all
diagonal. Moreover, Xp_1 = diag(xr_1), where Tr_1 is from the output of Signum on the function
%Ha:“%, with initialization (;Ug ), . (0)) € R4,

Proof We prove that both X; and M, are diagonal, for all ¢ € {0,...,7 — 1}, by induction.
Trivially, My is diagonal because it is initialized as 0.

Base case. If t = 0, X is diagonal by the initialization assumption. Since V f(X) = LX, Gy
is also diagonal, so M is diagonal.

Inductive step. Since X; and M; are diagonal by the inductive hypothesis, so is Gy = LXj.

Thus, My is diagonal. Let My, = diag(m (tﬂ), cee m((itﬂ)). Then, there exists an SVD of the
form

U1 =14

Sy = diag (|m(t+1 |,...,|ml(f+1)|)

Viy1 = diag (Sign(mgt—i—l))’ o ,sign(mngl))) .
Consequently,

U1V, = diag <s1gn( (t+1 )), mgn(m&tﬂ))) '

Thus, X;+1 = Xy — nUy1 Vt+1 is also diagonal.
Now, let

M, = diag(mgt), - mg)), X, = diag(xgt), e :cg)).
Then, forany ¢ € {1,...,d} andt € {0,...,T — 1}, we have the following update rule:

mD — g ® 4 Lp® Gt o0 e (m®),

which is exactly the same as that of Signum, with initial point ($§0)7 e ,xéo)) on L||z|3. [

This equivalence is invariant to translations of the objective, i.e., replacing f(X) with f(X 4+ X)
for some diagonal X’ € R%*¢,

For the purpose of proving lower bounds, Proposition 43 allows us to realize the Signum lower
bound construction within the Muon dynamics. Under this reduction, identifying X; = diag(x;), we
have |V f(X})|« = ||V f(2¢)|l1, because V f(X;) is diagonal and the nuclear norm of a diagonal
matrix equals the sum of the absolute values of its diagonal entries. We formalize this implication in
the following corollary.

Corollary 44 Consider the iterates {Xt},f:_ol generated by Muon, with o = 0. Suppose T' >
20 + 1 andﬁ>064 Then,

) T-1
infysosuprer, a7 Y, , V(XD > \/?’ﬁTLd (3 + m3=)-
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Appendix I. Performance Estimation Problem (PEP) Setup and Results

PEP Formulation. We evaluate algorithmic performance using the best-iterate gradient norm
ming<t<7 |V f(2:)||3. In this section, we provide additional details on the worst-case analysis setup.

To this end, we employ the PEP framework [8], which enables the numerical computation of
worst-case performance over a prescribed class of functions. For fixed values of the step size 7,
momentum parameter 3, and the number of iterations 7', the PEP computes

P(n,B,T):= sup min ||[Vf(xs)|?,
0.8.T) = s win |90

where {mt}tT:Bl is generated by the heavy-ball method with step size 7 and momentum parameter /3.
To implement this, we adopt the necessary and sufficient interpolation conditions for L-smooth
functions, given by Theorem 7 in Drori and Shamir [7].
All PEP instances are implemented using the PEPit toolbox [11], and the resulting semidefinite
programs are solved using the MOSEK solver [1].

Normalization. We set the smoothness constant to L = 1 and the initial function value gap
to A = 1/2. This is without loss of generality. For any g € F,(A,), the rescaled function
flx) = ﬁg ( % m) is in F7(1/2). The heavy-ball iterates x; on g (with step size 1) and y;
on f (with step size Lyn) satisty x; = \/% y;. Consequently, HVg(a:t)H% = 2A9Lg|]Vf(yt)H§,
meaning that worst-case bounds for F,(A) are obtained by multiplying the results for F;(1/2) by
2A L. Since the heavy-ball method is invariant under this transformation, the worst-case performance
on F1(1/2) characterizes the performance on the general class F7,(A) up to the constant factor 2A L.

Worst-Case Values. We report PEP results for 7' € {5, 10, 15,20, 25,30}. For each T, we
visualize P(n, 3,T) on an (n, 3) grid as heatmaps in Figure 3. We fix § € {0.01,0.02,...,0.99}
and minimize the PEP objective over the step size 7 to plot inf,~o P(n, 3,T') as a function of 3 in
Figure 4. For numerical search near 5 = 1, where the range of convergent step sizes becomes narrow,
we minimize over # and then convert back to 7. This shows the best achievable finite-horizon
worst-case guarantee after 7' iterations for each momentum value. Across all 7', the minimized
worst-case gradient norm increases monotonically in 3, with the best guarantee at 3 = 0.

Worst-Case Instances. Beyond the convergence rates, we examine representative worst-case
instances: the functions and iterate sequences that approximately attain the supremum in the PEP
objective. Note that the worst-case instance produced by the PEP can have dimension up to (7" +
2) [35]. We analyze specific worst-case instances for 7' = 50 and 3 € {0.9,0.95}. For each (3, we
visualize the instance obtained at the optimized step size n* from the scalar minimization above,
together with one representative larger step size, n = 1.5, to illustrate how the worst-case geometry
changes away from the optimized step size. These instances are visualized in Figure 5 through
heatmaps of the iterate matrix X and the gradient matrix GG, where the iterates are translated so
that g = 0. Here, X = [:co mT,l]T and G = [Vf(:co) Vf(a:T,l)}T denote the
iterate and gradient sequences returned by the PEP worst-case instance. The heatmaps display the

X
G] . When

extracting instances for visualization, we use PEPit’s dimension-reduction heuristic with Logdet 10,
which often yields a lower-dimensional representative solution. This heuristic is used only for

projections of X and G onto the leading 10 right singular directions of the joint matrix
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Heatmap of P(n, B, T) (T = 5)
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Figure 3: PEP results in terms of best-iterate squared gradient ¢5-norm (7" € {5, 10, 15, 20, 25, 30}).

visualization; the reported worst-case values are always taken from the original SDP objective
values. Therefore, the plotted heatmaps should be interpreted as representative nearly worst-case
instances, rather than unique canonical worst-case instances. In Figure 6, we additionally plot the
corresponding iterate trajectories projected onto the leading 3 right singular directions of the same
joint matrix, together with the projected negative gradients. The trajectory visually resembles the
helical trajectories used in the proof of Theorem 2.
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Best-Iterate Squared Grad Norm vs B (T = 5)
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Figure 4: Minimized worst-case value inf,) P(n, 3,7') as a function of the momentum parameter /3

for different values of 7.
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Iterates, 3=0.95, optimal n Gradients, B=0.95, optimal n
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Figure 5: Heatmaps of representative PEP worst-case instances for 7" = 50 and 5 = 0.95. We
compare the instance obtained at the optimized step size n* ~ 0.02348 with the instance obtained at
the larger step size 7 = 1.5. The plots show the iterate matrix X, translated so that y = 0, and the
gradient matrix G, after rotating both matrices onto the leading 10 right singular directions of the

)(g . Each row corresponds to one iteration ¢t = 0, ...,7" — 1, with rows given by x;
and V f(x;), respectively.

joint matrix
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3D PCA trajectory, B=0.95, optimal n
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Figure 6: Trajectories of the worst-case iterates for 7' = 50 and 5 = 0.95, projected onto the first

three principal components for = n* ~ 0.02348 and n = 1.5, with arrows indicating the negative
gradient directions at each iterate.
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Appendix J. Details and Results of Deep Learning Experiments

To provide a practical perspective on the performance of momentum-based methods, we conducted
experiments on standard image classification tasks. All models are trained from scratch using the
cross-entropy loss for multi-class classification. All experiments are conducted over 5 independent
runs with different random seeds, and we use NVIDIA RTX 4090 GPUs.

J.1. Setup

We evaluate the empirical performance of momentum-based methods against their non-momentum
counterparts. All experiments were conducted using the ResNet-18 [13] architecture on the CIFAR-
10 [19] dataset. The models were implemented in PyTorch [24]. The specific settings used in the
experiments are as follows:

* Algorithms. We compared (i) SGD vs SHB, (ii) SignSGD vs Signum, and (iii) SpecGD vs
Muon.

* Momentum (). We compared 3 € {0.0,0.5,0.9}.

* Batch size. We use batch sizes of B € {256,512}. Additionally, we conducted experiments
using a full-batch setting on a subset of 5,000 training samples.

* Learning rate (7). For each configuration, we searched over the following grids to find the
optimal 7:

SGD / SHB (B = 256): {0.003,0.01,0.03,0.1,0.2,0.3,0.4,0.5,0.6,0.7}
SGD / SHB (B = 512): {0.02,0.05,0.1,0.2,0.3,0.4,0.5}

SignSGD / Signum (B = 256): {0.001, 0.002, 0.003, 0.005, 0.007,0.01}
SignSGD / Signum (B = 512): {0.0002, 0.0005, 0.001,0.002, 0.005}

SpecGD / Muon (B = 256): {0.001,0.003,0.007, 0.01, 0.02, 0.03, 0.04,
0.05,0.07,0.1,0.2,0.3,0.5, 0.8}

SpecGD / Muon (B = 512): {0.001, 0.002, 0.003, 0.005,0.007,0.01}

Full-batch SGD: {0.00001, 0.0003, 0.001, 0.003,0.006,0.01,0.03,0.06,
0.1,0.15,0.2,0.25,0.3}

We disable dropout and weight decay in all experiments. SGD/SHB and SignSGD/Signum were
trained for 100 epochs, while SpecGD/Muon were trained for 40 epochs. For Muon, the spectral
update was applied only to parameters that are at least two-dimensional (e.g., convolutional kernels
and internal weight matrices). One-dimensional parameters, such as biases, and the weights of the
final fully-connected layer were updated using SGD with momentum.

J.2. Results

We recorded the training loss and the ¢>-norm of the gradient at every training step for all optimizers
and configurations.
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Optimizer
SGD/SHB SignSGD/Signum SpecGD/Muon
B8=0p8=05=09/=0 =05 =09(=0 =05 =09
B =256| 03 0.3 0.1 |0.002 0.002 0.002 | 0.05 0.01 0.003
B =512| 03 0.4 0.1 |0.001 0.001 0.0005 | 0.01 0.01 0.003

Table 1: Optimal learning rate 1 with respect to training loss, for different optimizers, batch sizes,
and momentum (3.

Optimizer
SGD/SHB SignSGD/Signum SpecGD/Muon
B=0 =05 p=09|=0 =05 =09|8=0 =05 =09
B =256| 0.7 0.6 0.3 |0.003 0.001 0.003 | 0.1 0.07 0.05
B =512| 05 0.4 0.2 |0.005 0.01 0.005 | 0.01 0.01 0.01

Table 2: Optimal learning rate 7 with respect to average gradient norm, for different optimizers,
batch sizes, and momentum S.

J.2.1. TRAINING LOSS

For each algorithm and configuration (5 and B), we identified the optimal learning rate n by
minimizing the tail-averaged training loss, calculated over the final 10% of the training steps. These
selected 7 values are summarized in Table 1. Using these optimal learning rates, we compare the
training progress across different momentum parameters in Figure 7. The training loss curves of
Muon are less favorable to momentum in this setup, whereas the gradient-norm results give a different
qualitative picture. We therefore do not view these experiments as evidence of a uniform empirical
advantage of momentum across all optimizer classes or all performance measures.

J.2.2. AVERAGED GRADIENT NORM

We computed the gradient norms specific to each optimizer class: the ¢>-norm for SGD/SHB, the
£1-norm for SignSGD/Signum. For SpecGD/Muon, we calculated the Frobenius norm of the gradient
specifically for the parameters which are the targets of the Muon update. The learning rates that
minimize the corresponding metric are listed in Table 2. The resulting comparisons are shown in
Figure 8. For Muon, this gradient norm comparison gives a different qualitative picture from the
training loss comparison in Figure 7, illustrating that the empirical comparison can depend on the
performance measure.
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Figure 7: Training loss trajectories under different momentum parameters 3 across optimizers and
batch sizes. Solid lines and shaded regions represent the median and min-max range over 5 seeds,
respectively. Smoothed using a moving average with window size 300.

J.2.3. FULL-BATCH EXPERIMENTS

We conducted experiments using a subset of 5,000 training samples from CIFAR-10. This subset
was constructed by uniformly selecting 500 samples from each of the 10 classes. We selected the
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Figure 8: Average gradient norm under different momentum parameters § across optimizers and
batch sizes. Solid lines and shaded regions represent the median and min-max range over 5 seeds,
respectively.

optimal learning rate in terms of training loss and average gradient />-norm. The selected learning
rates are summarized as follows:

* Training loss. n = 0.001 for 8 = 0.0, n = 0.0003 for 5 = 0.5, and n = 0.0003 for 8 = 0.9.

* Average gradient {s-norm squared. 7 = 0.3 for 5 = 0.0, 7 = 0.2 for 3 = 0.5, and n = 0.1
for 5 =0.9.
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Figure 9: Training loss and average gradient {2-norm squared for full-batch SGD.

The results of this comparison are presented in Figure 9.

119



UNDERSTANDING POLYAK’S MOMENTUM MAY REQUIRE RETHINKING NON-CONVEX OPTIMIZATION

Appendix K. Details and Results of Rosenbrock Experiments
K.1. Setup

We consider the Rosenbrock function [26]
fla,y) = (1 —2)* +100(y — 2°)%,

which is a standard non-convex test function with a narrow curved valley.
We use initial points of the form

xo(0) = (—1,1+9).
We use the offsets
0 € {-0.1,-0.075,—0.05, —0.025, 0,0.025, 0.05,0.075,0.1}.
We compare heavy-ball momentum with gradient descent. We sweep
B €{0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.85,0.9,0.92,0.94, 0.95,0.96, 0.97, 0.98}.

For each value of 3, each offset d, and each metric, the step size is tuned separately. We evaluate
the averaged squared gradient norm, the best-iterate squared gradient norm, and the final function
value. The final function value is included only as an additional diagnostic.

K.2. Step Size Tuning

We parameterize the step size as = 10° and search over s € [—6.5, 1.5]. For each configuration, we
evaluate a uniform coarse grid in s, then refine selected candidate intervals using scalar optimization.
The same tuning protocol is applied separately to heavy-ball momentum and gradient descent for each
metric. Runs that diverge receive infinite metric value and are not selected by the tuning procedure.

For each metric M, we view M(A; x() as the value of the chosen performance criterion obtained
by running algorithm A from the initial point xg. In our experiments, M is one of the averaged
squared gradient norm, the best-iterate squared gradient norm, or the final function value. We report
the comparison ratio between heavy-ball momentum and gradient descent

ming;>o M(HBg; @o(6))

ming o M(GDn§ x(0)) .

Thus, Ry (8, d) < 1 means that the tuned heavy-ball run attains a smaller value of the metric than
the tuned gradient descent run. In the plots below, the ratio is shown on a logarithmic scale.

Rym(B,90) =

K.3. Results

Figure 10 shows the comparison ratios between heavy-ball momentum and gradient descent for
selected offsets §. The qualitative comparison depends on the metric. For the averaged squared
gradient norm, heavy-ball momentum can attain a smaller tuned value for some offsets, but this
behavior is not uniform across the initializations. At the same time, the best-iterate squared gradient
norm and the final function value provide different qualitative comparisons.

These observations support the point made in Section 5: the convergence metric and the function
class should not necessarily be viewed in isolation. Even for the same Rosenbrock objective, the
comparison between heavy-ball momentum and gradient descent can depend on how performance is
measured.
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Figure 10: Comparison ratios between heavy-ball momentum and gradient descent on the Rosenbrock
function for selected offsets ¢ in the initialization xo(d) = (—1,1 + 0). For each fixed f3, offset
d, and metric, the step size is tuned separately. The black dashed line indicates 1. Values below 1
indicate that heavy-ball momentum attains a smaller tuned value of the corresponding metric.
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