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ABSTRACT

This paper addresses the gap between the empirical efficacy of deep learning and
the theoretical understanding of its robustness by introducing a novel geometric
framework for representation learning, inspired by multi-scale analysis techniques
used to resolve the Kakeya set conjecture. The concept of a representation field is
formalized, modeling feature activations as geometric entities, and the notion of
“stickiness” is defined as the stability of the geometric structure across network
layers. The multi-scale Wolff axioms quantify this stability as a formal measure
of representation quality. The principal contribution is the Sticky Representation
Theorem, which establishes a provable relationship between a network’s geomet-
ric stickiness and its functional robustness to input perturbations and resilience
to missing modalities in multimodal settings. To operationalize this theoreti-
cal framework, the Katz-Tao Convex Wolff (KT-CW) Regularizer is derived as
an architecture-agnostic loss term that can potentially incentivize the learning of
provably robust, sticky representations. This work presents a new, unified ap-
proach for analyzing, understanding, and constructing more reliable AI systems
within both single- and multi-modal contexts.

1 INTRODUCTION

Deep learning has come to define the current era of artificial intelligence (AI), with large language
models (LLMs) exhibiting advanced reasoning capabilities and diffusion models generating photo-
realistic images (Bansal et al., 2024; Sun et al., 2025; Wang et al., 2025). However, the rapid em-
pirical advancements in these domains significantly outpace the theoretical understanding of their
underlying mechanisms. A critical gap persists between the observed capabilities of models and the
provable guarantees related to robustness and generalization (Dziugaite et al., 2020; Freiesleben &
Grote, 2023).

Despite their superhuman performance on benchmarks, state-of-the-art (SOTA) models are frag-
ile. They show vulnerabilities to adversarial perturbations (Moosavi-Dezfooli et al., 2017;
Zhang et al., 2021) and frequently underperform when faced with distribution shifts (i.e., out-of-
distribution) (Chakraborty et al., 2021; Liu et al., 2024c). This fragility undermines trust in safety-
critical applications, such as autonomous driving and medical diagnosis. Various initiatives, includ-
ing adversarial training (Shafahi et al., 2019), data augmentation (Shorten & Khoshgoftaar, 2019;
Shorten et al., 2021), and probabilistic robustness (Kishan, 2021; Weng et al., 2019), offer partial
solutions but fall short of establishing a principled framework that provides formal worst-case guar-
antees.

Central to the success of deep learning is the method of hierarchical representation learning, wherein
neural networks such as Convolutional Neural Networks (CNNs) and Vision Transformers (ViTs)
progressively transform raw inputs into increasingly abstract features (Raghu et al., 2021; Khan
et al., 2022). While this process has proven effective, it lacks an architecture-agnostic framework.
Key questions remain unanswered: What geometric structures and representations generalize effec-
tively? Does the stability of learned representations vary as data progresses through the layers of a
neural network?

This study aims to contribute to the development of such a theoretical foundation by utilizing tools
from harmonic analysis and geometric measure theory. The research builds upon recent advance-
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ments related to the Kakeya conjecture1 (Wang & Zahl, 2022; 2025), specifically the resolution
of the three-dimensional case through a multi-scale analysis framework (the connection between
Kakeya “stickiness” and learning stability is detailed in Appendix B). The technique of “induction
on scales” provides a rigorous framework for characterizing the geometry of high-dimensional sets
across varying scales. This framework demonstrates that it can provide the multi-scale, quantitative
foundation necessary to advance understanding and ultimately ensure the robustness of hierarchical
deep representations.

By translating the power from harmonic analysis into the language of machine learning, this
paper develops a new geometric framework for understanding and designing robust models.
Key contributions are:

A unified geometric theory for single- and multi-modal learning: This paper presents a novel
theoretical framework based on the multi-scale analysis of the Kakeya conjecture for quantifying the
geometric structure of learned representations in deep networks. A representation field is defined
to associate abstract feature vectors with concrete geometric objects. The multi-scale Wolff axioms
for representations are introduced, providing rigorous, quantitative measures of feature collapse,
sparsity, and a cross-modal alignment constant for evaluating the quality of geometric fusion in
multimodal cases. This framework establishes a universal language for describing the emergent
geometry of both single- and multi-modal representations.

A provable theory of representation robustness: The Sticky Representation Theorem is intro-
duced and proven as a fundamental result that establishes a link between a measurable geometric
property of hidden layers, termed “stickiness,” and the functional robustness of models. This theo-
rem shows that representations that maintain their geometric structure across layers exhibit provable
stability under input perturbations. In multimodal settings, these stability measures characterize a
model’s robustness to missing modalities. This work introduces a novel class of theoretical guaran-
tees within deep learning, correlating internal geometric properties with external robustness guaran-
tees.
A geometric reinterpretation of core machine learning concepts: The proposed framework of-
fers a novel geometrically grounded perspective on key machine learning concepts. It establishes a
formal link between “grains decomposition” from harmonic analysis and hierarchical feature clus-
tering, presenting a non-parametric, data-dependent alternative to attention mechanisms. Addition-
ally, it reformulates the information bottleneck principle in geometric stability terms, introducing
the feature collapse constant as a measurable proxy for information complexity, thereby addressing
significant ambiguities in applying the principle to deep learning contexts.

A new design principle for robust models: The KT-CW regularizer is derived from the proposed
theoretical framework, introducing an architecture-agnostic loss term that optimizes geometric sta-
bility during training. By penalizing feature collapse and cross-modal misalignment, this regularizer
converts theoretical insights into a potential training tool for deep networks.

1.1 RELATED WORK

Previous research has elaborated various representations through three main approaches: (i) Geo-
metric deep learning (GDL) (Bronstein et al., 2017; Cao et al., 2020; Ye, 2022), which enforces sym-
metries to achieve equivariance; (ii) wavelet scattering networks (WSNs) (Bruna & Mallat, 2013;
Gauthier et al., 2022; Shi et al., 2021), which demonstrates deformation stability through the use of
fixed multi-scale filters; and (iii) the information bottleneck (IB) (Tishby et al., 2000; Tishby & Za-
slavsky, 2015; Geiger & Kubin, 2020), which conceptualizes learning as a process of compression
characterized by mutual information (MI) I(X;Z) vs. I(Y ;Z). In addition, techniques for assess-
ing parallel robustness delineate sensitivity bounds using Lipschitz analysis (often yielding loose
constraints in deep networks) (Virmaux & Scaman, 2018; Fazlyab et al., 2019; Gouk et al., 2021) or
employ adversarial certifiers tailored to specific lp threats (Raghunathan et al., 2018; Ghiasi et al.,
2020; Valentin, 2024; Anisetti et al., 2023; Liu et al., 2024a). However, a significant gap remains in
these approaches as they either impose geometric structures a priori, depend on non-learned filters,
or rely on unstable estimates of mutual information or weight-level bounds. Consequently, they
provide limited, model-agnostic diagnostics of the emergent geometry that develops within standard

1Definition: The standard Kakeya set conjecture posits that a set of points in Rn containing a unit line
segment in every direction must have Hausdorff dimension n.
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learned networks. To address this gap, this work proposes a Kakeya-based framework to measure
the emergent geometry using Wolff-style axioms that focus on collapse and density.

In multimodal systems, which encompass representation (Guo et al., 2019; Liang et al., 2022), align-
ment (Baltrušaitis et al., 2018; Liang et al., 2024), and fusion (Zhang et al., 2020; Zhao et al., 2024),
joint embeddings (Balaneshin-Kordan & Kotov, 2018; Suzuki et al., 2016), such as those found in
image-text models like CLIP (Radford et al., 2021), are commonly employed to co-locate semanti-
cally related items. Numerous heuristics exist for loss functions and fusion methodologies, which,
despite yielding strong empirical results, remain theoretically underexplored with respect to the ge-
ometric properties that underpin alignment quality, resilience to missing or noisy modalities, and
robustness to out-of-distribution inputs. To date, the existing literature lacks principled, quantitative
assessments of intra-modal structures and cross-modal interactions within the shared embedding
space, as well as modality-aware assurances of robustness beyond empirical evaluations. To extend
the Kakeya framework into the joint embedding space, this work introduces concepts of intra-modal
stickiness and a cross-modal alignment axiom. More literature review is presented in Appendix C.

2 PRELIMINARIES AND PROBLEM FORMULATION

2.1 FOUNDATIONS FROM MULTI-SCALE GEOMETRIC ANALYSIS

The primary mathematical tools used in this study are derived from recent advances by Wang & Zahl
(2025) on the Kakeya conjecture2. Their work provides a framework that is conducive to multi-scale
analysis of geometric objects.

Definition 1 (Scales and δ-tubes). A scale is a small positive number δ ∈ (0, 1]. A δ-tube T in Rn

is the δ-neighborhood of a unit line segment. A collection of such tubes is denoted by a set T . The
analysis is fundamentally multi-scale, relating the properties of objects at a fine scale δ to those at a
coarser scale ρ > δ.

Definition 2 (The Wolff Non-Clutering Axioms). These axioms provide a rigorous language for
what it means for a set of objects to be “spread out” or “non-clustered.” They are important for
preventing degenerate configurations where all tubes are trivially packed into a small volume.

(1) Katz-Tao Convex Wolff (CKT−CW ) Axiom: The constant CKT−CW (T ) is the infimum of all
C > 0 such that for any convex set W ⊂ Rn, the number of tubes from T contained in W satisfies:

#{T ∈ T : T ⊂ W} ≤ C · |W | · (#T ). (1)

A small CKT−CW (T ) implies that the tubes are sparse; they cannot concentrate in high numbers
within any convex region relative to its volume. This axiom penalizes feature redundancy or col-
lapse.

(2) Frostman Slab Wolff (CF−SW ) Axiom: The constant CF−SW (T ) is the infimum of all C > 0
such that for any slab W ⊂ Rn (the region between two parallel hyperplanes), the number of tubes
from T contained in W satisfies:

#{T ∈ T : T ⊂ W} ≤ C · |W | · (#T ). (2)

A small CF−SW (T ) is a measure of how well-distributed the tubes are with respect to planar re-
gions.

Definition 3 (Inductive Volume Estimates and “Stickiness”). The core of the latest findings in
the Kakeya conjecture lies in two formulated assertions about the volume of the union of tubes,
designed to be amenable to an inductive, self-improving argument across scales.

(1) Assertion D(σ, ω): States that if a set of tubes T is well-behaved (i.e., its CKT−CW and
CF−SW constants are small), then the volume of its union has a lower bound of the form |

⋃
T | ≥

κδω+ϵ(#T )|T |
(
(#T )|T |1/2

)−σ
.

(2) Assertion E(σ, ω): A more general statement that holds for any set of tubes, where the volume
bound is explicitly penalized by the Wolff axiom constants.

2While the general conjecture allows segments to be placed anywhere (translation invariance), this work
adapts the geometry to a “radial” setting where the segments (tubes) representing feature vectors are anchored
at the origin to explicitly model feature magnitude and direction.
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The parameters σ and ω quantify the “wastefulness” of tube packing, while the Kakeya conjecture
is equivalent to demonstrating the truth of Assertions D(0, 0) and E(0, 0). A set of features shows
a structural property known as stickiness if its geometric arrangement, as defined by the Wolff
axioms, remains stable (i.e., the rank of the set does not degrade or collapse as the scale δ → 0)
and well-behaved (i.e., the set satisfies the Wolff non-clustering axioms, meaning it does not contain
dense clusters or planar concentrations) across various scales. This property ensures that the set
is structurally complex and non-degenerate at all levels of resolution. In contrast, a “non-sticky”
set is characterized by a geometric structure that collapses at certain scales, thereby forcing the
configuration into a lower-dimensional subspace and restricting its volume to a minimal extent.

2.2 FORMALISM FOR HIERARCHICAL REPRESENTATION LEARNING

This section now presents the corresponding formal definitions from machine learning, covering
both single- and multi-modal scenarios.

Definition 4 (Hierarchical Representation: Single-Modal). A deep neural network is a param-
eterized function fΘ : X → Y that is a composition of L layers, fΘ = fL ◦ · · · ◦ f1. Each
layer fl : Zl−1 → Zl is a function mapping from one representation space to another, where
X = Z0 is the input space. For a given input x ∈ X , the activation or feature vector at layer l is
zl = (fl ◦ · · · ◦ f1) (x). The set of all such activations for a dataset {xi}Ni=1 forms the representation
at layer l, denoted Zl = {zl,i}Ni=1 ⊂ Zl.

Definition 5 (Hierarchical Representation: Multimodal). A multimodal learning system operates
on input data from M ≥ 2 distinct modalities. An input instance is a tuple x =

(
x(1), . . . , x(M)

)
,

where each x(m) ∈ X (m) belongs to the space of the m-th modality. The system typically comprises:

(1) A set of M modality-specific encoders,
{
g
(m)
Θ : X (m) → Z(m)

}M

m=1
, that map each modality’s

raw input into a feature representation.

(2) A fusion mechanism, hΦ, that combines the individual representations. Joint embedding maps
all unimodal representations into a common, shared Joint Embedding Space Zjoint. In this case,
each encoder is a map g

(m)
Θ : χ(m) → Zjoint . The set of all embeddings for a dataset is Zjoint =⋃M

m=1 Z
(m), where Z(m) =

{
g
(m)
Θ

(
x
(m)
i

)}
i
.

Definition 6 (Lipschitz Stability and Functional Robustness). A key desired property of a learned
representation is stability with respect to small, irrelevant variations in the input. Let V be a set of
deformation operators ν : X → X . The stability of the function f can be quantified by its Lipschitz
constant with respect to these deformations:

LV(f) = sup
x∈X ,ν∈V,ν ̸=id

∥f(x)− f(ν(x))∥†
∥ν∥

, (3)

where ∥ · ∥† is a metric on the output space and ∥ν∥ is a measure of the deformation’s magnitude. A
small Lipschitz constant implies that small deformations of the input result in small changes to the
output, a hallmark of a robust model. Obtaining provable guarantees on such properties is a major
goal of theoretical deep learning. A notation summary of this research is provided in Appendix D.

3 MAIN RESULTS: SINGLE-MODAL REPRESENTATION

3.1 THE REPRESENTATION FIELD

To effectively apply the tools of geometric measure theory, it is important to transform the abstract
set of feature activations from a specific network layer into a tangible collection of geometric objects.

Definition 7 (The Representation Field). Let Zl ⊂ Rdl be the set of feature activations at layer l
for a given dataset. For a chosen scale parameter δ > 0, the representation field Tl(D) is a set of
δ-tubes in Rdl defined as:

Tl(D) =
{
Tz ⊂ Rdl | z ∈ Zl

}
, (4)

where each feature tube Tz is the δ-neighborhood of the line segment connecting the origin to the
feature vector z. The direction of the tube is given by the normalized feature vector z

∥z∥ , and its
length is ∥z∥.

4
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This definition provides the crucial link: it transforms a discrete set of abstract vectors into a tangible
geometric arrangement that can be analyzed using the multi-scale machinery of harmonic analysis.
The scale parameter δ serves as a metric for the “granularity” at which the feature space is analyzed,
analogous to the radius of the tubes in the Kakeya problem.

3.2 GEOMETRIC MEASURES OF REPRESENTATION QUALITY

Following Definition 7, it becomes possible to incorporate the Wolff axioms from harmonic analysis
and reinterpret them as quantitative metrics for assessing the structural quality of a learned represen-
tation. These axioms establish a formal framework to articulate the geometry of a learned feature
manifold, thereby contributing to a deeper understanding of its structural characteristics. Satisfy-
ing these axioms ensures that Definition 3 holds, which forms the basis of the Lipschitz bound in
Theorem 1.

Axiom 1 (Feature Collapse Constant). This constant CKT−CW of the representation field Tl
measures the degree of feature clustering or redundancy. A large CKT−CW (Tl) indicates that many
different inputs are mapped to feature tubes that are geometrically close or contained within the
same small convex regions of the representation space. This signifies a collapse in representational
diversity, where the network fails to learn discriminative features and instead maps distinct inputs
to similar locations in the feature space. A small constant, conversely, indicates a geometrically
sparse and non-redundant representation. While our axioms constrain volume density, their primary
purpose in this framework is to serve as a geometric proxy for maintaining effective dimensionality
and preventing rank collapse.

Input Data

Representation Field
𝒯ℓ = 𝑇" ⊂ 𝑅#! 𝑧 ∈ 𝐙𝐥

Evaluation (Remark 1):
Feature Collapse Constant (𝐶%&'())

Feature Density Constant (𝐶*'+))

Grains Decomposition
Apply the Kakeya “grains” procedure to 
⋃ 𝑇&∈𝒯" to obtain mostly disjoint 𝐺.

Stickiness across Layers:
A network is K-sticky if every 
layer obeys 𝐶%&'() 𝒯ℓ ≤ 𝐾

Sticky Representation
Theorem 1 à Robust Representation

!

"

#

Figure 1: Single-modal geometric framework.

Axiom 2 (Feature Density Constant). This constant CF−SW of Tl measures how densely the
feature tubes fill the representation space with respect to hyperplane-like regions (slabs). It quantifies
the distribution of features across the entire space.

Remark 1 (Geometric Sparsity as a Proxy for Information Complexity). These geometric ax-
ioms provide a powerful new lens through which to view the IB principle. The IB framework seeks a
representation Z that optimally balances complexity, measured by the mutual information I(X;Z),
and predictive power, measured by I(Y ;Z). The proposed geometric framework provides a more
direct and stable method for quantifying the complexity term I(X;Z). A representation field Tl
with a low CKT−CW (Tl) is, by definition, geometrically sparse and non-redundant. This geometric
sparsity is a tangible signature of an information-theoretically simple, or compressed, representa-
tion. The objective of the latest Kakeya research, to find a large volume estimate for a set of tubes
subject to the geometric constraints of the Wolff axioms, is thus deeply analogous to the IB objective
of maximizing predictive information subject to a complexity constraint. By grounding the notion
of complexity in a stable geometric measure rather than a volatile statistical estimate, our framework
avoids the central controversies that have hindered the application of IB to deep learning.
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3.3 GRAINS DECOMPOSITION AS DATA-DEPENDENT FEATURE CLUSTERING

In Kakeya, “grains decomposition3” organizes a collection of tubes into a more structured arrange-
ment of predominantly disjoint rectangular prisms, referred to as “grains.” When applied to a repre-
sentation field, it gains a novel and insightful interpretation within the context of machine learning.
This approach facilitates a deeper understanding of the underlying structures and relationships in the
data, thereby enhancing the utility of “grains decomposition” in various applications.

Lemma 1 (Grains as Meta-Features). Applying the grains decomposition algorithm to a represen-
tation field Tl is equivalent to a data-dependent, unsupervised clustering of the feature tubes. Each
resulting grain G ⊂ Zl corresponds to a cluster of feature activations that are geometrically proxi-
mate and co-linear. These grains can be interpreted as learned “metafeatures,” representing common
combinations or motifs of the features from layer l.

This result formalizes the long-held intuition that deep networks construct hierarchies by
grouping simple features to form more complex representations. This geometric cluster-
ing provides a theoretical framework for understanding the functions of mechanisms (e.g.,
attention) in Transformers. The attention mechanism learns a data-dependent pooling op-
eration to aggregate and weigh features (tokens). In contrast, the grains decomposi-
tion also functions as a data-dependent grouping mechanism; however, its construction is
based on the geometry of the representation field rather than relying on learned parameters.

Sticky Representation

Layer 𝒍 (Representation Field):

Non-Sticky Representation

Grains
2D Representation

Layer 𝒍 + 𝟏 (Representation Field):

Grains Decomposition
Map distinct inputs to 

different locations
Low 𝐶!"#$%

2D Representation
Degenerate representation

Grains 
decomposition

Grains Preserved (Low 𝑪𝑲𝑻#𝑪𝑾)
Maintains Geometry Structure à Robust & Stable (𝑲-Sticky) 

Layer 𝒍 (Representation Field):

Layer 𝒍 + 𝟏 (Representation Field):

2D Representation

2D Representation

Grains Collapse
And Merge

High 𝐶!"#$%

Geometric Structure Collapses
Leads to Geometric Bottleneck & Poor Generalization

!

"

#

!

"

#

Figure 2: Sticky vs. non-sticky representation fields
with grains decomposition.

This observation indicates that the grains
decomposition can be characterized as a
principled, non-parametric analog of at-
tention, thereby paving the way for the de-
velopment of new “geometric attention”
layers that demonstrate more provable sta-
bility properties. The full proof for this
lemma is provided in Appendix F.1.

Figure 2 presents a comparison of sticky
and non-sticky representation fields with
the grains decomposition. In a sticky con-
figuration, feature activations at layer l
form a representation field Tl = {Tz} with
mostly disjoint rectangular grains Gk,
leading to low feature-collapse and den-
sity constants that promote a K-sticky hi-
erarchy, ensuring well-distributed δ-tubes
and geometry preservation. In a non-
sticky configuration, tubes converge into a
convex “feature-collapse” region W , with
overlapping grains resulting in high feature collapse and density constants, which create a geometric
bottleneck and degrade generalization.

3.4 THE STICKY REPRESENTATION THEOREM (SINGLE-MODAL CASE)
The central result for the single-modal case establishes a provable connection between the geometric
property of “stickiness” and the functional attribute of robustness.

Definition 8 (K-Sticky Representation). A hierarchical representation f = fL◦· · ·◦f1 is K-sticky
if the sequence of its representation fields {Tl}Ll=1 satisfies the KT-CW axiom at every layer with a
uniformly bounded constant:

CKT−CW (Tl) ≤ K for all l = 1, . . . , L. (5)
This definition is a direct translation of the “stickiness” property, which is the crucial ingredient for
a Kakeya set to have maximal dimension. A sticky representation is one where features remain well-
structured and do not collapse into redundant, low-dimensional configurations as they are processed
through the network. It provides a layer-wise diagnostic for model quality; a layer l with a large
CKT−CW (Tl) can be identified as a “geometric bottleneck” where representational diversity is lost.

3Definition: Rectangular prisms of longitudinal length 1 and cross-sectional diameter ρ with specific coher-
ence and incidence properties. More details are in Appendix F.1.
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Theorem 1 (The Sticky Representation Theorem). Let f be a K-sticky hierarchical representa-
tion. Then f is Lipschitz-stable with respect to a class of input deformations V , with a Lipschitz
constant LV(f) that is a monotonically increasing function of the stickiness parameter K. That is,

LV(f) ≤ g(K), (6)

for some monotonically increasing function g.

This theorem, to our knowledge, provides the first provable link between a multi-scale geometric
property of a network’s hidden layers and its functional robustness to input perturbations. Figure 1
illustrates the proposed framework in a single-modal scenario. The full proof for this theorem is
provided in Appendix F.2.

4 EXTENSION: MULTIMODAL REPRESENTATION

4.1 GEOMETRIC FORMULATION OF MULTIMODAL LEARNING

The primary challenge in multimodal learning involves bridging the “heterogeneity gap” by integrat-
ing information from diverse sources into a cohesive framework. This process requires formalizing
the geometric space in which such integration takes place.

Definition 9 (The Joint Embedding Metric Space). Let
{
g
(m)
Θ : χ(m) → Zjoint

}M

m=1
be a set

of M encoders that map inputs from M different modalities into a common, Zjoint ⊂ Rd. Zjoint
is equipped with a metric dZ , which is typically learned (e.g., a Mahalanobis distance) or is the
standard Euclidean distance. The objective of multimodal representation learning is to learn the
encoder parameters Θ such that the geometry of this space reflects semantic relationships across
modalities. That is, dZ

(
g
(i)
Θ

(
x(i)
)
, g

(j)
Θ

(
x(j)

))
should be small if the underlying concepts of x(i)

and x(j) are related, and large otherwise.

Joint Representation Field
At layer 𝑙, each embedding vector becomes 

a 𝛿-tube; the joint field is the union of all 
tubes from all modalities	𝒯!"#$% = ⋃ 𝒯 𝓂'

()*

Evaluation (Axiom 3 & 4):
Intra-Modal Collapse (𝐶+,-./ 𝒯 𝓂 )

Cross-Modal Alignment (C01234)

Grains Decomposition in the Joint Space
Apply the Kakeya “grains” procedure to 
⋃ 𝑇,∈𝒯!"#$% to obtain mostly disjoint 𝐺7

Multimodal K-Stickiness 
(Definition 11): 

Layerwise Condition

Sticky Representation
Theorem 2 à Robust Representation

Input Data

A cat and a dog. Oh! 
The dog is an Aussie!

Joint 
Embedding 

Space
𝑍𝐣𝐨𝐢𝐧𝐭

Encoding

!

"

#

Figure 3: Multimodal geometric framework.

Definition 10 (The Joint Representation Field). For a given multimodal dataset, the set of all
embeddings in the joint space forms the joint representation Zjoint =

⋃M
m=1 Z

(m). The joint rep-
resentation field Tjoint is the set of δ-tubes in Rd corresponding to the vectors in Zjoint . This is the
central geometric object for our multimodal analysis. It is composed of subsets of tubes correspond-
ing to each modality, Tjoint =

⋃M
m=1 T (m), where T (m) is the representation field for the m-th

modality.

4.2 MULTIMODAL GEOMETRIC STRUCTURE

The Wolff axioms are hereby extended to the joint space, involving the definition of new measures
that not only capture the intrinsic structure within each modality’s representation but also, impor-
tantly, explain the geometric relationships between the modalities.

Axiom 3 (Intra-Modal Collapse, CKT−CW (T (m))). For each modality m ∈ {1, . . . ,M}, the stan-
dard Feature Collapse Constant can be computed on its corresponding subset of tubes T (m) ⊂ Tjoint .

7
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This axiom measures the representational diversity and geometric sparsity within each modality. A
low value for all m is a necessary precondition for a good multimodal representation, as it ensures
that each encoder produces a high-quality, non-redundant unimodal representation.

Axiom 4 (Cross-Modal Alignment Constant, Calign). This is a novel axiom designed specifically
to measure the quality of geometric alignment between modalities in the joint space. Let W be any
convex set in the joint space Zjoint . Calign (Tjoint ) is defined as the infimum of C > 0 such that the
relative variance in the number of tubes from different modalities contained within W is bounded:

Varm
(
#
{
T ∈ T (m) : T ⊂ W

})
Em

(
#
{
T ∈ T (m) : T ⊂ W

}) ≤ C. (7)

A small Calign implies that the different modalities are well-mixed throughout the joint space; no
single modality’s features dominate any local region. This provides a direct, geometric measure
of successful fusion. A large Calign, in contrast, indicates poor alignment. This can manifest as
“modality dominance,” a known issue where a model overrelies on one modality. In the proposed
framework, this phenomenon has a clear geometric signature: the tubes corresponding to the dom-
inant modality cluster in certain regions of the joint space, leading to high variance in tube counts
within those regions and, consequently, a large Calign. This axiom transforms an empirical observa-
tion into a mathematically tractable property.

Definition 11 (Multimodal K-Stickiness). A multimodal representation, including its encoders
and fusion mechanism, is K-sticky if, across all layers of the fusion network, both the intra-modal
collapse constants and the cross-modal alignment constant are uniformly bounded:

CKT−CW

(
T (m)
l

)
≤ K and Calign (Tl,joint) ≤ K, (8)

for all layers l and modalities m. This definition formalizes the notion of a robust multimodal
representation as one that preserves both the internal geometric structure of each modality and the
geometric coherence between them throughout the processing hierarchy.

4.3 THE STICKY REPRESENTATION THEOREM (MULTIMODAL CASE)

The primary theoretical result for the multimodal setting is presented below. It extends the robust-
ness guarantee to address the complexities of multimodal data, including missing or noisy modali-
ties.

Theorem 2 (The Sticky Representation Theorem). Let a multimodal system with a joint em-
bedding space be K-sticky. The system is then robust to perturbations and missing modalities.
Specifically:

(1) A function of K bounds its Lipschitz constant with respect to input deformations, L(f) ≤
g1(K).

(2) Its performance degradation (the bound on the distance between the full-modal embedding and
the missing-modal embedding.) when a subset of modalities is dropped at inference time is also
bounded by a function of K.

This extension of the proposed theory delineates a principled pathway for evolving a single-modal
architecture into a robust multimodal framework. The single-modal theory can be regarded as a
specific instance of the multimodal theory, characterized by the condition where M = 1. The
fundamental geometric principles, namely the avoidance of feature collapse and the preservation
of structural integrity across scales (“stickiness”), are universally applicable. In the multimodal
context, the primary challenge stems from the introduction of additional geometric complexities due
to interactions between modalities. To address this challenge, Calign is introduced to quantify this
complexity explicitly. The full proof for this theorem is provided in Appendix F.3.

This framework establishes clear design principles for multimodal systems. The objective extends
beyond mere feature fusion; it involves co-designing modality-specific encoders and a fusion mech-
anism to learn a cohesive joint representation field that maintains joint stickiness. Consequently,
the encoders are required to generate individually non-collapsed representations, indicated by low
CKT−CW

(
T (m)

)
for each modality. Simultaneously, the fusion mechanism must facilitate the

8
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alignment of these representations within the joint space without inducing new collapses or geomet-
ric misalignments, as characterized by low Calign. This approach reframes the design of multimodal
architectures into a formal problem of constrained geometric optimization, thereby enhancing the
rigor and effectiveness of the system’s design process. Figure 3 illustrates the proposed geometric
framework in a multimodal scenario.

5 A NEW DESIGN PRINCIPLE: THE KT-CW REGULARIZER

The theoretical insights outlined in the preceding sections underpin a practical methodology for
training more robust neural networks. Suppose a “sticky” representation can be demonstrated to
possess provable robustness. In that case, it becomes feasible to explicitly promote the learning of
such representations by introducing a penalty for deviations from the desired geometric structure
during training. This section translates the theoretical framework into a differentiable tool that deep
learning practitioners can utilize. Hence, a novel, architecture-agnostic loss term is proposed to
directly minimize the geometric constants that quantify feature collapse and misalignment. This
approach enhances the robustness and effectiveness of the model by addressing inherent deficiencies
in feature representation.

Proposition 1 (The KT-CW Regularizer). For a single-modal network, the KT-CW regularizer is
defined as a weighted sum of the feature collapse constants across all layers:

LKT−CW =

L∑
l=1

λlCKT−CW (Tl) , (9)

where {λl} are hyperparameters that weight the importance of stickiness at each layer l. For a
multimodal network with a joint embedding space, the regularizer is extended to penalize both
intra-modal collapse and cross-modal misalignment:

LMM−KT−CW =

L∑
l=1

(
λlCalign (Tl, joint ) +

M∑
m=1

µl,mCKT−CW

(
T (m)
l

))
, (10)

where {λl} and {µl,m} are hyperparameters. Minimizing this combined loss during training
directly penalizes feature collapse within each modality. It encourages the network to find
weight configurations that yield a geometrically well-mixed and sparse joint representation.

Figure 4: Sticky vs. non-sticky representations in 3D space (seed
= 1022, zdim = 256, N = 5000). The grey lines represent the
“tubes” defined in Definition 7. Non-sticky field: Tubes cluster
into a narrow cone/subspace. Sticky field: Tubes splay out, cov-
ering the sphere (geometric sparsity).

The optimization process in-
formed by this regularizer can
be interpreted as a computa-
tional analog of the construc-
tive moves used to resolve the
Kakeya conjecture. In the-
ory, these moves represent iter-
ative geometric refinements ap-
plied to the grains decomposi-
tion, thereby enhancing struc-
tural properties such as elonga-
tion or broadening of the grains.
Similarly, each iteration of gra-
dient descent during network
training with the LKT−CW reg-
ularizer modifies the network’s
weights, thereby altering the ge-
ometry of its representation fields. The regularizer provides a gradient that explicitly directs this
geometric transformation toward a “sticky” configuration, akin to the constructive refinement pro-
cess in the Kakeya conjecture. The full proof for this proposition is provided in Appendix F.4, and
more theoretical results are discussed in Appendix E.

6 SIMULATIONS AND EMPIRICAL VALIDATIONS

To validate the theoretical guarantees outlined in this paper, we performed a series of controlled
simulations. These experiments aimed to isolate and examine the geometric properties of “Stick-
iness” and “Feature Collapse” within high-dimensional contexts. We contrasted standard training

9
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methods with those guided by our proposed framework, enabling a comprehensive assessment of the
regularization approach’s effectiveness. Full experimental setup and additional results are detailed
in Appendix G.

Figure 5: High-dimensional FGSM robustness and spectrum
analysis for the make moons dataset (seed = 1022, hidden di-
mension = 256, N = 5000).

Figure 4 provides the geometric
intuition for the representation
field (Tl(D)) defined in Defi-
nition 7. It visualizes the la-
tent activations of a neural net-
work trained on a complex man-
ifold (Swiss Roll), contrasting
non-sticky vs. sticky geome-
tries. In the left panel, the rep-
resentation shows severe feature
collapse, a phenomenon penal-
ized by the Katz-Tao Convex
Wolff Axiom (CKT−CW ). The
features cluster densely into a

lower-dimensional “pencil” shape. While linearly separable, this configuration is geometrically
degenerate; any perturbation orthogonal to the pencil pushes data off the manifold, leading to high
sensitivity. In the right panel, the KT-CW regularizer forces the representation field to satisfy the
Wolff axioms, resulting in geometric sparsity. The feature vectors splay out to cover the angular
space (sphere).
Figure 5 provides the direct empirical validation of Theorem 1, linking the geometric property of
stickiness to the functional property of adversarial robustness. In the left panel, the standard model
shows a catastrophic failure mode, while the sticky model demonstrates superior stability. To under-
stand the geometric mechanism behind this robustness, we analyze the Singular Value Decomposi-
tion (SVD) of the representation field. The standard model exhibits sharp spectral decay, indicating
severe feature collapse, and compresses the high-dimensional feature space into a low-rank sub-
space. The sticky model maintains a heavier tail in its spectrum, utilizing a higher effective rank.
This confirms that Proposition 1 successfully prevents collapse, enforcing the full-rank geometric
structure required for K-stickiness.

Figure 6: Manifold alignment stability and spectrum under
missing-modality stress (seed = 1022, zdim = 256, N = 5000).

Figure 6 illustrates the results
obtained from a representative
configuration. The left panel
shows the average embedding
shift in the joint representa-
tion after excluding modality
B. The Standard model demon-
strates a substantial embedding
shift, suggesting that the joint
representation is geometrically
unstable and overly dependent
on specific modalities. In
contrast, the Sticky model ef-
fectively minimizes this shift,
thereby empirically validating the bound established in Theorem 2.

7 CONCLUSION

This research tackles a key challenge in AI: reconciling the empirical power of deep learning with
theoretical insights into robustness and generalization (Appendix F.5). Instead of refining existing
theories, it employs a novel mathematical framework from multi-scale geometric analysis used in
the Kakeya set conjecture. The study introduces a unified geometric theory of representation for
single- and multi-modal learning, formalizing concepts such as the representation field and the multi-
scale Wolff axioms to quantify the geometric structure of learned features. The central finding, the
Sticky Representation Theorem, links the geometric stability of features, or stickiness, to functional
robustness. Additionally, it introduces the KT-CW Regularizer, a training objective that optimizes
geometric stability, laying the groundwork for a geometric approach to deep learning and enhancing
the reliability of AI systems.

10
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8 ETHICS STATEMENT

This research is foundational and theoretical. It does not involve sensitive personal data or the train-
ing of models for applications that have direct societal consequences. The primary goal is to enhance
the scientific understanding of AI robustness and reliability. The potential ethical implications are
positive: by advancing more trustworthy AI, this work could help mitigate the risks of deploying
fragile, unpredictable models in safety-critical applications.

9 REPRODUCIBILITY STATEMENT

All theoretical claims are presented with complete proofs.

REFERENCES

Marco Anisetti, Claudio A Ardagna, Nicola Bena, and Ernesto Damiani. Rethinking certification for
trustworthy machine-learning-based applications. IEEE Internet Computing, 27(6):22–28, 2023.

Saeid Balaneshin-Kordan and Alexander Kotov. Deep neural architecture for multi-modal retrieval
based on joint embedding space for text and images. In Proceedings of the Eleventh ACM Inter-
national Conference on Web Search and Data Mining, pp. 28–36, 2018.
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Shanel Gauthier, Benjamin Thérien, Laurent Alsene-Racicot, Muawiz Chaudhary, Irina Rish, Eu-
gene Belilovsky, Michael Eickenberg, and Guy Wolf. Parametric scattering networks. In Proceed-
ings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition, pp. 5749–5758,
2022.

Bernhard C Geiger and Gernot Kubin. Information bottleneck: Theory and applications in deep
learning, 2020.

Jan E Gerken, Jimmy Aronsson, Oscar Carlsson, Hampus Linander, Fredrik Ohlsson, Christoffer
Petersson, and Daniel Persson. Geometric deep learning and equivariant neural networks. Artifi-
cial Intelligence Review, 56(12):14605–14662, 2023.

Amin Ghiasi, Ali Shafahi, and Tom Goldstein. Breaking certified defenses: Semantic adversarial
examples with spoofed robustness certificates. arXiv preprint arXiv:2003.08937, 2020.

Henry Gouk, Eibe Frank, Bernhard Pfahringer, and Michael J Cree. Regularisation of neural net-
works by enforcing lipschitz continuity. Machine Learning, 110(2):393–416, 2021.

Wenzhong Guo, Jianwen Wang, and Shiping Wang. Deep multimodal representation learning: A
survey. Ieee Access, 7:63373–63394, 2019.

Sicong Han, Chenhao Lin, Chao Shen, Qian Wang, and Xiaohong Guan. Interpreting adversarial
examples in deep learning: A review. ACM Computing Surveys, 55(14s):1–38, 2023.

Abdul Jabbar, Xi Li, and Bourahla Omar. A survey on generative adversarial networks: Variants,
applications, and training. ACM Computing Surveys (CSUR), 54(8):1–49, 2021.

Nets Katz and Terence Tao. Recent progress on the kakeya conjecture. arXiv preprint math/0010069,
2000.

Kenji Kawaguchi, Zhun Deng, Xu Ji, and Jiaoyang Huang. How does information bottleneck help
deep learning? In International conference on machine learning, pp. 16049–16096. PMLR, 2023.

Salman Khan, Muzammal Naseer, Munawar Hayat, Syed Waqas Zamir, Fahad Shahbaz Khan, and
Mubarak Shah. Transformers in vision: A survey. ACM computing surveys (CSUR), 54(10s):
1–41, 2022.

Gopi Kishan. Probabilistic robustness quantification of neural networks. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 35, pp. 15966–15967, 2021.

Marta Kwiatkowska. Safety and robustness for deep learning with provable guarantees. In Proceed-
ings of the 35th IEEE/ACM International Conference on Automated Software Engineering, pp.
1–3, 2020.

Zhaoyu Li, Jialiang Sun, Logan Murphy, Qidong Su, Zenan Li, Xian Zhang, Kaiyu Yang, and Xujie
Si. A survey on deep learning for theorem proving. arXiv preprint arXiv:2404.09939, 2024.

Paul Pu Liang, Amir Zadeh, and Louis-Philippe Morency. Foundations & trends in multimodal
machine learning: Principles, challenges, and open questions. ACM Computing Surveys, 56(10):
1–42, 2024.

Victor Weixin Liang, Yuhui Zhang, Yongchan Kwon, Serena Yeung, and James Y Zou. Mind the
gap: Understanding the modality gap in multi-modal contrastive representation learning. Ad-
vances in Neural Information Processing Systems, 35:17612–17625, 2022.

Wei-An Lin, Chun Pong Lau, Alexander Levine, Rama Chellappa, and Soheil Feizi. Dual manifold
adversarial robustness: Defense against lp and non-lp adversarial attacks. Advances in Neural
Information Processing Systems, 33:3487–3498, 2020.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

Aishan Liu, Shiyu Tang, Xinyun Chen, Lei Huang, Haotong Qin, Xianglong Liu, and Dacheng
Tao. Towards defending multiple p-norm bounded adversarial perturbations via gated batch
normalization. International Journal of Computer Vision, 132(6):1881–1898, 2024a.

Bohan Liu, Zijie Zhang, Peixiong He, Zhensen Wang, Yang Xiao, Ruimeng Ye, Yang Zhou, Wei-
Shinn Ku, and Bo Hui. A survey of lottery ticket hypothesis. arXiv preprint arXiv:2403.04861,
2024b.

Li Liu, Jiasong Wu, Dengwang Li, Lotfi Senhadji, and Huazhong Shu. Fractional wavelet scattering
network and applications. IEEE Transactions on Biomedical Engineering, 66(2):553–563, 2018.

Yu-An Liu, Ruqing Zhang, Jiafeng Guo, Maarten de Rijke, Yixing Fan, and Xueqi Cheng. Robust
neural information retrieval: An adversarial and out-of-distribution perspective. ACM Transac-
tions on Information Systems, 2024c.

Zhou Lu. A theory of multimodal learning. Advances in Neural Information Processing Systems,
36:57244–57255, 2023.

Eran Malach, Gilad Yehudai, Shai Shalev-Schwartz, and Ohad Shamir. Proving the lottery ticket
hypothesis: Pruning is all you need. In International Conference on Machine Learning, pp. 6682–
6691. PMLR, 2020.

Mark Huasong Meng, Guangdong Bai, Sin Gee Teo, Zhe Hou, Yan Xiao, Yun Lin, and Jin Song
Dong. Adversarial robustness of deep neural networks: A survey from a formal verification
perspective. IEEE Transactions on Dependable and Secure Computing, 2022.

Seyed-Mohsen Moosavi-Dezfooli, Alhussein Fawzi, Omar Fawzi, and Pascal Frossard. Universal
adversarial perturbations. In Proceedings of the IEEE conference on computer vision and pattern
recognition, pp. 1765–1773, 2017.

Alec Radford, Jong Wook Kim, Chris Hallacy, Aditya Ramesh, Gabriel Goh, Sandhini Agarwal,
Girish Sastry, Amanda Askell, Pamela Mishkin, Jack Clark, et al. Learning transferable visual
models from natural language supervision. In International conference on machine learning, pp.
8748–8763. PmLR, 2021.

Maithra Raghu, Thomas Unterthiner, Simon Kornblith, Chiyuan Zhang, and Alexey Dosovitskiy.
Do vision transformers see like convolutional neural networks? Advances in neural information
processing systems, 34:12116–12128, 2021.

Aditi Raghunathan, Jacob Steinhardt, and Percy Liang. Certified defenses against adversarial exam-
ples. arXiv preprint arXiv:1801.09344, 2018.

Andrew M Saxe, Yamini Bansal, Joel Dapello, Madhu Advani, Artemy Kolchinsky, Brendan D
Tracey, and David D Cox. On the information bottleneck theory of deep learning. Journal of
Statistical Mechanics: Theory and Experiment, 2019(12):124020, 2019.

Divya Saxena and Jiannong Cao. Generative adversarial networks (gans) challenges, solutions, and
future directions. ACM Computing Surveys (CSUR), 54(3):1–42, 2021.

Ali Shafahi, Mahyar Najibi, Mohammad Amin Ghiasi, Zheng Xu, John Dickerson, Christoph
Studer, Larry S Davis, Gavin Taylor, and Tom Goldstein. Adversarial training for free! Ad-
vances in neural information processing systems, 32, 2019.

Jun Shi, Yanan Zhao, Wei Xiang, Vishal Monga, Xiaoping Liu, and Ran Tao. Deep scattering
network with fractional wavelet transform. IEEE Transactions on Signal Processing, 69:4740–
4757, 2021.

Connor Shorten and Taghi M Khoshgoftaar. A survey on image data augmentation for deep learning.
Journal of big data, 6(1):1–48, 2019.

Connor Shorten, Taghi M Khoshgoftaar, and Borko Furht. Text data augmentation for deep learning.
Journal of big Data, 8(1):101, 2021.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

Jiankai Sun, Chuanyang Zheng, Enze Xie, Zhengying Liu, Ruihang Chu, Jianing Qiu, Jiaqi Xu,
Mingyu Ding, Hongyang Li, Mengzhe Geng, et al. A survey of reasoning with foundation models:
Concepts, methodologies, and outlook. ACM Computing Surveys, 57(11):1–43, 2025.

Masahiro Suzuki, Kotaro Nakayama, and Yutaka Matsuo. Joint multimodal learning with deep
generative models. arXiv preprint arXiv:1611.01891, 2016.

Naftali Tishby and Noga Zaslavsky. Deep learning and the information bottleneck principle. In
2015 ieee information theory workshop (itw), pp. 1–5. Ieee, 2015.

Naftali Tishby, Fernando C Pereira, and William Bialek. The information bottleneck method. arXiv
preprint physics/0004057, 2000.

Romeo Valentin. Towards a framework for deep learning certification in safety-critical applications
using inherently safe design and run-time error detection. arXiv preprint arXiv:2403.14678, 2024.

Aladin Virmaux and Kevin Scaman. Lipschitz regularity of deep neural networks: analysis and
efficient estimation. Advances in Neural Information Processing Systems, 31, 2018.

Bingyuan Wang, Qifeng Chen, and Zeyu Wang. Diffusion-based visual art creation: A survey and
new perspectives. ACM Computing Surveys, 57(10):1–37, 2025.

Hong Wang and Joshua Zahl. Sticky kakeya sets and the sticky kakeya conjecture. arXiv preprint
arXiv:2210.09581, 2022.

Hong Wang and Joshua Zahl. Volume estimates for unions of convex sets, and the kakeya set
conjecture in three dimensions. arXiv preprint arXiv:2502.17655, 2025.

Lily Weng, Pin-Yu Chen, Lam Nguyen, Mark Squillante, Akhilan Boopathy, Ivan Oseledets, and
Luca Daniel. Proven: Verifying robustness of neural networks with a probabilistic approach. In
International Conference on Machine Learning, pp. 6727–6736. PMLR, 2019.

Jong Chul Ye. Geometry of Deep Learning. Springer, 2022.

Chao Zhang, Zichao Yang, Xiaodong He, and Li Deng. Multimodal intelligence: Representation
learning, information fusion, and applications. IEEE Journal of Selected Topics in Signal Pro-
cessing, 14(3):478–493, 2020.

Xingwei Zhang, Xiaolong Zheng, and Wenji Mao. Adversarial perturbation defense on deep neural
networks. ACM Computing Surveys (CSUR), 54(8):1–36, 2021.

Fei Zhao, Chengcui Zhang, and Baocheng Geng. Deep multimodal data fusion. ACM computing
surveys, 56(9):1–36, 2024.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

Appendices

A Declaration: Use of LLMs 16

B Linking “Stickiness” to Stability 16

C Related Work 17

C.1 Theoretical Frameworks for Representation Learning . . . . . . . . . . . . . . . . 17

C.2 Provable Guarantees for Model Robustness . . . . . . . . . . . . . . . . . . . . . 18

C.3 Foundational Challenges in Multimodal Representation Learning . . . . . . . . . . 18

D Notation Summary 20

E Additional Results 21

E.1 A Geometric Perspective on Mode Collapse in GANs . . . . . . . . . . . . . . . . 21

E.2 The Lottery Ticket Hypothesis: A Search for Sticky Subnetworks . . . . . . . . . 21

E.3 Remark 2. Natural Gradients and The Geometry of the Parameter Space . . . . . . 21

E.4 Proposition 2. Geometric Complexity and PAC-Bayes Generalization Bounds . . . 22

E.5 Remark 3. Manifold Stickiness and Adversarial Robustness . . . . . . . . . . . . . 22

F Proofs 23

F.1 Proof for Lemma 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

F.2 Proof for Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

F.3 Proof for Theorem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

F.4 Proof for Proposition 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

F.5 Proof for Proposition 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

G Additional Experiment Details and Results 35

G.1 Experimental Setup and Data Generation . . . . . . . . . . . . . . . . . . . . . . . 35

G.2 Single-Modal Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

G.3 Multimodal Stability and Missing Modalities . . . . . . . . . . . . . . . . . . . . 37

G.4 Visualization and Scalability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

H Limitations and Broader Impacts 46

H.1 Limitations and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

H.2 Broader Impacts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

15



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Under review as a conference paper at ICLR 2026

A DECLARATION: USE OF LLMS

The use of LLMs was restricted to aiding or polishing writing, while human authors conceived all
novel theoretical claims.

B LINKING “STICKINESS” TO STABILITY

This paper posits that the Kakeya conjecture framework emerging from (Wang & Zahl, 2025) ex-
tends beyond the realm of harmonic analysis. It offers a powerful perspective for viewing, analyzing,
and ultimately designing hierarchical representation learning systems. A formal connection between
these two fields is established by demonstrating that the principles governing the geometric struc-
ture of Kakeya sets closely resemble the principles that should guide the formation of robust feature
hierarchies in deep neural networks.

The main idea of this work is that the geometric property of “stickiness,” a term originating from
the Kakeya literature that describes the structural integrity of a set of tubes across varying scales,
serves as a formal, geometric analog to the desired attributes of robustness and stability in learned
feature hierarchies. This analogy is further developed into a rigorous theoretical framework through
the following conceptual bridge (Table 1).

Table 1: Conceptual bridge between the Kakeya conjecture in geometric measure theory and the
proposed framework for representation learning.

Kakeya Conjecture (Geometric Measure Theory) Representation Learning (This Work)
Set of δ-tubes Set of feature activations (Representation Field)

Multi-scale analysis Hierarchical feature extraction across layers
Grains decomposition Data-dependent feature clustering (non-parametric attention)

Wolff Axioms (Non-clustering) Geometric measures of feature sparsity & redundancy
“Stickiness” property Stability of feature geometry across layers

Inductive Volume Estimate Provable bound on generalization/robustness

The translation of concepts, axioms, and theorems from the Kakeya conjecture into the language
of machine learning facilitates the development of a novel geometric theory of representation. This
framework allows for the quantification of the structure of learned features, the derivation of new
theorems that establish connections between this structure and model robustness in both single- and
multi-modal learning contexts, and the formulation of new potential principles for the design and
training of deep neural networks.
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C RELATED WORK

C.1 THEORETICAL FRAMEWORKS FOR REPRESENTATION LEARNING

Several influential frameworks have been developed to formalize the characteristics of learned repre-
sentations. Although these frameworks exhibit significant strengths, each is constrained by inherent
limitations that underscore the necessity for a novel perspective.

C.1.1 GEOMETRIC DEEP LEARNING (GDL)

GDL (Bronstein et al., 2017) offers a methodology for integrating geometric priors, such as symme-
tries and invariances, directly into network architectures. By harnessing the mathematics of group
theory, GDL enables the construction of equivariant networks in which feature representations trans-
form predictably under various transformations of the input data (Gerken et al., 2023), such as rota-
tion or translation. This approach has demonstrated significant effectiveness in domains where the
underlying symmetries of the data are known and can be explicitly encoded.

However, the principal strength of GDL also constitutes its primary limitation: it is fundamentally
prescriptive (Cao et al., 2020; Ye, 2022). It requires a priori knowledge of the geometric structure
of the data to tailor the network architecture accordingly. This raises an important question regard-
ing the numerous deep learning models, such as standard Transformers or ResNets, that are not
explicitly designed with equivariance in mind. These models still show the capacity to learn pow-
erful geometric biases implicitly from the data. In this context, GDL lacks the tools necessary for
analyzing the emergent geometry present in such architectures.

In contrast, the proposed framework serves as a complementary and more generalized approach.
Rather than mandating a network’s geometry through its architecture, it provides a descriptive toolkit
for analyzing the geometric properties of the representations that emerge from the learning process
within any given network. This enables the characterization of the geometric structures that are
learned implicitly, providing a more universal analytical framework for understanding deep learning
representations.

C.1.2 WAVELET SCATTERING NETWORKS (WSNS)

WSNs (Bruna & Mallat, 2013; Gauthier et al., 2022; Shi et al., 2021) represent a significant advance-
ment in the field of signal processing, demonstrating that multi-scale analysis, rooted in harmonic
analysis, can yield architectures akin to those of deep learning models, endowed with provable sta-
bility guarantees. These networks are structured as a cascade of fixed wavelet transforms combined
with non-linear modulus operators, leading to representations that are demonstrably stable against
minor deformations and invariant to translations. This framework provides compelling evidence
that a causal relationship exists between multi-scale geometric structure and robustness (Gao et al.,
2021).

However, a notable limitation of WSNs is their lack of traditional learning capabilities, as they de-
pend on a predetermined set of engineered wavelet filters (Liu et al., 2018). While this reliance
on fixed filters affords strong theoretical assurances, it distances WSNs from the mainstream deep
learning paradigm, which emphasizes the end-to-end learning of filters directly from data. Conse-
quently, a critical question arises: can the stability properties achieved through engineering in WSNs
also be replicated through optimization in learned networks?

The proposed Kakeya-based framework addresses this inquiry directly by offering analytical tools
and a training objective, the KT-CW regularizer, designed for networks with fully learned filters.
This framework facilitates the understanding, measurement, and promotion of the emergence of
provable stability within the context of standard deep learning methodologies.

C.1.3 THE INFORMATION BOTTLENECK (IB)

The IB principle (Tishby et al., 2000; Tishby & Zaslavsky, 2015) provides a robust and abstract
framework for representation learning, conceptualizing it as an optimal data compression process.
The IB hypothesis asserts that an effective representation for a task should minimize the mutual
information I(X;Z) between the input variable X and the representation Z while maximizing the
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mutual information I(Y ;Z) regarding the target variable Y (Kawaguchi et al., 2023). This dual
focus offers a coherent language for understanding generalization in machine learning.

The application of the IB principle to deep learning, however, remains contentious (Geiger & Kubin,
2020). Initial studies (Tishby et al., 2000; Tishby & Zaslavsky, 2015) indicated that deep networks
experience a distinct “compression phase” during training, characterized by a reduction in I(X;Z),
and that this phase is causally related to improved generalization. Subsequent investigations have
called these claims into question, suggesting that the observed compression may result from the spe-
cific neural nonlinearities employed (such as tanh vs. ReLU) or, more fundamentally, from the chal-
lenges associated with accurately estimating mutual information in high-dimensional spaces (Saxe
et al., 2019). This ongoing debate underscores a significant limitation: while the IB principle offers
theoretical appeal, it is predicated on quantities that are difficult to measure reliably, complicating
the verification and extension of its claims.

To address this ambiguity, this research proposes a geometric framework that provides a more con-
crete and stable interpretation of the IB principle. It will be argued that the Wolff axioms, which
quantify the geometric sparsity and non-redundancy of the representation space, function as a phys-
ical proxy for the abstract information-theoretic complexity term I(X;Z). A representation field
characterized by a low feature collapse constant is both geometrically sparse and non-redundant,
serving as a direct, measurable indicator of a representation that is information-theoretically simple
or compressed. This approach reframes the IB objective within a geometric framework, circumvent-
ing the contentious and unstable methods typically employed for mutual information estimation.
Table 2 provides a comparison of the three frameworks alongside the proposed framework.

Table 2: Comparison of theoretical lenses for representation learning and robustness,

Framework Core Principle Nature of Guarantees
GDL Prescribe geometry (equivariance) via architecture. Provable invariance/equivariance.

WSNs Achieve stability via fixed multi-scale wavelet filters. Provable stability to deformations.
IB Learning as information-theoretic compression. Theoretical generalization bounds.

This Work Analyze emergent geometry of learned features. Provable robustness linked to geometric “stickiness.”

C.2 PROVABLE GUARANTEES FOR MODEL ROBUSTNESS

The pursuit of provable guarantees regarding model robustness constitutes a central theme in the
field of theoretical deep learning (Kwiatkowska, 2020; Meng et al., 2022; Li et al., 2024). A sig-
nificant line of investigation centers on Lipschitz analysis, which seeks to quantify the relationship
between changes in a network’s output and corresponding variations in its input (Virmaux & Sca-
man, 2018; Fazlyab et al., 2019; Gouk et al., 2021). A small Lipschitz constant indicates that minor
perturbations in input will result in only modest changes in output, a characteristic associated with
robust functions. However, deriving tight, scalable Lipschitz bounds for deep networks remains a
challenge, and many existing bounds are too loose to be practically significant.

Alternative strategies include certification methods that deliver formal assurances against the exis-
tence of adversarial examples within a designated radius around a given input (Raghunathan et al.,
2018; Ghiasi et al., 2020; Valentin, 2024). Although these methods possess considerable power,
they are often computationally intensive and generally restricted to specific threat models (Anisetti
et al., 2023), such as Lp-norm bounded perturbations (Liu et al., 2024a). The presented approach
introduces a novel perspective through the Sticky Representation Theorem. This theorem provides
a robustness guarantee that is not directly tied to the network’s weights, architecture, or a specific
threat model. Instead, it correlates the functional property of robustness with an intrinsic, mea-
surable geometric property of the network’s internal representations. This shift in focus from the
function’s parameters to the geometric structure of the learned spaces provides a more fundamental
characterization of network robustness.

C.3 FOUNDATIONAL CHALLENGES IN MULTIMODAL REPRESENTATION LEARNING

The second half of this paper extends the geometric theory to the multimodal setting, a domain of in-
creasing practical relevance that poses its own unique foundational challenges. Research in this area
is typically organized around three core problems: representation, alignment, and fusion. The repre-
sentation problem focuses on learning effective representations for individual modalities (Guo et al.,
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2019; Liang et al., 2022). The alignment problem seeks to identify and model the relationships and
correspondences between elements from different modalities (Baltrušaitis et al., 2018; Liang et al.,
2024). Finally, the fusion problem addresses how to combine information from multiple modali-
ties to facilitate prediction or generation tasks Zhang et al. (2020); Zhao et al. (2024). A central
challenge underlying these three problems is the heterogeneity gap (Lu, 2023), which recognizes
that different modalities, such as images, text, and audio, exist in fundamentally distinct spaces with
unique statistical properties.

A prevalent approach for bridging this gap is the implementation of joint embedding architec-
tures (Balaneshin-Kordan & Kotov, 2018; Suzuki et al., 2016). These models are designed to map
data from various modalities into a common, shared latent space where semantic similarity is ex-
pressed through proximity. Notable models, such as CLIP (Radford et al., 2021), have showcased
the effectiveness of this approach, demonstrating impressive zero-shot capabilities and cross-modal
retrieval functionality. Despite their empirical successes, the theoretical understanding of joint em-
bedding spaces remains largely underdeveloped. The design of such systems is primarily informed
by heuristics and empirical validation, with an absence of a foundational theory that characterizes
the geometry of an effective joint space (Lu, 2023). Key questions remain, such as what geometric
properties a robust multimodal representation should possess, how to formally measure the quality
of alignment between modalities in the shared space, and whether provable guarantees can be pro-
vided regarding the robustness of models operating on these fused representations, especially when
dealing with noisy or missing modalities.

This paper addresses this theoretical gap by extending the Kakeya-based framework to define ge-
ometric axioms for multimodal representations and proving a corresponding robustness theorem.
This work contributes to the establishment of the formal geometric theory for this important do-
main, paving the way for further advancements in multimodal research.
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D NOTATION SUMMARY

Table 3 provides a summary of key notation used throughout the paper. Symbols are grouped by
origin in harmonic analysis, machine learning, or this work’s proposed framework. Harmonic anal-
ysis terms capture multi-scale geometric properties, while machine learning terms describe inputs,
network layers, and multimodal settings. The new terms formalize the geometric tools introduced
in this framework.

Table 3: Notation summary

Symbol Field Definition
δ, ρ Harmonic Analysis Scales, typically 0 < δ ≤ ρ ≤ 1.
T Harmonic Analysis A set of δ-tubes in Rn.
CKT−CW Harmonic Analysis Katz-Tao Convex Wolff constant, a measure of sparsity.
CF−SW Harmonic Analysis Frostman Slab Wolff constant, a measure of density.
σ, ω Harmonic Analysis Exponents in the Kakeya volume estimates (Assertions D,E).
Kernel Harmonic Analysis The integral kernels used to derive the volume estimates.
fl Machine Learning Function representing layer l of a neural network.
X ,Zl Machine Learning Input space and set of representations at layer l.
M Machine Learning Number of modalities in a multimodal system.
x(m) Machine Learning Input data from modality m.
g
(m)
Θ Machine Learning Encoder network for modality m.
Zjoint Machine Learning The shared Joint Embedding Space for multimodal data.
Tl This Work The Representation Field at layer l.
Tjoint This Work The Joint Representation Field in a multimodal system.
Calign This Work Cross-Modal Alignment Constant, a measure of geometric fusion quality.
L Machine Learning Lipschitz constant, a measure of stability.
LKT−CW This Work The proposed KT-CW regularizer.
ν This Work Deformation operator.

20



1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

Under review as a conference paper at ICLR 2026

E ADDITIONAL RESULTS

E.1 A GEOMETRIC PERSPECTIVE ON MODE COLLAPSE IN GANS

Mode collapse in Generative Adversarial Networks (GANs) represents a significant training failure,
where the generator restricts its output variety, thereby failing to capture the diversity inherent in the
true data distribution adequately (Barsha & Eberle, 2025; Saxena & Cao, 2021; Jabbar et al., 2021).
This work proposes a formal definition of mode collapse as a geometric pathology characterized
by an excessively large Feature Collapse Constant, CKT−CW , within the generator’s intermediate
representation fields.

In this context, a generator network (G) transforms latent vectors (z) into outputs (y) via a sequence
of layers: G = fL ◦ . . . ◦ f1. The manifestation of mode collapse in the output space indicates that
a broad array of latent codes converges into a constricted, clustered region within one of the final
feature spaces, specifically ZL−1. This geometric clustering is quantitatively captured by a large
CKT−CW , which serves as a formal and measurable indication of this failure mode.

This insight suggests that applying the KT-CW regularizer to the layers of the generator may serve
as a principled mechanism for countering mode collapse, thereby promoting geometric diversity
within the learned feature manifold.

E.2 THE LOTTERY TICKET HYPOTHESIS: A SEARCH FOR STICKY SUBNETWORKS

The Lottery Ticket Hypothesis (LTH) posits that dense, randomly initialized neural networks contain
sparse subnetworks, termed “winning tickets,” which can be trained to achieve performance levels
comparable to those of the full network (Frankle & Carbin, 2018; Frankle et al., 2019). This phe-
nomenon is attributed to what is referred to as “fortuitous initialization.” The LTH framework offers
a concrete geometric interpretation, suggesting that winning tickets are subnetworks that present
inherent K-stickiness at the time of initialization.

A K-sticky subnetwork is characterized by its initial weights, which define a function with well-
structured, non-collapsing representation fields, indicated by low CKT−CW values across layers.
This property provides a stable geometric scaffold conducive to the learning process. The iterative
magnitude pruning (IMP) technique (Malach et al., 2020) employed to identify these winning tickets
can be reinterpreted as a search algorithm that implicitly optimizes for K-sticky subnetworks by
eliminating weights that contribute to redundant features, which are geometrically collapsed. This
connection between the empirical efficacy of LTH and the foundational principles of geometric
robustness is further substantiated by research (Liu et al., 2024b) demonstrating that winning tickets
possess robust graph-theoretic properties, such as being classified as good expanders.

E.3 REMARK 2. NATURAL GRADIENTS AND THE GEOMETRY OF THE PARAMETER SPACE

The optimization of neural networks via gradient descent is conventionally conducted within a Eu-
clidean parameter space. However, principles from information geometry indicate that the space
of model parameters (Θ) possesses a Riemannian structure characterized by the Fisher Information
Matrix (FIM), F (θ). The FIM quantifies the sensitivity of the model’s output distribution to varia-
tions in its parameters. Natural Gradient Descent (NGD) is an optimization algorithm that adheres
to the steepest descent direction on this Riemannian manifold, with updates formulated as:

θt+1 = θt − ηF (θt)
−1∇L(θt). (11)

This approach often leads to faster convergence by taking steps of equal “information” size, rather
than steps of equal size in the Euclidean parameter space.

This work introduces a complementary geometric perspective. While NGD emphasizes the intrinsic
geometry of the parameter space Θ, the proposed framework, particularly through the application
of the KT-CW regularizer, concentrates on the extrinsic geometry of the representation space Zl.
These two approaches, while related, are distinct: the parameters θ specify the function fθ, which
subsequently generates the representation field Tl. The optimization process utilizing the KT-CW
regularizer strategically directs the search within the parameter space toward regions that yield ge-
ometrically stable representations. This suggests a powerful synthesis: one could employ NGD to
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navigate the parameter manifold more effectively, while using the KT-CW regularizer to ensure the
path leads to solutions that are not only optimal with respect to the loss function but also possess
provably robust geometric properties in their representations.

E.4 PROPOSITION 2. GEOMETRIC COMPLEXITY AND PAC-BAYES GENERALIZATION
BOUNDS

The PAC-Bayes framework provides high-probability bounds on the generalization error of a ran-
domized predictor (a posterior distribution Q over hypotheses) in terms of its empirical risk and its
Kullback-Leibler (KL) divergence from a data-independent prior distribution P . A typical bound
takes the form:

R(Q) ≤ R̂(Q) +

√
KL(Q||P ) + ln(nδ )

2n
, (12)

where R(Q) is the true risk and R̂(Q) is the empirical risk. The term KL(Q||P ) serves as a mea-
sure of complexity or “information cost” for learning the posterior Q from the prior P . A central
challenge is selecting a prior P that minimizes this term while enabling Q to achieve a low empirical
risk.

The geometric complexity of a representation, as measured by the Feature Collapse Constant
CKT−CW , can be formally related to the complexity term in a PAC-Bayes bound. Specifically,
a low CKT−CW of the representation fields generated by hypotheses sampled from a posterior Q
implies a “simpler” posterior that can be described with a smaller KL divergence from a suitable
prior.

The intuition is that a K-sticky network (low CKT−CW ) produces non-redundant, geometrically
sparse representations. This structural simplicity in the representation space translates to a lower
effective complexity of the function class from which the posterior Q is drawn. A prior P can
be constructed to favor functions that produce such geometrically simple representations. Conse-
quently, a posterior Q learned by optimizing for stickiness (e.g., using the KT-CW regularizer) will
naturally remain close to this prior, resulting in a small KL(Q||P ) and a tighter generalization
bound. This proposition formalizes the connection between the geometric simplicity of learned fea-
tures and the information-theoretic simplicity required for guaranteed generalization. The full proof
for this proposition is provided in Appendix F.5.

E.5 REMARK 3. MANIFOLD STICKINESS AND ADVERSARIAL ROBUSTNESS

The manifold hypothesis asserts that high-dimensional data, such as images, reside on or near a
low-dimensional ambient space. Adversarial vulnerability can be examined through this perspec-
tive: an adversarial example is generated by a small perturbation that displaces a data point off its
manifold and across the decision boundary of a classifier. These perturbations can be dissected into
two distinct components: tangential (in-manifold) and normal (off-manifold) to the data manifold.
Research has demonstrated that perturbations normal to the manifold are often particularly effec-
tive in crafting adversarial attacks, as they tend to represent the most direct path to the decision
boundary (Lin et al., 2020; Han et al., 2023).

This work offers a compelling explanation for robustness against adversarial attacks. A K-sticky
representation refers to a learned data manifold that maintains structural stability and resists local
collapse. A high Feature Collapse Constant (CKT−CW ) indicates the existence of “geometric bot-
tlenecks,” where the manifold is excessively compressed or folded, resulting in regions that can be
considered fragile. In such areas, even minor perturbations normal to the manifold can easily navi-
gate through collapsed regions and breach the decision boundary. In contrast, a K-sticky network,
characterized by a uniformly low CKT−CW , learns a “well-behaved” manifold that lacks these crit-
ical bottlenecks. This preservation of geometric structure implies that a perturbation of a specified
magnitude in the normal direction leads to a correspondingly minor displacement on the manifold,
thereby reducing the likelihood of crossing a decision boundary. Consequently, K-stickiness serves
as a direct metric for evaluating the resilience of the learned manifold to the normal-direction per-
turbations, which are important for enhancing adversarial robustness.
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F PROOFS

F.1 PROOF FOR LEMMA 1

Statement. Fix a network layer l. Let Zl ⊂ Rdl be the set of activations and, for a scale δ ∈ (0, 1],
define the representation field Tl(δ) = {Tz : z ∈ Zl}, where each Tz is the δ-tube given by the
δ-neighbourhood of the line segment [0, z] with axis direction ξ(z) := z

∥z∥ and length ∥z∥. Fix any
intermediate scale ρ with δ ≪ ρ ≤ 1 and an angular threshold ϑ ∈ (0, 1).

Then there exists a finite family of grains G = {(Gk, vk)}Kk=1 where each Gk ⊂ Rdl is a rectangular
prism of longitudinal length ≍ 1 and cross-sectional diameter ≍ ρ, and vk ∈ Sdl−1 is its axis
direction, such that the following hold:

(i) Converge and near-disjointness: The grains are essentially disjoint and cover a positive-
measure portion of

⋃
T∈Tl(δ)

T at scale ρ (the uncovered part is a negligible boundary layer at
scale ρ).

(ii) Coherence inside grains: If a tube Tz ∈ Tl(δ) meets Gk in a longitudinal segment of length
≳ ρ, then ∠(ξ(z), vk) ≤ ϑ.

(iii) Bounded grain-incidence: Each tube Tz intersects at most Cρ−β grains, for some dimension-
dependent C, β > 0.

Define the grain cluster

Sk := {z ∈ Zl : Tz ∩Gk contains a segment of length ≥ ρ,∠ (ξ(z), vk) ≤ ϑ} . (13)

Then {Sk}Kk=1 is a data-dependent, unsupervised geometric clustering of the features at layer l: for
any z, z′ ∈ Sk,

∠ (ξ(z), ξ (z′)) ≤ 2ϑ, diam ({x ∈ Tz ∩Gk} ∪ {x′ ∈ Tz′ ∩Gk}) ≲ ρ, (14)

so members of a cluster are co-linear (directionally coherent) and spatially proximate at scale ρ.
Moreover, each grain admits a canonical meta-feature summary (e.g., the principal axis vk together
with a robust centroid of {z : z ∈ Sk}), yielding a non-parametric, data-dependent “meta-feature”
for layer l.

Proof. For a unit vector u, write ∠ (u, u′) for the geodesic angle on Sdl−1. For a rectangular prism G
with axis v, we call longitudinal any direction within an angle ≤ ϑ of v and transverse the orthogonal
directions. Constants implicit in ≲, ≍ depend only on the ambient dimension and harmless absolute
choices.

Recent advances in the Kakeya conjecture demonstrate that tube configurations can be decomposed
at an intermediate scale ρ into grains, which are rectangular prisms of transverse thickness ∼ ρ and
unit-scale length, obeying coverage, near-disjointness, and incidence properties. Concretely, for a set
of δ-tubes obeying quantitative Wolff-type non-clustering hypotheses, one can construct a two-scale
(“δ ≪ ρ”) grains decomposition with properties (i)-(iii) above and further quantitative regularity, see
Wang & Zahl (2025)’s structural decomposition and its exposition (the “maximal grains”/two-scale
grain structure) and standard summaries of the grains toolkit. For didactic statements of the typi-
cal properties (near-jointness, almost-full coverage, and bounds on tube-grain incidences), see also
Fisher (2018) on polynomial/grain decompositions. We then obtain G = {(Gk, vk)}Kk=1 satisfying
(i)-(iii).

Define a measurable assignment map a : Zl → {1, . . . ,K} ∪ {∅} by:

(i) a(z) = k if Tz intersects Gk in a longitudinal segment of length ≥ cρ and ∠ (ξ(z), vk) ≤ ϑ.
(ii) If multiple grains satisfy this, choose any fixed tie-breaker (e.g., lexicographic on k or the grain

with maximal intersection length).
(iii) If no grain qualifies, set a(z) = ∅.

Define clusters Sk := a−1(k). By construction, the clusters use no labels and depend only on {Tz}
and the geometric parameters (δ, ρ, ϑ), i.e., an unsupervised, data-dependent rule.
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If z, z′ ∈ Sk, then ∠ (ξ(z), vk) ≤ ϑ and ∠ (ξ (z′) , vk) ≤ ϑ. By the triangle inequality on Sdl−1,

∠ (ξ(z), ξ (z′)) ≤ ∠ (ξ(z), vk) + ∠ (vk, ξ (z
′)) ≤ 2ϑ. (15)

Thus the set {ξ(z) : z ∈ Sk} lies in a spherical cap of radius 2ϑ. This formalizes co-linearity (di-
rectional coherence) claimed in the lemma.

Because Tz ∩ Gk contains a longitudinal segment of length ≳ ρ and Gk has transverse diameter
≍ ρ, the axial lines of Tz and Tz′ both pass through a common ρ-ball inside Gk. Therefore, any
points x ∈ Tz ∩Gk, x′ ∈ Tz′ ∩Gk satisfy ∥x− x′∥ ≲ ρ, establishing spatial proximity within each
cluster.

Formally, write Gk =
{
x : |⟨x− ck, vk⟩| ≤ L/2,

∥∥∥Pv⊥
k
(x− ck)

∥∥∥ ≤ Cρ
}

. If Tz ∩ Gk contains a
longitudinal segment of length ≥ cρ with ∠ (ξ(z), vk) ≤ ϑ, then there exists a parameter t with
|t| ≤ C ′ρ such that ck + tvk ∈ Tz (up to O(δ) which is negligible since δ ≪ ρ ). The same holds
for z′. Hence, both tubes meet a common ρ-neighborhood of ck, giving the desired bound.

By property (iii), each tube meets at most Cρ−β grains. Our tie-breaking ensures that a is single-
valued, except on a negligible boundary set (where intersection lengths are equal up to lower-order
errors). Thus, almost every z with Tz entering the ρ-interior of

⋃
k Gk is assigned to exactly one

cluster. Property (i) ensures that the unassigned activations (tubes only grazing grain boundaries)
form a set whose contribution vanishes as the grain boundary thickness is shrunk at fixed ρ.

Consider the following threshold-based clustering objective at scale ρ and angle ϑ:

Find a partition Zl =
⊔

k Sk and representatives:

(vk, ck) s.t.

{
∠ (ξ(z), vk) ≤ ϑ ∀z ∈ Sk,

dist (Tz, the lineck + Rvk) ≲(⋆)
ρ ∀z ∈ Sk.

(16)

The grains construction produces such a partition and representatives ( vk, ck ) (the grain axis and
center), hence it is a valid solution to ( ⋆ ). Conversely, any solution to ( ⋆ ) induces a cover by
rectangular prisms of longitudinal length ≍ 1 and transverse diameter ≍ ρ around the lines ck+Rvk,
i.e., a grains-like cover at scale ρ. Therefore, grains decomposition ⇐⇒ geometric clustering at scale
ρ in the precise thresholded sense of ( ⋆ ). (This is the standard interpretation of grains as a structural
partition capturing directional and spatial coherence; see Wang & Zahl (2025)).

For each grain cluster Sk, define a meta-feature as any measurable summary functional that depends
only on the cluster’s geometry; two canonical choices are:

(i) The principal direction uk ∈ Sdi−1 solving uk = argminu∈Sdl−1

∑
z∈Sk

∠(ξ(z), u)2 (first
principal component on the sphere).

(ii) An aggregate endpoint mk := 1
|Sk|

∑
z∈Sk

z or a robust median/trimmed mean.

By previous steps, {ξ(z) : z ∈ Sk} lies in a spherical cap of radius 2ϑ, so uk is well-defined and
satisfies ∠ (uk, vk) ≤ 2ϑ. By Step 4, the tube axes pass through a common ρ-neighborhood, so mk

is stable at scale ρ. Thus, each grain admits a stable, data-dependent meta-feature that summarizes a
coherent motif of layer-l activations (direction and location/scale). This matches the qualitative role
of grains as “structure packets” in the modern Kakeya theory (rectangular cells within which tubes
are well-aligned and well-localized) now instantiated on Tl(δ). This completed the proof. ■

F.2 PROOF FOR THEOREM 1

Statement. Let f = fL ◦ · · · ◦ f1 : X → RdL be a (piecewise C1 ) hierarchical representation. For
each layer l, let Zl =

{
z
(l)
i

}
⊂ Rdl be the set of activations produced by a fixed dataset D ⊂ X , and

for a scale δ ∈ (0, 1] define the representation field Tl(δ) = {Tz : z ∈ Zl} where Tz is the δ-tube
around the segment [0, z] with axis ξ(z) = z

∥z∥ . Assume there exists K ≥ 1 such that each Tl(δ)
satisfies the Katz-Tao convex Wolff axiom with constant CKT−CW (Tl(δ)) ≤ K (uniformly in l ).
Let V be a class of C1 input deformations acting by flows (νs)s∈[0,1] generated by bounded vector
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fields V (i.e., d
dsνs(x) = V (νs(x)), with ∥V ∥∞ ≤ 1 ), and define

distV(ν) := inf

{∫ 1

0

∥V ∥∞ds : ν1 = ν, ν0 = id

}
. (17)

Then there exists a monotone increasing function g : [1,∞) → (0,∞) (depending only on fixed
layerwise Lipschitz budgets and the choice of δ ) such that

∥f(ν(x))− f(x)∥ ≤ g(K) distV(ν) for all x ∈ D, ν ∈ V. (18)

Equivalently, the Lipschitz constant against V satisfies LV(f) ≤ g(K).

Proof4. By the convex Wolff axioms with constant K, any collection of δ-tubes obeys quantitative
non-clustering constraints (at all intermediate scales ρ): not too many tubes can lie inside any convex
set W , and not too many near any low-degree algebraic variety. From these axioms one obtains a
two-scale grains decomposition: a cover by rectangular “grains” G of longitudinal size ≍ 1 and
transverse diameter ≍ ρ, which are essentially disjoint, count almost all tube mass, and are met
by any single tube only O

(
ρ−β

)
times (for some β > 0). Moreover, tube families satisfying the

axioms enjoy volume lower bounds for their unions at all scales (the Kakeya-type “Assertion D/E”
estimates): unions cannot concentrate into sets much smaller than what the axioms allow. These
facts are standard outcomes of the modern Kakeya machinery (Wolff axioms → grains → volume
lower bounds). For recent expositions emphasizing the role of grains and the Katz-Tao convex Wolff
axioms, see Katz & Tao (2000) and surveys following Wang & Zahl (2022). For the “sticky” regime
and self-similar structure that underlies sharp volume bounds, see Wang & Zahl (2025) and follow-
ups. We will only use two quantitative consequences at each layer l from the Kakeya conjecture:

(i) Bounded tube occupancy in convex sets: For every convex W ⊂ Rdi ,

# {T ∈ Tl(δ) : T ⊂ W} ≤ K · Φl(W, δ), (19)

where Φl(W, δ) is the model-dependent scale factor comparable to |W |δ1−dl for standard tube
families. Intuitively, no small convex region can contain too many tubes.

(ii) Grains: For each intermediate ρ with δ ≪ ρ ≤ 1, there is a grains cover {G} with: (a) near-
disjointness up to boundary; (b) almost full-converage of

⋃
Tl(δ); (c) each tube meets O(ρ−β)

grains; and (d) inside a grain, intersecting tubes are directionally coherent, where the axes lie
in a spherical cap of radius O(1).

Fix a differentiable map F : Rd → Rd′
and a δ-tube T with axis direction u. Let JF (x) denote the

Jacobian. For x in the core of T and for small h > 0,

F (x+ hu)− F (x)

h
= JF (x)u+ o(1). (20)

Thus, on each short axial segment of T, F maps that segment to a segment of direction close to
JF (x)u

∥JF (x)u∥ , within a transverse error ≲ ∥JF ∥Lip h2. Consequently, for δ sufficiently small and F

locally Lipschitz, the image F (T ) is contained in a δ′-tube T ′ whose axis is u′ := JF (x̄)u
∥JF (x̄)u∥ for

some x̄ on the axis of T , with

δ′ ≲ ∥JF ∥∞ δ, len (T ′) ≍ ∥JF (x̄)u∥ len(T ) (21)

For piecewise C1 networks, the above holds on each smooth patch. By Rademacher’s theorem,
almost every point is differentiable, so the conclusion holds for almost all tubes. We refer to this
as the tube push-forward under F . Intuition is that the Jacobian pushes forward the axis direction;
cross-section scales by ∥JF ∥∞. This is the standard differential-geometric approximation used in
all wave-packet/tube arguments underlying Kakeya and restriction theory. Apply this to F = fl
acting on Tl−1(δ) to obtain a family T im

l of δ′-tubes contained in Tl (δ′) (modulo O (δ′) boundary
error).

4Throughout this proof, constants implicit in ≲,≳,≍ depend only on the ambient dimensions and on the
fixed scale regime δ ≪ ρ ≤ 1.
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Fix a layer l. Let x ∈ D and let u be a unit direction in input to this layer (i.e., a direction in Rdl−1

). Consider a short axial segment of length h in the pre-image representation (a micro-tube), and
push it through fl. By Equation (21), its image is contained in a δ′-tube T ′ whose axial length is
≍ ∥Jfi(x)u∥h.

Suppose, for contradiction, that for a positive-density set of (x, u), one has a large directional gain:

∥Jfl(x)u∥ ≥ A, (22)

with A ≫ 1. Form a finite family U of such input micro-tubes, arranged in parallel stacks indexed
by x and u, with disjoint interiors in the domain (standard Vitali selection). Pushing them forward
yields a family U ′ of output δ′-tubes whose axes are confined to small spherical caps because u was
fixed in each stack and Jfl varies slowly on the small input segments, and whose lengths are ≳ Ah.

Now place a convex capturing set W in the output layer: let W be a rectangular prism of longitudinal
size ≍ Ah aligned with the common output axis and of transverse diameter Cδ′. By construction,
each tube T ′ ∈ U ′ from a given stack is contained in W (up to negligible edge effects). Hence, for
each such stack,

# {T ′ ∈ U ′ : T ′ ⊂ W} ≍ #{ input micro-tubes in the stack }. (23)

Choosing enough stacks (still within a region of controlled size) produces many output tubes con-
tained in the same convex W . By property (i) (Equation (19)), this cannot exceed K · Φl (W, δ′),
i.e.,

# {T ′ ⊂ W} ≤ K · Φl (W, δ′) ≍ K · |W |
(δ′)

dl−1
≍ K · (Ah) (Cδ′)

dl−1

(δ′)
dl−1

≍ K ·Ah. (24)

But the left-hand side scales like the number of selected micro-tubes, which we can make ≫ K ·
Ah by (a) taking a dense enough Vitali packing in input, (b) using the fact that A is fixed while
the number of disjoint micro-tubes in a fixed region can be taken arbitrarily large as δ ↓ 0. This
contradiction shows that Equation (24) cannot hold with arbitrarily large A. Therefore, there exists
a layerwise bound:

∥Jfl(x)u∥ ≤ cl(K) for a.e. x and all unit u, (25)

where cl(K) is a monotone increasing function of K that depends only on fixed scale budgets and
local regularity.

Remark 4 (Counting vs. Volume). If directional amplification were too large on many micro-
tubes, their images would create too many tubes inside one convex box, violating the convex Wolff
occupancy bound. This is the same logic that produces quantitative volume lower bounds for unions
of tubes from Wolff-type axioms and the grains structure. Directional coherence inside grains (ii) is
used implicitly to align the output axes so that a single convex W captures many tubes; the Vitali
selection and two-scale control are standard in grains-based arguments. Hence, each layer fl is
uniformly Lipschitz on the data manifold in all directions, with

∥Jfl(x)∥op ≤ cl(K) a.e. x. (26)

Let (νs)s∈[0,1] ⊂ V be a deformation flow with generator V (∥V ∥∞ ≤ 1). Define the layer-l trajec-
tory

zl(s) := fl ◦ fl−1 ◦ · · · ◦ f1 (νs(x)) ∈ Rdl . (27)

By the chain rule and Rademacher’s theorem (applied a.e. in s),

d

ds
zl(s) = Jfl (zl−1(s)) · · · Jf1 (νs(x))V (νs(x)) . (28)

Using Equation (26) layerwise,∥∥∥∥ d

ds
zL(s)

∥∥∥∥ ≤
L∏

l=1

cl(K) · ∥V ∥∞ ≤

(
L∏

l=1

cl(K)

)
(29)
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Integrating from s = 0 to 1 yields

∥f(ν(x))− f(x)∥ ≤

(
L∏

l=1

cl(K)

)
·
∫ 1

0

∥V ∥∞ds. (30)

Taking the infimum over all generating flows of τ gives

∥f(ν(x))− f(x)∥ ≤ g(K) distV(ν), g(K) :=

L∏
l=1

cl(K), (31)

and g is monotone increasing in K because each cl is. This completed the proof. ■

F.3 PROOF FOR THEOREM 2

Statement. Let there be M modalities with inputs x(m) ∈ X (m) and encoders g(m) = g
(m)
Lm

◦ · · · ◦
g
(m)
1 . Let a fusion network h = hL ◦ · · · ◦ h1 map the concatenated (or otherwise fused) hidden

states to the task output, and denote the overall representation by

f
(
x(1), . . . , x(M)

)
= (hL ◦ · · · ◦ h1)

(
g(1)

(
x(1)

)
, . . . , g(M)

(
x(M)

))
. (32)

At layer ℓ, for each modality m let Z(m)
ℓ ⊂ Rd

(m)
ℓ

ℓ be the set of activations on a fixed dataset D, and
define the per-modality representation field

T (m)
ℓ (δ) =

{
Tz : z ∈ Z

(m)
ℓ

}
, Tz = the δ-tube around [0, z], axis ξ(z) =

z

∥z∥
. (33)

Let Zℓ, joint denote the joint embedding at layer ℓ after fusion at that depth, and define the joint
representation field

Tℓ,joint(δ) =
M⋃

m=1

ιm

(
T (m)
ℓ (δ)

)
, (34)

where Lm embeds modality- m tubes into the joint space.

Assume multimodal K-stickiness: for every ℓ,

CKT−CW

(
T (m)
ℓ (δ)

)
≤ K ∀m, Calign (Tℓ, joint (δ)) ≤ K. (35)

Here, CKT−CW is a Katz-Tao convex Wolff-type non-clustering constant (occupancy bound in con-
vex sets), and Calign is a cross-modal alignment constant that controls the variance across modalities
of tube occupancy inside any convex set in the joint space (well-mixed modalities).

Let V be a class of input deformations acting independently on each modality via flows ν(m)
s gener-

ated by bounded vector fields V (m) (with
∥∥V (m)

∥∥
∞ ≤ 1 ), and equip X (1) × · · · × X (M) with the

modal deformation distance

distV(ν) :=

M∑
m=1

inf

{∫ 1

0

∥∥∥V (m)
s

∥∥∥
∞

ds : ν
(m)
1 = ν(m), ν

(m)
0 = id

}
. (36)

Claim. There exist monotone increasing functions g1, g2 : [1,∞) → (0,∞) depending only on
fixed layerwise regularity and the scale regime δ ≪ ρ ≤ 1 such that:

(i) Lipschitz stability to deformations: For all ν ∈ V and x ∈ D,

∥f(ν(x))− f(x)∥ ≤ g1(K) distV(ν). (37)
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(ii) Controlled degradation under modality drop: For any subset S ⊂ {1, . . . ,M}, define dropS
that replaces x(m) by a fixed null anchor x

(m)
∅ for m ∈ S and leaves other modalities un-

changed. Then,

∥f (dropS(x))− f(x)∥ ≤ g2(K)
|S|
M

, (38)

with the fraction |S|
M written w.r.t. the modal deformation distance (i.e., each dropped modality

contributes unit path length from x(m) to x
(m)
∅ ). If one prefers a different path length for each

modality, the factor scales accordingly.

Proof. From CKT−CW

(
T (m)
ℓ

)
≤ K we have (per modality, per layer) the standard convex

occupancy bound: no convex set W ⊂ Rd
(m)
ℓ can contain more than OK

(
Φ

(m)
ℓ (W, δ)

)
tubes

(here, Φ is the model scale factor comparable to |W |δ1−d
(m)
ℓ

)
. Moreover, for each intermediate

scale ρ with δ ≪ ρ ≤ 1, one obtains a two-scale grains decomposition: a near-disjoint cover
by rectangular grains G of transverse diameter ≍ ρ and longitudinal size ≍ 1, meeting the usual
properties-almost full coverage of

⋃
T , bounded tube-grain incidences, and directional coherence

inside grains. These are the workhorses of the modern Kakeya machinery (Wolff axioms ⇒ grains
⇒ volume/occupancy control). The cross-modal alignment bound Calign (Tℓ, joint ) ≤ K adds: for
every convex W ⊂ Zℓ, joint , if we denote by Nm(W ) the number or soft count of modality- m tubes
whose ρ-length core lies in W , then the normalized variance across modalities satisfies

Varm [Nm(W )] ≤ K ·Ψℓ(W, δ), (39)

for an appropriate scale factor Ψℓ (one may equivalently impose a bounded modality imbalance
maxm Nm(W ) − minm Nm(W ) ≲ KΨℓ). Intuitively, a single modality can dominate no convex
joint-space cell, nor can the modalities be highly uneven there, a quantitative “well-mixed” condi-
tion.

As in the single-modal case, by Rademacher’s theorem and the chain rule, each (piecewise C1) layer
acts on a short axial segment as an affine map with a Jacobian given by the local differential. Thus,
a δ-tube is mapped into a δ′-tube whose axis direction is the push-forward of the original axis by
the Jacobian, with δ′ ≲ ∥J∥∞δ and axial length scaled by ∥Ju∥ for the local direction u. This “ube
push-forward lemma” is standard in wave-packet/tube arguments underpinning Kakeya-restriction
theory. For a fusion layer hℓ acting on the concatenated state

(
z(1), . . . , z(M)

)
, write its Jacobian as

blocks

Jhℓ
=
[
J
(1)
ℓ · · · J

(M)
ℓ

]
, J

(m)
ℓ =

∂hℓ

∂z(m)
. (40)

Under push-forward, a collection of per-modality micro-tubes with directions u(m) maps to joint-
space micro-tubes with axial direction proportional to

∑
m J

(m)
ℓ u(m).

Fix a modality m and layer ℓ. Suppose, toward contradiction, that there is a positive-density set of
points/directions

(
x(m), u(m)

)
with large directional gain∥∥∥J (m)

ℓ (x)u(m)
∥∥∥ ≥ A (A ≫ 1). (41)

Select a Vitali family of disjoint input micro-tubes in modality m realizing Equation (41), and push
them through to the ℓ-th joint space. As in the single-modal proof, choose a convex capturing prism
W aligned with the common output direction so that all images of those micro-tubes lie in W . For
each fixed stack of parallel micro-tubes, the number of output tubes contained in W is ≍ the number
of input micro-tubes in the stack; by taking enough stacks (keeping the total domain bounded), the
count inside W becomes ≫ K , A times the scale allowance.

But the modality-m occupancy in any convex set in its own space is bounded by
CKT−CW

(
T (m)
ℓ

)
≤ K, and this pushes forward to a comparable bound in the joint space. Hence,
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we contradict the convex occupancy bound once we exceed K · Φℓ (W, δ′). Therefore, for a.e.
location and all unit directions, ∥∥∥J (m)

ℓ (x)
∥∥∥
op

≤ cℓ,m(K). (42)

Grains are used to ensure alignment so that a single W captures many images; convex occupancy
from the Wolff-type axiom supplies the contradiction. Now, let several modalities vary simultane-
ously. Consider a block unit vector u =

(
u(1), . . . , u(M)

)
and the corresponding output direction

w :=

M∑
m=1

J
(m)
ℓ (x)u(m). (43)

Assume ∥w∥ ≥ B with B ≫ 1. Repeat the Vitali construction, but now choose micro-tubes in
each modality in the specified direction u(m), with comparable counts across modalities (this can
be arranged by sub-selection). Push forward through hℓ. Because each block gain is ≤ cℓ,m(K)
by Equation (42), we cannot make a contradiction if only one modality contributes; but a large ∥w∥
means several blocks add coherently.

Place a capturing convex prism W ⊂ Zℓ, joint aligned with w. Then:

(i) If one modality dominates the occupancy Nm(W ), we contradict its own convex-occupancy
bound.

(ii) If many modalities contribute comparably, then Nm(W ) are all large and of similar size.
Summing across m gives a total inside W that for sufficiently many stacks exceeds M · K ·
Φℓ (W, δ′), contradicting the collection of per-modality Wolff bounds.

(iii) Finally, if one attempts to avoid these by making Nm(W ) very unequal, the alignment bound
Calign (Tℓ,joint) ≤ K forbids a large modality imbalance inside a single convex cell: the variance
Varm [Nm(W )] cannot be arbitrarily big at fixed total. Thus, any configuration that would
realize ∥w∥ ≫ 1 at scale ρ forces either (a) per-modality over-occupancy, or (b) cross-modal
imbalance, both ruled out by Equation (35).

Hence, there exists a constant cjoint
l (K) such that∥∥∥∥∥

M∑
m=1

J
(m)
ℓ (x)u(m)

∥∥∥∥∥ ≤ cjoint
ℓ (K) for all block unit u. (44)

In particular, taking the block norm ∥u∥blk :=
∑

m

∥∥u(m)
∥∥ (compatible with our deformation dis-

tance) yields the operator bound

∥Jhℓ
(x)∥blk→2 ≤ cjoint

ℓ (K) (45)

This is where the cross-modal alignment is used critically; the logic is the same counting-versus-
occupancy contradiction that underlies grains and volume lower bounds in Kakeya theory, now
applied to the joint field and the vector sum of block derivatives.

Let the full multimodal flow be νs(x) =
(
ν
(1)
s

(
x(1)

)
, . . . , ν

(M)
s

(
x(M)

))
with generators

V (m)(
∥∥V (m)

∥∥
∞ ≤ 1 ). Define the trajectory through the network at depth j:

zj(s) = Hj ◦Hj−1 ◦ · · · ◦H1 (νs(x)) , (46)

where each Hj is either a per-modality encoder layer g(m)
j or a fusion layer hj . By the chain rule,

for a.e. s,

d

ds
zj(s) = JHj

(zj−1(s))
d

ds
zj−1(s). (47)
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At per-modality layers g(m)
j , the operator norm of JHj

on that block is bounded by cj,m(K) from
Equation (42). At fusion layers hj , the block-to-Euclidean operator norm is bounded by cjoint

j (K)
from Equation (44). Therefore,∥∥∥∥ d

ds
zL(s)

∥∥∥∥ ≤

 ∏
j∈ enc

cj,m(j)(K)

 ∏
j∈ fuse

cjoint
j (K)

 ·
M∑

m=1

∥∥∥V (m)
s

∥∥∥
∞

. (48)

Integrating in s and minimizing over admissible generators
{
V

(m)
s

}
gives

∥f(ν(x))− f(x)∥ ≤

 ∏
j∈ enc

cj,m(j)(K)

 ∏
j∈fuse

cjoint
j (K)


︸ ︷︷ ︸

=:g1(K)

· distV(ν). (49)

The product g1(K) is monotone increasing in K because each of its factors is.

Fix S ⊂ {1, . . . ,M}. Define a path that attenuates the modalities in S:

νs(x) =
(
. . . , x(m)

s , . . .
)
, x(m)

s =

{
(1− s)x(m) + sx

(m)
∅ , m ∈ S,

x(m), m /∈ S,
, (50)

for s ∈ [0, 1]. A unit-bounded vector field generates each attenuated modality, so
∫ 1

0

∥∥∥V (m)
s

∥∥∥
∞

ds ≤
1 for m ∈ S and 0 otherwise; hence, distV(ν) = |S| in our modal metric. Applying claim (i) with
this ν yields

∥f (dropS(x))− f(x)∥ ≤ g1(K)|S|. (51)

Renormalizing by M or, equivalently, defining the modal distance as the average per-modality path
length gives the stated form with g2(K) = g1(K):

∥f (dropS(x))− f(x)∥ ≤ g2(K)
|S|
M

. (52)

If a different per-modality path length is used, the right-hand side scales linearly with that choice.
This completed the proof. ■

F.4 PROOF FOR PROPOSITION 1

Statement. Fix a layer l with finite tube family T = {Tz : z ∈ Zl} in Rd (each Tz is the δ-tube
around the segment [0, z]). Let W be a compact, parameterized family of convex test-sets (e.g.,
slabs/boxes/ellipsoids) with parameter θ ∈ Θ (compact), and let A(θ, δ) ≍ |Wθ| δ1−d be the usual
Kakeya scale normalizer (any equivalent normalizer is fine). The discrete KT-CW occupancy func-
tional at layer l is

CKT−CW(T ) := sup
θ⊂Θ

N(θ; T )

A(θ, δ)
, N(θ; T ) :=

∑
T⊂T

1 {T ⊂ Wθ} , (53)

which matches the convex-occupancy form used in Wolff/Katz-Tao style axioms (up to constants).
For ε > 0 choose a smooth, monotone upper envelope ϕε : R → (0, 1] of the Heaviside step
H(t) = 1{t ≥ 0} built by mollification: there exists ϕε ∈ C∞ with

ϕε(t) ↘ H(t) (ε ↓ 0), ϕε(t) ≥ H(t) for all t. (54)

Let d (T,W c) be the signed clearance of tube T from the complement of W :

d (T,W c) := inf
x⊂T

(dist (x,W c)) , so d (T,W c) ≥ 0 ⇐⇒ T ⊂ W. (55)
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Define the soft occupancy and its normalized score:

Nε(θ; T ) :=
∑
T∈T

ϕε (d (T,W
c
θ )) , Sε(θ; T ) :=

Nε(θ; T )

A(θ, δ)
(56)

Define the population regularizer and the sampled (training) regularizer:

Rε(T ) := sup
θ∈Θ

Sε(θ; T ), Lε,τ,l(T ) := LSEτ (Sε (θ1; T ) , . . . , Sε (θJ ; T )) , (57)

where θ1, . . . , θJ
i.i.d.∼ P with a density that is strictly positive on Θ, and LSEτ (a1, . . . , aJ) =

τ log
(∑J

j=1 e
aj/τ

)
is the log-sum-exp (soft-max) with temperature τ > 0 (a standard smooth

approximation of max with tight additive error ≤ τ log J).

Claim. For the above objects, the following hold.

(i) Upper bound and consistency: For all ε > 0,

CKT−CW(T ) ≤ Rε(T ), and Rε(T ) ↓ CKT−CW(T )(ε ↓ 0). (58)

Moreover, for any sequence J → ∞ and τ = τJ ↓ 0,

Lε,τJ ,J(T )
a.s.−−−−→

J→∞
Rε(T ), (59)

and finite-J deviations satisfy exponential tails of Hoeffding type.

(ii) Differentiability/backprop: For any fixed ε, τ > 0, the map z 7→ Lε,τ,J(T ) is locally Lip-
schitz and hence differentiable a.e.; with the mollified ϕε it is C∞ away from measure-zero
tube-boundary coincidences. Consequently, ∇zLε,τ,J exists a.e. and propagates through the
network by the chain rule (Rademacher).

(iii) Training-direction correctness:

Minimizing Lε,τ,J provably reduces an upper bound on CKT−CW(T ):

CKT−CW(T ) ≤ Rε(T ) ≤ Lε,τ,J(T ), (60)

up to the standard soft-max slack ≤ τ log J when the maximizer is among the samples, and in the
limit J → ∞, τ ↓ 0 the inequality becomes exact. Using Theorem 1 (already proved), decreasing
Lε,τ,J decreases an explicit upper bound on the representation-Lipschitz constant g(K).

Proof. By standard mollifier theory, convolving the indicator of a half-line with a compactly sup-
ported C∞ bump yields a smooth approximation that majorizes the indicator and converges to it
pointwise from above as ε ↓ 0. Take Hε := H(· − ε) ∗ ηε with ηε a standard mollifier. This gives
claim (ii); details are classical.

We also use two elementary facts about log-sum-exp: for any a1, . . . , aJ ,

max
j

aj ≤ LSEτ (a1, . . . , aJ) ≤ max
j

aj + τ log J, (61)

and LSEτ → max as τ ↓ 0. Standard convex analysis folklore, for instance, Boyd-Vandenberghe.
Finally, d (T,W c) is 1-Lipschitz in the tube geometry and by convexity of W is differentiable almost
everywhere; composing with ϕε preserves Lipschitz continuity and a.e. differentiability.

Fix ε > 0, θ, and a tube T . If T ⊂ Wθ then d (T,W c
θ ) ≥ 0 and ϕε (d (T,W

c
θ )) ≥ 1. If T ⊈ Wθ

then H(d(·)) = 0 ≤ ϕε. Therefore,

1 {T ⊂ Wθ} ≤ ϕε (d (T,W
c
θ )) ⇒ N(θ; T ) ≤ Nε(θ; T ). (62)

Dividing by A(θ, δ) and taking the supremum in θ yields the first inequality in Equation (58):

CKT−CW(T ) ≤ sup
θ

Nε(θ; T )

A(θ, δ)
= Rε(T ). (63)

31



1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715
1716
1717
1718
1719
1720
1721
1722
1723
1724
1725
1726
1727

Under review as a conference paper at ICLR 2026

For each fixed θ, ϕε (d (T,W
c
θ )) ↓ 1 {T ⊂ Wθ} pointwise in ε. Because T is finite, Nε(θ; T ) ↓

N(θ; T ) and thus Sε(θ; T ) ↓ S0(θ; T ). Taking suprema over θ preserves the monotone limit:

Rε(T ) = sup
θ

Sε(θ; T ) ↓ sup
θ

S0(θ; T ) = CKT−CW(T ). (64)

Let gε(θ) := Sε(θ; T ). By construction, gε is continuous on compact Θ (composition of continuous
maps; the only potential nonsmoothness in d(·) is removed by ϕε ∈ C∞). For i.i.d. θ1, . . . , θJ ∼ P
with a density bounded below on Θ, the sample maximum max1≤j≤J gε (θj) converges almost
surely to supθ⊂Θ gε(θ) (extreme-value consistency under full-support sampling; one way is to cover
Θ by finitely many balls where gε is within η of its sup, and use Borel-Cantelli). Using Equation
(61), for any τJ ↓ 0,

max
j

gε (θj) ≤ Lε,τJ ,J ≤ max
j

gε (θj) + τJ log J, (65)

whence Lε,τJ ,J → supΘ gε = Rε almost surely as J → ∞ and τJ ↓ 0. A finite-J deviation bound
follows by Hoeffding-type concentration for bounded variables: for any fixed τ , exp (Sε/τ) ∈[
1, e1/τ

]
is bounded. Hence, the empirical average inside LSE has sub-Gaussian tails, yielding

exponential concentration of Lε,τ,J around LSEτ (Eθ [Sε(θ)] , . . . ). See standard Hoeffding/DV
bounds. This proved claim (i).

For fixed ε > 0, ϕε is C∞ and Lipschitz. The signed clearance d (T,W c) is a 1-Lipschitz, semi-
convex function of the tube geometry, and for convex W it is differentiable almost everywhere
(Rademacher). Therefore, T 7→ ϕε (d (T,W

c)) is locally Lipschitz and differentiable a.e.; finite
sums preserve these properties, and composition with LSEτ (smooth for τ > 0 ) preserves differen-
tiability. Hence, z 7→ Lε,τ,J is locally Lipschitz and differentiable a.e., so gradients exist a.e. and
flow to network parameters by the chain rule. This proved claim (ii).

Remark 5 (Explicit Gradient Form). Writing αj :=
exp(Sc(θj)/τ)∑
k exp(Sc(θk)/τ)

(softmax weights), we have

∇zLε,τ,J =

j∑
j=1

αj∇zSε (θj) , ∇zSε(θ) =
1

A(θ, δ)

∑
T=Tz

ϕ′
ε (d (T,W

c
θ ))∇zd (T,W

c
θ ) , (66)

and ∇zd(·) is a (sub)gradient determined by the nearest boundary point of W c
θ ; standard AD

frameworks handle this once d is implemented via smooth proxies (e.g., signed distance to
slabs/ellipsoids/boxes, which are C∞ away from corners).

From Equations (62-63), we have CKT−CW ≤ Rε. From Equation (61), we have Rε ≤ Lε,τ,J

whenever the maximizing θ⋆ is among the J samples; in general,

max
j

Sε (θj) ≤ Lε,τ,J ≤ max
j

Sε (θj) + τ log J ≤ Rε(T ) + τ log J, (67)

and maxj Sε (θj) approaches Rε almost surely as J → ∞ (Equation (65)). Therefore, for any fixed
J, τ ,

CKT−CW(T ) ≤ Rε(T ) ≤ E [Lε,τ,J(T )] , (68)

up to the standard τ log J slack (tight and controllable), and in the limit J → ∞, τ ↓ 0, ε ↓ 0,

Lε,τ,J(T ) −→ CKT−CW(T ) a.s. (69)

Thus, minimizing Lε,τ,J (with small ε, τ and sufficiently rich sampling) monotonically reduces an
upper bound on the discrete KT-CW constant itself. Combining the single- and multimodal Sticky
Representation Theorems proved earlier, this directly yields a decrease in the Lipschitz bound g(K),
which certifies robustness. This completed the proof. ■

F.5 PROOF FOR PROPOSITION 2

Statement. Let f : X → Rd be the learned representation and g : Rd → {−1,+1} a 1-Lipschitz
readout (e.g., linear classifier with unit norm; any Lipschitz link only changes constants). Write
F := g ◦ f . Assume single-/multimodal K-stickiness holds layer-wise, so by the Sticky Represen-
tation Theorem, there is a monotone g(K) with

∥f(ν(x))− f(x)∥ ≤ g(K)dV(ν) for all admissible input deformations ν. (70)
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Fix a training sample S = {(xi, yi)}mi=1 and a margin γ > 0 at the representation level:

γ̂ := min
i≤m

yi ⟨w, f (xi)⟩ ≥ γ (∥w∥2 ≤ 1) , (71)

so the empirical γ-margin loss L̂γ(F ) := 1
m

∑
i 1 {yi ⟨w, f (xi)⟩ ≤ γ} = 0 (the general case

L̂γ(F ) > 0 is handled below by keeping this term).

Let V be a normed class of small deformations (e.g., L2 spatial flows, time-warps, token jitters),
and let Q be a posterior distribution on V with Eν∼Q [dV(ν)] < ∞. Consider the Gibbs classifier
randomized by deformations

Hν(x) = F (ν(x)), ν ∼ Q, (72)

with a data-independent prior P on V having full support. Then, with probability at least 1− δ over
the draw of S, the true risk of the Gibbs classifier satisfies

L(Q) ≤ L̂γ(F ) + Pr
ν∼Q

(
dV(ν) >

γ

g(K)

)
︸ ︷︷ ︸

Lipschitz-margin tail

+

√√√√KL(Q∥P ) + ln
(

2
√
m

δ

)
2(m− 1)

. (73)

In particular, if Q is centered sub-Gaussian over V with scale σ (e.g., Gaussian deformations), then

PrQ

(
dV(ν) >

γ

g(K)

)
≤ C1 exp

(
−C2

γ2

g(K)2σ2

)
, (74)

and for Gaussian Q = N
(
0, σ2Idr

)
, P = N

(
0, σ2

0Idr

)
,

KL(Q∥P ) =
dr
2

(
σ2

σ2
0

− ln
σ2

σ2
0

− 1

)
. (75)

Thus, the bound (3) is explicit in the geometric complexity g(K) via the margin-tail Equation (73)
and balances with the PAC-Bayes complexity via Equation (75).

Proof. By Equation (70) and the 1-Lipschitz readout g,

|⟨w, f(τ(x))⟩ − ⟨w, f(x)⟩| ≤ ∥w∥2∥f(τ(x))− f(x)∥ ≤ g(K)dV(ν). (76)

Hence, for any training pair (x, y) with margin at least γ in Equation (71), the sign cannot flip under
any deformation τ such that dV(ν) ≤ γ/g(K):

y⟨w, f(ν(x))⟩ ≥ y⟨w, f(x)⟩ − g(K)dV(ν) ≥ γ − g(K)dV(ν) > 0. (77)

Therefore, on the sample S,

L̂ (Hν) :=
1

m

m∑
i=1

1 {Hν (xi) ̸= yi} ≤ L̂γ(F ) + 1

{
dV(ν) >

γ

g(K)

}
. (78)

Taking expectation over ν ∼ Q gives the empirical Gibbs risk:

L̂(Q) := Eν∼QL̂ (Hν) ≤ L̂γ(F ) + Prν∼Q

(
dV(ν) >

γ

g(K)

)
(79)

For bounded losses in [0, 1], Seeger’s PAC-Bayes theorem implies that, with probability ≥ 1 − δ
over S ∼ Dm, for all posteriors Q,

kl(L̂(Q)∥L(Q)) ≤
KL(Q∥P ) + ln

(
m+1
δ

)
m

, (80)

where kl(p∥q) is the binary KL. Inverting (standard monotonicity) yields,

L(Q) ≤ L̂(Q) +

√√√√KL(Q∥P ) + ln
(

2
√
m

δ

)
2(m− 1)

(81)
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which is widely used in practice.

Remark 6 (PAC-Bayes Inequality for Gibbs Classifiers). The bound is a Gibbs-risk bound;
majority-vote (deterministic) risk can be related to the Gibbs risk under margin conditions. Further,
Catoni’s localized PAC-Bayes yields alternative, often sharper variants. We use Seeger’s classical
form for clarity.

If Q is centered sub-Gaussian on (V, ∥ · ∥) with proxy variance σ2, then by standard concentration,

PrQ

(
dV(ν) >

γ

g(K)

)
≤ C1 exp

(
−C2

γ2

g(K)2σ2

)
, (82)

yielding Equation (74). For Gaussian Q = N
(
0, σ2Idν

)
and prior P = N

(
0, σ2

0Idν

)
, the KL is

Equation (75).

Putting Equations (74-75) into (73) delivers a closed-form PAC-Bayes bound whose only depen-
dence on representation geometry is through g(K) from stickiness. This is the desired bridge: better
geometric stickiness (smaller K) ⇒ smaller g(K) ⇒ larger safe margin radius γ/g(K) ⇒ smaller
empirical Gibbs risk L̂(Q) ⇒ tighter generalization bound. This completed the proof. ■
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G ADDITIONAL EXPERIMENT DETAILS AND RESULTS

To corroborate the theoretical guarantees presented in Theorems 1 and 2, we conducted a series
of controlled simulations. These experiments were designed to isolate the geometric properties
of “Stickiness” and “Feature Collapse” in high-dimensional settings, contrasting standard training
against training regularized by our proposed framework.

G.1 EXPERIMENTAL SETUP AND DATA GENERATION

In our study, we conducted a series of experiments on CUDA-enabled devices using the PyTorch
framework, focusing on optimizing global hyperparameters to ensure statistical significance in our
results. The sample sizes tested were diverse, including N = 103, 5 × 103, 104, 5 × 104, allowing
for a comprehensive evaluation of model performance across varying data scales. We also explored
hidden dimensions ranging from dhidden = 64 to 512 to evaluate how the model architecture’s com-
plexity influenced outcomes. Additionally, we used multiple random seeds (42, 128, 999, 1022,
3407) to enhance the robustness of our findings and account for the inherent variability of stochastic
processes.

For the optimization process, we employed the Adam optimizer with a learning rate of lr = 0.005
and trained the models for 400-600 epochs. Given the need to compute Gram matrices for the
stickiness regularizer, we set a maximum batch size of 4096 to balance computational efficiency with
the fidelity of our training. Furthermore, we evaluated two distinct data-generating processes (DGPs)
to explore different aspects of model performance. The first, a single-modal scenario featuring a
non-linear boundary, utilized the make moons dataset with added noise = 0.1. This setup simulated
a non-linear classification task with an intrinsic 2D manifold dimension, significantly lower than the
representation dimension. This disparity introduced a high risk of feature collapse, challenging the
model’s ability to capture relevant patterns.

In contrast, the second DGP was designed to tackle a multimodal alignment challenge. For this,
we constructed a high-dimensional task guided by a latent 1D “S-curve” defined over the interval
[0, 3π], which determined the corresponding class labels. The latent concept was then projected
into two distinct 10-dimensional observation spaces (referred to as Modality A and Modality B)
through non-linear transformations, including sinusoidal and polynomial mappings, supplemented
by Gaussian noise. This required the model to infer and navigate the shared geometric structures un-
derlying disparate high-dimensional representations, showcasing its capacity for effective learning
and alignment across modalities.

G.1.1 IMPLEMENTATION OF THE KT-CW REGULARIZER

We implemented the regularizer using a stochastic proxy that enforces Axiom 1 (Feature Collapse
Constant). We minimize the Frobenius distance between the Gram matrix of the normalized feature
vector (z) and the identity matrix Lreg = || zz⊤

||z||2 − I||2F . This penalty enforces geometric sparsity
(orthogonality) and prevents the tubes from clustering into low-rank subspaces.

G.2 SINGLE-MODAL ROBUSTNESS

We trained an MLP architecture that maps 2D inputs to a high-dimensional feature representation.
We then compared a “Standard” model (cross-entropy only) against a “Sticky” model (cross-entropy
+ KT-CW regularizer). Post-training, we subjected both models to an adversarial stress test using the
Fast Gradient Sign Method (FGSM). We generated adversarial examples xadv = x+ ϵ · sign(∇xL)
for perturbation strengths ϵ ∈ [0.0, 0.05, ..., 0.5]. We concurrently computed the Singular Value
Decomposition (SVD) of the learned representation field Z.

G.2.1 RESULTS AND INTERPRETATION

Figures 7 to 10 present the results for a representative configuration (N = 5000, dhidden = 256). The
left plot shows the test accuracy of the Standard (red) and Sticky (green) models under FGSM attacks
of increasing strength ϵ. The Standard model shows a steep drop in accuracy as ϵ increases, often
losing > 80% accuracy at high perturbation levels. The Sticky model demonstrates significantly
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higher resilience, with the accuracy curve decaying much more slowly. The right plot is the singular
value spectra of the learned 512-D representation. This spectrum explains the divergence in the left
plot. The Standard model’s spectrum drops to near-zero after index 2, indicating Feature Collapse,
meaning the 512-D space is compressed into a flat 2D sheet. The Sticky model maintains a full-rank
spectrum, utilizing the available volume to separate classes, confirming that K-stickiness causally
bounds the Lipschitz constant. Thereby, supporting Theorem 1. The same trend is observed across
five different seeds, demonstrating the reliability of this result. Figures 11 to 16 also show that the
proposed framework is robust across different sample sizes and hidden dimensions of the neural
network.

Figure 7: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 42, hidden dimension = 256, N = 5000).

Figure 8: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 128, hidden dimension = 256, N = 5000).

Figure 9: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 999, hidden dimension = 256, N = 5000).
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Figure 10: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 3407, hidden dimension = 256, N = 5000).

Figure 11: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 256, N = 1000).

Figure 12: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 256, N = 10000).

G.3 MULTIMODAL STABILITY AND MISSING MODALITIES

We trained a multimodal network with dual encoders on the manifold alignment task. The encoders
map 10-D inputs to a joint embedding space of dimension zdim (sweeping [64, 512]). The “Sticky”
variant applied the MM-KT-CW regularizer (Equation (10)), penalizing both intra-modal collapse
and cross-modal covariance mismatch. We evaluated Theorem 2 by simulating a missing modality
scenario at inference time (zeroing out modality B) and measuring (1) accuracy drop: performance
difference between full-input and partial-input inference; and (2) embedding shift: the Euclidean
distance ||zfulljoint − zmissing

joint ||2.
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Figure 13: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 256, N = 50000).

Figure 14: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 64, N = 5000).

Figure 15: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 128, N = 5000).

G.3.1 RESULTS AND INTERPRETATION

Figures 17 to 20 present the results for a representative configuration (N = 5000, dhidden = 256).
The left plot shows the average embedding shift in the joint representation when modality B is
dropped. The Standard model suffers from a large embedding shift, indicating that the joint repre-
sentation is geometrically unstable and overly reliant on specific modalities. The Sticky model min-
imizes this shift, empirically verifying the bound provided in Theorem 2. Furthermore, Figures 21
to 26 show that across all sample sizes, the Sticky model consistently yields lower embedding shifts
and smaller accuracy drops than the Standard baseline, confirming that geometric alignment is a
scalable strategy for multimodal robustness.
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Figure 16: High-dimensional FGSM robustness and spectrum analysis for the make moons dataset
(seed = 1022, hidden dimension = 512, N = 5000).

Figure 17: Manifold alignment stability and spectrum under missing-modality stress (seed = 42,
zdim = 256, N = 5000).

Figure 18: Manifold alignment stability and spectrum under missing-modality stress (seed = 128,
zdim = 256, N = 5000).

Figure 19: Manifold alignment stability and spectrum under missing-modality stress (seed = 999,
zdim = 256, N = 5000).
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Figure 20: Manifold alignment stability and spectrum under missing-modality stress (seed = 3407,
zdim = 256, N = 5000).

Figure 21: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 64, N = 5000).

Figure 22: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 128, N = 5000).

Figure 23: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 512, N = 5000).
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Figure 24: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 256, N = 1000).

Figure 25: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 256, N = 10000).

Figure 26: Manifold alignment stability and spectrum under missing-modality stress (seed = 1022,
zdim = 256, N = 50000).

G.4 VISUALIZATION AND SCALABILITY

To visualize Definition 7 (The Representation Field), we trained bottlenecked models on 2D Moons
and 3D Swiss Roll datasets and plotted the latent activations. To evaluate scalability, we computed
an empirical Lipschitz proxy (ratio of output change to input noise) across increasing network widths
(dhidden ∈ {64, 128, 256, 512}).

G.4.1 VISUALIZING THE REPRESENTATION FIELD

The representation field Tl(D) is defined not merely as a cloud of points, but as the collection of
δ-tubes connecting the origin to each feature activation z. The geometry of this bundle of tubes
determines the field’s stickiness.

The Non-Sticky Regime (Standard Model): The left panels of Figures 27 and 4 illustrate a clas-
sic case of feature collapse (high CKT−CW . In the 3D visualization, the feature activations col-
lapse onto a single, thin linear manifold. Geometrically, this means the associated tubes are packed
densely into a narrow cone or “pencil” originating from the origin. While this configuration suffices
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to separate the training data (linear separable along the pencil’s axis), it creates a degenerate repre-
sentation field with near-zero volume. Any perturbation orthogonal to this thin pencil immediately
pushes an input off the learned manifold, resulting in the brittleness observed in our adversarial
stress tests.

The Sticky Regime (Regularized Model): The right panels demonstrate the effect of the KT-CW
regularizer. The representation field puffs out into a starburst or fan-like structure. Here, the tubes
radiate outward in diverse directions, covering a significant portion of the angular space (the sphere
Sd−1). This visualizes geometric sparsity (low CKT−CW ): the tubes satisfy the Wolff axioms by
not clustering redundantly. Crucially, this thickened manifold provides geometric support for the
decision boundary; an input perturbation is absorbed by the volume of the representation field rather
than traversing empty space, physically instantiating the Lipschitz stability guaranteed by Theorem
1.

Figure 27: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 256, N = 5000).

G.4.2 DIMENSIONALITY AND SCALABILITY

Figures 27 and 28- 30 support that sticky enforces a stable, high-rank representation that does not
degenerate even as the data scale changes, whereas the baseline keeps collapsing to an almost 1D
tube. As the sample size increases, the left panels show that the representation becomes a thinner
and thinner 1D line. Red and blue classes are almost colinear and heavily mixed along that line,
indicating feature collapse (i.e., the network keeps solving the task by projecting almost everything
onto one dimension, regardless of how much data we give it).

Figure 28: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 256, N = 1000).

In 3D feature space, Figures 4 and 31- 33 demonstrate the same trend. For all sample sizes, the
non-sticky network learns a degenerate 1D cone in the 3D feature space. In contrast, the KT-CW-
regularized network consistently learns two well-separated 2D manifolds, whose shapes remain
stable and become better resolved as more data are observed.

Moreover, we vary the latent width from 64 to 512 in the single-modal experiments while keeping the
task fixed. Across all widths, the non-sticky networks show the same pathology: the 2D (Figures 34-
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Figure 29: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 256, N = 10000).

Figure 30: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 256, N = 50000).

Figure 31: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 256, N = 1000).

36)/3D (Figures 37- 39) projections of Zl remain essentially 1D, and the singular value spectrum of
the high-dimensional features decays extremely steeply, indicating that only one or two directions
in Rd are actually used. Increasing capacity does not rescue the baseline from feature collapse. In
contrast, the Sticky model makes nontrivial use of the additional dimension. As the latent width
grows, the learned manifolds become richer but remain well-separated between classes, and the
singular value spectrum is much flatter, with many non-negligible singular values. This evidences a
high-rank, Kakeya-like representation that is stable with respect to the choice of d.
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Figure 32: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 256, N = 10000).

Figure 33: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 256, N = 50000).

Figure 34: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 64, N = 5000).

Figure 35: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 128, N = 5000).
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Figure 36: Sticky vs. non-sticky representations in 2D space (seed = 1022, zdim = 512, N = 5000).

Figure 37: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 64, N = 5000).

Figure 38: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 128, N = 5000).

Figure 39: Sticky vs. non-sticky representations in 3D space (seed = 1022, zdim = 512, N = 5000).
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H LIMITATIONS AND BROADER IMPACTS

H.1 LIMITATIONS AND FUTURE WORK

While this paper introduces a foundational, theoretically-grounded framework, several limitations
in its current form highlight important directions for future research. One limitation is the com-
putational feasibility of the proposed KT-CW regularizer. The process of estimating the Feature
Collapse Constant requires sampling random convex sets and counting the contained feature tubes
within high-dimensional representation spaces, presenting a considerable computational challenge.
Therefore, future research efforts must prioritize the development of highly efficient, scalable, and
unbiased estimators for the Wolff axiom constants, which would make the regularizer more applica-
ble for training large-scale models.

Furthermore, the scalability of the geometric intuitions underlying this work needs further explo-
ration. The geometric arguments were inspired by the Kakeya conjecture, recently resolved in three
dimensions. A pivotal open question arises regarding how effectively these low-dimensional ge-
ometric concepts, such as “tubes” and “slabs,” can be adapted to the extremely high-dimensional
spaces (d ≫ 3) typical of neural network representations. While the mathematical definitions are
dimension-agnostic, further theoretical inquiries are essential to investigate the behavior and accu-
racy of the Wolff axioms in these high-dimensional contexts.

Lastly, although the framework is described as “architecture-agnostic,” the geometric assumptions
may exhibit varying suitability across different architectures. For instance, the local feature pro-
cessing inherent in CNNs may generate distinct geometric structures in the representation field, in
contrast to the global, set-based processing seen in Transformers. Future research should investigate
how emergent geometries vary across different architectural families and whether certain architec-
tures are inherently better suited for learning K-sticky representations.

H.2 BROADER IMPACTS

This research aspires to bridge the gap between the empirical successes in deep learning and a deeper
theoretical understanding of its core properties, ultimately fostering the development of more reli-
able and trustworthy AI systems. By offering a theoretical framework and practical tools designed
to enhance model robustness, this research directly addresses the fragility that currently limits the
deployment of AI systems in safety-critical domains. Success in this domain could lead to the cre-
ation of more reliable autonomous vehicles, more accurate medical diagnostic tools that are resilient
to noise and domain shift, and more stable financial prediction models. By shifting the focus from
empirical heuristics to provable geometric properties, this work contributes foundational science
necessary for establishing AI systems that merit public trust.

Moreover, this research aims to catalyze a new direction within the AI research community, situated
at the intersection of harmonic analysis, geometric measure theory, and deep learning. It provides
a new set of analytical tools, the representation field and multi-scale Wolff axioms, for diagnosing
sources of non-robustness in existing models. The geometric reinterpretation of concepts such as the
IB and attention mechanisms may also inspire new research initiatives and architectural innovations,
including proposed “geometric attention” layers. Ultimately, the framework presented herein offers
a new language and a novel perspective for understanding the mechanisms of generalization in deep
learning models, which could stimulate further theoretical advancements in the field.
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