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Abstract
High-dimensional data commonly lies on low-
dimensional submanifolds, and estimating the lo-
cal intrinsic dimension (LID) of a datum is a long-
standing problem. LID can be understood as the
number of local factors of variation: the more
factors of variation a datum has, the more com-
plex it tends to be. Estimating this quantity has
proven useful in contexts ranging from general-
ization in neural networks to detection of out-
of-distribution data, adversarial examples, and
AI-generated text. While many model-free and
several model-based estimation techniques exist,
none are differentiable by design. In this work, we
show that the Fokker-Planck equation associated
with a diffusion model can provide the first LID
estimator that is differentiable and scales to high
dimensional data while outperforming existing
baselines on LID estimation benchmarks.

1. Introduction
The manifold hypothesis (Bengio et al., 2013) states that
high-dimensional data in RD often lies on low-dimensional
submanifolds. For a given datum x ∈ RD, this hypothesis
motivates using its local intrinsic dimension (LID), denoted
LID(x), as a natural measure of its complexity. LID(x) can
be intuitively understood as the minimal number of variables
needed to describe x, as illustrated in Figure 1.

LID has been used to detect outliers (Houle et al., 2018;
Kamkari et al., 2024b), AI-generated text (Tulchinskii et al.,
2023), and adversarial examples (Ma et al., 2018), among
other applications. Traditional model-free estimators of
intrinsic dimension (Fukunaga & Olsen, 1971; Levina &
Bickel, 2004; Johnsson et al., 2014) typically rely on pair-
wise distances and nearest neighbours, rendering them ex-
pensive and non-differentiable in practice. Recent work
uses deep generative models that implicitly learn the data
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Figure 1. An illustration showing that LID is a natural measure of
relative complexity. We depict two manifolds of MNIST digits,
corresponding to 1s and 8s, as 1d and 2d submanifolds of R3,
respectively. The relatively simpler manifold of 1s exhibits a
single factor of variation (“tilt”), whereas 8s have an additional
factor of variation (“disproportionality”).

submanifolds, suggesting they can be used to construct LID
estimators. However, existing model-based estimators suffer
from drawbacks including being inaccurate and computa-
tionally expensive (Stanczuk et al., 2022), not leveraging
the best existing generative models (Zheng et al., 2022),
requiring training several models (Tempczyk et al., 2022)
or altering the training procedure rather than relying on a
pre-trained model (Horvat & Pfister, 2024). In all these
cases the LID estimators are non-differentiable in practice.

We address all these issues by showing how to estimate LID
efficiently using only a single pre-trained diffusion model
(DM). We leverage the Fokker-Planck equation to propose
FLIPD1, the first LID estimator to scale to high-resolution
images (∼ 106 dimensions), and the first that is tractably
differentiable. While differentiating through local intrinsic
dimension estimation is not a common sub-task today, this
may simply be because no existing methods enable it. We
present these ideas with the hope that future work will find
even more applications given these new capabilities.

1Pronounced as “flipped”, the acronym is a rearrangement of
“FP” from Fokker-Planck and “LID”.
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2. Background and Related Work
Diffusion Models Score-based diffusion models (Song
et al., 2021b) convert data to noise through the forward (Itô)
stochastic differential equation (SDE),

dXt = f(Xt, t)dt+ g(t)dWt, X0 ∼ p(·, 0), (1)

where Wt denotes a D-dimensional Brownian motion. We
write the distribution of Xt as p(·, t). The backward process
Yt := X1�t obeys a backward SDE involving the score
function s(x, t) := ∇ log p(x, t) which is modeled by a
neural network ŝ(x, t) via denoising score matching (Vin-
cent, 2011). DMs admit density evaluation, placing them in
the same category as other deep generative models, such as
normalizing flows. As we will see, generative models with
this capability can be utilized to produce LID estimates.

LID The local intrinsic dimension of a point x is the
dimension of the manifold it belongs to, hence, LID is not
an intrinsic property of the point x, but rather a property of
x with respect to the manifold that contains it. Tempczyk
et al. (2022) proposed LIDL, a method for LID estimation
relying on normalizing flows. LIDL works thanks to a
surprising result linking Gaussian convolutions and LID
(Loaiza-Ganem et al., 2022; Tempczyk et al., 2022; Zheng
et al., 2022). We will denote the convolution of p(·, 0) and
Gaussian noise with log standard deviation δ as ϱ(·, δ), i.e.

ϱ(x, δ) :=

Z
p(x0, 0)N (x− x0; 0, e

2δID)dx0. (2)

The aforementioned result suggests that, for negative
enough values of δ (i.e. small enough standard deviations):

log ϱ(x, δ) ≈ δ(LID(x)−D) + c (3)

for some constant c. If we could evaluate log ϱ(x, δ) for var-
ious values of δ, this would provide an avenue for estimating
LID(x): set some values δ1, . . . , δm, fit a linear regression
using {(δi, log ϱ(x, δi))}mi=1 (with δ as the covariate and
log ϱ(x, δ) as the response), and let β̂x be the corresponding
slope. It follows that β̂x estimates LID(x) − D, so that
LID(x) ≈ D + β̂x is a sensible estimator of LID.

Since ϱ(x, δ) is unknown, LIDL requires trainingm normal-
izing flows. More specifically, for each δi, a normalizing
flow is trained on data to which N (0, e2δiID) noise is added.
In LIDL, the log densities of the trained models are then
used instead of the unknown true log densities log ϱ(x, δi)
when fitting the regression as described above.

3. Method
Although Tempczyk et al. (2022) used normalizing flows in
LIDL, they did point out that these models could be swapped
for any other generative model admitting density evaluation.

Indeed, one could trivially train m DMs and replace the
flows with them. As opposed to the normalizing flows used
in LIDL which are individually trained on datasets with dif-
ferent levels of noise added, a single diffusion model already
works by convolving data with various noise levels and al-
lows density evaluation of the resulting noisy distributions
(Song et al., 2021b). Hence, we show that LIDL can be
used with a single DM. Throughout this section, we assume
access to a pre-trained DM such that f(x, t) = b(t)x. This
choice implies that the transition kernel ptj0 associated with
Equation 1 is Gaussian (Särkkä & Solin, 2019):

ptj0(xt | x0) = N (xt;ψ(t)x0, σ
2(t)ID). (4)

We assume that b and g are such that ψ and σ are differen-
tiable and λ(t) := σ(t)/ψ(t) is injective. This encompasses
all DMs commonly used in practice, including variance-
exploding, variance-preserving (of which DDPM (Ho et al.,
2020) is a discretized instance), and sub-variance-preserving
(Song et al., 2021b). In Appendix A we include explicit
formulas for ψ(t), σ2(t), and λ(t) for these particular DMs.

3.1. FLIPD: A Fokker-Planck-Based LID Estimator

LIDL is based on Equation 3, which justifies using
a regression. Differentiating this equation yields that
∂ log ϱ(x, δ0)/∂δ ≈ LID(x) − D for negative enough δ0.
By leveraging the Fokker-Planck equation associated with
Equation 1, we show in Appendix C that, for DMs with
transition kernel as in Equation 4,

∂

∂δ
log ϱ(x, δ)=σ2

�
t(δ)

� �
tr
�
∇s
�
ψ(t(δ))x, t(δ)

��
(5)
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s�ψ(t(δ))x, t(δ)�

2

2

�
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�
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�
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Equation 5 directly provides the rate of change that the
regression in LIDL aims to estimate, from which we get:

LID(x) ≈ D + ν
�
t(δ0); ŝ, x

�
=: FLIPD(x, t0), (6)

where t(δ) := λ�1(eδ) and t0 := t(δ0). Computing FLIPD
requires only a single hyperparameter, whereas regression-
based estimators require m. Since ν(t(δ); ŝ, x) depends on
δ only through t(δ), we can directly set t0 as the hyperpa-
rameter rather than δ0, which avoids the potentially cumber-
some computation of t(δ0) = λ�1(eδ0): instead of setting
a suitably negative δ0, we set t0 > 0 sufficiently close to 0.
Moreover, the expression for ν

�
t(δ0); ŝ, x

�
in Equation 5

contains only standard operations which are amenable to au-
tomatic differentiation. In Appendix A we include explicit
formulas for FLIPD(x, t0) for common DMs.

4. Experiments
Throughout our experiments, we use variance-preserving
DMs, the most popular variant of DMs, and compatible with
DDPMs; see Appendix D.1 for hyperparameters.
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Table 1.MAE (lower is better)j concordance indices (higher is better with1:0 being the gold standard). Rows show synthetic manifolds
and columns represent LID estimation methods. Columns are grouped based on whether they use a generative model, with the best results
for each metric within each group being bolded. Model-based Model-free

Synthetic Manifold FLIPD NB LIDL ESS LPCA

String within doughnut� R3 0:06 1 :00 1:48 0:48 1:10 0:99 0:02 1:00 0 :00 1 :00
L 5 � R10 0:17 - 1:00 - 0:10 - 0:07 - 0:00 -
N 90 � R100 0:49 - 0:18 - 0:33 - 1:67 - 21:9 -
U10 + U30 + U90 � R100 1:30 1 :00 61:6 0:34 8:46 0:74 21:9 0:74 20 :1 0 :86
N 10 + N 25 + N 50 � R100 1:81 1 :00 74:2 0:34 8:87 0:74 7:71 0:88 5:72 0 :91
F 10 + F 25 + F 50 � R100 3:93 1 :00 74:2 0:34 18:6 0:70 9:20 0:90 6:77 1 :00
U10 + U80 + U200 � R800 14 :3 1 :00 715 0:34 120 0:70 2:35 1 :00 33:7 1:00
U900 � R1000 12 :8 - 100 - 24:9 - 75 :2 - 801 -

Figure 2.FLIPD curves with knees at the true LID.

The effect oft0 FLIPD requires settingt0 close to0. It
is important to note that DMs �tted to low-dimensional
manifolds are known to exhibit numerically unstable scores
s(�; t0) as t0 & 0 (Vahdat et al., 2021; Lu et al., 2023;
Loaiza-Ganem et al., 2024). Our �rst set of experiments
examines the effect oft0 on FLIPD(x; t 0) by varying t0

within the range(0; 1).

In Figure 2, we train a DM on a mixture of three isotropic
Gaussians with dimensions2, 4, and8, embedded inR10

(each embedding is carried out by multiplication against a
random matrix with orthonormal columns plus a random
translation). WhileFLIPD(x; t 0) is inaccurate att0 = 0
due to the aforementioned instabilities, it quickly stabilizes
around the true LID for all datapoints. We refer to this
pattern as akneein theFLIPD curve. We persistently see
knees inFLIPD curves (in Appendix D.2, we show similar
curves for more complex data manifolds). Not only is this
in line with the observations of LIDL on normalizing �ows
(see Figure 5 of Tempczyk et al. (2022)), but it also gives
us a fully automated approach to settingt0. We leverage
kneedle (Satopaa et al., 2011), a knee detection algorithm
which aims to �nd points of maximum curvature. Rather
than �xing t0, we evaluate Equation 6 for50 values oft0

and pass the results tokneedle to automatically detect the
t0 where a knee occurs.

Synthetic experiments We create a benchmark for LID
evaluation on complex unions of manifolds where true LID
is known. We sample from simple distributions on low-

dimensional spaces, and then embed the samples intoRD .
We denote uniform, Gaussian, and Laplace distributions
asU; N , andL , respectively, with sub-indices indicating
LID, and a plus sign denoting mixtures. To embed samples
into higher dimensions, we apply a random matrix with
orthonormal columns and then apply a random translation.
For example,N10 + L 20 � R100 indicates a10-dimensional
Gaussian and a20-dimensional Laplace, each of which un-
dergoes a random af�ne transformation mapping toR100

(one transformation per component). We also generate non-
linear manifolds, denoted withF , by applying a randomly
initializedD-dimensional neural spline �ow (Durkan et al.,
2019) after the af�ne transformation (when using �ows, the
input noise is always uniform); since the �ow is a diffeo-
morphism, it preserves LID.

Here, we summarize our synthetic experiments in Table 1
using two metrics of performance: the mean absolute error
(MAE) between the predicted and true LID for individ-
ual datapoints; and (when the dataset has variability in its
ground truth LIDs) the concordance index, which measures
similarity in the rankings between then true LIDs and the
estimated ones. We compare against the LIDL estimator
described in Section 2, as well another DM-based method
(NB, (Stanczuk et al., 2022)) and two of the most performant
model-free baselines (LPCA, (Fukunaga & Olsen, 1971);
ESS (Johnsson et al., 2014)). For the NB baseline, we use
the exact same DM backbone as for FLIPD, and for LIDL
we use8 neural spline �ows. In terms of MAE, FLIPD tends
to be the best model-based estimator particularly as dimen-
sion increases. Although model-free baselines perform well
in simplistic scenarios, they produce unreliable results as
LID increases or more non-linearity is introduced in the data
manifold. In terms of concordance index,FLIPD achieves
perfectscores in all scenarios, meaning that even when its
estimates are off, it always provides correct LID rankings.
In Appendix D we include ablations forFLIPD and com-
parisons on more high-dimensional datasets, and with other
model-free baselines.

Image experiments We �rst focus on the simple image
datasets MNIST and FMNIST. We �atten the images and use
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