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ABSTRACT

Large Language Models (LLMs) have demonstrated remarkable capabilities
across a wide range of natural language processing and reasoning tasks. However,
their performance in the foundational domain of arithmetic remains unsatisfactory.
When dealing with arithmetic tasks, LLMs often memorize specific examples
rather than learning the underlying computational logic, limiting their ability to
generalize to new problems. In this paper, we propose a Composable Arithmetic
Execution Framework (CAEF) that enables LLMs to learn to execute step-by-step
computations by emulating Turing Machines, thereby achieving a true mastery
of computational logic. Moreover, the proposed framework is highly scalable,
allowing composing learned operators to significantly reduce the difficulty of
learning complex operators. In our evaluation, CAEF achieves nearly 100%
accuracy across seven common mathematical operations on the LLaMA 3.1-8B
model, effectively supporting computations involving operands with up to 100
digits, a level where GPT-4o falls short noticeably in some settings.

1 INTRODUCTION

Large Language Models (LLMs) have made significant strides in recent years, showcasing
extraordinary capabilities across a range of natural language processing (NLP) tasks (Dubey et al.,
2024; Jiang et al., 2024; Chowdhery et al., 2023), and in some cases, even surpassing human
performance in specific benchmarks (Achiam et al., 2023). However, despite these advancements,
LLMs still face significant challenges in performing arithmetic. Current research indicates that when
presented with arithmetic problems, LLMs often rely on memorizing specific expressions and their
corresponding outcomes rather than grasping the fundamental logic of arithmetic operations (Wu
et al., 2023b). This inherent limitation poses a substantial barrier to their effective application in
fields that demand essential computational skills.

To enhance the performance of LLMs in solving arithmetic problems, two primary approaches
have been developed. The first approach positions the LLM as an agent that relies on an
external calculator to perform computations (Hao et al., 2024; Ruan et al., 2023). In this setting,
the LLM’s role is limited to providing the operands and invoking the appropriate operations.
Although this method effectively simplifies the challenge of arithmetic for LLMs, it misses the
opportunity for the models to learn computational logic, preventing LLMs from comprehending the
underlying principles of arithmetic. Given that arithmetic serves as the foundation of mathematics,
the lack of arithmetic ability may significantly impede the LLM’s capability to grasp more
complex mathematical concepts. The second approach focuses on stimulating the LLM’s intrinsic
capabilities, employing prompt engineering or fine-tuning techniques to enable the model to master
arithmetic computations and solve problems through reasoning (Kojima et al., 2022; Huang et al.,
2022; Yu et al., 2023). This approach typically involves the LLMs generating intermediate steps
before reaching a final result.

Although the second approach is promising, it faces two significant challenges. The first challenge
is that, under simple supervised fine-tuning, LLMs tend to memorize examples from the training set
(Hu et al., 2024). As the length of the operands increases, the sample space expands exponentially,
making it impractical for the LLM to memorize all possible examples. To fundamentally overcome
this limitation, LLMs should primarily learn and execute computational logic, mirroring how
humans systematically master arithmetic, rather than relying on memorization.
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Figure 1: An illustrative CAEF flowchart demonstrates the execution of the Multiplication operation
for 89 � 2. The aligner converts the original arithmetic expression into a Turing Machine-like
representation that the Multiplication executor can process. Acting as an executor composer, the
Multiplication executor calls upon two basic executors, i.e., Less than and Addition, to perform the
actual computation. All the executors and the aligner are executed by the LLM.

The second challenge involves learning how to compose basic operators to build complex arithmetic
operators. These complex operators are typically execution procedures that contain conditional
statements (if -then-else) and iterative statements (loop), with the basic operators treated as
function calls within these procedures. By doing this, LLMs could gradually learn more complex
arithmetic operations by focusing on their execution logic and calling the existing operators as
necessary.

Mastering the execution of arithmetic is fundamentally equivalent to modeling computation. One
famous mathematical model of computation is the Turing machine, which is formally introduced by
Alan Turing (Turing et al., 1936). If the LLM learns to execute computational logic by simulating
executing a Turing machine based on its transition functions for each operator, it could solve
arithmetic problems through a multi-query approach. This approach involves the LLM iteratively
performing computations based on the current state and command, and then generating the next state
and command.

In this paper, we propose a Composable Arithmetic Execution Framework (CAEF) for LLMs to
solve arithmetic problems solely. Inspired by the Turing machine, CAEF aims to teach LLMs
the computational logic, enabling them to execute the logic for specific arithmetic operators and
compose arithmetic operators into more complex ones. CAEF has two key characteristics:

Executing arithmetic. As illustrated in Figure 1, CAEF employs a three-step procedure for each
arithmetic operator, supported by two independent components within the LLM: the executor and
the aligner. The executor, responsible for performing the actual computations, learns the underlying
computational logic by modeling the transition function of the corresponding arithmetic Turing
machine. This allows the LLM to iteratively generate intermediate results and ultimately produce
the final output. The aligner serves as an interface, converting raw arithmetic expressions (e.g.,
89 � 2 =) into a format that the executor can directly process. Once the executor completes its
execution, the aligner transforms the executor’s output back into the final result. In our framework,
both the executor and the aligner are implemented as separate LoRA adapters (Hu et al., 2021).

Composing operators. Complex operators can often be composed of basic or simpler ones,
hierarchically or recursively. In CAEF, we design an executor composer that is responsible for
the high-level execution procedures of complex operators and allows function calls to invoke other
pre-learned arithmetic operators. Since each operator is implemented as a LoRA adapter, function
calls in CAEF are executed by automatically switching LoRA adapters, following the LLM’s
generated command. Thus, CAEF could facilitate the handling of more intricate computations.

Using the proposed framework, we have implemented seven operators: +, �, �, �, >, <, and
==, along with two auxiliary operators (refer to Appendix A.4). Each of these operators is based on
existing computational logic, such as the Turing machine or algorithms used in CPU design (e.g., the
subtraction operator is modeled similarly to how modern CPUs handle the subtraction operation.).
Our experiments show that CAEF achieves high accuracy across all seven operators when using the
LLaMA 3.1-8B model (Dubey et al., 2024). Compared to GPT-4o, the LLM equipped with CAEF
demonstrates minimal impact from changes in operand length, effectively supporting computations
involving operands with up to 100 digits. The main contributions of this paper are as follows:
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• We propose a framework CAEF enabling LLM learning to execute the computational logic
of operators by imitating the execution of Turing machine. Also, CAEF can naturally
support composing multiple learned operators for operators with complex logic.

• We implement executors and aligners for seven arithmetic operators based on the proposed
framework. The executor is responsible for performing the step-by-step computations
iteratively, while the aligner serves as an interface, facilitating the bidirectional conversion
between the internal representation of the executor and the original representation.

• The extensive evaluation shows that CAEF outperforms the existing LLMs with seven
classic arithmetic tasks. The proposed CAEF enables the LLM to achieve almost 100%
accuracy when operands are up to 100 digits.

2 APPROACH: FRAMEWORK DESIGN

2.1 PROBLEM STATEMENT

Computational logic is fundamental to arithmetic. To truly master arithmetic, the LLM should
learn and execute the underlying computational logic of arithmetic operations rather than merely
memorizing examples of arithmetic expressions. For scalability, the LLM should be capable of
constructing new operators by combining existing operators. For example, after learning Addition
operation, the LLM could construct Multiplication by learning the computational logic of repeated
addition could achieve multiplication.

Therefore, we need a framework that enables LLM to model arithmetic operators by learning
to execute their underlying computational logic. In the field of automata, the Turing machine
provides a suitable framework for describing this logic. Following the examples (e.g., Turing
machines introduced in Sipser (1996)), we could build a Turing machine for common arithmetic
operations, which can be a reference to create adequate datasets of execution steps for LLM training.
Furthermore, the Turing machine inherently supports the combination of multiple Turing machines,
making it ideal for constructing complex operations from existing ones. By emulating Turing
machines, LLM can be designed to integrate multiple models, enabling it to execute more intricate
arithmetic tasks.

2.2 LLM EXECUTES AS TURNING MACHINE

A Turing machine can be formally defined as a septuple T = (Q;Σ;Γ; b; q0; F; �), where Q is a
finite set of states, Σ � Γ is a finite alphabet for input, Γ is a finite tape alphabet, b 2 Γ is the
blank symbol, q0 2 Q is the initial state, F � Q is a set of final states, and � is the transition
function. When a Turing machine is in a non-halting state, the next action is determined by both
the current symbol on the tape and the machine’s current state. In each action, the machine updates
the symbol on the tape, transitions to a new state, and moves the tape head either left or right. This
process repeats iteratively until the machine reaches a halting state, at which point the computation
is complete, and the result is saved on the tape.

LLM is the generative model for text-based language, so how to transfer all information from a
Turing machine to the LLM effectively is challenging. A tailored representation system is necessary
for LLMs to accurately learn computational logic. To facilitate this transfer, the system must
incorporate states analogous to those of the Turing machine, such as the machine state and tape
state, to indicate the current status of the computation, in other words, the step in the execution
process. Additionally, the system should include commands that specify the actions to be executed
based on the current state to ensure correct transitions to the next state. Thus, CAEF provides a
text-based representation < si; ci > that effectively represents the state si and the command ci for
each step i in the computational logic. Then, the state transition function f (e.g. LLM or LLM
fine-tuned with LoRA adapters) could use this representation at stepi as the input to generate the
next representation at stepi+1 as following:

si+1; ci+1 = f(si; ci) (1)

By formulating the representation of both input and output for Equation 1, the LLM is enabled to
perform computations in a manner similar to that of a Turing Machine by executing step-by-step
transitions.
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Figure 2: Diagram of the CAEF framework. The CAEF representation includes two required
components: state and command, corresponding to areas and in the figure. The state
part records the current status, operands, and registers that store intermediate variables and results,
etc. The command consists of a set of actions, such as write operations and call operations. Upon
receiving the state and command, the LLM generates the next state and the corresponding command,
with each step corresponding to a transition in the state diagram on the left.

2.3 REPRESENTATION DESIGN

In this paper, we design a structured representation for arithmetic problems to enable the LLM to
accurately execute computational logic. As illustrated in Figure 2, representation of the arithmetic
problem includes: 1) a status indicating the current step of the computation, and 2) a ”tape” that
records all operands and essential information, such as the number of digits processed, any carryover
during addition, and other intermediate results. To facilitate the LLM’s learning of the execution
process, the representation in CAEF explicitly includes the commands c required for execution.
These commands involve the call to the next state s and other detailed actions, such as carrying over
or moving the pointer. All the above elements are represented in text, which is friendly to LLM to
deal with. Then, to make LLM execute based on the representation, CAEF structures the input as
< si; ci > for current stepi, while the output is < si+1; ci+1 > for the next stepi+1.

Besides modeling the representation, representation translation is another critical part of CAEF. In
general, the original input of an arithmetic problem does not include the initial state or the first
command to execute. Moreover, upon completing the computation, the raw output remains in the
representation format. Thus, CAEF incorporates an aligner to manage the bidirectional translation
between the original input/output and the representation. The aligner can also be implemented by
fine-tuning a specific LoRA adapter. Notice that one key feature of the aligner should learn the
ability to convert the left-to-right (L2R) representation of numbers into a right-to-left (R2L) format,
as R2L is evaluated more effectively for LLM to operate the operands (Lee et al., 2023).

3 APPROACH: IMPLEMENTATION

Building on the conceptual design of CAEF, we present the detailed implementation of Equation 1,
highlighting two key derived components: basic executors and executor composers with examples.

3.1 FINE-TUNING PROCESS AND IMPLEMENTATION DESIGN

CAEF offers a framework to enhance the arithmetic capabilities of LLMs. To implement Equation 1
for a specific arithmetic task, CAEF involves the following steps: 1) step 1: design a state machine
and implement the representation < si; ci > for the arithmetic task, and 2) step 2: sample pairs of
input and output to create a dataset, which is then used to fine-tune the LLM for one-step execution.

Step 1. Designing a state machine can draw from existing Turing machines or other relevant state
machines for the task. To implement state si and commands ci in the representation, we transform
the structured representation into plain text following two main guidelines: 1) numbers are formatted
in R2L order, separated by j, and 2) each command is expressed in the format f[CMD] actiong.
For example, for the addition task 45 + 67 = where the current step involves adding the tens digits
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Figure 3: Execution process of45 + 67. The state diagram on the left abstracts the addition process.
In step 2
 , a one-digit addition is performed, followed by updating the carry and output. The right
side shows the actual sequence of state and command execution in the CAEF framework.

with a carry of1 from the units place, the representation< s i ; ci > may include several pointers:
two HEADs pointing to the digits, a carryC for the carry value, and OUTPUT to record the results.
All these pointers are moved using the RIGHT command. The representation is written as follows:

where q1 indicates the current status, and all pointers are presented in uppercase, enclosed in
brackets with the pointed value on their right.

Step 2. To �ne-tune the LLM, the dataset, including input and output representation pairs
used for learning one-step execution. Continuing with the example, we create the representation
< s i +1 ; ci +1 > for the output of the one-step execution based on the above< s i ; ci > :

where qH is the halting status. The details of the dataset refer to Section 4.1.

One ef�cient way for LLM to learn for one-step execution is LoRA �ne-tuning. Since we target to
learn+ , � , � , � , > , < , and== arithmetic operators, implementing multiple LLM instances leads
to signi�cant memory overhead. To mitigate this, we use a single base LLM model with multiple
LoRA adapters that serve as learned executable arithmetic operators. Switching LoRA adapters
based on function calls generated by the LLM can ef�ciently perform various operations, optimizing
memory usage while maintaining �exibility in handling different arithmetic computations.

To implement a speci�c computational task, CAEF introduces two types of executors (i.e.,basic
executorand theexecutor composer) to learn to execute under the proposed representation. The
basic executor is designed to handle tasks with well-de�ned computational logic, while the executor
composer acts as a higher-level controller that orchestrates the process by calling other basic
executors. In the following, we introduce the two types of executors through illustrative examples.

3.2 BASIC EXECUTORS

We useadditionto illustrate the design of a basic executor. A natural way to implement addition is to
imitate the accumulator, performing the addition of two corresponding digits from the operands once
at a time, along with the value stored in the carry register. This process calculates the result for the
current digit and simultaneously updates the carry register for the next higher digit's computation.

Thus, the state and the command for addition are constructed as follows. The state should include
the following components: 1) the two operands, 2) two pointers indicating the current digits being
processed, 3) the carry register, and 4) the output generated so far. The command part should at
least include: 1) the actions to write the carry and output, 2) the actions to move the pointers, and
3) state transition actions to control the start, transitions, and halting of the addition. Based on this
instruction, CAEF constructs the state machine based on the text-based represented< s i ; ci > .
Figure 3 illustrates the computation process of CAEF foraddition. The details of computations
and dataset are listed in Appendix A.3 and Section 4.1, respectively. In this paper, we use similar
procedures to design the operators for> , < and== .
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