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Abstract

Low-precision execution can induce substan-
tial forward discrepancies in Transformers
even for fixed weights and input, yet these
discrepancies are usually monitored only at
the output and lack a layer-wise theoreti-
cal account. We develop a first-order de-
composition of output mismatch into layer-
local attention, LayerNorm, and residual-
transport terms, and derive from it a prac-
tical causal risk estimator and a budgeted
controller, Bound-Guided Selective Stabiliza-
tion (BGSS). Controlled sweeps verify the pre-
dicted local sign, monotonicity, and transport
structure. On GPT-2, the transport-aware
combined predictor is positively correlated
with FP32-reference mismatch in all 18 runs
and improves over a no-transport ablation
in 17/18 runs. Reference-patch attribution
shows that the same score preserves useful
layer ordering information (mean Spearman
0.362). In budget-matched mitigation, BGSS
outperforms random same-budget control in
onset events (10.67 vs. 11.67), final mismatch
(1.243 x 1072 vs. 1.284 x 1073), and worst-
case mismatch (3.14 x 1073 vs. 8.49 x 1073),
while matching a risk-only same-budget con-
troller on onset suppression and sharply re-
ducing worst-case mismatch (3.14 x 1073
vs. 5.71 x 1073). These results support a
theory-to-algorithm account of Transformer
numerical fragility in which finite-precision
risk can be analyzed, estimated, localized,
and selectively stabilized.
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1 INTRODUCTION

Modern Transformer systems (Vaswani et al., |2017)
are routinely executed in reduced precision to increase
throughput and reduce memory cost (Micikevicius
et al. 2018 |[Kalamkar et al. [2019; Dettmers et al.
2022} [Yao et al. [2022; [Frantar et al., [2022; [Xiao et al.
2023} [Lin et al., 2024} Bondarenko et al., |2023). Yet
low-precision execution can produce substantial for-
ward discrepancies even for fixed weights and input,
and these discrepancies are often treated as a global
implementation artifact rather than a structured inter-
nal phenomenon. Output-level mismatch reveals that
a run is numerically unstable, but not which layers are
responsible, which mechanisms dominate, or where a
limited stabilization budget should be spent.

This paper develops a theory-to-algorithm account of
Transformer numerical fragility. We start from a first-
order layer-wise decomposition of finite-precision for-
ward error into attention-side sensitivity, LayerNorm-
driven instability with explicit e-dependence, and
downstream residual transport. From this decomposi-
tion, we derive a practical causal risk estimator and
BGSS, a budgeted controller that selectively increases
LayerNorm ¢ only where predicted risk is large and
LayerNorm-dominated.

The empirical results support the full pipeline: con-
trolled sweeps verify the predicted local sign, mono-
tonicity, and transport structure; on GPT-2, the
transport-aware combined predictor is positively cor-
related with FP32-reference mismatch in all 18 runs
and improves over a no-transport ablation in 17/18
runs; reference-patch attribution preserves useful layer
ordering information; and budget-matched intervention
shows that BGSS improves on random same-budget
control while substantially tightening worst-case behav-
ior relative to a risk-only same-budget controller.

The main contribution is a unified view of numerical
fragility in Transformers:

1. We develop a first-order layer-wise theory that com-
bines attention-side sensitivity, residual relaxation,
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and LayerNorm e-dependence into a unified forward-
fragility decomposition.

2. We derive a practical causal estimator and a bud-
geted selective controller, BGSS, from that decom-
position rather than treating monitoring and miti-
gation as unrelated engineering heuristics.

3. We validate the resulting pipeline empirically
through controlled local checks, GPT-2 end-to-end
predictor evaluation, exact-ish attribution fidelity,
and budget-matched intervention experiments.

Section [3] formalizes numerical fragility at the output
and layer level. Section [4] develops the decomposition,
Section [5| turns it into a causal estimator and BGSS,
and Section [f] validates the resulting pipeline.

Code availability. The official code
release  for  this paper is available at
https://github.com/JinwooBaek00/
Numerical-Fragility-in-Transformers.

2 RELATED WORK

Low-precision execution is primarily motivated by
efficiency.  Mixed-precision training, BF16 execu-
tion, and recent Transformer/LLM quantization meth-
ods such as Q8BERT, LLM.int8, ZeroQuant, GPTQ),
SmoothQuant, AWQ, and Quantizable Transformers
(Micikevicius et al., 2018} [Kalamkar et al., [2019; [Zafrir
et al., [2019; Dettmers et al. 2022} Yao et al., 2022 |[Fran/
tar et al.| 2022 Xiao et all 2023; |Lin et al., |2024}; Bon{
darenko et al., |2023) show that large models can often
run accurately under aggressive precision constraints,
but they typically evaluate numerical behavior through
task accuracy or output-level degradation rather than a
layer-wise causal account of where fragility originates.

Our work is also connected to classical numerical sta-
bility (Goldberg, [1991; [Higham| |2002; TEEE Computer
Society, 2019), to architectural analyses of residual
and normalization structure (He et al., 2016} Ba et al.
2016} [Xiong et al.l [2020; |Zhang and Sennrich, 2019)),
and to activation-patching or causal-tracing style anal-
yses that localize internal responsibility by replacing
hidden activations (Vig et al., 2020; [Meng et al., 2022).
We draw on these perspectives, but our goal is different:
we start from output mismatch and derive a unified
layer-wise risk score together with a budgeted selective
stabilizer.

3 PROBLEM FORMULATION

We formulate numerical fragility in Transformers as a
layer-wise causal risk estimation problem under finite-
precision execution. Our focus is not optimization,
approximation, or generalization error, but the forward

discrepancy induced purely by finite-precision arith-
metic inside a fixed model.

At optimization step ¢, let X ; denote the exact final
hidden state of a depth-L Transformer on the current
minibatch, and let X, ; denote the corresponding finite-
precision output. We define the output-level numerical
mismatch by

| XL — Xpa

my = — 1
t Xl M)

A central premise is that numerical fragility is layer-
local but globally accumulated. Accordingly, the problem
is not merely to monitor a scalar mismatch, but to
construct a layer-wise predictor

L
]'A?t = Z ae,t,

(=1

ét = (@l,t) L 7@L,t)7

such that R\t tracks m; while the coordinates @“ iden-
tify which layers contribute most strongly to fragility.
This layer-wise formulation supports both localiza-
tion and control: it distinguishes attention-side from
LayerNorm-driven risk and enables selective stabiliza-
tion when only a few layers can be protected. We
focus on the minimal intervention class of LayerNorm
stabilizers, asking for an online rule that identifies
layers whose predicted contribution is both large and
LayerNorm-driven and stabilizes only those layers.

4 THEORY

We develop a layer-wise first-order theory for numer-
ical fragility in Transformers and combine attention,
residual, and LayerNorm effects into a unified forward-
stability theorem.

4.1 Setup and Notation

We work under the standard floating-point model

ﬂ(a o b) = (a o b)(]. + 5), ‘§| < €mach,

for o € {+, —, x,+}, where €yaen is the machine pre-
cision of the active compute format. For structured
kernels such as GEMMSs, reductions, softmax, and Lay-
erNorm, first-order rounding effects are absorbed into
implementation-dependent constants. Unless stated
otherwise, || - || denotes the Frobenius norm and || - |2
the spectral norm. For an invertible linear map T', write
K(T) := ||T||2]|T~1|]2. Let X, and X, denote exact and
finite-precision hidden states, let E, := 5(:@ — Xy, and
for a residual block z — x + f(x) define py := || J¢||2.
The small-gain regime py < 1is used only in Theorem
and Corollary [1} the unified forward-error result later
needs only ||I + Jfll2 <1+ py.
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4.2 Self-Attention Forward Error

Let Q, K,V € R"*4 where n is the sequence length
and d is the head width. Define

1
S=-—=QKT e RV,
\/EZQ

P = softmax(5),

A= PV € R™¥4,

Let S : R™*"™ — R™*™ denote the row-wise softmax
map. For a probability row p € R™, define

J(p) =Diag(p) —pp',  0<[J(p)ll2 < 3.

Since DSg is block diagonal with row blocks J(P;.), let

dsmx = | DSs|lp—Fr = max [ J(P:.)]|2-

We then define
_ sl

Rsoftmax = m dsmx;

_lenxl
1PV

and, whenever || A|| > 0,

T
1Al
Theorem 1 (Self-Attention Forward Error). Under

the floating-point model above, the finite-precision result
A of A= PV satisfies

||;4V - A” S |:Csmx + Rsoftmax + cgemmecore

+ Chenn] €mach [P 1V 12 + Ol€acs).
2)

If additionally | A|| > 0, then
1A= A

/
< [Csmx + Ksoftmax T Cgemm Xscore + Cgemm

1Al

2
X €mach Kval 1 O(Gmach)'

The bound separates direct softmax sensitivity, score-
formation error, and value amplification; proof appears

in App.[A7]
4.3 Residual Relaxation

Residual connections do not remove local floating-point
error, but they can weaken its depth-wise accumulation.
Let a residual block be z +— x + f(x) and write Jy for
the Jacobian of f.

Theorem 2 (Residual Stabilization). If || J¢|l2 < 1,
then the linearized residual map T' = I+ Jy is invertible
and satisfies

L+ (|5l

R(T) = 1T+ Tl 10+ T) Ml < 75
175112

Hence, under the small-gain condition, residual con-
nections relax depth-wise compounding by keeping the
local linearized map well-conditioned.

Corollary 1 (Depth-wise relaxation). For a stack
of residual blocks with Jacobians {Jp, Y, and py =
”er 2 <1,

L L

A(TT0+ 1)) < g i”f.

r—1 Pe

In the first-order predictor developed below, we use the
relaxed downstream factor

L

IT a+mm)

k=(+1

to capture this attenuation effect at the level of layer-
wise accumulation.

1+pp

1—pg>?
whereas the factor H£=e+1(1 + pr) used later is the
corresponding first-order forward-error transport factor.

Proofs appear in App.

The exact condition-number bound is HLI

4.4 LayerNorm Forward Error and e-Regime
Structure

For a feature vector 2 € R%medel | define the e-dependent
LayerNorm normalization path

ZN(x) := Diag(y)

so that the full LayerNorm output is
LN(z) = Z"N(2) + B.

Here u(z) and o%(x) denote the mean and variance
over the normalized axis, and ¢ > 0 is the stabi-
lizer. Because BGSS acts only through e, we isolate
the normalization path ZIN and absorb the final bias
shift into the e-independent remainder term of the uni-
fied theorem. We also track the scale-aware indicator
pLN(€) == (0%(2)/€) dmodel €mach, Which serves only as
a practical proxy for entry into the e-dominated regime.
Proposition 1 (First-order LayerNorm normalization—
path forward error). Under the floating-point model,
there exists a kernel- and dimension-dependent con-
stant a;, > 0 such that

1ZEN (@) = ZEN (@) < €mach Min(@,€)+O(Eaen); (3)

where

€+ 20%(x)

Min(z,€) == ||Diag(7)||2m

(aml[l2)-

(4)
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If additionally ||ZLN(z)|| > 0, then

ZIN(p) _ 7LN(, i

|| € ||(Z)£N(.’E)E ( )H < €mach OLN(H?,&') + O(Emach)(75)
where .

Cin(z,e) = HZLLNNZC )‘E) ()

Moreover, for fixed x, 7, and ayy, the e-dependent factor

€+ 20%(z)

fa2(x)(5) = W

is strictly decreasing in € > 0.

Proposition gives the first-order e-dependent
normalization-path magnitude together with a rela-
tive coefficient when || ZLN(z)|| > 0; proof appears in

App.[A.4
4.5 Unified Forward Stability

Let A, denote the exact attention-side coefficient

R /
AE = |:Csmx + Rsoftmax,¢ + cgemmecore,Z + Cgemm:|

X 1Pl I Vell2,

(7)

let M}N := Myn(z¢,e0) be the exact LayerNorm
normalization-path magnitude from Proposition [I} Let
Re be the finite set of remaining non-attention kernels
in layer ¢ outside the e-dependent normalization path,
and for each r € R, assume

HAZ T|| < €mach bf rt O( mach) (8>

Let ME’H = Zrem be,» denote the aggregate remain-
der magnitude, which upper-bounds the summed re-
mainder perturbation by Lemma [l The local fragility
magnitude is

My = M® + Ay + MY, 9)

Theorem 3 (Unified forward stability). Assume the
absolute bound of Theoreml[d] for every attention site and
Proposition [1] for every LayerNorm site contributing to
M,. For each residual block x — x + fo(x), let

pe = 5 (Xe-1) |-

Assume further that holds for every r € Ry and
every layer £, and that | X || > 0.

6machz: ||X ||

+ O(Efnach)'

L

H (1+ pr) (10)

k=(+1

1Xr — X1
XLl

Theorem [3| decomposes output-level mismatch into
layer-wise local magnitudes transported by downstream
residual factors, without any small-gain assumption
since || I + Jy,|l2 < 1+ pg. Proof appears in App.
Any benign inter-layer norm ratios needed to express
site-local absolute magnitudes relative to the final out-
put scale are absorbed into the layer-dependent first-
order constants defining M,.

4.6 From the Unified Bound to a Selective
Controller

Theorem [3] naturally induces a monitored layer-wise
risk score. At step ¢ with || X ¢|| > 0, let

e /
A&t = |:Csmx + Rsoftmax,¢,t + Cgemm Xscore,£,t + Cgemmi|

X | Peel Vel
(11)

let M}F = Min(2et,€0¢) be the exact LayerNorm
normalization-path magnitude at site (¢, t) from Propo-
sition [1, and let My := > _p bps, be the aggre-
gate monitored-step remainder magnitude for the non-
attention, non-normalization-path kernels in Ry. Set

Mft—Mgt‘f'AZt‘i‘ étv (12>
where pg ¢ := ||Jf, (Xk—1,)||2 denotes the downstream
residual Jacobian norm at step ¢. Define

L
M,
Grii= = [ L +pw0). (13)
ol AL

Then Theorem |3| gives the first-order predictor

> L

[ XL — Xl

————=" < €mach Gt 14
IXcel mach ) Ge (14

Here G is the predicted layer-wise contribution to end-

to-end fragility. To quantify whether this contribution

is primarily LayerNorm-driven, define

(15)

with the convention ¢y ; := 0 when M, , = 0. Large G+
indicates high risk, while large ¢, ; indicates LayerNorm
dominance.

Proposition 2 (Monotone reduction of the frozen-scale
LayerNorm contribution). Fix a monitored layer ¢ and
step t. Let vo; := 0%(xs4) and let az; > 0 denote
the positive constant inherited from Proposition [1| at
the monitored site (¢,¢). Hold xg,, vey, ae, and 7y,
Mg, Agy, | X1, and all non-normalization-path co-
efficients fixed. Define

- e+ 2vp4
M{% 4.4(€) == || Diag(ye) 2

W (ae t ||!Ez t” )
(16)
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Then M{2 ¢ is nonincreasing in € > 0, and it is strictly
decreasing whenever ||Diag(7¢)||2 [lzeel|l2 > 0. More-
over,

d Dia,
3 i ale) = P8O )
y e+ 4vpy (17)
(ve,t 4 €)5/2

<0.

Consequently, the frozen-scale layer-wise contribution

M+ Ay, + g) &
GfrZ( ): 4.t t Lth( ) H (]."‘pk’t)
XL k=E+1
(18)
is nonincreasing in €, and for any &' > ¢
1
Gfrz( ) Gfrz( )
[ XLl
x (M 00(6) = Mi%0(e")
L
X H (14 pr.t)-
k=41
(19)

Proposition [2 shows that, in the frozen-scale first-order
model, increasing € decreases the LayerNorm part of
the predicted layer-wise contribution, motivating se-
lective intervention on layers with both large G, ; and
large ¢;+. In the algorithmic implementation, common
positive kernel-dependent multipliers are absorbed into
controller thresholds. Proof appears in App.

5 ALGORITHM

We instantiate the theory of Section[d as Bound-Guided
Selective Stabilization (BGSS), an online controller that
monitors layer-wise numerical fragility and selectively
increases LayerNorm stabilizers. BGSS leaves model
weights, optimizer states, and architectural blocks un-
changed; it acts only through LayerNorm & values.
Throughout this section, hats denote quantities mea-
sured on the monitored finite-precision forward pass
at step t. BGSS is theory-guided rather than exactly
calibrated: the practical statistics below need not equal
the exact coefficients from Section but they are
required to be nonnegative, causal, and to preserve the
exact score structure

local magnitude
+ downstream residual transport
4+ monotone e-dependence
of the LayerNorm term.

Unknown hardware/runtime-dependent scale factors
are therefore absorbed into the controller thresholds.

5.1 Practical Layer-Wise Risk Estimation

At a monitored step ¢ with ||)/(:Lt|| > 0, the exact
coefficients in Section E.6] are either unavailable or
unnecessarily costly to compute online. BGSS therefore
replaces them with causal surrogates computed from
the monitored pass. For each layer ¢, let Sy, Qr,
K@ £ Pg s V“, and ZLN denote the observed score,
query, key, attention- probablhty, value, and LayerNorm
normalization-path tensors. Let M ; > 0 denote any
causal surrogate of the remaining non-attention, non-
normalization-path local magnitude, and let pg ¢ > 0
denote any causal surrogate of the downstream residual
Jacobian norm py ;.

We first estimate the local softmax differential by

dsmx L,

Sedll =
|| ot || dsmx,é,h

Rsoftmax,l,t -

IQe, ,
Xscore 4yt *= — =~
1Peell Vd

A\Z,t = (Esoftmax,l,t + X\scorc,é,t) Hﬁé,t” ||‘/}Z,t||2a

smx,{,t

and use the monotone LayerNorm surrogate

Eut + 2&\[2,t

5 = == ——a75 -
LN, ¢, (Jéz,t Jré.“)3/2

This preserves the exact monotone dependence on ¢
while omitting shared positive kernel-dependent multi-
pliers. Define the surrogate LayerNorm magnitude

MEY = || ZEY|| Crnyee,

My = Mthf + A\Z,t + M},F»
the practical layer-wise risk score

N M, L
Gyt = s H (1 + Prt)s (20)

HXLJ/” k=0+1

and the LayerNorm dominance ratio

s

¢e p = = (21)
e,t

We adopt the convention :é\“ := 0 when ]\7“ =0.

To detect entry into the e-dominated regime, BGSS
also tracks
~9
Tt

PLN ¢t = 57 dmodcl €mach (22)
Lt
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so that ég’t preserves the exact

local magnitude / final-output scale

x downstream transport

structure, 5“ measures how much of that surrogate
risk is LayerNorm-driven, and prn ¢, tests whether the
layer is in the e-dominated regime. We do not claim
exact calibration of G, across kernels or runtimes;
BGSS uses these quantities for ranking, thresholding,
and local action selection. Estimation details are given

in App. [A7]

Selection rule. BGSS forms the eligible set

Gor > 10,

¢Z,t > T, s
PLN,e < 1

5t =L

where 7¢ is a risk threshold and 74 is a LayerNorm-
dominance threshold. A layer is therefore eligible only
when its predicted contribution is large, LayerNorm-
dominant, and currently in the e-dominated regime.
Layers under active cooldown are removed from &, and
BGSS keeps the top-B remaining layers ranked by G ;.

Update rule. For each selected layer ¢, BGSS applies
the monotone update

=2

oy, d del € h

cand . . £,t Ymodel ¢mac

gé,t = chp(p, €min, €max | » (23)
*

Eou41 = max{egy, €5}, (24)

where p, € (0,1) is the target post-update LayerNorm
ratio. All non-selected layers keep

ELt+1 = Eut-

The candidate in is the smallest value inside
[Emin, €max] that would enforce prns: < ps on the
monitored statistics whenever feasible; the outer max
in is then the smallest monotone bounded update.
If the target value exceeds e, the rule saturates at
€max and therefore achieves the best feasible reduction
of the monitored ratio subject to the box constraint.

Under frozen monitored statistics, the post-update mon-
itored ratio satisfies
aé%t dmodel €mach
E0,t+1
8527,5 dmodel €mach
Px

and the frozen surrogate LayerNorm magnitude

whenever < €max;

~9
€+ 20“

My (6) = 20 =7
! (Jez,t +¢)3/2

0t

Algorithm 1: Bound-Guided Selective Stabiliza-
tion (BGSS)

Input: monitor interval m; thresholds (7¢, 74); target
ratio p.; budget B; cooldown c; bounds
(5min7 €max)

Initialize cooldown counters to zero for all layers

for optimization step t =1,2,... do

perform the usual forward /backward/update step

if t mod m = 0 then

decrement all positive cooldown counters by

one

estimate Gy¢, ¢rt, and prn,e+ for all layers ¢
using the activations observed at step ¢

form R R
Ec={L:Gei >7a, bep > Ty, PLNe: < 1}

remove layers with positive cooldown counters
from &,

keep the top-B layers in & ranked by ég’t
foreach selected layer ¢ do
cand

Eé,t <
l. ~2 d .
clip Ug,t modelemach/p*7 €min, Emax
ertr1  max{er,, 52?{“1
if €571 > €¢,¢ then
set €ee41 4 Eppr1
set the cooldown counter of layer ¢ to c

is nonincreasing in €. Consequently, the corresponding
frozen surrogate layer score is also nonincreasing. This
is the algorithmic analogue of Proposition [2}

Properties and theoretical grounding. BGSS
is causal, selective, monotone, and mechanism-aware.
Causality follows from using only statistics observed
at step ¢ and applying updates from step ¢ + 1 onward.
Selectivity follows from the top-B budget on eligible
layers. Monotonicity follows from . Mechanism-
awareness follows from requiring both large overall risk
(Ge,) and large LayerNorm dominance (¢¢ ;). Finally,
Theorg\m@provides the layer-wise decomposition under-
lying Gy ¢, while Proposition [2|and the frozen-statistics
argument above justify as the smallest bounded
monotone local risk-reducing action toward the target
ratio p,. Thus, BGSS is a causal surrogate-based al-
gorithmic realization of the unified first-order fragility
model under budgeted intervention constraints.

6 EXPERIMENTS

Evaluation protocol. Our empirical evaluation mir-
rors the theory-to-algorithm structure of the paper.
Throughout, FP32 execution serves as the numerical
reference. E1 uses synthetic controlled sweeps to test
the local statements behind Theorem [1] Theorem
Corollary (1} and Proposition E2 and E3 use the
HuggingFace gpt2 checkpoint with BF16/FP16 mon-
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Table 1: Main GPT-2 evidence summary. Means are
over completed runs; when reported, uncertainties are
standard deviations across runs/seeds.

Exp. Main evidence

E2 The transport-aware predictor achieves Pearson 0.370 +
0.119 versus no-transport 0.206, improves correlation in
17/18 runs, and improves top-k retrieval in 12/18 runs.

E3 Reference-patch attribution yields mean Spearman 0.362+
0.156, pairwise accuracy 0.643+0.061, top-3 overlap 0.505,
and top-5 overlap 0.622.

E5 Relative to the random same-budget controller, BGSS
reduces onset events (10.67 £ 1.15 vs. 11.67), final mis-
match (1.243 x 1073 £2.87 x 107° vs. 1.284 x 1072), and
worst-case mismatch (3.14 x 1072 £1.01 x 1072 vs. 8.49 x
1073); versus the risk-only same-budget controller, BGSS
matches mean onset events (10.67 vs. 10.67) while reduc-
ing worst-case mismatch (3.14 x 1072 vs. 5.71 x 107?),
at a slight cost in mean final mismatch (1.243 X 1073
vs. 1.221 x 1073).

itored passes on WikiText-103 validation, sequence
lengths {128,512,1024}, 3 seeds, and 96 monitored
windows per run, for 18 completed runs. E3 reuses
these E2 runs and evaluates layer attribution on the top-
8 highest-mismatch windows per run. E5 uses stable
FP32-master / FP16-shadow training on WikiText-2
train with sequence length 256, 256 monitored steps, 3
seeds, and a shared budget of 24 actions for the budget-
matched controllers. Unless otherwise noted, aggregate
statistics are means over completed runs. Table
collects the main GPT-2 evidence for the end-to-end
predictor, attribution, and mitigation experiments in
one place. Where variability is relevant, we report
standard deviations across runs or across seeds.

6.1 E1: Controlled local validation

We begin with controlled numerical checks that isolate
the three local mechanisms in the theory. The attention
sweep varies score margin and value scale in a 2 X 2 toy
attention map; the LayerNorm sweep varies ¢ over 10
logarithmically spaced values; and the residual sweep
varies the local gain p over 8 values while composing
depth-6 transport. These are not language-model runs;
they are direct mechanism probes.

Figure[I| shows that the attention proxy tracks the mea-
sured attention-output perturbation almost perfectly
(Pearson = 0.999999, Spearman = 1.0), as predicted
by Theorem [I| In the LayerNorm sweep, both the mea-
sured normalization-path change and the causal proxy
decrease monotonically with e, matching Proposition
In the residual sweep, the measured downstream ampli-
fication remains below the predicted transport bound
at all tested p values, matching Theorem [2] and Corol-
lary The corresponding LayerNorm and residual
curves are reported in Appendix Overall, E1 veri-
fies that the local signs, monotonicity, and transport
directionality assumed by the unified decomposition are

directly visible in controlled numerical measurements.

Value scale
® V=05 o V=2
® v=1 ® V=4
Pearson = 1.000
< 100 4
g E
9]
C
o
2 107 3
S E
b
(U -
D 10-2 -
51073 *
© ] , &
v +
= 1 ; ‘+9
1073 : &
E ) I+
¢
MR | LA | T MRRRLA | LA | T
1073 1072 1071 100

Attention proxy

Figure 1: E1 attention-side controlled validation. Each
point is one controlled attention configuration from the
margin/value-scale sweep. The theory proxy and the
measured attention-output perturbation align almost
perfectly, confirming the sign and relative scaling pre-
dicted by Theorem

6.2 E2: End-to-end predictor validation on
GPT-2

We next test whether the practical transport-aware pre-
dictor tracks the final FP32-reference mismatch on real
GPT-2 evaluation windows. For each monitored win-
dow, we compute the combined predictor Ry = >, Gy,
and compare it to the no_transport ablation, which re-
moves the downstream residual transport factors from
the same local decomposition. This is the primary E2
comparison: the unified theory specifically adds trans-
port on top of local magnitudes, whereas the single-
mechanism signals are diagnostic probes rather than
the main baseline.

Across the 18 GPT-2 runs, the combined predictor
is positively correlated with the final mismatch in
all runs. Averaged over the full sweep, it achieves
mean Pearson/Spearman correlations of 0.370 = 0.119
and 0.351 £ 0.060, compared with 0.206/0.212 for
no_transport. Adding transport improves correlation
in 17/18 runs and improves top-k retrieval of high-
mismatch windows in 12/18 runs. Figure 2| summarizes
this comparison: almost all runs lie above the diagonal,
showing that causal downstream transport is consis-
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tently useful in practice. This is the main empirical
validation of the transport-aware unified estimator from
Section Bl A run-wise A-Pearson view and a binned
risk-trend plot appear in Appendix [A78]

Color: o BF16 @ FP16
Marker: ~ | _128 [ L=512 A L=1024
0.6 -
|
0.5 - e
A A A
c A |
[e]
n 0.4 4 |
—_
S
a A ’
T 0.3 - ]
= P
5 |e =
S 0.2 e
0.1 -
0.0 + : T T T

T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6
No-transport Pearson

Figure 2: E2 end-to-end predictor validation on GPT-
2. Each point is one run over a precision/sequence-
length/seed combination. The transport-aware com-
bined predictor almost always improves on the no-
transport ablation, supporting the role of downstream
residual transport in the unified risk estimator.

6.3 E3: Attribution and localization fidelity

E2 validates the scalar predictor. E3 asks whether the
induced layerwise ranking is faithful to reference-patch
layer importance. Starting from the E2 runs, we select
the top-8 highest-mismatch windows from each run
and rerun the same manual GPT-2 forward path while
replacing exactly one low-precision block with its FP32
reference counterpart. The resulting reduction in final
mismatch is the reference-patch effect for that layer.

The first check is alignment: the recomputed baseline
mismatch agrees with the source E2 mismatch to within
an average absolute gap of only 9.24x107743.47x 1077,
so the attribution comparison is not confounded by a
different forward path. The second check is ranking
fidelity. Across the 18 runs, we obtain mean Spearman
correlation 0.362 + 0.156, mean pairwise ordering accu-
racy 0.643 + 0.061, mean top-3 overlap 0.505 4+ 0.108,

and mean top-5 overlap 0.622 4+ 0.084. Figure |3| shows
the aggregate proxy-rank versus exact-rank heatmap.
The mass is concentrated near the diagonal, indicating
that the practical layerwise proxy is not a perfect oracle
but does preserve useful localization structure for the
most influential layers. Run-level fidelity statistics are

reported in Appendix

12 1 H N
35
Wy
10 + 30
%7 =
25
~ 84 3
C (V]
g 71 20 €
g 61 2
&g - 15 ©
>
3
4
- 10
3_
2 -5
1
T T T T T T T —-0

1 2 3 4 5 6 7 8 9 10 11 12
Proxy rank

Figure 3: E3 attribution fidelity. The heatmap counts
proxy-rank versus exact-ish rank over all evaluated
layer-step pairs. Mass concentrated near the diagonal
indicates that the practical layerwise proxy preserves
meaningful exact layer ordering information.

6.4 E5: Budgeted mitigation utility

Finally, we test whether the theory-guided score is
useful for intervention rather than explanation alone.
We compare five policies during stable FP32-master
/ FP16-shadow training: mno intervention, a static
global LayerNorm-¢ increase, a random same-budget
controller, a risk-only same-budget controller that
ranks layers by overall risk without the LayerNorm-
dominance gate, and BGSS. The key comparisons are
budget-matched: BGSS, the random controller, and
the risk-only controller all use 24 actions and the same
average protected layer-steps (2742), so performance
gaps reflect policy quality rather than intervention vol-
ume.

Figure [4] shows the main robustness view. Relative
to the random same-budget controller, BGSS reduces
mean mismatch-onset events from 11.67 to 10.67 £
1.15, lowers mean final mismatch from 1.284 x 1073 to
1.243 x 1073 4+ 2.87 x 10~°, and sharply reduces mean
max mismatch from 8.49 x 1073 to 3.14 x 1073 4+1.01 x
1073, The stronger mechanism-aware test is against
the risk-only same-budget controller: both policies
achieve the same mean onset-event count (10.67), and
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the risk-only controller attains a slightly lower mean
final mismatch (1.221 x 1072 versus 1.243 x 1073), but
BGSS reduces mean max mismatch from 5.71 x 1073
to 3.14 x 10~3 and wins the worst-case comparison in
all three seeds. Static global stabilization uses a larger
protection budget (3072 protected layer-steps) yet still
produces higher final mismatch and higher worst-case
mismatch than BGSS. The conclusion is therefore not
that BGSS minimizes every average metric, but that
the theory-guided policy is the strongest robust budget-
matched controller among the tested alternatives. A
complementary tradeoff view is given in Appendix

None - ‘
Static global - o‘.

Random (same budget) -

Risk-only [ J

BGSS o’ e

T T T T T T

2 4 6 8 10 12
Max mismatch (x1073)

Figure 4: E5 budgeted mitigation, viewed through
worst-case robustness. Small points show individual
seeds and diamonds show policy means. Under the
same budget as the random and risk-only controllers,
BGSS substantially reduces max mismatch and yields
the strongest robust budget-matched policy.

Summary. Taken together, E1 validates the local
surrogates, E2 validates the end-to-end transport-aware
predictor on GPT-2, E3 validates the resulting layer-
wise localization, and E5 shows that the same score
can drive a useful budgeted controller. The experi-
ments therefore support the full pipeline of the paper:
from first-order layerwise theory, to a practical online
estimator, to a selective mitigation algorithm.

7 LIMITATIONS

Our analysis is intentionally first-order. The theory
isolates the dominant finite-precision mechanisms aris-
ing from attention, LayerNorm, and residual trans-
port, and E1-E3 validate precisely this regime. The
practical estimator, however, still depends on causal
surrogates for quantities such as softmax sensitivity,
downstream transport, and effective remainder magni-
tude. These surrogates preserve the structure of the

unified bound and work well empirically, but they are
not online certificates of exact mismatch. Likewise,
the implementation-dependent constants in the theory
are treated as fixed for a given hardware/runtime pair
rather than derived analytically for every kernel.

The empirical scope is also deliberate. Our large-model
experiments use GPT-2 and LayerNorm-based stabi-
lization, so we do not claim immediate quantitative
transfer to architectures with substantially different
normalization, routing, or attention implementations.
In addition, BGSS studies a narrow but controlled in-
tervention class—selective LayerNorm ¢ updates under
an explicit budget—rather than the full space of nu-
merical mitigation methods. Accordingly, the paper
supports the claim that layer-wise fragility structure
can drive useful selective stabilization, but it does not
claim that BGSS is a globally optimal controller across
architectures, kernels, and runtimes.

Future work. Several extensions are especially nat-
ural. On the theory side, an important next step is
to derive sharper implementation-aware constants and
to extend the analysis to RMSNorm, grouped-query
or multi-query attention, mixture-of-experts routing,
and more aggressive quantization regimes. On the
algorithmic side, it would be valuable to enlarge the in-
tervention space beyond LayerNorm ¢ bumps to include
selective recomputation, mixed-precision routing, or
budgeted precision promotion for specific kernels. On
the empirical side, scaling the evaluation from GPT-2
to larger contemporary language models would test
how the same layer-wise decomposition behaves under
newer architectural choices and runtime stacks.

8 CONCLUSION

We presented a layer-wise theory of numerical fragility
in Transformers that connects attention-side sensi-
tivity, LayerNorm instability, and residual transport
through a unified first-order forward-error decomposi-
tion. From this decomposition, we derived a practical
causal risk estimator and a budgeted selective stabi-
lization rule, BGSS. The experiments support the full
pipeline: controlled sweeps verify the local mechanism
statements, GPT-2 evaluation shows that the transport-
aware combined predictor tracks FP32-reference mis-
match, reference-patch attribution shows that the same
score carries useful layer-localization information, and
budget-matched intervention experiments show that
it can support selective mitigation. Taken together,
these results argue that finite-precision instability in
Transformers is not merely a global numerical artifact,
but a structured layer-wise phenomenon that can be an-
alyzed, estimated, localized, and selectively acted upon
using causal information available during execution.
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A PROOFS AND ADDITIONAL DERIVATIONS

A.1 Floating-Point Kernel Model and Basic Lemmas

We adopt the scalar FP model fl(a 0 b) = (a0 b)(1 + §) with || < €mach and o € {+, —, x, +}. For structured
kernels (reductions, GEMMs, softmax, layer normalization), we use standard first-order bounds that collect
rounding into implementation-dependent constants (independent of the specific model instance). We record the
basic lemmas used in the proofs.

Lemma 1 (GEMM first-order score bound). Let S = (QK T /v/d). Then

5 QI K ) 2
S_S Semac S +Cemm7 +O €mach /-
15 51< et (151 + el 2L ()
Proof. Write S = %ﬂ(QKT) = ﬁ(QKT + E) with ||E|| < cgemm€mach||Q|| || K||. The subsequent scalar division
contributes a multiplicative factor (1 + &) with || < emach, SO

~ QK" +E E )
S=———14+90)=5+5+—=+ O(€,acn)-
Taking norms and using triangle inequality gives the claim. O

Lemma 2 (GEMM output forward bound). Let A = fi(MV) for compatible matrices M, V. Then
A=MV + Eyy,
with
IEMv || < Chemmemac MV [l2 + O€aen)-
Proof. Write the rows of M as m, . Standard first-order backward-error analysis for each row-times-matrix
product gives row perturbations Am; such that the computed ith output row satisfies
a; = (m; +Amy)'V, lAM;]]2 < Ygemm |2,

with
— 2
'Ygemrn - CgemmemaCh + O(emach)7

where ¢/ depends only on the GEMM kernel/runtime. Stacking the rows defines a perturbation matrix AM

gemm
satisfying B
A=(M+AM)YV =MV + Eyvy, Eyy =AMV,
Moreover,
||AM||%7 = Z HAml”g < Wgemm Z ||ml||g = WgemmHM”%‘
Therefore,
[Exv e < JAM[£[[V]2 < Yeemm | M| £V ]|z = Cemmemacn [ M| [V ]|z + O(€facn);

which is the claimed bound. O

Lemma 3 (Softmax kernel first-order forward bound). Let S denote the row-wise softmax map, let
P:=8(S +AS),

and let P = fsmx (S + AS) be the finite-precision softmax output produced from the perturbed scores S + AS,
where ||AS|| = O(émacn)- Then

~ ~

P= P+Esmxa
with R
||ESYHXH S CSmxemaChHPH + O(E?nach)'

Equivalently,
||ESIT1XH S CSmxemaChHPH + O(efnach)a

where P = S(S).
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Proof. The first bound is the standard first-order forward model for the implementation of the row-wise softmax
kernel, with ¢smx depending only on the runtime/kernel. Since S is smooth and [|AS|| = O(€emach),

P =8(S+AS) = P+ DSs[AS] + O(| AS|?) = P + O(emach)-
Hence
|21l < 1Pl + Olemacn),
and multiplying by €mnach gives
6machHﬁH = €mach || P|| + O(Q%lach)’
which yields the second form. O

Lemma 4 (Row-wise softmax Jacobian norm). For p = softmax(s) € R", J(p) = Diag(p) — pp' satisfies

0 < [|J(p)|l2 < 3. with the mazimum approached near two-way ties.

Proof. J(p) is a covariance matrix of a categorical distribution with probabilities p, hence PSD with operator
norm bounded by the largest variance along any direction in the probability simplex. The extremum occurs when
mass is split between two coordinates, giving ||J(p)||2 = 3. O

Lemma 5 (Closure of local first-order coefficients). Let Ry be a finite index set and suppose that, for each r € Ry,
[ A |l < €mach be,r + O(eilach)'

Define
AT =" Ay, M=) by,
reRe r€ERy
Then
||A§HH < €mach M;ff + 0(62 )-

mach

Proof. By triangle inequality,
IAZE < 7 1A

TER,

Applying the assumed bound termwise gives

HAEHH < €mach Z ber + Z O(ernach)-

reERy rERy

Because Ry is finite, the last sum remains O(e2 ), yielding the claim. O

A.2 Proof of Theorem [1] (Self-Attention Forward Error)

Proof.

1. Pipeline decomposition.
The self-attention pipeline is S = %QK T, P = softmax(S) (row-wise), and A = PV. First-order floating-
point (FP) rounding is injected at each stage and then propagated; we bound each stage and compose.

2. Stage 1 — score computation (GEMM + scaling).
Let S = fi(QK " /+/d) and write AS := S — S. By Lemma

QI K]

AS <€mac S +c emm
1AS| < h(n I+ g =

)+ Ol
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3. Stage 2 — softmax (Fréchet sensitivity + in-kernel rounding).
Let S denote the row-wise softmax map. Since S is smooth,

P =8(8 + AS) + Egny = P+ DS5[AS] + Eqnx + O(| AS|?),
where Fgny is the kernel-rounding term from Lemma |3| and satisfies

[ Esmx||
1P|

2
< Csmx€mach T O(emach)‘
Because DSy is block diagonal across rows,

IDSsl|re = max [|9(P)e

By Lemma this quantity is always finite and at most % Therefore

[P =Pl _ [[DSs|ror [|AS]]
[E - 1P|

2
+ Csmx€mach + O(emach)

2
< |:Csrnx + Ksoftmax + Cgemmecore:| €mach T O(emach)-

4. Stage 3 — value projection (GEMM).
Let A:= PV. By Lemma the finite-precision GEMM output satisfies

A=A+ E,=PV + Ey4,

with B
IEAll < Chemmemach [Pl [V [|2 + O(€hacn)-

gemm mach

Therefore _ _
A—A=(P—P)V+ Eq4.

By Stage 2, ||P — P||/||P|| = O(emacn), hence
1Pl < 1P+ 1P = Pl = [I1Pll + O(emacn) || Pl-
Substituting this into the bound for E4 gives
IEall < ChemmEmach | Pl [V [l + Oeacn)-

Hence _ _
1A = Al < (1P = Pl + chommemacn | P IV 12 + Oleiacs).

Dividing by ||A|| = [|PV] > 0 and multiplying/dividing the first term by || P|| yields

1A - 4] <<||13—P|| , )IIPIIIVII

+c emm €mach
1Al (gl ® 1Al

P-P
+O(612nach) = <||||-P||| + C/gernmemach> Ryal

+O(€I2nach)'

5. Final combination.
Substitute the Stage 2 bound into Stage 3:

< 1 < l — S
H || |:C mx K/softmax Cgemmecore

+ Chenam emac | P] V2 + O(€haa):
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If additionally ||A| > 0, dividing by ||A|| gives

14— 4
1Al

< |:Csmx + Ksoftmax 1 Cgemm Xscore

/ 2
+ cgemm:| €mach Kval + O(emach)'

This is exactly the main-text statement of Theorem

A.3 Proof of Theorem [2| and Corollary

Proof.

(1) Theorem [2| Let F := Jy with ||F||s <1and T :=1+ F.
(a) Forward norm. By subadditivity, ||T|l2 = || + Fl2 < [I|l2 + | F]l2 = 1 + || F|2-

(b) Inverse norm. Since ||F|lz < 1, T is invertible and (I + F)~! = Y77 (=F)*; thus [T !> <
Yo IFNE = (1= [ Fll2)~".
(¢) Combine. Therefore

- L+ (|l
KT =TT 2 <
1—[1Fl2
(2) Corollary [1| (depth-wise relaxation). Consider a stack of residual blocks with Jacobians {Fy := Jp, }L_,
and pg := || Fyll2 < 1. Let Ty := I + Fy. For the linearized composition 7" := HeL:1 Ty we have
(a) Submultiplicativity of k. For any compatible A, B, k(AB) < k(A) x(B) since ||AB|l2 < ||All2||B||2 and
I(AB)~ 2 = BT AT 2 < [ BTH[2[[A7H2-
(b) Product bound. Applying (a) iteratively and Theorem [2|to each Ty,

L L
K( H Tg) < H k(Te)
/=1 =1

(¢c) First-order relaxzation (used in main text). Since }%ﬁ = 1+2p+ O(p?) for p € [0,1), a first-order
relazation model replaces %Zi by (1 + p¢). This captures the attenuation effect of residuals while
avoiding an overly pessimistic multiplicative growth; note this replacement is an approximation (not an

upper bound).

ﬁl‘f'/)z
o L= pe

IN

O
A.4 Proof of Proposition [1| (Normalization-path forward error and monotonicity)
Proof.
1. Setup and notation. Let d = diodel, m = pu(z) = 2172, v = 0%(z) = Lz —m1||3, C:=1— 1117, and
c:=x—ml=_Cuz, o= (v+e)72 g(z) = voml _ ac, ZEN () .= Diag(y) g(z).

VU +e

The full LayerNorm output is LN(z) = ZLN(z) + 3, but Proposition [1|isolates the e-dependent normalization
path ZMN. The final bias addition is e-independent and is absorbed into the effective remainder term in

Theorem [3
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. Centering stage. Let m = ﬂ(él—'—m) =m + &,,. Standard first-order reduction bounds give

T2
‘5m| < Cm€mach ”\/% + O(G?nach)

for a kernel- and dimension-dependent constant ¢, > 0. Let
c:=fllx —ml) =c+e..

The subtraction stage satisfies
€c = —0m1 + €sup,
with
llesubllz < Csubfmach(||m||2 + \/‘}WLD + O(efnach)'

Since |m| < ||z|2/v/d and || = |m| 4+ O(emacn)||z||2/V/d, there exists c. > 0 such that

lecll2 < ceemacl|z ]2 + O(EGacn)-

. Variance and reciprocal-square-root stage. Let

~ 1
V= ﬂ<d||c|§) = v+ 0y.

Decompose
5y = M
d
where e, collects first-order reduction/multiplication rounding in the squared-norm computation. Using
c=c+e.and ||c|s = Vdo(z),

+ €,

2 2¢c.
< Slellzllecllz + O(€mach) < ~F€macho (2)|2l2 + O(Hach)-

Vd

€113 — llell3
d

Standard first-order reduction bounds also give
leo| < cobmach v+ O(Enaen)
for some ¢, > 0. Therefore there exist kernel- and dimension-dependent constants a,,, b, > 0 such that
00| < €mach (@v o(2)[1z]|2 + by v) + O€haen)-

Let
a=H0T+e)"?) =a+d,.

By the mean value theorem for ¢ — t~'/2 and first-order reciprocal-square-root rounding,

|6a| S L + Crsqrtemach# 2
2(v+¢€)3/2 Vute

. Normalization core. The computed normalized core is
g(z) = 1(ac) = ac+ aee + 6oc + emu + O(€2,,1),

where pointwise multiplication gives

T
HemUIHZSCmulﬁmach || ”2 +O(€$nach)'

Vu+te€

Henee e laf
~ €cll2 T2
lg(z) —g(x)|2 < Tm + |lellz2 [0a] + Cmuleachi\/m + O(E?nach)'
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Substituting the bounds above yields a linear combination of
[[z]]2 vzl
Vute (v+e)3/2’
with kernel- and dimension-dependent coefficients. Here we used

lellz = Vdo(z) < flzllz,  ellzo(z) = Vo,

so the 4, terms are also controlled by the second quantity above after absorbing dimension-only factors into
the constants. Since

1 €+ 2v v €+ 2v

< <
Vote = (v+¢)3/2’ (v+¢e)3/2 = (v+¢)3/2’
there exists a kernel- and dimension-dependent constant aj, > 0 such that

- _ e+ 2v
19(z) — g(z)[l2 < €macn alnmﬂx\\z + O(€maen)-

. Finite-precision scaling by ~. Let Zg“N (2) denote the finite-precision result of the pointwise multiplication
by ~. Standard pointwise multiplication bounds give

ZEN(z) — ZEN(x) = Diag(7) (3(x) — 9(2)) + €5 + O(€2ren);
where

lleyll2 < ¢y emacn [IDiag() 2 9(2)ll2 + O(faen)

for a kernel-dependent constant ¢, > 0. Since

Ilc]|2 < € + 2v

||g(l')||2 = \/m = (U+€)3/2Hx”2’

SO
e+ 2v

~LN LN i
127 (2) = Z7 (@)[l2 < €macn [[Diag(y)l2 (vt

(C_lln + C’y) Hl’”g =+ O(efnach)'

Define
Ay 1= Qlp + Cy-

. Absolute forward error bound. With ay, := a, + ¢, Step 5 gives

_ ) €+ 20%(x
122 (@) = ZEN @) < e IDing(1) 77 @) (allel2) + O o),

o2(x) + €)3/2
which is exactly with

£+ 202 (x)

Myx(z,€) := IIDiag(v)sz

(amllz]2)-

. Relative forward error bound. If additionally ||Z:N(z)|| > 0, dividing the previous inequality by
122N ()| gives

| ZEN (@) — 22N ()| Min(z,¢€)

125N = 2R @]

which is exactly the stated coefficient Cyn(z,€).

+ O(e?nach) ’

. Monotonicity of the e-dependent factor. For fixed v = 02(z), define

e+ 2v
fule) = m
Then i 44
e+ 4v
—fole) = ————% <0 0),
def () 2(v+¢€)5/2 < (£>0)

S0 f, is strictly decreasing in . This proves the monotonicity claim in Proposition



Numerical Fragility in Transformers

A.5 Proof of Proposition [2] (Frozen-scale monotonicity)

Proof.

1. Derivative of the frozen-scale LayerNorm magnitude.
Write

o = || Diag(ve)ll2 (ae,e |zeell2)

so that
€+ 21}[7,5

fi
M e(e) = Yt Conr  £)3

Because ag¢ > 0, [|[Diag(e)||2 > 0, and ||z¢]|2 > 0, we have oy, > 0. Differentiating gives

d gy €+4vpy

Mfrz —__ -5
de LN,Z,t(E) 92 (U&t + 6)5/2 ’

which is exactly (L7). Since ay+ > 0, v,y > 0, and € > 0, the derivative is nonpositive, so MErI\ZI’M is
nonincreasing. If ||Diag(v,)||2 [|ze,¢]|2 > 0, then ay; > 0, hence the derivative is strictly negative for every
e >0, and M]ffﬁ’z’t is strictly decreasing.

2. Monotonicity of the frozen-scale layer contribution.

Define the e-independent factor
L

1
Dy = — 1+ pry).
)t ||XL,t| kg_l( p 7t)

Since || X1¢]| > 0 and pg ¢ = ||Jp, (Xk—1,¢)||2 > 0, we have D;; > 0. Therefore

GEH(e) = (MET + Ava + M% (,(2)) D

Because all remaining factors are fixed with respect to €, the nonincreasingness of M{rﬁ ¢, implies that G%

is nonincreasing in €.

3. Exact reduction formula.
For any €’ > ¢, subtracting the two frozen-scale scores yields

7 IZ 1 rZ rZ
GiHe) = GIHE) = g (M e(0) = MIFe ()
L

X H (14 pr.e),

k=(+1

because the sztf and A, ; terms cancel exactly. This is .
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Appendix: e-bump policy (as implemented)

Algorithm 2: LayerNorm e-bump triggered by the practical regime indicator

Input: target p. € (0,1), check interval t=5, floor/cap (emin=10"5, emax € {Hx1073,1072})
for training step s =1,2,... do

if smod ¢t =0 then

sample a 16-example minibatch; foreach LN layer with current € do

2
compute prn(e) = Z E(x) dmodel €mach

if pin(e) < 1 then
median(o2(2)) dmodel €mach
Ps
Enew Clip(gcanda €min, 5max)
if epew > € then
L set € ¢ Enew // monotone increase

€cand

A.6 Proof of Theorem [3| (Unified Forward Stability)

Proof.

1. Linearization and one-step recursion. _
Let X be the exact hidden after layer ¢, with X, the model input, and let X, be its FP counterpart, and
E; = X; — X,. For the pre-LN residual block = — z + fo(z), write Fy := J5,(X,—1) and p; = || Fy||2. With
FEy =0, a first-order perturbation analysis gives, for each layer £ =1,... L,

Er=I+F)Er1+ A0+ O0( ),

mach

where Ay is the layer-£ local first-order forward error (from MHSA, LN, FFN).

2. Exact local layer coefficient.
Decompose the layer-local first-order error as

Ap = AT+ AP + AN + O(haen);

mach

where A;?H collects the remaining non-attention and non-normalization-path first-order perturbations. By
and Lemma
IAFH] < emach MET + O(€emacn)-

mach
Let
M}‘N = MLN(I'z,€z)

denote the exact absolute LayerNorm normalization-path magnitude from Proposition [I} By Theorem
”A?m}” < €mach A¢ + 0(62 )a

mach

and by Proposition
IAEN] < emach MEN + O(€2,en)-

mach

Therefore triangle inequality gives

HAZH Semach |:M55+AZ+MKLN:| +O(62 )

mach

= €mach Me + O(Efnach)'

3. Residual relaxation (downstream amplification).
Iterating the recursion from Step 1 and using ||I + Fy|l2 < 1+ pg yields

L L
1B < 3o(0ad TT 1+ Filla) + O(ua) X

(=1 k=(+1
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L L
< (18 T @) + O ) I1Xell

(=1 k=0+1

4. Normalization and collection of terms.
By Step 2, [|A¢]| < €macn M+ O(€2,,,)- Any benign inter-layer norm ratios used to rewrite the local absolute
magnitudes relative to || X || are absorbed into the same layer-dependent first-order constants already defining
M. Substitute this into Step 3 and divide by || X||:

L L

E M,

H L” < €mach E Z H 1 +pk +O( mach)
=1 =(+

IXel ~ X

which is exactly .

5. Remainder.
The O(€?,,,) term collects mixed higher-order interactions across kernels and layers.

A.7 Estimation Details and Complexity Notes

Softmax sensitivity. Estimate |DSg||r—r = max; ||J(P;.)|l2 by 2-3 steps of power iteration on sampled rows,
then multiply by ||S]|/[|P| to obtain Ksoftmax. For multi-head, aggregate by max (or sum for a conservative
predictor).

Score transport and value conditioning. Estimate ygcore from the same sampled softmax differential
together with the factor ||Q| || K||/(]|P|[v/d). When ||S|| > 0, one may equivalently form the auxiliary diagnostic
Kscore and USe Xscore = KsoftmaxKscore- FOr the value path in Athe laxgr—wise score, estimate the absolute attention
magnitude factor ||P|| ||V |2 using the monitored tensors P and V, for example via direct norm computation
or a truncated-SVD estimate of ||V|2. When [|A| > 0, one may additionally record the relative diagnostic
fival = | P [IV'[|2/I[All

Residual transport. Estimate each downstream factor py; causally from the monitored pass. Two practical
options are: (i) 1-2 power-iteration steps using JVP/VJP access to estimate ||.Jf, (Xx—1,)]|2, or (ii) a conservative
blockwise operator-norm surrogate built from the constituent linear maps and pointwise nonlinearities inside the
residual branch. Either choice preserves the role of the downstream transport factor in Gg ¢

Effective remainder magnitude. Construct M, thf by aggregating the remaining non-attention, non-
normalization-path operations in layer £, such as output projections, FFN maps, and the e-independent LayerNorm
tail. In practlce we use causal norm-based surrogates of their first-order output magmtudes and sum them so
that e ¢+ preserves the additive local decomposition of the exact magnitude M

Kernel constants. cgcmm,cfgcmm, Csmx, CIn are treated as fixed per hardware/runtime; they factor into the
absolute constants in Theorems [I] and [3]

Remark 1 (Dropout). With inverted dropout Drop,(z) = (M/p) © z, |[Jorop,of(z)ll2 < (1/p)[|J¢(2)]|2; hence
per-layer factors in our bounds scale by at most 1/p. Post-softmax attention dropout multiplies both J and P by
(1/p), leaving Kgoftmax non-increasing under a fixed mask.

Lemma 6 (Attention dropout does not worsen Ksoftmax)- 1f post-softmaz dropout is applied with a fized mask,
Kloftmax < Fsoftmax- Sketch. J(P') = Diag(M/p)J(P) and ||P'|| = ||[(M/p) ® P|| so the (1/p) factors cancel in
the ratio.

A.8 Additional Experimental Details

Protocols and metrics. E1 consists of synthetic controlled sweeps with 20 attention configurations, 10
LayerNorm ¢ values, and 8 residual-gain values. E2 uses the GPT-2 checkpoint (Radford et al., 2019)) on WikiText-
103 (Merity et al., 2016]) validation with BF16/FP16 monitored passes, sequence lengths {128,512,1024}, and
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3 seeds, for 18 completed runs and 96 monitored windows per run. E3 reuses these E2 runs, selects the top-8
highest-mismatch windows per run, and evaluates single-layer FP32 reference-patch effects against the same
manual forward path; the mean recompute gap is 9.24 x 10~7. E5 uses stable FP32-master / FP16-shadow
training on WikiText-2 train with sequence length 256, 256 monitored steps, 3 seeds, and a maximum of 24
controller actions for the budget-matched policies.

Implementation, infrastructure, and assets. The released code is written for Python 3.10+ and uses
PyTorch, Hugging Face transformers, Hugging Face datasets, matplotlib, and a Bash-compatible orchestration
script. The public repository includes default configuration files specifying the model, dataset splits, precisions,
sequence lengths, seeds, monitoring parameters, and BGSS controller hyperparameters used for the reported
experiments. Experiments were run on NVIDIA H100 accelerators. The external assets are the Hugging Face
gpt2 checkpoint and the WikiText dataset accessed through Hugging Face datasets. The gpt2 checkpoint
is distributed under the MIT license, and WikiText is distributed under the Creative Commons Attribution-
ShareAlike license (CC BY-SA 4.0). The official code release is provided at the URL in Section || and is released
under the MIT license.

Secondary quantitative summaries. For E2, the transport-aware combined predictor improves Pearson
correlation over the no-transport ablation by a mean of 0.163 and Spearman correlation by a mean of 0.139. For
E3, the mean top-1 hit rate is 0.264, with mean top-3 and top-5 overlaps of 0.505 and 0.622, respectively. For
E5, BGSS and the budget-matched baselines use identical average protected layer-steps (2742). Relative to the
random same-budget controller, BGSS reduces mean onset events by 1.0 and reduces mean max mismatch by
more than a factor of 2.7; relative to the risk-only same-budget controller, BGSS preserves the same mean onset
event count while reducing mean max mismatch from 5.71 x 1072 to 3.14 x 1073.

1.0 91 Spearman = 1.000 =@- Measured 16 =@- Measured transport
== Theory proxy =ill= Theory bound
[} 14
S 0.8
2 S 12 -
C -
g 0.6 - &
. Y -
ks S g
N 0.4 1 &
(] © -
£ S
S
= 0.2 1 4 -
2 -
0.0 A
T — T T T T T T T T
1078 1075 1074 1073 1072 0.0 0.1 0.2 0.3 0.4 0.5 0.6
LayerNorm ¢ Residual gain p

Figure 5: Additional E1 controlled sweeps. Left: the measured LayerNorm normalization-path change and the
causal proxy both decrease monotonically as € grows, matching Proposition [I} Right: the measured downstream
amplification remains below the residual transport bound throughout the tested p-range, matching Theorem
and Corollary
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Figure 6: Additional E2 views. Left: run-wise transport gain, showing that most runs improve in Pearson
correlation when downstream transport is added to the local predictor. Right: a binned trend view in which
windows sorted by the predicted risk exhibit increasing mismatch in the high-risk bins.
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Figure 7: Additional E3 and E5 summaries. Left: run-level E3 fidelity, showing that the attribution proxy remains
in the positive-fidelity regime across runs. Right: a complementary E5 tradeoff view, showing that BGSS and the
risk-only same-budget controller attain similar mean onset-event counts, while BGSS improves over the random
same-budget controller on both onset events and mean final mismatch.
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