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Abstract

Combinatorial and topological structures, such as graphs,
simplicial complexes, and cell complexes, form the founda-
tion of geometric and topological deep learning (GDL and
TDL) architectures. These models aggregate signals over
such domains, integrate local features, and generate repre-
sentations for diverse real-world applications. However, the
distribution and diffusion behavior of GDL and TDL features
during training remains an open and underexplored problem.
Motivated by this gap, we introduce a cellular sheaf theoretic
framework for modeling and analyzing the local consistency
and harmonicity of node features and edge weights in graph-
based architectures. By tracking local feature alignments and
agreements through sheaf structures, the framework offers a
topological perspective on feature diffusion and aggregation.
Furthermore, a multiscale extension inspired by topological
data analysis (TDA) is proposed to capture hierarchical fea-
ture interactions in graph models. This approach enables a
joint characterization of GDL and TDL architectures based
on their underlying geometric and topological structures and
the learned signals defined on them, providing insights for fu-
ture studies on conventional tasks such as node classification,
substructure detection, and community detection.

Introduction

End-to-end geometric and topological deep learning (GDL
and TDL) models, including graph neural networks (GNNs)
and simplicial neural networks (SNNs), are built upon com-
binatorial, geometric, and topological structures such as
graphs, simplicial complexes, and cell complexes (Bron-
stein et al. 2017; Hajij et al. 2023; Zia et al. 2024). These
frameworks have become powerful and versatile tools for
addressing a wide range of real-world applications. No-
tably, graph structure-based deep learning models, such as
the graph convolutional network (GCN) and graph attention
network (GAT) models (Kipf and Welling 2017; Velickovi¢
et al. 2018), have demonstrated remarkable effectiveness in
analyzing social, biological, and scientific data with com-
plex geometric structures, such as social networks (Li et al.
2023), molecular graphs (Duvenaud et al. 2015; Kearnes
et al. 2016; Chen et al. 2019), and citation networks (Gong
and Cheng 2019; Xie et al. 2021; Jiang et al. 2019).
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Furthermore, simplicial neural networks (SNNs), or more
generally, cell complex neural networks, extend GNN archi-
tectures by incorporating higher-dimensional objects such
as 1-, 2-, or 3-simplices (i.e., edges, triangles, and tetra-
hedra) as higher-order nodes (Ebli, Defferrard, and Spree-
mann 2020; Hajij, Istvan, and Zamzmi 2020). These mod-
els perform feature diffusion and aggregation based on face
relations across simplices of different dimensions, enabling
the capture of richer geometric and topological interactions
within complex structures (Bodnar et al. 2021).

From a mathematical perspective, GNN, SNN, and
cell complex neural network models primarily implement
neighborhood-based feature diffusion frameworks, where
neuron interactions are determined primarily by the topolog-
ical structure of the underlying domain, such as (co)facial,
upper, and lower adjacencies among simplices or cells (Ebli,
Defferrard, and Spreemann 2020; Hajij, Istvan, and Zamzmi
2020). However, the relationship between the topology of lo-
cal regions and the embedding features (or signals) defined
on them requires a more refined investigation. In particular,
GDL and TDL models that explicitly account for the local
alignment and harmonicity of node features along edges—
especially in combinatorial or graph-structured data with ge-
ometric or physical relevance (Short et al. 2022; Cooperband
and Ghrist 2023; Cooperband, Ghrist, and Hansen 2023;
Cooperband, Lopez, and Schulze 2024; Cooperband and
Ghrist 2025)—remain largely unexplored.

Sheaf theory (Tennison 1975; Bredon 1997), a corner-
stone of modern mathematics, provides a unified framework
for jointly modeling both a geometric object and the signals
defined on its local regions, known as local sections. It ana-
lyzes how these signals behave on overlaps of local regions
and relates them to the global structure and its correspond-
ing global sections. In recent years, cellular sheaves (Robin-
son 2014; Curry 2014, 2015; Hansen and Ghrist 2019;
Arya, Curry, and Mukherjee 2025), a discretized formula-
tion of sheaves defined on combinatorial structures such
as graphs, simplicial complexes, and cell complexes, have
gained increasing attention in GDL and TDL architecture
design (Hansen and Gebhart 2020; Barbero et al. 2022a;
Bodnar et al. 2022; Barbero et al. 2022b). Cellular sheaves
offer an elegant mathematical foundation for representing
feature dependencies, enforcing local consistency, and mod-
eling information flow across structured domains.



In particular, by integrating the sheaf Laplacian into the
diffusion process, these methods have been instrumental in
advancing sheaf neural networks (ShNNs), sheaf attention
networks (SheafANs), and other topology-aware learning
models, which have shown promising results in applications
such as social network analysis and citation network model-
ing (Barbero et al. 2022a; Bodnar et al. 2022; Barbero et al.
2022b). Notably, Sheaf AN employs a sheaf—attention mech-
anism that leverages directional weights between nodes in
the underlying graph, using learnable cellular sheaves pa-
rameterized by MLPs and incorporating the corresponding
sheaf Laplacian into the diffusion algorithms (Barbero et al.
2022a).

Rather than directly incorporating the sheaf Laplacian
into the feature diffusion process of graph- or simplicial
complex—based models, this paper investigates the potential
of leveraging the sheaf structures naturally induced by the
signals, weights, and topology of the underlying domain—
specifically through local sections and the Alexandrov topol-
ogy on graphs (Alexandroff 1937)—to analyze the training
dynamics and geometric interpretation of signal behavior
within GDL and TDL architectures. In particular, we fo-
cus on a theoretical model of the core attention mechanism
in GATs through a cellular sheaf representation, examining
its underlying topological and geometric interpretations. We
further introduce the notion of a harmonic substructure of a
sheaf on a graph, which quantifies how harmonically node
signals are distributed with respect to a given sheaf struc-
ture. Moreover, from a topological data analysis (TDA) per-
spective (Carlsson et al. 2004; Zomorodian and Carlsson
2004; Cohen-Steiner, Edelsbrunner, and Harer 2006; Ghrist
2008; Carlsson 2009), we propose a multiscale framework
for evaluating the harmonicity of sheaf structures. This per-
spective provides new insights and analytical tools for un-
derstanding and assessing tasks such as node classification,
substructure detection, and community detection.

Main Results

The main results of this paper can be summarized in three
parts: (a) the identification of the core attention mechanism
in GAT models—comprising node features and learned at-
tention weights—as a cellular sheaf on the given graph; (b)
the harmonicity analysis of cellular sheaf structures defined
on graphs; and (c) the development of a TDA-based multi-
scale framework for evaluating the harmonicity of cellular
sheaves.

Result (a) is presented in Theorem 1, which shows that
any GAT triple (see Equation (6)) can be regarded as a cel-
lular sheaf on the underlying graph. It is worth noting that
the proposed cellular sheaf structure differs from that of
SheafAN (Barbero et al. 2022a). In (Barbero et al. 2022a),
the cellular sheaf is trained by learning the restriction lin-
ear maps and is integrated into the message-passing process
alongside the attention weights for updating node features.
In contrast, in our framework, the trained attention weights
of the GAT model themselves define a cellular sheaf, and
we investigate how these weights induce and characterize
the corresponding sheaf structure.

Result (b) is primarily presented in Definition 1, Theo-
rem 2, and Corollary 1. Specifically, for a given cellular
sheaf defined on a finite, undirected, simple, and unweighted
graph with node feature vectors, we introduce the notions of
harmonic node sets and harmonic edge sets. These harmonic
structures quantify the degree of local alignment among
node signals.

Result (c) is presented in Theorem 3 and Corollary 2,
which establishes a TDA-oriented multiscale framework for
evaluating the harmonicity of cellular sheaf structures. By
constructing a filtration of graphs based on result (b), this
framework captures the evolution of local-to-global align-
ments among node signals across multiple scales. In partic-
ular, as a future direction, the resulting TDA summary, such
as the persistence barcode (see, for example, (Carlsson et al.
2004; Ghrist 2008)), encodes the scale-dependent behavior
of harmonic substructures, providing a quantitative charac-
terization of cellular and node features on graphs.

Mathematical Background
Conventions and Terminologies

In this paper, a graph refers to a finite, undirected, simple,
and unweighted graph. To identify a graph as a partially
ordered set (or poset, for simplicity), we regard a graph
G = V U FE as the union of its node set V and edge set
E. For anode v € V and an edge e € E, the relation v Je
holds if and only if v is an endpoint of e. This relation <
on ( is called the face relation. Each edge e € E therefore
has exactly two distinct nodes v, w € V such that v < e and
w < e. In addition, the reflexive relations v < v and e < e
hold for every node v € V and edge e € E. Hence, the
pair (G, <) forms a poset. The empty set () is also regarded
as a graph, known as the null graph, which contains neither
vertices nor edges.

To define a cellular sheaf on a graph, this paper also em-
ploys the necessary elementary notions and terminologies
from category theory. In particular, a graph (G, <) can be
identified with a poset category, whose objects are the ver-
tices and edges of GG, and whose morphisms (or arrows)
correspond to the partial order relations between these el-
ements. On the other hand, this paper also considers the cat-
egory of real vector spaces and linear transformations, de-
noted by Vectr, which consists of all R-vector spaces as ob-
jects and R-linear maps as morphisms.

Cellular Sheaves on Graphs

Viewing the graph (G, <) as a poset category, a cellular
sheaf of R-vector spaces on G is defined as a functor F :
(G, <) — Vectg. Equivalently, it consists of the following
data: (a) a stalk space F, for each vertex v € V; (b) a stalk
space F. for each edge e € F; and (c) a restriction map
Foe o Fe — Fy for each pair (v,e) € V x FE satisfying
v < e. Conventionally, when representing the coboundary
matrix of a cellular sheaf F (see Equation (1)), we adopt the
convention that F,, . : F, — F is defined as the zero map
whenever v is not an endpoint of e. In particular, when the
relation v < e holds, the map F, . is also denoted by F, <.
to emphasize that v is an endpoint of e. Figure 1 presents a
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Figure 1: Illustration of a cellular sheaf  : (G, <) — Vectg
defined on a graph G. Disks on the top layer represent the
stalk spaces assigned to the nodes and edges, whose dimen-
sions may vary. In this example, two nodes v and w, together
with an edge e, are highlighted along with their correspond-
ing stalk spaces F,,, F,,, and F., as well as the restriction
maps Fy<e : oy = Fe and Fy<e + Foy = Fe.

graphical illustration of a cellular sheaf defined on a graph,
depicting both the underlying graph structure and the asso-
ciated signal data defined on its nodes and edges.

Example 1 (Constant Sheaves). Let (G, <) be a graph with
node and edge sets V and E, and let W be an R-vector
space. The constant sheaf associated with W over G, de-
noted by W, is the cellular sheaf of R-vector spaces on G
defined as follows:

e W, =W foreveryv € V;

e W, =W foreverye € E;

. que =idw = W, 4, for each edge e = {v,w} € E.
Here, the function idyy : W — W denotes the identity map

on the vector space W. By convention, KU@ W, =W,
denotes the zero map if v is not an endpoint of e.

wde

The constant sheaf on a graph assigns the same vector
space to all nodes and edges and transfers node signals to ad-
jacent edges via the identity map on that vector space. This
construction encapsulates the entire graph structure by treat-
ing nodes and edges uniformly within the same signal space.
In particular, it is a well-known result that the standard graph
Laplacian coincides with the sheaf Laplacian of the constant
sheaf R (see Equation (3)).

Sheaf Laplacian and Global Section Space

To quantify the consistency of node signals of a graph en-
coded by a cellular sheaf F : (G, <) — Vectg, several fun-
damental constructions are essential. These include the Oth
and 1st sheaf cochain spaces C°(G; F) and C*(G; F), the
Oth sheaf coboundary matrix C% : C°(G; F) — CH(G; F),
the global section space I'(G; F), and the Oth sheaf Lapla-
cian L% : C%(G; F) — CY(G; F). We briefly review these
fundamental notions below.

Specifically, for a cellular sheaf F : (G, <) — Vectg on
a graph G = V U E, the Oth and 1st sheaf cochain spaces
C°(G; F) and C*(G; F) are defined as the R-vector spaces
given by the direct sums

CGF) =P F, ad CY(GF)=EPF,

veV eclk

where elements of C°(G; F) and C'(G; F) are typically
represented as the tuples s = (8,)yev and t = (te)ecr,
with s, € F, and t, € F, foreachv € V and e € E, re-
spectively. Elements in C°(G; F) and C*(G; F) are called
the Oth and 1st sheaf cochains of the cellular sheaf F. In par-
ticular, since G is finite, each sheaf cochain s = (s, ),cv or
t = (t.)ecr can be represented as column vectors, whose
block entries correspond to the component vectors s,, € F,
and t. € F., respectively.

Suppose G = V U E consists of n nodes and m
edges, with vertex set V. = {vy,...,v,} and edge set
E = {e1,...,emn}. The Oth sheaf coboundary matrix C%
C°(G;F) — CYG;F) is defined as follows. By ﬁxmg a
total order of the nodes v1 < vy < --- < w,, each edge
e € F can be uniquely represented as an ordered pair [v, w],
where v,w € V are the endpoints of e with v < w. The
corresponding sign-incidence indices [v : e] and [w : e] are
then defined by

[v:ie]=-1 and [w:e] =1

If w € V is not an endpoint of e € E, the sign-incidence in-
dex [u : €] is conventionally set to 0. With these settings, the
Oth sheaf coboundary matrix C% : C°(G; F) — C1(G; F)
can be expressed as the block matrix

Fﬂ :el}ﬂm {vn te1]Fo, e

’111262]::“, (% :62‘/—:71;‘

Cg: _ ' 1,62 . n . Un,€2 . (])
[v1 : em]}'vl_,em [Un : em}fvn,em

In particular, for every vector s = (s, ),cy € C(G; F), the
vector C%s = t = (te)cer € C(G;F) can be expressed
as the column vector

Suy tel Z;L 1[ 81]]:1)1',6151%

0 Sv, tez Ez 1[ 62]‘Fvi,ezsvi
Crol . |=| . |7 :

Svn, te,, E? 1 Vi em]Fo, e, S0,

More precisely, since each edge has exactly two end-
points, every block row of the matrix C% contains at most
two nonzero blocks. For each edge ¢; (I € {1,2,...,m})
with endpoints v; < vi, (j, k € {1,2,...,n}), the lth block
of the vector t is given by

tel = ]:Uk,els'uk - ]:vj,elsvj- (2)

Specifically, t, is the zero vector if and only if the trans-
ferred edge signals F, ¢Sy, and F. ¢ s,, are identical.
This observation explains the definition of the global sec-
tion space T'(G;F) of F, which consists of all vectors
(sv)vev € C°(G; F) satisfying Equation (2) with t,, = 0
for all [; these vectors are called the global sections of F.
That is, the global section space is the kernel of the sheaf
coboundary matrix C%, i.e., ['(G; F) = ker(CO ).

With the Oth sheaf coboundary matrix C of a cellular
sheaf F : (G, 9) — Vectg, the Oth sheaf Laplacian matrix
of F is defined as

L% = (C})'CY, 3)
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Figure 2: An illustrative example of a graph G and the
constant sheaf R : (G, <) — Vectg. The graph G con-
sists of four vertices u,v,w,x and three edges {u,w},
{v,w}, and {w, z}. The second row depicts the graphical
correspondences of arbitrary elements s € C°(G;R) and
t € C'(G;R) with the graphical representation of R. The
third row depicts the cases where s,s' € C°(G;R), with
s € I'(G;R) and s’ ¢ T'(G; R).

which acts as a linear operator on the Oth sheaf cochain
space CY(G; F). By definition, LY is symmetric and pos-
itive semi-definite. Consequently, it is diagonalizable, and
all its eigenvalues are non-negative. Therefore, there exists
an R-basis of C°(G; F) consisting of eigenvectors of LY.
In particular, any node signal vector s € C°(G; F) can be
uniquely expressed as a linear combination of these eigen-
vectors. Furthermore, by the Gram—Schmidt algorithm, the
R-basis can be chosen to be orthonormal.

The global section space and the sheaf Laplacian matrix
of a cellular sheaf on a graph are closely related. Specif-
ically, by the well-known application of the combinatorial
Hodge decomposition theorem (see, for example, (Hansen
and Ghrist 2019)) to the (co)chain complexes of finite-
dimensional R-vector spaces, one obtains

ker(L%) = ker(C%) = I'(G; F). )

In other words, a vector s € C°(G; F) is a global section of
F if and only if it is an eigenvector of the sheaf Laplacian
matrix LY corresponding to the eigenvalue 0.

However, numerous collections of node signals of a graph
may not behave as a global section of the sheaf, such as an
eigenvector of L‘}_- corresponding to a nonzero eigenvalue.
Figure 2 illustrates a toy example of the constant sheaf R :
(G, <) — Vectg defined on a graph, showing both a global
section s and a Oth sheaf cochain s’ that does not constitute
a global section.

Alexandrov Topology and Local Sections

In order to analyze the distribution of locally consistent com-
ponents of a vector s € CY(G; F) associated with a cellu-
lar sheaf F on a graph (G, <), it is necessary to introduce
the concepts of the Alexandrov topology on G and the lo-

cal sections of F. For completeness, we first provide a con-
cise introduction to these notions in the general setting of
posets (Alexandroff 1937), and then specialize the discus-
sion to their geometric interpretation on graphs.

Mathematically, a subset U C P of a poset (P, <) is
called Alexandrov-open if it satisfies the following condi-
tion: for any x € U and y € P with z < y, one has
y € U. The collection of all Alexandrov-open subsets of
P forms a topology on P. Dually, a subset C' C P is called
Alexandrov-closed if, for any x € C' and y € P with y < x,
one has y € C. In particular, a subset U C P is Alexandrov-
open if and only if its complement P \ U is Alexandrov-
closed. Moreover, the empty set () and the entire set P are
both Alexandrov-open and Alexandrov-closed.

A particular type of Alexandrov-open set, called the star-
open set of a poset element, is of special interest. Formally,
for a poset (P, <) and an element p € P, the star-open
set U, is defined as the minimal Alexandrov-open neigh-
borhood containing p, that is,

Up={aq€Plp<q},

where the minimality of U, means that the following prop-
erty holds: if p € P and U C P is an Alexandrov-
neighborhood of p, then U, C U. It is well-known that the
collection { U, | p € P} of star-open sets in P forms a
basis for the Alexandrov topology, i.e., every Alexandrov-
open subset of P can be expressed as a union of a family of
star-open sets in P.

In particular, for a graph G = V U E with vertex and edge
sets V' and E, the star open set U, corresponding to an edge
e € F is precisely the singleton set {e}, while the star open
set U,, associated with a vertex v € V' consists of v together
with all edges incident to v. We recall that a subgraph H
of a graph G = V U E is a subset of G satisfying the fol-
lowing property: for every edge e € E' N H with endpoints
v,w € V, both v and w are contained in H. In particular, the
following well-known proposition describes the relationship
between the Alexandrov topology and the subgraph family
of a graph. Figure 3 displays an example of a graph G and
some Alexandrov open subsets with respect to the face rela-
tion < on G.

Proposition 1. A subset of a graph is a subgraph if and only
if it is Alexandrov-closed.

With the Alexandrov topology on a given poset, one can
define local sections of a cellular sheaf defined on that poset.
Formally, let F : (G, <) — Vectg be a cellular sheaf on a
graph (G, <) equipped with the Alexandrov topology, and
let U C G be an Alexandrov-open set. A tuple (s,),cu with
sp € JFp for each p € U is called a local section of F on U
if it satisfies the following condition: for every p, ¢ € U and
r € U with p < r and ¢ < 7, one has

Fpar(sp) = Faar(sq)- (5)
The set of all local sections of the sheaf F on an Alexandrov-
open set U is denoted by F(U). It forms a subspace of
the R-vector space [[ . F, with the canonical addition
and scalar multiplication operations. Note that the spaces
[[,cv Fp and @,y Fp coincide when G is finite, as in the
case of the graphs considered in this paper.
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Figure 3: An example of a graph (G, <) with vertex set V =
{u,v,w,z} and edge set £ = {{u,w},{v,w}, {w,x}}.
With respect to the partial order < on G, the Alexandrov
open sets U, Uy, U, NU,, U, U U,, and U, U U, are
shown as the collections of vertices and edges covered by
the shaded regions.

Framework and Methodology

This section elaborates on the theoretical framework under-
lying the main results (a), (b), and (c), presenting their de-
tailed formulations, proofs, and interpretations.

Cellular Sheaf Modeling of Feature Attention
Mechanisms in GNN Models

During the training of GAT models, the feature or signal of
each node is updated based on its neighboring nodes and the
corresponding directional attention weights from the neigh-
bors to that node. Mathematically, this information can be
represented by the triple

(Ga (Svi)?:h W>7 (6)
where G = V U FE denotes the underlying graph with ver-
tex set V = {v1,v2,...,v, } and edge set E, (s,,)" is the

collection of d-dimensional signals (or feature vectors) on
the nodes v;, and W = (w;;) € R™*™ is the weight ma-
trix of the attention mechanism. Each entry w;; represents
the directional weight from node v; to node v; used in the
feature aggregation process. Note that W is not necessarily
symmetric, and w;; = 0 whenever {v;,v;} ¢ E. In particu-
lar, since the graph is assumed to be simple, we consider the
case where w;; = 0 for all 7.

Specifically, for a given GAT triple defined in Equa-
tion (6) and an index ¢ € {1,2,...,n}, the core attention
mechanism of the GAT, excluding the activation functions,
aggregates the features s, of the neighbors of v; as a linear

combination
g Wyi * Sy; s

je{1,....,n}
v; EN (vy)

where A (v;) denotes the set of nodes in G that are adjacent
to v;. In practice, the coefficients w;; are typically assumed

to lie within the closed interval [0, 1] and satisfy the normal-
ization condition ;wji = 1. In general, a larger coeffi-
cient w;; indicates that the node feature s, ; exerts a stronger
influence on the representation of node v;.

Theorem 1. Let (G, (sy,)!_1, W) denote a triple defined as
in Equation (6), where G = V U E and s,, € R? for each
i €{1,...,n}. Then, a cellular sheaf F : (G, <) — Vectg
is defined as follows: (a) F, = R% for each v € V; (b)
F. =R foreachedge e € E; and (c) Foi{v; ;) - Fos —
Frui vy} 18 the scalar multiplication by w;; for every edge
{vi,v;} € E with endpoints v;,v; € V.

Proof. The stalk spaces F,, and F, are vector spaces over R
forevery v € V and e € F. Since each scalar multiplication
R? — R, given by x +— Ax for a fixed A € R, is R-
linear, the above construction defines a cellular sheaf F :
(G, <) — Vectg. O

More generally, suppose G : (G, <) — Vectg is a cellular
sheaf on G such that G, = R% = G, for every v € V
and e € E. Then, the following assignment defines a more
general cellular sheaf structure that extends the conventional
attention aggregation formula:

Z Wji Gu, fvi0;} Svgs
je{1,...,n}
v; EN (v;)
which performs the feature aggregation through the sheaf-
induced restriction maps G, (v,;} € R4*4 and the atten-
tion weights wj;, allowing a more complex attention mech-
anism.

Figure 4 provides a graphical representation of the cellu-
lar sheaf, defined in Theorem 1, associated with a GAT triple
(G, (sv;)™1, W). In this example, the first image shows the
attention weights originating from node u to its neighbors,
while the second image shows the attention weights from u’s
neighbors to node w. The third image illustrates the induced
cellular sheaf defined in Theorem 1.

Sheaf Harmonic Structures for Graph Signals

Given a cellular sheaf defined on a graph and a Oth sheaf
cochain representing a collection of node signals, we in-
troduce the notion of harmonic sets to investigate the local
harmonicity of node signals along edges. Specifically, con-
sider the following setting. Let 7 : (G, <) — Vectg be
a cellular sheaf, and let C° := CY% denote the Oth sheaf
coboundary matrix associated with . For a node signal vec-
tors € CY(G; F), write t = (t.)ecr := CYs. We then de-
fine the harmonic edges and harmonic nodes of the graph as
follows.

Definition 1. An edge ¢ € E with endpoints v,w € V
is called a harmonic edge if t. = O, that is, if Fy S, =
Fu,eSw- Similarly, anode v € V is called a harmonic node
if either v has degree 0, or there exists an edge e € F with
vde such that t. = 0. The collections of all harmonic edges
and harmonic nodes are denoted by Hary(s) and Hary(s),
respectively. The harmonic set associated with s is defined
the union Har(s) := Harg(s) U Hary (s).



Figure 4: An illustrative example of the cellular sheaf identification of a GAT triple (G, (Sy, Sy, Sw,Sz,8y), W = (w;;))
with i,7 € {u,v,w,x,y} is shown, where the graph has the vertex set V = {u,v,w,x,y} and the edge set £ =
{{u, v}, {u, w}, {u,xz},{u,y}}. The left image depicts the weights Wy, = Wyw = Wuyz = Wyy = 1, while the middle
image shows the weights wy,, = Wyy = Wgy = Wy, = 0.25. The right image illustrates the corresponding cellular sheaf

defined as in Theorem 1.

By the definition of the harmonic set associated with
an s € C°G;F), the following property holds: if e €
Har;(s) C Har(s) and v is an endpoint of e, then v €
Harg(s) C Har(s). Furthermore, by definition, Har(s) = G
if and only if Hary (s) = E. This implies that Har(s) forms
a subgraph of G, and hence Har(s) is an Alexandrov-closed
subset of G. In particular, Har(s) = G if and only if s is a
global section of F over GG. These observations can be sum-
marized in the following theorem.

Theorem 2. Let F be a cellular sheaf of R-vector spaces
on a graph (G,<), and let s € C°(G;F) be a vector of
node signals on G. Then, Har(s) = G if and only if s €
I'(G; F). Furthermore, Har(s) is a subgraph consisting of a
union of connected components of G if and only if Har(s) is
Alexandrov-open.

Proof. Let C° : C°(G; F) — CY(G;F) be the Oth sheaf
coboundary matrix of 7, and let t = (t.)c.cr = C’s. Note
that t. = 0 if and only if Fi,qc(Sw) = Fy<e(Sy), where v
and w are the endpoints of e. In particular, Har; (s) = E if
and only if s € I'(G; F). Since Har(s) = G if and only if
Har, (s) = E, the first statement follows.

For the second statement, suppose that Har(s) is a sub-
graph consisting of a union of connected components of
G. Because G is finite, the complement G \ Har(s) is a
finite union of connected components of GG. Because each
connected component of GG is Alexandrov-closed, the set
G \ Har(s) is also Alexandrov-closed, as desired.

Conversely, suppose that Har(s) is Alexandrov-open. If
Har(s) = (), then it is trivially the union of the empty family
of connected components of G. If Har(s) # (), then there ex-
ists anode v € Hary(s). Let H denote the connected compo-
nent of G that contains v. For every w € V' N H, there exists
a finite sequence of nodes v = vg, vy, ...,vx = win H and
edges e = {’UQ7 ’Ul}, €9 = {’Ul, Ug}, e, e = {’kal, Uk} in
E N H connecting them. Let ! € {0,1,..., k} be the largest
index such that v; € Harg(s). We claim that [ = k. Suppose,
for the sake of contradiction, that [ < k. Then v; € Har(s)
and v;y1 ¢ Harg(s). Because Har(s) is Alexandrov-open
and contains v;, the edge e;11 = {uv;,v;41} belongs to
Hary (s), and this shows that v;;1 € Harg(s). This con-
tradiction shows that [ = k, and hence w € Hary(s) for

every w € V N H. Because Har(s) is Alexandrov-open,
Har(s) contains the edges eq,ea,...,eg. This shows that
H C Har(s), and we conclude that Har(s) is a subgraph
consisting of a union of connected components of G. O

In particular, when the graph G is connected, the har-
monic set Har(s) is Alexandrov-open only if it is either
empty or coincides with the entire graph. In the latter case,
s € T'(G; F) is a global section on G. We state this result
formally as the following corollary.

Corollary 1. Let F be a cellular sheaf of R-vector spaces
on a connected graph (G, <), and let s € C°(G; F) be a
vector of node signals on G. Then, Har(s) is Alexandrov-
open if and only if Har(s) = () or Har(s) = G.

Multi-Scale Sheaf Harmonic Structures

In practical applications, numerical issues often cause the
collection of node signals s = (s,)yev € C°(G;F) ona
graph G = V U E to lack any pair (v,w) € V x V with

= {v,w} € FE satisfying F, .S, = Fy eSyw. This re-
sults in an infeasible situation for detecting local alignments
based solely on the node features. To address this problem,
we introduce a multiscale framework, presented in the fol-
lowing paragraphs, for detecting local alignments of node
features.

Specifically, let F : (G,<4) — Vectg be a cellular
sheaf defined on a graph G = V U E. For every vector
s = (sy)vey € C°%G;F) of node signals s, € F,, we
define the sheaf norm of s, denoted by ||s|| 7, as

sl :== ||C0

where C° := C% : CY%G;F) — CYG;F) is the Oth
sheaf coboundary matrix. Then, || - ||+ defines a seminorm
on C°(G; F), since C° is R-linear and || - ||2 is a norm on
CH(G;F).

Remark 1. The sheaf norm || - || 7 is a norm on C°(G; F)
if and only if the coboundary matrix C° is injective. Specif-
ically, ||C%s||2 = 0 implies C°s = 0, which in turn shows
that s = 0 whenever CU is injective. Conversely, i
a norm and s € ker(CP), then ||s||7 = ||C’s|l2 = 0, and
this forces that s = 0.




The vector CUs, together with its norm [|Cs||2, pro-
vides a quantitative measure of the harmonicity of the node
signals s, on the graph. Notably, by Remark 1, we have
s € I'(G; F) whenever |s|| = 0. This observation mo-
tivates a TDA-based multiscale framework that builds upon
the substructures of G constructed according to various up-
per bounds of the sheaf norm values.

Definition 2. Let (F,G,V, E,C° s, t) denote the data de-
fined above, and let ¢ > 0 be a nonnegative real number.
An edge e € E is called an e-harmonic edge if ||t.||2 < ¢
and a node v € V is called an e-harmonic node if either v
has degree O, or there exists an edge e € X with v < e such
that ||t.||2 < e. The collections of all e-harmonic edges and
harmonic nodes are denoted by Hari(s) and Hary(s), re-
spectively. The harmonic set associated with s is defined the
union Har®(s) := Harg(s) U Har{ (s).

Similar to the proof that any harmonic set forms a sub-
graph, if e € Harj(s) is an edge with endpoints v and w
in V, then v, w € Harg(s), implying that every e-harmonic
set constitutes a subgraph of G. In particular, inspired by
TDA frameworks, we introduce the notion of a filtration of
harmonic sets (see Corollary 2), which is established in the
following theorem.

Theorem 3. Let F be a cellular sheaf of R-vector spaces
on a connected graph (G, <), and let s € C°(G;F) be a
vector of node signals on G. If €1 < €5 are nonnegative real
numbers, then

Har®* (s) C Har®(s).

Proof. Tt is equivalent to show that Har('(s) C Harg?(s)
and Har{* (s) C Har{?(s). Specifically, if e € Har{'(s), then
[tell2 < €1 < €2, and this shows that e € Harj?(s). On the
other hand, suppose v € Harg' (s). If v has degree 0, then v
is also an element in Harg?(s). Otherwise, v is an endpoint
for some edge e € Harj'(s). Because Harj' (s) C Har((s),
we deduce that v € Har?(s). O

Corollary 2. Let F, (G, <), and s € C°(G; F) be defined
as in Theorem 3. Then, any increasing sequence of nonneg-
ative real numbers 0 < €1 < €9 < --- < €, induces the
Jollowing filtration of subgraphs of G:

Har®! (s) C Har®*(s) C --- C Har® (s). )

In particular, the persistence barcode of this filtration can
be computed.

Furthermore, from the proof of Theorem 3, we observe
that any increasing sequence of nonnegative real numbers
0 <€ <€y < --- < ¢ induces the following filtrations.
First, the filtration

Harg' (s) C Hary?(s) C --- C Hary (s) 8)

consists of subgraphs (i.e., Alexandrov-closed subsets) of G.
On the other hand, the filtration

Har{' (s) C Har?(s) C --- C Har}"(s) ©)

is composed of Alexandrov-open subsets of GG. Although the
1st harmonic subsets are not Alexandrov-closed in general,

which causes an inconvenience in the computation of per-
sistence barcode, this issue can be resolved by considering
their Alexandrov closures. Specifically, the sequence

cl(Har{' (s)) C cl(Har*(s)) C --- C cl(Harj"(s)), (10)

forms a filtration of subgraphs of G, providing a foundation
for the computation of persistence barcode.

Future Work

The proposed sheaf-theoretic and TDA-based framework
opens several promising directions for future research in
geometric and topological deep learning. From a theoreti-
cal perspective, extending the current formalism to higher-
dimensional cellular structures, such as simplicial repre-
sentations, could further generalize the harmonic analysis
of features beyond pairwise relations. Furthermore, a more
thorough theoretical analysis of the relationship between the
proposed sheaf-based harmonic analysis and the learning be-
havior of the GDL or TDL models remains to be explored.
On the computational side, incorporating these topological
representations into the training and evaluation phases of
graph neural networks may enable more interpretable and
topology-aware learning paradigms. Future work will also
investigate the use of sheaf-based filtrations as diagnostic
tools for understanding oversmoothing, heterophily, and hi-
erarchical feature propagation in complex network architec-
tures.

Conclusion

This work establishes a theoretical framework for model-
ing complex networks and graph-based attention models
through cellular sheaf theory and TDA. By representing at-
tention mechanisms as cellular sheaves, it provides an al-
gebraic—topological basis for studying local feature align-
ment and global consistency. The introduced notions of har-
monic node and edge sets, together with a TDA-based multi-
scale filtration framework, enable quantitative and hierarchi-
cal analyses of signal coherence and substructures, grounded
in the local harmonicity of signals and the geometry of the
underlying domain. Overall, the proposed approach unifies
sheaf theory, graph signal analysis, and persistent topology,
offering a new mathematical lens for understanding complex
networks and attention-based architectures in geometric and
topological deep learning.

Acknowledgments

This work was supported by the National Science and Tech-
nology Council (NSTC) of Taiwan under Grant No. NSTC
114-2811-M-008-069 during the author’s postdoctoral re-
search at the Department of Mathematics, National Central
University (NCU). The author gratefully acknowledges Dr.
John M. Hong of NCU and the reviewers for their invalu-
able and constructive suggestions, as well as Dr. Hong’s
generous support of this work. The author employed Ope-
nATI’s ChatGPT-5 to improve the grammatical accuracy and
linguistic fluency of the manuscript and remains solely re-
sponsible for the technical and mathematical content and its
interpretation.



References

Alexandroff, P. 1937. Diskrete rdume. Matematicheskii
Sbornik, 2(3): 501-519.

Arya, S.; Curry, J.; and Mukherjee, S. 2025. A sheaf-
theoretic construction of shape space. Foundations of Com-
putational Mathematics, 25(3): 813-863.

Barbero, F.; Bodnar, C.; de Ocariz Borde, H. S.; and Lio,
P. 2022a. Sheaf Attention Networks. In Workshop on
Symmetry and Geometry in Neural Representations at the

36th Conference on Neural Information Processing Systems
(NeurlPS 2022).

Barbero, F.; Bodnar, C.; Saez de Ocariz Borde, H.; Bron-
stein, M.; Velickovié, P.; and Lio, P. 2022b. Sheaf Neural
Networks with Connection Laplacians. In Topological, Al-
gebraic, and Geometric Learning Workshops 2022, volume
196 of Proceedings of Machine Learning Research (PMLR),
28-36.

Bodnar, C.; Di Giovanni, F.; Chamberlain, B.; Lio, P.; and
Bronstein, M. 2022. Neural Sheaf Diffusion: A Topo-
logical Perspective on Heterophily and Oversmoothing in
GNNs. In Advances in Neural Information Processing Sys-
tems (NeurIPS 2022), volume 35, 18527-18541.

Bodnar, C.; Frasca, F.; Wang, Y.; Otter, N.; Montufar, G. F.;
Lié, P.; and Bronstein, M. 2021. Weisfeiler and Lehman Go
Topological: Message Passing Simplicial Networks. In Pro-

ceedings of the 38th International Conference on Machine
Learning (ICML), volume 139, 1026-1037.

Bredon, G. E. 1997. Sheaf Theory. United States: Springer
New York, NY, 2nd edition. ISBN 978-0-387-94905-5.

Bronstein, M. M.; Bruna, J.; LeCun, Y.; Szlam, A.; and Van-
dergheynst, P. 2017. Geometric Deep Learning: Going be-
yond Euclidean data. [EEE Signal Processing Magazine,
34(4): 18-42.

Carlsson, G. 2009. Topology and data. Bulletin of the Amer-
ican Mathematical Society, 46(2): 255-308.

Carlsson, G.; Zomorodian, A.; Collins, A.; and Guibas, L.
2004. Persistence Barcodes for Shapes. In Proceedings
of the 2004 Eurographics/ACM SIGGRAPH Symposium on
Geometry Processing, 124—135.

Chen, C.; Ye, W.; Zuo, Y.; Zheng, C.; and Ong, S. P. 2019.
Graph networks as a universal machine learning framework
for molecules and crystals. Chemistry of Materials, 31(9):
3564-3572.

Cohen-Steiner, D.; Edelsbrunner, H.; and Harer, J. 2006.
Stability of Persistence Diagrams. In Proceedings of the
Twenty-First Annual Symposium on Computational Geom-

etry (S0CG), 263-271.

Cooperband, Z.; and Ghrist, R. 2023. Towards homological
methods in graphic statics. Journal of the International As-
sociation for Shell and Spatial Structures, 64(4): 266-277.

Cooperband, Z.; and Ghrist, R. 2025. Unified Origami Kine-
matics via Cosheaf Homology. arXiv:2501.02581.

Cooperband, Z.; Ghrist, R.; and Hansen, J. 2023. A Cosheaf
Theory of Reciprocal Figures: Planar and Higher Genus
Graphic Statics. arXiv:2311.12946.

Cooperband, Z.; Lopez, M.; and Schulze, B. 2024. Equivari-
ant Cosheaves and Finite Group Representations in Graphic
Statics. arXiv:2401.09392.

Curry, J. M. 2014.  Sheaves, cosheaves and applica-
tions. PhD thesis, University of Pennsylvania, Philadelphia,
United States.

Curry, J. M. 2015. Topological data analysis and cosheaves.
Japan Journal of Industrial and Applied Mathematics,
32(2): 333-371.

Duvenaud, D. K.; Maclaurin, D.; Iparraguirre, J.; Bombarell,
R.; Hirzel, T.; Aspuru-Guzik, A.; and Adams, R. P. 2015.
Convolutional Networks on Graphs for Learning Molecular
Fingerprints. In Advances in Neural Information Processing
Systems (NIPS 2015), volume 28.

Ebli, S.; Defferrard, M.; and Spreemann, G. 2020. Simpli-
cial Neural Networks. arXiv:2010.03633.

Ghrist, R. 2008. Barcodes: The persistent topology of data.
Bulletin of the American Mathematical Society, 45(1): 61—
75.

Gong, L.; and Cheng, Q. 2019. Exploiting Edge Features for
Graph Neural Networks. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition
(CVPR), 9203-9211.

Hajij, M.; Istvan, K.; and Zamzmi, G. 2020. Cell Com-
plex Neural Networks. In Topological Data Analysis and
Beyond Workshop at the 34th Conference on Neural Infor-
mation Processing Systems (NeurIPS 2020).

Hajij, M.; Zamzmi, G.; Papamarkou, T.; Miolane, N.;
Guzmén-Séenz, A.; Ramamurthy, K. N.; Birdal, T.; Dey,
T. K.; Mukherjee, S.; Samaga, S. N.; Livesay, N.; Walters,
R.; Rosen, P.; and Schaub, M. T. 2023. Topological Deep
Learning: Going Beyond Graph Data. arXiv:2206.00606.

Hansen, J.; and Gebhart, T. 2020. Sheaf Neural Networks.
In Topological Data Analysis and Beyond Workshop at the
34th Conference on Neural Information Processing Systems

(NeurIPS 2020).

Hansen, J.; and Ghrist, R. 2019. Toward a spectral theory
of cellular sheaves. Journal of Applied and Computational
Topology, 3(4): 315-358.

Jiang, B.; Zhang, Z.; Lin, D.; Tang, J.; and Luo, B.
2019. Semi-Supervised Learning With Graph Learning-
Convolutional Networks. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition
(CVPR).

Kearnes, S.; McCloskey, K.; Berndl, M.; Pande, V.; and Ri-
ley, P. 2016. Molecular graph convolutions: moving beyond
fingerprints. Journal of Computer-Aided Molecular Design,
30(8): 595—608.

Kipf, T. N.; and Welling, M. 2017. Semi-Supervised Clas-
sification with Graph Convolutional Networks. In Proceed-

ings of the International Conference on Learning Represen-
tations (ICLR).

Li, X.; Sun, L.; Ling, M.; and Peng, Y. 2023. A survey of
graph neural network based recommendation in social net-
works. Neurocomputing, 549: 126441.



Robinson, M. 2014. Topological Signal Processing. Ger-
many: Springer Berlin, Heidelberg. ISBN 978-3-642-
36103-6.

Short, R.; Cleveland, J.; Cooperband, Z.; and Moy, M. 2022.
On the Current State of Sheaf Theoretic Networking. In
2022 IEEE International Conference on Wireless for Space
and Extreme Environments (WiSEE).

Tennison, B. R. 1975. Sheaf Theory. London Mathematical
Society Lecture Note Series. Cambridge University Press.
ISBN 978-0-521-20784-3.

Velickovié, P.; Cucurull, G.; Casanova, A.; Romero, A.; Lio,
P; and Bengio, Y. 2018. Graph Attention Networks. In Pro-
ceedings of the International Conference on Learning Rep-
resentations (ICLR).

Xie, Q.; Zhu, Y.; Huang, J.; Du, P; and Nie, J.-Y. 2021.
Graph neural collaborative topic model for citation recom-
mendation. ACM Transactions on Information Systems,
40(3): 1-30.

Zia, A.; Khamis, A.; Nichols, J.; Tayab, U. B.; Hayder, Z.;
Rolland, V.; Stone, E.; and Petersson, L. 2024. Topological
deep learning: a review of an emerging paradigm. Artificial
Intelligence Review, 57(4): 77.

Zomorodian, A.; and Carlsson, G. 2004. Computing Per-
sistent Homology. In Proceedings of the Twentieth Annual
Symposium on Computational Geometry (SoCG), 347-356.



